
SINGULARITIES OF LINEAR WAVES IN PLANE AND SPACEI.A.BogaevskySept. 2000Abstrat. The subjet of the paper is the propagation of linear waves in 2D and3D spaes. We desribe some typial singularities and metamorphoses of their frontswhen the light hypersurfae has onial singularities. Suh singularities appear if thewaves propagate in a nonhomogeneous anisotropi medium and are ontrolled by avariational priniple.Let us onsider the Euler{Lagrange system of linear partial di�erential equationsde�ned by some variational prinipleÆ Z Ldt dx1 : : : dxn = 0with a Lagrangian L(t; x; ut; ux) = T (t; x; ut) � V (t; x; ux), where t; x1; : : : ; xn arethe independent variables, u1; : : : ; um are the unknown variables, the density ofkineti energy T is a positive de�nite quadrati form of the �rst time derivativesof the unknown variables, and the density of potential energy is a nonnegativede�nite quadrati form of the �rst spae derivatives of the unknown variables. TheoeÆients of the both quadrati forms are assumed to be smooth funtions of tand x. The propagation of perturbations in an elasti medium is a good modelexample of the above situation, where u is a shift vetor of a point of the mediumand the quantity of the unknown variables is equal to the spae dimension (m = n).The propagation of shok and short waves is desribed by some hypersurfaein the ontat spae of the projetivised otangent bundle over spae-time. Thishypersurfae is alled light and de�ned as the degeneray set of the prinipal matrixsymbol of our system of partial di�erential equations. Let the big front of shokwave be the hypersurfae in spae-time where the solution is disontinuous, a bigfront of short wave approximation be a level hypersurfae of its phase. Setions ofbig fronts with isohrones t = onst are momentary fronts propagating with time.The momentary front at the �xed time t = 0 is alled initial. The propagation ofa momentary front is de�ned by the light hypersurfae and the initial front. Evenif the initial front is smooth the momentary front an beome singular after sometime.A momentary front propagating with time an experiene metamorphoses. Ifthe light hypersurfae is smooth then, in ase of a generi smooth initial front, allPartially supported by RFBR-99-01-01109. Typeset by AMS-TEX1



2 I. A.BOGAEVSKYsingularities of momentary and big fronts as well as metamorphoses of momentaryfronts are known, provided that the dimension of spae does not exeed �ve (see,for example, [A1, Chapter 3℄ and [B1℄). However, if the quantity of the unknownvariables is more than one (m > 1), there an be singularities on the light hypersur-fae. When the oeÆients of the original variational priniple depend generiallyon a point of spae (or spae-time), typial singularities of the light hypersurfaeare lassi�ed up to formal ontat di�eomorphisms in [A2℄ (see also [A1, Chapter 8℄and [Kh℄). These singularities generate new singularities of momentary fronts, newsingularities of big fronts, and new metamorphoses of momentary fronts.In the present paper we lassify up to di�eomorphisms some of suh new singu-larities of momentary and big fronts in physially interesting ases n = 2 and n = 3provided that the smooth initial front is generi. The nontrivial metamorphoses ofmomentary fronts de�ned by our new singularities of big fronts are shown in Fig. 1for n = 2 and in Fig. 2 and Fig. 3 for n = 3.
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Fig. 1: New metamorphose �3 of momentary fronts in plane.In mathematial terms the big front is the projetion of the Legendre submanifoldbeing the extension of the initial front along harateristis of the light hypersurfae.New singularities of momentary and big fronts appear when our Legendre manifoldbeomes singular. Aording to [A1, Chapter 8℄, if n = 2 it an have only twodi�erent singularities up to ontat di�eomorphisms. Their odimensions on theLegendre submanifold are 1 and 2. The orresponding new singularities of bigfronts and metamorphoses of momentary fronts are desribed in [B2℄ and [B3℄ onlyin ase of odimension 2 { the simplest but nontrivial ase of the singularity ofodimension 1 is missed there! The missed metamorphose of a momentary front isshown in Fig. 1.In Theorem 1 of the present paper we �nd the stabilizations of the singularities ofthe Legendre submanifold from [A1, Chapter 8℄ if n > 2. We all these singularitiesas �1 and �2, on the Legendre submanifold they have the same odimensions 1and 2 respetively. In ase n = 2 the singularities �1 and �2 exhaust all possiblesingularities of the Legendre submanifold up to ontat di�eomorphisms providedthat the oeÆients of the original variational priniple depend generially on apoint of spae and the initial front is generi. In ase n = 3 there exist other



SINGULARITIES OF LINEAR WAVES IN PLANE AND SPACE 3singularities whose lassi�ation is an open problem.
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Fig. 2: New metamorphoses �3 of momentary fronts in 3D spae.
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Fig. 3: New metamorphose �4 of momentary fronts in 3D spae.Main Theorem of the present paper lassi�es typial fronts of the singularity�1 with respet to di�eomorphisms in physially interesting ases n � 3. Ourlassi�ation onsists of �ve new singularities �2, �3, ��4 , and �4 of momentaryand big fronts. All of them are stable in the following sense: after any smallperturbation of the initial front and the oeÆients of the variational priniple thefront does not hange up to a loal di�eomorphism.Distribution of material. In Setion 1 we formulate Main Theorem giving nor-mal forms of our new singularities �2, �3, ��4 , and �4 of momentary and big frontswith respet to di�eomorphisms. Main Theorem asserts that in physially interest-ing ases n � 3 all generi fronts of singularities �1 of a Legendre submanifold areexhausted by this list up to di�eomorphisms.Setion 2 ontains normal forms of typial singularities of the light hypersur-fae with respet to formal ontat di�eomorphisms. These normal forms are



4 I. A.BOGAEVSKYfound in [A2℄ provided the light hypersurfae satis�es some extra onditions ofnon-degeneray. Aording to the transversality theorem from [Kh℄, these on-ditions are realized if the oeÆients of the original variational priniple dependgenerially on a point of spae-time.In Setion 3 we formulate and prove Theorem 1 desribing singularities �1 and�2 of the extension of a generi initial front along harateristis of the light hy-persurfae whih has the singularities from [A2℄ presented in Setion 2. For n = 2the singularity �2 is found in [A1, Chapter 8℄. If n = 2 the singularities �1 and�2 exhaust all possible singularities of the extension with respet to ontat dif-feomorphisms preserving the light hypersurfae. Even if n = 3 there exist othersingularities whose lassi�ation is an open problem.Main Theorem is a orollary of Theorem 2 presented in Setion 4 and desribingnormal forms of generi Legendre bundles up to the so-alled weak �1-equivaleneprovided n � 3. We start to prove Theorem 2 with �nding in Setion 5 normalforms for separate �bers with respet to ontat di�eomorphisms preserving thenormal form �1 itself. The orresponding results are formulated in Theorem 3whih is redued in Setion 5 to Lemma 2.We prove Lemma 2 in Setion 6 with the help of the standard homotopy methodapplied to the group of ontat di�eomorphisms preserving the normal form �1. Itturns out that the Legendre bundles from Theorem 2 are versal deformations of theseparate �bers from Theorem 3 in the lass of all smooth Legendre submanifolds.We develop the orresponding versality theory in Setion 6. It turns out, for ex-ample, that the in�nitesimal versality in our situation is nothing but the Givental'riterion of stability of the Legendre mapping of the singularity �1 (see [G, 3.3℄).1. Singularities and Metamorphoses of FrontsCase n = 2. In this ase the momentary front at typial time an have uspsA2 and new stable singularities �2, the latter ones are disontinuities of the thirdderivative and propagate along rays. At separate times the momentary front anexperiene the new metamorphose shown in Fig. 1. The singularities �2 of themomentary fronts propagate along a smooth ray and their usps run through aouple of smooth urves with an in�nite order of tangeny. Our metamorphose isdesribed by a big front lying in 3D spae-time and alled �3. The front �3 lookslike the usual swallow tail but its uspidal edge onsists of two smooth urves withan in�nite order of tangeny.Case n = 3. In this ase the momentary front at typial time an have uspidaledges A2, swallow tails A3, and new stable singularities �2 and �3. The singular-ities �2 propagate along rays. New singularities of the big front are �2, �3, ��4 ,and �4. The two possible metamorphoses �3 are shown in Fig. 2, the metamor-phose �4 { in Fig. 3, the singularity �2 does not give us a new metamorphose ofmomentary fronts, and the metamorphoses ��4 are topologially trivial { before andafter their instants the momentary fronts have the singularity �3 and are loallyhomeomorphi to the momentary fronts at the instants of the metamorphoses. Itshould be noted that during the metamorphose �4 the singularities �2 run throughthe Whitney umbrella.Normal forms of fronts. Normal forms of the singularities �2, �3, ��4 , and �4are given in loal oordinates (y; z) = (y1; : : : ; yn; z) by the equationsz = F (s; y); Fs(s; y) = 0;



SINGULARITIES OF LINEAR WAVES IN PLANE AND SPACE 5where s = (s1; s2) are parameters and�2 ) F = �s21 ln (s21=e) + y1s1;��k ) F = �s21 ln (s21=e) + s1s2 � sk2 + y1s2 + � � �+ yk�1sk�12 where n+1 � k � 3;�4 ) F = �s21 ln (s21=e) + s32 + y1s1 + y2s2 + y3s1s2.Remarks. 1) The singularity �2 is given by the equation z = '(y1) = y21= lny21 +o(y21= lny21) as y1 ! 0 where ' is just the Legendre transform of the funtion�s21 ln (s21=e).2) The hange s 7! �s shows that the singularities �+k and ��k are di�eomorphiif k is odd.3) Removing from F the terms of degree 3 and more we get the following as-ymptoti normal form for the singularities ��k where k � 3:F = �s21 ln (s21=e) + s1s2 + y1s2 + y2s22:It shows us that these singularities are homeomorphi to eah other.De�nition. A smooth bundle � : E ! B is alled Legendre if its spae E is aontat manifold and the �bers are Legendre submanifolds. The image �(�) of aLegendre submanifold � � E is alled its front.Remark. In our ase E = PT �Rn+1 and B = Rn+1 .Main Theorem. Let (p; q; u) = (p1; : : : ; pn; q1; : : : ; qn; u) be oordinates in E suhthat the ontat struture is given by the form� = du� (pdq � qdp)=2;�1 = �2p1 ln p21 + q1 = 0; p2 = � � � = pn = 0; u+ p21 = 0	 � Ebe a �xed Legendre submanifold, and � : E ! B be a generi Legendre bundle.Then, provided n � 3, the fronts of the germs of �1 at its singular points aredi�eomorphi to the normal forms �2, �3, ��4 , and �4.2. Singularities of Light HypersurfaeLet �2n � PT �Rn+1 be the light hypersurfae of our variational priniple. A-ording to [A1, Chapter 8℄, [A2℄, and [Kh℄, if its oeÆients depend generially ona point of spae-time and n > 1, in neighborhoods of typial singular points �2nis redued by formal ontat di�eomorphisms to one of the two following normalforms p21 + p2q2 = 0; p21 = p22 + q22whih are alled hyperboli and ellipti respetively. Here (p; q; u) are oordinates inPT �Rn+1 suh that the ontat struture is given by the form � = du�(pdq�qdp)=2:In ontrast to the ellipti ase, eah hyperboli singularity of �2n has twoharateristis passing through it. Let H2n�2 � �2n be the manifold of all hy-perboli singularities of the light hypersurfae and eH2n�1 � �2n be the unionof all its harateristis passing through H2n�2. In the above loal oordinateseH2n�1 = fp1 = p2 = 0g [ fp1 = q2 = 0g.



6 I. A.BOGAEVSKY3. Singularities of Legendre SubmanifoldsAn initial front de�nes a Legendre submanifold Ln � PT �Rn+1 onsisting ofall ontat elements whih are tangent to the initial front. The transversal inter-setion Ln�1 = Ln \ �2n is an integral submanifold of PT �Rn+1 and the unionof all harateristis of �2n beginning on Ln�1 is a Legendre submanifold denotedby eLn � PT �Rn+1 . Its projetion is the big front in spae-time desribing thepropagation of momentary fronts de�ned by the initial one. If some harateristibeginning on Ln ends at a hyperboli singularity of �2n, then after this instant theLegendre submanifold eLn aquires singularities whih are desribed by Theorem 1proved in [A1, Chapter 8℄ for n = 2.Theorem 1. Let Ln not pass through singular points of �2n and transversallyinterset eH2n�1 at a point O. Let P 2 H2n�1 be the endpoint of the harateristibeginning at O. Then the Legendre submanifold eLn is redued in a neighborhood ofP to the normal form�2 = �2p1 ln p2 + q1 = 0; p21 + p2q2 = 0; p3 = � � � = pn = 0; u+ p21=2 = 0	by a ontat di�eomorphism preserving the light hypersurfae p21 + p2q2 = 0.Corollary. The Legendre submanifold eLn desribed by Theorem 1 has singularitieswhen p1 = � � � = pn = q1 = u = 0 and q2 � 0. If q2 < 0 then in neighborhoods ofthese singularities eLn is redued to the normal form�1 = �2p1 ln p21 + q1 = 0; p2 = � � � = pn = 0; u+ p21 = 0	by a loal ontat di�eomorphism (reduing the light hypersurfae to the form p2 =0).Proof. Expliitly: p2 7! (p21 � p2)e�q2 , q1 7! q1 + 2p1q2, q2 7! �eq2 , and u 7!u+ (p21 � p2 + p2q2)=2. �Proof of Theorem 1. Our proof is analogous to the one proposed in [A1, Chapter 8℄for n = 2. In the above oordinates the harateristis of �2n are desribed by theequations(1) _p1 = 0; _p2 = �p2; _q1 = 2p1; _q2 = q2; _p? = _q? = 0; _u = 0where p? = (p3; : : : ; pn) and q? = (q3; : : : ; qn). Let the onsidered harateristi�!OP be given by the equations p1 = 0, p2 � 0, q1 = q2 = 0, p? = q? = 0, and u = 0(maybe after an obvious hange of the variables). On �2n the intersetioneLn�1 = fp2 = 1g \ eLnis transversal to eH2n�1 whose equation on �2n is p1 = 0. So, (p1; q?) will beoordinates on eLn�1 after several ontat hanges preserving �2n and having theform (pi; qi) 7! (qi;�pi) where i = 3; : : : ; n. Therefore,eLn�1 = fp2 = 1; p? = fq?(p1; q?); q1 = �fp1(p1; q?); q2 = �p21; u = g(p1; q?)g:



SINGULARITIES OF LINEAR WAVES IN PLANE AND SPACE 7Indeed, the funtion f exists beause d �(�q1dp1 + p?dq?)j eLn�1� = dp ^ dqj eLn�1 =�d�j eLn�1 = 0. The sympleti hange(p1; p2; p?; q1; q2; q?) 7! (p1; p2; p? � fq?(p1; q?); q1 + fp1(p1; q?); q2; q?)kills f preserving �2n. The orresponding ontat hange redues g to �p21=2beause on eLn�1 we get du = (p2dq2 � q2dp2)=2 = �p1dp1 if f = 0. Thus,eLn�1 = fp2 = 1; p? = 0; q1 = 0; q2 = �p21; u = �p21=2g:But the funtions 2p1 ln p2 + q1, p21 + p2q2, p?, and u+ p21=2 are onstant along theharateristis (1) and vanish on eLn�1. �4.Normal Forms of Legendre BundlesMain Theorem follows from Theorem 2 formulated in this Setion and proved inSetion 6.De�nition. Let � � E be a Legendre submanifold. Two Legendre bundles �; �0 :E ! B are alled weakly �-equivalent if �0 Æ h = f Æ � where f is a di�eomorphismof B and h is a di�eomorphism of E whih preserves �.Remarks. 1) If � and �0 are weakly �-equivalent then the fronts �(�) and �0(�)are di�eomorphi.2) The di�eomorphism g is not required to be ontat.De�nition. Let W : Rn � Rn+1 ! R be a smooth funtion of pI , qJ , and(y1; : : : ; yn; z) 2 Rn+1 , whih satis�es the ondition of nondegeneray:det WpIy WpIzWqJy WqJzWy Wz  6= 0where I \ J = ;, I [ J = f1; : : : ; ng. Then W is alled a generating family of theLegendre bundle � : (p; q; u) 7! (y; z) whose ontat struture and �bers are givenby the formulas du� (pdq � qdp)=2 = 0;��1(y; z) = fpJ =WqJ ; qI = �WpI ; u =W � pIWpI=2� qJWqJ =2g:Remark. This bundle is orretly de�ned in onsequene of nondegeneray of W .Theorem 2. If n � 3 then in a neighborhood of a singular point of the Legendresubmanifold �1 a generi Legendre bundle is weakly �1-equivalent to one of thenormal forms given in a neighborhood of the origin by the following generatingfamilies:�2 ) W (p; y; z) = y1p1 + � � �+ ynpn � z;��k ) W (q1; p2; : : : ; pn; y; z) = �qk1 +y1q1+ � � �+yk�1qk�11 +y2p2+ � � �+ynpn�z,where n+ 1 � k � 3;



8 I. A.BOGAEVSKY�4 ) W (p1; q2; p3 : : : ; pn; y; z) = q32 +y1p1+y2q2+y3p1q2+y3p3+ � � �+ynpn� z,where n � 3.Remarks. 1) The hange (p1; q1) 7! (�p1;�q1) shows that the singularities �+k and��k are redued to eah other if k is odd.2) One an show that all simple stable mappings of the Legendre submanifold�1 are exhausted by the singularities ��k and �4.Proof of Main Theorem. Expliit hek that the fronts of �1 from Theorem 2 givethe normal forms from Main Theorem. �5.Normal Forms of FibersWe start to prove Theorem 2 with �nding normal forms for separate �bers whihpass through singular points of the Legendre submanifold �1 with respet to ontatdi�eomorphisms preserving �1 itself. The orresponding results are formulated inTheorem 3.De�nition. Let � � E be a Legendre submanifold. Two Legendre submanifoldsare alled �-equivalent if they are the same with respet to a ontat di�eomorphismpreserving �.If the ontat struture is du� (pdq�qdp)=2 = 0 then in the oordinates (p; q; u)any Legendre submanifold L is loally given with the help of at least one of the 2ngenerating funtions w(pI ; qJ) by the formulaspJ = wqJ ; qI = �wpI ; u = w � pIwpI=2� qJwqJ =2where I \ J = ; and I [ J = f1; : : : ; ng. On the other hand, if (pI ; qJ) are loaloordinates on L thenw(pI ; qJ ) =  I jL, where  I(p; q; u) = u� (pIqI � pJqJ)=2;is its generating funtion. For example, w(p1; q2; : : : ; qn) = p21 ln (p21=e) is a gener-ating funtion of the Legendre submanifold �1.Theorem 3. Let us onsider a generi family L? of Legendre submanifolds depend-ing on a point b 2 B where dimB � 4. Let Lb be any Legendre submanifold fromL? whih intersets the Legendre submanifold �1 at its singular point. Then forany n � 1 in a neighborhood of this point Lb is �1-equivalent to one of the normalforms given in a neighborhood of the origin by the following generating funtions:�2 ) w(p) = 0;��k ) w(q1; p2; : : : ; pn) = �qk1 , where dimB � k � 3;�4 ) w(p1; q2; p3 : : : ; pn) = q32, where dimB � 4.Remark. The �bers of a generi Legendre bundle form a family of Legendre sub-manifolds depending generially on a point b 2 B where dimB = n+ 1.Proof. Let Lb interset �1 at its singular point p = 0, q = q0 = (0; q02 ; : : : ; q0n),u = 0. The ontat di�eomorphism p 7! p, q 7! q � q0, u 7! u+ pq0=2 moves thispoint to 0 and preserves �1. So the Legendre submanifold obtained from Lb anbe loally given by a generating funtion w suh that w(0) = wpI (0) = wqJ (0) = 0.The singularities of �1 form a submanifold of odimension n + 2 in E. So thegerms of Legendre submanifolds from L? at singular points of �1 form a family



SINGULARITIES OF LINEAR WAVES IN PLANE AND SPACE 9depending generially on dimB + dimLb � (n + 2) = dimB � 2 � 2 parameters.Any germ from suh a family an be given by a generating funtion w(pI ; qJ ) where℄J = 0 or 1. Indeed, the ondition dimTLb \ fdp = du = 0g > 1 for the tangentplane TLb to the germ of Lb requires at least three parameters. It remains to provethe following Lemma 1. �Notation. For two germs w and w0 of generating funtions we write w �� w0 ifthe orresponding germs of Legendre submanifolds are �-equivalent.Lemma 1. If w(pI ; qJ) is the germ at 0 of a generating funtion suh that w(0) =wpI (0) = wqJ (0) = 0 thena) J = ; ) w ��1 0;b) J = f1g, �2q1w(0) = � � � = �k�1q1 w(0) = 0, �kq1w(0) 6= 0, k � 3 ) w ��1 �qk1 ;) J = f2g, �p1�q2w(0) = �2q2w(0) = 0, �3q2w(0) 6= 0 ) w ��1 q32.Proof. It is suÆient to prove the ases a), b) for n = 1 and the ase ) for n = 2.This follows from the equivalene w ��1 w0 where w0(pI ; qJ) = wjpI00=0, I 0 =I \ f1g, and I 00 = I \ f2; : : : ; ng. The equivalene is performed by the ontatdi�eomorphism(pI ; pJ ; qI ; qJ ; u) 7! (pI ; pJ � bwqJ ; qI + bwpI ; qJ ; u� bw + pI bwpI=2 + qJ bwqJ =2)where bw = w � w0. This di�eomorphism preserves �1 beause it shifts the planepI00 = 0 along only qI00 (preserving pI , pJ , qI0 , qJ , and u) that follows from theequality bwjpI00=0 = 0.The in�nite hains a2 ) a3 ) : : : , bk ) bkk+1 ) bkk+2 ) : : : , and 6 ) 67 )68 ) : : : of propositions of the following Lemma 2 prove the ases a), b), and )respetively on the level of formal series. To prove Lemma 1 in smooth ase it isenough to use the �nite-determinay theorem [AGLV, Chapter 3, x 2℄ for the niegeometri group of �-equivalene [AGLV, Chapter 3, 2.5℄. �Lemma 2. Let �I = deg pI and �J = deg qJ be positive integer quasidegrees andA0 � A1 � : : : be the orresponding quasihomogeneous �ltration in the algebra ofthe germs at 0 of smooth funtions of pI and qJ . Thenad) n = 1, J = ;, �1 = 1, wd 2 Ad, d � 2 ) wd ��1 0 (mod Ad+1);bk) n = 1, J = f1g, �1 = 1, wk 2 Ak, �kq1wk(0) 6= 0, k � 3 ) wk ��1 �qk1(mod Ak+1);bkd) n = 1, J = f1g, �1 = 1, wd 2 Ad d > k � 3 ) �qk1 + wd ��1 �qk1(mod Ad+1);6) n = 2, J = f2g, �1 = 3, �2 = 2, w6 2 A6, �3q2w6(0) 6= 0 ) w6 ��1 q32(mod A7);6d) n = 2, J = f2g, �1 = 3, �2 = 2, wd 2 Ad, d > 6 ) q32 + wd ��1 q32(mod Ad+1).Lemma 2 is proved in Setion 6.6.Contat Vetor Fields and �-versalityIn this Setion we prove Theorem 2 and Lemma 2. Theorem 2 follows fromTheorem 3 whih was redued to Lemma 2 in Setion 5.A vetor �eld preserving a ontat struture on a manifold is alled ontat. Itis well known that any ontat �eld is uniquely de�ned by its generator. If the



10 I. A.BOGAEVSKYontat struture is given as the null subspaes of a 1-form � then the generator ofa ontat vetor �eld v is the funtion K = �(v). In our ase � = du�(pdq�qdp)=2and v is de�ned by the formulas_p = Kq + pKu=2; _q = �Kp + qKu=2; _u = K � (pKp + qKq)=2:Let L(w) be the Legendre submanifold given by a generating funtion w(pI ; qJ):L(w) = fpJ = wqJ ; qI = �wpI ; u = w � pIwpI =2� qJwqJ =2gand K(w) denote the derivative of the generating funtion when the Legendresubmanifold is ated by the ontat vetor �eld v with the generator K.Lemma 3. K(w) = KjL(w)Proof. Indeed, (pI ; qJ) are loal oordinates on L(w) and w(pI ; qJ) =  I jL(w) where I(p; q; u) = u�(pIqI�pJqJ )=2. So, K(w) = _ I jL(w)�( _pI jL(w)wpI+ _qJ jL(w)wqJ ) =( _ I + _pIqI � _qJpJ )jL(w) = ( _u+ _pq=2� p _q=2)jL(w) = KjL(w). �De�nition. Let � � E be a Legendre submanifold. Two families L?; L0? ofLegendre submanifolds depending on a point b 2 B are alled �-equivalent ifL0f(b) = gb(Lb) where f is a di�eomorphism of B and g? is a family of ontatdi�eomorphisms of E preserving � and depending on a point b 2 B.Lemma 4. Two Legendre bundles �; �0 : E ! B are weakly �-equivalent if thefamilies of their �bers are �-equivalent.Proof. Beause the families �0�1(?), ��1(?) are �-equivalent we get �0�1(f(b)) =gb(��1(b)) = h(��1(b)) where h(e) = g�(e)(e), e 2 E. The mapping h preserves �(but not the ontat struture in general) and performs di�eomorphisms betweenthe �bers ��1(b) and �0�1(f(b)) for any b 2 B. Therefore, h is a di�eomorphismsuh that �0 Æ h = f Æ �. �Let E be the algebra of the smooth funtions on E and I� � E be the idealonsisting of all funtions vanishing on �. Contat vetor �elds with generatorsfrom I� are tangent to �. Then, aording to Lemma 3, the tangent spae to the�-equivalene orbit of the Legendre submanifold L(w) is the restrition I�jL(w).LetW (pI ; qJ ; b) be a smooth deformation of the generating funtionW (pI ; qJ ; 0) =w(pI ; qJ ) and _W = �bW jb=0 2 EpIqJ be its initial veloities whih are elements ofthe algebra EpIqJ of the smooth funtions of pI and qJ .De�nition. The deformation W of the generating funtion w is alled in�nitesi-mally �-versal if it is transversal to the �-equivalene orbit of L(w):h _W iR+ I�jL(w) = EpIqJ :Remarks. 1) If W is a generating family of a Legendre bundle � : E ! B then�-versality of W is nothing but the Givental' riterion of stability of the Legendremapping � ,! E ��! B from [G, 3.3℄.2) In order to de�ne �-versality without oordinates let us onsider a deformationL? = g?(L) of a Legendre submanifold L0 = g0(L) where g? is a family of ontatdi�eomorphisms depending smoothly on a point b 2 B and L is a �xed Legendre



SINGULARITIES OF LINEAR WAVES IN PLANE AND SPACE 11submanifold. Let _g0(g0(e)) = �bgb(e)jb=0 be the initial veloities of the deformationg? whih are ontat vetor �elds on E. In this situation the deformationL? is alledin�nitesimally �-versal if h�( _g0)iR+ I� + IL0 = Ewhere IL0 � E is the ideal onsisting of all funtions vanishing on L0. The point isthat ontat vetor �elds with generators from IL0 move L0 along itself.Proof of Theorem 2. The generating families from Theorem 2 are in�nitesimally�1-versal deformations of the generating funtions from Theorem 3. Indeed, I�1 =(u+ p21; p2; : : : ; pn), b = (y; z), and�2 ) w(p) = 0, L(w) = fq = 0; u = 0g, I�1 jL(w) = (p21; p2; : : : ; pn), h _W iR =h1; piR;��k ) w(q1; p2; : : : ; pn) = �qk1 , L(w) = fp1 = �kqk�11 ; q2 = � � � = qn = 0; u =�(1 � k=2)qk1g where k � 3, I�1 jL(w) = (qk1 ; p2; : : : ; pn), h _W iR = h1; q1; p2 +q21 ; : : : ; pk�1 + qk�11 ; pk; : : : ; pniR where n � k � 1;�4 ) w(p1; q2; p3 : : : ; pn) = q32 , L(w) = fp2 = 3q22 ; q1 = q3 = � � � = qn = 0; u =�q32=2g, I�1 jL(w) = (p21; q22 ; p3; : : : ; pn), h _W iR = h1; p1; q2; p3 + p1q2; p4; : : : ; pniRwhere n � 3.Let � : E ! B be a generi Legendre bundle. Then its �bers form a familyL? = ��1(?) of Legendre submanifolds depending generially on a point b 2 B.Therefore, provided n = dimB � 1 � 3, the germs of the family L? at singularpoints of the Legendre submanifold �1 are in�nitesimally �1-versal deformationsof Legendre submanifolds desribed by Theorem 3. So, they are �1-equivalentto deformations desribed by Theorem 2 in onsequene of the general versalitytheorem [AGLV, Chapter 3, 2.3, 2.5℄. Lemma 4 implies the required weak �1-equivalene of the orresponding germs of Legendre bundles. �Proof of Lemma 2. We use the standard homotopy method. Namely, let bw� be afamily of generating funtions depending smoothly on a parameter � and K� be asmooth family of generators satisfying the homologial equationK� ( bw� ) + �� bw� � 0on a segment [�0; �1℄. Besides, the orresponding ontat vetor �elds vK� areassumed to be tangent to the Legendre submanifold �1 and to preserve 0: vK� (0) =0. For the generatorsK� these onditions meanK� j�1 = 0 andK� (0) = �pK� (0) =�qK� (0) = 0 respetively. Now solving the Cauhy problem_g� (p; q; u) = vK� (g� (p; q; u)); g�0(p; q; u) = (p; q; u)with respet to a family of di�eomorphisms g� on the segment [�0; �1℄ for small(p; q; u) we get the equivalene bw�0 ��1 bw�1 performed by the loal ontat di�eo-morphism g�1 preserving �1 and 0.ad) In this ase wd = apd1. Let bw� = �pd1 and [�0; �1℄ = [0; a℄. ThenK� = �(u+ p21)pd�21is a required solution of the homologial equation. Indeed, using Lemma 3 we getK� ( bw� ) + �� bw� = �(�(1� d=2)pd1 + p21)pd�21 + pd1 = 0 (mod Ad+1)



12 I. A.BOGAEVSKYprovided d � 2.bk) In this ase wk = aqk1 where a 6= 0. Let bw� = �qk1 and [�0; �1℄ = [a; sign(a)℄.Then K� = u+ p21�(k=2� 1)is a required solution of the homologial equation. Indeed, using Lemma 3 we getK� ( bw� ) + �� bw� = �(1� k=2)qk1 + �2k2q2k�21�(k=2� 1) + qk1 = 0 (mod Ak+1)provided k � 3.bkd) In this ase wd = aqd1 . Let bw� = �qk1 + �qd1 and [�0; �1℄ = [0; a℄. ThenK� = � u+ p21k=2� 1qd�k1is a required solution of the homologial equation. Indeed, using Lemma 3 we getK� ( bw� ) + �� bw� =��(1� k=2)qk1 + �(1� d=2)qd1 + (�kqk�11 + �dqd�11 )2k=2� 1 qd�k1 + qd1 = 0 (mod Ad+1)provided d > k � 3.6) In this ase w6 = ap21 + bq32 where b 6= 0. The ontat hange p2 7! b1=3p2,q2 7! b�1=3q2 preserves �1 and redues w6 7! ap21 + q32 . Let bw� = �p21 + q32 and[�0; �1℄ = [0; a℄. Then K� = �(u+ p21)� p2q2=6is a required solution of the homologial equation. Indeed, using Lemma 3 we getK� ( bw� ) + �� bw� = �(�(1� 2=2)p21 + (1� 3=2)q32 + p21)� 3q32=6 + p21 = 0:6d) In this ase wd = ad�6(p1; q2)p21 + bd�4(p1; q2)q22 where ad�6 2 Ad�6 andbd�4 2 Ad�4. Let bw� = q32 + �wd and [�0; �1℄ = [0; 1℄. ThenK� = �ad�6(p1; q2)(u+ p21 + p2q2=6)� bd�4(p1; q2)p2=3is a required solution of the homologial equation. Indeed, using Lemma 3 we getK� ( bw� ) + �� bw� = �ad�6(p1; q2)(p21 + �(wd � p1�p1wd=2� q2�q2wd=3))��bd�4(p1; q2)(q22 + �q2wd=3) + wd = 0 (mod Ad+1)provided d > 6. �
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