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Abstract

We study cylindrical helices and Bertrand curves as curves on ruled surfaces. Some
results in this paper clarify that the cylindrical helix is related to the Gaussian curvature
and the Bertrand curve is related to the mean curvature of the ruled surface. We also
study the singularities of the principal normal surfaces of generic curves.

1 Introduction

In [3] we have studied singularities of the rectifying developable (surface) of a space curve. The
rectifying developable is defined to be the envelope of the family of rectifying planes along the
curve. We observed that the rectifying developable along a curve = is non-singular if and only
if 4 is a cylindrical helix. In this case the rectifying developable is a cylindrical surface. The
notion of cylindrical helices is a generalization of the notion of circular helices. On the other
hand, the notion of Bertrand curves is another generalization of the notion of circular helices.
These two curves have been classically studied as special curves in Euclidean space.

In this paper we study these curves from the view point as geometry of curves on ruled
surfaces. As we mentioned in the above paragraph, the notion of rectifying developables is
deeply related to cylindrical helices. On the other hand, the principal normal surface of a space
curve -y is defined to be a ruled surface along v whose rulings are given by the principal normal
of ~. Principal normal surfaces are naturally related to Bertrand curves by definition. We can
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easily show that the principal normal surface of a Bertrand curve has singularities if and only if
the curve is a plane curve (cf., Proposition 3.6). For a general space curve, the principal normal
surface usually has singularities. We also study singularities of principal normal surfaces of
general space curves. We prove that only cross caps appear as generic singularities for principal
normal surfaces of curves (cf., Theorem 3.4).

In §2 we review basic notions and properties of space curves and ruled surfaces. We study
singularities of rectifying developables and principal normal surfaces of space curves in §3. In §4
we study cylindrical helices and Bertrand curves as curves on ruled surfaces. We prove that a
ruled surface is the rectifying developable of « if and only if 7 is a geodesic of the ruled surface
which is transversal to rulings and the Gaussian curvature vanishes along « (Theorem 4.4). As
a corollary of Theorem 4.4, we give a characterization of a cylindrical surface as a developable
surface by the existence of a geodesic which is a cylindrical helix with non-zero curvature (c.f.,
Corollary 4.5). We also prove that a ruled surface is the principal normal surface of a space
curve 7 if and only if v is an asymptotic curve of the ruled surface which is transversal to
rulings and the mean curvature vanishes along -y (Theorem 4.10). As a corollary of Theorem
4.10, we show that if there exist two disjoint asymptotic curves on a ruled surface both of
which are transversal to rulings and the mean curvature of the ruled surface vanishes along
these curves, then these curves are Bertrand curves (c.f., Proposition 4.12). We also show
that if there exist three disjoint Bertrand curves on a ruled surface, then the ruled surface is
a helicoid (cf., Proposition 4.11). We give some examples of cylindrical helices and Bertrand
curves in §5.

This is the second paper of the authors joint project entitled “Geometry of ruled surfaces
and line congruence”.

All manifolds and maps considered here are of class C* unless otherwise stated.

2 Basic notions and properties

We now review some basic concepts on classical differential geometry of space curves and ruled
surfaces in Euclidean space. For any two vectors € = (z1,z2,73) and y = (y1,%2,¥3), Wwe
denote z - y as the standard inner product. Let v : I — R® be a curve with 4(¢) # 0, where
Y(t) = dv/dt(t). We always assume that v is a proper mapping and v(I) is bounded in R3. We
also denote the norm of & by ||z||. The arc-length of a curve -, measured from ~(t;), to € I is

5(t) = / IF(0)) dt.

Then a parameter s is determined such that [|v'(s)|| = 1, where 4/(s) = dv/ds(s). So we
say that a curve <y is parameterized by the arc-length if it satisfies ||v'(s)|| = 1. Let us denote
t(s) = v'(s) and we call ¢(s) a unit tangent vector of v at s. We define the curvature of by
k(s) = +/Il7"(s)||- If k(s) # 0, then the unit principal normal vector n(s) of the curve - at s is
given by v"(s) = k(s)n(s). The unit vector b(s) = £(s) x n(s) is called a unit binormal vector
of the curve -y at s. Then the following Frenet-Serret formula holds:

t'(s) = k(s)n(s)
n'(s) = —k(s)t(s)+ 7(s)b(s)
b(s) = —7(s)n(s),



where 7(s) is the torsion of the curve -y at s. For any unit speed curve v : I — R?, we call
D(s) = 7(s)t(s) + x(s)b(s) the Darbouz vector field of « (cf., [5], Section 5.2). By using the
Darboux vector field, the Frenet-Serret formula is rewritten as follows:

t'(s) = D(s)xt(s)
n'(s) = D(s) x n(s)
b'(s) = D(s)x b(s)

We define a vector field D(s) = (7/k)(s)t(s) + b(s) along ~ under the condition that «(s) # 0
and we call it the modified Darbouz vector field of .
A curve v : I — R3 with x(s) # 0 is called a cylindrical heliz if the tangent lines of -y make
a constant angle with a fixed direction. It has been known that the curve «(s) is a cylindrical
helix if and only if
E(s) = constant.

If both of x(s) # 0 and 7(s) are constant, it is, of course, a cylindrical helix. We call such
the.curve a circular heliz. On the other hand, a curve v : I — R3® with s(s) # 0 is called a
Bertrand curve if there exists a curve 4 : I — R3 such that the principal normal lines of
and 4 at s € I are equal. In this case 7 is called a Bertrand mate of 7. Any plane curve «
is a Bertrand curve whose Bertrand mates are parallel curves of . Bertrand curves have the
following fundamental properties.

Proposition 2.1 Let v: I — R? be a space curve.

(1) Suppose that 7(s) # 0. Then « is a Bertrand curve if and only if there ezist nonzero
real numbers A, B such that

Ax(s)+ Br(s) =1

for any s € I. It follows from this fact that a circular heliz is a Bertrand curve.

(2) Suppose that v is a Bertrand curve. If there exists a point so € I such that T(so) = 0,
then -y is a plane curve.

(3) Let v be a Bertrand curve with the Bertrand mate 7. Then we have

7(s)7(s) = constant > 0,
where 7(s) is the torsion of ¥.

Proof. Although these assertions are classical results, we give the proof here in order to
understand the situation (cf,. [2], pp 26).

Let %(s), 7(s) and b(s) be the unit tangent vector, the principal normal vector and the
binormal vector of 4(s) respectively. The curve 7 is the Bertrand mate of + if and only if
fi(s) = en(s), where ¢ = 1. By definition, there exists a nonzero smooth function A(s) such
that 4(s) = v(s) + A(s)n(s). By Frenet-Serret formula, we have

dA
d—Z(s) = (1 — A(s)k(3))t(s) + A'(s)n(s) + 7(s)A(s)b(s).
Let 5 be the arc-length parameter of 4, then

g_ji(s) = (1 — A(s)x(s))t(s) + A'(s)n(s) + 7(s)A(5)b(s)
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Multiplying 7i(s) = en(s) to both sides of this equality, we have eA'(s) = 0, so that A(s) = A
is constant. Since 72(s) = en(s), we have

(E(s), b(s))m = (t(s), b(s))x-
It follows from this fact that there exists a smooth function 6(s) such that
t(s) = cosO(s)t(s) + sin O(s)b(s).
Therefore we have
b(s) = &(s) x R(s) = —esinB(s)(s) + & cos O(s)b(s).
We also have
Z—Z(s) = (cos 8)'t(s) + (x(s) cos8(s) — 7(s) sin8(s))n(s) + (sin 8(s))'b(s).

Since ¢(s)-fi(s) = b(s)-7i(s) = 0, we have (cos 8(s))’ = (sinf(s))’ = 0. This means that 6(s) = 8
is constant.
Thus we have

‘;_'Z(s) = (1 — Ax(s))t(s) + 7(s) Ab(s),

so that iz s
cos Od—Zt(s) + sin 0d—:b(s)_ = (1 — Ax(3))t(s) + 7(s) Ab(s).

This means that B ~
cos 0% = (1 — Ax(s)) and sin 0% = 7(s)A.
Suppose that there exists a point so € I that 7(so) = 0, then sin@ = 0. Therefore 7(s) = 0, so
that the curve =y is a plane curve. This complete the proof of the assertion (2).
We now suppose that 7(s) # 0. In this case, we now set B = Acotf. Then we have
Br(s) = 1— Ax(s). This complete the proof of the assertion (1). For the proof of the assertion

(3), we may assume that 7(s) # 0. By the previous arguments, we have

%(s) = —e(k(s) sin 8 + 7(s) cos)n(s).
It also follows from Frenet-Serret formulae for 4(5) that
ds db N _, \d3
%E(s) = —T(S)d—s’n(S) = —'r(s)zg-sn(s).

Therefore we have a5
d_zq—-(s) = k(s)sinf + 7(s) cos@.

Multiplying sin @ to both sides of this equality, we have

: 29 02
#s)7(s)A = 22 (An(s) + Acotbr(s)) = 229,
A A
Therefore, 7(s)7(s) is non-negative constant. O

We have the following corollary of the proposition.
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Corollary 2.2 Let v : I — R® be a space curve with k(s) # 0 and 7(s) # 0. Then v is a
Bertrand curve if and only if there exists a real number A # 0 such that

A(T'(s)k(s) — K'(s)7(s)) — 7'(s) = 0.
In this case the Bertrand mate of v is given by F(s) = v(s) + An(s).

Proof. By the proposition, ~y is a Bertrand curve if and only if there exist real numbers A # 0

and B such that Ax(s) + B7(s) = 1. This is equivalent to the condition that there exists a real
1-A

number A # 0 such that ~(s)
7(s

Differentiate the both sides of the last equality, we have

A(7'(s)r(s) — ' (s)7(s)) = '(s)-

1s constant.

The converse assertion is also true. O

On the other hand, @ ruled surface in R? is (locally) the map F( 5 : I X R — R3 defined
by Fys(t,u) = v(t) + ud(t), where v : I = R%, 8 : I = R\ {0} are smooth mappings and
I is an open interval or a unit circle S1. We call vy a base curve and & a director curve. The
straightlines u — ~(t) + ud(t) are called rulings. We can calculate that

F
O 4,0y = t) + '), 20D o,0) = ().

It follows from the above that

OF (4,5

OF (7,
9 (1, 0)

T8 ¢ y) = /(t) x 8(t) + ud'(t) X 8(2).
Therefore (to, ug) is a singular point of F(, s if and only if
7' (to) % 8(tp) + ued' (o) X 6(tg) = 0

In [4] we have shown that only cross caps appear as singularities for generic ruled surfaces.
Here, we say that a C™-map germ at the origin g : (R2,0) — (R®,0) is the cross cap if
there are local charts (z1,z2) and (y1,y2,¥s) around the origins such that (y1 o g(1,%2),%2 ©
g(z1, 22),y3 © g(z1, 22)) = (23, 22, T122). We also say that the origin is the cross cap if g is the
cross cap. In Fig.1 we draw the picture of the cross cap by using the normal form.

We say that the ruled surface Fi,s) is a cylindrical surface if the direction of the director
curve is constant. This is equivalent to the condition that &(t) x &'(¢) = 0. We also say that
the ruled surface Fy, ;) is non-cylindrical if 8(t) x &8'(t) # 0. For any ruled surface F{,;, we

now denote that S(t) = 6(t)/]|6(t)||- Then the image of Fi,4) and F_ 5 are equal. It is easy

to show that F{,s) is non-cylindrical if and only if gl(t) # 0. We now consider a curve o () on

the ruled surface F{, s with the property that o'(t) -gl(t) = 0. We call such a curve the line of
striction. If F{, s is non-cylindrical, the line of striction is uniquely determined and given by

() =~(t) - 6()6(7:)()
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Fig.1. The cross cap

In this paper we consider the following two special ruled surfaces associated to a space curve
~ with x(s) # 0 which are respectively related to cylindrical helices and Bertrand curves. A

ruled surface o
F('y,ﬁ)(sv u) = ’Y(S) + ’LL.D(S)

is called the rectifying developable of -~y. We also define a ruled surface
Flymy(s,u) = v(s) + un(s)

which is called the principal normal surface of ~.

3 The rectifying developable and the principal normal
surface of a space curve

In this section we consider some basic facts on the rectifying developable and the principal
normal surfaces of a space curve.

Firstly we consider the rectifying developable of a unit speed space curve y(s) with x(s) # 0.
We can calculate that D'(s) = (r/k)'(s)t(s), so that we have

7(s) x B(s) = —nfs), D'(s) x Ds) =~ () (s)ns).

Therefore (sq,up) is a singular point of . p) if and only if

(;:—), (so) # 0 and up = (T/%'

In [3] we have studied singularities of the rectifying developable of 4 and given a local
classification as follows:

Theorem 3.1 [3] Let v : I — R3 be a unit speed curve with x(s) # 0. Then we have the
following:

(1) The rectifying developable is locally diffeomorphic to the cuspidal edge C x R at y(so) +
uoD(s0) if and only if (7/k) (s0) # 0, (7/£)"(s0) # 0 and uy = Wl'(so)
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(2) The rectifying developable is locally diffeomorphic to the swallow tail SW at v(so) +uo+
D(so) if and only if (7/K) (s0) # 0, (1/K)"(s0) = 0, (7/K)"(50) # 0 and uo = 70y

Here, C = {{x1,%2)|r:% = x5} is the ordinary cusp and SW = {(z1, 72, 3)|z1 = 3u’ +
u?v, T2 = 4u’ + 2uv, z3 = v} is the swallow tail.

cuspidal edge swallowtail
Fig.2.

On the other hand, we have the following proposition:

Proposition 3.2 For a unit speed space curve v : I — R® with x(s) # 0, the following are
equivalent.

(1) The rectifying developable F(% B) I xR — R® is a non-singular surface.

(2) v is a cylindrical heliz.

(3) The rectifying developable F(% p)isa cylindrical surface.

Proof. By the previous calculation, F(,y,ﬁ) is non-singular at any point in I X R if and only if
(r/k)'(s) = 0. This means that « is a cylindrical helix.

On the other hand, we have calculated that D'(s) = (7/k)'(s)£(s). The rectifying developable
F,, ) is cylindrical if and only if D'(s) = 0, so that the condition (2) is equivalent to the
condition (3). - O

Secondary we consider the principal normal surface Flyn)(s,u) of a unit speed space curve
~(s) with k(s) # 0. We start to consider the singular point of F{,n)(s,u). By Frenet-Serret
formula, we can show that

~4'(s) x n(s) + un'(s) x n(s) = (1 — ur(s))b(s) — 7(s)ut(s).
1

k(s0)”
We now consider what kind of singularities appear on the principal normal surface of a
generic space curve.

Therefore (sp,up) is a singular point of Fi, ) if and only if 7(se) =0 and ue =

Example 3.3 Consider the space curve defined by v(t) = (¢,¢2,t!). In this case, we can cal-
culate that the principal normal direction is given by

n(t) = (—32t3,64¢° — 2, —32t* — 12¢%).
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Therefore, the principal normal surface is given by
F(t,u) = (t — 32ut®, £* + u(64t® — 2), t* — u(32¢* + 12¢2)).

We can easily determine that the singular point is F(0,1/2) = (0,1/2,0). We can draw the
picture of the surface by using Mathematica in Fig .3. The singular point looks like the cross
cap.

Fig.3. The principal normal surface

It has been known that g : (R?,0) — (R3,0) is a cross cap if and only if there exists a
local chart (z1,z2) around the origin such that the following conditions hold:

dg dg .\ dg g d%g
22 0)£0, 22(0) = 0 and det ( T(0) a0, 55(0)) £0.

For the principal normal surface, we have the following classification theorem.

Theorem 3.4 For a unit speed space curve v : I — R® with k(s) # 0, the principal normal
surface F(, n)(s,u) is the cross cap at (so, uo) if and only if

= @, 7(sp) = 0 and 7'(sp) # 0.

Proof. By using Frenet-Serret formula, we can calculate that

OFtym) (. OFim) 1,y —
T(s, u) = (1 — us(s))t(s) + 7(s)ub(s), T(s, u) = n(s).
We also have the second order derivations of F{, ) as follows:
azF(’Y:ﬂ) !
W(s, u) = n'(s) = —k(s)t(s) + 7(s)b(s)
O*Fi,
62(:;’ L(s, u) = —ux'(s)t(s) + (1 — ukr(s)® — ur(s)®)n(s) + 7'(s)b(s).
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By the previous argument, (s, uo) is a singular point of F, »)(s, ) if and only if

Ug = T(So) =0.

1
k(s0)’

Therefore we may substitute these relations into the derivatives of F{, ), so that we have

OFy
52 (s0,%0) = n(s0)
O*F,
~earX(s0,u0) = —A(s0)t(s0)
8% Fiy,m) %' (o) ,
e (a,u) = " t(s0) + (1= w(s0))n(so) +7'(s)b(s)
It follows from these relations that
0 Fy.n)

OF (vm)
det( u °0U0) g5
H’(So)

= det (n(so), —k(s0)t(s0), — w(50) t(so) + (1 — K(sp))n(so) + T'(s)b(s))
= —k(s0)7 (s0)det (2(30), (o), b(50)) = k(s0)7'(50)

&*F,. ,,
(50) uO)) 62(::‘, ) (31 u))

By the characterization of the cross cap, this completes the proof. L

We consider the following conditions of a space curve v : St — R3 :
(C,) There are no points on S* with 7(s) = 7/(s) = 0.
(C2) The number of the point sp € S at where 7(so) = 0 and 7'(sg) # 0 is finite.
(C3) s(s) # 0 at any point s € S2.
It has been known [1] that the conditions (C;,Cz, C3) are generic conditions on space curves
~: 8! — R3. Then we have the following corollary.

Corollary 3.5 For a “generic” space curve v :-S' — R®, the number of singular points of
Flyn)(s,u) is finite and each singular point is the cross cap.

By the previous arguments, the principal normal surface F{,,) is non-singular under the
assumption that 7(s) # 0. For example, the principal normal surface of a circular helix is the
helicoid . For a Bertrand curve, we have the following proposition.

Proposition 3.6 Let v : I — R® be a Bertrand curve. The principal normal surface Fiy
has a singular point if and only if v is a plane curve. In this case the image of F(, ») s a plane
in R3.

Proof. By the assertion (2) of Proposition 2.1, if there exists a point sy € I such that 7(so) = 0,
then «y is a plane curve. On the other hand, the singular point of F,,) corresponds to the
point sg € I with 7(s9) = 0. The last assertion of the proposition is clear by definition. a



4 Curves on ruled surfaces

In this section we study cylindrical helices and Bertrand curves from the view point as the
theory of curves on ruled surfaces. In the previous sections, we remarked that the rectifying
developable of a cylindrical helix is a cylindrical surface and the principal normal surface of a
Bertrand curve is non-singular if the Bertrand curve is a space curve. Especially the rectifying
developable is a circular cylinder and the principal normal surface is a helicoid if the curve
is a circular helix. It has been classically known that the circular cylinder is a non-singular
developable surface and the helicoid is the minimal ruled surface. By these facts, we now pay
attention to the Gaussian curvature and the mean curvature of ruled surfaces. Let F,; be a
ruled surface. For convenience, we may assume that ||6(2)|| = 1. It is easy to show that the
Gaussian curvature of F{, s is

_ (det(+'(2),8(2),9'(2)))”
(EG — F2)2

K(t,u) =

and the mean curvature of Fi, ) is

2(7'(2) - 6(2))det(v'(2), 6(2), 8'(¢)) + det(v"(t) + ud”(t), 7' (t) + ud'(t), (¢)) ’

H(t,u) = 2(EG — F?2)3/2

where
E=E(tu)=|v®) +ud'@®)|? F=F(tu)=~(t)-5t), G=GCG(tu)=1.

Especially the Gaussian curvature of the rectifying developable of a space curve vanishes and
the mean curvature of the principal normal surface of a space curve is

u(r'(s) + u(s'(s)7(s) — T'(s)x(s)))
(EG — F2)i2 ’

H(s,u)=

where s is the arc-length of «. It follows from this fact that H(s,u) = 0 if and only if u = 0 or
7'(s) = u(7'(s)s(s) —7(s)&’(s)). Thus, the mean curvature of the principal normal surface Fi, .
of 7y always vanishes along -y. If there exists a point sp € I such that 7/(sp)s(s0)—7(s0)x'(5)) = 0,
then H(sg,uo) = 0 for some uq # 0 if and only if 7/(sg) = 0. In this case &/(sq) = 0. Therefore,
H (s, ug) = 0 for some up # 0 if and only if 7/(sp) = &'(sp) = 0 or

‘T’(So)
7'(50)Kk(80) — 7(s0)~'(50)
If 7'(s0) # 0 and 7'(so)k(so) — 7(s0)x'(50) = 0, then H(sp,u) # 0 for any u # 0. Moreover,

under the assumption that 7/'(so) = &'(s0) = 0, H(8o, u) = 0 for any u. Of course, if 7/(s)x(s) —
7(s)x'(s) # 0, the mean curvature vanishes along the curve given by

~(s) = ~(s 7'(s) n(s
T =T e — R

Ug =

Let v : J — Fi, 5 (I x R) C R® be a regular curve. We say that -+ is the minimal locus of
Fl4,5) if the mean curvature H of F{, 5 vanishes on «y(J). By the above calculation and Corollary
2.2, we have the following proposition.
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Proposition 4.1 Let v be a Bertrand curve and 7y be the Bertrand mate of v. Then % is the
minimal locus of the principal normal surface of 7.

Proof. By Corollary 2.2, if 4 is the Bertrand mate of <y, then there exists a real number A
such that A(7'(s)s(s) — 7(s)x'(s)) — 7'(s) = 0. and ¥(s) = ~(s) + An(s). This means that
H(7(s)) = H(s, A) = 0. This completes the proof. O

By definition, v is a geodesic of the rectifying developable and a asymptotic- curve of the
principal normal surface of -y itself. The following proposition has been known as the Bonnet'’s
theorem for non-cylindrical ruled surfaces. The assertion, however, holds even for general ruled
surfaces.

Proposition 4.2 Let Fi, 5(s,u) = v(s)+ud(s) be a ruled surface with ||6(s)|| = 1. Let o(s) =
v(s) + u(s)d(s) be a curve on F, 5, where s is the arc-length of o(s). Consider the following
three conditions on o :
(1) o(s) is a line of striction of Fiy ).
(2) o(s) is a geodesic of Fiy ).
(3) The angles between o'(s) and d(s) are constant.

If we assume that each two of the above three conditions hold, then the another condition
holds.

We remark that the above conditions are respectively equivalent to the following conditions:
(1) o'(s)-&'(s) = 0.
(2)Y o"(s)-d(s) =0.
(3) &'(s) - (s) = constant.

The proof of the above proposition easily follows from the formula that

('(s) - 8(s5)) = 0"(s) - 6(s) + o'(s) - &'(s).
We have the following corollary.

Corollary 4.3 Suppose that there exist two disjoint geodesics a;(s) (i = 1,2) on a ruled surface
Fi5)(s,u) = v(s) + ud(s) such that the angles between o(s) and &(s) are constant. Then
the ruled surface F,4)(s,u) is a cylindrical surface and both of o;(s) are cylindrical helices.
Moreover, the direction of 8(s) is equal to the direction of the Darbouz vector of o;(s).

Proof. By the proposition, o;(s) are lines of striction of F{, 4. If the point F{,s(s) is a non-
cylindrical, then o,(s) = o3(s) by the uniqueness of the line of striction, so that the ruled
surface is a cylindrical surface. Since o;(s) are geodesics of F{,s), these are cylindrical helices
and the rectifying plane of o(s) is the tangent plane of F{, ;. This means that F(,s is the
rectifying developable of o;(s). O

Corollary 4.3 gives a characterization of cylindrical surfaces by the existence of geodesics
with special properties. Especially, a cylindrical surface is the rectifying developable of a
cylindrical helix which is a geodesic of the original surface. We now consider the question when
a ruled surface is the rectifying developable of a curve.

Theorem 4.4 Let F(, 5 (s,u) = v(s) +ud(s) be a non-singular ruled surface with ||6(s)|| = 1.
Let a(s) = ¥(s) + u(s)d(s) be a curve on Fi, 5 with k(s) # 0. Then the following conditions
are equivalent :
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(1) Fiy,4) is the rectifying developable of o (s).

(2) o (s) is a geodesic of F(, 5y which is transversal to rulings and F{,5) is a developable surface.
(3) o(s) is a geodesic of Fiy4) which is transversal to rulings and the Gaussian curvature of
Fly,5) vanishes along o(s).

Proof. Since the Darboux vector field always transverse to rulings, the condition (2) holds
under the assumption of the condition (1). It is trivial that the condition (3) follows from the
condition (2).

We now assume that the condition (3) holds. Since o (s) is transverse to rulings, we may
assume that o°(s) = y(s). The Gaussian curvature of F{, s is given by

_det('y’(s), d(s), 8'(s))?
(EG — F?)? ’

K(s,u) =

then it vanishes along +(s) if and only if
det(v'(s), 8(s), 8'(s)) = 0.

Since (s) is a geodesic of Fi,4), 6(s) is contained in the rectifying plane of ~ at ~(s). There
exists A(s), u(s) such that
5(s) = Ms)(s) + u(s)b(s),

where ¢(s) = v'(s) and b(s) is the binormal vector of ~y. By Frenet-Serret formulae, we have
&'(s) = N(s)t(s) + ' (5)b(s) + (A(s)s(s) — u(s)7(s))m(s).
It follows from this formula that
det(Y'(s), 8(s), '(s)) = (u(s)7(s) — A(s)k(s))u(s)-

If there exists a point sy such that pu(sy) = 0, then 8(sq) = A(sg)t(so). This contradicts to the
assumption that -y is transversal to rulings. '
Hence, we have u(s)r(s) — A(s)k(s) =0, so that

7(8)d(s) = 7(s)A(s)t(3) + k(s)A(s)b(s) = A(s)D(s),
where D(s) is the Darboux vector field along . O

Since the rectifying developable of a cylindrical helix is a cylindrical surface, we have the
following another characterization of cylindrical surfaces as a simple corollary of Theorem 4.4.

Corollary 4.5 Suppose that F, 4) is a non-singular developable surface. If there exists a cylin-
drical heliz with non-zero curvature on Fy5 which is a geodesics of Fiy4), then Fi.g4) is a
cylindrical surface.

Moreover, we also have another characterization of cylindrical surfaces.

Corollary 4.6 Let F, 5)(s,u) = v(s) +ud(s) be a non-singular ruled surface. If there exists a
planer geodesic of F\., 5y with non-zero curvature which is perpendicular to rulings at any point,
then F,5) is a cylindrical surface.
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Proof. By Frenet-Serret formulae, a planer geodesic is a line of curvature. Since the tangent
vector of such a geodesic is perpendicular to the ruling, the direction of the ruling is also the
principal direction. This means that F{,s) is a developable surface. Since any plane curve is a
helix, the assertion follows from Corollary 4.5. |

On the other hand, we now consider asymptotic curves on ruled surfaces. We prepare the
following simple lemma on Euclidean plane.

Lemma 4.7 Let e1, e; be the canonical basis of Euclidean plane R%. Let v;, vy be unit vectors
in R2. We assume that there exists real numbers A > 0 and o such that v, = M e, +aey). Then
vs = Aey — aez) if and only if

1—-a?

Vy-€y =01 € and vy - Ve = ——.
2 € 1°€1 1 V2 =T

Let Fi,.5)(s,u) = ¥(s)+ud(s) be a ruled surface which is non-singular on (s). In this case,
~(s) is transversal to rulings. If the Gaussian curvature is negative along ~y(s), then there exist
two different principal directions e;(s), ex(s) along ~(s) with principal curvatures k,(s), x2(s)
respectively. We may assume that ||e;(s)|] = 1. We have the following proposition.

Proposition 4.8 Under the same situation as the above, ¥(s) is an asymptotic curve if and

only if
k1(s) + Ka(s)

7(5) - ex(s) = 8(s) - ex(s) and v(s) - 6(s) = 25 s,

Proof. We now consider two tangent vectors at (s) which is given by

V1 = 8 _KII(S) S = e1{s) — —HI(S)e S
1= e )+\/ 52(3)6’2( ), v2=ei(s) h2(3) 2(8).

Let IV be the unit normal of Fi, s at v(s). Since (—dN)ei(s) = xi(s)e; (i =1,2), we have

K1(s)
ka(3)

This means that v; and v, give asymptotic direction at «(s). Since the Gaussian curvature is
negative at 4(s) and §(s) gives an asymptotic direction, we may assume that

a(s) = A(s) (el(s) + ”—::Egeg(s)) ,

where A(s) = 1/4/1 — k1(s)/k2(s). If @ = \/—rK1(s)/K2(s), then

1—a? _ k2(s) + K1(s)
1+a?  ka(s) — ki(s)

(—dN)v; - v; = k1(s) —

Ka(s) = 0.

The assertion follows directly from the above lemma. U

We have the following corollary which is analogous result to Bonnet’s theorem on geodesics
of ruled surfaces.
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Corollary 4.9 Let Fi, 35 (s,u) = ¥(s) +ud(s) be a ruled surface which is nonsingular on y(s).
We assume that (s) is an asymptotic curve of F(, 5 and we denote that k;(s) (4 = 1,2) as two
different principal curvatures at «y(s). Then the following conditions are equivalent:

(1) The angle between ~'(s) and §(s) is constant.

k1 (s)

(2) 2 (5) is constant.

In the first paragraph of this section we have shown that the mean curvature of the principal
normal surface F{, ) vanishes along «y which is an asymptotic curve of F{, ). We can show the
converse assertion is also true as a corollary of Proposition 4.8. We say that a curve on a surface
is a minimal asymptotic curve if it is an asymptotic curve and the mean curvature vanishes on
the curve.

Theorem 4.10 Let Fiy5)(s,u) = ¥(s) +ud(s) be a ruled surface and o(s) be a curve on Fi, 4.
Then the following conditions are equivalent:

(1) Fiy,6) is the principal normal surface of o(s).

(2) The curve o(s) is a minimal asymptotic curve of F(, 5 which is transversal to rulings.

Proof. Suppose that the condition (2), then xy(s) + x1(s) = 0. By Proposition 4.8, o'(s) is
perpendicular to d(s). Since o(s) is an asymptotic curve, this means that §(s) is parallel to
the principal normal direction of o/(s). The converse assertion has already been proved. 0

On the other hand, we have another proof of Theorem 4.10 as follows: Let o(s) = v(s) +
u(s)d(s) be a curve on Fy, 5). Suppose that F, ) is non-singular on o (s). This means that o-(s)
is transversal to rulings. Since

7'(5) = 2229 (5,u(5)) + /(5) 220D 5, u(s)),
o(s) is an asymptotic curve if and only if

det (7"(s) + u(s)d"(s), 7'(s) + u(s)8'(s), 8(s)) + 2det (8'(s), ¥'(5), 6(s))u'(s) = 0

Under the assumption that K(s,u(s)) < 0, o(s) is a minimal asymptotic curve if and only if
w'(s) = —8(s) - v'(s). We remark that o'(s) - 8(s) = 0 if and only if u'(s) = —d(s) - ¥'(s). This.
completes the alternate proof of Theorem 4.10.

By using this method, we have the following characterization of helicoids.

Proposition 4.11 Let F, 5 (s, u) = v(s)+ud(s) be a non-singular ruled surface. If there exist
three disjoint minimal asymptotic curves on F\, 5y which are transversal to rulings, then Fi 5 is
a helicoid. In this case minimal asymptotic curves which are transversal to rulings are circular
helices.

Proof. By the previous calculation, we remark that the mean curvature of Fi,s) is a quadratic
functions of the u variable. If there exist three disjoint minimal asymptotic curves on Fiy.5)
which are transversal to rulings, then the mean curvature always vanishes. This means that the
surface F, ;) is a minimal surface. It has been classically known that a minimal ruled surface
is a helicoid. In this case each minimal asymptotic curves which is transversal to rulings is a
circular helix. g

Finally we give a characterization of Bertrand curves as curves on ruled surfaces.
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Proposition 4.12 Let F, 5 (s, u) = ¥(s)+ud(s) be a non-singular ruled surface. If there ezist
two disjoint minimal asymptotic curves on F,s5) which are transversal to rulings, then these
curves are Bertrand curves and Bertrand mates of each other.

Proof. Let oi(s) = ~(s) + u;(s)d(s) (¢ = 1,2) be minimal asymptotic curves which are
transversal to rulings. By Theorem 4.10, F{, ) is the principal normal surface of o;(s). By the
previous argument, we have u}(s) = —8(s) - v¥'(s), so that (u; — u2)'(s) = 0. Thus there exists a
constant A such that u;(s) = uz(s) + A. It follows from this fact that o1(s) = o2(s) + Ad(s).
We may choose s as the arc-length parameter of o3(s). In this case d(s) can be consider as
the unite principal normal of o»(s). By the calculation of the mean curvature of the principal
normal surface of o5(s) and Corollary 2.2, o1(s) is a Bertrand curve and o5(s) is a Bertrand
mate of or1(s). ' 0O

5 Examples

In this section we give some examples of cylindrical helices and Bertrand curves and draw their
pictures by using Mathematica.

Let v : I — R? be a unit speed plane curve with the curvature x(s). We define a space
curve

3(5) = 7(6) £ (cot6 [ 17(5)lds ) a

where  is a constant number and a is a constant vector with 4'(s) -a = 0 and ||a|]| = 1. In
this case, we can calculate that the curvature of (s) is given by K(s) = x(s)sin*@ and the
torsion is 7(s) = k(s) cot @sin? §. Therefore, J(s) is a cylindrical helix. We can also calculate
that the Darboux vector of 7 is D(s) = x(s)|sinf|a, so that the rectifying developable of ¥ is
the cylindrical surface given by Fis,4)(s,u) = 7(s) + ua. These arguments mean that we can
construct cylindrical helices from plane curves by the above way. Especially, if we choose a
plane curve v(t) = (f(t), g(t),0) and @ = (0,0,1), we have

30) = (7(0), 90, [ TR+ g 0a)

where c is a constant number. Some examples of cylindi'ical helices and their pictures are given
as follows.

Example 5.1 We now consider two plane curves
~(6) = (2sin8,cos8,0), ~(8) = (2sind,siné,0)
then we have two cylindrical helices
5(8) = (2sin, cos 8, E(9,3/4)) 7(6) = (2sin8,sin 8, V5| cosf| tanb),

where E(¢,m) = [;° /1 — msin? 8df. These curves are depicted as in Fig.4 and Fig.5. Pictures
in Fig.5. are rectifying developables of curves in Fig.4. We can recognize that these surfaces
are cylindrical surfaces.
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Fig4.

Fig.5.
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Let v : I — 32 be a unit speed spherical curve. We define a space curve

3(s) = a/'yds +acot9/'y(s) x d~(s),

where a,6 are constant numbers. In this case we can calculate that the curvature and the
torsion of ¥(s) is given as follows:

sin? 9(1 — ky(s) cot 6) 7(s) = sin? 8(k,(s) + cot §)
a a ’

K(s)=¢

where € = £1 and £,(s) = |v(s), ¥ (s),¥"(s)| is the geodesic curvature of the spherical curve .
It follows from these formulae that a(ek(s) + cot 87(s)) = 1, so that ¥(s) is a Bertrand curve.

Example 5.2 We consider a spherical curve v(6) = (sin,sinécosf,cos®d). By using the
above method, we have the following Bertrand curve:

¥(0) = (i(—\@ cos 0v/3 + cos 20 — 2(8 + log(v'2 cos 6 + v/3 + cos 20) — sin 20,
1
ﬁ(3\/6 — 3v/6 + 2 cos 20 — cos 20v/6 + 2 cos 20 + 15sin @ — sin 36),

1 : 1
-1—2—(12\/§E(9, %) —4v2E(8, 5) — 2c0s6(—5 + cos 20 — v/6 + 2 cos 26 sin 0) ;

The Bertrand mate of 4(#) is given as follows:

44/2 cos® Osin 6
(3 + cos 26)3/2

(8) = (i (—2(0 + log(v/2 cos 8 + v/3 + cos 26) —

v/3 + cos 260
1
1 (3\/6—3\/6+2COS20—COS29\/6+2C0$29+ 15sin @ — sin 36

+ cos @ (2— \/6+2cos29+i/_zsi€—) - sin29) ,

2(— 26) si —5si i

+6 cos29—\/§cos( 3+C°S3 2)Sm9—sin29+ 5sin @ + 3sin 30 ’
(3 + cos 26)%/ 21/6 + 2 cos 20

1 1

- (12\/§E(9, %) +2 (——2\/§F(0, 5) + cos @ (5 = cos 260 — 6sin @

) 9+/2sin? @ 6\/§ sin* @
+4/6 + 2cos 20sin f — \/m— (3 + cos 20)372 )

de

. Pictures of both curves and the principal normal surface are
— msin

20

¢
where F'(¢m) =/ ]
given in Fig.6. ’
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Fig.6.
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