NEUMANN AND SECOND BOUNDARY VALUE
PROBLEMS FOR HESSIAN AND GAUSS CURVATURE
FLOWS

OLIVER C. SCHNURER AND KNUT SMOCZYK

ABsTrRACT. We consider the flow of a strictly convex hypersurface driven
by the Gaufl curvature. For the Neumann boundary value problem and
for the second boundary value problem we show that such a flow exists
for all times and converges eventually to a solution of the prescribed
Gauf curvature equation. We also discuss oblique boundary value prob-
lems and flows for Hessian equations.

1. INTRODUCTION

This paper concerns — in its first part — the deformation of convex graphs
over bounded, convex domains 2 C R?, n > 2, with smooth boundary 9Q
to convex graphs with prescribed Gaufl curvature and Neumann boundary
condition. More precisely, let u be a smooth strictly convex solution of

@ = ®(logdet(ui;) —log f(z,u,Du)) inx[0,T),
uw = ¢(z,u) on 6Q x [0,T), (1.1)
ulig = uo in £,

for a maximal time interval [0,T), where f, ¢ : & x R — R are smooth
functions, v denotes the inner unit normal to dQ and ug : € — R, the initial
value, is a smooth strictly convex function. Here & : R — R is a smooth
strictly increasing and concave function that vanishes at zero, i.e. ® satisfies

®(0)=0, ¥ >0 &"<0. (1.2)
In the sequel we assume for simplicity 0 € 2.

To guarantee shorttime existence for (1.1) and convergence to smooth graphs
with prescribed Gaufl curvature we have to assume several structure condi-
tions. These are

dyp
= — > .
Pz 3, = % > 0, (1.3)
f > 0 and f,>0. (1.4)
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Moreover, we will always either assume

% >c;>0 (1.5)
or
® (log det(ug)s; — log f(z,ug, Dug)) > 0. (1.6)

To guarantee smoothness up to ¢ = 0 it is necessary to assume the following
compatibility conditions to be fulfilled on the boundary 92 for any m > 0

(%)m (v'ui = o(z,4)) |,y =0, (1.7)

where time derivatives of u, u;, ...have to be substituted inductively by
using & = ® and u|,_y = ug. Applying Theorem 5.3, p. 320 [12] and the
implicit function theorem, we obtain smooth shorttime existence up to¢ = 0,
see also [7].

During the flow, the smoothness of a solution guarantees that (1.7) is satis-
fied for any m > 0. So it is possible to extend a solution of the flow equation
on a time interval [0,T) to [0,T] provided there are sufficient a priori es-
timates and then to [0,7 + ¢) for a small ¢ > 0. In this way we obtain
existence for all ¢ > 0 from the a priori estimates. The same procedure
works also for the other boundary conditions considered in this paper.

The main theorem for Neumann boundary conditions states

Theorem 1.1. Assume that £ is a bounded, strictly conver domain in R",
n > 2, with smooth boundary. Let f, ¢ : @ x R = R, be smooth functions
that satisfy (1.3)-(1.4). Let up be a smooth, conver function that satisfies
the compatibility conditions (1.7). Moreover, we assume that one of the
conditions (1.5) or (1.6) is fulfilled. Then a smooth solution of (1.1) exists
for allt > 0. Ast — oo, the functions u|, smoothly converge to a smooth
limit function u®™ such that the graph of u™ satisfies the Neumann boundary
value problem

{det(u;-’;? = f(z,u™,Du*®) in§Q, (18)

w(z) = oz, u™) on 09,
where v is the inward pointing unit normal of 0Q. The rate of convergence
is exponential provided (1.5) is satisfied.

When we assume condition (1.5), we obtain — by using (1.7) only for m = 0 -
a solution of (1.1) which is smooth only for ¢ > 0 and the rate of convergence
is exponential only in time intervals [g,00), € > 0.

In the case when condition (1.6) holds, we need only (1.7) for m =0, 1 to
obtain a solution of (1.1). Here u approaches ug for ¢ — 0 only up to its
forth derivatives, where time derivatives have to be counted twice.

In both cases, all the other claims of Theorem 1.1 remain unchanged.
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Remark 1.2. If we consider for a smooth function ¥ : R — R the evolution
equation

= ¥(log det u;;, log f)
and assume natural structure conditions, i. e. concavity of ¥, ¥; > 0 and
¥(z,z) =0 Vz,then we prove in Lemma C.1 that there exists  : R — R
with ® > 0, ” < 0 such that ¥ has the following simpler form

U(z,y) = ®(z —y).

nt2
Example 1.3. For &(z) = z, f(v,u,Du) = g(z,u) - (1+|Dul?) ? our
ansatz yields the logarithmic Gaufl curvature flow
% = log det u;; — log g(z,u) — "T+2 log (1+ |Du|2) ,

more precisely, the ”vertical“ velocity equals the difference of the logarithms
of the actual and the prescribed Gaul curvature. Another interesting ex-
ample is given by ®(z) = 1 —e™**, A > 0, which gives the flow equation

ﬁzl_(f(z,u,Du))’\

det u;;

In a second part, we consider the second boundary value problem for Hessian
flow equations, more precisely, we solve the initial value problem
@ = log F(D%u) —logg(x,u,Du) in Q x [0,T)
Du(Q) = Q* (1.10)
Uiy = Uo in Q,
on a maximal time interval [0,T), T > 0. We assume that 2, Q* C R",
n > 2, are strictly convex domains, ug : @ — R is a smooth 1 strictly convex
function, Dug(2) = Q* (= 0-th compatibility condition), g : xR xR” — R
is a smooth positive function such that g, > 0. F is a Hessian function of the
class ( K*), for a precise definition we refer to Definition 5.2. Here we re-
mark only, that the class of Hessian functions considered includes especially
F(D?u) = det D?u. We will show that a smooth strictly convex solution of
(1.1) exists for all times, i. e. T' = 0o, and converges smoothly to a solution
® of the elliptic second boundary value problem
F(D*u®) = g(z,u™,Du®) inQ,
{ Du®(Q) = Q~,
when some structure conditions are fulfilled. The asymptotic behavior of g
is given by

(1.11)

p) — o0 asz— oo,

p) — 0 asz— —oo, (1.12)

9(z, 2,
9(z, z,
uniformly for (z,p) € Q x Q*. Furthermore we will always assume that there

holds either

9;" >cg >0 (1.13)
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or
< F(D%u) - Dug) in €
{0 < F(D?u) —logg(z, uo, Dug) in £, (1.14)

1st compatibility condition on 9%,

where the inequality means that ug is a subsolution. We remark that the
boundary condition Du(2) = Q* is equivalent to A(Du) = 0 on 99 for
smooth strictly convex functions u, where h : R” — R is a smooth strictly
concave function such that h|zq. =0 and |VA| =1 on 8Q*. For the second
boundary value problem the compatibility conditions read as follows

(%) hDu)l_, =0, meN, (1.15)

where derivatives of u have to be replaced as above.

For the second boundary value problem, we obtain the following main the-
orem.

Theorem 1.4. Assume that Q, 2%, g, up and F are as assumed above and
either (i) (1.13) or (i) (1.14) are satisfied. Then there ezists a smooth
strictly convez function u : Q x (0,00) = R of (1.10), i. e. T = o0, and u
converges smoothly to a solution u™ of (1.11) as t — oo. Furthermore, u
is continuous up to its (i) second/(ii) forth derivatives at t =0, where time
derivatives have to be counted twice, and (i) gives ezponential convergence
u —>u® fort € [e,00), € > 0. If (1.15) is fulfilled for all m € N, then u is
smooth in [0,T) and (i) gives ezponential convergence to u® in [0, c0).

This result extends to Hessian quotient equations as follows.

Theorem 1.5. Theorem 1.4 holds also for F = Sp;, 1 <k <n—1, when
g happens to be independent of the gradient of u, where Sy x(D?u) is the
quotient of the n-th and the k-th elementary symmetric polynomial of the
eigenvalues of D?u.

Notation 1.6. Indices denote partial derivatives or vector components and
are lifted and lowered with respect to d;; except for (uij ) that denotes the
inverse of (uj;). Indices z and p; denote partial derivatives with respect
to the argument used for the function u and for its gradient, respectively,
dots refer to time derivatives. We use the Einstein summation convention
and sum over repeated Latin indices from 1 to n. For a vector v we use
u, = u;v® with obvious generalizations to other quantities. We use ¢ to
denote a positive and already estimated constant. Its value may change
from line to line if necessary. We point out that the inequalities remain
valid when c is enlarged. A function u : Q x [0,T) is called (strictly) convex,
if u(-,t) is (strictly) convex for every time ¢ € [0,7"). Finally, we use F' to
denote the logarithm of a quantity F.

We briefly discuss the relation of our result with the existing literature. In [6]
smooth, compact, strictly convex and rotationally symmetric hypersurfaces
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in R? have been deformed by its GauB curvature to round points. The Gauf
curvature flow

d
E‘EF_ —Kv

for smooth embeddings F of hyperspheres in R**! has been the subject
in [1]. For the n-th root of K this flow has been considered in [4]. In
[3, 8] the authors use flow equations to prove existence theorems for closed
hypersurfaces of prescribed curvature. For Gaufl curvature flows convexity
is an essential assumption because then the flow becomes strictly parabolic.
In addition the degenerate Gaufl curvature flow with flat sides has been
investigated in [5]. There are also several papers about curvature flows with
Dirichlet boundary condition, we only mention [11]. The elliptic version
of our flow equations (1.1), (1.10) has been explored in [14, 17, 18, 19] by
using the continuity method, see also [16] for a related problem. Some of
the techniques used there will be applied in our paper as well.

The organization of our paper is as follows: In the first part, we study flow
equations subject to prescribed Neumann boundary values. In section 2 we
prove uniform estimates for |4|. This will be used in section 3 to derive
CP-estimates. C'-estimates then follow from [14]. As a consequence we will
obtain a uniform positive lower bound for detu;;. In section 4 we derive
C?-estimates and in section 10 we mention how to obtain Hélder regularity
for the second derivatives of u and prove Theorem 1.1. In a second part
we consider the second boundary value problem. In section 5 we introduce
Hessian functions and a dual problem, next, we prove the strict obliqueness
of our boundary condition. After the estimates for ¢ and « in section 7,
we give a quantitative version of our obliqueness result. In section 9 we
establish C?-estimates and in section 10 we prove Theorem 1.4. As far as
the second boundary value problem is concerned, we will use methods of
[17, 19] without mentioning this explicitly there. In the appendix we state
generalizations to oblique boundary value problems for Hessian equations
and indicate how to obtain the result for Hessian quotient equations. We
remark that our results are parabolic versions of [14, 17, 18], so our results
can be considered as alternative existence proofs using parabolic methods.

This paper has been finished as the second author visited the program
“Nonlinear Partial Differential Equations” of the Isaac Newton Institute
for Mathematical Sciences, Cambridge in 2001. He wants to thank the or-
ganizers for their invitation to this wonderful and very stimulating location.
Both authors thank Claus Gerhardt for useful suggestions and discussions.
In addition, the authors are indebted to Jiirgen Jost for his support at the
Max Planck Institute for Mathematics in the Sciences where part of this
paper has been written.



6 Oliver C. Schniirer and Knut Smoczyk

2. u-ESTIMATES

For a constant A we define the function
r= e)‘t('d)z.

An easy computation shows that (1.1) implies the following evolution equa-
tion for r

f f

Lemma 2.1. As long as a smooth convex solution of (1.1) exists we obtain
the estimate

= ®'ulry; — 2N w00, — @ In r; + (,\ = 2<I>'E) 7. (2.2)

min {rtniglia,O} < % < max {Tagcd,O :

Proof. If (i)? admits a positive local maximum in z € 89, then we differ-
entiate the Neumann boundary condition and obtain from (1.3)

((@)?), = 2(u)%p, >0

which contradicts the maximality of ()% at . Now we choose A = 0 in (2.2)
and get

d .2 2y P (2 fz .12
E(u) < @' ((u) )ij B (I)IT ((@)%); = ZQIT(U) '
So we obtain from (1.2) and (1.4) that a positive increasing local maximum

of (u)? on O x [0,%p] cannot occur at an interior point of Q for any time
O<ty<T. d

Corollary 2.2. As long as a smooth convez solution of (1.1) exists we get
a positive lower bound for ®', é >® >cp > 0.
Proof. This follows immediately as Lemma 2.1, ®(0) = 0 and the strict

monotonicity of ® give a bound for the argument of ®. O

Lemma 2.3. As long as a smooth convez solution of (1.1) ezists we obtain
the estimate

min {mind,O} < ueM < max {maxd,(]}
t=0 t=0
for A < cpep provided (1.5) is fulfilled.
Proof. This statement follows from Corollary 2.2 and a proof similar to the

proof of Lemma 2.1. ]

Lemma 2.4. A solution of our flow (1.1) satisfies & > 0 or equivalently
P>0fort>04f0£u>0 fort=0.
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Proof. Differentiating the flow equation yields
i = @iy — & (fri+ fi) (26)
thus

% (’de)‘t) = 'yl (ue*t)ij — & (foie* + f, (de’\t)i) e, (2.7)

We fix o > 0 and a constant A > 0 such that A > &'F, for (z,t) € 0 x [0, ).
From (2.7) and the strong parabolic maximum principle we see that ue*®
has to vanish identically if it vanishes in (zg,t) € © x (0,%g), contradicting
@ # 0 for t = 0. If ue = 0 for £y € HQ the Neumann boundary condition

implies
('de)‘t) =, ('de)‘t) =0,
v
but this is impossible in view of the Hopf lemma applied to (2.7) because
A>d'f,. O

Remark 2.5. The constant A in the previous proof depends on ty. It can
be chosen independent of ¢y, if ' f, is uniformly bounded above and this is
true, if u is bounded in C*.

3. C% AND C'-ESTIMATES

Remark 3.1. The strict convexity of u and the fact that ¢(-,z) — oo uni-
formly as z — oo imply that u is uniformly a priori bounded from above as
U, = p(x,u) on ON.

Lemma 3.2. Under the assumptions of Lemma 2.3 we have the following
lower bound for u

1
% 2> minu + — min {mintl,O}
t= A 1=0

Jor all 0 < A < cpcy.

Proof. This easily follows from Lemma 2.3

t
u(z,t) = u(z,0) +/i¢(m,7')d7-
0
t
. .. —AT
> u(w,0)+m1n{rtn:1[r)1u,0}‘/e dr
0

1
> minu -+ —min {miniz, 0} .
t=0 A t=0
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Lemma 3.3 (C'-estimates). For a smooth end conver solution u of the flow
equation (1.1), the gradient of u remains bounded during the evolution.

Proof. This follows from the C-estimates obtained so far and Theorem 2.2
in [14]. O

Remark 3.4. As long as a smooth solution u of our flow equation (1.1) exists
and log det u;; remains bounded, u remains strictly convex provided ug is
strictly convex. The quantity logdet u;;, however, stays bounded as both
the argument of @ (see Lemma 2.1, Corollary 2.2) and log f are estimated.
Finally, log f remains bounded as |u|; is a priori bounded.

4. C?-ESTIMATES

4.1. Preliminary results. We use v for the inner unit normal of 92 and
7 for a direction tangential to 992.

Lemma 4.1 (Mixed C?-estimates at the boundary). Let u be a solution of
our flow equation (1.1). Then the absolute value of u,, remains a priori
bounded on 3 during the evolution.

Proof. We represent 92 locally as graphw over its tangent plane at a fixed
point zg € 0 such that locally Q = {(z", %) : " > w(&)}. We differentiate
the Neumann boundary condition

v (&)ui(E, w(2)) = (2, w(%)), u(#,w(2)), &ERT,
with respect to 7, 1 < j <n-—1,
u;:u,- + uiuij + uiu,-nwj = @j + Pnwj + @ U; + P UnWj

and obtain at zg = (%0,w(20)) € 8Q a bound for v'u;; in view of the C*-
estimates and Dw(#g) = 0. Multiplying with 77 gives the result. We remark
that it is only possible to multiply the equation with a tangential vector as
the differentiation with respect to £/ and so also j correspond to tangential
directions. O

Lemma 4.2 (Double normal C2-estimates at the boundary). For any solu-
tion of the flow equation (1.1) the absolute value of u,, is a priori bounded
from above on 0. (u,, > 0 also follows from the strict convezity of a
solution.)

Proof. We use methods known from the Dirichlet problem [15], where more
details can be found and assume the same geometric situation as in the proof
of Lemma 4.1 with zp € Q. From (1.1) we obtain

g = S'uuie — ® (fr + Four + fpiuri)
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and define therefore
Lw:=w— @'uijwij + ‘P'fpiwi,

where we evaluate the terms by using the function . From the definition of
L it is easy to see that for appropriate extensions of v and ¢

'L (ukuk - w(x,u))’ <ec-(1+tru¥),

where - here and in the following - ¢ is an a priori bounded positive constant
that may change its value as necessary. We define 5 := Q N Bs(xg) for
6 > 0 sufficiently small and set

9 :=d— pd?

for 4 > 1 sufficiently large where d denotes the distance from 0¢). We will
show that Ld > £®tru* for a small constant ¢ > 0 (depending only on a
positive lower bound for the principal curvatures of 92) in Q.

L9 = —®'ud;; + 2u®'ud;d; + 2p®'u¥ dd;;
+ &' fy, (di — 2pdd;)
> —®'ud;; + 2ud'udid; — cpd (1+ tru’) —c.
We use the strict convexity of 99, d; = 8, |u¥]| < tru¥, 1 <k, < n, and
the inequality for arithmetic and geometric means
LY > e®'tru” + & pu™ —cud (1+tru) —c

1 n—1
n n

> @’% (detu)™ - e"n L+ %e @' tru¥ (4.7)
—cpé (1 +truij) —c.
As det u¥ is a priori bounded from below by a positive constant in view of
det u* = (det u;;) ' = exp (—f - <I>_1(11)) ,

we may choose u so large that the first term in (4.7) is greater than ¢ + 1.
For 6 < imin{l, %e} we get

L9 > ;’—s & trutl
and furthermore ¥ > 0 on 9l if we choose 4 smaller if necessary.
For constants A, B > 0 consider the function

0 := A9 + Blz — 2|2 £ (Viu; — o(z, u)).

We fix B > 1, get © > 0 on 0Q;, and deduce for A > B that LO > 0 as
tr u¥ is bounded from below by a positive constant. The maximum principle
yields © > 0 in Q5. As ©(zg) = 0 we have ©,(z¢) > 0 which in turn gives
immediately |u,,| < e O
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Remark 4.3. From Section 3 and the uniform estimates for & we get for a
fixed positive constant pg

min {det u;j, f} > po > 0.

According to [14] we obtain unique convex solutions ¢, € C?(Q) for 0 <
p <1 of the boundary value problem

det "p’l’] = %,_[,0 mn Q,
by = (a9 + plz|*) — 2p(z,v) on 80
such that |¢,|, 5 < ¢ and 1;; > A;; for positive constants independent of
p. Fix p > 0 sufficiently small such that Ep = 1, + p|z|? satisfies

det E‘ij < Wo in Q,

where we dropped the index p as p is fixed now.

Lemma 4.4. For 1 as constructed above, u < 1 is valid during the evolu-
tion.

Proof. The function v satisfies the elliptic differential inequality

det@-,;j < po 1nQ,
b, = ¢(z,9) ondQ

and the parabolic differential inequality

$ > P (log det%-j —log #0) in Q x [0,7T),
U = ¢(z,9) on 90 x [0,7T)

as 1 is independent of ¢, so E = 0. Furthermore we have the following
elliptic differential inequality

{det('“'o)ij > o in Q,
(uo)y = o(z,up) on 9N

and the parabolic differential inequality

a

u = & (log det u;; — f)
< ®(logdetu;; —logug) in Q x [0,T),
= (z,u) on 9Q x [0,T).

Uy
We combine the elliptic differential inequalities and obtain by the mean
value theorem with a positive definite matrix a* and a positive function C

{ a¥ (uo ——1,5)1.1. > 0 in £,

(uo—¢)y = C-(ug—_ﬂ)—) on 01,
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thus we obtain u = ug < 1 for t = 0 in view of the elliptic maximum
principle. From the parabolic differential inequalities we get

W= < @ (u—19), nQx[T),
(u—E)V = C’(u—z_,b_) on 6Q x [0,T),

so the parabolic maximum principle gives u < ¢ for all ¢ > 0. a

Corollary 4.5. For v as constructed above there ezists a positive constant
dp such that
(¥ —u)y > > 0.

Proof. As u < 4 we deduce from the Neumann boundary condition
1
Vo= =0 (@9) ¢(ew) = [ o (0,78 + (1= )) dr- (F-u),
0
S0 @ - 'u,)v > 0, and furthermore

% —u)y = (¢ — plzf” —u), 2 ~2p(z,v) 2 60 >0
as () is strictly convex and 0 € 2. a

4.2. Interior estimates. To establish a priori C2-estimates everywhere,
we proceed as in [14]. For the reader’s convenience, however, we repeat
the argument given there modified for the parabolic case. We may take T
slightly smaller than the maximal time interval for which a solution exists.
We define for (z,£,t) € Q2 x "1 x [0, 7]

W(z,£,t) :=logw+ 8 (uiui + My —u))
where

'UJ(.’L‘, 63 t) = Ug — 2(67 V) (EL - (67 V)Vi) . (‘P‘i + wau; — Ukl/f)

= ug+ akuk + b,
and v is a smooth extension of the inner unit normal to dQ that vanishes
outside a tubular neighborhood of d9; a* and b depend only on z and u.
Lemma 4.6 (Interior Cz-estima,tes)_. For a solution of the flow equation
(1.1), W attains its mazimum over Q x S"~! x [0,T] at a boundary point,
i. e. in 80 x 871 x [0, T, provided 3> M >> 1 are chosen large enough or

|D2ul is a priori bounded by a constant determined by the C%-norm of ug
and known or estimates quantities.

Remark 4.7. More precisely we assume for the maximum of W besides its
positivity ¢ < &’ %tr u¥, see (4.29), and furthermore (4.32), (4.33), where ¢ is
determined just above (4.35) and 3 is determined directly below (4.35). This
gives a possibility to calculate an upper bound of IDzu' in view of the above
a priori estimates, if the maximum of W is attained in £ x $*~1 x (0,7].
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Proof of Lemma 4.6. We assume that W attains its maximum in the point
(g, &0,t0) € Q@ x 81 x (0,T] (but later on we write again ¢ for simplicity)
and w is positive in a neighborhood of zp, so we calculate there

Wi = 4 2Butug + BM (- ),
Wee Wi
Wi; = f - ﬁ + 2Bufug; + 20uFurs; + BM (¢ — u)ij,
: w . s
W= —+ 208uFuy + BM (¢ — ).
We differentiate the flow equation twice
w = ®uFluy, — @'D;F, (4.24)
Uge = @'uijuijfg — @'uikujluijguklg — <I>'D£§f
.. .. " N2
+@" (u” ’u.,;jg)z - 2<I>"u”u,-j§D5f + &" (Dgf)
S @”U,ijuijgg — @'uikujluijguklg — @'D&f, (425)

where we have used the concavity of ®. D. indicates that the chain rule has
not yet been applied to the respective terms.

As |u*uy, | is bounded on 8Q we may fix M such that
- Mg > 2 |uFug|| 4.2
Moo > 2 |utup|| (4.26)
where we use §g as introduced in Corollary 4.5.

Now we restrict our attention to the point where the maximum is attained.
We have there W; =0, W;; <0, W >0 and & > 0, so we get
0 S W - @,uijWij

< o @'Eu”’w.ij + @'Fuwwiwj (4.27)
+ 2Bu iy, — 288" Au — 20 ubu v, — ABM'tru¥ + M
with A > 0 as in Remark 4.3. We remark that c also depends of ®'. From
(4.24) and (4.25) we get
w — @'uijwij < uge + akﬁk — @'uijugf.,-j — @'akuijuk,-j +c- (1 + tr uij)
< —@'uikujluijguklg — @’D&f
+c (14 |D2u| + tru¥). (4.28)
We assume now that W is large in its maximum, more precisely ¢ < @’ %tr u¥,
combine (4.27) and (4.28) and take (4.24) into account
o . 1 .. R
0 S —Q'u’ku’luﬁfuklf - @,D&f + ‘I"au”wiwj - Zﬂw@'ukaf

by 3 g
— 20w’ Au — E,HMu@'tr u +c- (14 |D?u| +tru¥). (4.29)
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We consider the quantity u* w;w; separately and use Young’s inequality for
0 < £ < 1 to be fixed later

uijwiwj uij(’llfgi + Diakuk + Db+ akuki) .
- (u&j + Djalul + Djb + alulj)
= uij(u5§i + B; + akuki)(u&j + B; + alulj)
. 2 .. 2 ..
< (1+ E)’LL”’U,E&-;U&J' + EUUB,'BJ' + Eu”ukjakuh:al
+u¥ B;B; + 2B;a’ + a'aluy;
. c ..
< (4 uuggug + - (1+ |D%u| + tru). (4.30)
On the other hand we get in view of W; =0
uwwwi < cfPw? (1+ |D2u| + tr uij) , (4.31)
where ¢ depends on the constant M fixed above.

We assume that uge and the greatest eigenvalue of u;; at xo, uyy, are nearly
as large as w, more precisely

1
0<—— <M <] 4g, (4.32)
1+e¢ w
and for later use
1 .
1<ug, 1<[D%|, |D*f<w<2(D, (4.33)

so we get for 0 < € « 1 in view of (4.30) and (4.31)

1 . 1 .. L1

o Twiw; = (1- 36);U—u”wiwj + 3€Eu”w,¢w]— (4.34)
< uMuVuggiugg;

+ % (1 + |D2u| +truij) + cefPw (1 + |D2u| +truij) .
We calculate for —Dy f — 28wu® Dy f in view of W; =0
—&'Deef — 2% wutDyf < —&' fp unge — 200 wuk fo,uin

+¢B (1 + | D?u|) + ¢ (1 + | D%ul?)
¢f (1+|D%|) + ¢ (1+[D%["),

IA

where it is important to notice that the 25w fpiukuki-terms cancel. We plug
this estimate and (4.34) in (4.29)

L g A g
0 < —@'u’kujluijgukzg + ®'uMuM uggiuee; — 20wd Au — §wﬁM‘I>'tr u¥
+ 2:—0- (1 + |D2u] + truij) + cefPw (1 + |D2u| + tr'u,ij)

+¢f (1+|D?]) + ¢ (14 |D%uf* + tru¥).
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The sum of the first two terms is known to be nonpositive, see e. g. [14]. We
choose £ = l%’ so we obtain

0 < —20'8|D%|* - % |D?u| BM®'tr u¥ (4.35)
+cf? (| D?u| + tru¥) + ¢ |D%u| - (|D?u| + tru¥).

If we fix § sufficiently large, it is easy to see that |D2u| (z0,%0) has to be a
priori bounded by a constant. ]

4.3. Remaining boundary estimates. The proof of the tangential C?-
estimates at the boundary can be carried out as in [14]. There, however,
the authors only mention that this estimate can be obtained similar as at
the beginning of Section 3 there. So we repeat the argument for readers not
familiar with [14].

Before stating the lemma we wish to point out that it is in general not true
that &y is a direction tangential to 92 when W attains its maximum at
(wu,fo,to) € 90 x Sn1 x (O,T]

Lemma 4.8. The second deriatives of a solution u of our flow equation
(1.1) are a priori bounded in Q x [0,T].

Proof. In view of Lemma 4.2 and Lemma 4.6 we may assume without loss
of generality that W attains its maximum at a point (z,¢,t) € 9Q x S*~1 x
(0,T) with £ # v and distinguish two cases.

(i) tangential: If £ is tangential to 952, we differentiate
viu; = o(z,u)

with respect to tangential directions under the assumptions stated in the
proof of Lemma 4.1 and get in view of Dw(#9) =0
Vggu,; + 2V§u,;£ + l/iuig + Viuinwgg
= Qge + Pnwee + 206U + PrUgUs + QUL + PrUnWee,
so we obtain
Uyge = —ZVEuiE + pzuge — € (4.37)
2 paugg —C

as 02 is strictly convex. On the other hand the maximality of W at z gives
0=w,,
02> ugy —c+wp (2u’u,-., + My — u),,)
and furthermore using (4.26) and Corollary 4.5
0> Uger — G,

so we obtain in view of (4.37) and ¢, > ¢, > 0 the desired estimate ug < c.
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(ii) non-tangential: If £ is neither tangential nor normal we need the tricky
choice of w in [14]. We find 0 < o < 1 and a tangential direction 7 such
that

£E=ar+V1-ao?v.

We rewrite w as
w(z,€) = uge —2av1— 27 (i + o — wprf)
= ug — 2aﬂuw
in view of the differentiated Neumann boundary condition, so we see that
uge = ourr + (1 —o®)u,, + ZaMUT,,
= ourr + (1= oP)uy — w(z, &) + uge

and obtain in view of the maximality of W and the fact that W — logw is
independent of ¢ and w(z,T) = Urr, W(Z,V) = Uy,

< w(z,§),

our, + (1- 012)11,W

w(z, ) + (1 — o®)w(z,v)

Pw(z, €) + (1 — )w(z,v).

Therefore w(z,{) < w(z,v) gives the upper bound u; < c¢ proving th
statement. ]

w(z, T)

w(z,£)

IA

In the following sections we consider the second boundary value problem.
In section 10 we will come back to Neumann boundary conditions. Sections
5 to 9 will not be used for the proof of Theorem 1.1.

5. LEGENDRE TRANSFORMATION AND HESSIAN FUNCTIONS

By direct calculation we obtain the following

Lemma 5.1. If u is a strictly convex C?%-solution of (1.10), then the Le-
gendre transform of u, u* : Q* x [0,T) = R, defined by

u*(y, 1) := zhuy(z, t) —u(z,t) = o'y —u, ' =u(z,t)
satisfies the evolution equation
u* = F*(D%u*) —logg*(y,u*, Du*) in Q* x [0,T),
Du*(Q2*) = Q,
wl, = ug in %,
where uy is defined similarly as u*,

PO =y
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and
1

g(q*7 yiq: - Z*,y)
and the time derivative of u* is token with y fized.

g (y, 2", ¢%) =

We introduce some classes of Hessian functions similar to [8, 15]. A slightly
different class of Hessian functions is considered in [17].

Let I'y C R" be the open positive cone and F € C°(T'y) NC?(Ty) a
symmetric function satisfying the condition
oF
F; = N > 0;
then, F can also be viewed as a function defined on the space of symmetric,
positive definite matrices Sym™(n), for, let (u;j) € Sym™(n) with eigenval-
ues A;, 1 < i < n, then define F on Sym™(n) by

F(ui;) = F(\).
We have F € C°(Sym™*) N C° (Sym+). I we define

_OF
- Bu,-j’

FY
then we get in an appropriate coordinate system

g OF . .
Figi; = 5 [¢']

V¢ e RY,

and F% is diagonal, if ui; is diagonal. We define furthermore

piihl _ _OF
OusjOup
Definition 5.2. A Hessian function F is said to be of the class (K), if
FecCc®(y)nc®(Ty), (5.1)
F is symmetric, (5.2)
F is positive homogeneous of degree dp > 0,

F, = gi >0 inly, (5.3)
Flr, =0, (5.4)

and
g 1 (i 2 k=
Fknmg < F~Y (Fn;)" - F*@'nymy Vo € Sym,
where (") denotes the inverse of (u;;), or, equivalently, if we set /' = log F,
F¥nmg < —F*aflngmy Vn € Sym,

where F is evaluated at (u;;).
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If F satisfies

Jeg > 0: gFH= soFtrug < Fiju,-kuf
for any (ui;) € Sym™, where the index is lifted by means of the Kronecker-
Delta, then we indicate this by using an additional star, F' € (K*).

The class of Hessian functions F’ which fulfill, instead of the homogeneity
condition, the following weaker assumption

1
dég > 0: 0<5—FSE B < 6 F
0 >
i

is denoted by an additional tilde, F' € (K’ ) or F e (IE'*)

A Hessian function F' which satisfies for any ¢ > 0
F(e,...,e,R) = 400, as R — +o0,
or equivalently
F(1,...,1,R) = +00, as R — +o0o,

in the homogeneous case, a condition similar to an assumption in [2], is said
to be of the class (CNS).

Example 5.3. We mention examples of Hessian functions of the class (f{ *)

as given in [8, 15].

Let Hy be the k-th elementary symmetric polynomials,

Hip(\) = > XXy, 1<Ek<n, (5.5)
1<i1 <..<ip<n
1
or = (Hg)*

the respective Hessian functions homogeneous of degree 1 and define fur-

thermore
1

ar (A1)

The functions Sy ; belong to the class (K) for 1 < £ < n—1 and Hy, belongs
to the class (K™).

E

Gr(Xi) == = (Sn,n—k) .

Furthermore, see [8],

N

F=Hyp []Fz

@) i >0 (5.7)
i=1

belongs to the class (ff*) provided F(;) € (K), and we may even allow
F(,;) ?é 0 on 3F+.
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Arn additional construction gives inhomogeneous examples [15]. Let F' be as
in (5.7), n € C*®°(R>p) and ¢; > 0 such that

1
0<—<n<e, 7<0,
Cy
then

Ai
F(\):=F |exp /y—(;zd'r
1
belongs to the class (f(*).

Important properties of the class (R’*) for the a priori estimates of the
second derivatives of u at the boundary are stated in the following lemmata.

Lemma 5.4. Let F € (R’*), then for fized € > 0
F(e, ... ,e,R) > o as R — o0,

i e. (R*) c (K) N (CNS), moreover, when F € (f{) N(CNS),0< i<
F<e, and
0< M <...< A,

then the following three conditions are equivalent

A =0, A — o0, trF¥ - oc0.
Proof. We refer to [15]. O

For the dual functions we have a similar lemma.
Lemma 5.5. Let F' € (R’*),

0< M <...< A\,
and 0 < % < F < c. Then the following three conditions are equivalent
AM =0, A —o00, trF*Y 5 0.
Proof. We have F} > ... > F, > 0, see [9, 17], so we get in view of the
definition of F™*
1
(F*)2 A
Thus FT' — oo as A\; — 0 gives the result as (F*)™1 = F, and A\, = o0

forces A\; — 0 in view of Lemma 5.4. To get tr F*J — 0o, A has to leave
any compact subset of I",. O

F:(A]_, ceey An) Z
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Lemma 5.6. Let F € (f{) N(CNS). Then F* as defined above satisfies

(5.1). (5.2), (5.3), (5.4) and F* € (CNS). For F = (Spz)7™F, 1 <k <
n — 1, and obviously, see Lemma 5.4, also for F € (f() N(CNS) we have
for anye >0

ZF,-A? < (cfe) +e-[A) - ZFi. (5.12)

O

Proof. See [17].

Instead of Lemma 5.5 we get the following weaker result for S7 .
Lemma 5.7. Let F = (Spn_)* = Hg, 1 <k <n-—1, and assume 0 < % <
F<cand

D<M ... < Ay,

then
F,>...>F,>0.
Moreover, at least one of the following conditions is fulfilled

1
Fp2 =~ >0 (5.14)

or
tr F¥ - co.

Proof. The first inequality and the case £ = 1 are obviously true. If 0 <
1< hmokt1 €. < A, then Fp > 1> 0. If Ap_gq1 — 0, then Ay — 00 as
An—kgl - Ap = %-Hk2%>0, SO

1

(Hk)l > .2 (Hk)n—k+1 > )\n——k+2 et Ap = h) : An—~k:+1 “eeat An
n—k+1
1
1 = Hp > 1 : l — 0.
)\n—k+1 c /\n—k+1 c
a

6. STRICT OBLIQUENESS

Lemma 6.1. As long as a solution as in Theorem 1.4 exists, our boundary
condition is strictly oblique, i. e.

(v(z),v*(Du(z,t))) >0, =ze€df, (6.1)

where v and v* denote the inner unit normals of Q and Q*, respectively.
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Proof. To prove (6.1) we use
vi(z) - v} (Du(z,t)) = v* - hy,(Du(z, t)).

As h(Dwu) is positive in § and vanishes on 952, we get on 9 for 7 orthogonal
to v

hp upr =0,  hp up, > 0. (6.2)
Thus we see from
o V* = hp upit? v = hp, gy - u*¥ >0 (6.3)

that the quantity whose positivity we wish to show is at least nonnegative.

We compute in view of (6.2) and (6.3) on 00

2
(hpk uk) = u”hp up, " uyhy,
= u hpk ukiu"j ujlhp,
= u".”ukzhpkhp,,
so we deduce the positivity of the quantity considered. O

7. 4~ AND CY-ESTIMATES

Remark 7.1 (u-estimates). The results of section 2 hold also for the flow
(1.10), as in both cases, the flow equation is parabolic and the boundary
condition is strictly oblique.

If condition (1.13) is fulfilled, uniform C°-a priori estimates follow immedi-
ately by integrating the estimate in Lemma 2.3, see also Lemma (3.2). In
the case of condition (1.14), the positivity of 4, Lemma 2.4, gives a lower
bound for u. So it remains to establish an upper bound for % in the case
u > 0.

Lemma 7.2. A solution u of our flow equation (1.10) is uniformly bounded.

Proof. The concavity of F(-) gives the estimate

F(D*) < FU(1, ..., 1)(uy —8;j) + F(Q, ..., 1) < c-Au+te
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For 0 < t; < t3 we integrate the flow equation and estimate in view of the
inequality above, the divergence theorem and |Du| < ¢ (Du(2) = Q*)

ta

7/10gg($,u,DU) < C-//Au+c-(t2—t1)—/(u|t2_ uly,)
t1 Q

t1 Q Q
ta
< c-//|Du[+c-(t2—t1)—/(ultz—uhl)
t1 90 Q
< erta—t) - [ (ul, —ul).- (7.1)
Q

The boundedness of Du and the convexity of §2 yield the estimate
lu(z1,t) — u(ze,t)] <caos Ve, z2€Q VE>O0. (7.2)

So we obtain from (7.1) for any z € Q

[2]

1

ﬁ/fbgg(””“’l’”) <cte-(t2—t) —ulz, t2) +ulz,tr).  (7.3)
t1 Q

Now we fix T > 0 and assume that

u(zg,T) = max u=: M > max {2m_axuo,0} .
ax[0,7T] Q

We choose t € (0,7') maximal such that u(zg,t) = % From the monotoni-
city of g and (7.3) we get the estimate
M

5 = u(®0,T)—u(@ot)

M
< c4ec (T—t)—(T—1) 'i??zpiennf* logg (w - co,n*,P)

and after rearranging

M M
2 —C . .
<e— — - . ;
T—-t ~ ¢ ;Ielflpler}lf* logg (m, 2 .0 ,p)

For M — oo the left-hand side of this inequality remains positive, whereas
the right-hand side tends to —co in view of (1.12), so M is a priori bounded
proving the lemma. O

Corollary 7.3. During the evolution, F(D?u) is a priori bounded from
above and from below.

Proof. This follows from |Du| < ¢ and from the flow equation. O
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8. STRICT OBLIQUENESS ESTIMATES

The following lemma establishes a uniform lower bound for the quantity
whose positivity we proved in Lemma 6.1.

Lemma 8.1. During the evolution (1.10), we have the strict obliqueness
estimate

(v(z),v*(Du(z,t))) > % >0, z€dQ, (8.1)

where v and v* denote the inner unit normals of 0 and Q*, respectively.
The positive lower bound is independent of t.

Proof. We assume that a solution of our flow equation exists for a time
interval (0,7T] and prove an estimate for hy,v* during this time interval
which is independent of T'. To establish a positive lower bound, we choose
(zo,te) € 82 % [0,T] such that h,, v* is minimal there. As we have a positive
lower bound for Ay, v* on 9 x {0}, we may assume that ¢ty > 0. Further
on, we may assume that v(zg) = e, and extend v smoothly to a tubular
neighborhood of 92 such that in the matrix sense

1
Dt =1k < —aék (8.2)

there for a positive constant ¢;. For a positive constant A to be chosen we
define

v = hy v* + AR(Du).
The function v|gg, (o7 attains its minimum over 82 X (0, T] in (zo, to), s0
we deduce there

0 = v = hp,p, Upr + hpku:c + Ahp ugr, 1<r<n—1, (8.3)
0 > 9. (8.4)

We assume for a moment that there holds
vn(z0,t0) > —c(4), (8.5)

show that this estimate yields a positive lower bound for ug;hp, hp, and prove
(8.5) afterwards. Then the lemma follows from the calculations in the proof
of Lemma 6.1 and from a positive lower bound for u*”.

We rewrite (8.5) as
hpnpytin + RV + Ahp,uin > —c(A).

Multiplying this with hp, and adding (8.3) multiplied with ,, we obtain at
(zo,to)

Augihp, by, 2 —c(A)hp, — thVlk hor = Py, Pprpy Uik
Using (6.2), the concavity of h and (8.2), we obtain at zg

1
Augihp, by > —c(A)hp, + P
1
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as |Vh| = 1 on 0Q2*. We may assume that the right-hand side of the in-
equality above is positive as otherwise hy, = hy, v* is bounded from below.
Thus we deduce a positive lower bound for ughp, hy, -

We now sketch the proof of (8.5). There is another slightly shorter proof of
this inequality obtained by constructing a barrier in a tubular neighborhood
of 80 avoiding the term |z — zo|? below, but we prefer the following proof
as it uses only local properties of the involved quantities. As for a similar
proof with more details we refer to Lemma 4.2. Direct calculations using
(1.10) give

Ly < ﬁ’ijuuu,-mukhpkp,pm + A I:’ijuk,-uzjhpkp, + C(A) - tr ﬁ’ij
< c(A) tr FY
for A sufficiently large and

Lw:=—-w+ F’ijw,;j — Jp; W;.

As Q is strictly convex, there exist g4 > 1 and € > 0 such that for J :=
d — pd?, where d = dist (-, ), we have near 8} in view of Lemma 5.4

LY < —¢-tr FY, (8.6)

We consider 9 only in Q4 := Q N Bjs(xzg), where § > 0 is chosen so small
that 9 is smooth and nonnegative there and the above inequality holds. As
v is bounded and attains its minimum over dQ x [0,7] in (zg,tp) we find
C > B > 1 such that the function

©:=C-9+B-|z—=z|> +v— vz, to)

satisfies
© > 0 on (695 X [O7T]) U (QJ X {0}):

LO < 0 in 4 x[0,T].

Thus the maximum principle gives
(C -9+ v)alzo,t0) 2 0

as the function C -9 + B - |z — zo|2 + v — v(z0, to) vanishes in (zg,t). This
shows inequality (8.5).

Similar to the argument above we extend v* smoothly to a tubular neigh-
borhood of 8Q* such that }* < —14% in the matrix sense and take h* as a
smooth strictly concave function such that {h* = 0} = 8Q and |Dh*| =1
on J9). We define

v* = h} (Du*)v** + AR*(Du*)
and a linear operator by
L*w = =t + F*wg; — g5 w;.

As before we obtain that v*|sq,(07) is positive. We fix T > 0 and assume
that v*| aax[o,r] attains its minimum in (zo,t0). As we wish to establish a
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positive lower bound for v* we may assume that ¢9 > 0. By calculations as
above — using Lemma 5.5 — we obtain in (zg,tg) an inequality of the form

k l
Augihg by > —c(A)hg v** — vithy by (8.7)
Since hzku*k = (v*,v), we may assume again that this quantity is small.

The second term on the right-hand side is bounded below by a positive
constant in view of the convexity of Q* and |Dh*| = 1 on 8Q*, so we deduce

* Pk Tk 1 : * okl * _ .k : 243
uy g by = 5 > 0. Using up; = u™ and hy, = v* we obtain a positive lower

bound for u*” completing the strict obliqueness estimate. O

9. C2-ESTIMATES

For convenience we use the notation h,, (Du) = B*. We state the following
estimates on 92 obtained by differentiating the boundary condition
Urg =0, Uz >0 (9.1)

where 7 and v denote a tangential vector and the inner unit normal, respec-
tively, see also (6.2). The estimates in this section are valid for any € > 0 if
¢ is not fixed explicitly. Thus multiplying a term of the form c¢{e) +¢- M
with a constant yields again a term of the form ¢(¢) + ¢+ M. We obtain the
following ;

Lemma 9.1. A solution of our flow equation (1.10) in a time interval [0, T
satisfies for alle >0

ugg <cle) +e-M inQ, (9.2)

where M := sup | D%u).
ax[0,T]

Proof. We set H = h(Du),

Lw:=—w+ ﬁ'ijw,-j — Jp, W;
and compute the differential inequality

LH > —(c(e) + eM) - tr B
where we have used Lemma 5.6 and the boundedness of F'(D?u). Applying
the maximum principle as in Lemma 8.1 to the function —A - (¢(g) +¢- M)-

9 — B |z — z9|2 + H with ¢ as in Lemma 8.1, A >> B > 1 sufficiently large
positive constants and zg € 99, we obtain

ugy < cle)+e-M on 9. (9-3)

In view of ug; = 0 on 92 and the strict obliqueness estimate or by using
the maximum principle as above for 3 instead of v, the claimed inequality
follows. |

As to the interior second derivative estimates we recall from [10]
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Lemma 9.2. For a solution of our flow equation in a time interval [0, T
we have the estimate

sup |D%u|<c+ sup |D%u|+ sup |D?ul.
2x[0,T) 80 x[0,T] 2x{0}

Proof. Similar computations as in [10] in the elliptic case — under the as-
sumption that

Qx[0,T] x 8™ > (z,t,£) = B |Du(z, t)* + log uge (z, t)
attains its maximum in Q x (0,7] x §™! for B sufficiently large — give
the above bound. We remark, that we used F' € (13’*) and not only F €
(R)O(CNS) O

Up to now we control ug,(= 0), ugg and we have an interior estimate for the
second derivatives of u. In the following lemma we bound double tangential
derivatives at the boundary. This completes the C?-a priori estimates.

Lemma 9.3. For a solution of our flow equation in a time interval [0,T] the
second tangential derivatives at the boundary are a priori uniformly bounded.

Proof. We may assume

sup sup U = ugy(zo, to) (9.4)
ax[0,T] |r|=1,{r,v)=0

where 7o € 89, to € (0,T] and furthermore that v = e, is the inner unit
normal at zg € 0. At a boundary point we decompose any direction &, i.
e. a vector £ € R™ such that |¢| =1,

(v, §)

£ =1(6)+ 15 5h,
where
e W8t s 5,
T(f)_g ( )E) (ﬂ,l/)ﬁ 1 ﬂ ﬂ <ﬂ7 )V1

and obtain the estimate
(BT, ¢)
(B,v)

We set 7 := 7(e1) and obtain on 9% in view of the estimates (9.1), (9.2),
(9.4) and (9.5) above

IO < 1+c- (1,8 —2(v,¢) (9.5)

(v,e1) - (ﬂT,el)
(B, v)

upp < (1 +ec-(v,e)?—2 )~'u.11($0,to)+(C(E)+E-M)(V, e1)?.
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Before we proceed, we establish an estimate for the quantity M introduced
in Lemma 9.1. Lemma 9.2 gives

M<c+ sup |D?%ul, (9.6)
0% [0,T]

where the supremum also includes non-tangential directions. For a direction
¢ we obtain in view of ug, = 0 on 99, (9.4) and (9.2)
uge S CrUr(gyr(e) T ¢ upp
< ¢ upr(wo,te) +cle) +e- M.

Combining this inequality for € > 0 small enough with (9.6) we get

M < c- (1 + uii(zo, to))- (9.7)
We dropped ¢ as it was fixed sufficiently small to get this inequality and will
be fixed differently later-on.

We may assume in view of (9.7) for the rest of the proof that u;;(zp,%0) > 1
U11

and for .
<V1 61) ) (IB ,€1>
w = + 2
ull('zoat()) (187 V)
we obtain — by using (9.7) — the estimate

w < 14 c(e)|z'|? on N near g,

where ' = (z,...,z"!), and we get furthermore w < c(¢) everywhere on
o). We cons1der 2§_u)_,e12 as a known function depending on (z, Du),
use the flow equation, and obtain in Q) by direct calculation

—t + B ;i — gpw; > —c- (e(€) + - M) tr B

Thus the maximum principle gives with a barrier function as constructed
above

’u,ug(xo,to) < (C(E) +e- M) U11(Cl:o,t0). (9.8)
Differentiating the boundary condition twice in the direction e; we obtain
at (:Eo,to)

hpp k18 + ug11 + ugnwn =0,

where w is a function such that locally 02 is represented as graphw over
its tangent plane at zg. Combining this equality with (9.8) and (9.3), we
obtain in the non-trivial case u11(xg,%0) > ¢(92) which we will assume in
the following

(C(E) +e€- M) . un(zo,to) -+ h'pkpzuklull > 0. (9.9)
Inequality (9.7) and the uniform concavity of h yield
1
(c(e) + € - ur1(zo, o)) - u11(x0,20) > E(u11(wo,to))2-

We now fix € > 0 sufficiently small and get a bound for u;1(zg, o). O
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10. PROOF OF THE MAIN THEOREMS

We return to the case of a Neumann boundary value problem.

Once we've obtained uniform C2-estimates for u and a positive lower bound
for the Gau curvature K we conclude that the flow operator is uniformly
parabolic and concave. So we can apply the results of chapter 14 in [13] to
obtain uniform C?©-estimates for u, with a small positive constant a. Then
standard Schauder estimates [12] imply uniform bounds in C¥, for all k > 0.
It follows that a smooth solution of (1.1) exists for all £ > 0. We then need
the following Lemma

Lemma 10.1. If a solution of the flow equation (1.1) exists for allt > 0
and etther (1.5) or (1.6) are satisfied, then the flow converges to a solution
of the Neumann problem i. e.

.  ®
tl_lglo u(z, t) =: u™®(z)
exists and
uP = oz, u™) on 01,
{ detuly = f(z,u®,Du®) inQ.
Moreover, u(t,-) — u™ smoothly. If (1.5) holds, then the convergence is
exponentially fast in any C*-norm, k > 0.

Proof. First, we assume that (1.6) is fulfilled. We may assume u(0,-) # 0
and proceed as in [8]. Integrating the flow equation gives
t

u(t,z) — u(0,z) = /@.
0

The left-hand; side is uniformly bounded in view of the CP%-estimates. As
log det u;; — f is non-negative we find ¢; = ¢;(x) — oo such that

(1og det(D%u) — f(m,u,Du))L 0. (10.4)

=ty
On the other hand, u(z,-) is monotone, so tl_i)m u(z,t) =: u™(z) exists and
o0

is smooth in view of our a priori estimates. Dini’s theorem and interpolation
inequalities of the form

1Dal| < cllall - |1Dall,

for 4 = u —u™, where || - || denotes the sup-norm, yield smooth convergence
u — u®. Thus we conclude in view of (10.4) that 4 is a smooth solution
of the stationary problem (1.8).

In case (1.5) we use the a priori bounds for all C*¥-norms and % — 0, see
Lemma 2.3, to get smooth convergence to u®(z). Again by Lemma 2.3 we
conclude

llu — u®| < coe™oF
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for constants A9 > 0, ¢g > 0. Then we apply interpolation inequalities as
above to 4 = u — ©* and derive

[l — u™[|x < cxe™ ¢

for any k > 0 and positive constants Az, ¢;. Clearly, 4* is a smooth solution
of the stationary problem (1.8). O

Remark 10.2. By an iteration method applied to the interpolation inequality
one can even show (Lemma C.2) that A; can be chosen independent of k.

Proof of Theorem 1.1 and Theorem 1.4. The a priori estimates obtained so
far guarantee longtime existence for solutions of our flow equations, so the
statement of Theorem 1.1 follows from Lemma 10.1 and the claim of Theo-
rem 1.4 follows from a similar lemma. a

APPENDIX A. OBLIQUE BOUNDARY VALUE PROBLEMS

A1l. Flows solving the oblique boundary value problem for Hessian
equations. We get the following theorem for Hessian flow equations.

Theorem A.1. Let O C R™ be a smooth uniformly strictly convez domain,
[ a positive smooth function defined on Q& x R X R* with f, >0, let ¢ be a
smooth function defined on Q x R with ¢, > 0 in Q x R and

¢(z,2) = ooo, z— 000, OE {—1, 1},

uniformly in z. Let F € (f{*) and B a smooth vectorfield on 02 that is

C'-close to the inner unit normal v as described in [18]. Then the initial
value problem for the parabolic boundary vaelue problem

4 = logF (D2u) —log f(z,u,Du) in Q,
ug = o(z,u) on 00
has a unique smooth strictly convex solution u and u converges smoothly to
a solution of the Neumann boundary value problem

F(D?*u) = f(z,u,Du) inQ,
ug = ¢(z,u) on O
if we start with a smooth strictly convex subsolution ug = u|,_, . e.
{ 0 < F (D2U()) — f(z,ug, Dug) in Q,
(w)pg = (=, u) on 00

and assume compatibility conditions for t = 0 as in our main theorem.

Proof. We sketch the proof which can be obtained by combining the proofs of
[18] and of the corresponding Neumann boundary value problem above. The
CP-estimates follow from the maximum principle, Cl-estimates are stated
in [14]. The crucial proof of the C?-estimates is obtained as a combination
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of the proof above and the proof of [18], where the inequality for geometric
and arithmetic means has to be avoided as in [15]. Instead we use Lemma
5.4. Higher regularity follows by standard theory and the considerations
above give smooth convergence to a solution of the oblique boundary value
problem for Hessian equations. O

Remark A.2. A similar result can be obtained in the case that (1.5) is fulfilled
instead of 0 < F (DZUO) - f(:l:, Uo, D’U,o)

Again it is possible to modify the flow equation by introducing @ as above.

It is also possible to obtain the existence proof for the elliptic oblique bound-
ary value problem stated in Theorem A.1 by elliptic methods ([18]) as well
as for § = v by modifying the proof of [14].

A.2. Nonconvex domains. If {2 fails to be convex, then all the steps above
work perfectly - provided ¢, > ¢(9€2) > 0 is sufficiently large - besides the
a priori estimates for u,, that seem to be out of reach at the moment.

APPENDIX B. HESSIAN QUOTIENT EQUATIONS

Proof of Theorem 1.5. We confine ourselves to the most important differ-
ences compared to the proof of Theorem 1.4.

Inequality (8.6) can be obtained by taking ¢ as a strictly concave function
that vanishes on 012, because g,, = 0. Lemma 5.7 is needed to obtain
(8.7). The original function ¥ can be used here. Lemma 9.1 follows by
using Lemma 5.6. Finally, to obtain Lemma 9.2, we have to use a positive
lower bound for tr F%/. This bound follows from the concavity of £ or from
Lemma 5.7. Here it suffices to maximize

w = logug + A- |:B|2
for A > 1. g

APPENDIX C. MISCELLANEQUS RESULTS

Lemma C.1. Let ¥ : R? — R be a smooth concave function such that
U1 >10r ¥y <0 and ¥(z,z) =0 Vz. Then there exists & : R - R with
®' > 0, " <0 such that

¥(z,y) = 2(z—y).

Proof. The monotonicity of ¥ implies that ¥ > 0 in {z > y}, so the con-
cavity of |z_y—cy, ¢ > 0, gives that ¥|,_,_.y is constant. We fix o > 0
and consider {(z,y) : ¥(z,y) = —a}. Our claim follows immediately if we
show that {¥ = —a} is a straight line. We consider only the case ¥; > 0.
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As ¥l(;>,) is constant along {r —y = c} we see that ¥y(z,z) =: 8> 0 is
independent of z. Due to the concavity of ¥ we get thus
U(z— A z) <¥(z,z) - Vi(z,z)A = -8B\ V=z
and deduce that there exists ¢ > 0 such that
{¥=—-a}C{-c<z—y<0}

Using again the concavity of ¥ we see that {¥ = —a} is a convex curve that
can be represented as a graph over {y = 0} due to ¥; > 0. Such a curve in
a strip as mentioned above, however, has to be a straight line. O

Lemma C.2. We define for n, k € N inductively

1, n =20,
o 0, k=0,n>0,
n,k +—
! Gn-1.k—1+ G —
max{l%lagmn’h n—1k 12 nt1k 1}‘ n>0, k>0,
<

Then any — 1 as k — oo.

Proof. We have 0 < anx < 1, Gnp > Gni1k, and @i < ap gy for all

n, k > 0. We define a,, := klim an and observe that a, = 5’% for
—»00

n > 1, so we deduce
a_H_n =qaq—"n- (al - a[+1).
As 1> a, >0, we see that a,, = 1 for all n. |
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