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Abstract.

The graded Hecke algebra for a finite Weyl group is intimately related to the geometry of
the Springer correspondence. A construction of Drinfeld produces an analogue of a graded Hecke
algebra for any finite subgroup of GL(V'). This paper classifies all the algebras obtained by ap-
plying Drinfeld’s construction to complex reflection groups. By giving explicit (though nontrivial)
isomorphisms, we show that the graded Hecke algebras for finite real reflection groups constructed
by Lusztig are all isomorphic to algebras obtained by Drinfeld’s construction. The classification
shows that there exist algebras obtained from Drinfeld’s construction which are not graded Hecke
algebras as defined by Lusztig for real as well as complex reflection groups.

0. Introduction

This paper is motivated by a general effort to generalize the theory of Weyl groups and their
relation to groups of Lie type to the setting of complex reflection groups. One natural question is
whether there are affine Hecke algebras corresponding to complex reflection groups. If they exist
then it might be possible to use these algebras to build an analogue of the Springer correspondence
for complex reflection groups.

A priori, one knows how to construct affine Hecke algebras only corresponding to Weyl groups
since both a finite real reflection group W and a W-invariant lattice (the existence of which forces
W to be a Weyl group) are needed in the construction. Our search for analogues of graded
Hecke algebras for complex reflection groups was motivated by Lusztig’s results [Lu2] showing
that the geometric information contained in the affine Hecke algebra can be recovered from the
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corresponding graded Hecke algebra. Lusztig [Lu] defines the graded Hecke algebra for a finite
Weyl group W with reflection representation V. Let t;, g € W, be a basis for the group algebra
CW of W and let k, € C be “parameters” indexed by the roots in the root system of W such that
ko depends only on the length of the root a. Then the graded Hecke algebra Hg: depending on
the parameters k, is the (unique) algebra structure on S(V) ® CW such that

(a) the symmetric algebra of V', S(V) = S(V) ® 1, is a subalgebra of H;,

(b) the group algebra CW =1® CW =span-{1®t, | g € W} is a subalgebra of Hg,, and

(¢) ts;v = (8iv)ts, — ko, {v, ), for all v € V and simple reflections s; in the simple roots a;.
This definition applies to all finite real reflection groups W since the simple roots and simple
reflections are well defined. Unfortunately, the need for simple reflections in the construction
makes it unclear how to define analogues for complex reflection groups.

For finite real reflection groups, the graded Hecke algebra Hy; is a “semidirect product” of
the polynomial ring S(V') and the group algebra CW. Drinfeld [Dr] defines a different type of
semidirect product of S(V') and CW, and Drinfeld’s construction applies to all finite subgroups G
of GL(V'). In this paper, we
(1) Classify all the algebras obtained by applying Drinfeld’s construction to finite complex reflec-

tion groups G,

(2) Show that every graded Hecke algebra Hy, (as defined by Lusztig) for a finite real reflec-
tion group is isomorphic to an algebra obtained by Drinfeld’s construction by giving explicit
isomorphisms between these algebras.

The results from (2) show how Drinfeld’s construction is a true generalization of Lusztig’s con-
struction of graded Hecke algebras, something which is not obvious. Our classification in (1) gives
a complete solution to the problem of finding all graded Hecke algebras for finite reflection groups.

A consequence of our classification is that there exist graded Hecke algebras for finite real
reflection groups which are not obtained with Lusztig’s construction. In this sense, Drinfeld’s
construction is a strict generalization of the algebras Hg;. These new algebras, and the algebras
corresponding to complex reflection groups that are not real reflection groups, deserve further study
and probably have interesting representation theories.

For us, one surprising result of our classification is that no nontrivial graded Hecke algebra
structures exist for many complex reflection groups. In some sense, this is disappointing, as we
would have liked to find nontrivial and interesting structures for each complex reflection group.

It might be that we have not yet hit upon the “right” definition of graded Hecke algebras. For
example, we show that there do not exist nontrivial graded Hecke algebra structures, according
to Drinfeld’s definition, for any of the complex reflection groups G(r,1,n) = (Z/rZ)1 S, when
r > 2 and n > 3. On the other hand, in the last section of this paper we are able to construct
algebras that “look” like they ought to be graded Hecke algebras corresponding to these groups.
Is it possible that there is a “better” definition of graded Hecke algebras which applies to complex
reflection groups and which includes the algebras that we introduce in Section 5 as examples?

Acknowledgements. We thank C. Kriloff for numerous stimulating conversations during our
work on this paper. A. Ram thanks the Newton Institute for the Mathematical Sciences at Cam-
bridge University for hospitality and support (EPSRC Grant No. GR K99015) during Spring 2001
when the writing of this paper was completed.

1. Graded Hecke algebras

In this section, we define the graded Hecke algebra following Drinfeld [Dr]. OQur main result
in this section is Theorem 1.9c, which determines exactly how many degrees of freedom one has in
defining a graded Hecke algebra.
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Let V be an n dimensional vector space over C and let G be a finite subgroup of GL(V). The
group algebra of G is

CG = C-span{ty | g € G}, with t5tn = tgp.

Let a,: V x V — C be skew symmetric bilinear forms indexed by the elements of G and let A be
the associative algebra generated by V' and CG with the additional relations

thuty-1 = hv and [v,w] = Z ag(v, w)tg, forhe G and v,w €V, (1.1)
9€G

where [v,w] = vw — wv. These relations allow every element a € A to be written in the form

a= Zpgtg, pg € S(V), (1.2)
9€G

where S(V) is the symmetric algebra of V. More precisely, one must fix a section of the canonical
surjection T(V') — S(V') from the tensor algebra of V' to S(V') and take the elements p, to be in

the image of this section.
The structure of A depends on the choices of the “parameters” a,(v,w) € C. Our goal is to
determine when the algebra A will be a “semidirect product” of S(V') and CG. This idea motivates

the following definition [Dr].
The algebra A is a graded Hecke algebra for G if

A2 S(V)®CG as a vector space,
or, equivalently, if the expression in (1.2) is unique for each a € A. A general element a € A is a
linear combination of products of elements ¢, and u;, where {uq,ua,...,un} is a basis of V. There
are two straightening operations needed to put a in the form (1.2):

(a) moving t,’s to the right, and (b) putting u;u; pairs in the correct order.
These two straightening operations correspond to the two identities in (1.1). Note that the “correct
order” of u;u; is determined by the choice of the section of the projection T'(V) — S(V). Let
vy, Vs, v3 be arbitrary elements of V and let A € G. Applying the straightening operations to

tpU1ve gives

thu1vg = tp[u1, v2] + thvavr (rearrange v, and vs)
= tp[v1, va] + (hvz)(hvr )ty (move t; to the right),

and applying the straightening operations in a different order gives

thv1ve = (hv1)(hva)tn (move 5, to the right)
= [hvl, h'l)z]th, + (h’Uz)(h’Ul)th.

Setting these two expressions equal gives the relation

th[va, v2]tp-1 = [hvy, hoa), forallhe G, vy, 1 € V. (1.3)
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Similarly, applying the straightening operations to v;v2v3 gives

V1203 = [v1, V2|3 + V20103 (moving v; past vs)
= [v1, va)vs + v2[v1, vs] + vavsvy (moving v; past vs)

= [v1, v2]vs + va[v1, vs] + [vz, vs]vr + vsvavy (straightening v, and vs3),

and applying the straightening operations in a different order gives

v1v2V3 = v1[vg, vs] + v1vsv2 (moving v, past vg3)
= v1[va, V3] + [v1, vs]v2 + v3v1U2 (moving vy past v3)
= v1[vz, v3] + [v1, vs]vz + va[vy, va] + vavave (straightening v; and v,).

These are equal if
[‘1)1, [’vz, 1)3]] + ['Uz, [‘1)3, 'Ul]] + [’03, [’01, ’Uz]] =0, for all vy, vy,v3 € V. (14)

Conversely, the identities (1.3) and (1.4) are exactly what is needed to guarantee that any order
of application of the straightening operations (a) and (b) will produce the same normal form (1.2)
for the element a. Thus we have

Lemma 1.5. Let A be an algebra defined as in (1.1). Then A is a graded Hecke algebra if and
only if the identities (1.3) and (1.4) hold in A.

Using (1.1), the relations (1.3) and (1.4) can be rewritten in terms of the bilinear forms
ag:VxV —=Cas
ag(v1,v2) = apgn-1(hv1, hva) and (1.6)

ag(vs,v1)(guz2 — va) + ag(va,v3)(gu1 — v1) + ag(v1,v2)(gvs —v3) =0 (1n

for vy,v9,v3 € V and g,h € G.
Let ( , ): V xV — C be a G-invariant nondegenerate Hermitian form on V. For each g € G,

set
Vi={veV|gv=uv}

(VHt={veV|{(v,w)=0forallweV9},  and
keray, ={v €V | ag(v,w) =0 for all w € V'}.

Lemma 1.8. Let G be a finite subgroup of GL(V') and let g € G.

(a) (V9)t={v—gv|veV}

(b) Suppose g # 1. If codim(V9) =2 and a:V x V — C is a skew symmetric bilinear form such
that kera = V9, then a satisfies (1.7).

Let A be a graded Hecke algebra for G defined by skew symmetric bilinear forms ay:V x V — C.
(c) If g # 1 thenkeray, O V4.

(d) If g # 1 and ay # O then keray, = V9 and codim(V9) = 2.
(e) If g # 1 and a4 # 0 then, for allh € G,

ap-14n(b1,b2) = det(h™)ay (b1, b2),

where {b;, by} is a basis of (V?)* and ht: (V9)L — (V9)L is the composition of h restricted
to (V9)* with the canonical projection V — V/V9.
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Proof. (a) Consider the map ¢: V — V given by ¢(v) = v—gv. Thenker¢ = V9 and im¢ C (V9)*
since, if v € V,w € V9, then

(v —gv,w) = (v,w) — (gv,w) = (v,w) — (gv, gw) = (v, w) — (v, w).

Since dim(im ¢) = codim(ker ¢) = codim(V9) it follows that im ¢ = (V9)L.
(b) Let vy,vp,v3 € V. If any v; € V9, then (1.7) holds trivially for the skew symmetric form a. So
assume each v; ¢ V9 and write each v; as v + v] where v} € V9 and v; € (V9)+. Then

a(vi,v;) = a(v;,v;) and v —gu =v —gu; .

Since dim(V¥9)L = 2, at least one of the v is a linear combination of the other two. Say v; =
cav, + c3v; with cp, cg € C. Substituting v; — gv; = v; — gv;” and v; = cav, + c3v; then yields

a(vs, v1)(gvs — v2) + a(vz, v3)(gv1 — v1) + a(v1, v2)(gvs — vs)

= a(vs, vy )(gvy —vz) +a(vy, v )(gvr — i) +a(vr, vy ) (995 —vg) =0,

and so (1.7) holds.
(c) Let v € V9 and v € V.

If v € V9, then ag(va,vs)(gvs —v1) = 0 for all vy € V by (1.7). Since V¢ # V, there is some v,
such that gv; # v1 and so ag(ve,vs) = 0.
r—1
If vo & V9, let vy = ngvz, where r is the order of g. By (1.6), a4(vs, g*v2) = ay(g~%vs,v2) =
k=1
ag(vs, v2), for any k, and so

0 = ag(vs,v1)(gva — v2) + ag(v2,v3)(gvy — v1)

= (r — 1)ay(vs, v2)(gua — v2) + ay(vs, v2)(gv2 — va2) = rag(vs, v2)(gva — vz2).

Thus a4 (vs,v2) = 0.
Hence, for all v; € V, ay(vs,v2) =0 and so V9 C kera,.
(d) By (c), codim(V?) > codim(ker a ). Since ay # 0, there exist v,w € V with ay(v,w) # 0 and
so codim(ker a,) > 2. Let v; — gv; and vy — gus be linearly independent elements of (V9)1. Then
(1.7) implies that any element v3 — gvs € (V9)1 is a linear combination of v; — gv; and vz — gu,
and so

2 > dim((V9)*) = codim(V?) > codim(keray) > 2.
Thus V9 = kera, and codim(V9) = 2.
(e) Write hb1 = h11b1 + hz]_bz + (hbl)g and hbz = h12b1 + hggbz + (hbg)g with hij € C and
(hb;)? € V9. Then

ap-145 (b1, bz) = ag(hby, hbz) = ag(hiiby + harbs + (hb1)?, (hazhy + hazbz + (hb2)?)
= (h11h2s — ha1h12)ag(by, be) = det(h™)ay(b1, b2)

since a, is skew symmetric and V7 C keragy. I

The following theorem is a slightly strengthened version of statements (given without proof)
in [Dr].
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Theorem 1.9. Let G be a finite subgroup of GL(V') and let Zg(g) = {h € G | hg = gh} denote

the centralizer of an element g in G.

(a) If A is a graded Hecke algebra for G, then the values of a1, are determined by the values
of a, via the equation

ap-145(v1,v2) = ag(hvy, hvs), for allg,h € G, v1,v2 € V.
(b) For g # 1, there is a graded Hecke algebra A with ay # 0 if and only if
kerag = V9, codim(V9) =2, and det(ht)=1, forallh € Zg(yg),

where h' is h restricted to the space (V9)*. In this case, a, is determined by its value
ag(b1,b2) on a basis {by, by} of (V9)L.

(c) Let d be the number of conjugacy classes of g € G such that codim(V9) = 2 and det(ht) =1
for allh € Zg(g), where h' is h restricted to the space (V9)1. The sets {a,},cq corresponding
to graded Hecke algebras A form a vector space of dimension d + dim((A? V)%).

Proof. (a) is simply a restatement of (1.6).

(b) =>: If A is a graded Hecke algebra and a, # 0 then by Lemma 1.8d, codim(V9) = 2 and
kera, = V9. So a, is determined by its value ay(by,b2) on a basis by,by of (V9)1. Suppose
h € Zg(g). Then, by Lemma 1.8e,

ag(b]_, bg) = ahgh—l (hb]_, hbg) = G,g(hb]_, hbz) = det(hJ') ag(b]_, bg),

and so det(h') = 1. Note that A(V9) = V9 and A(V9)L = (V9) since, for each v € V9,
h(v) = hg(v) = gh(v). Thus h* is, in fact, simply h restricted to (V9)L.
<=: If codim(V9) = 2 then, up to constant multiples, there is a unique skew symmetric form on
V which is nondegenerate on (V9)* and which has kera, = V9. Fix such a form and then define
forms ap, h € G, by
_ Jay(kvy, kvg) if A=k~ 1gk,
an(v1,v2) = {0 otherwise,

for v1,v2 € V. Let a; be any G-invariant skew symmetric form on V. Then this collection {a4} e
of skew symmetric bilinear forms satisfies (1.6) by definition and (1.7) by Lemma 1.8b. Thus (by
Lemma 1.5), it determines a graded Hecke algebra A via (1.1).

(c) From (a) and the only if part of (b), it follows that the sets {a,}4eq, running over all graded
Hecke algebras A for G, form a vector space. Since each of the collections {a4},2+1 constructed by
(1.10) has its support on a single conjugacy class, these collections form a basis of the vector space
of sets {ag}¢21. The only condition on the form a; is that it satisfies (1.6), which means that it is

a G-invariant element of (A2 V)*. I

(1.10)

The following consequence of Theorem 1.9 will be useful for completing the classification of
graded Hecke algebras for complex reflection groups.

Corollary 1.11. Assume that G contains h = £ - 1 for some £ # +1. If A is a graded Hecke
algebra for G, then a, = 0 for all g # 1.

Proof. T h=¢-1€ G, then h € Zg(g) for every g € G and det(h') = ¢2 if codim(V9) = 2. The
statement then follows from Theorem 1.9b. |



GRADED HECKE ALGEBRAS 7

2. The classification for reflection groups

A reflection is an element of GL(V') that has exactly one eigenvalue not equal to 1. The reflect-
ing hyperplane of a reflection is the one-dimensional eigenspace corresponding to its distinguished
eigenvalue. A complez reflection group G is a finite subgroup of GL(V') generated by reflections.
The group G is irreducible if V cannot be written in the form V = V; @ V, where V; and V, are
G-invariant subspaces. The group G is a real reflection group if V. = C Qg Vg for a real vector
space Vg and G C GL(Vg).

The following facts about reflection groups are well known.

Lemma 2.1. Let G be an irreducible reflection group.
(a) [ST, Theorem 5.3] The number of elements g € G such that codim(V?) =2 is ), .; mim;
where mq, ..., m, are the exponents of G.
(b) [Ca, Lemma 2] If G is a real reflection group and g € G is such that codim(V'9) = 2, then
g is the product of two reflections.
(c) [OT, Theorem 6.27] For any g € G, the space V9 is the intersection of reflecting hyper-
planes.

Remark. The statement of Lemma 2.1b does not hold for complex reflection groups. Consider
the exceptional complex reflection group G4 of rank 2, in the notation of Shephard and Todd [ST].
All the reflections have order 3 and —1 € G4. Suppose —1 = rs for two reflections r and s. If s has
eigenvalues 1 and w, where w is a primitive cube root of unity, then 7=! = —s has eigenvalues —1
and —w, a contradiction to the assumption that r is a reflection. Thus —1 € G4 is not a product
of two reflections.

Lemma 2.2. Let G C GL(V) be a complex reflection group. Let A be a graded Hecke algebra
for G and let g € G. Let V€ = {v € V | gu = v for all g € G} be the invariants in V.

(a) Ifg =1 and dim V¢ < 1, then a, = 0.

(b) If the order of g is 2, then a4 = 0.

Proof. (a) Let {,):V x V — C be a nondegenerate G-invariant Hermitian form on V' and write
V =V%e® (V)" where (VE)L = {v € V| {(v,w) = 0 for all w € V}. Since dim(V?) < 1 and a;
is skew symmetric, a; restricted to V¢ is 0. There is a basis a1,...,ax of (V¥)L and constants
&1,...,& € C, & # 1, such that the reflections s, ..., sg given by

(<:’62>) o, forveV,

siv=v+(&—1)
are in G. Equation (1.6) implies that, for any v € V,

ONS
a1(a;,v) = ax(sia, 8iv) = a1 (Eiai,U + (& — 1)é7a—z_>)-ai) = §ia1(o,v),
since a1(a@;, a;) = 0 (as a; is skew symmetric). Since & # 1, a1(oy,v) = 0 for 1 < i < k. Thus
kera, =V.
(b) Since g% = 1, all eigenvalues of g are £1. If codim(V9) # 2, then a, = 0 by Theorem 1.9b. If
codim(V¥9) = 2, then
g =idys @ (_id(vg)J.)
as a linear transformation on V. By [St1, Theorem 1.5], [Bou V, §5 Ex. 8], the stabilizer, Stab(V'9),
of V9 is a reflection subgroup of G and so there is a reflection s € Stab(V'9) that is the identity on
V9. So s € Zg(g) and det(s) = det(st) # 1, where st is s restricted to (V9)1. Thus, by Theorem
1.9b, a; = 0. 1
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2A. Real reflection groups

If G C GL(V) is a real reflection group then V = C®p Vg and G C GL(Vg), where Vi is a
real vector space. We shall assume that G is irreducible.

Let us recall some basic facts about real reflection groups which can be found in [Hu] or [Bou].
The action of G on Vp has fundamental chambers wC indexed by w € G. The roots for G are
vectors a € Vp such that the reflections in G are the reflections s, in the hyperplanes

Hy={veW]|{v,a) =0}

For each fundamental chamber C, the reflections sy, $2, . .., s, in the hyperplanes H,,, Hy,, ..., Hq,
that bound C form a set of simple reflections for G. The simple reflections obtained from a different

choice of fundamental chamber wC' are ws;w™!,..., ws,w™ L.

Theorem 2.3. Let G C GL(Vp) be a real reflection group. Let 8,...,8, be a set of simple
reflections in G and let m;; be the order of s;s;. Then g € G satisfies g® # 1, codim(V9) = 2, and
det(h') =1 for all h € Zg(g) (the conditions in Theorem 1.9c) if and only if g is conjugate to

(SiSj)k, with 0 < k < ﬂzﬁ',

for some 1 <14,7 <n.

Proof. =>: Let a and 3 be two roots such that V¢ = H, N Hg (see Lemma 2.1c). Then H, N Hg
has nontrivial intersection with some fundamental chamber C for W, and we may assume that H,
and Hpg are walls of the chamber C (since C is a cone in R"). Since choosing simple reflections
with respect to a different chamber wC corresponds to conjugation by w, we may assume that the
reflections in the hyperplanes H, and Hg are simple reflections and o = a; and 8 = as.

The element g is an element of the stabilizer Stab(V?), which is a reflection group by [St1,
Theorem 1.5]. Since codim(V?9) = 2, Stab(V9) is a rank two real reflection group, and therefore
a dihedral group. This dihedral group is generated by the two simple reflections s; and s» in the
hyperplanes H,, and H,, (restricted to (V9)1) and all reflections have determinant —1. Let gt
be the element g restricted to (V9). Since g € Zg(g), det(g*) = 1, and so g must be a product of
an even number of reflections. Thus g = (s182)* or g = (s251)%, for some 0 < k < m/2, where m is
the order of s;s5. Since g2 # 1, k # m/2, and so g is conjugate to (s;52)* for some 0 < k < m/2.
<=: Assume that g = (s;s;)* for some 0 < k < m;;/2. Then V9 = H,, N H,; and so codim(V9) =
2. Since g is a product of an even number of reflections, det(g) = 1. The only elements of O(Vg) &
O>(R) that are diagonalizable in GL(VR) = GL2(R) are +1 and elements with determinant —1.
Thus, the eigenvectors of the element g (which has distinct eigenvalues since it is not +1) do not
lie in Vg, only in V = C®p R. Let h € Zg(g) and let At € O(VE) = O2(R) denote h restricted
to (V9)L. Since At commutes with g' and g* has distinct eigenvalues, g* and k' have the same
eigenvectors. Hence, detht =1. |

Using Theorem 2.3 and Theorem 1.9b, we can read off the graded Hecke algebras for the
irreducible real reflection groups from the Dynkin diagrams. For each irreducible real reflection

group, label a set of simple reflections s, ..., s, using the Dynkin diagrams below. If nodes ¢ and
J and nodes j and k are connected by single edges, then s;s; is conjugate to s;s; via the element
8;8;8k.

The following table gives representatives of the conjugacy classes of g € G that may have
ay # 0 for some graded Hecke algebra A. We assume that the reflection group G is acting on
its irreducible reflection representation V. When G is the symmetric group S,, acting on an n-
dimensional vector space V by permutation matrices, then dim(V¢) = 1 and, by Lemma 2.2a and
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Theorem 2.3, a;, # 0 for some graded Hecke algebra A only if g is conjugate to the three cycle
(1,2,3) = 315, (this example is analyzed in Section 3).

Type R%)ielfe‘?gta;wg g
An1 8182

B, 8183, $283

D, 8983
EG,E7,E'8 8184

F4 8182, 8283, 8384
Hs, H, 5182, (5182)2, 8283
I,(m) (s182)%, 0<k<m/2

Table 1. Graded Hecke algebras for real reflection groups.

A, B
=l 2 n—-2 n-1 " 1 2 3 n—1 n
o—O——— - — —— —-o0——o0 ao—b 0 ————— o0——o0
2
D B
" 3 4 n—1 n 6 2 3 4 5 6
————— o— 0o o o ot o o
L 11
E, By
2 3 4 5 6 7 2 3 4 5 6 7 8
= o o S s kA : = N 2 > l S
11» 11
F. H
4 1 2 3 4 g 1 5 2 3
e e DD o—0——0
H Izm
4 1 g 2 3 4 (m) 1, 2
O O O O o0——0

Figure 1. Coxeter-Dynkin diagrams for real reflection groups.
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2B. Complez reflection groups

The irreducible complex reflection groups were classified by Shephard and Todd [ST]. There
is one infinite family denoted G(r,p,n) and a list of exceptional complex reflection groups denoted
Gy4,...,G3s5. In this subsection, we classify the graded Hecke algebras for the groups G(r,p,n).

Let r, p and n be positive integers with p dividing r and let & = €27/7. Let S, be the
symmetric group of n X n matrices and let

& = diag(1,1,...,1,¢,1,...,1),
where £ appears in the jth entry. Then
G(r,p,n)={§{“--- Mw | w€Sp, 0K A <r—1, A +---+ Ay = 0 mod p}.

For A = (A1,...,An) € (Z/7Z)", let €* = ¢} ...¢M. Then the multiplication in G(r,p,n) is
described by the relations

rer =M and  wEr =€ w,  for A\, u € (Z/rZ)*, w € S,

where S, acts on (Z/rZ)™ by permuting the factors. Let v; be the column vector with 1 in the
i*® entry and all other entries 0. The group G(r,p,n) acts on V := C* with orthonormal basis
{v1,...,vn} as a complex reflection group.

Every real reflection group is a complex reflection group and several of these are special cases
of the groups G(r,p,n). In particular,

(a) G(1,1,n) is the symmetric group Sy,

(b) G(2,1,n) is the Weyl group W B,, of type By,

(c) G(2,2,n) is the Weyl group WD, of type D,,, and

(d) G(r,r,2) is the dihedral group I3(r) of order 2r.

The reflections in G(r,p,n) are

i 1<i<n, 0<k<(r/p)—1, and

3 )
EEETE (i, 4), 1<i<j<n, 0<k<r—1,

where (7, j) is the transposition in S,, that switches ¢ and j.

Conjugacy in G(r,p,n). Each element of G(r,p,n) is conjugate by elements of S, to a disjoint

product of cycles of the form
EM (i 4+ 1, k).

By conjugating this cycle by &; cfi}‘_;'_lfi)‘:z"’\“l gt € Q(r 7 n), we have

gregetht et (g k), where e=(k— i)\ 4+ (k—i—DAip1 4+ Apo1

If 41,19,...,%¢ denote the minimal indices of the cycles and ¢i,...,c; are the numbers ¢ for the
various cycles, then after conjugating by £ --- &1 ¢;, (ertFee1) « Gy, r,n), each cycle becomes

52‘""’"""*" (Z,...,k) except the last, which is Ei:"&f,(ig, ceayn),

wherea=cy +---+cgandb=a+ X, +---+ Ap. If £ = n — 1, + 1 is the length of the last cycle,
then conjugating the last cycle by ft_l 1:-1|-1 &1 € G(r,ryn) gives

TotRE R iy, ).
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If we conjugate the last cycle by &, € G(r,p,n), we have

SOYPERP (i, ..., ).

In summary, any element g of G(r,p,n) is conjugate to a product of disjoint cycles where each

cycle is of the form
(i, i+1,...,k), 0<a<r—1, (2.4a)

except possibly the last cycle, which is of the form
€8 (e,ig + 1,...,m), with 0 < a < ged(p, k) — 1, (2.4b)

where k = n — iy + 1 is the length of the last cycle.

Centralizers in G(r,p,n). Let Zg(,pn) = {h € G(r,p,n) | hg = gh} denote the centralizer of
g € G(r,p,n). Since G(r,p,n) is a subgroup of G(r,1,n),

ZG(r,p,n)(g) = ZG’('r,l,n) (g) N G(’I‘,p, n))

for any element g € G(r,p,n). Suppose that g is an element of G(r,1,n) which is a product of
disjoint cycles of the form £2(4,..., k) and that h € G(r,1,n) commutes with g. Conjugating g by
h effects some combination of the following operations on the cycles of g:

(a) permuting cycles of the same type, {£(4,...,k) and € (j,...,m) withb=aand k—i=m—7,
(b) conjugating a single cycle 4 (7, ..., k) by powers of itself, and

(c) conjugating a single cycle £2(i,...,k) by € ---&2, forany 0 <b<r —1.

Furthermore, the elements of G(r,1,n) which commute with g are determined by how they “rear-
range” the cycles of ¢ and a count (see [Mac, p. 170]) of the number of such operations shows that
if g € G(r,1,n) and my is the number of cycles of type %, (4,4 +1,...,i + k) for g, then

Ca'rd(ZG('r,l,n)(g)) = H(ma,k! - fak "') . (2-5)
a,k

Determining the graded Hecke algebras for G(r,p,n). It follows from Lemma 1.8a that if
g =&, ... k), then (V9)* has basis

{vk — Vk—1,Vk—1 — Vk—2,- .-, V41 — E%03} ifb=0, and {vi,...,vx} ifb#0.

Thus, if g € G(r,p,n) and codim(V?) = 2, then g is conjugate to one of the following elements:

b=£867°(1,2,3), 0<a<eged(p,3)-1,
c=£1¢0(1,2), £#0 (sor #1),
d=¢reg, 6#0,02#0 (sor#1),
e=(1,2)é, ¢#0,

f=(1,2)£36,°(3,4).

It is interesting to note that these elements are also representatives of the conjugacy classes of
elements in G(r,p,n) which can be written as a product of two reflections.
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We determine conditions on the above elements and on r, p, and n to give nontrivial graded
Hecke algebras:

(z) The center of G(r,p,n) is
Z(G(r,p,n)) = {Ef ---Eﬁ | n€ = 0 mod p}.

Since &7 -+ €2 € Z(G(r,p,n)), it follows that p = r or p = r/2 whenever Z(G(r,p,n)) C
{F1}={&-- .67 &),

bl) If n > 4, the element & &2636; > € Zg(b) and has determinant £€2 on (V?)! = span-{vs —

4

Uz, V2 — Eavl}'

(b2) If n = 3 and p = 0 mod 3, the element §f/3§§/3£§/3 € Z¢(b) and has determinant £27/3 on
(Vo)L.

(c1) If n > 3, the element ¢;£2¢; 2 € Zg(c) and has determinant £2 on (V) = span-{vy, v}

(c2) If n = 2, p = r/2 and p is odd, the element 511)/4 5/4 € Zg(c) and has determinant £™/2 on
(Ve)r.

(d1) If n > 3, the element ¢,¢; ' € Zg(d) and has determinant ¢ on (V¢)* = span-{v;, v}

(d2) If p = r/2, the element ¢/* € Zg(d) and has determinant £7/2 on (V¢)<.

(ef) The elements e and f have order 2.

Thus, it follows from Corollary 1.11, Theorem 1.9b, and Lemma 2.2b that if A is a graded Hecke
algebra for G(r,p,n), then

a, =0 unless ()r=1,o0r
(i) r =2, or
(iii) n = 3 and p # 0 mod 3,

a. =0 unless (i) r=2andp=1,or
(ii) n=2and p=r/2,

ag=20 unless p=r,n=2and p# 0 mod 2,
a.=0 always, and
af =20 always.

In the remaining cases, one uses the description of Zg(g) given just before (2.5) to check that all
elements of Zg(g) have determinant 1 on (V9)L. Note that n = 3 and p # 0 mod 3 imply that
ap = 0 for the elements b = £§£5%(1,2,3).

We arrive at the following enumeration of the nontrivial graded Hecke algebras for complex
reflection groups. (The tensor product algebra S(V) ® CG always exists and corresponds to the
case when all of the skew symmetric forms a, are zero). The table below gives representatives of
the conjugacy classes of g € G that may have ay, # 0 for some graded Hecke algebra A.
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Group Revlzl.;&sleg:a;én{)e g
G(1,1,n)= S, (1,2,3)
G(2,1,n)=WB,, n>3 £1(1,2), (1,2,3)
G(2,2,n)=WD,, n>3 (1,2,3)
G(r,r,2) = Iy(r) gRerk 0<k<r/2
G(r,r/2,2), r/2o0dd 7%(1,2)
G(r,7,3), r# 0mod3 1,2,3)
G(r,7/2,3), r/2#0mod3, r#2 (1,2,3)

Table 2. Graded Hecke algebras for the groups G(r,p, n).

2C. Ezceptional complez reflection groups

The irreducible exceptional complex reflection groups G are denoted Gy, ..., G35 in the classi-
fication of Shephard and Todd. From Table VII in [ST], one sees that the center of G is +1 only in
the cases G4, G12, G4 and G33. By Schur’s lemma, the center of an irreducible complex reflection
group consists of multiples of the identity. Thus, by Corollary 1.11, the only exceptional complex
reflection groups that could have a nontrivial graded Hecke algebra (i.e., one for which there are
ag # 0) are G4, G12, G24 and G33 (we exclude the real groups). We determine the graded Hecke
algebras for these groups using Theorem 1.9b and Lemma 2.2.

The rank 2 group G4 has order 24 and seven conjugacy classes. The following data concern-
ing these conjugacy classes is obtained from the computer software GAP [S+] using the package
CHEVIE [G+]. In the following table, w is a primitive cube root of unity and C(g) denotes the
conjugacy class of g.

Conjugacy class representatives for G4
Order(g) 1 4 3 6 6 3 2
det(g) 1 1 w w w™! w™?! 1
IC(g)] 1 6 4 4 4 4 1
|Za(g)| 24 4 6 6 6 6 24

The elements with determinant 1 and order more than 2 in G4 all have order 4. If g is an element of
order 4, then |Zg(g)| = 4 and every element of Zg(g) has determinant 1 since Zg(g) is generated
by g. Hence, by Theorem 1.9b and Lemma 2.2, a, can be nonzero for a graded Hecke algebra for
G4 exactly when g has order 4. Thus, the dimension of the space of parameters for graded Hecke
algebras of G4 is 1.

The rank 2 group G2 has order 48. The computer software GAP provides the following
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information about the conjugacy classes of G1,.

Conjugacy class representatives for G2
Order(g) 1 2 8 6 8 2 3 4
det(g) 1 -1 -1 1 -1 1 1 1
IC(9)| 1 12 6 8 6 1 8 6
|Za(g)| 48 4 8 6 8 48 6 8

If g is an element in (12 with order more than 2 and determinant 1, then g has order 3, 4, or 6.
Let h be any element of order 8. Then h has determinant —1 and commutes with A2 of order 4.
Hence, by Theorem 1.9b, if g has order 4, then a, = 0. Let gs be a representative from the class
of elements of order 6. Since |Zg(g6)| = 6, Za(ge) is generated by g¢ and hence every element
of Zg(gs) has determinant 1. We can choose g2 as a representative for the conjugacy class of
elements of order 3. As gs and g2 commute, {(gs) C Za(g2). But |{gs)| = 6 = |Za(g3)|, s0 Zg(g2)
is generated by g¢ and every element of Zg(gs) has determinant 1. Thus, a, can be nonzero for a
graded Hecke algebra A for G5 exactly when g has order 3 or 6. Thus, the dimension of the space
of parameters of graded Hecke algebras for G2 is 2.

The rank 3 group Ga4 has order 336. Note that —1 € G4 since Z(G) = {£1}. Up to G-orbits,
there are two codimension 2 subspaces, L and M, that are equal to V9 for some g € G4 (see [OT,
App. C, Table C.5]). Furthermore, Stab(L) & A, and Stab(M) = By;. We need only consider
elements of order 3 in Stab(L) & A, and of order 4 in Stab(M) = B, (as the rest have order 2).
In Gy4, there is only one conjugacy class of elements of order 3 and only one conjugacy class of
elements of order 4 and determinant 1. The table below (obtained using GAP) records information
about these classes.

Certain classes of G4
Order(g) | 3 4
det(g) | 1
IC(g)| 56 42
|Za(g)l 6 8

For g of order 3, Zg(g) must contain 1,g,g% and —1, and hence Zg(g) is generated by these
elements since |Z¢(g)| = 6. Thus all elements of Zg(g) have determinant 1 on (V9)*. If g has
order 4 and determinant 1, then Zg(g) must contain 1,g,g%,¢° and —1, elements which all have
determinant 1 on (V9)1. Since |Zg(g)| = 8, these elements generate Zg(g) and so every element
of Zg(g) has determinant 1 on (V9)+. Hence, a, can be nonzero for a graded Hecke algebra of
(24 exactly when g has order 3 or g has order 4 and determinant 1. Thus, the dimension of the
space of parameters for graded Hecke algebras for G4 is 2.

The group G3s is the only exceptional complex reflection group of rank 5. It has order 72 . 6!
and degrees 4,6,10,12,18. There are 45 reflecting hyperplanes and the corresponding reflections
all have order 2. Up to G-orbits, there are two codimension 2 subspaces, L and M, that are equal
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to V9 for some g € Gs3 (see [OT, App. C, Table C.14]). Furthermore, Stab(L) = A; x A; and
Stab(M) = A;. We need not consider the case where V9 = L since then g has order 2 and hence
ag = 0 for any graded Hecke algebra by Proposition 2.1b.

Use the presentation for G33 in six coordinates from [ST): V' = {(z1, 2, 23, 24, z5, 2¢) | 2; € C}
and the group is generated by order 2 reflections about the hyperplanes H, = {zs — z3 = 0},
Hy; = {x3—w4 = 0}, Hy = {5171 — X9 = 0}, H, = {1:1 — WZp = 0}, Hy = {.’L‘1+:L'2+:l:3+.'l:4+
z5 + z¢ = 0}, where w is a primitive cube root of unity. In this realization, Ve=HN---NHs=
{(0,0,0,0,z, —%) | = € C} has dimension 1. Let s; be the order 2 reflection about H;. Let g = 5153.
Then V9 = H,NH; and we can assume that V9 = M (as the order of g is not 2). Let b = (s15354)?,
the diagonal matrix with diagonal {w,w,w,1,1,1}. Then h acts as w times the identity on (V9)+
as (V9)* C Cspan{z1, w2, z3}. Hence, h commutes with g. But (V¢ )+ has dimension 2 and h has
determinant w? # 1 on (V9)1. Thus, by Theorem 1.9b, a; = 0 for any graded Hecke algebra. In
summary, the dimension of the space of parameters for graded Hecke algebras for G33 is zero.

Group g with ag #0
Gs Order(g) = 4
G2 Order(g;) = 3 and Order(gz) =6
Gaa Order(g1) = 3 and Order(g2) = 4, det(g2) =1

Table 3. Graded Hecke algebras for exceptional complex reflection groups.

3. The graded Hecke algebras Hg,

In [Lu], Lusztig gives a definition of graded Hecke algebras for real reflection groups which is
different from the definition in Section 1, which applies to more general groups. It is not obvious
that Lusztig’s algebras are examples of the graded Hecke algebras defined in Section 1. In this
section, we show explicitly how the definition of Section 1 includes Lusztig’s algebras.

Let W be a finite real reflection group and let R be the root system of W. Let ay,..., o, be
a choice of simple roots in R and let s4,..., s, be the corresponding simple reflections in W. Let
8, be the reflection in the root « so that, for v € V,

sq¥ =v — (v, ")y, where oV = 2a/(a, a).

Let Rt = {a > 0} denote the set of positive roots in R.
Let k, be fixed complex numbers indexed by the roots o € R satisfying

kwa = ko, foral we W, o € R. (3.1)

This amounts to a choice of either one or two “parameters”, depending on whether all roots in R
are the same length or not. As in Section 1, let CW = C-span{t, | g € W}, with £,¢; = tgn, and
let S(V) be the symmetric algebra of the reflection representation V' of W. Lusztig [Lu] defines
the “graded Hecke algebra” with parameters {kq} to be the unique algebra structure Hy; on the
vector space S(V) ® CW such that

(3.2a) S(V)=S(V)®1 is a subalgebra of Hg,,

(3.2b) CW =1® CW is a subalgebra of Hg,, and

(3.2 ¢) to,v = (8:v)ts; — ko, (v, }), for all v € V and simple reflections s; in the simple roots o;.
We shall show that every algebra Hp, as defined by (3.2 a-c) is a graded Hecke algebra A for a
specific set of skew symmetric bilinear forms a,.
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Let ko € C as in (3.1). Use the notation

=1 Z kaoVts,, so that (v,h) =3 Z ko(v,aV)ts, (3.3)

a>0 a>0

for v € V. The element h should be viewed as an element of V ® CW, and (v,h) € CW. With
this notation, let A be the algebra (as in Section 1) generated by V and CW with relations

t,v = (gu)t, and [v,w] = —[{v, h), (w, h)], forv,weV,geW. (3.4)

Note that A is defined by the bilinear forms

agv,w)=% D kakg((v,8V)(w,a") = (v,a")(w,BY)).
a,3>0
g=s5a5p3

The following theorem shows that the algebra A satisfies the defining conditions (3.2 a-c) of
the algebra Hg;.

Theorem 3.5. Let W be a finite real reflection group and let A be the algebra defined by (3.4).
(a) As vector spaces, A 2 S(V) ® CW (and hence, A is a graded Hecke algebra).
(b) If t =v — (v,h) forv € V, then

[6,%] =0  and  t,, = (5;0)ts, — ka, (v, ),

for allv,w € V and simple reflections s; in W.
Proof. First note that if u,v € V then

[u, (v,h)] = 3 Zk {(v,a")(u,a")ats, = [v,{u,h)].
a>0

Thus, for u,v,w € V,

[u, [v, w]}+[w, [u, v]] + [v, [w, u]]
= [u, [(w, h), (v, B}]] + [w, [{v, B), (w, W)]] + [v, [{w, h), {w, h)]]
= [[u, (w, A)], (v, B)] + [{w, B}, [u, (v, A)]] + [[w, (v, )], (u, h}]
+ [{v, h), [w, (u, )] + [[v, {u, K], (w, M)} + [(u, A)], [v, {w, B)]] (3.6)
= [[w, (u, 2], (v, )] + [{w, B}, [v, {u, W)]] + [[v, {w, h}], (u, h)]
+ Ko, b), [w, {u, W] + [[v, (w, B)], (w, h)] + [, h), [v, (w, B}]]
=0.

For v € V, h € W, and s; a simple reflection,

1
ts, (v, h)ts, = Zk v,a” toya = (5 Zka(v,siav)tsa) + ko, (v, &) Yt

a>0 a>0

(3.7)
1
= (5 Z ko (siv, av)tsa) + ko, (v, 0 Yts, = (85, B) + ko, (v, @) M5,

a>0
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Using this equality, we obtain

ts;[v, wlts, = —ts,[(v, h), (w, B)]ts,

= ~[(850, h) + ko, (v, @) Ms,, (8w, B) + Ko, {w, @) Yt,,]

= [5:v, 8;w] — ko, (v, @) Mts,, (8iw, h)] — ko, (w, &) Y[(siv, h), ts,]

= [3.,;1), Siw] — ka, (v, ay)(tsi (8w, h)ts.- — (85w, h))ts.'
+ ko, (w) ay)(ts; <3i'U: h>ts,- - (31"0, h’))tSi

= [8:v, 8;w0] — ka, (v, &) Y({w, h)ts, + ka, (s;w, @) ) — {s;w, h)ts,)
+ ko, (wa a}’)((v, h>tsi + ka; <3i'U, a,\;/ - <3iv: h’)ts.-)

= [8;v, s;w] — ke, (v, a.}/)(w, a,\-’)(ai, h)ts, — kczh_ (v, &) Yw, 5;0)
+ ka; (w, & Yv, 0 Y, h)ts, + K2, (w, @) Yv, s:0))

= [Si‘U, s,;w].

(3.8)

The two identities (3.6) and (3.8), as in (1.3) and (1.4), show that the algebra A is isomorphic to
S(V)®CW.

(b) This can now be proved by direct computation. If v,w € V then, since [v,t,_ ] = vi,, —t5, v =
vts, — (840)ts, = (v,a")ats,,

[0, 8] = [v — (v, b}, w = (w, h)] = [v,w] + [(v, h), (w, B)] — [v, (w, B)] + [w, (v, )]

= [v,w] - [wa] + % Z ka(‘(’UJ,av)[’U,tsa] + (’U,av>[w’t8a])
a>0
=3 Z ko(—{w, ") v, a")at,, + (v, a" ) {w,a")at,, ) = 0.
a>0

If v € V and s; is a simple reflection then, by (3.7),
to, Uts, = ts,Uts, — ts, (v, h)ts, = 8iv — (830, h) — ko, (v, @) s, = 570 — ko, (v, Vts,. W

Theorem 3.5b shows that if A is the graded Hecke algebra defined by (3.4), then the elements
9, v € V, generate a subalgebra of A isomorphic to S(V) and these elements together with the
ts, satisfy the relations of (3.2 c¢). Since part (a) of Theorem 3.5 shows that A is isomorphic to
S(V) ® CW as a vector space, it follows that A satisfies the conditions (3.2 a-c), relations which
uniquely define the graded Hecke algebra A. Thus, Lusztig’s algebras are special cases of the graded
Hecke algebras defined in Section 1. Furthermore, by comparing the dimensions of the parameter
spaces, we see that there are graded Hecke algebras that are not isomorphic to algebras defined by
Lusztig for the Coxeter groups Fy, Hs, Hy, and I(m).

4. Examples

4A. The symmetric group G(1,1,n) = S,

Let V be an n dimensional vector space with orthonormal basis vy,...,v, and let S, act on
V by permuting the v;. Let A be a graded Hecke algebra for S,. Any element which is a product
of two reflections is conjugate to (1,2,3) or (1,2)(3,4). The element (1,2)(3,4) has order 2 and
80, in the algebra A,

i, 0] = > (80,5, (i, )t k) + 01,0,0) (Vi V3)E G0,y
k#i,j
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since v; or v; is in V9 = kera, for all other three cycles g. Since, by (1.6), a¢;; k)(vi,v;) =
a(i,jk)(vj, Vi) = —a(i k) (vi, v;), the graded Hecke algebra A is defined by the relations

[vi,vj] = B Z (tgk) — tGiink)) and  tyU; = Vy(i)tw, (4.1)
ki,

where w € S,, 1 < 4,5 < n, i # j, and § = a(1,2,3)(v1, v2).
Let k € C. Then, with h as in (3.3),

(vi, h) = Z k{vi,ve — vm)te,m) = (Z tie) — z t(e, 1)) Z sgn(f — i)t  (4.2)
2 i i<t >t 2

If feCS,, let f | . denote the coeflicient of £, in f. Let A be the graded Hecke algebra defined
9
by the relations in (4.1) with

B = agj0(vi,v5) = [vi, k), (v, W],

5 ) (4.3)
= (/9 (ta.otGe + tantes — taoten)l,,, = /4
If 9; = v; — (v;, h) and s; is the simple reflection (z,7 + 1) then, by Theorem 3.5,
'5«,;1..-)_7' = 17_7'17,,;, tsl.f).i = 'l-}i+1t3,- + k, ts‘.’f)i+1 = ﬁitsi - k, and (4 4)
tajﬁi = ’6.;tsj, for I’L —jl >1, '

and the algebra A is the graded Hecke algebra Hy; for S, which is defined in Section 3. When
k =1, the map

A — CS,
ty —  ty
(4.5)
v 3Dt
t£i

is a surjective algebra homomorphism.

4B. The hyperoctahedral group G(2,1,n) = WB,

We use the notation from Section 2B so that the group G(2,1,n) is acting by orthogonal
matrices on the n dimensional vector space V with orthonormal basis {v1,...,v,}. In this case, &;
denotes the diagonal matrix with all ones on the diagonal except for —1 in the (7,7)th entry.

Let A be a graded Hecke algebra for G(2,1,n). If 81 = a( jk)(vi,v5) and Be = ag, (1,2)(v1,v2),
then, in the algebra 4,

Hi ) — testaligit) — bests it + besenti )
U','U' e IB t —_ t _|_ (7'1.71 ) 5151(1’1]1 ) EtEJ( 3Jy ) E]El( I ) . 4.6

Let kg, k¢ € C. Then, with h as in (3.3),

k k k
(v, h) = Es > {vi, 2ve)te, — Ee > (i, ve = vmtem) — ?e D (i, ve + vmte,bm)
£ i<m L<m

(4.7)
ke
= kate, — 5 (Z(t(f,e) +tggn) + ) _(~tao + te.-a(a',z))) :

i<t i>L
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If f € CG(2,1,n), let f|t denote the coefficient of ¢, in f. With notation as in (4.6), let A be the
9
graded Hecke algebra for G(2,1,n) with
B1 = agijey(vi, v5) = [{vi, h), (vj, k)] teso
= (k7/9(taotuo +tantan ~ totenl,,, =ke/4  and
/32 = [(via h)) <’Uj, h>”t§i(i,j)
= (1/2)kske(—tet(i,h) + ate; — besbees(i.9) — et (i) bes)

= —ksky.

te; (4,5

If 3; = v; — (v, h), then, by Theorem 3.5, the ¥; commute and the algebra A is the algebra Hy, for
W B,, defined in Section 3.

4C. The type D, Weyl group G(2,2,n) = WD,

We shall use the notation from Section 2B so that the group G(2,2,n) is acting by orthogonal
matrices on the n dimensional vector space V with orthonormal basis {vi,...,v,}. This is an
index 2 subgroup of G(2,1,n), and our notation is the same as used above for W B,,.

Let A be a graded Hecke algebra for G(2,2,n). If 8 = a(; j x)(vs, v;) then, in the algebra A,

bigk) — teigs(in,8) — eags(i.5,0) T te;8a(ining) )
v;,v;] =P b FsAhd Esg iy e . 4.8
[ ]] l;] (+tETEJ (.7717£) + thE[(],t,f) - tEiEl (J17:1£) - t(]ﬂyl) ( )
Let k € C. Then, with h as in (3.3),
k
(vi, ) = 5 (Z(t(u) Fieewo) + D (—tag + te,-a(i,e))) : (4.9)
i<t i>e

If f € CG(2,2,n), let f|t denote the coefficient of ¢, in f. With notation as in (4.8), let A be the
g
graded Hecke algebra for G(2,2,n) with

B = a0 (vi, v5) = [{vi, h), (vj, h)”t(i,j,l)
= (B/D(ta.0tG.o + taites — taoten)l,, , =k /4

If ¥; = v; — (v;, h), then, by Theorem 3.5, the ¥; commute and the algebra A is the algebra H, for
W D,, defined in Section 3.

4D. The dihedral group I>(r) = G(r,7,2) of order 2r

We shall use the notation for G(r,r,2) from Section 2B so that the group G(r,r,2) is acting
by unitary matrices on the 2 dimensional vector space V with orthonormal basis {vi,vs}. The
group G(r,7,2) is realized as a real reflection group by using the basis

1 -1
€1 = ﬁ('vl + 'Uz), €9 = m('vl - ’Uz).

This basis is also orthonormal and, with respect to this basis, G(r,r,2) acts by the matrices

cos(2rm/r) Fsin(2nm/r)
(sin(27r'm/’r) :|:COS(27rm/.,-)) ) 0<m<r-—1
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Let A be a graded Hecke algebra for G(r,r,2). The conjugacy classes of elements which are
products of two reflections are {¢5¢;%,£7%¢5}, 0 < k < r/2. Then, in the algebra A,

[e1,e2] = Z ﬂk(tgfgz—k - tEl—kEg), where (O = agfgﬂ-k(al,@). (4.10)
0<k<r/2

When r is even, there are two conjugacy classes of reflections
{8 %(1,2) | 0<k<r/2} and {1 (,2) [0<k<r/2).
The reflection £[*¢; ™ (12) is the reflection in the line perpendicular to the vector
O, = sin(—2mwm/2r)e; + cos(—27m/2r)e,,

and the vectors a,, can be taken as a root system for G(r,r,2). With h as in (3.3) and k,, k; € C,

<51, h) = 0<§ , (ks sin(—2k 27'l'/21")t§§k€2—2k (1,2) + ky sin(—(2k +1) 27T/2T)t£fk+1£2—(2k+1)(1’2)) 5

(€2, h) = Z (k, cos(—2k 27T/2r)tffk£2—2k(1’2) + kg cos(—(2k + 1) 21r/2r)t£fk+1£2_(zk+1)(1’2)) .
0<k<r/2
(4.11)
If f € CG(r,7,2), let f| . denote the coefficient of ¢, in f. With notation as in 4.10, let A be the
tha

graded Hecke algebra for G(r,r,2) with

sin(k 27 /2r)rksk, if k is odd

ﬁk = aefsé—k(el,Ez) = [<El,h>, (Ez, h>]|t i = (412)
ré sin(k2n/2r)L (k2 + k) if k is even.

If &; = &; — (€4, h), then by Theorem 3.5, the ; commute and the algebra A is the algebra Hy, for
I5(r) defined in Section 3.

When 7 is odd, all aspects of the calculation in (4.11) and (4.12) are the same as for the case
r even except that there is only one conjugacy class of reflections, {¢5¢;%(1,2) |0 <k <r -1},
and so k; = ky.

4E. The group G(r,r/2,2), r/2 odd

We use the notation from Section 2B, or from above for the group G(r,r,2). In this case,
the group is not a real reflection group, hence G(r,r/2,2) acts by unitary matrices but not by
orthogonal matrices.

Let A be a graded Hecke algebra for G(r,7/2,2). The only conjugacy class for which a, can
be nonzero is {tEfE;/z_k(l’z) | 0 < k < r}. Thus, in the algebra A,

[v1,v2] = ﬂ;(tef“e’;/"”(l,z) - tgi-/z—Zkggk(l,z)), where 8= ag;/2(1,2)(vl’”2)'
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5. A different graded Hecke algebra for G(r,1,n)

The classification of graded Hecke algebras for complex reflection groups in Section 2 shows
that there do not exist graded Hecke algebras A = S(V) ® CG for the groups G = G(r,1,n),
r > 2, n > 3. In this section, we define a different “semidirect product” of the symmetric algebra
S(V) and the group algebra CG for the groups G(r,1,n). These algebras are not graded Hecke
algebras in the sense of Section 1, but they do have a structure similar to what we would expect
from experience with graded Hecke algebras for real reflection groups. Is it possible that there is a
general definition of graded Hecke algebras, different from that given in Section 1, which includes
the algebras defined below as examples for the groups G(r,1,n)?

We shall use the notation for the groups G(r,1,n) as in Section 2B so that the group G(r,1,n)
is acting by monomial matrices on a vector space V of dimension n with orthonormal basis
{vi,...,vn}. Let s; denote the permutation (¢,7 + 1) € G(r,1,n).

Define H;: | ,, to be the algebra generated by the group algebra CG(r,1,n) and V' with relations

VU5 = V5V, for all 1 S i,j S n,

te,v; = vjte,, foralll1 <i,j < n,

te, Uk = Ugts,, if k¢ {i,i+1}, (5.1)
r—1

ts,.'u,;_{_l = ’Uits‘. + Ztgfg,__,_ll : for 1 S ] S n — 1.
£=0

The following proposition establishes an “evaluation homomorphism” for the algebras H; ; ,, which
is a generalization of the homomorphism in (4.5).

Proposition 5.2. Define elements ¥y, in the group algebra CG(r,1,n) by setting v; = 0 and

1
B== 0, >, tggtary fr2<k<n
i<k 0<f<r—1

Then there is a surjective algebra homomorphism

lp CG(r,1,n)
tg — tg

Vg — Uk

Proof. We must check that the defining relations (5.1) of H;; ,, hold with the v, replaced by the
.
For each 1 < k < n, let

- 1
Be=TibotTe=1 Dty

1<i<i<k
0Lt<r—-1

Then, for each k, z; € Z(CG(r,1,k)) since it is the sum of the elements of the conjugacy class of
reflections bere—t(i 5 in G(r, 1, k). So Z; commutes with 21, . .., Z; and therefore z;, . .., Z, commute.
i>§ 2

Since ¥y = Zx — Zx—1, it follows that 7;,..., 7, also commute.
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If m > k then t;  clearly commutes with zz. If m < k then ¢, commutes with Zz; since

Zx € Z(G(r,1,k)). So tg,, commutes with zy,..., Z, and hence with 7y,..., 7.
Since
bouktar = Bo Z betest(ik) | T = Z betert, (ik+1)
0532:—1 0522':--1

= D tgetaaey T DL teert (nken)
i<k+l 0<e<r—1

= Tk = Y tgee te,,
0<e<r—1

it follows that

Ugls, = 5, V41 — Z tsktgltegk—_ﬁltsk = g Vp41 — Z tg;‘gﬁﬂ = toy Uk+1 — Z £ HIn e
0<e<r—1 0<e<r—1 0<e<r—1
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