PROJECTIVE SCHUR FUNCTIONS AS A BISPHERICAL FUNCTIONS
ON CERTAIN HOMOGENEOUS SUPERSPACES

ALEXANDER SERGEEV

ABSTRACT. I show that the projective Schur functions may be interpreted as bispherical
functions of either the triple (q(n), q(n) ®4q(n), q(n)), where q(n) is the “odd” (queer) analog
of the general linear Lie algebra, or the triple (pe(n), gl(n|n), pe(n)), where pe(n) is the
periplectic Lie superalgebra which preserves the nondegenerate odd bilinear form (either
symmetric or skew-symmetric). Making use of this interpretation I characterize projective
Schur functions as common eigenfunctions of an algebra of differential operators.

INTRODUCTION

1.1. In [Sch] I. Schur introduced projective Schur functions as characteristics of projective
representations of symmetric groups. In [Sel] I showed that these characteristics are actually
characters of tensor representations of Lie superalgebra q(n).

In [St] Stembridge interpreted projective Schur functions as characteristics of of spherical
functions of a certain twisted Gelfand pair. Here I will demonstrate that these Stembridge’s
characteristics are precisely bispherical functions of the triple (pe(n), gl(n|n), pe(n)), where
pe(n) can be embedded into gl(n|n) in two different ways (corresponding to interpretation
of pe(n) as the algebra preserving a symmetric odd bilinear form or a skew-symmetric one).

One obtains one more realization of projective Schur functions if one considers bispherical
functions of the triple (q(n), q(n)®q(n), q(n)), where q(n) can be embedded into q(n) ® q(n)
by one of the two ways: either as the diagonal or as a “twisted diagonal”.

Both ways to realize projective Schur functions allow one to construct an algebra of dif-
ferential operators for which the projective Schur functions are eigenfunctions. This algebra
appears as the algebra of radial parts of Laplace operators for Lie superalgebras of series gl
and q.

1.2. Differential operators and projective Schur functions. Let I = {1,...,n}, V
an n-dimensional vector space, {e;}icr a basis of V, and {e;} the dual basis of V*. If [ € V*,
than e! denotes a homomorphism S(V) — C, where C is the ground field of complex
numbers, and S(V) is the symmetric algebra of V. Recall that S(V)* can be identified with
the algebra of formal power series in n indeterminates.

On S(V)*, define a family of differential operators. Set €;; =¢; —¢; for4,j € I, i # j and
set

M (e') = i(e;)e' = Bi(€") for any I € V*,
set further
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Finally, for k£ odd, set

O = f: 8k,
k=1

It is not difficult to verify directly that

= 233+Zes,,_es,, ) - (B4 )

(ezsu + 32531)2

i<i (1.2.2)
2
24 i — ai ’
where {j,k} C I is a two-element subset.
Introduce new indeterminates: z; = e®i. Then 9; = a:,;a%i and
N ;0% ”+§ %fcﬂz a1 — gk 1)) for k odd,
ok = g ¥ T (1.2.3)
@ -1)8* P+ ( 204 B(k . 22x 6(k 1)) for k even.
J#i w - :'E]
We have
Q=Y 0 +6) (0 = 4) —62( mf 2(8; + ;)
i<j "'
+24 Z x;:;ik 2 (m,(m? —z22)0; — xj(x,- — k)Bj + o (2? — xf)@k) (1.2.4)
I(J<k

For i = 1,...,n and any k, define differential operators 5,-(’“) and 5,-('“) by setting 5§1) =

8; = 5;(1) =0;=0; and

(k) & ak-1) e3¢ A(k=1)  2(k—1)
8P = 8oV +Y (@ -5

ezE'J — ezEJ'

e (1.2.5)
ez"s ~(k— X(k—
_ Z___(agk 1)+a]£k 1))’

1 1
i €277 + et

1
A (k = a(k—1 e2%4 A(k—1) _ (k1)
68® = 4,8 )_Zm(ai —-0; )
K (1.2.6)
+ Y @V + 5.

626'1 +62€J.
Set further

B =Y (6" +8").
i=1

1.2.1. Lemma . The algebra generated by operators 4 for k = 1,3,5,... coincides with
the algebra generated by operators Y, fork=1,2,3,4,....
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1.2.2. Let 21,..., %y, t be indeterminates over C. Introduce polynomials gx(z1, ..., z,) from

equation
Zw  _ [T+ zit)
P qk(xl) R | xn)t - H(l _ :L',t) L) (127)

Further, set

i
Qrr = qeq + 2 Z Tk-+pQi—p-
p=1

We see that Qo) = qx and Qi = —Qu for k+1 > 0. If A = (Ar,...,An) is a strict
partition, then

Qi(z1,...,2,) = {Pf(QA'“") 15 even, (1.2.8)

N Qo) if n is odd.

1 1
e—s-;j ese‘ji
1.2.3. Lemma . Set § = [] (;—4——1), then
i<j \ ez — e2%ii
n
i) 67100 =282 — (O 8)%
1
ii) The polynomials Qy are common eigenfunctions of the operators Qy fork =1,3,5,....
iii) Let P(z1,...,Z,) be polynomial symmetric with respect to x1,...,z, and such that

after substitution z; = t, x; = —t it becomes independent of t. If P is an eigenfunction of
all the operators Qi, k = 1,3,5,..., then, up to a scalar multiple, P coinsides with one of

the Q,\.

1.3. Bispherical functions. Let g be a finite dimensional Lie superalgebra. Its enveloping
algebra U(g) possesses a canonical antiautomorphism ¢ : u — *u which extends the principal
antiautomorphism of g given by the formula ¢(z) = —z for any z € g as follows (for brevity,
I always just write (—1)* instead of (—1)P®):

f(uv) = (=1)*" *(v)"(u)
The left and right coregular representations of U(g) are defined for any | € U(g)* and
v,u € U(g) by the formulas

(L*(u))(v) = (=1)*I(u? - v) and (R*(u)l)(v) = (=1)““)i(vu) .
Let b; and b, be subalgebras of g. A functional [ € U(g)* is called two-side invariant if
l(z1u) = l(uzs) = O for any z; € by, 2, € by and u € U(g).

Let V be a g-module containing a nonzero bs-invariant vector v € V; suppose also that
there exists a bj-invariant vector v* € V*. Then we call the matrix coefficient ©(v*,v) €
U(g)* defined by the formula

O(v*,v)(u) = (—1)*v*(uv) for u e U(g)

a bispherical function associated with the triple (V,v*,v).
Observe that if z € Z(g), then L*(2)! is two-side invariant if so is I. Therefore, on the
space of invariant functionals, every z € Z(g) determines a linear operator Q) : [ — L*(2)I.

1.4. Let us endow U(g) with a g-module structure with respect to the action ([Sed], [G])
zxu=zu— (—1)*Cyg, (1.4.1)

It is easy to verify that for a finite dimensional g-module V' the functional u — try(u) is
invariant with respect to this action.
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1.4.1. In g € g, consider two subalgebras:
g1 ={(z,(-1)"z) | = € g} and g2 = {(z,2) | = € g}.

Lemma . The algebra of functionals on U(g @ g) biinvariant with respect to g; and go is
isomorphic to the algebra of functionals on U(g) invariant with respect to the action (1.4.1).

1.4.2. Letnow I = U I; = {1,...,n}U{1,...,7} be the union of the “even” and “odd”
indices. Let dimV = (n|n) and {e;}; € I a basis of V such that the parity of each vector of
the basis is the same as that of its index. Assume that ¢ = ¢ and define the odd operator
II € gl(V) by setting .
I(e;) = (—1)'e;, for any i€ I.
Let
q(n) = {X € g(V) | [X,II] = 0}. (1.4.2)
It is easy to verify that q(n) = Span(e;;, fij | 1,7 € I5), where
e =e;®ej+e;Qe; fij =ei®e;+e;®e;, for any 4,5 € I
and where {e}};c; is the left dual of the basis {e;}:cr; we have also identified End(V) with
VeV
Set g = q(n) ®q(n) and select g; and g, as at the beginning of sec. 1.4. Let o : q(n) — ¢
be the embedding into the first summand, hg = Span(e;; | i € I5) be the even part of Cartan
subalgebra of q(n). Let us define inductively the following elements of U(q(n)):

1 1
el = eij, W= f,

e = eqed ™+ (1Y fafY, (1.4.3)
=1 =1

—1 — —1
=3 eafT ™V + (1Pt Y fuel Y.
=1 =1

The following relations are subject to straightforward verification:

[e,-]-, eg)] = 6jk6g) - 6,;16,(:;-),

[e-ij, ,ﬁ’,’)] = 5jkf,-(f)—5it ,§§), ( 44)
14.
[fireB] = (-8 fP — 6uf,

[figs FE1 = (~1)P 20 + Guell).

As is not difficult to verify, see [Se3], the elements z; = > eg“ ), k=1,3,5,..., are central
i=1

ones if we embed q(n) into g = q(n) & q(n) as the first summand, i.e., strictly speaking, I

mean not z; but o(2;) € U(g).

Let {e;}icr, be the basis of h dual to {e;}icr,-

Let A = (A1,...,Am) be a strong partition of k, i.e., Ay > A3 > ... > A, > 0. Let V> be
an irreducible submodule of V®* corresponding to A, see [Sel]. Then the g-module W* =
V* ® (V?) is irreducible and contains a unique even go-invariant vector wy corresponding
to the identity operator under identification V* ® (V*)* = End(V?*). The dual module
(V*)* ® V* is also irreducible and contains an even g;-invariant vector w} corresponding to

the parity operator P (such that Pv = (—1)?(®)y) under identification (V*)*®V* = End(V?).
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1.5. Theorem . Let q(n) be embedded into g = q(n) & q(n) as the first summand. Then
i) Each two-side invariant with respect to g, and gz functional on g is uniquely determined

by its restriction onto S(hg) C q(n).

ii) Every z € Z(q(n)) uniquely determines a differential operator Q. on the space of
restrictions of left-invariant functionals S(hg)*™.

iii) Q) = O for 2 = z.

iv) Let oy = O(w},ws). Then the restriction of px onto S(hg) coincides up to a scalar
multiple with Qx(e®, ..., e)

1.6. Let g = gl(dim V'), where dim V' = (n|n). Let I = Iy U I1, where Iy = {1,...,n} and
It ={1,...,7}. Let {e;} be a basis of V such that the parity of each vector coincides with
that of its index. Denote by pe,(n) and pe,(n) the Lie subsuperalgebras in g preserving the

respective tensors:
dYoewe, Y (-l
iel iel
Let 9, and v be involutive antiautomorphisms of g that single out pe,(n) and pe,(n),
respectively, i.e.,

pe, ={X € gl(v) | y:(X) = —-X} fori=1,2.
It is easy to see that the restrictions of ¢; and %, onto gz coincide. Set

b7 = {z € b | Yi(z) = ¥2(z) = X},
where § is Cartan subalgebra in g.
Let A be a partition and V* the corresponding g-submodule in the tensor algebra of the

identity representation, see [Sel).
It follows from [Se4| that, (in Frobenius’s notations [Ma]) .

V? contains a pe;-invariant vector if A = (ay,. .., aplon +1,...,0,+ 1)
and
V? contains a pe,-invariant vactor if A = (aq +1,...,0, + 1]ay, ..., 0p).
Similarly,
(V*)* contains a pe;-invariant vactor if A = (a1 + 1,...,0p + 1|0y, ..., 0p)
and
(V*)* contains a pe,-invariant vactor if A = (a1,...,0plon + 1,...,a, + 1).

Now, let A = (@ +1,...,0p + lag,..., ), let v € (V*)* be a pe;-invariant vector,
vy € (V?) be a pey-invariant vector, and let ¢y = ©(v},v) be the corresponding bispherical
function. In h*, select the basis {ef; = 1(esi + ¥1(ex)) | i € I5} and let &; be the left dual
vectors.

Let e;; be the basis of matrix units in gl(V'). Set

e = ey, ) = 3 (1)l V.
el

It is easy to verify that

[ess, €] = Gpely) — (—1) 4@+ g, el

This easily implies that z; = 3_ el € Z(g).
i€l



6 ALEXANDER SERGEEV

1.7. Theorem . i) Each two-sided invariant with respect to pe, and pe, functional on U(g)
is uniquely determined by its restriction onto S(h%).

ii) Bvery z € Z(g) uniquely determines a differential operator Q(,y on the space S(h*)* of
restrictions of invariant functionals.

iii) If z = 2x, then Q) = 4.

iv) The functional @y coincides, up to a scalar multiple, with Qx(e®, ..., €e%).

§2. THE ALGEBRA DUAL TO THE ENVELOPING ALGEBRA

In this section we follow Dixmier’s book [Dix| applied mutatis mutandis to Lie superalge-
bras.

2.1. Let g be a Lie superalgebra. We endow U(g)* with a coalgebra structure by setting

c:g—U(g)QU(g), c(r)=z®1+1®=z for any z € g,

so that c(z) = c(*z) where the first ¢ is the principal antiautomorphism of the superalgebra
U(g) @ U(g) =U(g® g), see sec. 1.3.

2.2. Lemma . Let dimg = (n|m). Then U(g)* is isomorphic to the supercommutative
superalgebra of formal power series in n even and m odd indeterminates.

“Proof. Let g5 = Span(es, .. .,en), 91 = Span(ei,. ., em), h ={1,...,n}, [ ={1,...,m}.
- Denote: '

M={v=_(n,...,vn,¥,...,Um) | s EZsoifi € Iy and v; € {0,1} if ¢ € I} }.

For v € M, set
S UL SN
vl ! () (vm)!
and let ty,...,¢,,11, ..., tm be the set of even and odd supercommuting indeterminates. The
correspondence
U(g)* > L Y Lie)ter .. £t ..t
veM
determines the homomorphism desired. U

2.3. Left and right coregular representations. For any u,v € U(g) and L € U(g)* set
(L*(w)L)(v) = (=1)*EL(*uv) and (R*(u)L)(v) = (=1)*C) L(tvw).

The following statements are easy to verify:
i) u — L*(u) is a representation of U(g) in U(g)* (we call it the left regular one);
ii) ¥ — R*(u) is a representation of U(g) in U(g)* (we call it the right regular one);
iii) If z € g, then L*(z) and R*(z) are superdifferentiations of the algebra U(g)*.
Observe also that algebra U(g)* possesses an automorphism

L LT : L7 (u) = L(*u) for any u € U(g), L € U(g)*.
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2.4. Matrix coefficients. Let V be a g-module, V* the dual module, let v € V and
v* € V*. Let 7 : g — gl(V') be the corresponding representation. Denote by ©"(v*, v) the
linear form on U(g)*:

0" (v*,v)(u) = (-1)*v* (7 (u)v). (2.4.1)

Finally, denote by C(w) (or C(V')) the subspace in U(g)* generated by ©7(v*,v) for all
v*eV*andveV.

2.4.1. Lemma .
O™®™2(y* @ v}, v; ® vy) = (—1)"120™ (v}, v1) ® O™ (v}, v2)
Proof. 1 remaind I will just write (—1)* insted of (—1)P(). We have

™™ (v} @ v3, 1 ® v2)(u1 ® Us)
= (—Lttealtnlyt @ ol (m (u1) ® m2(uz)(v1 ® v2))
= (1) e or v borus b aon) g (o (g g i (7 ()2
= O™ (v],v1) ® O™ (v}, v2)(u1 ® u2)
= (—1)uletDO™ (v}, v1)(u1) O™ (v3, v2) (us)

= (—1)wlvarvi)tvitvangs (m (uy )o; )vg (me(ug)vs).
]

2.4.2. Lemma . The map V*Q®V — U(g) given by v* @ v — O™ (v*,v) is a g ® g-module
homomorphism; here we consider U(g)* as a g ® g-module with respect to the left and right
coregular representations. If V is irreducible, the above map is an isomorphism.

Proof. Clearly, there exists a linear map: ¢ : V*®V — U(g)* such that p(v*®v) = O(v*, v).
Let z € g. Then

¢ ((z®1)(v* ®v)) (u) = p(zv* @ v)(u) = O(zv”,v)(u) = (—1)"(zv")(u)
= (—1)vu+1+22"y*(zy). On the other hand,
L*(@)p(v*,v)(u) = (=1)*C+IHO(v*,v)(zu)

- (_1)z(v+v*)+i+(m+u)vv*(muv)

= (=1)wti+sv ¥ (zy),
Further,
p((102)(v*®v))(u) = (-1)™" p(v*®zv)(u) = (-1)*"O(v*, zv)(u) = (=1)*" )" (uzv).
On the other hand,
R*(2)p(v* @ v)(u) = (—1)"@"+*+p(v* @ v)(uz) = (-1)*" O (v* @ v)(uz) =
(= 1)@ +vtu)Hutalogs (ypy) = (—1)ov FulEtody* (ygy).

This proves the first statement. The second one is obvious. O
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2.4.3. Lemma . Let p be the tensor product of representations my, and my. Then
1) ©7(uf ® 3, v1 B v3) = (—1)1E O (v, u)O™ (u3, v3).
ii) C(p) = C(m)C(m2).
iii) If m is finite dimensional, then (0™ (v*,v))T = (—1)"" O™ (v, v*).

Proof. 1)

(=1)™% (0™ (v, v1)O™ (v, v2)) (u) = (=1)"*3(O7™ (v}, v1) ® O (v}, v2))(C(u))
= (—1)0™®™ (v} ® v}, v1 ® v2)(C(u))
= (—1)Crrl(yr @ v3)(m ® m2 - C(u)(vy ® vy)
= (=DPrra(or @ v3)(p(u)(v1 ® v2))

= ©°(v} ® v, v ® va)(u).

ii) follows from i)
iii)

(O@7(v*,v))"(w) = O7(v*,v)(*u)
= (=1 (7 (") (v)).

On the other hand,

0™ (v,v*)(u) = (=1)""v(r*(u)v*)
= (=17 (w)v*) (v)

— (_1)v'u+u(u+v"‘)+uv"‘ v*(ﬂ'(tu)v).

2.4.4. Lemma . Let V be a g-module. Consider the map

w:V*eVeV*eV — U(g)*
o(vF @ v ® v} ® vp) = (—1)vivatuntiny(Q(vs, vy))T - O(v}, va).

If we consider V*QV@V*@V =(V*@V)®(V*®V) as a g® g-module in such a way
that the first two factors is one g-module and the last two ones is the other module, then
is a g ® g-module homomorphism. (Recall that we consider U(g)* as a g ® g-module with
respect to the simultaneous left and right coregular representations.)
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Proof. Let z € g. Then

o((z®21) (v @ v @Vl Q) = p((zv} @ vy + (—1)™1v} ® 2v1) ® v R v3))
— (— 1)t Etn (O(v8, v,))TO(zu], va)+

(_l)v{v;+v; (z+v1)+v] (s+vr ) +zv] (@(v;, mvl))T@(UI, ,02)

= (—1)vivitvivnin L (z)(0(v3, v1)) O (vf, v2)+
(—1)eivirvimtointatvi+o) (@ (v3, v, )T L* ()0 (wv], vz)

= (1)t LY (2)[(©(v3, v1)) T O (], v2))

= L*(z)ip(vf ® v1 ® v3 ® v2).
The identity
P((1®z)(v] ® 11 @ v @ v2)) = R (z)p(v] @ v1 ® v3 @ v2)
is similarly verified. O

2.4.5. Lemma . Let V be a finite dimensional g-module, {v;} its basis, {v}} the left dual
basis of V*. Then

D> (0", v))TO(v},v) = v*(v) -,

where v € V, v* € V* and e € U(g)* is the counit.

Proof. The functional ¢ is uniquely, up ot a scalar multiple, characterized by its invariance
with respect to the right coregular representation. Further,

w= Z(—l)ivf ® v;
is an invariant of the g-module V* ® V. Hence, by Lemma 2.4.4,
(> _(-1)v} @ v; ®v* @ v)
is an invariant with respect to the right coregular representation on U(g), i.e., ¢ is an
invariant functional on U(g). Hence, p(w ® v* ® v) = ae.
On the other hand,

plwd v ®v) =3 (-1t} @ v ®v* ®v) =

>2(0(v*, )T - O(vf, v).
Hence,

Z(@('v*, v:))T - ©(v},v) = ae.

i

To find «, let us substitute u = 1 into both parts of the identity. We obtain:

a=ag(l)=) (O@",u)" O], v)(1) =) v"(v)vi(v) =v*(v).
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Let g = gi(V) and let & be the subalgebra in U(g)* generated by C(V) and C(V*).
It is not difficult to verify that 2 is invariant with respect to the left and right coregular
representations.

§3. BISPHERICAL FUNCTIONS AND RADIAL PARTS OF LAPLACE OPERATORS FOR THE
TRIPLE (q(n), q(n) & q(n),q(n))

3.1. Let g = q(n), let Z(g) be the center of U(g) and h = Span(ey, f;; | fori,j € Ij)
the Cartan subalgebra (for definition of e;; and f;; see sec. 1.4.2). Let u € h; and M(u)
the coresponding Verma module with the highest weight with respect to the decomposition
g=n_® bh®n,, where n_ = Span(e;;, fi; | for ¢ > j) and ny = Span(e;;, fi;) | for i < j),
see [Sed], [Pe]. Such module M (u) has a central character, i.e., there exists a homomorphism

X' Z(g) — C, 2zv=xu(z)v for any v € M(p) and z € Z(g).
Let ¢; be the left dual vector to e;. Set RY = {¢; —¢; | i < j} and
Bp)={v|iv=XA- Znaa for any n, € Z>o, where a € R, and x, = x,}.
3.2. Lemma . Let L(u) be an irreducible module with highest weight . Then
chL(u) = > CychM(v) (3.2.1)
veB(u)

where for any fived T € by only a finite number of summands in the right hand side contains
T as a weight.

Proof. Let ay,...,an_1 be a base (system of simple roots) in the root system R. Set

n—1 n—1
ht(v) = Z k; foranyv=p— Z k;o;.
1 i=1

By induction on ¢ we prove that

chL(p)= > = CuchM(v)+) chV; (3.2.2)

vEB(u), ht(v)<t i=1

for any 7 € Supp chV;, ht(7) > ¢, xv; = xu and Supp chV; C B(u).
Let £ = 0. Then we obtain an exact sequence

0— N— M(u) — L(p) —0
with N C ? M(u),. Therefore, ht(v) > 0 and chL(u) = chM(u) — ch(N); moreover,
vEN
Supp chN C B(p).
Let (3.2.2) hold. Consider the set ht(v), where v € Supp chV; and let k be the least element
of this set. Clearly, k > ¢. There exists then a finite number of vectors vi,...,vf € V; with
weights p;, . .., py; such that ht(u;) = ht(uz.,:) -« = k. For all the other weights v of V; we

have ht(v) > k > t+ 1. The vectors v%, ..., v} are, obviously, the highest weight ones, so we
have an exact sequence

i
0—N— D M(pi) — Vi — K — 0. (3.2.3)
]:
This implies:
l
chV; = chM(u;;) + chK — chN

j=1
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and if v € Supp chK U Supp chN, then At(v) >t + 1. This proves (3.2.2).
Let v € bj be any weight. Set t = ht(v); apply (3.2.2) to see that v ¢ USupp chV;. This
proves (3.2.1). O

3.3. Lemma . Let 23 = Ze,(;?) (see 1.4.2) and let v, be the highest weight vector of the

g-module M (u). Then
23Uy = (Z =0 sz)2) (2

Proof. First, observe that
Z e‘l] (2) + E fiJ (2) = Zeij (2) + Zfz]
+ E €ij€; (2) + Z fl] (2) + Z eue(z) + E fz’i ii

]

But, as is easy to verify, e( ) f(z)v,, = 0. Therefore,
Z3'U,_¢ = (E eue(2) + Z fn (2)) (Z ez] J + E f’b] (2)) p,
1<y

(z cueld + LSl + el el + el - Sf’) 2
= (Z €ii€; (2) + E fn (2))
Further, it is easy to verify that

eg?)vn = (.Uzz -y — 2 Z,uk> v, and f,-(iz)v# =0.

k>4

Hence, 730, = (¥ 4 — (X2 :)2)v O

ea/2 + e—a/2
3.4. Corollary . Let 6 = ] Py p—— (see 1.4.2) and let Q% = 582 — (3 8;)?%, where
aERt -

Biet = l(e;)e'. Then Q361 =0 and (3. 83)671 =0.

Proof. Let us prove a more general statement; namely, let ¢, be the character of an irre-
ducible g-module with highest weight x. Then

6 'y, is an eigenfunction of ¥ with eigenvalue Z pl — (Z )’
Indeed, by Lemma 3.2
= Z Cu.chM(v).

vEB(u)
By multiplying both parts of the inequality by 6~ we obtain
o= Y Cue. (3.4.1)
vEB(n)

If z € Z(g), then zv, = x,(2)v,. Since v € B(pu), it follows that x,(z) = x.(z). But by

Lemma 3.3
Xu(23) = Zﬂf - (Z .Ui)z = Xu(23) = ZVf’ - (Z V,-)z.
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So for Q5 = .82 — (3 8;)?, we have
o tou= Y UCwe)= 3 Cuw (Tovf~(Cuw))e

vEB(u) vEB(u)
= (T uf — (Cm)’) 6 o
In particular, applying this statement to the trivial module we obtain{2;6~! = 0, implying

(3 83)6 1 = 0. O

3.5. Proof of heading i) of Lemma 1.2.3. Let R = {¢; —¢; | i # j} and RT = {g; —¢; |
7: < J}. Set A: = e%a + e % and A_ % — e ;a, for any o e R Then

8.(A%) = Jale)Bs, B(8;) = jale)Al
We also set

_ale)Bles) (3.5.1)

ZR ATA Z = 2 A+A A+A—

(a +)2’
a a acRt+ {a,0}CRT

where the last sum runs over the two-element subsets of RT. It is not difficult to verify that
one can express the operator {23 = 23 + (>_ 8;)? in the form

=D 0 +6) 007 -6 10 +24)_ 0;0; (3.5.2)

It is easy to verify that §718;6 = 8; — 2¢;; hence,
071076 = 87 — 4 + 49} — 20i(;) (3.5.3)

671036 = 82 — 6007 + 3(4pF — 20;(;))0; — 83 — 207 (p;) + 12¢0;0i(;) (3.5.4)

Therefore,

57108 = 37,[88 + (24, — 69 — 127 — 60;(91));

+(16¢3 — 202(¢p;) — 480;00; + 1245p;)].
Direct calculations show that

240; — 6v); — 12¢7 — 69;(ip;) = 0.
Hence,
5w => "8+ f.
But, (1) =0, so
(67102) - (Z 33) 6+ f5t =

But due to Corollary 3.4, (3 83)(6‘ ) = 0; hence, f6~! =0 and f = 0. 0

3.6. Lemma . Let g, g1, g2 be selected as in sec. 1.4, let I be the left ideal in U(g @ g)
generated by go and M = U(g D g)/I. Let 0 : g —> g ® g be the embedding into the first
summand, i.e., o(z) = (z,0). Let & : U(g) —> M be the map induced by the homomorphism
U(g) — U(g @ g) that extends o and p(z) = (z,(—1)*z) an isomorphism of g with g;.
Then &(z * u) = p(z)5(u).
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Proof.
G(x * u) = F(zu — (-1)*CDuz) =zu® 1 — (-1)*@+Dyz @1
= zu®1— (—1)*Dyz @ 1 — p(z)5(u) + p(z)5(u)

= plx)o(u)+zu®1 — (-1)*C+Duz 1

(mod I) p(z)d(u).

3.6.1. Corollary . Statement of Lemma 1.4.1 is true.

3.7. Proof of heading i) of Theorem 1.5. Due to [Se4] and [G] we have an isomorphism
of g-modules with respect to the action (1.4.1):

U(g) =~ Indg,(U(g))-

Therefore, there exists a bijection between the space of g-invariant with respect to the action
(1.4.1) functionals on U(g) and the space of gg-invariant functionals on U(gs). Moreover,
any g-invariant functional is uniquely determined by its restriction onto U(gg). On the other
hand, every gg-invariant functional is uniquely determined by its restriction onto U(hg) =

S(ha)- O

3.8. Let I € (U(g)*)? and ¢; the generating function of its restriction onto S(hs), i.e

oty o ta) =3 (l(e—?—f:'—))tql L (3.8.1)

On S(hs)*, define the following operators by setting for any f € S(hp):
O@P0() =1l ), 6PN = LD ), (3.8.2)
(DP(f) = Ueweld ), (APD(F) = LFi £y ). (3.8.3)

3.8.1. Lemma . Let o =¢; —¢;. Then
i) D(k) e* (B(k) aj(.k)).
ii) Ag.“) = -—(3(_") (_1)k+13§k)).
111) Uf - fuf, (k)) = l(fe )for k odd.
) (f fuf-“ )_ 0 fO’f' k even.
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Proof. 1) and ii) are similarly proved. Consider i):
(DIPO(f) = U feizels)) = Lieisf(h + a(h))ell) = 1(f(h+ a(h))eld e;s)
= 1(f(h + a(h))eiell)) — 1(F(h + a(h))es;, €F])
= (e*DPN)(f) — U(f(h+ a(h)(eF — )

= (e*Dy; — e*(8 — BN () ().

This proves i).
iii) We have

fax (- 1) = faf - 50 = 1 501
= F(fP = 1P 1) = f(2fuf('“) [fii, FD) = 26 fis- £ — 26 f
or f- fi- f“ % Ju*x(f- (k)) +f- e . This proves iii). Heading iv) is similar. O
3.8.2. Corollary . Heading iii) of Theorem 1.5 is true.

3.9. Proof of heading iv) of Theorem 1.5. Let V* = Span(v,), where the v, form
a basis of V?*, the v} is the left dual basis, and (V*)* = Span(v}); let w} = > v} ® v,
Wy = U @ ;.

If g is embedded into g & g as the first summand, and v € U(g), then

oA(u®1) = O(w}, wy) (v ®1) = wi(u ® Hw,))

= w;(z uvp ® v,y) = Z vy (wvp) = tr(u).

In other words, the matrix coefficient O™ (w3, w)) coincides with the functional tryx(u) after
restriction onto U(g). But due to [Sel] we have, up to a scalar multiple,

trV"lfJ(‘; = Q)\(eel, sy 65"). (Il

3.10. Proof of headings ii) and iii) of Lemma 1.2.3. Heading ii) immediately follows

from our proof of Corollary 3.4. Let us prove iii).
Let 2 be the algebra generated by all the €2, kK = 1,3,5,... It is not difficult to see that
Q is the image of Z(q(n)) under the homomorphism

r:Z(a(n) —Q, r(z)@ = 2(2)(A)@s,

where ¢ is the Harish-Chandra homomorphism, see [Se3]. Therefore, statement of heading
iii) can be reformulated as follows:

Let R, be the algebra of polynomials r(t1, . ..,t,) symmetric with respect to (ti,...,t,)
and which do not depend on s after substitution t; = s, t; = —s. Define an R,-action on
the algebra generated by @), by setting

T+ Qx =1(A)Qx

If P is an eigenvector for R, and belongs to the subalgebra generated by @, then P coincides,
up to a scalar multiple, with one of the Q).
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Indeed, let P = ", ., CaQx. Since 7+ P = C(r)P it follows that r(\) = const for any
A€ A. Let A\, u€ A and X # p; then r(A) = r(p) for any r € R,,. Hence,

H t— )\z _ H t— M
t+ A t+p;
We may assume that A; > 0 and g; > 0 for all ¢ and j. Then the identity

[T =2 [T +m) =TT+ 2) [T+ m)

implies [](t — A;) = [[(t — k;), hence, A = p. Contradiction. O

§4. BISPHERICAL FUNCTIONS AND THE RADIAL PARTS OF LAPLACE OPERATORS FOR
THE TRIPLE (pe(n), gl(n|n), pe(n))

4.1. Let V be an (n|n)-dimensional superspace, I = [jU I; = {1,...,n} U{1,..., R}, the
union of the even and odd indices. On I, there is defined a map 4 — % such that 1 = 4. Let
{e;}icr be the basis of V' consisting of vectors whose parity is equal to that of their indices
and {e;;}:jer be the basis fo Mat(V') consisting of matrix units, cf. sec. 1.4.2.

The supertransposition antiautomorphism in gi(V') is in these terms of the form
eij = (—1)1:)(”1)6]1- (4.1.1)

Define also an operator S : Se; = ¢; and the parity operator P : Pe; = (—1),;. Define
two antiautomorphisms i, and 12 by setting

P1(z) = (-1)*S(z")S and 1, = Py P. (4.1.2)
Direct calculations show that
Yi(e) = (~17 ez, yales) = (1) eg. (4.1.3)
Define two Lie subsuperalgebras of gl(V):
pe(V) = {z € gli(V) | th(z) = —z} (4.1.4)
and
pey(V) = {z € gl(V) | ¢a(2) = —=}. (4.1.5)

Observe that v;(z) = ¥a(z) if p(z) = 0 and ¥, (z) = —2(x) if p(z) = 1. Therefore,
pey (V) =gl(V)g @ gl(V)1, pey(V) =gl(V)7 @ gl (V)]

where
gl(V)g ={z € gl(V)s | a(z) = ~z},
gl(V); ={z € gl(V)1 | ¥1(z) = -z},
gl(V){ ={z € gl(V)1 | ¥u(2) =2}

For every z € gl(V), set

L1 1
T —§($+¢1($)), T —§($—¢1($))-

Also set
ht = Span(ef | i € I).
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4.2. Lemma . For f € S(h™) and a = ¢; — ¢; set

R”f 3f(h —a(h)) — f(h + a(h))],
= 3lf(h—a(h) + f(h+ a(h))].

Then the following identities hold:
i) e;f = R fe; + Ri;f - ef.
ii) R;; feizesy — (Ry — RE)S - [ez,, '] € pe,U(g) + U(g)pe, if p(i) + p(5) = 0.
iil) R fesjes — (R — Rl,) e, €51 € pesU(8) + U(a)pe, if p(3) +p(4) =

1
e = 2[e51“) 5] if p(i )+ p0)=0.

v) [ef, e 5’?]— ~[elf +e‘ 2 Zfz9éyandp()+p(j)=1-
vi) [eﬁ,eSf’J = ey +ef zfpm

vii) [ef, el] = 0 if p(i )
Proof is reduced to a dlrect verification. g

iv) [e;;

4.3. Proof of heading i) of Theorem 1.7. It suffices to prove that U(g) = S(h*) +

pe,U(g) + U(g)pe,.
Indeed, any element of U(g) can be represented in the form

u = ug + uyuguz, where u; € U(gy), uz € U(g%), up, gy € U(gy)-

Therefore, we may assume that
+

u=fef ...ef,
where f € S(h*) and e ,...,e} € gg are the weight vectors.

Now, induction on k. If kK = 1, then R”feu =e;f — R} . fei; by Lemma 4.2. i}. Hence,

fet € g5 U(g0)g; -
Let £k > 1. Then

R, fel ...ef = ex, fed, .. R} fegel, ...

s +
— (mod gz U(g)g;) fecu az ' Cay,

= RE f-[es, el . .ejk]

01’ o2

= —RY f-leg, el led, - .. ed,

—R} fel leq,el]...el +...€9;U(gs)g;-
4.4. Proof of Lemma 1.2.1. Set
Az(k)+ _ (igk) n c,g,;(k), Agk)—— _ éz(k) _ 52(k)_
Now, it is not difficult to verify the following identities:
(k)+ (k=14 _ o A(E—1)- 2 (k—1)~ _ A(k=1)—
AT — AR = gAY 4 ; el G AT, (4.4.1)
FE=

) ) 2 ) 9e%i _
AP~ = (3 - A 4 3 (eau—Agk )+ _ ___";Ag.’“ 1)+) . (4.4.2)

ij — efji efij — efji
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Further, if A = fzk(a§1’, ey 8§2k_1)) and A?k“) = f2k+1(81-(1), ey 8§2k+1)), where for and
faky1 are any linear functions, then

fokr1 = fa+ f2k—1(ai(3), . ,ai(zkﬂ)),

4.4.3
fae = fzk—1+f2k—2(a1;(3):---)agzk—l))' ( )

It is easy to verify that
Ql = 291 = Qz, Q3 = 293 + 201, Q4 = 4Q3 + 291

and, by induction, (4.4.3) implies that Qy is a linear combination of the {3;,;. One can show
that, the other way round, {25;,; can be expressed via (1. O

4.5. Proof of headings ii), iii) of Theorem 1.5. Statement of heading ii) is obvious.
Heading iii) follows from Lemma 4.2 and the fact that zx = ), e®).

4.6. Proof of heading iv) of Theorem 1.5. It is easy to verify that ©* =) ef Qe isa
pe,-invariant whereas © = Y e; ® €; is a pe,-invariant. According to [Se2] the linear hull of
i€l
all the pe,-invariants in V®?* is isomorphic to
Indg* (e) = @ SA (4.6.1)

A=(a141,...,ap+1|0y,...,ap)

where Hj = G} o Z% is the semidirect product, and

h((©*)®%) = ¢(h)(©*)®* for any h € Hy.

Similarly, the module of all the pe,-invariants in V®2* is of the form (4.6.1). This implies
that '

oa(u) = O(v}, va)(u) = O(e,0*%*, €,0%)(u),

where ey, is the minimal idempotent in the Hecke algebra H(Gy, Hag, €) corresponding to
partition A, see [St].

If 0 € Gy, then the map

1

0 @y, where @, (u) = (—1)7*¢-"1gQ*®k(5y,0%F)

satisfies
Ohyioh, = E{(h1h2)p, for any hi, he € Hy.

Therefore, we obtain a map H(Gy, Hy,e) — U(g)*™. By restricting this map onto S(hg)
we obtain a map

ch : H(sz, Hk,E) S S(bﬁ)* (462)
Let K = K; U Ky, where K; = {1,...,2k1}, K, = {2k1 +1,...,2k; + 2k} and let oy
permute the elements of K; whereas ospermutes the elements of Ky; let ¢ = 0y0,. Now, one
can verify that

ch(o103) = ch(oy)ch(o2).

Let now k be odd and o = (1,...,2k) a cycle. Let us calculate ch(c). We have

0%k = Ze¢, O*®k — Ze:},, (4.6.3)
where ey = ey, ® ... ® ey, and the sum runs over all the maps ¥ : {1,...,2k} —

{1,...,n,1,...,7} such that ¥(2¢) = 4(2i —1) for i = 1,..., k. The element e}, is similarly
defined. Therefore,

ch(o)(u) = (~1)F*EDe* k(L " gey),
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where in the sum one has to take into account only the summands ey, for which o9 possesses
the same property as 9 does. Therefore, we may assume that

¥(1) =9(2) = $(3) = p(4) = ... = (2k — 1) = Y(2k).
ie,ep=(e;®e)® forie{1,...,n,1,...,7}. But for such % and v € S(h;) we have

ch(o)(u) = (-1)T¢E-DOC (LY,  ole; ® &)%)
= (_1)%k(k_1)@*®k(u dicr(€i® e;)®F)
= (—1)FFEDOBH(T, 26 (u)(e; ® €7)%F)

= 23 e, 26" (u).

Hence, ch(o) = 237, 2¢*i. Therefore, if 0 = 0,,...0,, is the product of independent
cycles of odd lengths, then

n
ch(o) = 2/ P, where P, = P,...P,, and P, = Ze's".
i=1

We see that the map (4.6.2) coincides with the characteristic map Stembridge constructed
in [St], p. 85. Therefore, by Theorem 5.2 from [St] we have

ch(ex) = Ox(e,...,e) - 2"V . gy
where gy is the number of shifted standard tableaux of shape \. 0
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