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1. Introduction

Th purpose of this paper is to study convergence of Monge-Ampére measures
associated to sequences of plurisubharmonic functions defined on a hyper-
convex subdomain 2 of C".

The concept of convergence in capacity was introduced in [X], where it
was proved that for any uniformly bounded sequence ; of plurisubharmonic
functions that converges in C™-capacity we have that (dd“p;)" converges
weak* to (dd%)™, j — +o0. ' -

We generalize this result:

Theorem 1.1. Assume F 3 up < u; € F and that u; converges to u in
C"-capacity. Then (dd®u;)" converges weak* to (dd“u)”, j — +o0.

We first recall some definitions. See [C1] and [C2] for details.
The class F consists of all plurisubharmonic functions ¢ on 2 such that

there is a sequence ¢; € &, p; N\ ¢, j — +0o and sup [(dd;)* < +oo,
i Q
where & is the class of bounded plurisubharmonic functions ¥ such that

lirré P(2) =0,V€ € 8Q and [(dd)"™ < +o0.
Z—> Q
The following definition was introduced in [X]: A sequence ¢; € F con-
verges to ¢ in C"-capacity if
cap({z€k:|p—pj|>d}) >0, j>4+00 YVkCCQ, Vi>O0.
For w CC Q,cap(w) = [(dd°h{)™ where h}, is the smallest upper semicon-
Q

tinuous majorant of hy(2) =

sup{p(2); ¢ € &o; plw < -1}
Finally, we write u; ~ u, j — +oo0 if u; converges weak™* to u, j — +o0.



2. Proofs

Lemma 2.1. Suppose u is a positive measure on ) which vanishes on all
pluripolar sets and pu(2) < +oo. If ug,u; € F, ug < uj ~» u, j = +00 and
if [uodp > —oo, then _liin [ujdp = [udp.

J—too

Proof. Denote by dV the Lebesgue measure and choose %; € £NC(S), 4; >
u; such that [(i;j—u;)(dp+dV) < % Then i ~ u, 'HE Jujdp— [d;du=0
0 J—r100

so it is enough to prove that

lim [ d;dp= / udy.

J=++oo

Thus we can assume u; € £ N C(Q).
By Theorem 6.3 in [C1] there is a % € &, f € L!((dd°p)") with

p = f(dd*p)"
so by lemma 5:2 in [C1], for every p < +o00,

lim [ ujdp, = / udpe,

J—+oo
there p, = min(f, p)(dd®p)™.
Now
i, [ i, [+
. . _ : C, n >
+ lim [ uy(f - min(f, ) (ddoy) >

> / wdpiy + / ug(f — min(f,p))du

—)/udy, P — +o0

by monotone convergence. On the other hand, by Fatous lemma,

lim; 400 / ujdp < / udp
which gives the desired conclusion. a

Proof. Proof of the theorem.
We prove that
1im /h(dd"uj)" = /h(ddcu)”, Y h e &,
j—=+oo
which is enough by Lemma 3:1 in [C1].
Suppose wi,ws,...,wpn-1 € F, h € &. It follows from the assumption
that u; ~ u, j — 400 so lim [w; dd®u; Addwy A -+ Add°h = [widdu A
J

- -+ A dd®h by the lemma.
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Suppose now that
lin_n / wi(ddu;)P Add°wpyy A -+ Add°h = / wi(dd®u)? A - -+ A dd°h.
for1 <g¢g<p<n-—2 Weclaim
1i§11 / wy (dd®u; )P A ddwpia A+ -+ A dd®wp_y A dd°h =

= / wi (dd“u)’""1 A ddwpig A -+ A ddwn_1 A ddCh.

Given £ > 0 choose k CC € such that {z € Q;h < —¢} C k and then a
subsequence u;, such that

[><] n
/ (ddc z hzzekilu—ujt‘>5}> <1

and denote by

o0
hn = max ( D> Bisekiu-uyloeb —1) '
t=N

Then hy — 0, N = 400 outside a pluripolar set and

/u.q (dd®u;, )P A -+ - Add°h — /wl(ddcujk Yddu A---Add°h =
= /('“'jk — u)(dd®uj, )” A ddw, A Addh =

= f —hy (uj, — u)(dd®u;, )P Addwi A--- A dd°h +

+ / (1 + hn)(uj, — u)(dd°uj, )® Addwy A - AddS(h — he) +

+ / (1 + k) (uj, — u)(ddus, P A ddwy A -+ - Addhe = I, +II; + II1;,.

where h, = max(h, —¢).
Thus

] <2 / (=hav)(—uo)(dd°us, )P A - - A dd°h <

< / [ — uo + max(uo, — R)](ddu;, )P A--- Add°h +
+ R/ —hn (dduz, )P A - - Add°h

R / [ = uo + max(uo, —R)](ddu)P A --- A dd°h +

+R / (=h)(dd°wP A - Addh, ji - -+oo.
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Now, the first term on the right hand side is small if R is large, the second
is small if N is even larger.

15| < / —up(dd°uz, )P A ddwy A- - A ddhe <
< / —ug(dd®up)? A ddwy A -+ - Addh, <
< /—he(ddcuo)p+l AddCuy A - Addwn—; <

£ / (dd®u)P* A ddwy - - - A ddwp_y
s0 it remains to estimate

\II;,| < 25( / (ddCu;, Y° A dd°w, - - - A dd(h + hs)) <

< 4e /(dchQ)p Addwy - - - A dd°h.

which proves the claim. .
Using the claim and repeating the chain of inequalities above, we conclude
that

/ h(ddeu;, )" — / h(dd*u)® =
/(ujk - u)(ddcujk )'n.—l Ah+
/u(dd‘ujk Y LAR - /‘u(dd"u)”_1 Ah = 0,5k — +00.

This proves the theorem, since we have proved that every subsequence
of u; contains a subsequence wu;, such that (dduj,)™ converges weak* to
(dd°u)™, t — +o0.

a
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