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Abstract
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1 Introduction

Dispersionless integrable equations and hierarchies represent a particular
class of integrable systems with a number of peculiar and remarkable prop-
erties [1]-[13]. They arise in various problems of physics and mathematics
from hydrodynamics and quantum field models to the theory of conformal
mappings (see e.g. [9],[14]-[18]).

Recently it was shown [19]-[21] that the dispersionless integrable hierar-
chies are amenable to the quasi-classical O-dressing method and that they
are closelv connected with the theory of quasiconformal mappings on the
plane [22]-[24] . In these papers it was demonstrated that dispersionless
integrable hierarchies are associated with the simple nonlinear d-equation
S; =W(z,2,S,).

In the present paper we place this observation in a much wider setting.
Namely, we consider a class of nonlinear problems on the plane which can be
described by equations of the type

S: =W(z,%,S,) + h(z,2), (1)

where 2,z € Cand S, h and W are complex-valued functions. Such equations
arise in several problems of hydrodynamics, electrostatics and quasiconformal
mappings. We assume that nonlinearity W and source h are separated. We
are looking for solutions of (1) in the form S = Sy+S, where S is determined
by the source h. In this way the construction of solutions S of the problem
(1) is nothing but the dressing of the background solution Sy by the use of
the quasi-classical O-dressing method.

Here we will concentrate on the study of properties of infinitesimal de-
formations for the problem (1). We will show that these infinitesimal de-
formations (%) obey universal (independent of the form of W) hierarchies
of Hamilton-Jacobi (H-J) type equations, which in turn give rise to associ-
ated hierarchies of dispersionless integrable systems. To derive these sys-
tems we use the the ¢ Particular parametrizations of variations of sources h
lead to different hierarchies of H-J equations and their associated dispersion-
less systems. Several concrete examples, like the dispersionless Kadontsev-
Petviashvili (KP) and the two-dimensional Toda lattice (2DTL) among oth-
ers relevant examples, are considered. Equations arising in different gauges
are also discussed.



2 General problem, parametrization of sources
and the quasi-classical 0-dressing method

So we will consider abstract nonlinear systems on the complex plane C de-
scribed by an equation of the form

S: =W(z,%,S,) + h(z, 2). (2)

The function W which defines the nonlinearity is assumed to be an analytic
function of S, (i.e. independent of S,). The inhomogeneous term % can be
treated as an external source for the nonlinear system.

Equations of the form (2) arise in different fields of physics and mathe-
matics. For example:

1. Several problems of the plane motion of fluids [25], generalized growth
and Hele-Shaw problems [26].

2. After differentiation with respect to z,(2) reads
S = (W(2,2,8,)) +0(z2), 3)

where p = h, , so that it can be treated as the nonlinear Poisson equa-
tion for the potential S. Such equation may arise in some special types
of effective potential models in which W, and p describe an effective
nonlinearity and a given external source, respectively.

3. Under certain conditions solutions of (2) define quasiconformal map-
pings of plane domains (see e.g.[27]-[28]). Equations of the type (2)arise
also in the study of extremal problems for quasiconformal mappings
(see [29]).

Thus, the results obtained for equation (2) may have a wide range of
applications.

In our discussion we will consider the class of nonlinear problems (2) in
which nonlinearity and sources are separated, i.e. we assume that there is a
partition of the complex plane

C=G|JG, Go[)G=2, (4)



such that
h(z,2) =0, z€ Gy

_ (5)
W(z,2,5,)=0, z€G.
We will look for solutions of (2) of the form
S=25+5, (6)
where S is bounded on C and
S()’E = 0, z e GO
- ~ (7)
Sg = 0, z € Q.

The representation (6), (7) imposes no constraint on the solution of (2).
In virtue of (5)-(7) the equation (2) is equivalent to the system

S()’i:h, ZEC

~ - (8)
Sz =W(z,%2,5.+S,), z€C.

Thus, Sy is determined by the source h and can be considered as a back-
ground (seed) solution of (2) corresponding to W = 0. Hence, the whole
procedure of construction of solutions of (2) (or the equivalent system (8)
is the dressing method, a well-known procedure in the theory of integrable
equations (see e.g. [30]-[32]). A peculiar feature of the dressing method for
(2)is that the corresponding O-equation is a local nonlinear partial differen-
tial equation. This O-equation can be considered as the quasi-classical limit
of the standard nonlocal d-equation [19]-[21]. The method of construction of
solutions within this quasiclassical J-dressing method [19]-[21] consists, ba-
sically, in solving (8) or the quasi-linear equation for m = S, in the domain
G and the gluing with S in the domain G [20].

In this paper we will concentrate on the study of the properties of de-
formations of solutions of (2). Infinitesimal deformations (variations) S —
S + 45, generated by infinitesimal deformations A — h + éAh of the source,
are determined by the linear inhomogeneous Beltrami equation

(5s)z —W (z, z, Sz) (as)z + 6h, 9)

where W'(z,2,¢) = %‘22’5). Properties of the Beltrami equation are well-
studied (see e.g.[33],{22],[23]). For our analysis we need two of them [33]:
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1. If f1,..., fn are solutions of the homogeneous Beltrami equation f; =
pf,, then any arbitrary differentiable function F'(fi,..., f,) is a solu-
tion too

2. If the function u satisfies |p| < k < 1, then the only solution f; = uf,
such that f; is locally L? for some p > 2, and such that f vanishes at
some point of the extended plane C* is f = 0.

These two properties provide a basis for the quasiclassical 5-dressing method
[19], [21]. The first one implies that, together with the infinitesimal deforma-
tions 615, 825, . . ., 6,5, any differentiable function of them F(4: 5, 6.5, .. .,6,5)
is also a solution of the Beltrami equation f; = W'f, in the domain Gy. Fur-
thermore, under the conditions of the second property, if one is able to find
a function F such that F(6;S,6,S,...,6,S5) is bounded on C and vanishes
at some point of C*, one has

F((SlS, (525, e ,5nS) =0. '(].O)

The derivation of equations of the type (10) is one of the main applications
of the quasiclassical O-dressing method. In this paper we aim to determine
these kind of relations for the infinitesimal deformations of the problem (2).
To do that one has to parametrize the source A and its deformations in one
or another way.

Having in mind the relation Sy .; = h, = p(z, 2), it is quite natural to
choose p in the form

N o
p=nh,= Zz')and(nlo)(z - za)1 (11)

a=1 n=0

where V., and z, are arbitrary complex constants (z, € é) and 6™ (¢) are
the z-derivatives of Dirac delta functions. Since

So(z,2) = //dz/\dzln(z—z)p(z 7',

one has

i (t(,a In(z — 24) + Z PR ) (12)

a=1

where tgq = Yoo a0d tre = (—1)*(n — 1)lypa, n > 1.
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Of course, all pole-type singularities in (12) can be obtained by coalescing
logarithmic terms, so that only the 6% terms in (11) and the tgq In(z — 2,)
terms in (12) are, in fact, of fundamental importance. But it is convenient to
add other terms to the source A from the very beginning instead of performing
coalescence at the end.

By considering an infinite number of points z, and by passing from the
sum in (11) to an integral, one gets a source p of generic form. However,
the simpler forms (11) and (12) are much more convenient for performing
calculations. The symbols ¢,, and 2z, (@« = 1,...,N;n > 0) are free pa-
rameters, so that within the class of sources given by (11) the deformations
(variations) of the sources a.re generated by variations of t,, and z,. In this
case 6h = €2t 5y h and 695 = €25 3 , where € is an infinitesimal parameter and 7 is
any of the parameters t,, and z,. Hence, we have

(Sr)z=W'-(S;); + h,. (13)
In virtue of (6) and {12) one has

Sio:: = 11’1(2 - zot) + §tom
(14)

and

—~

O = = Z = 24 Z(z—z)"+1 = (15)

These expressions have singularities, but all of them are located in the domain
G.

Now let us consider a differentiable function of the type F/(S;,,, Sz, - - -)-
It is a regular function on th domain Gy. Hence due to the first property of
the Beltrami equation, one has

F; = W’Fz, z € Gy. (16)

In general this function has singularities in the domain due to the singular
terms of Sg,. But if we manage to cancel these singularities by a right choice

of F', then we have
F;=0, zed@, (17)

so that
F,=W'F,, z¢€C. (18)



In this case, as we are assuming that S is bounded in C, if F(S,,.,S,.,...)
vanish at some point of the extended complex plane then from the second
basic property of Beltrami equation we conclude

F(Si.,Ss,-..)=0. (19)

Equations like (19) are our desired equations relating infinitesimal symme-
tries of the system (2). The next sections of the present paper are devoted
to the derivation of hierarchies of equations of this type. As we shall see the
form of the equations (19) does not depend on the choice of W, so that they
have a universal character.

The problem (2) and the equations (19) have an additional important
property; namely, they are invariant under the gauge transformations

3(27277—) -_)Sl(z)’z)’r) =S(z72)’r)+g(’r))

where g(7) is an arbitrary function. For concrete equations this property has
been observed earlier in [10]. This invariance implies that we can arbitrarily
prescribe the value of S at any given point z; (except at one of the z,), i.e. we
can always normalize S by the condition S(zp, 7) = go(tna, fa), in particular
S(z9) = 0. At the point z = z,, one can choose the gauge S(z,) = 0. As we
shall see different gauges produce different, but related, equations of the type
(19). It is also possible to give a gauge invariant formulation of equations
(19).

Before proceeding to the construction of concrete equations we would like
to note the following:

Remark 2.1 Within the fluid mechanical interpretation of the problem (2)
the 79,69 (z — z,) terms in the source p or the logarithmic terms tgq, In{z —
2,) describe sources or sinks of the fluid,while other terms describe vortices
located at the points z, (see e.g. [34]). In the electrostatic applications
the Y9a0®% (2 — 2,) terms or ty, In(z — 2,) terms, obviously correspond to
point charged particles with charges tp,. Other terms describe contributions
from electrical multipoles. Thus, the deformations we are discussing here
are generated by the infinitesimal variations of the strengths and positions
of sources or sinks of fluid, charges of the point particles and their positions,
and strengths and positions of vortices and multipoles.

Remark 2.2 Equations of the type (19) can be treated as the dispersion-
less limit of certain dispersive integrable hierarchies. Under this limit wave
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functions ¢ of the fully dispersive case become ¥ = exp(%) where €lim 0.
Within such a connection the variables ¢,, represent slow variables associ-
ated with the standard flow variables z,, = Eﬂeﬂ The variables tg, can be
considered as a quasi-classical limit of the Miwa variables. Indeed, in terms
of Miwa variables, the undressed dispersive wave function 1)y has the form
Yo(z) = Hi\r:l(;f: —1)P« where p, are integers (see [35]). By considering large
po and by introducing p, = toe/€ (€lim 0), one gets

22,:1 oo In(z — 24)
€

o ~ exp ~ exp(=2).

3 One point-like source case

We begin by the simplest case of source p concentrated on a single point, i.e.

oo

t
So=toln(z — z5) + Y ———c. 20
0 0 ( a) ; (Z _ za)n ( )
Therefore B
gt—‘i =In(z — z4) + %,
B (21)
88 _ 1 o5
Bt — (rza)® | Btn"
From these equations we deduce
_as 1 _ 88
e P = e o, zeC, (22)
Z— 2y
and _
e P = 278 D)) e 4 el (23)
2 — za ) b 1
where D(z) stands for the quasiclassical vertez operator
=1 o
D(z) = Z H(z - za)"a—tn. (24)

n=1

Let us first consider variations of the the ¢, variables (time variables). By

counting singularities if the derivatives %, one concludes that the simplest



of the equations of the type (14) is of the form

Stz — (Stl)z — ’UStl —- U= 0,
N (25)
v=—28,(2), u=8u(z0)— (S (20))* —vS; (20),

where zp is an arbitrary point zy # 2,. Other analogous equations look like

n—1

Stn — (Su)" =D _v(S)F =0, n2=2, (26)

k>0

where the functions v; = vi(t) are appropriate combinations of derivatives
of S(z,) and S(z) with respect to ;.

Equations (26) form a complete set of equations for infinitesimal varia-
tions S;, of S, generated by variations of the times ¢,. They are equations
of Hamilton-Jacobi type.

An important property of equations (26) is that they have the same form
for all functions W(z, 2, S,) describing nonlinearities in the problems (2).

Remark 3.1 Within the quasi-classical 8-dressing method, the functions
W a role of quasi-classical 0-data [19],[21]. The independence of the form
of integrable equations on the O-data is a general feature of the dressing
method.

By construction, all the equations (26) are compatible and solvable by the
use of the §-problem (2) and, in turn, they determine a hierarchy of equations
for the functions u, v and so on. The form of these equations depends on the
gauge choice.

There are two natural gauges. The first one is S(2) = 0, (20 # 24), in
which u = 0 and the hierarchy (26) becomes the Hamilton-Jacobi system of
equations for the dispersionless modified KP (dmKP) hierarchy. The lowest
member of which is [36], [21]

3

20, (vrz) = 0. (27)

3 3.,
Uty + —'U2'Ut1 = —’Utlatl (’Utz) — 4

2 4

The second natural gauge is S(zq) = 0. It leads to v = 0, and then (26)
reduce to the system of Hamilton-Jacobi equations for the well-known dKP
hierarchy (see e.g.[1]-[12]). The dKP equation itself is

3 3
’Ulta = Euutl + Z@al(utztz). (28)
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Other gauges can be of interest too. For example, if we impose S(z) =
B, ie S(z) = 0, we get a hierarchy of 2+ 1-dimensional Gardner (mixed
KP-mKP) equations. We shall refer to the hierarchy of equations (26) and
associated hierarchy for u and v as the d(KP-mKP) hierarchy.

One can formulate equations in gauge invariant form. In such a formu-
lation one has equations (26) for the gauge invariant object S* := S(z) —
S(20), while equations for potentials vy are formulated in terms of the gauge-
invariant 1

wi=u+ Eaglvtz — ZU2'

This formulation provides us also with the dispersionless Miura transforma-

tion [36]
1, 1
U= Eat Ly, — =02

4
By proceeding along the same lies as in [37], one can derive several impor-
tant generating equations and addition formulae associated with equations
(26). From (23), both p := g—i and exp(—D(z1)S5(z)) have a simple pole at
Z = 24, so that one gets

_ ___ v ( pese _ —13(:1)5(::0)) _
p(e) = pler) = ———(e e -0, (20)
where 25 € C is an arbitrary point zg # z,.

Equation {29) is of fundamental importance for describing infinitesimal
deformations. It is the generating equation for the hierarchy of equations
(26). Indeed, by expanding both sides of (29) in series on z;, one gets a
system which is equivalent to (26). Furthermore,by evaluating the left hand
side of (29) at z = z;, one gets

exp ( —D(z1)(S(2) - E(za))), 2€C, 2 €d.
N (30)

Thus, by setting z = 2z, € G and using (23) and the skew-symmetry of the

left-hand side of (30) under the interchange z; < 23, one concludes that

p(2) — p(z1) = R

D(21)(S(2) ~ S(za)) = D(z)(S(21) = §(za)- (31)
Equation (31) implies that there exists a function F such that
S(z) = S(2a) — D(2)F. (32)
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So one has

(2 — 21) ePEP@RIF o e G (33)
Zo — 21)(22 — 2a)
Further, by summing up the relation (33) for pairs of points (23, 21), (21,23)
and (=23, 23), one gets

(21 — 22) (23 — 20)€PEVPEIF 4 (50 — 21) (25 — 2,)ePFIPEF

p(Z2) _p(zl) = (

(34)
+(2o — 2z3)(z1 — za)eD(ZZ)D(“)F =0, 2,22,23 € G.

It is the addition formula for the dKP hierarchy in the case when the singu-
larity is located at a finite point 2,. One can get the usual form of the dKP
addition formula (see e.g.[11],[12],[18]) by sending z, — co. Equation (34),
which is gauge invariant, means that F' = In 7yxp, where 74 p stands for the
tau-function of the dKP hierarchy {7],[8],[11],[12].

From (29) one finds also that

Infp(z) = p(20)] = (20 — 2) = D(2)8(z0)
(35)
=In [e‘D(zi)S(z) — e‘D(Zi)S(Z")], z € G, (1=1,2,3).
L
Acting on this equation by the operators D(z;) and D(z;) with different

values of the indexes k,[, 4, and summing up the corresponding equations, it
follows

Z €ix(D(z;) — D(2z)) In [e‘D(z‘)S(z) - e‘D(Z‘)S("")] =0, 2€C, z€G,
ikl
(36)
where €1 is the totally antisymmetric tensor (ei3 = 1). Equation (36) is the
generating equation for the hierarchy of equations for S(z,%,t). Indeed, the
taylor expansion of its left-hand side leads to an infinite family of equations
for S only. For example, in the gauge S(z,) = 0, the first nontrivial order
gives
3 3 5 ;
Stlta = Z‘S’tztz + 5 [Stz - (Stl) :|St1t1) (37}
that is the S-equation for the dKP equation [21]. In the gauge S(z9) = 0
(20 # 2.), one has the corresponding equation for the dmKP hierarchy. Equa-
tion (36) encodes all relations between infinitesimal deformations generated
by variations of times ¢,.
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Now let us include also into consideration the variations of strength of
the logarithmic term in (20). Using (21) and (22), one readily gets

St = Ajre=50 + Agg,

(38)
S, = A2 e7 %% 4+ Agre™S0 4+ Ay,
where
-Al]_ — e—gto(za), A20 - Stz(zo) — A%le_zsto(zﬂ) — Azle_sto(zﬂ),
95 (39)
An =241, (%’;i))z# , A = S, (2) — AjeSw(=0),
In general,
n
Stn = Z Anke—kStO) (40)

k=0

where Ani(to, f) are certain functions.

The hierarchy of Hamilton-Jacobi equations (40) is a basic one for the
one-point-like source (20). Equations (40) imply a hierarchy of integrable
equations for the coefficients A,;. The lowest member of this hierarchy arises
from the system of equations (38) and in the gauge S(z) = 0 looks like

¢t1 + wto — e = 0,
(41)

¢t2 + thl + (¢t1)2 + (¢to)2 = 07
where ¢ := S(z4), ¥ : S,(20)-
Equation (28) allows us to derive an analog of the relationships {29)-(34)
for the logarithmic times. Indeed, by substituting (38) into (29) one obtains

¢~DS() _ o~DSGo) 4 _ L DiD(nsea),

(42)

[gmmmm_emmwqua
where we denote D = %.

12



Similar to the case (29), equation (42) is the generating equation for the
hierarchy of equations (40). They are obtained by the expansion of the left-
hand side of (42) in Taylor series in z;. The, by evaluating (42) at 2y = 2y,
one gets

e~ P(8()-5(2a)) _ o~D(S(z1)-8(za)) 4. ! e~ D()(S(:)-5(za)) = (43)
Z]_ - za

where z € C, z € G, which implies (32). Evaluating (43) at z = 2, € G and
using (23) and (32), one readily obtains the addition formulas for F:

#em(zz)l’_ ;eDD(Zl)F_F %2~ 2 eP@)D(=)F _ (44)
22 — Zo 2 — Za (71 — 2a)(22 — 2,) ’

where 21,2, € G. Formulae (40),(41)-(44) incorporate those of the d(KP-
mKP) hierarchy. It is easy to see that (44) implies the dKP addition formula,
(34). It is straightforward to check that the function S, which obeys (40},
solves also equations (26) and, in particular, equations (38) imply (25). Thus,
it means that the logarithmic source is fundamental for the description of
deformations of the problem (2).

Finally we consider variations of the positions z, where the source p is
concentrated. For the pure logarithmic source So = g In(z — z,) and

oS to o8

0z =_z—za+$;' (45)
Using (22), one deduces that

where A = texp Sy, (2) and B = —5’7‘5;(20) — Aexp—5;,(20), (0€C, 2 #

Za)-
In the generic case (20)

—~

o8 to Nty a8
0za 22— 24 + n>1 (2 — 2ot * EN (47)

In virtue of (21) one has

i tn ~
AS=-—2m 3T +AS, (48)

e (z — z4)"H
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where

A= —fo—o
fo-2 5t ; s th (49)
Using (47) and (48), one concludes that
oS
B AS+E=0, (50)

where £ = _SL@ + AS(z), 20 € C, 29 # 24
In part1cular in the gauge S(z) =0, we have F' =0 and
95(z)
0z,

= AS(2). (51)

This relation shows a connection of the variations of z, with non isospectral
deformations for the dKP hierarchy

4 Two-points source. Dispersionless Laplace
and 2DTL hierarchies

The case of a source p(h) concentrated in two different points z, and zg is
rather rich. The domain G can be a disconnected set (G = D, |J Dp), where
D, and Dy are two disks centered at z, and zg respectively. Several types of
different reduced hierarchies can arise.

The function Sy has the form

o0 m oo
So = toa In(z — 2,) + + togIn(z — 25) + . (52)
;(Z—Za) nz_;(z“zﬂ)

Let us first consider variations of the variables z, and y,. Similar to the
one-point case (26) one obtains two hierarchies of equations

Smn = Z Uk(x’y)(sm)ka (53)
k=0
Sy, = in(SI;,y)(Syl)k, n 21, (54)
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where U and Vj, are certain functions. Each of these hierarchies gives rise to
the dKP-mKP hierarchy in the variables z,, and y,, respectively. Intercon-
nection between both hierarchies is provided by the equation

Sz, Sy, +aSy, + b5y, +¢c=0, (55)
where
a= —Syl (za)i b= —Swl (Zﬁ)’ (56)
and
c= _Swl (zO)S'yl (ZO) - aSm (ZO) - bS:'n (ZO)' (57)

Here zy € C, 2 # 24, 23

Equation (55) can be treated as the quasi-classical limit of the well-known

Laplace equation

Yen + Athe + Bipy + cp = 0. (58)
Indeed, by introducing slow variables z; := €€, y; := en, considering the qua-
siclassical wave-function limit ¢ = exp(S/e) and proceeding to the limit € —
0, provided that A(%) — a(z1,41), B(&) — b(z1,91), C(&) — c(z1, 1),
one converts (58) into (55).

So one can refer to the hierarchy described by equations (53)-(55) as the
dispersionless Laplace hierarchy. It coOntains different interesting particular
cases. In the gauge S(z) = 0, the lowest member of this hierarchy is given
by the equation

Sx1Sy1 + aSzl + bSyl +c= 0,
(59)
SEZ = (S-Tl )2 + Ul‘g.’l:u Syz = (Sy1)2 + VISyl}

where U; = —28;,(24), Vo = —25,,(25). Evaluating equations (59) at z =
Za, 2p one gets the following equations

2
U:l—‘z = P (U$1 - V-’L‘l) + (Uz1)2 - 2U:E1V$1?
B8~ 2o
Vao + (Ve,)? = 24, (60)
1 1
Uzl%l_z,.—Zﬂ%1+ _zﬁUml + ¢y, =0,

where _ _
= = s ~ 0S8
UZS(Z,B)J V—':S(Za), ¢=§|z=za; ¢:$|z=zﬁA
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Equations (59) and (60) are the lowest members of the dispersionless
Laplace hierarchy. In terms of the variable ¢ := z3 + y», equations (60) are
equivalent to the dispersionless limit of the systemk of equations considered
in [38] (equation (9.6)) and in [39]. The equations discussed in [39] are
the equations for the Davey-Stewartson wave function. One more case of
interesting application of the dispersionless Laplace transform corresponds
to the constraints S(zq) = S(zg) = const. This constraint is compatible with
equations (53) and (54) for odd n. The lowest member of such a hierarchy
is given by the equation

Sz, Sy, +9=0,
Sps = (Sz, ) + U1 Sy, (61)
Sya = (Sy1)3 + 1/1851117

where Uy = 30,*q, V1 = 39;,'q. The corresponding equations for the poten-
tial ¢ are

Tos = 3900, tes))ars  tys = 3(2(85, 041) )y - (62)
In terms of 8; = O,, + J,, one has
qt = 3(‘1(8;;_11%1))11 + 3(Q(aw_11(Iy1))y1- (63)

Equation (63) is the dispersionless limit of the Nizhnik-Veselov-Novikov

equation [40]-[41]
9t = Gzyzizr T Gy T 3(Q(ag,—11q$1)z1t + 3(q(8;11qy1)y1.

Notice that the dispersionless limit of the Veselov-Novikov equation was dis-
cussed for the first time in [4].

Equations (61) have an interesting application in Physics. Namely, the
first equation is, in fact, the eiconal equation from the geometric optics.
Indeed, if we denote z =z, Z =y, z = = + 1y, it reads

82+ 8% =—4q.

Remark 4.1 For the multipoint sources case the gauge S(20) = const., z #
Za, 2p is & natural symmetry.
Remark 4.2 Equation (55) implies that

_aSgcl +c

=g T

(64)
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This relation shows that, using only one source (z,), one can generate in-
finitesimal deformations of S which have poles at other points (in this case
at z = zg. This fact, which was already discussed in Section 2, means that,
in particular, it is convenient to introduce the corresponding times from the
very beginning.

Let us include now the logarithmic times into consideration. Analogously
to (40), we have in the gauge S(zp) =0

n
an = ZAke_kstoa,
k=0
(65)
n
Syn = ZBke_kStoﬂu n Z 1:
k=0
where Ay and By are functions depending on the whole set of times. In

addition there is an equation relating the derivatives of S with respect to the
times ty and fgg

e St0a 505 1 Ae~Sta 4 Be~St0s 4 O = 0, (66)
where

1
28 — Zq

e—Stoﬁ (2a)

A=

H

(67)

1 e Swal®) O =_1-—A-B.

Za — 28

B=

Equations (65)-(66) describe the general two-points hierarchy of the in-
finitesimal deformation. It contains a well-known dispersionless integrable
hierarchy. Indeed, let us introduce new variables 7" and ¢ such that ty, =
T+1t, tgo =T —t. Then one has

oS — (_z__za)i (68)
zZ— 23
Using (68), one obtains
S:L'n = Z Uk,e_k:st, Syn — Z ‘/ke—kSt, n> 1, (69)
k=0 k=0
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for certain functions Uy and V;. The lowest member of the hierarchy (69) is
Sy =Ue™ U, 8, =Ve -V, (70)

where

U= ! eStlza) Yy =

Cgt(zﬂ)
)
2o T 2p 28 — 2q

Evaluating the left-hand sides of the equations (70) at z = zg and z,, one

gets
bo=e—(1-"), gp=——(1-e*), @)

Za — 23 28 — Za

where ¢ = S(z3), ¥ = S(za), or

U, +UV,=0, V, —VU;=0. (72)
The system (71) implies
arss + (&) =0, (73)
where
=lg|— ———et | =1 ‘
o=1g| e | =1ewv) (74)

Equation (73) is the well-known dispersionless 2DTL equation (see [11]). Its
associated system of Hamilton-Jacobi equations is provided by (69) [11],[21].
Note that equations (70) imply the following equation for S

Suusn + e (557 —7), =0 (75)

Now we will derive generation and addition formulae for the dispersionless
2DTL hierarchy in the gauge S(2) = 0. To this end we introduce the
operators

Dals) =3 2le =) g Dald)i= Y ple= g ()

n=1 n=1

e~ Dalz1)8(z) — 2~ 21 e~ Palz1)5()
Z — Zq
(77)
e Dn(z)S() = 2 22 -Dp(22)3(2)
z - Zﬂ
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where z € C, z,2, € G. Using (77),(?7) one obtains for p, = g—i and

pp ==
Pa(2) = palz1) + - i - e Da:)SE)-8Ga) — 0, s €C, 2 € G,
(78)
Ps(2) = po(22) + — ” e Pa()(8()~5(8) = 0, z € C, z € G.

By proceeding as in the one-point case, one finds that equations (78)
imply that

S(2) = S(2a) — Da(2)Fa, S(2) = 8(25) — D(2)Fy, z € G, (79)

where F,, and Fp are functions depending on the times only, which satisfy
addition formulae of the form (34).
On the other hand, using (68) one gets the identities

1 ~
e—D(S(z)—S(za) ;

Pa(2) — Palzs) = —
Zeo zZg

(80)

1 -Ds@)-56
28 — Zg ’

pp(2) —pp(2a) =

where z € C and we denote D := 2. By substituting (80) into (78), we

obtain

1 -Ds(a)-8a) _ 1 -D(S(1)-5(z)
Zo — 23 2o — 28 (81)
1 o Dee)S@-56) 0 ,eC, 5 €,
Zl - Za
and

1 o—D(8(2)-8(25) _ 1 e~ D(8(22)-5(2p)

Zﬂ — Za Zﬂ — 2a (82)
4 1 o~ Ds(22)(5(2)~5(zp) _ 0, z€C, z» € G.
Zy — 2g

These identities are generating equations for (69). Indeed, expanding their
left-hand side in Taylor series in 2; and 2, one gets (69). Furthermore,
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evaluating (81) at z = 2z and z = z, one deduces that S(z,) — S(2z5) =
DF, = DFg and so on. Hence

F,= Fﬁ =F= lgszDTL. (83)

Thus there is only one 7-function for the d2DTL hierarchy. This feature is
in agreement with earlier results [11]. Considering (81) at z = Z € G and
z =%, € G, and using (82), one shows that the function F' satisfies

eDDg(EﬂF __( eDDu(Zl)F+

(21 — 2g) (21 — 2a) 7 —2p)(%1 — 20)

N 84
(20 = 7)1 = )P OPEF = &

and DD5(22)F_ 5 5 D'Da(zz)F
e (22 — 24) (22 — 2zg)e +

Dﬁ(Zg)'Da(Ez)F — O

(22 — 2a) (2 — 25)
+ (25 — 2a)(Z2 — 22)e (85)

These identities imply, in particular, the addition formulae for the dKP hi-
erarchy. _ _

Then, evaluating (81) at z = 2, using the relations S(z3) = S(z5) —
Dy(2)F and §(z,) — S(zs) = DF, one obtains

1+ (za - Zﬂ) (21 - Za) ¢Pa(21)Dg(22)F

(zl - Zﬁ) (22 - Za) (86)
_ (21 — 2a)(22 — 25) ¢[Pa(z2)~Da(z1)+DIDF _
(21 — 28)(22 — 2a)

Evaluating equation (82) at z = 2, and taking into account that S(z) =
S(2a) — Dolz1)F , one gets the same equation (86)

Equations (84), (85) and (86) form a complete set of addition formulae
for the d2DTL hierarchy which completely define [11],{18] its associated 7
function.

Similarly to the one-point case, one can derive a generating equation for
the hierarchy of equations for S(see [37])

Finally let us include into consideration the variations of positions z, and
zg of singularities. The simplest case is the one logarithmic source

Z— 2q

z—zg
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Since

t oS t 0§

Sz”__z—za-l_a_za’ Szﬁ——z_zﬂ'l‘a—zﬁ, (88)

one obtains the following equations (we use the gauge S(z5) = 0)
S =Ue™™~U, S,=Ve%*-V, (89)

where ~ _
Ue—t Byt B (90)
2o — 203 ’ 25 — Za
Equations (89) imply that 8 = lg(UV') obeys

azuzg + (eo)tt = 0; (91)

which is again the d2DTL equation (73), but now the spacial variables are the
positions of the logarithmic singularities. In particular for z, = w, 29 = @
one gets the elliptic version of the d2DTL hierarchy. Despite of the fact that
(91) coincides with (73) their corresponding dressing procedures are different.
Indeed, for the simplest choice S(zq) =% =0, S (zg) := ¢ = 0, the formula
(75) gives the trivial solution 8 = const. of (73), while for (91) one gets the
nontrivial solution

0 =1g(UV) =2lg( ! )

28 — 2q
For the whole d2DTL hierarchy one has two relations of the type (50).

5 Multi-point sources

For the general N points-like source

N N o
tna
So = Ztoq,lg(z — Za) +ZZ(Z_—Z);, (92)
a=1 a=1 n=1 a
one has N hierarchies of equations
Stna :ZUake_kStoar o= 1:-":Nr nzl (93)
k=0
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These families of equations are related by equations of the type (66)
e_Sth_S‘Oﬁ + Aaﬂe_San + Aﬁae_stoﬁ + Baﬂ = O, (94)

where
Aap = €508 By — (14 Aug+ Aga). (95)

The hierarchy of equations (93), (94) is nothing but the universal Witham
hierarchy introduced in [8]. It contains a number of interesting subhierar-
chies. Obviously, there are N d(KP-mKP) hierarchies associated with each
of the singularity points z, (@ = 1,...,N). Then there are d2DTL hierar-
chies corresponding to each pair (z,,2g) of the singularity points. One can
show that there is only one function F for (93),(94) [8] .To demonstrate this
property it is enough to apply the same argumentation as that used in the
previous section to identify each pair F,, and Fjp.

We will discuss now some of the subhierarchies of (93),(94) with more
that two singularity points. Firstly, by restricting ourselves to the variables
tie (@ =1,...,N). we obtain the following set of equations (in the gauge
S(z0) = 0)

StuSey — 98, St — P88, =0, a#p, 0,f=1,...,N, (96)

where £, := t1, and p® := S(z,). By evaluating the left-hand side of (96) at
the points z = z, (v # o, B) one gets the bilinear system of equations

Y g —
(’Oga(pfﬁ - (’D’gﬂgoza - wfa (pgﬂ - 0 (97)
where o, § and «y are different. Equivaiently

o B
@ 12
& + [

=1. 98
(’D’Eyﬂ (pga ( )

Equations (96) and (97) can be treated as the dispersionless limits of the
systems

"puauﬁ = (]'g Ha)uﬁ d,’ll:a + (]‘g Hﬁ)ua¢uﬁi (99)
H} ., = (gH*)WH] + (g H ) H], (100)

where «, 8 and +y are different. The equations (100) form the Darboux system
describing the N-conjugate systems of surfaces in Euclidean space, and (99)
are the corresponding equations for the position vector [42]. In this case the
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slow variables are £, = eu, and the quasiclassical limit is implemented by the
expressions ¢ = exp £, H* = exp &. Thus, one shows that (99) anbd (100)
represent the dispersionless limit of the Darboux system and its associated

linear system (see also [37]).
Our second example is determined by an Sy function of the form

x Yooa Mop
So = +yzz—zn+tzlz—2m’ (101)

Z— 20 1

where a,, b,, are arbitrary complex parameters and the sets {z,} and {Z,,}
are disjoint. In this case

Qp -~
=2 +5, (102)

From these expressions the following Hamilton-Jacobi type equations follow

Ny oM
Sy:V"Jrnz:;Sz—Un’ stzvo+mz_:lm, (103)

where _
Un = Sx<zn7$ayat)a Un = Sz(gm’m’y’t)a (104)

and Vg, Vi, Vo, Vi, are functions of (z,y,t). The type of equations (103) as
well as its associated integrable systems have been considered in [10].
Another interesting subhierarchy corresponds to the choice

N
T t a

So = 2. 1

0 z—z0+(z—z0)2+ynz=;z—zn (105)
In this case one has the following equations
Yy
— E n — Q2

Sy —Vo+n=l S:,,-_-—U;’ St —Sm+U0, (106)
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where U, := Sz(zn, z,y,t). The associated integrable system

Uns+Unz — (Un)a =0,
Vit —2(ValUn)e =0, 1< n <N,
Uoy +2) Voe =0,

i=1

is the generalization of the Benney system to 2 4+ 1 dimensions proposed in
[8],[10]

Other particular cases of the hierarchy (93),(94) will be considered else-
where.

Remark 5.1 All of our constructions in this and previous sections were
local ones, with singularities (sources) located in certain domains of C. This
means that one will get the same formulae by considering instead a chart of
the Riemann sphere. Compactness of the Riemann sphere imposes certain
constraints of the form (92) of the sources (singularities). In particular,

Zla\':l too = 0 (see e.g.[34])
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