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TORIC RESIDUES AND MIRROR SYMMETRY
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To Yuri Ivanovich Manin on his 65-th birthday

ABSTRACT. We develop some ideas of Morrison and Plesser and formulate a
precise mathematical conjecture which has close relations to toric mirror sym-
metry. Our conjecture, we call it Toric Residue Mirror Conjecture, claims that
the generating functions of intersection numbers of divisors on a special sequence
of simplicial toric varieties are power series expansions of some rational func-
tions obtained as toric residues. We expect that this conjecture holds true for
all Gorenstein toric Fano varieties associated with reflexive polytopes and give
some evidences for that. The proposed conjecture suggests a simple method for
computing Yukawa couplings for toric mirror Calabi-Yau hypersurfaces without
solving systems of differential equations. We make several explicit computations
for Calabi-Yau hypersurfaces in weighted projective spaces and in products of
projective spaces.
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1. INTRODUCTION

The mirror symmetry attracts interest of mathematicians because it allows to
identify mathematical objects of a very different nature: generating functions for
Gromov-Witten invariants of rational curves on Calabi-Yau manifolds X and power
series expansions of special functions on periods of the mirror family of Calabi-Yau
manifolds X*. Many examples of this identification can be computed explicitly
for Calabi-Yau hypersurfaces in toric Fano varieties. The general toric mirror
construction [Bat2] suggests a duality between Calabi-Yau varieties with Gorenstein
canonical singularities. These singularities in general can not be resolved without
changing the canonical class. Therefore, a verification of the toric mirror symmetry
in full generality requires orbifold versions of quantum cohomology and Gromov-
Witten invariants for singular varieties (cf. [CR1, CR2]). The Mirror Theorem
states that power series obtained by these two very different methods are actually
the same. It is rather nontrivial to prove the Mirror Theorem even in the very
special case of Calabi-Yau quintic 3-folds [G2, G4].

In this paper we propose a more elementary mirror symmetry test which is
expected to hold for all families of Calabi-Yau hypersurfaces in Gorenstein toric
Fano varieties associated with dual pairs of reflexive polytopes. We formulate this
test as a mathematical conjecture and call it Toric Residue Mirror Conjecture. The
idea of this conjecture is due to Morrison and Plesser [MP] who have checked it for -
some toric Calabi-Yau hypersurfaces (including the case of Calabi-Yau quintic 3-
folds). Unfortunately, Morrison and Plesser didn’t formulate their ideas in the form
of a precise mathematical conjecture. The most important contribution of Morrison
and Plesser [MP] is the construction of a sequence of toric manifolds {Ps} associated
with pairs (P, 3), where P is a smooth projective d-dimensional toric manifold P
and 8 is an element in the monoid of integral points in the Mori cone K.g(P)
of P. Using ideas of Morrison and Plesser, we define a special cohomology class
&g € H2dmFs—d)(Py Q) which plays the role of a “virtual fundamental class” in
our mirror symmetry test. The manifold Ps and the cohomology class ®g will be
called Morrison-Plesser moduli space and Morrison-Plesser class respectively. For
our Toric Residue Mirror Conjecture, we will need a slight generalization of the
Morrison-Plesser construction for projective simplicial toric varieties IP.

Let us make some remarks concerning the relation of our conjecture to the tra-
ditional point of view on the mirror symmetry for Calabi-Yau manifolds (see, e.g.,
[CK]). First of all, it is important to emphasize that Toric Residue Mirror Conjec-
ture can not be obtained as a consequence of the mirror theorems due to Given-
tal and Lian-Liu-Yau [G4, LLY2, LLY3]. On the other hand, it seems that all
known methods for proving Mirror Theorem for toric Calabi-Yau hypersurfaces
and complete intersections use some versions of the Morrison-Plesser moduli spaces
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Ps as naive toric approximations of the Kontsevich moduli spaces of stable maps
[G1, G2, G3, G4, G5, LLY1, LLY2, LLY3].

This makes impression that our conjecture could provide a helpful intermediate
step for future formulations and verifications of the toric mirror symmetry predic-
tions in case of Calabi-Yau varieties with orbifold singularities. We remark that
the Toric Residue Mirror Conjecture also suggests a simple method for computing
Yukawa (d — 1)-point functions for (d — 1)-dimensional toric Calabi-Yau hypersur-
faces without using systems of differential equations.

The main advantage of the Toric Residue Mirror Conjecture is its simplicity. One
does not need to know much (e.g., the Hodge theory, Gromov-Witten invariants and
quantum cohomology) in order to understand its statement. Our conjecture uses
only the intersection theory on simplicial toric varieties Ps and the notion of toric
residues which are standard operations in computational commutative algebra.
Unfortunately, we were not able to prove our conjecture in general. In this paper,
we check it for some classes of reflexive polytopes using direct computations. We
hope that a conceptual proof of the Toric Residue Mirror Conjecture for arbitrary
reflexive polytopes would be an important contribution to understanding of the
mirror symmetry phenomenon.

The paper is organized as follows. In Section 2, we give a review of toric residues
and their properties. In Section 3, we discuss Morrison-Plesser moduli spaces Pg
associated with lattice points 8 in the Mori cone K 4(P) of a simplicial toric variety
P. In Section 4, we formulate the Toric Residue Mirror Conjecture and give some
evidences for it. In Sections 5 and 6, we illustrate our conjecture for some simplest
interesting cases. In Sections 7 and 8, we prove the Toric Residue Mirror Con-
jecture for Calabi-Yau hypersurfaces in weighted projective spaces and in product
of projective spaces. Section 9 explains applications of our conjecture to the toric
mirror symmetry and to the computations of Yukawa couplings for toric Calabi-
Yau hypersurfaces. Some examples of these computations are given in Sections 10
and 11.

We remark that the Toric Residue Mirror Conjecture can be formulated in the
same generality also for toric Calabi-Yau complete intersections associated with nef-
partitions of reflexive polytopes. The details of this generalization will be published
in the forthcoming paper [BM].

Acknowledgments. We would like to thank A. Mavlyutov for suggesting us to
use his formula for computation of Yukawa couplings and for pointing out us on
the correction in constants in this formula. This work was supported by DFG,
Forschungsschwerpunkt “Globale Methoden in der komplexen Geometrie”.
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2. TORIC RESIDUES

The notion of toric residue was introduced by D. Cox using homogeneous coor-
dinates on toric varieties [Cox2). In this paper, we prefer another approach which
uses the affine coordinates ¢y, . .., t4 on the algebraic torus T = Spec C[tlﬂ, - ,tfiﬂ].

Denote by M the group of characters of T which is isomorphic to Z%. Let A be
a d-dimensional convex polytope in Mg = M ® R with vertices in M.

Definition 2.1. We denote by

o0
Sa =P sk
k=0
the graded subring in C[to,tiﬂ, e ,tfl] whose k-th homogeneous component S% is

spanned as C-vector space by all monomials t§¢]* - - - £7¢ such that the lattice point
(my,...,mg) is contained in kA.

Definition 2.2. The variety P, := Proj Sa is called the projective toric variety
associated with the polytope A. We denote by Op, (1) the ample invertible sheaf on
- P corresponding to the graded Sa-module Sa(—1).

_Definition 2.3. Denote‘byﬂ_I,A = @,‘2":0 Ik the graded ideal in Sa whose'k-th
-homogeneous component /% is spanned over C by all monomials 57" - - -39 such
~that (my,...,my) is contained in the interior of kKA.

It is known that Sa is a Cohen-Macaulay ring and Ia is its dualizing module
[Dan]. Let go(t),91(2),...,9a4(t) be generic Laurent polynomials in C[t{!, ..., t]
with supports in A such that

G ={Go,Gn,...,Gq} := {togo(t), togr(t), . . ., toga(t)} C Sx

is a regular sequence in So. We can consider the polynomials Gg, Gy, ..., Gy also
as global sections of Op,(1) on Pa having no common zeros.

Since G is also a regular sequence for the dualizing module Io, we obtain two
finite-dimensional graded C-vector spaces

SG = SA/<G01 Gl) cry Gd)‘SA’ IG' = IA/<G01 Gla RS Gd)-[A,

where I is a dualizing module of the Artinian graded ring S (see [Batl, Propo-
sition 9.4]). One has a duality

SEqx IEF 513 k=0,...,d,
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where Ig“ is a 1-dimensional C-vector space. The Jacobian

N T

(1) Jg = det (t,- aact;J) — tg+1 det L f?tl 1 ?t1 1 f"t1
i / o0<i,j<d : : i :

tade t,28 .. t2m

is an element of S4!. One can easily check that Jg is contained in I3 C S4t!

(see [CDS, Proposition 1.2]) and the class of Jg in I spans I
We define the toric residue in the following algebraic way:

Definition 2.4. Let Vol(A) be the normalized volume of A, i.e., d!-(volume of A).
The C-linear map
(2) Resg : I4t! = C,

vanishing on the C-subspace (Gy, Gy, - .., Ga)I4 C I and sending Jg to Vol(A)
is called the toric residue. This map establishes a canonical isomorphism

Ig+1 = IZ_H/(G(), Gl, e ,G,»IZ =

Remark 2.5. This algebraic definition of the toric residue works as well for any
algebraically closed field k of characteristic 0. We compare it with the definition
given by D. Cox in Section 9.

There exists a more geometric point of view on the toric residue. For this, one
remarks that the coherent sheaf In associated with the graded Sa-module I, is
exactly the sheaf Qf of Zariski differential d-forms (or dualizing sheaf) on Pa
[Dan]. Comparing the pairing cohomologies

Hd(]PA,Q]%A) X HO(PA, OPA) — Hd(]PA,Q]%A)

with the pairing
I8 x 88 — I8,

we can canonically identify the 1-dimensional C-space I&! with H4(Pa, 08, ). The
regular sequence G defines a finite morphism of degree Vol(A)

T :Pa =P p (Go(p) : Gi(p) : - - : Ga(p)).
Consider the Cech cocycle

d
Z ¥4 zZ
Z1° 24 Z9 Zp

in the standard open covering U = {z; # 0};=,... 4 Of P? with the homogeneous co-
ordinates 2o, z1, . . . , zg. One can show that o determines a generator of H(P?, Q4,)
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[Hal, Chapter III, § 7]. It is easy to check that the map
T* : HYP?, Ofs) — HY(Pa,Of,)

sends a to the Cech cocycle

(o) = —CF LA A4

C = a@a" "

in the covering U' = {G; # 0}i=o,...a of Pa. Since the sheaf Qg » is dualizing, there
exists a canonical trace map Tp, : H*(Pa,Qf,) — C (see [Hal, Chapter III, § 7]).
By the property of the trace map

Tp,(["(0)]) = deg(¥)Tpa([a]) = Vol(A)Tpa([a])

(see [Ha2, Chapter III]). This naturally explains the normalization Resg(Jg) =
Vol(A) in Definition 2.4.

Let us review some properties of the toric residue.

Choose a regular sequence G = {Gj, Gy, . .., Gq} in S} defined by Laurent poly-
nomials go(t), g1(¢), - . ., ga(t) supported in'A as above. It follows from the regularity
of G that the set V, of common zeros of Gy, ...,Ggq in P4 is finite. Next statement
follows immediately from [CCD, Theorem 0.4] and [CDS, Proposition 1.3] and
claims that toric residue can be expressed as a sum of local Grothendieck residues.

Theorem 2.6. _Let‘p(tl, pos ,tq) be a Laurent polynomial with support in the interior
of (d+1)A. We set P :=ta'p(t1,...,ts) € IS and choose a sufficiently generic
reqular sequence (Go,G1,...,Ga) = (togo, tog1, - --,t0gd) C Sh such the set Vy of

common zeros of G,...,Gq in Pa is contained in T =2 ((C*)d. Then
Resg(P) = Z resy ¢ (wp),
£ev,
where

dt dt

_Plg dh 3

917" 9n b tq

and resy ¢(wp) is the local Grothendieck residue of the form wp at the point £ € V.
In particular, if all the common roots of ¢1,...,g94 in T are simple, then

_ p(§)
Resg(P) = &ZV ONIGE

wp =

where

0g;
J? = det (t,- ’) .
! 0t ) 1<ij<a
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Let A be a finite subset in A N M which contains all vertices of A. Write each
of the polynomials go(t), g1(t), - . ., ga(t) as

gi®) =Y adtm, j=0,1,...,d.
meA

Let Q[a] be the polynomial ring in the variables o (m € A,0 < j <d). Denote by
Roo....00(@) € Qla] the (unmized) sparse A-resultant of gy, ..., gq defined in [GKZ,
§8.2]. The following statement, which is a reformulation of [CDS, Theorem 1.4] and
[Di, Proposition 3.5], claims that toric residue is a rational function in coefficients
of Laurent polynomials go, g1, - - - , ga-

Theorem 2.7. For any interior lattice point m in (d+ 1)A, there exists a polyno-
mial Qn(a) € Qa] such that

Qm(a)
Resg(tdtit™) = =222
RQOy'-'ygd(a')
We will be mostly interested in toric residues in the special case when the regular
sequence F' = (Fy, F1, ..., Fy) of elements in S} is constructed as follows. Take a

generic Laurent polynomial

&)=Y amt™ € Clti, . 151

meA
and define
Fy :==tof(t), Fi .=t fi(t),..., Fa:=tofa(t),

where f;(t) := t;:0f/0t; (1 < i < d). In this case, the Jacobians Jp, J% become
Hessians

) ) Ofi
H, = det ((t,-—) (t—) t f) . HY :=det (t—’) ;
d ot; ! 0t ’ 0<i,j<d g K& 1<ij<d

We write for simplicity S¢, Iy, Resy instead of Sp, Ir, Resp respectively.

The principal A-determinant E4(f) of polynomial f(¢) is defined to be the sparse
resultant R;y, . 5 (a) of polynomials f(t), fi(t),..., fa(t) [GKZ, §10.1]. It fol-
lows from [Batl, §4] that principal A-determinant E4(f) is nonzero if and only
if Fy, F, ..., Fy form a regular sequence in S%. In the latter case the polynomial
f(¢) will be called A-regular. Note that A-regularity of f guarantees that all critical
points of f are isolated.

Remark 2.8. There exists another definition of A-regularity of a Laurent polynomial
f =2 mea amt™. For any face I' of A, we define the Laurent polynomial

f]_" = Z amt’".

meANT
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The polynomial f is called A-regular if

3) {tenr folt) = o) = afr(t)—o} 0

for all faces I' C A. This definition is equivalent to the previous one, because E4(f)
is equal to the product of discriminants [GKZ, Chapter 10, Theorem 1.2]

Ea(f) == [ Danc(fr)*", ureN
rcA
and for each face I' C A the condition (3) holds if and only if the discriminant
D snr(fr) is nonzero.

The statements of theorems 2.6 and 2.7 for the toric residue Resy can be sum-
marized as follows:

Theorem 2.9. Let P = ta™'p(ty,...,t4) be an arbitrary element in IS, Then

(2) for any sufficiently generic A-regular Laurent polynomial f(t) such that the
set Vi of all common zeros of Fi, ..., Fy in Pa is contained in T = (C*)¢ and any
critical’ point £ € V; of f is nondegenerate (i.e., H O(f) # 0), one has

Res(P) = Zf © °(§)

£eVy

(32) the toric residue Resy(P) is a rational function in the coefficients of the
polynomzals p(t) and f(t). In particular, for any interior lattice point m in (d+1)A,
. there exists a polynomial Qm(a) € Qa] such that .

Res (t3+14™) ﬁ_ g:((;g :

Let N := Hom(M,Z) be the dual to M lattice and Ng := N ® R. We denote
by (*,*) the natural pairing Mg x Ng — R.
Definition 2.10 ([Bat2]). A polytope A C Mg with vertices in M is called reflezive
if it contains 0 as interior point and its polar polytope

A*={ye Ng:{(z,y) > -1, VzeA}C Ng
has vertices in N. We remark that A is reflexive if and only if PA is a Gorenstein
toric Fano variety and Op,(1) is the anticanonical sheaf on Pa.

The reflexivity of A implies that A* is also reflexive and (A*)* = A. We will
demand that the finite subset A C M N A contains not only all the vertices of A,
but also the lattice point 0 as interior.

Now consider the toric residue Res; in the special case when the support polytope
A of f is reflexive. In this case, I is the principal ideal in SA generated by ¢,. This
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implies that H; € Igt' C S&™ can be uniquely written as product toH}, where

A 3
fi gy o b

H} = td det o ™1 esd.
fa tdgt—’: td%{—:

The ring Sa is Gorenstein and the multiplication in Artinian graded ring Sy defines
the perfect pairings
SExSF*—~84, k=0,...,4

where S}’ is a 1-dimensional C-vector space generated by the class of H}. By abuse
of notations, we denote by Resy also the C-linear map

Res; : 54 — C,

vanishing on the subspace (Fy, Fy, . . ., F4)S% ' C 5% such that Res;(H 1) = Vol(A).
This map induces a canonical isomorphism

(4) S$=S%/(Fo,F,..., F))Sa 't =C.

3. MORRISON-PLESSER MODULI SPACES

Let P = P5x; be a d-dimensional projective simplicial toric variety over C defined
by a simplicial fan ¥ whose 1-dimensional cones are generated by integral vectors
e1,---,en € N. There exists a canonical embedding M = Hom(N,Z) — Z"
defined by

m— ((m,e1),...,{m,e,))
which gives rise to the short exact sequence

0—-M—Z"— CI(P) — 0,

where CI(P) is canonically isomorphic to the group of Weil divisor classes on P
modulo linear equivalence.

Let G C (C*)" be the diagonalizable algebraic group over C with the character
group CI(P). Then P can be described as a quotient U(X)/G (space of orbits),
where U(Z) is an open dense subset in C* and the action of G on U(X) is induced
by the embedding G < (C*)* defined by the epimorphism Z" — CI(P). The stan-
dard affine coordinates z,...,2, on C* determine homogeneous coordinates on P
[Cox1]. Every equation z; = 0 (1 < j < n) defines a Weil (Q-Cartier) divisor
D; on P. We denote by xi,...,Xxn the characters of G defining the representa-
tion of G in GL(n,C). These characters correspond to the Weil divisor classes
[D1],-..,[Dy] € CI(P). Let R(X) be the subgroup in Z™ consisting of all lattice
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vectors A = (I, ...,1,) such that lye; +- - -+I,e, = 0 and N’ the sublattice of finite
index in N generated by ey, ..., e,. We have the exact sequence

0—-R(ZX)—Z"—> N— N/N' =0,
where the middle map is (Iy,...,s) = D7, l;e;. Tensoring this sequence by Q,
one gets

0—-RZE)Y®Q->Q">N®Q—0.
Comparing the latter with the exact sequence

0-MeQ-Q"->Cl(P)eQ —0,
we obtain the canonical isomorphisms

Hom(R(Z),Q) = CI(P) ® Q & Pic(P) ® Q & H*(P, Q).

Therefore, R(X)q := R(X) ® Q can be identified with the rational homology group
H,(P, Q). For any Q-divisor D =} :_, ¢;D; (c; € Q) and forany A = (Iy, ..., 1,) €
R(X)q, one has the intersection number

(D,N)=> cli€Q
i=1

If H is an ample Cartier divisor on P, then the fan ¥ can be obtained as a normal
fan for the simple d-dimensional polytope

AH = {(3}1, NN ,.’L‘n) EA'REO : Z(D]‘, A).’L'J = (H, )\), VA € R(Z)Q} .

j=1 |
All vertices of Ay belong to the sublattice My C R", where My is the set of all
integral vectors (z1,...,%,) € Z" such that H is linearly equivalent to Y 7, z;D;.

Let Kamp(P) be the closed ample (or Kéhler) cone in C1(P) ® R = H?*(P,R) and
Keg(P) the dual to Kymp(P) Mori cone of effective curves in R(X)g = Hy(P,R).
The cone of vectors 8 = (by,...,b,) € R(X)r = R(Z) ® R such that by,...,b, >0
will be denoted by K*(P). It is easy to see that KT (P) is always a subcone of the
Mori cone Kg(P).

For any lattice point 8 = (by,...,b,) € Keg(P), we will construct a simplicial
toric variety Pz which can be considered as a “naive compactification” of the moduli
space of rational maps ¢ : P! — P such that the class [¢(P!)] € Hz(P,R) is equal
to B. In the case B = 0, the toric variety Ps coincides with P.

First we consider the case 8 = (by,...,b,) € KT(P), i.e., all the by,...,b, are
supposed to be nonnegative. Since (D;,0) = b; (1 < j < n), we can construct
amap ¢ : P! — P with [¢(P!)] = B by choosing n homogeneous binary forms
é1(u,v), ..., ¢n(u,v) € Clu,v] such that degg; = b; (1 < j < n). Let C;(f)
be the space of all homogeneous binary forms of degree b; (dimC;(8) = b; + 1).
We set C(8) := @]_, C;(8) and denote by 20 zl(,j ) the coordinates on C;(8)
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corresponding to the standard monomial basis of C;(5). We define the action of
G on C;(8) as the scalar multiplication by the character x; (1 < j < n). This
defines an effective action of G on C(8). If xg = xi* - - - xo is the character of G
corresponding to the class of the ample Cartier divisor H = Z?zl ¢;D; on P, then
we define the Morrison-Plesser moduli space P as the GIT-quotient C(3)//G
with respect to the linearization by xz of the structure sheaf on C(3). We define
the dense open subset U(8) C C(B) as the union of all open subsets

Usy.in (o) = { 2 CB) ¢ 20 ... i) 4 0} ’

5 12 tn-d

where o runs over all d-dimensional cones of X, {ej,, €j,,...,€;,_,} is the set of all
vectors from {ey,...,e,} which do not belong to o, and each index 7 (1 < k <
n —d) runs independently over all elements of {0, 1,...,}. It is easy to show that
the Morrison-Plesser moduli space P is also the space of orbits U(8)/G. Moreover,
P is a projective simplicial toric variety of dimension d + E;=1 b;.

In general, the cone K*(P) is smaller than Kg(P). In Section 5 we consider
such a situation for P = [F; and show that there exist infinitely many classes B €
Keg(F,) \ K*(IFy) which can not be represented by irreducible curves C C F; (see
Remark 5.3). Therefore, if one of the coordinates b; of 3 = (b1, ..., by) is negative,
it may happen that there is no rational map ¢ : P! — P such that [¢(P!)] = 3,
but the corresponding Morrison-Plesser moduli space Pg (see Definition 3.4 below)
is not empty. '

Now let 8 = (by,...,b,) be an arbitrary lattice point in Kg(P). For any j €
{1,...,n}, we define the free abelian group Z;(8) as

_ [zt if b >0,
Z4(8) = { 0, if b; < 0.

Using the standard basis of Z;(3), we write each element of Z;(83) as the integral
vector (mf)’),mgj),...,x,(,;)). We set Z(B) := @), Z;(8), R(8) = Z(6) ® R and
denote by R, () the set of all vectors in R(S) having nonnegative coordinates.

Definition 3.1. Let be r the number of negative coordinates of a lattice point 8 =
(b1, ...,bn) € Keg(P). Without loss of generality we may assume that by, ...,b,_, >
0 and b,_py1,...,b, < 0. We define the convex set

n—r b;
Ay =z eR0(B) : Y (DA | D 2P | =(H, ), VAeR(S)g
=1 i=0
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Denote by M5 C Z(8) the set of all lattice points z € Z(83) whose coordinates :c,(-j )
satisfy the condition: the divisor

n—r bj )
S (x4
j=1 1=0
is linearly equivalent to H up to a linear combination of D,,_,y3,..., Dp.

Proposition 3.2. A’;{ is a compact convez simple polytope having vertices in M g
The normal fan Lg of the polytope Af, does not depend on the choice of the ample
divisor H.

Proof. In order to see the compactness of A%, we remark that there exists a canon-
ical affine linear mapping 7g : A‘Z — A}, = Ay which replaces every b; + 1 coordi-
nates z’, 2, . .. ,mg) by their sum z; = Y%, =@ 1t is clear that m5(A%) c R®
is a face of AY defined by the equations z; = 0 (n —r < j < n). There-
fore dimmg(AY) = d — 7 if m(A%) is not empty (the latter holds if and only
if ey, ..., €, generate a r-dimensional cone in ¥). We observe that the preimage
75 (z) of a point in € m5(A%) is the product of n — r simplices of dimensions

bi,...,bar. Therefore, A% is compact and
n—r
dimA? =d—r+ ij.
Jj=1

Now we want to describe all faces of codimension 1 (i.e., facets) of A?{. It is clear
that each facet must be defined by an equation xgj) = 0 for some 0 < 7 < b,
1 < j < n—r. However, it is not true in general that every equation x? ) =0
defines a facet. It is easy to show that the equation a:gj ) = 0 defines a facet
of A? if and only if either b; > 0, or if b; = 0 and e;,en_r,...,e, generate a
(r + 1)-dimensional cone in ¥. The mg-image of a vertex y € A% is a vertex of
Ag. Take an arbitrary vertex z € ms(A%). Since z is a vertex of Ag, there
exists a subset {71,...,%a} C {1,...,n} which contains {n—r+1,...,n} such that
€i,- - -,€iy are generators of a d-dimensional cone in £ and z € Ay is defined by
the conditions z;, = --+ = z;, = 0. Since Ay is a simple polytope we have z; > 0
for all j & {i1,...,%4} and the equation z; = fio acgj) defines a b;-dimensional
simplex with (b; + 1)-vertices. In this way, we obtain [];(b; + 1) (j runs over
{1,...,n}\ {i1,...,4a}) vertices of A? as ms-preimages of z. By this method,
we get all vertices of A% as mg-preimages of vertices of wﬁ(A%). Moreover, one
sees that each vertex of A% is contained in exactly dim A%, facets: for each j €

i,..,igt\{n—r+1,...,n Wegetb-+1facetsm(-i)=0 0 < < b;) containing a
7 7 J
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chosen mg-preimage y of « and for each j € {1,...,n} \{i1,..., 44} we get b; facets

a:y) = 0 containing y. Therefore A?I is a simple polytope. Since the combinatorial

structure of A% is completely determined by 3 and Ag, it does not depend on the
choice of H and the same is true for the normal fan 3. O

Definition 3.3. Let 8 = (by, ..., b,) be an arbitrary lattice point in K.g(P). The
projective simplicial toric variety P’s associated with the normal fan ¥z of the
polytope Ag is called the Morrison-Plesser moduli space corresponding to
B € Kg(P).
It follows from the proof of the last proposition that
n—r
dimPs = dim A% =d —n+ Z(bj +1)

j=1
if P is not empty. It is easy to see that the last definition of the Morrison-Plesser
moduli space coincides with the previous one in the case 8 € K+(P). We also

remark that Pg is nonsingular for all 3 € K.g(P) if P is nonsingular. We will need
the following property of the Morrison-Plesser moduli spaces Ppg:

Proposition 3.4. There exists a canonical surjective homomorphism
vp : H*(P,Q) — H*(P5,Q)
which is always bijective if B € K+(P).

Proof. Let {ejy,-..,e;,} be the set of all generators e; € {ey,...,e,_,} such that
b; =0 and e;, en_r41,.-.,€q do not generate a (r + 1)-dimensional cone in . We
define the subgroup Gg C G to be the common kernel of the characters x;,, ..., X;j,
ie.,
Gg:={9€G : Xpn(9) =" = x5 (9) =1},

Then the simplicial toric variety Pg can be obtained as a geometric quotient of an
affine space of dimension (b; +1)+- - -+ (bp—r+1) —k modulo the linear action of Gg.
The embedding G — G induces the surjective homomorphism of the character
groups CI(P) — Cl(Pg). This homomorphism is bijective if 3 € K*(IP), because
in the latter case G = Gg. Tensoring by @, we obtain the canomical surjective
homomorphism v : H%(P,Q) — H?(Ps, Q). O

Definition 3.5. Assume that the anticanonical class —Kp of P is nef, i.e., (—Kp, 3) =
Z;’zl b; > 0 for all B € Kg(P) and r is the number of negative coordinates of g,
ie,bi,...,bp_p > 0and b,_,41,...,b, < 0. By abuse of notations, let us denote by
[D;] € H3(Ps, Q) (1 < j < n) also the image of [D;] € H*(P,Q) under 9. Using
the multiplication in the cohomology ring H*(Ps,Q), we define the intersection
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product

n

Qﬂ — ([Dl] +e [Dn])b1+"-+bn H [D]‘]_bj—l,
j=n-r4l
considered as a cohomology class in H(4mFs~d)(P; Q) and call &5 the Morrison-
Plesser class of Pgs.

4. Toric RESIDUE MIRROR CONJECTURE

In order to formulate our conjecture, we need some results about Newton poly-
topes of principal A-determinants due to Gelfand, Kapranov and Zelevinsky [GKZ].

Let A C Mg be a d-dimensional polytope with vertices in M. Denote by A a
finite subset in A N M which includes all vertices of A.
Definition 4.1. By a triangulation T = {7,..., 7} of A associated with A, we
mean a decomposition of A into a union of d-dimensional simplices 7, . . ., 7 having
vertices in A such that any nonempty intersection 7;N7; is a common face of 7; and
7;. A triangulation 7 associated with A is called coherent if there exists a convex
piecewise-linear function ¢ : A — R whose domains of linearity are precisely the
simplices of T . ;
Definition 4.2. Denote by R4 the space of all real-valued functions on A. Let T
be a triangulation of A associated with A. The function x7 : A — R defined as

m Z Vol(r;),

i:meVert(r;)

where the sum of the normalized volumes Vol(7;) runs over all simplices of 7; €
T containing m € A as vertex, is called the characteristic function of 7. The
secondary polytope Sec(A) is defined as the convex hull of the vectors x+ € R#4,
where 7 runs over all triangulations of A associated with A.

Theorem 4.3 ([GKZ], Chapter 7.1). The secondary polytope Sec(A) C RA is
o (JA| — d — 1)-dimensional polytope whose vertices are exactly the characteristic
functions x1 corresponding to all coherent triangulations T of A.

Consider a generic Laurent polynomial
F&) = amt™ e Clts, ..., t5"].
meA

The principal A-determinant E4(f) is a certain polynomial in |A| independent
variables {am,}mea With integral coefficients. The following theorem will be very
important in the sequel.
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Theorem 4.4 ((GKZ], Chapter 10.1, Theorem 1.4). The Newton polytope of Ea(f)
coincides with the secondary polytope Sec(A). If T = {m,...,7} is a coherent
triangulation corresponding to some vertex of Sec(A), then the coefficient at the

monomial [],,c4 @ aXT™ in Ea(f) is equal (up to sign) to the product

k
T Vol(r;)¥eitrs).
i=1
Recall the notion of a Laurent series of a rational function at a vertex of the
Newton polytope of its denominator (see, e.g., [GKh] or [GKZ, p. 195]).

Definition 4.5. Let P(a),Q(a) € Clai’,...,aF!] be two arbitrary Laurent poly-
nomials and let v € Z" be a vertex of the Newton polytope of @ =Y, c,a”. We

write Q(a) = c,a’(1 + Q(a)), where
Cw w u
Q(a) = ,;, Z

It is easy to see that each Laurent monomial in ay,...,a, appears with nonzero
coefficient in (Q(a))* only for finitely many values of . So the expression

HQ()—Z_;( 1)/(Q(a))’

is well-defined as a Laurent power series in the variables a,, . ..,a,. The product

P(a)-¢;'a™ - (1 - Q(a) + (Q(a))* —--+)
is called the Laurent series of the rational function P(a)/Q(a) at the vertex
v of the Newton polytope of Q.

Now we are able to formulate our Toric Residue Mirror Conjecture:
Conjecture 4.6. Let A C Mg be an arbitrary reflexive d-dimensional polytope and
A a finite subset in AN M containing 0 and all vertices of A. Choose any coherent
triangulation T = {71, ..., Tr} of A associated with A such that O is a vertez of all
the simplices 11,..., 7. Denote by P = Py the simplicial toric variety defined

by the fan ¥ = X(T) C Mg whose d-dimensional cones are ezactly o; := Ryo7;
(1<i<k). IfA={vy=0,v1,...,v,} and

ft)=1- z": a;t™,
i=1

then for any homogeneous polynomial P(zy,...,z,) € Q[z1,...,%,] of degree d the
Laurent expansion of the toric residue

Rp(a) := (—1)% Res;(t3 P(a1t™, ..., ant"™))
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at the vertez vy € Sec(A) corresponding to the coherent triangulations T coincides
with the generating function of intersection numbers

Ip(a) == Z I(P,B)d?,

BEK o (P)
where the sum runs over all integral points B = (by, ... ,b,) of the Mori cone Kg(P),
B .— b bn
a?:=a' --ar,

I(P,B) = / P(ID),..., [Da])®s = (P(ID4], ..., [Da)) ),

and &5 € HAImPs—d)(P; Q) is the Morrison-Plesser class of Pg. We assume
I(P,3) to be zero if Pg is empty.

Remark 4.7. Consider any coherent triangulation 7 = {7, ..., 7%} of A associated
with A such that 0 is a vertex of all simplices and let v be the corresponding
vertex of the (n — d)-dimensional polytope Sec(A) as above. It is easy to show
that the cone Ryo(Sec(A) — v7) can be canonically identified with the Mori cone
K.s(P) C Ho(P,R).

We want to check the statement of our conjecture for the coefficient (P, 0) of the
power series Ip(a). For this purpose, we choose a X-piecewise linear function ¢ on
My corresponding to an ample Cartier divisor H on Px and make the substitution
a; = u¥®) (1 < i < n), where u is a variable. This substitution is equivalent to the
consideration of the 1-parameter family of Laurent polynomials

f(t) =1 i uP i) pvi
i=1

depending on u. We remark that our substitution transforms Ip(a) into a formal
power series

Ip(w)= Y I(P,p)u*P e Qlu]).
ﬁEKeﬁ'(PE)
Since (H, 8) > 0 for all nonzero 8 € Kg(Ps) N R(X), we have

tiy In(u) = 1(P,0) = [ P(D4]... (D).

Conjecture 4.6 for 8 = 0 is equivalent to the following:

Theorem 4.8. For any homogeneous polynomial P(x1,...,2,) of degree d, one
has

(1) lim Res, (1P (w0, . u#on)gon) = /P P(D4),...,[D.).
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Proof. Let ¢ be a L-piecewise linear function on Mg corresponding to an ample
Cartier divisor on Ps as above. Without loss of generality we may assume that ¢
is positively defined, i.e., ¢ > 0 on Mp and ¢(z) = 0 for some z € My, if and only
if = 0. Let Sa[u] be Clu] ®c Sa, which is considered as a graded algebra over
the polynomial ring Clu]. We denote by

Splu] = € Sylu]

the graded C[u]-subalgebra in Sa[u] whose I-th homogeneous component S [u] is
spanned as C-vector space by all monomials u"tht™ such that the lattice point m is
contained in [A and r > @(m). It is easy to see that the set S,[u] is closed under
the multiplication: if u"tyt™, u”tht™ € S,[u], then u™+"'t5H'¢m+™ € S [u], because
r+r' > p(m) + p(m') = p(m+m').

Let us set yg := to and y; := —u¥®)tyt* (1 < i < n). By definition, the elements
U, %Yo, Y1, - - - , Yn are contained in S,[u]. Denote by (u) the principal ideal in S,[u]
generated by u. Using [CDS, Proposition 1.2], we obtain the formula

Hy=Y (VD) [T

JcI jeJ
where the sum runs over all subsets J = {jo, f1,-.-,7a} in I = {0,1,...,n} and
V(J) is the normalized d-dimensional volume of the convex hull conv({v;,, vj,,...,v;,})
(in particular, V(J) = 0 if dimension of conv({vj,,vj,, .- .,v;,}) is less than d). If
Vi, - - -,V are not vertices of any d-dimensional simplex 7; € 7, then
(5) Yig " Uiy = u‘P(”ﬁ)'l‘"""‘P("i,)tét”il oty

— P )+ te(vi) =iy +tvy) (u""(”‘1+"‘+""t)té t""1+"'+”"1) € (u),
because the strict convexity of ¢ implies that
(P('Uil) +eet (P(Uiz) > (P('U'h +eeet 'Uiz)'

Therefore, the Hessian Hy can be written as
k

Hy=) (Vo) [[wi + &

i=1 JwjET;

for some h € (u). Since every simplex 7; € 7 contains vy = 0 and Hy is divisible
by %o, then

k
(6) Hy=) (Vol(n)* I w + #
i=1 Jv; €Ty, j#0

for some h' € (u).
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Let ej,...,eq be any basis of the dual lattice N = Hom(M,Z). Then we can
write every monomial t™ (m € M) as product t ---t3¢, where m; = (m,e;).
Denote by C(u) the field of rational functions in variable u. The toric residue over
C(u) is uniquely determined by C[u]-linear mapping

Res;[u] : S4[u] = C(u),
having following two properties:
(1) Resf[u](H}) = Vol(A);
(2) Resy[u] vanishes on all Cu]-submodules F;S3'[u] C S4[u] (0 < i < d),
where

n
Fo:=tf(t) =y + Zy”
=1
n
F‘i = tOtiaf/at‘l' ZZ('UI,&.’)yl, 1= 17"'1d'
=1
Since the toric residue Res; is the specialization of the C[u]-linear mapping
Resg[u] at the point v = 0, Rp(u) = Resf[u](P(y1,..-,¥n)) € Q(u) is regular
at the point © = 0 and

Rp(0) = (—1)¢ lim Res (t2P(u?t)™ . . ’u(,;(u,.)'ib,,)
u

for any homogeneous polynomial P(yy,...,ys) € Qu1,...,yn] of degree d.

The cohomology ring H*(P,Q) of the projective simplicial toric variety P can
be computed as a quotient of the polynomial ring Q[v,...,¥,] by the sum of
two ideals: (Fi,...,Fy) and the ideal generated by all monomials y;, - - - y; such

that v;,,...,v; are not vertices of any d-dimensional simplex 7; € 7. In this
description, the variables 4, . . . , ¥, represent the classes of Weil divisors Dy, ..., D,
in H%(P,Q). Moreover, if v;,,...,v;, are the vertices of a d-dimensional simplex

7; € T, then the intersection number [D;, |- - - [D;,] equals 1/Vol(m;).
It follows from (5) and from the property (2) of Ress[u] that two linear maps

P(ys,...,un) > / P(ID4], ... [Da])

and
P(y1,--- ) = Rp(0)
have the same kernel in the space of homogeneous polynomials of degree d. There-
fore, in order to identify these linear maps, it is sufficient to compare their values
on the special polynomial
k
ﬁ(yl)---,yn) = Z(VOI(Ti))Z H Yj-

i=1 Ji€T, #£0
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By the property (1) of Ress[u] and (6), we obtain R5(0) = Vol(A). On the other
hand,

/ P([Dy],..., D)) —Z(Vol(n % / I

€T J#0

= Z(Vol(n STSTEnY 1 ZVOI 7;) = Vol(A).

This finishes the proof. O

Remark 4.9. We remark that the number Vol(A) equals the stringy Euler number
est(P) of the simplicial toric variety P [Bat3]. It is known that the usual Euler
number e(P) equals k (the number of d-dimensional cones in ). The top Chern
class of P is represented in the cohomology ring H*(P, Q) by the polynomial

Cd(yl, s 7y‘n = Z VO]'(Tl H Yj-

Jwi€T,j#0
In the proof of the last theorem, we have shown that the Hessian H } specializes at

u = 0 to the polynomial ﬁ(yl, ..+, Yn) which represents the stringy top Chern class
of PP.

5. HIRZEBRUCH SURFACE [}

We consider below a simplest example which illustrates many interesting ingre-
dients of our conjecture.
Let M 22 Z2? and A C Mg =2 R? be a reflexive polytope with the vertices

v =(-1,1), v2=(0,-1), wv3=(1,0), wvs=(0,1).

Denote by A the set of points {0, vy,...,vs}. Take a coherent triangulation 7" =
{m,..., 74} of A associated with A such that 0 is a vertex of every 7;. The surface
IF, is a toric variety Ps defined by the fan ¥ = ¥(7) C Mg (see Figure 1) whose
1-dimensional cones are generated by v;. Take a generic Laurent polynomial

f(t) =1 — a1t™ — aat?? — ast™ — agt®™ =1 — ayt7 s — asty ' — asty — agts
with support in A.

Proposition 5.1. The principal A-determinant of f(t) is

2 2 2 2 2.3 2 3 2 4 2 4.3 4
E4(f) = a2a2alal + a3aZaday — 8a®adalal + 16a%ajala) — 36aiadadal — 27ajada3a,.

The underlined terms are in one-to-one correspondence with the vertices of the sec-

ondary polytope Sec(A). Moreover, the vertex vr corresponding to the triangulation

T is related with the monomial a%a%agaﬁ
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FIGURE 1. Fan X for the Hirzebruch surface Py = IF;

Proof. Tt is easy to find all coherent triangulations of A (see Figure 2). By knowing
the coherent triangulations, using Theorem 4.4, we can compute (up to sign) the
terms of E4(f) corresponding to the vertices of Sec(A):

2222 323 2.4 2 4 4.3 4
a7a5050y, 07050304, 16a7a5a3a,, 27a;050304.

In order to find the other terms, we compute the discriminant D4(f), i.e., the
set of those coefficients {a;} of f(¢) such that the system

£(t) = tlg—t{u) - tzgt—im =0

has a solution in the torus T = (C*)2. If we define -
Zy =ty Zy =1y, Z3 =1y, Zy =1y,
then we obtain Z, = 21723, Z,Z, = 1 and previoué three equations can be rewritten
as
1—a1Z1— - —asZs =0, a1Z, — azZ5 = 0,
0975 — G121 — a4Z4 = 0.
Excluding Z; and Z,, we get
1— 012y — 24275 =0, as(a2Zs — a1Z1) = aya4 2%, Zz(azZs — a1Z1) = ay.
The last system is equivalent to two homogeneous equations
as(a1Z1 + 202 Z5)(asZs — 01.71) = a1a4Z2, Z2(a22s — a1Z1) = a4(a1Zy + 2a225)>.
Computing the resultant of two polynomials, we get
D4(f) = ala2a3 + a}alasas — 8a2adal + 16alaja) — 36aiadazal — 27aladalay.

We remark that the Newton polytope of E4(f) (secondary polytope) is obtained
from the Newton polytope of D4(f) via a shift by vector (0,0,2,0). So the multi-
plication of Da(f) by a2 yields a polynomial having Sec(A) as its Newton polytope
Sec(A). Since D4(f) divides F4(f) (see Remark 2.8), we conclude that a3D4(f)
is exactly E4(f). O

For the case P = IF;, Conjecture 4.6 can be reformulated as follows:
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?D\ <

2,424
16 aja,aza,
4,34
—27ajaza,a,
2,2,2,2 35243
ajaaza, ajazasa,

SN
N \%

FIGURE 2. Secondary polytope Sec(A)

Conjecture 5.2. Let Dy, ..., Dy be the torus-invariant divisors on Ps correspond-
ing to the vectors vy, . .., vs respectively. Fizx a homogeneous polynomial P(z1,...,z4)
of degree two in Q[zy,...,z4]. Then the series expansion of the toric residue

Rp(ay, ..., aq) = Ress(t2 P(ayt™, ..., aqt™))

at the verter vy € Sec(A) defined by the triangulation T coincides with the gener-
ating function of the intersection numbers

Ip(ay,...,a0)= > _ (P([Di,...,[Da]) @),
BEK (Px)

where ®g = ([D1] + - -+ + [Dg] )+ ¥ T, o[Di] %", o® = af* - -agt.

It is possible to compute explicitly both the generating function for intersection
numbers and the toric residue. In this way, we check the equality of Conjecture 5.2
by direct calculation. We will omit the details of this calculation and sketch only
ideas of how it can be done.

First, we remark that the Mori cone K.5(Pz) C R(X)R is spanned by two ele-
ments

W =(1,0,1,-1), 1® =(0,1,0,1),
i.e., 8 runs over all lattice points
(bh e ,b4) = )\1(1,0, 1, —1) + )\2(0, 1, 0, 1) = (/\1, )\2, )\1, Az - Al), A]_, Az Z 0

The dual to Kg(Ps) Kahler cone is generated by the classes of D; and D,. There
are two independent linear relations between the classes of torus-invariant divisors
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Dl; D27D31D4:
[D1] = [Ds] =0, [Di] — [Ds] + [D4] = 0.
We can consider the classes of Dy, D, as generators of H*(Pg,Z) and put

_ az(l) __ iag )

W y Y2i=a = ag04
7

so that af = @ .. .a8* is equal to y}'y3?. Substituting above linear relations, we

get
P([Dy], ..., [D4]) = P([D1], [D2], [D1], [Ds] — [D1])-

By linearity, it is sufficient to compute the generating functions
Iz'izg_i(y17y2) = Z ([Dl]i[Dz]z_i q)ﬂ>/3 ylAlyg‘27 1=0,1,2.
Ar,A2>0

We divide the Mori cone of Py into two parts (see Figure 3):

(1) A1 > A2 2 0;

(2) 2222 20.

For each of the part of the Mori cone we find the coeflicients of the generating
function I ,2— (1, Y2)- '

A}\.z (2) //'\""‘
LN

! (1)

o i

FIGURE 3. Two parts of the Mori cone of Py,

CAsSE 1. If A\; > A3 > 0, then the last coordinate by of
ﬁ = (b17 o e 7b4) = (Al, )‘2) )‘1) AZ - )‘1)

is negative. By definition of the Morrison-Plesser moduli spaces P and the Morrison-
Plesser classes ®5, we obtain Pg = P?1+1 x P*2 and

Qﬂ = ([D1] + Q[Dz])xﬁzxz([Dz] _ [Dl])}‘l_)‘z_l_
The intersection theory on Pz shows immediately that

1, l=2A +17 l:)\,
([D1]’1 [D2]lz>ﬂ = { 0, oltherwilse, ’ 2
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So we obtain

(IDAFIDa]~ B5)5 = (DA (Do (D] + 2ADa]+22([Dy] — [Da]) 1),

2211
= IZ (_1)k22A2—z\1+k—1+i )‘1 - Az —1 ,\1 -+ 2)\2
k=0 k 2M—-k+1-14/)

Remark 5.3. We remark that there is no irreducible curve C C F; such that [C] =
B = (b1,...,bs), if by < 0, and b, > 0. Indeed, if C C I, were such a curve, then
by = (C, D4) < 0 would imply that [C] is proportional to [D,] (the latter contradicts
by = (C, D3) > 0 because of (D4, Dy) = 0). On the other hand, the corresponding
Morrison-Plesser moduli spaces Pg = P?1+1 x P2 are always nonempty.

CASE 2. Let A > Ay > 0. Then the Morrison-Plesser moduli spaces Pz are
toric varieties of dimension A; + 2A3 + 2. The Morrison-Plesser class is equal to
&g = ([D1] + 2[Dg))*+*?** and the coefficients of the series I;,3-:(y1,52) are the

intersection numbers

(D)D) @) = ([Do] [Da]* ([ Da] + 2[D2]) ™ F22) 5.

These numbers can be computed directly using the intersection theory on the
Morrison-Plesser moduli spaces Pg. We omit the details of the proof. It is re-
markable that the obtained formula

221—-1
- : (o= +k A+ 2
2] 2—3 — 2X2—A1+k—1+i 2 1 1 2
([Di]'[D2]"" ®p)s k§=0: 2 ( k ) (2/\1 —k4+1-— z)

can be found from the formula obtained in Case 1 by the analytic continuation of
the binomial coefficients:

(—T:n) = (_1)n(m+n_1), n=0,%1,£2,...

n

for any positive integer m.

Summarizing all the considered cases, we obtain the generating function of the
intersection numbers in the form

L g2-+ (Y1, 92) =

2A1-1
= ¥ IZ (—1)kg2ha-dith-14i A=A -1 AL+ 22 P
k 20 —k+1—4/) "t 727

A1,22>0 k=0
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In order to compare this series with toric residues, we use the following integral
representation:

1 (14 2u)Mr+22(y — 1)M-d2=1gy\
zizd (ylayZ) Z (_/ yrati—1 y11y2 )
7

2w
A1,A2 ZO

where v = {u € C: |u| = ¢}, € > 0 is sufficiently small. Changing the order of
summation and integration, we get

I ( ) = 1 / w2 idu
= W) = o ) = (L + 20)(u — Dya) (u(u — 1) — (1 + 20)2y)

This integral can be computed directly. We write down the obtained rational
functions Ig(y1,y2) together with some first terms of their expansions:

o Q(zy1,12) = 22

1+ +4y2 + 351y,
1+ 11 — 8y + 1695 — 36y1y2 — 27yfys
+ 568y,y2 + 448y3 + 728y2y2 + 6544y, y5 + 2304y, + yiyZ + 21888y2yS +

® Q(Zl,xz) =TTz :

14y —4ys — 6y1y2
14y — 8ys + 1632 — 36y1yz — 2Tyly,
+ 336y1y5 + 64ys — yiys + T16ylys + 2784y1y5 + 256y + yiye + 14ydys + -

o Q(z1,2;) = z¥:

=1+ 12y, + 27y1ys + 80y2

= 1+ 4ys + 2611y, + 1692 + y2y,

y1(1 + 12y) ) e,
=y, — 1>+ 20y, + 2 + 8
1+y — 8y + 16y§ 6y1ys — 270y, | 1 AT S T U T Sl
+ 1449193 — yi — 9y3ys + 656y2y3 + 832y195 + yi + 10yly, + 84ydy2 + -

These rational funct1ons can be identified with the toric residues R ,2-:(y1,2)
(¢ = 0,1,2) which one computes, for example, by the method from Section 9. This
verifies Conjecture 5.2 directly.

6. TORIC RESIDUE AND FLOP

In this section, we consider a simplest reflexive polytope A which has two differ-
ent coherent triangulations such that 0 is a vertex of all simplices. These triangula-
tions correspond to two different vertices of the secondary polytope. We compute
the corresponding expansions of the toric residues at each of these vertices.

Denote by A the union of the origin vy = (0,0,0) in M = Z* together with the
points

v =(1,0,0), v =(0,1,0), vs = (—1,—1,0), va = (0,0,1), v5 = (1,1, —-1).
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Then A := conv(4) C Mg = R? is the reflexive polytope. Let
5
F(£)=1="ait" =1—arty — sty — ast] 87" — asts — astatats’
i=1
be a generic Laurent polynomial.
Proposition 6.1. The principal A-determinant of f(t) equals

_ 44433 55533 33444 666 3 3
E4(f) = ajazazaja; — 54alasa3a30; — a105030,a5 + 729a- 05030305

33555 5,56 4 4 4465 5 3.3 6 6 6
+54ala5a3a3a; — 2187aja5a30a5 + 2187aja5a3a5a5 — 729ajas5a3a,as,

where the terms corresponding to the vertices of the secondary polytope Sec(A) are
underlined.

Proof. The idea of the proof is the same as in Proposition 5.1. The terms corre-
sponding to the vertices of the polytope Sec(A) can be easily found (up to sign)
from the coherent triangulations of the polytope A:

atajajadal, aadajalas, 729a5aSaiadad, 729aa3adadal.
We find the discriminant D4(f), i.e., those values of {a;} for which the equations

0 0 0
O =tal 0 =t =ule =0

have a solution in the torus T = (C*)3, by putting
Zy =1, Zy =1y, Z3 =t 15", Zy :=t3, Zs =ttt .
Then the last system is equivalent to another one
l—ayZ) —---—a5Zs = 0424 — a5Zs = 0121 — a3Zs + a5 75
=92y — 0323+ a5Zs =0; 212373 =1, Z1Z5 = ZyZs.
By excluding Z,, Z,, Z,, we obtain
_ 1—3a3Z; = (a3Zs — asZ5)>Zs — ara2 = ag(asZs — asZs)? — ajazasZ; = 0.
Hence, the discriminant D4(f) is equal to the resultant of two homogeneous forms
(asZ3 — a575)2 Zs — 2701020323 = aq(asZs — a5Z5)* — ayaza5Z: = 0.

One can find the resultant by hands. It is straightforward to see that the difference
between the Newton polytopes of D4(f) and Ea(f) is the vector (1,1,0,3,0).
Now since D4(f) divides E4(f) (see Remark 2.8), we see that the multiplication
of Da(f) by —ayaqal yields E4(f). O

The toric residue in the following statement can be computed using, for example,
the method from Section 9.
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Proposition 6.2. Let P(xy,z, 23, 24) = 12224 € Q[z1, ..., 24] be the input poly-
nomial. Then the corresponding toric residue

Rz z324(01, - .., a5) = —Resy (tg (a1t1){azt2)(asts))

can be expressed as a quotient

R,,lmm(al,...,as):(afagagazas 27a1a2aga4a5 81a1a2a3a2a§)/EA(f).

)

5
FIGURE 4. Triangulations 7; and 73

There are two triangulations related with the vectors vy, . . ., vs with the property
that their maximal-dimensional simplices contain 0 (se¢ Figure 4). Namely,

Ti = {7124, Ta2s, T134, T135, T235, Ta3a}

and

T2 = {7145, T245, T134, T135, 7235, T234},
here 794 means that this simplex is generated by 0, vy, v2, v4, etc. Let ¥; =
(7)) € Mg (22 = X(72) C Mg) be the fan whose d-dimensional simplices are
defined as ¢ := Ryo7, 7 € T1 (7 € T2). Toric varieties Py, and Py, corresponding
to the fans ¥; and ¥, are related by a flop.

The secondary polytope Sec(A) is depicted in Figure 5, where the monomials
afajasaial and aladaiajai of E4(f) corresponding to the vertices vy and vy, of
Sec(A) respectively are underlined.

In oder to find the power series expansion of the toric residue Ry, z,2,(a1,. .., as)
at the vertex vy; of Sec(A), we rewrite it as follows

1-—- 27’11,1 - 81U1U2
(1 — up)(1 — 54wy + 729u? — Bdujuy — 1458uuy + 729uiul)’

R:cla:g.u (Ul 3 'U'Z)

where the variables
Q405
Uy = a10903, Uy = ——
a1as
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3,3,6,6,6
—729ajajazja,a;
®
33,404,504
4,4,4,3,3 6,6,-6.3.3
a,a,a;a,3;5 729 alajaja;a;

FIGURE 5. Secondary polytope Sec(A)

correspond to the generators

L =(1,1,1,0,0), Iy =(-1,-1,0,1,1)
of the Mori cone of Py, . Here are the first terms of the Taylor expansion
Roizgza (U1, u2) = 1+ 27uy + up + 72903 + uj + 19683ul + 2187ufuy + uj + - - -

The power series expansion of the toric residue Ry z,0,(01,...,05) at the vertex
vy, € Sec(A) (corresponding to the second triangulation 72) needs another variables

L . R a1a2
W1 ‘= UrlUz = A30405, W 1= Uy~ = —,
a405

corresponding to the generators
' =(0,0,1,1,1), & =(1,1,0,—1,-1)
of the Mori cone of Ps,. We rewrite Rz z,z,(a1,--.,as) in the form

lewz:u.; (wla w2) =
_ we — 27’11)1‘1.0% - 81'1.01’1.02
 (wy — 1)(1 — 54w; — 5dwiwa + 729w} — 1458wiw, + T29wiw?)’

We note that the power series expansion of Ry, z,z, (%1, u2) begins with 1, whereas
the series expansion of Ry, z,s, (w1, ws) does not contain a constant term. This
fact agrees with different intersection numbers of three divisors D;, Dy, D4y on
Py, and Py, corresponding to the vectors vy, vs,vs: fﬂ,zl[Dl][Dz][D,;] = 1 and

f]ll’,g2 [D1][Ds][D4] = 0.
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7. WEIGHTED PROJECTIVE SPACES

Consider the d-dimensional weighted projective space P(ws,...,w,), n =d + 1,
where gcd(wy,...,w,) =1 and
wil(wy +---+wy), i=1,...,n.

Let {v1,...,v,} C M = Z9 be the vectors generating M and satisfying the relation
w1V + - -+ wpv, = 0.

If we set A := {vp = 0,v1,...,v,}, then the polytope A := conv(A) C Mg is a
reflexive simplex. There are exactly two coherent triangulations of A: the trian-
gulation 77 coinciding with the whole polytope A, and the triangulation 7 = 73
consisting of the union of the d-dimensional simplices

7; = conv{0,vy,..., 0 ... v}, i=1,...,n,

where ¥; means that v; is omitted. Note that Vol(7;) = w; and Vol(A) = 37 | w;.
The fan ¥ = X(7) C Mg defining P(wy, ..., w,) has the generators {vy,...,v,}.
Let

f(t):=1 —Z a;t"
=1

be a generic Laurent polynomial. It is easy to find its principal A-determinant from
Theorem 4.4.

Proposition 7.1. The secondary polytope Sec(A) is an interval and the principal
A-determinant of f(t) is equal (up to sign) to

n n Vi wi
. “re A. res. n X
EA(f) = H w;wta:”].+ + Wi+ +wn _ ( E wz) (al . an)z'.:l w.,
=1

=1

where W; means that w; is omitted. The first summand in E4(f) corresponds to
the triangulation T.

Theorem 7.2. Let P(z1,...,Zn) € Qz1,...,2,] be an arbitrary homogeneous
polynomial of degree d. Denote y := ai* - --a%». Then the toric residue

Rp(a) = (—1)® Res;(t3 P(ait™, ..., at™))

is equal to the rational function

Rp(a¥*---a¥) = Rp(y) = — Rt O
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(En: wi) Yiawi

=1

where

Vi=—————, =

n

wl...wn ws
[T ws
i=1

Proof. By Theorem 2.9(%), the toric residue Rp can be computed as a sum over the
critical points £ of f:

P(ay€™,...,a,E")
Rp = (-1)¢ :
SRl Vi 5775155

If £ is a critical point of f, i.e., a solution of the system of equations

6f . _ g _ ok \ d
tlat]_(t)_ _tdatd(t)—o, tG(C) )
then
E‘Ul . g’un _
Gl = =Qp~— =2
wi Wn
and

wy Wn
Jwrttwn _ (OL) 0 On
0 = () ()

These relations simplify our computations. For example, we may write at the

critical points of f:
f(g) =1- (Zwi) Z,

i=1
and
P(a1£™,...,8,8") = P(wy,. .., w,)2%

The value of the polynomial

9 0
0 =aes (1) (52) 1) _

at a critical point £ of f equals

H(€) = (=1)%wr -+ wy (Z wi) 2.
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Since the summation over the critical points is (??) is equivalent to the summation
over the roots of the equation (7), we get

- P(wy,. .., wy,)
Rp(y) = (%3) (emyen 2 ) (= (S w9

1

wn
n (ZP=1 ’UJ,)b b
P('U)]_, A ’ a'llul .. 'a:"
= Z Wi Wi, |, opWn
wi .. 1 wy w

Wn b>0 \i= n

_V'P(wl,...,'wn)
1-py

as required. O

b

Now we show that the expansion of Rp(y) at the vertex vy € Sec(A) correspond-
ing to the triangulation 7 coincides with the generating function of intersection
numbers:

Theorem 7.3. Let P(z1,...,%,) be any homogeneous polynomial in Q[zy, ..., z,)
of degree d. The generating function of intersection numbers on the Morrison-
Plesser moduli spaces has the form

_v-Plwy,...,wn)
Ip(y)=v- P(wy,...,wn Zp, ;
>0 I

Proof. The Morrison-Plesser moduli spaces Pg for the weighted projective space
P = P(wy,...,w,) are also weighted projective spaces of dimension (Z _wi)b+d.
Let Dy,... D be the divisors corresponding to the vectors v, .. We have
the following relations between the torus-invariant divisors on Pg modulo rational
equivalence:

@2...=[ ] = [Dy].

Then the Mori cone Kg(P) consists of 8 = (b), b > 0. The Morrison-Plesser class

is exactly
n (i widb
i=1

and the generating function of intersection numbers on Pg can be written as

n (Tio widb
= S (P, ... D) ((Z w,-) [Do]) o3

b>0



TORIC RESIDUES AND MIRROR SYMMETRY 31

Using ([Do](Ei= wib+d) 5 — 1/ (wi?H ... p¥nb+1) we obtain

n (Xiay widb
Ip(y) = P(wy,...,w,) Z (Z wi) ([ D] Ei=1 wilbkdy b

b>0 \i=1

n (Cio wi)b 1
— kg b
= Pl (Sw) e

b>0 \i=1

v-Pwy,...,w,
= V'P(’wl,...,’wn)Zubyb: (w1 )

b>0

8. PRODUCT OF PROJECTIVE SPACES

In this section we check the Toric Residue Mirror Conjecture in the case P =
P % ... x Pdr,

Forall j =1,...,r, we set n; := d; + 1 and denote by M; the free abelian group
of rank d; generated by the elements vy, ... , Ujn; satisfying the linear relation:

’Uj1+"'+’anj =0.
Let M :=M; & ---&® M,. Consider a Laurent polynomial
ni Nr
f(t) = 1 — Z a’l’iltv“]‘ e — Z a’f‘i,-tv".r
i1=1 tr=1
with support in the reflexive polytope
A = conv({vi,.. -, Vings- -1 U1y - -+, Urn, }) C MR.

The fan ¥ C Mg consisting of cones over all faces of A determines the toric variety
P=P% x ... x P% of dimension d :=dy +---+d,. Consider n :=ny +---+ n,
variables z;; (1 <4< n;,1< j <r). We will use the following notations:

k . —_— kll klnl PR k'll PR k
r =Ty $1n1 Try :L-"rlr:r’
— I L
kj.— j1+"'+kjnja uj.—n]- a1 Qjn;, j——].,...,?”.

Let K = C(uy,...,u,) be the field of rational functions in uy,...,u,. Let 2; be
a root of the equation 2" = u; (1 < j < r). We obtain a finite Galois extension
L =C(z,...,2) of K of degree [L : K] = ny---n,. One has the algebraic trace
map

tl‘L/K L — K,
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which can be defined by the formula
tI‘L/K(g) = Z g(zl, cey Z,-),

n
21t =uy

211"" =Ur
where the sum runs over all roots of the system of equations z;" =u; (1<j5<r).
Theorem 8.1. Let P(z) = z* be any monomial of degree d (i.e., 3, k;j = d).

Then the toric residue Rp corresponding to the monomial z* is the rational function
M UL, ..., Up’

_ di—k1—-1 . dr—ky—1 1
R,,k ('U.) =N, n, tI‘L/K ( d1—F1 RS 1 ;
zl “ e zr ( —_— zl —_— e & — zf‘)

Proof. The proof is based on the formula from Theorem 2.9(¢) which express the
toric residue Rp as the following sum over the critical points £ of f:

— P(a11£v117 e 7a7'nr£vr"r)
Re=(0'Y = pame

1If ¢ is a critical point of f, then the vanishing of partial derivatives of f implies:

£EVs

ajlg‘ujl —— ajnjé"vjnj ,-.4 J — 1, o ,r,
We set zj := a1 €% = -+ - = a7 It follows from vj; + - - - 4 vjn; = 0 that
Z7 =ajajn;, J=1,...,7

Denote the product aj;---ajn; by y;. It is easy to compute the values of the
polynomials f and H}(t) at a critical point :

f(é.):l_nlzl-"'_nrzr,

H}J(g) = (—1)dn1 N nrzfl PN zg"_
On the other hand, we have

v ) _ .k k.
P(auf 11, .. .,amrf """) =zt 2.
Thus, we obtain
1 z{“ con g
R (u) - . Z d 4
nyeccfe L=~ (1—myzy — - —np2p)2yt oo 2
2z =0
zp " =yr

Setting u; := n;-"' y; (1 < j <'r), we get the required formula. O
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In order to compute the generating functions of intersection numbers I(P, 3) on
the Morrison-Plesser moduli spaces associated with P, we remark that the Mori
cone Kog(P) is a simplicial r-dimensional cone generated by the canonical basis
of Hy(P,Z) = Z". Moreover, all Morrison-Plesser moduli spaces P are projective
spaces Prabitdi x ... x Prrdrtdr where B can be identified with a lattice point
(b1,...,b,) € Keg(P) = RL,. Therefore, the generating function

> I(Pp)d,
BEK (P)

can be rewritten as

Iry)y= >, IPBAW---o,

B yeensbr >0
where y; = aj1 -+ ajn; (1< < 7).
Theorem 8.2. Let u; = n;-l"yj (1 <€ j < r). Then the generating function of
intersection numbers I(z*, 3) can be written as

ur

(n1b1 + dl kl) (ﬂ,-b + d —k )' T

(niby + - - - + neby)! o 5
Ix(u) = nd1 R Z .
b1,...,6r>0

Proof. Let [H;] be the hyperplane class on P4, Since P contains exactly n; torus-
invariant divisors having the class [H;], the intersection number I(z*, 3) equals

(L (B (o] + -+ mg[H ottty
We have

m!
I(J;k, :3) = Z —'—;L—T n'inl e n;’?’*r ([Hl]m1+k1 L [Hr]mr+kr>ﬂ,

ma: - :
mytetme=m L "

where m = 3 %_, n;b;. The intersection theory on Ps implies

noogiey, = J L Li=ndi+d;, g=1,...,1
(] - [Hr]")s _{ 0, otherwise,
So we obtain -

br
T

k1. Z (naby + - - - + nb,)! "

Lx(u) = nft
o+ (u) = nf (b +di— ki)l (mobr + dr — )11 Y

b1,eeibr >0
where u; =nj7y; (1<j<r). O
It is sufficient to verify the Toric Residue Mirror Conjecture (Conjecture 4.6) for

any monomial P = z* of degree d. By Theorem 8.1 and Theorem 8.2, the equality
R x(u) = Lx(u) follows from
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Proposition 8.3. Let

Tk(u) = tI'L/K (Zdl—k
1

1 )
1...z’¢‘ir—kr(1_z1_..._.zr) ’

then Ty has the following power series expansion

nib + -+ 4+ n.b,)!
Ti(u) =ny---n, Z (11 )! TUy

(n1b1 + d1 ) (n,b + d -k )

b1,...,br >0

Proof. We have the chain of equalities:

1 (br+---+b)! 4 b
Ti(u) = Z SR dk, Z byl---b! 2

z?l =u; 1 r b1 yeensbr >0

z;l T=ur

1 (by+---+b — E,_ (di — k)
= Z d1 kl. zdr krz 1 zl..-Z

by!---b,! !
l=u A ’

n
Zp T =Ur

_ (b1+ +b)! by-+dy
= Z zd1—k1 zd'. ~kr Z (bl _|_ dl ) (b + d . k )'zl

1—u1
— Z Z bl + + b ) bl .zbr
Sy (by +dy — (b + d, —k)' '
zrr=ur
Z (n1b1 + -+ nrb )' ugl cen

b1,....br >0 (naby +dy — ) -+ (ngb, +d, — k;)!

where in the last row we have used the identity

Y o= njug, bj=knj,
I 0, bj;éknj, k=1,2,

ns:
J—a
ZJ- =uj

for each 5 =1,.

_kl-u

r?

.zr

br+ds

9. YUKAWA (d — 1)-POINT FUNCTIONS FOR CALABI-YAU HYPERSURFACES

Let A C Mp be a reflexive polytope of dimension d, A = {0, v, ...

,Un} a finite

subset in A N M containing 0 and all vertices of A, f(¢) a Laurent polynomial in

—ky
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the variables #1, .. ., tq with support in A of the form
n
f£)=1=) " a;t".
i=1

We denote by Z; a Calabi-Yau hypersurface defined by the equation f = 0 in the
torus T = (C*)?. Let

Q::RGS (lﬁ/\.../\%),
[t ta
be the image of the canonical d-form
1dt dt
S A A =2 e HY(T\Z;)
[t td

under the Poincaré residue mapping
Res : HY(T\Z;) — H*(Z;).

Definition 9.1. Assign to each nonzero lattice point v; € A a variable z;. Let
Q(z1,...,2,) € Qz1,...,%,] be a homogeneous polynomial of degree d — 1. The
Q- Yukawa (d — 1)-point function is defined by the formula

- (a=1)(d=2) 1 9 0
(8) YQ(als te ’a'n) - (-1) (2777:)(1_1 -/Zf A Q (al aal S an—éa—n) Q,

where the differential operators a,0/0a,, . .., a,0/0a, are determined by the Gauf-
Manin connection.
(d—1)(d—2)

Remark 9.2. The sign (—1)" 2  in the definition of the Yukawa (d — 1)-point
function is inherited by the variation of the Hodge structure (see in [CK, Sec-
tion 8.6.3]). The 3-point Yukawa functions are also called Yukawa couplings.

Example 9.3. Consider the mirror family of Calabi-Yau hypersurfaces in the pro-
jective space P? defined by the Laurent polynomial

n
F@)=1-3at", n=d+1,
i=1

where vy,...,v4 form a basis of the lattice M and
Vd+1 = —(’01 +---+ 'Ud).
If we set y := ay - - - Gy, then the @-Yukawa (d — 1)-point function is equal to

©) Vo) = 2980 g =a-1,

n"y
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(see e.g. [JN]). In the particular case d = 4 and Q(z) = z3 the formula (9) gives
the Yukawa 3-point function for mirrors of Calabi-Yau quintic hypersurfaces in P*

5

Yos () = ——-»
() 1 — 55y

which is well-known from [COGP).

In order to establish the relation between Yukawa (d — 1)-point functions and
toric residues, we need the notion of homogeneous coordinate ring of a toric variety
[Cox1]. Let ¥ be a complete simplicial fan in Np defining a projective simplicial
toric variety P = Pg, X(1) := {es,...,e,} the set of generators of 1-dimensional
cones in X, and z,. .., 2, the corresponding homogeneous coordinates. The poly-
nomial ring

S(P) :=Clz, ..., z]

having a natural grading by CI(P) is called the homogeneous coordinate ring of P.

Let H = 37, ¢;D; be a big and nef divisor on P. One obtains the convex
polytope Ag C Mg as intersection of 7 half-spaces (m,e;) > —¢; (1 < i < 7).
For any lattice point m in kApg, one has {(m,e;) + ke; > 0 (1 < 4 < r). Thus we
can define a mapping Sa, — S(P) which sends a monomial t§ t™ € S%_ to the

monomial [];_, z{™e ke ¢ o(P). This mapping yields an isomorphism of graded
rings

o0
(10) San = P S(Pia,

k=0

where « is the class of H in CI(IP). For all k, this isomorphism identifies the
subspace I} C SX_ with the image of S(P)ga-w, in S(P)iq under the mapping

S(P)rawy T2 S(P)ra,

where wy € CI(P) is the anticanonical class of P. This bijection allows to compare
our notion of toric residue from Section 2 with the definition of toric residue given
by D. Cox in [Cox2].

By the isomorphism (10), we identify the regular sequence G = (G, ..., Gq) of
elements in S} = with its image in S(P),. Thus, by [Cox2, Theorem 5.1] (see also
[Mavl, Thorem 4.8}, where the theorem of Cox was extended to the case when H
is big and nef), the toric residue mapping (2) coincides with the residue mapping

Resg: S(P), = C, p=(d+1)a—wp
considered by Cox and induces the canonical isomorphism

S(P),/(Go,...,Ga), = C.
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Remark 9.4. In particular, let a = wy, i.e., Ay be a reflexive polytope (we denote
it shortly by A), f(t) be a generic Laurent polynomial with support A defining a
Calabi-Yau hypersurface Z; C T, and Fy(z),..., Fy(z) € S(P)., are the images of
the following regular sequence in S :

tof, tot10F/0t1, . .., totadf /Ota.
Then the isomorphism (4) from Section 2 coincides with

(11) S(P),_,/(Fo,...,Fd)ng, p=dw0.

Definition 9.5 ([Mav1]). Given a subset I = {e;,, ..., e} C X(1) consisting of d
elements and an integral basis m;, ..., my of the lattice M, denote by c; a determi-
nant of the (d + 1) x (d + 1)-matrix obtained from the matrix ({m;, €;, )1<j<di.er)
by adding the first row (1,...,1).

The following statement shows how Yukawa (d — 1)-point functions can be com-
puted by means of toric residues Resp, with respect to some sequence F; of poly-
nomials in the homogeneous coordinate ring of a toric variety (it is a reformulation
of the result in [Mavl, p. 104j):

Theorem 9.6. Let A be a d-dimensional reflexive polytope and Fy(z) € S(P),, a
generic homogeneous polynomial as in Remark 9.4. Choose a subset I = {e;,,...,e;,} C
(1) is such that ¢ # 0 (see Definition 9.5) and define the sequence F; of homo-
geneous polynomials as Fr = (2;,0Fy/0%, ..., 2i,0F3/0z,). Let Q(zq,...,2,) €
Qz1,...,zn) be a homogeneous polynomial of degree d — 1. We set

q(t) == (=) 131 Q(ast™, . . ., ant'™)

and denote by §(z) € S(P)a-1)w, the image of the polynomial q(t) under the iso-
morphism (10). Then the Q-Yukawa (d — 1)-point function is equal to the toric

residue
YQ(a) = —Cy RGSFI ((j(z) Hz,;) .

=1
There exists another formula for Yukawa (d— 1)-point function Yy (a) which does
not depend on the choice of a subset I = {e;,,...,e;,} C X(1):

Theorem 9.7. Let Q(z,...,Z,) € Q[z1,...,Z,] be a homogeneous polynomial of
degree (d — 1) and

P(z1,...,Zn) = (21 + -+ 2,)Q(z1, ..., Tn).
Then the Q-Yukawa (d — 1)-point function is equal to the toric residue
Yo(as,---,a,) = (—1)? Ress(t3 P(ast™, ..., ant™)).
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Proof. It follows from the definition of toric residue that
Res;(t§ P(a1t™, ..., a,t™)) = Ress(tg (1 — F(t)) Q(art™, ..., ant™))
= Res;(t3 Q(art™, ..., at™)).

Let Fy(2),..., Fy(z) € S(P)y, be the homogeneous polynomials as in Remark 9.4.
Then the last residue can be written in homogeneous coordinates as

Res;(td Q(ait™, . .., ant")) = (1) 'Resp ((j(z) . Hz,-) ;
i=1

where Resp is the Cox’s residue with respect to the sequence F' = (Fy,..., Fy).
Compare this residue with the residue from Theorem 9.6. To do this, note that

the reflexivity of A implies that each monomial £y t™ € S} maps to the monomial
[T, 2™ € S(P),, in (10). Hence, it is easy to see that the sequences of ho-
mogeneous polynomials F' = (Fy, ..., Fg) and Fy = (2;,0Fy/02i,, . . ., 21,0F0/0z,)
are related by the formulae

d d
7, 0Fy [0z, = Fo+ ) (mj,eq)Fy =) AuFj;, k=0,....d

Now, we have

Res;(t3 P(a1t", ..., a,t"")) = (—1)*'Resp (’tj(z)4Hz,-)
o=l

= (—l)d_lReSFI (det(Ajk) Q(z) : ﬁzi)

i=1

= (=1)*¢; Resp, (c}'(z) : Hzi) = (-1)%(a),

i=1
where the second row follows from the Global Transformation Law for toric residue
(see Theorem 9.8 below) and the third row follows from the equality det(A;;) =
Cr. O
Next statement is a particular case of [CCD, Theorem 0.4].

Theorem 9.8. Let G = (Gy,...,Gq) and H = (H,,...,Hy) be the regular se-
quences of elements in S(P),,. If

d
H;= Z 4G,
i=0
where A;; are complez numbers, then for each P € S(P)4,,, we have

Resg(P) = Resy (P det(Ay;)).
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Toric Residue Mirror Conjecture (Conjecture 4.6) implies the following:

Corollary 9.9. Let A C Mg be an arbitrary reflexive d-dimensional polytope and
A a finite subset in ANM containing 0 and all vertices of A. Choose any coherent
triangulation T = {1, ..., Tk} of A associated with A such that 0 is a vertez of all
the simplices 71,...,7. Denote by P = Py(r) the simplicial toric variety defined
by the fan & = %(T) C Mg whose d-dimensional cones are ezactly o; = Ryo7;
(1<i<k). IfA={0,v,...,v,} and

f(t) =1- i a,—t”",
i=1

then for any homogeneous polynomial Q(zy,...,z,) € Q[zy,...,z,] of degreed —1
the Laurent expansion of the Q-Yukawa (d — 1)-point function Yg(a) at the vertex
vr € Sec(A) corresponding to the coherent triangulations T coincides with the
generating function of intersection numbers

> QUD1),- ., [Dal)([D1] + -+ + [Da)) ®p)g @,
BEKa(P)
where the sum runs over all integral points 3 = (bl, .+, bn) of the Mori cone Keg(P),

B.—gh...gb
and a” :=ay' ---ar.

10. ALGORITHMIC CALCULATION OF TORIC RESIDUES

An effective procedure for computing of toric residues in homogeneous coordi-
nates using Grobner basis calculus was developed in [CCD, CD]. Next we describe
how these ideas can be used in concrete calculations of Yukawa (d — 1)-point func-
tions. We hold the same notations as in Section 9.

Definition 10.1 ([Cox1]). Pick a subset I = {41,...,%s} C {1,...,n} such that

€, - - -, €, are linearly independent. Then define a toric Jacobian for any (d + 1)
homogeneous polynomials Gy, ..., G4 € S(P), by the formula
Go e Gy
oG 32,- - 0G Bz,-
o= 0:/ ! . d{ “ | / det(e;)z:,
3Go/8z,-d T aGd/az,-d

where e€r = det((mj, eik>1sj,ksd) and EI = Hig] Z;.

Remark 10.2. Suppose that G = (Gy, ..., Gy) is the image in S(P), of the regular
sequence of elements in S} . Then it is easy to show (see [CDS]) that the Jacobian
Je in Definition 10.1 can be identified with the image of the Jacobian Jg in (1)
under the isomorphism (10).



40 VICTOR V. BATYREV AND EVGENY N. MATEROV

As we have seen in the proof of Theorem 9.7, the function Yg(a) is equal
to the Cox’s residue —Resp(G(2) - [[;_; z:)- We can compute this residue us-
ing the following method. Choose a Grobner basis of the ideal generated by
Fy(2),..., Fy{z) € S(P),,- Then compute the normal form normalf(H) for the
polynomial H = —g(z) - []._; z; and the normal form normalf(Jr) for the toric
Jacobian Jr. Since the quotient in (11) is one-dimensional, both normal forms are
the multiples

normalf(H) =c¢2°, normalf(Jr) =cr2°
of some monomial 27 € S(P)a., by constants ¢ and ¢p # 0 modulo (Fy,..., Fy).
Recall that the toric residue Resp(Jr) is equal to the normalized volume Vol(A)
of polytope A. Now given a polynomial f(¢) supported in the reflexive polytope A
and a homogeneous polynomial @, we get in output

Yo(a) = — Vol(A).

Example 10.3. We illustrate this method by the following example (cf. [COFKM,
Section 8.1], [MP, Section 4.4], [HKTY, Appendix A.1], [CK, Example 5.6.2.1]).
Let P(1, 1,2, 2,2) be the weighted projective space defined by the fan ¥ C My = R*
with one-dimensional generators
N = (_17'—27 _27 _2)7 Vg = (110707 0)7 V3 = (0511010))
Vg = (050)110)7 V5 = (070)()’ 1)7|
which are the vertices of the reflexive polytope A C Mg. The polytope A contains
only two lattice points except of listed above: vg = (0,—1,—1,-1) = %(vl + v3)
and the origin vg = (0,0,0,0). Including the additional lattice point vg to the
generators of X' corresponds to the blowup of P(1,1,2,2,2). The dual polytope
A* C Ng to A is spanned by the vectors
€ = (—17_17_17—1)) €2 = (7)_1:_11—1)) €3 = (_113)_11_1):
€4 = (—1,_1133 —l)a €5 = (_11_1:—1)3)1
generating the fan ¥ C Ny of P = P5.

Take the Laurent polynomial

6
F&)=1=>ait" =1— art7't;%t5%;% — azts — asty — aats — asts — agty 't3 'ty

i=1
having A as support polytope. After choosing the new variables
a0z
Y1 1= A3a40506, Y2 '= ——>5,
Qg

we can put the equation for f(t) in the form
F) =1 — yot T 5252472 — by — yuty — t3 — £y — t5 15 1t
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Let Z; be a hypersurface in T = (C*)* defined by f(¢) and forming the mirror
family of Calabi-Yau hypersurfaces in P. Denote

A
Q := Res (1 @ pn Q) € H3(Z;).
f t t

We compute the Yukawa couplings

-1
YOFR(yy,y,) = ref / QA (118/0y1)° *(420/0y2)*Q, k=0,1,2,3
Zs
corresponding to polynomials Q(z;,z2) = =2 *zE. Show how to compute, say, the
Yukawa, coupling Y 39 (y,, ;) corresponding to the polynomial Q(zy,zs) = 3. Let
z; be the homogeneous coordinates on P related with the vectors e; (1 < i < 5).
Then the homogenization of f(¢) defining the anticanonical hypersurface on P is

_ 8_ .8 T S gy
F(2) = 2120232425 — Yoz — 29 — Y123 — 24 — 25 — 21 23

Denote by Fi(z),..., Fiy(z) the images of tot10f/0t1, . .. ,t0t48 f/0t4 under the iso-
morphism (10). Fix a Grobner basis of the ideal (Fp, ..., Fy) with respect to the
reverse lex order. Next, note that the homogenization of
q(t) = —t3 Qyit™, yat™) = —t5 Q(ynte, oty 85 °t3°t5") = —t3 (3at2)’

is §(z) = —y323%. Applying the Grobner basis calculation, we have found (using
MAPLE) the followmg normal forms:

normal f(=§(z) - z1 -+ - 25) = 4y123°,

normal f(Jr) = 4y1((1 — 2841)% — 2'8y24,) 23,
where Jr is the toric Jacobian. This easily yields that the Yukawa coupling is given

by the formula
8

Y30 (v1,92) = (1= 2551)% — 2%8y2y,’
since Vol(A) = 8. Using the same procedure, we obtain
4(1 — 28y,
Y(Z’l)(yl, Y2) = 1- 2§y1)2 — 21)8yfy2 )
8y (—1 + 2%y;)
(1 — 4y2)((1 — 2831)? — 2'8y34p)’
4ya(1 — 2%y + 2%y, — 2'%3u1y,)
(1 — 4y2)*((1 — 28y1)% — 2184fy)
The series expansions for Y3=%#)(y; 4,) were computed in [MP, Section 4.4].

The result of these computations is

AM+1-—-k
Y(3 —k k) , 28)\1+2)\2+3 -k ( 1 ) A1 Az, k — 0, 1’ 2 3
(31, 92) AIZZ;O Dt 1o k) YR ,

YD (yy, ) =

Y(0,3) (yh Z/z) =
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Now suppose that we do not blowup P(1,1,2,2,2). It means that we do not add
vg to the generators of ¥’'. Then the polynomial
5
F&) =1=> ait™ =1—at7't;°t5°t;% — asty — agty — agts — asts
i=1
can be transformed to
f) =1— 7252 —yty —ta —t3 — 14

after introducing the new variable y := ajasajaja?. It is nice to observe that the
Yukawa coupling

Yi(y) = 1_—8218—y = 8 + 2097152y + 549755813888y> + O(y/°)

for Q(z) = z* can be computed either by theorems 7.2 and 9.7 or as a limit ag — 0
in Y39 (g, y5) found above.

11. MIRRORS OF CALABI-YAU HYPERSURFACES IN P9 x Pd2

Let us illustrate our method for computation of Yukawa (d — 1)-point functions
~ for Calabi-Yau hypersurfaces Z; C T & (C*)? defined by polynomial

ni na
PO =1-3 a5 = agts,
$1=1 i2=1
where the exponents v;; satisfy the relations
Vit Uy, =0, v+ + V2, =0
The toric variety Ps with the fan ¥ of dimension d = d; +d» (here, d; = n;—1,d; =
ny — 1) with generators {v;,,} is the product of two projective spaces P x P%.
According to [Bat2], the hypersurfaces Z; form the mirror family of Calabi-Yau

hypersurfaces in P# x P,
Denote by y; = a@11--*Gin,, Y2 = @21 - Ga2p, the new variables and by 6; =
118/0y1, 8 = y20/y, the logarithmic partial derivations. Given a form-residue

1dt
Q := Res (— AN %) € HY(Zy),
ft td
the 2-parameter Yukawa (d — 1)-point functions are defined as the integrals

(_1) (d—l)z(d—z)

(271)d-1
Theorem 9.7, Theorem 8.1 and Proposition 8.3 easily implies the following state-
ment.

Yy, ) = | anebeha, k+k=d-1
Zy
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Proposition 11.1. The Yukawa (d — 1)-point function Y *152)(y; 1,) is equal to
the toric residue related with the polynomial P(z;,zs2) = x’flmgz (n1z1 + noxe). Let
uy = nT'y, ug = ny?yy. Then the function Y*1:%2) (y yo) can be computed

1) as a trace of rational function:

—k1— —ko— 1
Y(k1,k2)(u1 U2) — ndl k1 lngg ko—1 )
) 1 : : zdl—klzdz—kz(l — — 2 )7
z;‘1=u1 2 1 2
ng
Zg " =U2
2) as a series:
— n1b1 + nzbz +1 !
Y(k1,k2)(u1’u ) _ nl —k1 dg k2 E : ( ) ull’lugz.

b 52 >0 (n1b1 + dl - kl)!('ﬂzbz + d2 - k‘z)

Some examples of explicit calculation of Yukawa (d — 1)-point functions as ra-
tional functions are given below.

Example 11.2. P! x IP]'; Uy = 22y1, Uy = 22y2.

2b + 2bs + 1)
(1’0) _ 1 2 b1 bz

zl =u1 b1,b2>
zE=ua

2(1 + u; — ’LL2)
(1 —uy —up)? —dujuy

By Symmetry, Y(o’l) (ul, U2) = Y(l,O) (’U;g, ul)'
Example 11.3. P! x P?; uy = 2%y, us = 33y2.

3 (2b1 + 3b2 + 1)
y(20 _ 3 by, b2
(U]_,'U:2) 2 22: 2(1 — 21— 22 2 Z (2b1 - 1 3b2 + 2)|u1 uz
2y 51,520
23=uz
_ 9 u1(3 + 1)
o 2 (1 — U1)3 — 2’11.2(1 - 3u1)
1 1 (2by + 3by + 1)!
Y(lal) , = — =3 ! By
(u1, u2) 2 ; 2(1 — 21 — 23) b;w (26,)1(3b; + 1) 1 2
21—u1
z%:uz
3(1 — up — u?)

(1 — U1)3 — 2’!1.2(1 - 3U1)
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1 1 (26, + 3b, + 1)!
(0,2) _ —9 1 2 by, by
Yiwmw) = 3 ZZ 21—z — 22) X (25, + 1)!(3by)! L “2
z5=u1 b1,62>0
z%:uz
2((1 — ’U,1)2 + 211,2)
(1 - ’LL]_)3 - 211.2(1 — 3U1) '
The next example of hypersurfaces in product of projective spaces was considered
in [BvS] in the case of diagonal one-parameter subfamily and in [HKTY].

Example 11.4. P? x P?; u; = 33y;, us = 33ys..
1 3b 3b 1)!
Y(a’o)(ul,uz) _ * Z ¥ —3 Z (3by + 3by + 1)! u'{‘ug"

3 ) 2(1 — 21 — z3) b0 (3by — 1)!(3by + 2)!
z%:uz
_ 9uy (2 + ug + uz)
- (1 — Uy — U2)3 - 27’LL1UZ '
1 1 (3by + 3by + 1)!
Y(2,1) U, u2) = = . =3 ub1ubz
( ) 3 2?21 22(1 — 21— 22) bl%:zo (3b1)'(3b2 + 1)' 172

zﬁ:ug

3((1 - ’l.lq)2 + Ul(l - 2'U.1 - U2))
(1 - ’ll.l - ’U,g) 27’1.L1U2

By symmetry, Y (F1#2)(y uy) = Y62k (yy ay)..
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