MIXED TORIC RESIDUES AND CALABI-YAU COMPLETE
INTERSECTIONS

VICTOR V. BATYREV AND EVGENY N. MATEROV

ABsTRACT. Using Cayley trick, we define the notions of mixed toric residues and
mixed Hessians associated with r Laurent polynomials fi,..., f.. We conjecture
that the values of mixed toric residues on the mixed Hessians are determined
by mixed volumes of the Newton polytopes of fi,...,f,. Using mixed toric
residues, we generalize our Toric Residue Mirror Conjecture to the case of Calabi-
Yau complete intersections in Gorenstein toric Fano varieties obtained from nef-
partitions of reflexive polytopes.
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1. INTRODUCTION

This paper is the continuation of our previous work [BM1]| where we proposed
a toric mirror symmetry test using toric residues. The idea of this test has ap-
peared in the paper of Morrison-Plesser [MP] who observed that the coefficients
of some power series expansions of unnormalized Yukawa couplings for mirrors of
Calabi-Yau hypersurfaces in toric varieties P can be interpreted as generating func-
tions for intersection mumbers of divisors on some sequences of toric varieties Pg
parametrized by lattice points 3 in the Mori cone Kg(P) of P. Due to results
of Mavlyutov [Mav], it is known that the unnormalized Yukawa couplings can be
computed using toric residues introduced by Cox [Cox]. In our paper [BM1], we
formulated a general mathematical conjecture, so called Toric Residue Mirror Con-
jecture, which describes some power series expensions of the toric residues in terms
of intersection numbers of divisors on a sequence of simplicial toric varieties Pz (we
call them Morrison-Plesser moduli spaces). This conjecture includes all examples
of mirror symmetry for Calabi-Yau hypersurfaces in Gorenstein toric varieties as-
sociated with reflexive polytopes. Since the toric mirror symmetry construction
exists also for Calabi-Yau complete intersection in Gorenstein toric Fano varieties
[Bo, BB1], it is natural to try to extend our conjecture to this more general situa-
tion.

The case of Calabi-Yau complete intersections of r hypersurfaces
ht)=-=f({t)=0, r>1,

defined by Laurent polynomials f,(t),..., fr(t) € C[tf!,...,t '] in d-dimensional
toric varieties P was not considered by Morrison and Plesser in [MP]. We remark
that in this case one does not get a connection to the “quantum cohomology ring”
[Bat] as in the hypersurface case. This difference is explained by the consideration
of a nonreflexive (d+r — 1)-dimensional polytope Z, so called Cayley polytope, and
its secondary polytope Sec(&). The Cayley polytope A appears from the Cayley
trick which introduces r additional r variables t441,...,%t4;, and a new polynomial
F(t) == Y i1 tar;fij(t). We consider the usual toric residue Resy associated with
F and define the k-mized toric residue Res’j, corresponding to a positive integral
solution k = (ki, ..., k) of the equation k; +- - - +k,. = d+7 as a k-th homogeneous
component of Resp. We expect that the k-mixed toric residues are similar to the
usual toric residues. In particular, we introduce the notion of k-mized Hessian HE
of Laurent polynomials fi, ..., f, and conjecture that the value of Res% on HE is
exactly the mixed volume

V(AL,...,AL ..., A A,
( lk 1 ky—1
1—1 r—

where Ayp, ..., A, are Newton polytopes of fi,..., f».
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Our generalization of the Toric Residue Mirror Conjecture for Calabi-Yau com-
plete intersections uses the notions of the nef-partition A = A; +--- + A, of
d-dimensional reflexive polytope A [Bo]. In this situation, one obtains a dual nef-
partition V = V3 + - -- + V, and two more reflexive polytopes:

V* = conv{Ay,..., A}, A*=conv{Vy,...,V,}.

It is important that special coherent triangulations of V* define coherent triangu-
lations of the Cayley polytope A := Aj *--- % A,. Therefore the choice of such a
triangulation 7 of V* determines a vertex vy of the secondary polytope Sec(A) and
a partial projective simplicial crepant desingularization I’ := Pg(r) of the Goren-
stein toric variety Py«. So one obtains a sequence of simplicial toric varieties Pg
associated with the lattice points 3 in the Mori cone Kg(P) of P. We conjecture
that the generating function of intersection numbers

I@= Y. I(P,B)d’

IBGKeﬂ'(]P)

coincides with the power series expansion of the k-mixed toric residue
Rp(a) = Resh(P(a, ))

at the vertex vr € Sec(&). The precise formulation of this conjecture is given in
Section 4.

In Sections 5, 6 we check our conjecture for nef-partitions corresponding to
Calabi-Yau complete intersections in weighted projective spaces P(ws, . .., wy,) and
in product of projective spaces P# x --- x P%. The final section is devoted to
applications of the Toric Residue Mirror Conjecture to the computation of Yukawa
couplings for Calabi-Yau complete intersections.

Acknowledgements. This work was supported by DFG, Forschungsschwerpunkt
“Globale Methoden in der komplexen Geometrie”. E. Materov was supported
in part by RFBR Grant 00-15-96140. We are also appreciate to hospitality and
support of the Isaac Newton Institute in Cambridge.

2. TORIC RESIDUES

In this section we remind necessary well-known facts about toric residues (see
[Cox, CDS, BM1]).
Let M and N = Hom(ﬂ , Z) be two free abelian groups of rank d dual to each
other. We denote by
(%, %) : MxN—>Z
the natural bilinear pairing, and by My (resp. ]VR) the real scalar extension of M
(resp. N).
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Definition 2.1 ([BB2]). A d-dimensional rational polyhedral cone C (d > 0) in
Mg is called Gorenstein if it is strongly convex (i.e., C + (—C) = {0}), there exists
an element ne € N such that {(z,nc) > 0 for any nonzero z € C, and all vertices
of the (J — 1)-dimensional convex polytope

A(C)={zxeC : (z,nc) =1}

belong to ,.A? . The polytope A(C) is called the supporting polytope of C. For any
m € C N M, we define the degree of m as

deg m = (m,ng).

Definition 2.2. Let A = A(C) be the supporting polytope for a Gorenstein cone
C C Mg. We denote by Sx the semigroup C-algebra of the monoid of lattice

points C' N M. In order to transform the additive semigroup operation in C' N M
into a multiplicative form in Sx, we write ™ for the element in Sx corresponding
to m € C. One can consider S as a graded C-algebra:

[0+

Sz =P sy,

1=0
where the /-th homogeneous component Sg) has a C-basis consisting of all t™ such
that m € C N M and degm = 1. We define also the homogeneous ideal

oo
_ ®
=PI
1=0
in Sz whose C-basis consists of all ™ such that m is a lattice point in the interior
of C.

Definition 2.3. An element
g:= z amt™ € S(Zl), a, € C

meAnM
is called Z-regular if for some Z-basis ny,...,ny of N the elements
gi == Z am{m,n)t™, i=1, cd
meZnJT/f

form a regular sequence in Sx. We define the matrix G := (gi;),; ;<5 Where
gij = Z am(m, n;)(m,n)t", i,5=1,...,d.
meANM

The element
Hy :=detG
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is called Hessian of g.

Remark 2.4. a) The~ definition of Zi-regula,rity does not depend on the choice of Z-
basis n1,...,nyof N. In many applications the lattice vector ng will be included

in {ny,...,nz}.
b) f ANM = {my,...,m,}, then by [CDS, Proposition 1.2], one has

H, = Z (det(ma,, ... ,m,-uT))2 it
1<i1 <. <ig<p
In particular, H, is independent on the choice of the Z-basis n;,...,nzyand H, €
9.
c¢) The graded C-algebra Sy is Cohen-Macaulay and I is its dualizing module. If
g is A-regular in Sx, then
Sg = Z/(gl, sy gd~>‘5’51
is a graded finite-dimensional ring and
Iy :=Ix/(91, .-, 991x
is a graded Sg;-module together with a non-degenerate pairing
l d-1 d) ~, — 7
SHx [ 5 [ ~C, 1=0,...,d-1.
induced by the S,-module structure.
Definition 2.5. By toric residue corresponding to a Z-regular element g € S(zl)
we mean the Clinear mapping
d)
Res, : I (Z) - C

which is uniquely determined by two conditions:

(i) Resy(h) = 0 for any h € (g1,...,97)1x;

(ii) Res,(H,) = Vol(A), where Vol(A) denotes the volume of the (d — 1)-
dimensional polytope A multiplied by (d — 1)!.

Let Px := Proj Sx be (J — 1)-dimensional toric variety associated with the poly-

tope A and Op,(1) the corresponding ample sheaf on Pz. Then one has the
canonical isomorphisms of graded rings

Sx = €D H'(Pz, Or;(1))
1>0
and graded modules

Iz = @ B (P, we, (1)),
>0
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where wp; is the dualizing sheaf on Px;. In particular, we obtain a canonical
isomorphism
@) ~ =
19 = B (Px, wp(d)).

The following statement is a simple reformulation of Theorem 2.9(i) in [BM1]:
Proposition 2.6. Let ny,...,n; be a Z-basis off\? such that ny = nc. Denote by
my, ..., mg the dual Z-basis of M. For any elements h € Ig) and g € 5(51), we
define a rational differential (c’lv — 1)-form on Px:

h dt™ dt™a
Ao A —.
g1~ g&- tma2 tmd

Q(h, g) =

If g is Z-’r‘egular, then
Resy(h) = ) _ rese (2(h, 9)),

{eVy

where Vg = {§ € Px : g2(§) = -+ = g5(§) = 0} is the set of common zeros of
g2, . .-, 9z and res¢(QU(h, g)) is the local Grothendieck residue of the form Q(h, g) at
the point § € V.

In particular, if all the common roots of gs, ..., g7 are simple and contained in
the open dense (d — 1)-dimensional torus T C Px, then

(&)
Res,(h) = — T
o= 2 o
where Hy is the determinant of the matriz G* := (9ij))y; ;<7

Definition 2.7 ([BB1]). A Gorenstein cone C is called reflezive if the dual cone
C={yeNg: {(z,y)>0 VzeC}

is also Gorenstein, i.e., there exists mas € M such that (mea,y) > 0 for all y €
C'\ {0}, and all vertices of the supporting polytope

AC)={yeC : (mg,y)=1}

belong to N. We will call the integer 7 = (mg,nc) the indez of C (or C). A
(d — 1)-dimensional lattice polytope A is called reflerive if it is a supporting poly-
tope of some d-dimensional reflexive Gorenstein cone C of index 1. Moreover, the
supporting polytope A* of the dual cone C is also reflexive polytope which is called
dual (or polar) to A.
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If C is a reflexive Gorenstein cone of index r, then I3 is a principal ideal generated
by the element t™¢ of degree r. So one obtains the canonical isomorphism I g) =

Sg_r). In particular, there exists the toric residue mapping
. g(d-r)
Res, : S5 ' —=C

which is uniquely determined by the conditions:
(i) Resy(h) =0 for any h € (g1,..., 97 Sx;
(ii) Resg(H,) = Vol(A), where Hy = t™c H,.

3. CAYLEY TRICK AND MIXED TORIC RESIDUES

Let M be a free abelian group of rank d, Mp := M ® R, and A C Mp a
convex d-dimensional polytope with vertices in M. We assume that there exist
r convex polytopes Ay,...,A, with vertices in M such that A can be written as
the Minkowski sum A = A; +--- + A, (here we do not require that all polytopes
A, ..., A, have maximal dimension d).

Definition 3.1. We set M := M @ Z", d := d + r and define the d-dimensional
Gorenstein cone C = C(Ay,...,A,) in Mg := Mg ® R" as follows

C:= {()\lml+"'+)‘r1’r:)‘1:---:Ar)GMR : )\12201 wieAhi:l;---,T}-

The (d + r — 1)-dimensional polytope Ay * ---* A, defined as the intersection of
the cone C with the affine hyperplane Y, A =1

r
Al*"'*Ar = {(A]_il)]_+"'+Ar$r,)\1,...,/\r) : /\i Z O, Z/\,; = 1, T; (= A,;},
i=1
will be called Cayley polytope associated with the Minkowski sum decomposition
A =A;+---+A,. It is clear that all vertices of A; *---* A, are contained in M
and
Ay x- % Ay = conv((Ar x {1} U---U (A, x {b:})),
where {bi,...,b,} is the standard basis of Z". For fixed polytopes Ay,..., A, we
denote A; * ---x A, simply by A.
Definition 3.2. Define S := C[CHMV ] to be the semigroup algebra of the monoid
- CNM over complex numbers. The algebra Sz has a natural Z' ,-grading defined by
the last r coordinates of lattice points in M. By choosing an isomorphism M = Z¢,
we can identify Sx with a Z%-graded monomial subalgebra in

CitL, .t b, - tanes
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where the ZZ y-grading is considered with respect to the last r variablestg 1, ..., tq,.
We denote by Iz the Z%;-graded monomial ideal in Sz generated by all lattice

points in the interior of C. For any k = (ky,...,k,) € Z%. o, we denote by Sg (resp.
by I g) the k-homogeneous component of Sx (resp. of Ix). We will use also the
total Z>¢-grading on Sz and Ix. For any nonnegative integer {, we denote the cor-

responding [-homogeneous components of Sx and Iz by Sg) and [ g) respectively.

So one has:
W@t 1W-@r
k| =t |k|=1
where |k| := k1 +--- + k.
Let fi(t),..., f»(t) be Laurent polynomials in C[tf", ..., ¢3*] such that A, is the
Newton polytope of f; (1 <i<r). We set

F(t) = td_|.1f1(t) + -+ td+,-f,.(t).

It is easy to see that A= Aj % ---*x A, is the Newton polytope of F. Moreover,
using the decomposition

T

- @ sk =Dt

|k|=1 i=1
we see that every Laurent polynomial G in Cltf!,...,t3,tas1,- - -, tass] With the
Newton polytope A can be obtained from the sequence of arbitrary Laurent poly-
nomials ¢;,...,9, € (C[tlﬂ,...,tfl] by the formula G = tgr1g1 + -+ + tdirgr,
where A; is the Newton polytope of ¢; (1 < ¢ < r). The above correspondence
{fi,..., fr} — F is usually called Cayley trick. We call F =tg.1f1 + -+ tare fr
the Cayley polynomial associated with fy,..., f,.
Definition 3.3. Let Aq,...,A, C Mg be convex polytopes with vertices in M
such A = A; +---+ A, has dimension d. We say that » Laurent polynomials

)= D o™ i=1,...r
meA;NM
form a Z-'r’egular sequence if the corresponding Cayley polynomial F' is Z—regular,
i.e., the polynomials
F, :=t;0/0t;F, i=1,...,d+r
form a regular sequence in Sx.
Definition 3.4. Let fi(t),..., f,(t) be Laurent polynomials with Newton polytopes
Ay, ...,A, asabove, F' = tgy1fi+- - ~+taer fr the corresponding Cayley polynomial,
and

Hp = det (ti BFJ') = det ( (tii> (tji) F) e ¥ ¢ s+
ot; 1<i,j<d+r ot 8t,- 1<4,j<d+r
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the Hessian of F. For any k = (ki, ..., k,) with [k| = d+r we define H}. € I% to be
the k-homogeneous component of Hr. The polynomial H will be called k-mized
Hessian of f1,..., fr-

Remark 3.5. Since the last r rows of the matrix

) (435) F)
ti— ti— | F
( ( ot ’ Bt,- 1<i,j<d+r

are divisible respectively by t4.1, ..., tdtr, the Hessian Hp is divisible by the mono-
mial ¢44; - - tg+,. Therefore H % = 0 if one of the coordinates k; of k = (ky,...,k,)
is zero. In particular, one has

Hp= ) Hf.

kEZT,,
|k|=d+r

Let k = (ki,...,k,) € ZL, be a solution of the linear Diophantine equation
k| =k1+---+ k. =d+r.

For any r subsets S; C A; N M such that |S;| = k; (1 < ¢ < 7) we define the
nonnegative integer v(S5,...,S,) as follows: choose an element s; in each S; (1 <
i < r), define S to be the d x d-matrix whose rows are all possible nonzero vectors
s —s;, where s € §;, 1 <4 < 7, and set v(Sy,...,5;) := (det §)2. It is easy to
see that up to sign det.S does not depend on the choice of elements s; € S; and
therefore v(Sy, .. .,.S;) is well defined.

Proposition 3.6. Let k = (ky,...,k,) € 7% be a positive integral solution of the
linear Diophantine equation

kl=ki+---+k =d+r

Then the mized Hessian can be computed by the following formula

He=th oth o > w8y, S]] T o9t
(51,...,.5',-) i=1 5;€5;
where the sum runs over all r-tuples (Si,...,S;) of subsets S; C A; N M such that
|S.,l = ki (1 S ) S ‘f‘).
Proof. The formula for H % follows immediately from the formula in 2.4(b) applied
to the Cayley polytope A. O
Definition 3.7. Let k = (ky,...,k,) € ZJ, be a positive integral solution of the

equation
k| =k +-:-+k, =d+.

Consider the toric residue
Resyp : Ig”r) —C
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defined as a C-linear map which vanishes on (Fy,..., Fyi,)Ix and sends Hr to

Vol(A) = Vol(Ay - - -%A,). The restriction Res% of Resp to the k-th homogeneous
component [ g:

Resk. : I% —+C
will be called the k-mized toric residue associated with fy,..., f;.
Since Hj is an element of I%, it is natural to ask about the value of Res},(HE).
Conjecture 3.8. Let k = (k_y . _,_k,) € Z%, be a positive integral solution of
kyv+---+k.=d+r. Wesetk=(ky,...,k,):=(ky1—1,...,k, —1). Then

Resp(Hp) = V(Ay,..., Ay, ., A, A,

EY; R
where V (01, ...,0,4) denotes the mized volume of convex polytopes O, ..., 04 mul-

tiplied by (d+r — 1)\
Our conjecture agrees with a result of Danilov and Khovanskii:

Proposition 3.9. [DK, §6] The normalized volume of the Cayley polytope A =
Aj -+ % A, can be computed by the following formula:

Vol(Ay *--- => V(AI, DAL A).
|k|=d %

Remark 3.10. Let r =d and k = (d+ 1,1,..., 1). It follows from 3.6 and 2.4(Db)
that

Hé‘ = th+1f1 (td+2f2) e (t2d.fd)1

o 0
Hi,, 5 = det (( ‘ot ) (t 6t,) td+1f1) 1<i,j<d+1 .

On the other hand, we have

V(AI,... ’—V‘A]_, Al)—VOI A]_

k1

where

Therefore, Conjecture 3.8 can be considered as a “generalization” of 2.5(ii).

It is easy to show that the cone C from 3.1 is a reflexive Gorenstein cone of index
r if and only if A = Ay +---+ A, is a reflexive polytope. In this situation, we have

IZ = td_|_1 v 'td+7-SE.
Therefore one has canonical isomorphisms:

k ~ ok
It = 5% VEezZl,
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where the monomial basis in S% can be identified with the set of all lattice points in

kiA; + -+ -+ k.A,. The k-homogeneous component of corresponding toric residue
map

ResfF ; SE — C.

will be also called k-mized toric residue.

4. Toric RESIDUE MIRROR CONJECTURE

Let M and N = Hom(M, Z) be the dual to each other abelian groups of rank d,
Mg and Ng their R-scalar extensions and A C Mg a reflexive polytope with the
unique interior lattice point 0 € M. Denote by PA a Gorenstein toric Fano variety
associated with A. Let Dy,..., D, be the toric divisors on Pp corresponding to
the codimension-1 faces ©4,...,0; and ey, ..., e, the vertices of the dual reflexive
polytope A* C Np such that

A={ze Mg : (z,e;) > -1, j=1,...,s},

0,=AN{ze M : (r,e;) =—1}, je{1,...,s}.

Definition 4.1. A Minkowski sum A = A; + ---+ A, is called a nef-partition of
the reflexive polytope A if all vertices of A4,..., A, belong to M, and

1161%{1(:1:, ej) €{0,-1}, V1<i<r V1<j<s.

Since mingea(z,e;) = —1forall j € {1,..., s}, the equality mingea,(z,e;) = —1
holds exactly for one index i € {1,...,r} if we fix a vertex e; € A*. Therefore,
we can split the set of vertices {ei,...,es} C A* into a disjoint union of subsets

B, ..., B, where
B; = {6]' 1 J € {1, . .,S}, HéiAn-(x’ej> = —1}

Now we can define r nef Cartier divisors
E; = E D;, i=1,...,r .
j:e;€B;

Therefore, a nef-partition A = A; + --- + A, of polytopes induces a partition of
the anti-canonical divisor —Kp, = Dy + -+ D, of Pa into a sum of r nef Cartier
divisors:

_KPA=E1+"'+E1“

Now it is easy to see that the above definition of the nef-partition is equivalent
to the definition given in [Bo].
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Definition 4.2. If A = A; + -+ A, is a nef-partition, then for any i =1,...,r
we denote

V.,-:z{yeN]p : (x,y)Z—cS,-j, .’L'GAj,jZ].,...,’r'}.

The lattice polytopes Vi,..., V, define another nef-partition V :=V; + .-+ V,
of the reflexive polytope V C Ny which is called dual nef-partition.

The lattice polytopes Vy,..., V, can be also defined as
Vi:=conv({0}UB;) C Mg, j=1,...,r
Moreover, one has two dual reflexive polytopes

A* =conv(VLU---UV,) C Ng

V* =conv(A U---UA,) C M.

Nef-partition A = Ay +--- + A, defines a family of (d — r)-dimensional Calabi-
Yau complete intersections defined by vanishing of r Laurent polynomials fi, ..., f,
with Newton polytopes Ay, ..., A,. According to [Bo], the dual nef-partition V =
V1+---+ V, defines the mirror dual family of Calabi-Yau complete intersections.

Define A; to be a subset in A; N M containing all vertices of A; and set A; :=
A\ {0}, s =1,...,r. It is easy to see that A; N A; = 0 for all 7 # j. We set
AU---UA, :={v,...,v,} and define a4, ...,a, € C to be the coefficients of the
Laurent polynomials

fj(t)I:].— Z a,,;t'"f, j=1,...,1".

i:v;€A;

Let A:={0}UA;U---UA, and A = Ay %-- %A, be the Cayley polytope. Denote
by 7 the injective mapping

AU--UA - ANM
which sends a nonzero lattice point m € A; to (m,b;) (1 < j <r) and define
A:=n(AU---UA)U{(0,by),...,(0,b)}.
We hold notations from [BM1, §4].

Definition 4.3. Choose a coherent triangulation 7 = {7y,...,7,} of the reflexive
polytope V* = conv(A;U- - -UA,) associated with A such that 0 is a vertex of all its
d-dimensional simplices 74, ..., 7,. Define a coherent triangulation 7 = {71, ..., 75}

of A = A * -+ * A, associated with A as follows: a (d + r — 1)-dimensional
simplex 7; € 7 is the convex hull of 7-images of all nonzero vertices of 7 and
{(0,b1),...,(0,b,)}. We call 7 the induced triangulation of A.
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Let P := Py(r) be the d-dimensional simplicial toric variety defined by the fan
Y(T) C Mp (P is a partial crepant desingularization of the Gorenstein toric Fano
variety Py) and denote by Pz the Morrison-Plesser moduli space [BM1, Defini-
tion 3.3] corresponding to a lattice point

B=(B,---,B) € R(Z)=A{(21,..-,20) €EZ" : z101 + -~ + Txv, = 0}
in the Mori cone K g(P). One has a canonical surjective homomorphism
vs : H}(P,Q) — H*(Ps, Q).

Definition 4.4. By abuse of notations, let us denote by [D;] € H%(Ps, Q) (1 <
j < n) the image of [D;] € H*(P,Q) under . Using the multiplication in the
cohomology ring H*(Pg, Q), we define the intersection product

Bg = [Ey] B0 ... [E,]| BB H [D;]~ PP
:(D;,8)<0
considered as a cohomology class in HX4mPs~d)(P; Q) and call &3 the Morrison-
Plesser class corresponding to the nef-partition A = A; +--- 4+ A,.
Definition 4.5. Let k = (kq,...,k,) € ZL, be a positive integral solution of

k| =ky+- -+ ke =d+r

A polynomial P(zy,..., z,) € Q[zy,...,z,] is called k-homogeneous if it is ho-
mogeneous of degree k; = k; — 1 with respect to every group of |A4;| variables z;
(vieA) (1<i<r)

Now we are able to formulate a generalized Toric Residue Mirror Conjecture:
Conjecture 4.6. Let A=A +---+ A, and V=V +---+V, be two arbitrary

dual nef-partitions. Choose any coherent triangulation T = {mn,...,7,} of V*
associated with A such that 0 is a vertex of all the simplices 71, ...,7, as above.

Then for any k-homogeneous _polynomial P(zy,...,2,) € Qz1,...,z,] of degree d
the Laurent expansion of the k-mized toric residue

Rp(a) := (~1)*Resh(th, - - thr P(art™, ..., ant™))

at the vertez vz € Sec(Z) corresponding to the induced triangulation T = {m,..., 7}
coincides with the generating function of intersection numbers

Ip(a):== > I(P,B)d”,
BEK 5(P)

where the sum runs over all integral points B = (Bi1,...,0n) of the Mori cone
Keg(P), a® :=a)*---aPr,

I(P,B) = / P(IDy), .., [Da])®s = (P(ID4), .-, [Da])@s)s,
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and &5 € H24mPs=d)(P, Q) is the Morrison-Plesser class of Ps. We assume
I(P, ) to be zero if Py is empty.

5. COMPLETE INTERSECTIONS IN WEIGHTED PROJECTIVE SPACES

Let P = P(wy,...,w,) be a d-dimensional weighted projective space, n =d + 1.
The fan ¥ of P(wy, ..., wy) is determined by n vectors vy, ..., v, € M ~ Z% which
generate M and satisfy the relation

wivy + - -+ WRUy = 0.
If we assume that ged(w;, ..., w,) =1 and
wi|(wy + - +wy,), i=1,...,n,

then P is a Gorenstein toric Fano variety with the anticanonical divisor —Kp =
Dy + ---+ D,, where D; is the toric divisor corresponding to the vector v;. These
divisors are related modulo rational equivalence as

@:...2@2:[D0].

Consider a decomposition {vy, ..., v,} into a disjoint union of r nonempty subsets
Ay, ..., A and define the divisors E; := 3 ;. , o 4, D; on P such that [E;] = d;[Dy],
where d; = ZieAj w;, 3 =1,...,r. Note that the integers d; satisfy d; +---+d, =
wy + -+ wy. Let A; := conv({0} U 4;) (1 < ¢ < r). The polytopes Ay,...,A,
define a nef-partition A := A; + .-+ A, if and only if

’lU,;Idj, i=1,...,n,j=1,...,r.

The following result generalizes [BM1, Theorem 7.3]:

Theorem 5.1. Let P € Q[z1,...,%,] be a homogeneous polynomial of degree d.
Then the generating function of intersection numbers on the Morrison-Plesser mod-

uli spaces has the form

v-Pwy,...,w,
Ip(y):y-P(wl,_“,wn)Z”byb: (wy )’

1—
b>0 uy
where

d d
1 dst ... dor

I . 1 r o un w.

Vi=m o, = g, Y=y "
wl---wn wl ..-wnﬂ

Proof. The lattice points # in the Mori cone of IP correspond to the linear relations

Wr

bwivy + - - + bwpv, =0, b € Zxg. Therefore we set y := a7 ---ajr
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The Morrison-Plesser moduli space Pg is the (37, w;)b+d-dimensional weighted
projective space:
]P’(wl,...,wl,...,wn,...,wn .
N —
b+1 b+1
It is easy to see that the Morrison-Plesser class defined by the nef-partition is

&g = (do[Do])™- - - (dr[Do])**.

Using ([Do]9™Ps) 5 = 1/w{ ™. .. w@n*+1 we obtain

Ie(y) = D (P(Dil;- .., [ Dal)(d[Do))*--- (d,[Do])**)5 "

>0
= P(wy,...,wn) Y _(df -~ dF)*([Do]*™F?)p 1"
>0
1
_ d dr )b b
= P(wy...,un) Z(d oy wPtl . qwabit y
b>0 n
= v-P(wy,...,wn) Y1y’
>0
v -Plwy,...,w,)
1—py
O
The convex hull of the vectors vy, ..., v, is a reflexive polytope (simplex) V* C

Mp =2 R%. Let M := M & Z" be an extension of the lattice M and {b1,...,b.} the
standard basis of Z". The (d + r — 1)-dimensional Cayley polytope
A=A %A,

is the convex hull of (d+7+1) points: (0,b1),...,(0,b,) and (vg,b;) (k =1,...,d+
1), where vy, € A;. We denote this set of points by A. The points from A are affinely

dependent, while any proper subset of Ais affinely independent, i.e., defines a
circuit (see [GKZ, Chapter 7]). It is easy to see that the only affine relation (up to
a real multiple) between the points from A is

diey + -+ drep —wiup — -+ — W, = 0.

Thus by [GKZ, Chapter 7, Proposition 1.2}, polytope A has exactly two triangula-
tions: the triangulation 7 = 7; with the simplices conv(A\ {e;}),i=1,...,r, and
the triangulation 73 with the simplices conv(A \ {ux}), £ =1,...,n. Note that

(1) Vol(conv(A\ {e&})) =di, i=1,...,r
(2) Vol(conv(A\ {w})) =wi, k=1,...,n
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Therefore Vol(A) = .7, d; = S-°_, wy.
Let
fl)=1— > at*eClt, ... 5], j=1...r
i:’U.;EAj
be generic Laurent polynomials. Denote by

F(t) = tas1 (t) + -+« +tage £,(2)

a Laurent polynomial whose support polytope is A.
The next statement follows directly from [GKZ, Chapter 9, Proposition 1.8] and
from the equalities (1), (2).

Proposition 5.2. The A-discriminant of F' is equal (up to sign) to the binomial

n r n n

Da(F) = [Jwp* - [T [T ap* = [ [ wi*(@ — my),
k=1 =1 k=1 k=1

where y = [[;_, a;* and the first summand in Da(F) corresponds to the triangu-

lation T .

Theorem 5.3. Let P(x1,...,2,) € Clz1,...,2,] be a k-homogeneous polynomial

with |k| = d. Then

ke - Plwy, ...
Rp(a) = (—1)%Resk, (t";ﬁl . 'tmlp(altvl, . ,ant"")) _v (Wi, ..., wy)

1—py

)

where y := a7* - - - a¥".

Proof. By Proposition 2.6 the toric residue Rp(a) is the following sum over the
critical points £ of the polynomial Fi(t,y) := fi(t) + yofa(t) + - - - + y. f+(t), where
(t,) € (C) x (C);

— d P(a:1€™, .. ., an€™)
Rp(a) = (1) EEZV; REHLE)

We rewrite polynomial F} as

n
F=y+-ty+1-) at™

=1
where ¢; = y; - a; if v; € A;. Then at the critical point &, we have
V1 Un
Clg— = = Cnf— =z
un Wnp,

and
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Moreover, at the critical points one has:

f2(€): :fr(§)207
which is equivalent to
d.
fi§)=1- Zaifvizl— Zwi i=1—Lz=0, j=2,...,7,
1 EA; 10 €A ] Ui

where 7; is the value of y; at the critical point. Hence, it is easy to see that n; = d;z,
(j=2,...,r) and F} = 1 — dy2, which implies

a \™ a, \“"
1
0 e () (2) s s

wn

a; \™* a, \""
dy __ 1 n da d,
z e (_) ...(_) d2 ...dr"'
un Wy,

The value of the Hessian H}ﬁ at £ equals

H117'1(€) = (—1)d'w1 sen wnd1 v d,.zd—l_"_l_

or, equivalently,

Since there are exactly w; + -+ + w, = d; + --- + d, critical points of F', the
summation over the critical points is equivalent to the summation over the roots
of (3), we get

Rp(y) = Z P(wy, ..., wy)

wy - - .wnd 1 _ d z
z‘h:(%)wl... 2n.)"" gia...qdr 1 1( 12)

wn

b

— P(wla"-’wn)Z(ddl...ddr)b ( a’i"l__.a:n )
- 1 r w w
w wl o-ownﬂ

wl.-- n b>0

_I/'P(’U)l,...,’wn)
1—py

6. COMPLETE INTERSECTIONS IN PRODUCT OF PROJECTIVE SPACES

In this section we check the Toric Residue Mirror Conjecture for nef-partitions
corresponding to mirrors of complete intersections in product of projective spaces
P =P% x ... x P% of dimension d = d; + - - - + d,. We set n; := d; + 1 and denote
by N = (n;;) an integral p X r-matrix with non-negative elements having columns
ny,...,n, € Z%,. A complete intersection V' of r hypersurfaces V4,...,V; in P of
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multidegrees ny,...,n, is a Calabi-Yau (d — r)-fold if and only if E;Zl Nij = N
(t=1,...,p). We will use the standard notation

P Ny o Ny

]P’dP npl v e npr

to denote this complete intersection.

The cone of effective curves Keg(P) is isomorphic to R, and its integral part
Kt (P)z consists of the points § = (by, ..., b,) € Z%,. Thus, the Morrison-Plesser
moduli spaces are the products of prOJectlve spaces: Pg = ]P’"ll’“‘d1 X+ -+ X Probotdp
and the generating function for intersection numbers may be written

Z I(Pvﬂ)yijlyzp

b1yenybp >0
Theorem 6 1. The generating function for intersection numbers associated with
monomial * = z** .. xﬁ” can be written as the integral
1 kl o dz /\ -Adz
4 I k = ( ) / d P,

where the polynomials G; have the form
_H(nljzl +'“+npjzp)nijy‘i7 1= 1)"'7p)
and I is the compact cycle in CP defined by I’ = {|G1| = - - - = |Gp| = €} for small

positive €.

Proof. Let [H;] denotes the class of hyperplane section in P%. The class of the
divisor E; defining hypersurface V; equals

[Ej]:nlj[H1]+---+npj[Hp], j=1,...,’f‘

Hence, the coeflicients of the series I« (y) are
([E] - [H) H(nu (] + -+ g [Hp] s meste

The lattice points 8 = (b,...,by) € Z%, in the integral part of the Mori cone
K5 (P) correspond to the p linear relations

b,;’l)i1+"'+b,"l),;n'.=0, i=1,...,p,
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where w1, ..., Vjn; generate lattice M; of rank d; (1 < j < p). Therefore we set
Yi = G4 * * * Qun,. Using the property of the integral

1 ? mi1—1 mp—1 1) m1:"':mp=0)
(%) ,[YP Ay dE = 0, otherwise,
where v, = {|z1] = - - - = |2,| = p} is the cycle winding around the origin (p > 0 is

small) and the fact that the intersection numbers on P are

1, li=mn;b;+d;, 7=1,...,r,
((Hi]™ - [Hp]lp>ﬁ = { 0, gthervfri;e, ’

we can represent the functions I(z*, 8) by integrals

1640 = (5)

21t

kv ke T ] ny;bi+-+npib
./ ! zp" [[j=a(njz + - - - + mpjzp)™9™ #i% dz

n1by+di+1 npbp+dp+1
Yo 21 Tt 2p

Denote

T
Fi(z) = [[(nyjzs + - -+ mpiz)™, i=1,...,p.
i=1

If z € v, for some fixed p, then the geometric series
b b k k
zfl_n‘l A zkp_”p Z (Fl(z)yl) ' o (Fp(:)yp) ? — 211 e pr
P zi‘l ZPP le [Z,?' _ -Fi(z)yi]
b1,..,bp >0

converges absolutely and uniformly for all y from the neighbourhood U, = {y :
llyl] < €}, where 0 < & < min;—y,_ (0™ /M;), M; = max,c,, |F;(z)|. Integrating
the last expression and changing the order of integration and summation, we get

Ia(y) = (L)p A1z dn A Nz
* 2m1 Yo f:l [z‘?i - E(z)yi]

The cycle v, for fixed y € U, can be replaced by its homologous by Rouché’s
principle for residues (see [Ts, Chapter 2, §8] or [AY, Lemma 4.9])

Yo~ T ={z:|z" — F(2)y|=---= |z;p — Fp(2)yp| = 6}.

Therefore, we have
p kl -« @ kp . 8 s
T i1 7 — Fi(2)ui]
which finishes the proof. O

The Conjecture 4.6 follows now from a general result in [BM2] which identifies

1 p/zf‘---z,’f?dzl/\---/\dzp
i) o GGG

2mi
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with the toric residue.

7. COMPUTATION OF YUKAWA (d — r)-POINT FUNCTIONS

Let A = A; + --- + A, be a nef-partition of a reflexive polytope A, A; C
OV* N A; N M a subset containing all nonzero vertices of A; (1 < ¢ < r). We
set Ay U---UA, :={v1,...,v,} and consider a Aj * --- * A,-regular sequence of
Laurent polynomials

ft)=1-= > at“ e, .. ], j=1,...r
i:‘U,‘GAJ'
which define r affine hypersurfaces

Zy={teT=(C) : f;(t)=0}, j=1,...,m

The compactification Z; in Pa of the affine complete intersection Z; := Zy, N---N
Z;, is a (d — r)-dimensional projective Calabi-Yau variety with at worst Gorenstein
canonical singularities. Using the Poincaré residue mapping

Res : HYT\ Z; U---UZ;,) = H¥"(Z;0---N Z4,)
one can construct a nowhere vanishing section of the canonical bundle of 7,: as

1 dt1 Ao A dtd)
fi- fr t tq

Definition 7.1. Let Q(z1,...,%,) € Q[z1,...,%,] be a homogeneous polynomial
of degree d — r. The Q- Yukawa (d — r)-point function is defined by the formula

1 := Res (

(d— r)(d (d=—r)(d—r—1)
1) 0
Yo(ay,...,an) = (= (271'2 = / QAQ (a1 Ing )97

where the differential operators ala/_aal, ..+, 0,0/ 0a,, are determined by the Giuﬁ-
Manin connection. If & = (ki,...,k;) is a nonnegative integral vector with |k| =
d—r and Q(z1,...,Z,) is a k-homogeneous polynomial (degz; = k; < v; € A;),
then

Q CI:1i,...,ani Q= (-1)*"Res Q(ait ’”"ﬁnt n)%/\.../\iti )
6&1 8an f1kl+1 e ffr'*‘l (2] tq

Theorem 7.2. Let Q(z1,.-.,%a) € Clzy, ..., 4] be a k-homogeneous polynomial
with |k| = d —r. We define

r

P(zy,...,zy,) ::H Z z; | Q(z1,...,2n).

i=1 i:v,'EAj
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Then the Yukawa (d — r)-point function is equal to the k-mized toric residue
Yo(ar, .., an) = (—1)%Resh (5141 P(axt™, . ant™))
Proof. We sketch only the idea of the proof. The hypersurface

Zr = {tay1f1 + -+ tag fr =1}

in (C*)¢ x C" is a C"'-bundle over (C*)?\ (Z;, N---NZ;). This fact allows
to identify primitive parts of the cohomology groups H*"(Z; N ---N Zy,) and
H%1(Zp) together with their intersection forms. By the result of Mavlyutov [Mav],
one can compute the intersection form on H41(Zy) using toric resides. a

Example 7.3. Consider the mirror family V* to Calabi-Yau complete intersections
V of r hypersurfaces of degrees dy, ..., d, respectively in P4, dy +---+d, = d + 1.
Its nef-partition can be constructed as follows. Let vy, ..., vs be a basis vectors of
the lattice M and

Vd+1 = —Vp — - — Uq.
We divide the set {v1,...,v441} into a disjoint union of r subsets A, ..., A, such
that |A;| = d;. For j =1,...,r, we define Laurent polynomials

fit)=1- > et eClty,... 5]
1V, €EA;

Then the affine part of V* is the complete intersection Z; C T of hypersurfaces
Z,--., 25, C T defined by polynomials f,..., fr. The Yukawa coupling for V*
has been computed in [BvS, Proposition 5.1.2):

dy---d,Q(1,...,1
YQ(y>=1 2ol

where y = a, +--a, and p = [[;_, d;".
Example 7.4. Consider Calabi-Yau varieties V' obtained as complete intersection
of hypersurfaces V3, V5, Vz in P? x P? of degrees (3,0), (0,3) and (1, 1) respectively

of type
PPl]|3 01
P3 0 31)/°
Let M = Z® and V* = conv(A; U Ay U A3) C Mg be a reflexive polytope defined

by the polytopes A; := conv{0,v1,vs,vs}, Ay := conv{0,vs,vs,v7} and Az :=
con’u{O,'u4,v8} where

(100000) »=(0,1,0,0,0,0), v3 = (0,0,1,0,0,0),
v4—(—1— 0,0), vs = (000100) v = (0,0,0,0,1,0),
(000001) s =(0,0,0,—1,—1,—1).
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The nef-partition A = A; + A+ A3 corresponds to mirrors V* of V = VNV N V3.
We define the disjoint sets: A; := {v1,v2,v3}, Az 1= {vs, vs, v7}, A3 := {v4, v3} and
the Laurent polynomials

fl(t) =1- Z ait“" =1- a1t1 - a2t2 — 03t3,

1w; €A

fo(t) =1~ Z a;t" = 1 — asty — agts — aqtg,
;€ Aq

Ft)=1- ) at™ =1—ast7' 75" — asty't; 15"
1, EAsg

The complete intersection Zy := Zy, N Zy, N Zy, of the affine hypersurfaces
Zy, ={te(C)®: f;(t)=0}, 7=1,2,3

is an affine part of V*.

Denote by y; = 3%ajazasa4, y2 = 33asagaras the new variables and by 6, :=
110/0u1, 02 = y20/3y> the corresponding logarithmic partial derivations. Given a
form-residue

1 dt dts) \
TIa A8 e BY(Z)),
fifafs tg (Z)

we compute the 2-parameter Yukawa couplings defined as integrals

Q= Res(

-1
YUk (g, o) = W/z QAOP6°Q,  ki+ks =3,
F

Proposition 7.5. The Yukowa couplings are

9 9
Y(3:0) ’ — , Y(z,l) , = ]
v = 4y = ) = -
9 92

Y(0,3) (yla Z/z) =

1,2) =
Y59 (g1, y2) (1—y1— )1 — )’ (1 -y —y2)(1 —y2)?

Remark 7.6. Note that the functions in Proposition 7.5 are completely consistent
with Yukawa couplings from [BvS, §8.3]. Indeed, if we put K(y;,12) = Y30 +
3y (@1 4 3y (12 1 ¥ (%3) and consider restriction to the diagonal subfamily y = ¢, =
Y2, then we get the same expression as in [BvS]:

18(3 — 2y)
K(y,y) = :
W= T A= o
Denote by F(t) := t7f1(t) + tsf2(t) + tofs(t) the Cayley polynomial associated

with Laurent polynomials fi, f2, f3, and by A = Ay * Ay * A; C Mp = Mp & R®
its supporting polytope which is the Cayley polytope associated with A;, Ay, Aj.
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Proposition 7.7. Let A := AN M and F (t) be the Cayley polynomial as above.
Then the principal A-determinant of F' has the form
E4(F) = (a1~ a8)*(1 = 91)*(1 = 41)°(1 — 11 — v2)-
Remark 7.8. It is easy to see that the products of Y (k1:%2) by E, (F) are polynomials
in ai,...,as.
Let us find the generating function Ip(y) for the monomial P(z) = z*z52. There
are two linear independent integral relations between v, ..., vs:

v+ 4v=0, vs+---+vg=0.
Hence the Mori cone K 4(P) is spanned by the vectors
1M =1,1,1,1,0,0,0,0), ¥ =(0,0,0,0,1,1,1,1)

and the Morrison-Plesser moduli spaces are Pg = P#1+3 x P42+3 (p, b, € Z3,).
The cohomology ring of ]Pﬁ is generated by two hyperplane classes: [H;] and [Hy].

We set E; := 3[H;|, F, := 3[Hz] and Ej3 := [Hy| + [Hs]. Then the nef-partition of
the anticanonical divisor — Kp correspondmg to the nef-partition A = A; +A,+ A3
is defined by —Kp = E; + E3 + E5. Therefore, the Morrison-Plesser cohomology
class associated with the nef-partition of —Kp equals

B = (3[H1])*" (3[Ha])* ([Ha] + [Ha])™**
and the generating function for intersection numbers can be written
Ip(y) — Z <[H1]k1+3b1+1 [Hz]k2+3b2+1([H1] + [HZ])b1+b2+1>ﬂ yillygz
b1,b2>0
Intersection theory on Ps implies

(b1+b2+1) b b
Ip(y) =9 Yr'ys -
( b1%:>0 by — ki +2)!(be — ka +2)1 71

By Theorem 6.1 we can write Ip(y) as the integral
I / k1+1 k2+1(21 + 22) le A de
P0) = ey o T S A 9
with the cycle T = {(21, 22) € C : |2 —23(z1+22)11| = €1, |25 — 23 (21 +22) 12| = €2},
1,62 > 0. Computing the last integrals, we get the same rational functions as in
Proposition 7.5.
Example 7.9. Consider an example of Calabi-Yau variety V obtained as complete
intersections of two hypersurfaces of degrees (4,0), (1,2) in P = P* x P! which
corresponds to the configuration
P 1
P! 2/

4
0
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This example was investigated in details by Hosono, Klemm, Theisen and Yau (cf.
[HKTY]). The corresponding nef-partition A = A; + Ay C Mg = R5 consists of
polytopes A; := conv{0, v1, v2, v3,v4} and Ay := conv{0, vs, vs, v7}, where

v =(1,0,0,0,0), v, =(0,1,0,0,0), ws=(0,0,1,0,0), wvs=(0,0,0,1,0),
vs = (—1,-1,-1,—1,0), wg=(0,0,0,0,1), vy =(0,0,0,0,—1).

We have two disjoint sets: A; := {vq,v2,v3,v4} and A := {vs, vs, v7} which are
the vertices of the reflexive polytope V* and define the Laurent polynomials

fl(t) =1- Z a,;t”" =1- a1t1 — a2t2 - a3t3 — a.4t4,
v EAL
fZ(t) =1- Z ait"" =1- a5(t1t2t3t4)_1 — a6t5 — a7tgl.
1:w;EAg
Denote by y; := a1---as, y2 := asay the new variables and ¢, = 110/,
62 := y20/3y. the corresponding logarithmic partial derivations. Let Q be a form

defined by
——AN— | € H(Z;; N Zy,).
ffati  t (Z; )

Then the Yukawa coupling associated with f, fo is the integral

-1
Yk (g p) = WL QAOP02Q,  ky+ky =3,
5

Q= Res(

where Zy := Z; N Zj, is an affine Calabi-Yau complete intersection which com-
pactification forms a mirror dual family to V.

Proposition 7.10. [HKTY] The Yukawa couplings Y *1%2)(y) are:
4(1 — 256y; + 4ys)

8
YOOy = 5, YOU() =

DoDy ’
8y2(3 — 51241 + dy,)
Y(1,2) — ,
(v) D.D?
YO () = 4ys(1 — 256y, + 24y, — 30721y + 16y§).

DyD?

Let F(t) := tef1(t) +t7f2(t) be the Cayley polynomial associated with fi(t) and
f2(t). Its support polytope is the Cayley polytope A = Ay * Ay C Mg = Mp & R?
which is the convex hull of the vectors:

v = (0,0,0,0,0;1,0), u2 = (1,0,0,0,0;1,0), u3 = (0,1,0,0,0; 1,0),
us =(0,0,1,0,0;1,0), us = (0,0,0,1,0;1,0), ug = (0,0,0,0,0;0,1),
uy = (—1,-1,-1,-1,0;0,1), us = (0,0,0,0,1;0,1), ug = (0,0,0,0,—1;0,1).
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Proposition 7.11. Let A:= {uy,...,u9} C M and
= (1—256y;)> —4y,, Dy :=1-—4dys,.

Then the principal A-determinant of F(t) has the following form:
E4(F) = aSaSaSadalala’ Dy D} =
—640a18028a3%a4%a5%a6%a® — 16777216a1%a2'%23"a4'%a5"%a6%a78 +
160a12a28a3%a4®a5%a6"a?” + 16777216a1'%a2'%a3"%4"%a5"%a6% 7 +
65536a1°a2'%a3'%a4'%a5"%a6%a7° + 629145601"°a2'%a3'%a4'%a5"%a6"a7" —
1048576a1'°a2'%a3'%a4"a5"a6% 7% — 102401%a2%a3%04%a5%06"% 7" +
1280a1%a28a3%a43a5%a6°a7® — 512a1%a2%a3%a4%a5%a6%a7° —
2001802803848 a5%a6%a7® + 131072a1%02%3%a4°a5%a6%a7® +
a1%a28a3%a4%a5%a6%a7® + 8192a1°a2%a3%a4%a5%a6%a7® —
4915201%a2%a3%a4°a5%a6"a7’ — 131072a1%a2%a3%a4%a5%a6%a7°,

where the terms corresponding to the vertices of Newton polytope of Es(F) are

underlined.

Proof. The principal A-determinant can be found by using the algorithm proposed
by A. Dickenstein and B. Sturmfels [DS] via the computation of the corresponding
Chow forms. d

Remark 7.12. We note that Dy is the principal component of the discriminant locus
E4(F) =0 and the component Dy corresponds to the edge I" of A with
TN M = {us, us, uo} = {(0,0,0,0,0;0,1), (0,0,0,0,1;0,1), (0,0,0,0,~1;0,1)}.

The Newton polytope of E4(F') is the secondary polytope Sec(A) depicted in
Figure 1. The vertices of Sec(A) are in one-to-one correspondence with coherent

triangulations 7y, ..., 7z of A which are:

T = {(Ul,U3,U4,U5,U5,U7,U8> (Ul,uz,w,us,us,uhus),(U1,U2,U3,U5,U6,u7,us>,
(ul,uz,u3,u4,u6,u7,u8) <u1,u21U3;u41u5;u6,u8> (ul,U3,U4,u5,u6,u7,ug),
(U Uz,u4,U5,U6,U7,U9> (Ul,uz,us,usyue,uhus%(U1,U2,U3,U4,U6,u7,U9),

(Ul, Ug, U3, U4, Us, Ug, Ug)}

T2 = {(ul,u3,u4,u5,u7,u8,u9) <U1,U2,U4,U5,U7,U8,Ug>,(ul,U2,’IL3,U5,U7,U8,U9>,
(u1, U2, Us, U, Ur, Us, Ug), (U1, Uz, Us, Us, Us, Ug, Ug) }.

T3 = {(uz,u3,U4,u5,u7,u8,u9) <u1;u2:u3,u4;u5;u7,u9>,<u1,u2,u3yu47u57u7au8>}-

Ts = {(’u1, Ug, U3, U4, Us, U7, us>, (U1, Ug, Ug, Uy, Us, U7, U9>, (Uz, U3, U4, Us, Ug, U7, U8>,

<U2, Us, U4, Us, Ue, UT, ’LLg)}
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T,
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/ AN

T, T,
FIGURE 1. Secondary polytope and coherent triangulations

The generating function Ip(y) for intersection numbers corresponding to the

monomial P(z) = z¥'z5* can be computed from the intersection theory on the

Morrison-Plesser moduli spaces. Using two independent integral relations between
v1y...,07
’l)1+"‘+’U5=0, ’U(,-+'U7=O,

we see that the Mori cone Kg(P) is spanned by two vectors
W =(1,1,1,1,1,0,0), 1 =(0,0,0,0,0,1,1).
The Morrison-Plesser moduli spaces are Pg = P51+4 x P?2+1 (b by € Zsp). The
cohomology of Pz are generated by the hyperplane classes [Hi] and [Hy]. Let
E, := [Hy| + 2[H>] and E; := 4[H;]. Then the nef-partition A = A; + Ay of
polytopes induces the nef-partition of the anticanonical divisor
—Ky = By + E; = ([H1] + 2[H;)) + (4[H:)).
It is straightforward to see that the corresponding Morrison-Plesser class is
B = ([Hu + 2[Hy]) "+ (4] Hy])*.

So we get

Te(y) = Y ([Ea]M[H] ([Hy] + 2 Hp))" 2+ (4[Hy]) ™) g o

b1,b3>0

Using the intersection theory on Pg, we obtain

_ (b1 + 2b; + 1)! b, b
IP(y) — 98b1+2b3 —k2+3 yhryle.
bhbzzzo (by — k1 + 3)1(2by — kg + 1)1 71 72
By Theorem 6.1 the function Ip(y) admits the integral representation:
In(y) = 1 / 428 2K () 220)dzy A dzy
PN= @mi o (2 — (s + 222)20) 1) (22 — (o1 + 222)°93)
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with the cycle
I'= {(Z]_, 22) € Cz : |Z? - (21 + 222)(421)4y1| =&, |Z§ — (21 + 222)2y2| = 62},

where £,£5 are positive. These integrals can be easily computed and yield the
same rational functions as in Proposition 7.10.
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