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1 Introduction.

The little n-cubes operad €,, was introduced by Boardman and Vogt in [6] (except that they
used the terminology of theories rather than that of operads) as a tool for understanding
n-fold loop spaces. They showed that for any topological space Z the n-fold loop space Q"2
has an action of C,. In the other direction, May showed in [17] that if Y is a space with
an action of C, then there exists a space Z such that the group completion of Y is weakly
equivalent to Q" Z.

In the 30 years since [17] the operad €, has played an important role in both unstable
and stable homotopy theory. More recently, it has also been of importance (especially when
n = 2) in quantum algebra and other areas related to mathematical physics (see, for example,
9], [13], [14], [22], {23]).

In the known applications, G, can be replaced by any operad weakly equivalent to it;
such operads are called E,, operads.

There is a highly developed technology that provides sufficient conditions for a space to
have an action by an E,, operad (see [1], for example) or an E; operad ([17], [24]). Much
less is known about actions of E, operads for 1 < n < oo.

In this paper we consider the important special situation where the space (or spectrum)
Y on which we want an E,, operad to act is obtained by totalization from a cosimplicial
space (resp., spectrum) X°. We construct an E, operad D, and we show (Theorem 9.1)
that if X* has a certain kind of combinatorial structure (we call it a E"-structure) then D,
acts on Tot(X*).

The converse of Theorem 9.1 is not true: a D,-action on Tot(X*) does not have to come
from a E"-structure on X°. However, in a future paper we will show that Tot induces a
Quillen equivalence between the category of cosimplicial spaces with Z"-structure and the
category of spaces with D,-action; from this it will follow that if D, acts on a space Y then
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there is a cosimplicial space X* with a E” structure such that Tot(X*) is weakly equivalent
to Y as a D,-space.

The n = 2 case of Theorem 9.1 was proved in [18] (by a more complicated method than
in the present paper), and it has had useful applications, notably

e a proof ([18]) that the topological Hochschild cohomology spectrum of an A, ring
spectrum R has an action of D, (this is the topological analog of Deligne’s Hochschild
cohomology conjecture [8]), and

e a proof by Dev Sinha that the space of knots in Rx I (that is, the space of embeddings of
I in Rx I which take the two endpoints of I to the two different boundary components
of R x I, with fixed tangent vectors at the endpoints) is a 2-fold loop space (see [20,

page 25)).

The methods we use in this paper are quite general and apply to other categories of
cosimplicial objects besides the categories of cosimplicial spaces and spectra. In the sequel
to this paper {19] we will apply our methods to the category of cosimplicial chain complexes.

Remark 1.1. Throughout this paper we will use the following conventions for cosimplicial
spaces.

(a) We define A to be the category of nonempty finite totally ordered sets (this is equiv-
alent to the category usually called A). We write [m] for the finite totally ordered set
{0,...,m}.

(b) A cosimplicial space X*® is a functor from A to spaces. If S is a nonempty finite
totally ordered set we write X5 for the value of X* at S, except that we write X™ instead
of X

Here is an outline of the paper.

As an introduction to the ideas we begin in Sections 2 and 3 with the n = 1 (that is, the
As) case. In Section 2 we recall the monoidal structure OJ on the category of cosimplicial
spaces due to Batanin [2]. In Section 3 we give a very simple proof of the fact (first shown
in [3] and [18]) that if X* is a monoid with respect to O then Tot(X*) is an A, space; the
proof is based on an idea due to Beilinson ([11, Section 2]). We also give (in Remark 3.3)
an explicit description of the combinatorial structure on X*® that constitutes a (J-monoid
structure.

Our treatment of the F, case is precisely parallel, with a symmetric monoidal structure
in place of the monoidal structure OJ (but for technical reasons we need to use augmented
cosimplicial spaces instead of cosimplicial spaces; see Remark 6.10). As a prelude Section 4
introduces the categorical idea of “strict functor-operad” which is a technically convenient
reformulation of the concept of symmetric monoidal structure. This section also introduces
the general concept of functor-operad, which is needed in later sections as a way of interpolat-
ing between monoidal and symmetric monoidal structures. (The definition of functor-operad
was discovered independently, in a different context, by Batanin [4]). In Section 5 we digress
to offer motivation for the definition of X; the definition itself, and the verification that X is
indeed a symmetric monoidal structure, is given in Section 6. The main result in Section 7
(Theorem 7.1) is that if X* is a commutative monoid with respect to X then Tot(X*) is an



E, space. Section 7 also gives an explicit description of the combinatorial structure on X*
that constitutes a commutative M-monoid structure.

In Section 8 we define for each n a functor-operad =™; the special case n = oo is the
symmetric monoidal structure X, and the special case n = 1 is essentially the same (see
Remark 8.7) as the monoidal structure 0. (In the special case n = 2, a construction isomor-
phic to Z? was discovered independently by Tamarkin in unpublished work.) In Section 9
we use the functor-operad =" to construct an ordinary (topological) operad D,,. The main
theorem in Section 9 (Theorem 9.1) says that D, is weakly equivalent to €, and that if X*
is a Z"-algebra then D,, acts on Tot(X*). Section 9 also gives an explicit description of the
combinatorial structure on X* that constitutes an action of E" on X°*.

The next two sections contain material which is used in the proofs of Theorems 7.1 and
9.1 and may also be of independent interest. Let Y;? denote the 0-th space of the cosimplicial
space (A®)®*. In Section 10 we prove that (A®)®* js isomorphic as a cosimplicial space to
the Cartesian product A® x Y. We also show that ¥;? has a canonical cell structure and
that it is contractible (which completes the proof of Theorem 7.1). In Section 11 we show
that ER(A®,...,A®) is isomorphic as a cosimplicial space to the Cartesian product of its 0-th
space with ‘A®; this is used in the proof of Theorem 9.1 (the n = 2 case is the “fiberwise
prismatic subdivision” used in [18]).

In Section 12 we use a technique of Clemens Berger [5] to show that the operad D,
defined in Section 9 is weakly equivalent to the little n-cubes operad €,; this completes the
proof of Theorem 9.1. The basic idea is to generalize the fact that two spaces are weakly
equivalent if they have contractible open covers with the same nerve.

2 A monoidal structure on the category of cosimplicial
spaces.

We begin with some motivation. We are concerned with the question of when Tot of a
cosimplicial space has an A, structure. This question is formally analogous to the question
of when the normalization of a cosimplicial abelian group is a DGA (we will explore this
analogy further in [19]). There is a simple, and basic, example of a cosimplicial abelian
group whose normalization is a DGA: if W is a space we define S*W = Mapy(S.W,Z),
where S, W is the singular complex of W and Map is set maps. The normalization of S*W
has a DGA-structure induced by the cup-product on S*W, defined as usual for z € SPW
and y € STW by
(z ~ y)(0) = 2(c(0,...,p)) - y(o(p,..., P+ q))

Here o € SpioW, - is multiplication in Z, and o(0,...,p) (resp., o(p,...,p + ¢)) is the
restriction of o to the subsimplex of AP spanned by the vertices 0,...,p (resp., p,...,p+
g). The cup-product on S*W is related to the coface and codegeneracy operations by the
following formulas:

; [ dzey ifi<p
C8) deen={ 223, HEt
(2.2) &z v y=zvd
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; [ szey ifi<p-1
(2:3) s(z y)—{ T~ sPy ifi>p
Now let us return to the category of cosimplicial spaces. Formulas (2.1), (2.2) and (2.3)
motivate the following definition.

Definition 2.1. Let X* and Y* be cosimplicial spaces. X°*0Y* is the cosimplicial space

whose m-th space is
Q]_[ XP x Yq) / ~
+g=m

(where ~ is the equivalence relation generated by (z,d%y) ~ (d**'z,y)). The cosimplicial
operators are given by
d(z,y) = { (z,d=ly) if i > |z
- (s'2,9) if i < Jo] 1
i _ stz,y) if 1 < |z| —
S (xry) - { (:U, si—lwly) if 4 > le

We leave it to the reader to check that the cosimplicial identities are satisfied and that
the following holds.

Proposition 2.2. O is a monoidal structure for the category of cosimplicial spaces, with
unit the constant cosimplicial space that has a point in evéry degree.

There is also a -monoidal structure OJ for cosimplicial spectra: one simply replaces the
Cartesian products in Definition 2.1 by smash products.

We conclude this section with some observations about Kan extensions. This material
will not be needed logically for the rest of the paper, but it provides useful motivation for
the constructions in Sections 6 and 8.

Recall the conventions in Remark 1.1.

If 51, 53, . . ., Sy are finite totally ordered sets there is a unique total order on Sy [ - -] Sk
for which the inclusion maps into the coproduct are order-preserving and every element of
S; is less than every element of S; for i < j. Let

d: A 3 A

be the functor which takes (Sy,...,Sk) to Si]]---]] Sk with this total order.
The following fact was first noticed by Cordier and Porter (unpublished).

Proposition 2.3. Let X7,...,X¢ be cosimplicial spaces and let X{ X --- X X denote the
composite

Axk XD Top x - - - X Top — Top.
Then X701---0X} is naturally isomorphic to the left Kan extension Lang (X3 X --- X X3).

Before giving the proof we mention an important consequence.



Remark 2.4. Let ®* be the functor from cosimplicial spaces to bicosimplicial spaces defined
by
(@*(X-))S,T — XSHT

It is a general fact about Kan extensions [16, beginning of Section X.3] that Lang is the left
adjoint of ®*. This implies that there is a natural 1-1 correspondence between maps

o XO0Y* — Z2°
and consistent collections of maps
Gsr: XS x YT - z5UT

where “consistent” means that every pair of ordered maps f: S — S’, g: T — T" induces a
commutative diagram

X5 x YT 22 gsur

f*xywl l(ny)—
XS’ x YT' ﬂ ZS"]_[T'
Proof of Proposition 2.3. For simplicity we assume k = 2.

For m > 0 let {m] denote the set {0, ...,m}. Every object in A is canonically isomorphic
to one of the form [m] so it suffices to show that the two functors in question are naturally
isomorphic on the full subcategory of A with these objects.

Fix m. According to [16, Equation (10) on page 240], the left Kan extension, evaluated
at [m], can be calculated as follows. Let C be the category of objects ®-over [m]: an object
in € is a pair consisting of an object ([n], [r']) in A X A and a morphism ®([n], [r']) — [m)]
in A; a morphism in € is a morphism (f, g) in A x A making the evident triangle commute.
Then Lang (XX X3) is the colimit of the composite

e Ax AT my

where the first map is the evident forgetful functor. Now let €' be the full subcategory of
€ consisting of pairs (([p], [q]), f : [p + ¢ + 1] — [m]) where f is a surjection, p + ¢ is either
m—1 or m, and if p+ ¢ = m then f(p) = f(p+1). Note that an object in €' is determined
by p and g; to simplify the notation we denote the object by (p,q). If p+ ¢ = m — 1 there
is exactly one morphism from the object (p,q) to (p+ 1,¢) and exactly one from (p,q) to
(p,q + 1), and there are no other non-identity morphisms in €¢’. The map from (p,q) to
(p+ 1, q) is the last coface map on [p| and the identity on [g], while the map from (p, q) to
(p,q + 1) is the identity on [p] and the zeroth coface map on [g]. From this it is clear that
X;0X3 is the colimit of the composite

@ e AxAZE

In particular there is a natural map

X:0X; — Lang (XX X3).
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By [16, Section 9.3], this will be an isomorphism if € is cofinal in C, that is, if for each c € €
the under-category ¢ | €' is connected. The under-categories can be described explicitly:
each is a nonempty full subcategory of €' with set of objects of the form

{(p,9)|P>p0,a> g}

for some pg and qp; clearly all such categories are connected.

3 A sufficient condition for Tot(X*®) to be an A, space.

In this section we will prove
Theorem 3.1. If X*® is a monoid with respect to O then Tot(X*®) has an Ay structure.

Remark 3.2. (a) Previous proofs of Theorem 3.1 were given by Batanin [3, Theorems 5.1
and 5.2] and by us [18, Theorem 2.4].
(b) The theorem and its proof are also valid for cosimplicial spectra.

Remark 3.3. Definition 2.1 implies that X* is a monoid with respect to O if and only if

there are maps
: w: XP x X7 — XPHe

'f()r' all p, g > 0 satisfying equations (2.1), (2.2), (2.3), the associativity condition
(3.1) (Evy)vz=zv(yv2)

and the unit condition: there is an element e € X° such that

(3.2) rve=evwzr=z

for all z.

The rest of this section is devoted to the proof of Theorem 3.1.

Let A® denote the cosimplicial space whose m-th space is the simplex A™, with the usual
cofaces and codegeneracies. By definition, Tot(X*) is Hom(A®, X*) (where Hom denotes the
space of cosimplicial maps).

Definition 3.4. (a) For each k > 0 let A(k) be the space Tot((A®)5).
(b) If f € A(k) and g; € A(j;) for 1 < i < k define ¥(f,91,...,9x) € A(j1 + -+ + jx) to
be the composite
A® i} (A.)Dk g10---Ogg (A')D(.'i1+"'+jk)

Theorem 3.1 is an immediate consequence of our next result.



Proposition 3.5. (a) Let A be the sequence of spaces A(k), k > 0, with the operations
v Ak) x A(G) X -+ - X A(je) = AL + -+ - + )

defined above. Then A is an operad.
(b) If X* is a monoid with respect to O then A acts on Tot(X*).

(c) A is an Ay, operad.

Proof. Part (a) is clear.
For part (b), given f € A(k) and z, ..., 2, € Tot(X*) define f(xy,...,zx) € Tot(X*) to
be the composite
A°® _f_> (Al)Dk ‘EID"'D‘W«} (XO)EIk i)X.
where p is the monoidal structure map of X°. This construction gives maps

A(k) x (Tot(X*))* — Tot(X*)

which fit together to give an action of A on Tot(X*).

For part (c) we need to show that A(0) is a point (which is obvious) and that each space
A(k) is contractible. First consider the case k = 1. If f and g are two cosimplicial maps from
A® to A®, then tf + (1 —t)g will again be a cosimplicial map for each 0 < ¢ < 1 (because the
cosimplicial structure maps of A*® are affine) and so we can use the straight-line homotopy
to contract Hom(A®, A*) to a point. The case k¥ > 2 is now immediate from Lemma 3.6
below. 0

Remark on the proof of part (c). It might seem more natural to prove part (c) by
observing that (A*)"* is weakly equivalent to a point in the model category structure defined
by Bousfield and Kan [7, Section X.5]. The difficulty with this is that (because not all
cosimplicial spaces are fibrant) Hom(A®, —) doesn’t preserve weak equivalences.

Lemma 3.6. For each k > 1, (A®)* is isomorphic as a cosimplicial space to A°.

Proof. It suffices to do the case k = 2; the general case follows by induction. First we define

maps
™ (ATDA%)™ — A™

for m > 0 by
f™((s0,---,5p), (to, ..., tg)) = (%so, e, %(sp +t0),-- -, %tq)

These are well defined and fit together to give a cosimplicial map f : A°CJA®* — A®. Next

define
g™ A™ — (A*OAY™

as follows: given (ug, ..., um) € A™, choose the smallest p for which

1
gt up >



and let
g™ (ug, ..., um) = [(2uo, ..., 1 — 2ug — -+ — 2up_1), (g + -+ - + 2up — 1, 2up 1, . . ., 2up)]

The g™ are continuous, they fit together to give a cosimplicial map g : A* — A°OA®, and
f and g are mutually inverse. O

Remark 3.7. Lemma 3.6 is due to Grayson [10, Section 4].

4 Functor-operads.

The purpose of this section is to describe a general setting in which there are analogs of
Definition 3.4 and Proposition 3.5(a) and (b) (see Definition 4.3 and Propositions 4.4 and
4.6).
Given a category € let C** denote the k-fold Cartesian product. For each permutation
o € ¥, we define
o 1 CXF 5 @%F

to be the functor taking (Ai,..., Ax) to (Asqy, . -, As(r))-
In order to motivate the definition of functor-operad, let us consider the situation in
which € has a symmetric monoidal structure X. For each k£ > 0 define a functor

Fp: CF €
by .
g"k(X]_,...,Xk):Xl(Xg(X;;x"'))

The definition of symmetric monoidal structure implies that there are canonical natural
isomorphisms
Ou: Fp = Frooy

and
lev"'vjk : gjk(g’j17 DR ] ?Jk) — ?.11+'.7'k

satisfying certain consistency conditions. The following definition is an abstract version of
this situation, except that instead of requiring the I'’s to be natural isomorphisms we allow
them merely to be natural transformations.

Definition 4.1. Let C be a category enriched over Top. A functor-operad ¥ in C is a
sequence of continuous functors 3 : %% — € together with
(i) for each o € X, a continuous natural isomorphism

Ox: Fp = Fpooy
(ii) for each choice of ji, ..., jx > 0, a continuous natural transformation

Fjlv--,jk : ?k(?j1’ s gjk) - EFJ'1+"':ik



such that
(a) F is the identity functor, and the natural transformations

Tyoq: Fe(Fry . F1) = Fy

Pk : ?1(?]:) — S'rk

are equal to the identity.
(b) All diagrams of the following form commute:

3-',‘:(37]-1(3}11, s ,37,,-11_1), . 73:jk(5tik1’ SRR rfikjk)) SN j1+---+jk(9"511’ s 73:ikjk)
5%(1‘,...,1“)1 rl

gjiu-l-'"-i-ikjk

?k(g"i11+"'+i1j1 yoosey :}"Izk1+"'+ikjk)

(¢) (67)s =Tuo, for all 0,7 € 3
(d) Let 7; € B;, for 1 < ¢ < k and let 7 be the image of (7, ...,7) under the map

Ejl XX Ejk — Ej1+...+jk

Then the following diagram commutes:

gk(‘rfjn""‘rfjk) d 9:j1+---+jk
H:k('rln---:'rka)l ' Fl

Ts
?k(:le OTigty -+ ?J'k © Tk#) > T jiteotin © TH#

(e) Let ¢ € X and let & be the permutation in ¥, 4 4, which permutes the blocks
{1,...,50h - {h+.. . +dk—1+1,...,51+ ...+ ji} in the same way that o permutes the
numbers 1,...,%k. Then the following diagram commutes

FalFjry- -+, Fj) = S ERTY

| a,,l

= T -
Fn(Fhoqyr -+ 1 Fiowy) © O == Firtsy 0 Opt

Remark 4.2. (a) Batanin [4] has independently proposed a similar but more general defi-
nition: if O is an operad in the category of categories Batanin defines an internal operad in
O to be a collection consisting of an object a; in O(k) for each k¥ > 0 and morphisms

oyt ax — 0(ax)
for each o € Ty (where & denotes the action of o € ¥ on O(k)) and
Fjl)"'rjk : 7(ak) a’jl) L] ’a]k) —) a"1++a]k

for each ji, ..., jx > 0 (where 7 is the structure map of the operad O) satisfying the analogs
of properties (a)—(e) in Definition 4.1. A functor-operad in € is then an internal operad in
the endomorphism operad of €.



(b) If B is an operad in the category Top we can define a functor-operad ¥ in Top by
Srk(Xl,---,Xk):Bk XXl X oo XXk

with the obvious structure maps.

Definition 4.3. Let F be a functor-operad in € and let A be an object of €.
(a) Define F4 to be the collection of spaces

Fa(k) = Hom(A4, Fy(4, ..., A)), k>0.

(b) Give F4(k) the action induced by the o,.
(c) Define 1 € F4(1) to be the identity map of A.
(d) For each choice of ji, ..., jr > 0 define

v : Falk) x Falgr) x -+ Fa(Ge) = Falgr + -+ + Ji)
to be the composite
Hom(A, Fx(4,...,A)) x Hom(A4, Fj,(4,...,A)) x ---Hom(4, Fj;, (4, ..., 4)) =
Hom(A, Fe(Fir (4, ., A), .., Fi(4, ..., A))) =240, Hom(A, Fjsori (4, ..., A))
Proposition 4.4. These choices make F4 an operad.
The proof is an easy verification.

Definition 4.5. Let F be a functor-operad in €. An algebra over F is an object X of €
together with continuous maps ©y : 5"k(X 5 X) —‘>,X for k > 0 such that
(a) ©, is the identity map.

(b) The following diagram commutes for each choice of 1y, g5 >0
?k(gfjl(X, PN ,X), ceey gjk(X, SN ,X)) q jl+‘“+jk(X7 .. ,X)
gk(@jl,...,ejk)l l@jl.;.....f.jk
Fu(X, ..., X) Ok X

(c) ©r 00, = Oy for all o € Ty.
Now let A be an object of €, let X be an algebra over &, and for each k& > 0 define
6 : Fa(k) x Hom(4, X)* — Hom(4, X)

to be the composite

Hom(A, F4(4, . .., A)) x Hom(4, X)* — Hom(A, Fu(X, ..., X)) 24O, gom(4, X)
Proposition 4.6. The maps 6 make Hom(A, X) an algebm over the operad F 4.
Again, the proof is an easy verification.

Definition 4.7. A functor-operad J is strict if the natural transformations I';,
isomorphisms.

yeeesdk are

Proposition 4.8. If F is a strict functor-operad, then F, is a symmetric monoidal structure
for C with identity object Fy. The commutative monoids with respect to this structure are
the same as the algebras over F.

Once more, the proof is an easy verification.
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5 A family of operations in S*W

In Section 6 we will define a symmetric monoidal product & is the category of augmented
cosimplicial spaces. In this section we pause to offer motivation for this definition. The
results in this section are not needed logically for later sections.

The definition of the monoidal product [J was motivated in Section 2 by the properties
of the cup product in S*W. The cup product is part of a larger family of operations in S*W
whose properties could be used as the basis for a definition of X. However, this larger family
is rather inconvenient to work with (because the analog of equation (2.2) for the larger family
is complicated) so we will use a related family which has somewhat simpler properties.

We begin with a variant of the cup product. Given z € SPW and y € SW we define

T Uy e SPHitly
by
(zUy)(o) =2z(c(0,...,p)) -y(o(p+1,...,p+q))

(note that, in contrast to the cup product, the vertex p is not repeated).
This operation is related to the coface and codegeneracy operations in S°W by the
following equations:

: [ dizuy ifi<p+1

(5.1) d(zUy) = { rUd P2y ifi>p+1
(5.2) s(zUy) = s'zlUly fi<p
. U s’_p_ly ifi > P

Note that there is no analog for LI of equation (2.2).
The operations -« and LI determine each other:

sUy= () vy=z-d%

z—y=s(zUy)

Now observe that equations (5.1) and (5.2) can be used as the basis for a characterization
of [-monoids: Remark 2.4 implies that X* is a (J-monoid if and only if there are maps

L: XP x X9 — Xptetl
satisfying (5.1), (5.2), the associativity condition
(5.3) zU(yUz)=(zUy)Uz
and the unit condition: there exists e € X° with
(5.4) sP(zlUe)=s"(elz) ==z
(compare this to Remark 3.3).
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In the remainder of this section we will define a family of operations in §*W which
generalize LJ; the definition of X in Section 6 will be suggested by the properties of this
family.

Given a map ¢ : A™ — W and a subset T of {0,...,m} let 6(T) denote the restriction
of o to the sub-simplex of A™ spanned by the vertices in 7'.

Recall the conventions in Remark 1.1. Given a nonempty finite totally ordered set T we
define STW to be equal to S™W, where m is the cardinality of 7' minus 1 (so that [m] = T
as totally ordered sets).

Suppose we are given a function

f:T—{1,...,k}
and elements z; € S/ WW for 1 < i < k. We can define an element
(F @1y zx) € STW

by
(@1, ze)(0) = 2 (o(F7H (1) - 22(a(F7H(2)) - -+ - 2rla(F7H(R))

where-- denotes multiplication in Z. This procedure gives a natural transformation
() : SFHOWe-:.@ 8 MW - STW

Remark 5.1. In the special case where f is the function from {0,...,p + ¢ + 1} to {1,2}
which takes {0,...,p} to land {p+1,...,p+ ¢+ 1} to 2, we have (f)(z,y) =2zUy

Next we describe the relation between tlie operations (f) and the cosimplicial structure
maps of S°W.

Proposition 5.2. Let

T b T
S
{1...,k}

be a commutative diagram, where h is a map in A (i.e., an order-preserving map). For each
ie{l...,k} let

hi f71E) = g7 (0)
be the restriction of h.

Then the diagram
(f)

SF'OWWe...Q SI MW —— STw
(h1)*®---®(hk)*l lh,
STOW @ .. @ 9 O s gT'
commautes.
The proof is an immediate consequence of the definitions. In the special case of Remark

5.1 we recover equations (5.1) and (5.2).

12



6 A symmetric monoidal structure on the category of
augmented cosimplicial spaces.

;From now on we will work with augmented cosimplicial spaces (the reason for this is given
in Remark 6.10). By definition, an augmented cosimplicial space is a functor X* from A,
to Top, where A, is the category of finite totally ordered sets (including the empty set). We
write X% for the value of X* at the finite totally ordered set S.

Our goal in this section is to construct a symmetric monoidal product X in the category
of cosimplicial spaces. We do this by constructing a strict functor-operad Z and letting
= Ey; see Proposition 4.8. We will describe each Zj as a Kan extension (cf. Proposition
2.3).

Definition 6.1. Let k > 0. Define k to be the set {1,...,k} when k£ > 1 and the empty set
when k£ = 0.

Our next two definitions are motivated by Proposition 5.2.

Definition 6.2. Let Q; be the category whose objects are pairs (f, S), where S is an object
of A, and f is a map of sets from S to k, and whose morphisms are commutative triangles

N

S

where h is a map in Aj.

There is a forgetful functor ® : Q; — A, which takes (f, S) to S, and a functor ¥ from Q;
to the k-fold Cartesian product (A, )** which takes (f, S) to the k-tuple (f71(1),..., f~1(k)).

Definition 6.3. For each k£ > 0 define a functor = as follows. Given augmented cosimplicial
spaces X7,..., Xz, let X7 X -+ XX denote the composite

(A)*E XD Top X - - - x Top — Top.
We define the augmented cosimplicial space Zx (X7, ..., X}) to be the Kan extension
Lang((X{ X - -- X Xj) o ¥)

Remark 6.4. (a) Z, is the augmented cosimplicial space which takes every S to a point
(because a Cartesian product indexed by the empty set is a point).

(b) The adjointness property of Lang [16, beginning of Section X.3] implies that a map
2(X3,...,Xp) — Y* is the same thing as a collection of maps

{f) - le'l(l) X o X X{‘l(k) s YT,

one for each f : T — k, such that the analog of Proposition 5.2 is satisfied.
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Our next goal is to specify the structure maps o, and I';, ;. of the functor-operad E.
For each of these we will use [16, Equation (10) on page 240] to write the relevant Kan
extension as a colimit, and we will then use the following observation, whose proof is left to
the reader.

Lemma 6.5. Let A and B be categories and let G : A — Top and H : B — Top be functors.
Each pair consisting of a functor K : A — B and a natural transformation v: G - Ho K

induces a map
colimg G — colimg H

We begin by constructing the transformation o.. Let X7,..., X} be augmented cosim-
plicial spaces and let S be a totally ordered finite set; we want to construct

Oy :Ek(X;, . Xk) —)uk( (1),...,X;(k))s
Let A; be the category whose objects are the diagrams

f

E<l-T-f.g

where T is a totally ordered finite set, f is a map of sets and A is an ordered map; we denote
such a diagram by (f,h). A morphism from (f, k) to (f', h') is a commutative diagram

k<— TQS
1, ' .l
k<—T’—>—S

where g is an ordered map. Let
Gy : Ay — Top

be the functor which takes (f, k) to [ X/ o),
By [16, Equation (10) on page 240] we have

(6.1) Ee(X,.. ., X2)° = colimy, Gy
Next let o € Xy, and let H; be the functor which takes (f, k) to [] X o_(z) ; we have
Er(Xay - » Xawy)® = colimg, H
Definition 6.6. The map
et Br(X3, .., X7)° = E( X3y, - Xo)®

is induced by the functor K; : A; — A; which takes (f,h) to (67! o f,h) and the natural

transformation
n: Gl — H]_ o Kl

which takes (z1,...,%%) to (Zoq),- -+, Zor))-

14



Next let ji,...,Jr >0, let X7,..., X7 ., be augmented cosimplicial spaces and let S

be a finite totally ordered set. We want to construct
=) . = o 5 = °
PJ'1,---,J'k : ‘—‘k('—‘h (X17 .- ')7 i) “jk( X_71+ +_1k)) > D4ty (X1a .- _71.|. +]k),5'
First observe that
Ep(E;(X3,...),...)° = colimy, H,
where A; is the category defined above and H is the functor which takes (f, k) to

k

. 1)
H "'7*( Jitetdio1l 7 X11+ +].)
i=1

Thus a point in Z¢(Z;,(X7,...),...)° is an equivalence class represented by a diagram
PR B

together with points z; € Zj,(X} 4.pji_,41r-- ) M0 for 1 < i < k. Similarly, each z; is
represented by a diagram

- fi hi o 1y.
Ji=—Ti—=f71(i)

together with a point
J1t-+ii L ‘
z; € be' (p'_‘?l._“'lijt'—l)
P=jitoii-itl

We can assemble this information into a dlagram

(6.2) ]1+"'+JkL.71H'--ij<e_U
¢l gl
AR R Ny

and a point z € HX,(,X“)_I("). Here x is the unique ordered bijection, ¢ takes 7; to ¢, U is
[17:, eis ][ fi, the restriction of g to T; is h;, and we give U the unique total order for which
g and the inclusions of the 7; are ordered maps.

Let A, be the category of diagrams of the form (6.2) for which g and A are ordered; an ob-
ject of Az will be denoted (e, f, g, h). What we have shown so far is that Zx(Z;, (X3, ...),...)"

is the colimit over Aj; of the functor G, which takes (e, f, g, h) to [] Xi(xw)_l(i). Next we note
that Zj4.qie (X150, X5 4 +5,)° is the colimit over the category B of diagrams

NF T a<lT- -8
(denoted (f, h)) of the functor H, which takes (f, k) to T1x/ 70 Now let
K2 : .Az - B

take (e, f, g,h) to (x o e, h o g); note that Hy 0 Ky = Gs.
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Definition 6.7. The map
Fjl:---:jk : Ek(E]l (X;’ ot ')7 ° T )S - E]1++Jk(X1.-’ Tt ’X].1++.7k)s

is induced by the functor K, : Ay — B and the identity natural transformation from G5 to
Hz o Kg.

Finally, let K3 : B — Ay be the functor which takes (f,h) to (f,% o f,id,h). Then
G, 0 K3 = H, and we can let v3 : Hy — G5 o K3 be the identity natural transformation; the
result is a natural transformation

A:Sjggi (XD, X ) = B (XS, ), )P

With these definitions it is easy to check that o,, I' and A are natural in S, that conditions
(a)—(e) of definition 4.1 are satisfied, and that A is inverse to I'. We have now shown

Theorem 6.8. The collection Eg, k > 0, with the structure maps o, and I' defined above,
s a strict functor-operad in the category of augmented cosimplicial spaces. In particular =,
s a symmetric monoidal product with unit Z. [l

Remark 6.9. Theorem 6.8 and its proof are valid for the category of augmented cosimplicial
objects in any symmetric monoidal category A, with Cartesian products in Top replaced by
the symmetric monoidal product in A.

Remark 6.10. All of the constructions in this section can be imitated for the category of
ordinary (nonaugmented) cosimplicial spaces, provided that the maps f in the definition
of Qy are required to be surjective. In this setting the product E; is still associative and
commutative, but it is not unital: = is empty, and neither =y nor any other cosimplicial
space is an identity object for =,.

7 A sufficient condition for Tot(X*) to be an F,, space.

If X* is an augmented cosimplicial space, we define Tot(X®) to be the usual Tot of the
cosimplicial space obtained by restricting X* to A. Equivalently, Tot(X*) is

Hom(A®, X*)

where Hom denotes maps of augmented cosimplicial spaces and we extend A*® to an aug-
mented cosimplicial space by setting A? = 0.

Now apply Proposition 4.4, letting F be the functor operad = constructed in Section
6 and A the augmented cosimplicial space A®. This gives an operad D with k-th space
D(k) = Tot(Ex(A®, ..., A%)).

Recall that we have defined ™ to be Zj; this is a symmetric monoidal product on the
category of augmented cosimplicial spaces.

Theorem 7.1. (a) D is an E,, operad.
(b) If X* is a commutative monoid with respect to ® (equivalently, if X* is an algebra
over Z) then D acts on Tot(X*®).
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Proof. Part (b) is immediate from Propositions 4.6 and 4.8. Part (a) will be proved in
Section 10. O

The analog of Theorem 7.1(b) is valid, with the same proof, when X* is an augmented
cosimplicial spectrum.

In the remainder of this section we use the adjointness property of Lang [16, beginning
of Section X.3] to give an explicit characterization of commutative X-monoids.

Definition 7.2. Let X* be an augmented cosimplicial space. A ( )-structure on X* consists

of a map
(F) : XI5 xI7@ 5 T

for each totally ordered set T and each f: T — {1,2}.

Definition 7.3. A ( )-structure on X* is consistent if for every commutative diagram

T L T!
f\.‘ /

{1,2}

the diagram

X' x xf71@ N, XT

(h1).x(h2).‘l lh*
X970 x x97@) “Ds

commutes, where h; is the restriction of h to f~1(3).

Recall the notation of Definition 6.3. Since Lang is left adjoint to ®*, a map X* X X* —
X* is the same thing as a natural transformation

(X*%X*)o¥ — X0 ®

and it’s easy to check that this is the same thing as a consistent { )-structure on X°. It
remains to translate the commutativity, associativity and unitality conditions satisfied by a
commutative X-monoid into this language.

Definition 7.4. A ( )-structure on X* is commutative if the diagram

x5 5 xit@ P 7

l {tof) l

XU x xf71) —% xT

commutes, where 7 is the switch map and ¢ is the transposition of {1, 2}.
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For the associativity condition we need some notation. Let T" be a totally ordered set
and let g : T — {1, 2,3} be a function. Define

a:{0,1,2} - {1,2}
by a(1) =1,a(2) =1, 2(3) = 2 and define
B:{0,1,2} — {1,2}

by (1) =1,5(2) = 2,8(3) = 2. Let g1 be the restriction of g to g7'{1,2} and let g, be the
restriction of g to g71{2,3}.

Definition 7.5. A ( )-structure on X* is associative if, with the notation above, the diagram

X971 5 x97M2) % X971 (3) ng‘l{lz} x X973
1><<9z)l l(aoy)
-1 -1 {Bog)
X971 5 x97{2,3} XxT

commutes for every choice of T and of g : T' — {1, 2, 3}.

Definition 7.6. A ( )-structure on X* is unital if there is an element ¢ € X? with the
property that if f : T — {1, 2} takes all of T' to 1 then (f)(z,&) = z for all z and if f takes
all of T to 2 then (f)(e,z) = z for all z.

Proposition 7.7. A commutative X-monoid structure on X* determines, and is determined
by, a ( )-structure on X* which is consistent, commutative, associative and unital.

The proof is a routine verification using the definitions in Section 6.

Remark 7.8. The (f) operations on S*W defined in Section 5 give a consistent, commuta-
tive, associative and unital { )-structure on S°W.

8 A filtration of = by functor-operads.

In this section we describe a filtration of = by functor-operads =Z"; the operad associated to
=" will turn out to be equivalent to the little n-cubes operad C,,.

We begin with some motivation. If T is a totally ordered set and f : T — {1,2} is a
function, the two totally ordered sets f~'(1) and f~!(2) are mixed together to form 7. The
amount of mixing can be measured by the number of times the value of f switches from 1
to 2 or from 2 to 1 as one moves through the set 7. The idea in the definition of Z" is to
control the amount of mixing that is allowed.

Definition 8.1. Let T be a finite totally ordered set, let k > 2, and let f : T — k. We
define the complezity of f as follows. If &£ is 0 or 1 the complexity is 0. If £ = 2 let ~ be the
equivalence relation on T' generated by

a ~ b if a is adjacent to b and f(a) = f(b)

and define the complexity of f to be the number of equivalence classes minus 1. If k > 2
define the complexity of f to be the maximum of the complexities of the restrictions f|-1(4
as A ranges over the two-element subsets of %.
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Remark 8.2. If k = 2 the complexity of f is exactly the amount of mixing in f as discussed
above. The definition of complexity is suggested by [21]; the reason we use it here is that
it is well-adapted to the proofs of Theorems 8.5 and 9.1(a). There may be other ways of
defining complexity that would also lead to Theorems 8.5 and 9.1(a), although this seems
unlikely.

Now fix n > 1. Recall the category Qi from Definition 6.2.

Definition 8.3. Let QF be the full subcategory of Q; whose objects are pairs (f, S) where
f has complexity < n. Let

QR — O
be the inclusion.

Definition 8.4. For each n > 1 and each k& > 0 define a functor =} as follows. Given aug-
mented cosimplicial spaces X7, ..., Xz, let X7 X --- x X} be the functor defined in Definition
6.3 and let Z¢(X7],. .., X;) be the Kan extension

Langon (XX -+ xXg) o ¥ o)

Theorem 8.5. For each n > 1, E" is a (non-strict) functor-operad in the category of
augmented cosimplicial spaces.

Proof. We define o, as in the proof of Theorem 6.8, using the fact that the complexity of
o071 o f is the same as that of f. We define I';, _j, as in the proof of Theorem 6.8, but
we must verify that if the complexities of e|.-1(;y and f in diagram (6.2) are < n then the
complexity of x o e will be also be < n. For this we need to show that for each two-element
subset A of 71 [[... ][ 7 the complexity of x o ele-1¢4) will be < n; but this is true when A
is contained in some J; (because the complexity of e|.-1(;) is < n) and it is also true if A is
not contained in any 7; (because the complexity of f is < n). O

Remark 8.6. Theorem 8.5 and its proof are valid for the category of augmented cosimplicial
objects in any symmetric monoidal category A, with Cartesian products in Top replaced by
the symmetric monoidal product in A.

Remark 8.7. In the special case n = 1, the functor-operad E! is closely related to the
monoidal product [1 defined in Section 2. First observe that order-preserving maps f : T — k
have filtration 1 and that every map of filtration 1 can be written uniquely as the composite
of an order-preserving map and a permuation of k. If we use order-preserving maps in
Definitions 8.3 and 8.4 instead of maps of filtration 1, we get a nonsymmetric strict functor-
operad T which is related to both OJ and E:

(a) The restriction of T, to the category of (unaugmented) cosimplicial spaces is naturally
isomorphic to the iterated O-product (3%,

(b) E} is naturally isomorphic to

That is, = is obtained by extending the nonsymmetric functor-operad Y in the obvious way
to a (symmetric) functor-operad.
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9 An operad which acts on Tot of a ="-algebra.
Applying Proposition 4.4 with ¥ = E” and A = A® we get an operad D,, with k-th space
Dn(k) = Tot(ER(A®,. .., A%)).

Theorem 9.1. (a) D, is weakly equivalent in the category of operads to C,.
(b) If X* is an algebra over =" then D, acts on Tot(X*).

The statement of part (a) means that there is a chain of operads and weak equivalences

of operads
Dy+—---—0C,

Part (b) of the Theorem is immediate from Propositions 4.6 and 4.8. Part (a) will be proved
in Section 12.

Remark 9.2. The analog of Theorem 9.1(b) is valid, with the same proof, when X* is an
augmented cosimplicial spectrum.

In the remainder of this section we give an explicit characterization of Z"-algebras, anal-
ogous to that given in Section 7 for commutative K-monoids.

Definition 9.3. Let X° be an augmented cosimplicial space. An n-structure on X* consists

of a map
(F) : X0 oo XTI 5 XT

for each totally ordered set T', each k > 0, and each f ': T — k with complexity < n.

Definition 9.4. An n-structure on X* is consistent if, for every commutative diagram

h T
NS
k

in which f and g have complexity < n, the diagram

T

Ik, xr 6 s pr

H(h-’)*i lh*

Hf:l X' 9, xT

commutes, where h; is the restriction of h to f~1(z).

It’s easy to check (using the fact that Lang is left adjoint to ®*) that a consistent n-
structure on X* is the same thing as a collection of maps

ER(X®,...,X") = X,

one for each k > 0. It remains to translate the rest of the definition of Z"-algebra into this
language.
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Definition 9.5. An n-structure on X* is commutative if, for each f with complexity < n
and each o € ¥, the diagram

Hf:l X0 L XT

l (o= Lof) j

1%, X7 e xT

commutes (where s is the evident permutation of the factors).

For the next definition we need some notation. Suppose we are given a partially ordered
set T, numbers k, 1, ..., Jr = 0, and maps

f:T—>k

and
gi: @) — %
for 1 <i<k. Let =) j;. The maps g; determine a map
g:T—7

in an evident way; the formula for g is

g9(a) = gi(a) + Zji’ if a € f71(s)

i<

Definition 9.6. An n-structure on X°* is associative if the following diagram commutes for
every choice of f and gy,..., gr with complexity < n:

Te, T, X0 2% I, X070
=l l(f)
(9)

HZ=1 X971 xT

In order to state the unitality condition we need some more notation. If i € k let
Ai - k — 1 — k be the order-preserving monomorphism whose image does not contain 3.

Definition 9.7. An n-structure on X°® is unital if there is an element ¢ € X® with the
following property:

<)\1’ (o} f)(xl, ey L51,E, T4y . s ,$k_1) = <f>(.’IJ1, ey i1, T4, . - ,:L'k_'l)
for all f: T — k — 1 with complexity <n, all 7 € k, and all choices of z1,. .., k1.

Proposition 9.8. A Z"-algebra structure on X* determines, and is determined by, an n-
structure on X* which is consistent, commutative, associative and unital.

The proof is a routine verification using the definitions in Section 6.
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10 The structure of Z;(A°®, ..., A®).

Throughout this section we write Y;? for the augmented cosimplicial space Zx(A®, ..., A®)
and Y} for the value of ¥;? at the finite totally ordered set S. We want to investigate the
structure of ¥;° and ;.

Recall (equation (6.1)) that Y;® is colims, G, where A, is the category defined just
before equation (6.1) and G; is the functor which takes the diagram

I::<—f—T—L>'S

to H1<i<k A7),

Notation 10.1. A diagram of the form
E<f_TL,5’,
where h is ordered, will be denoted from now on by (f, T, h).

The elements of Y;® are equivalence classes of pairs ((f, T, k), u) with u € [], Af M) we
think of u as a tuple indexed by T, subject to the condition that }_ . F-1(5) Ua =1 for each

i € k. Note that f must be surjective because A? = §.

Definition 10.2. (a) A diagram (f,T,h) is nondegenerate if T = [m] for some m, f is
surjective, and for each j < m either f(j5) # f(7+1)or h(j) #h(j + 1).

(b) A pair ((f,T, k), u) with u € [], A7 @ is nondegenerate if (f, T, h) is nondegenerate
and u, # 0 for alla € T. '

Proposition 10.3. Each point in Y}® is represented by a unique nondegenerate pair.

Corollary 10.4. Y5 is a CW complez with one cell of dimension m + 1 — k for each
nondegenerate (f,[m], h); the characteristic map of the cell corresponding to (f,[m],h) is
a homeomorphism from [] Af76) to the closure of the cell (and thus Y, is a regular CW

complez). a

Proof of 10.3. We define a function T from pairs to pairs as follows. Given a pair
((f,T,h),u), let ~ be the equivalence relation on T generated by

a~b if ais adjacent to b, f(a) = f(b), and h(a) = h(b)

and let 77 be the subset

{a € T|u, # 0}.
Let T be T/ ~. Then f and h induce maps f : T — %k and b : T — S. Also, let
7 : Ty — T be the projection and define 4 € [], A/™® by 4, = D aen-1(c) Ya for € € T.
Finally, let m = |T'| — 1 and let g : [m] — T be the unique ordered bijection. We define
Y((f,T,h),u) = (( fog, [m], ho g), %o g). The proposition is immediate from the following

properties of T:
(i) Y((f,T, h),u) is nondegenerate.
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(i) ((f,T,h),w) and Y((f,T,h),u) represent the same point in ¥;°.
(iii) If (£, T, h), u) and ((f',T", h'), u') represent the same point in ¥;® then Y((f, T, f), ) =

Y((f, T h'),u')
O

Our next goal is to show for each k£ that Y} is isomorphic as an augmented cosimplicial
space to A® x Y;? (this is the analog for X of Lemma 3.6).

Definition 10.5. For each S, 7s is the unique map S — [0]. This will also be denoted by
1 when S is clear from the context.

Definition 10.6. Define
WY - ASx YR

by letting the projection on the second factor be the map 7, induced by 7 and letting the
projection on the first factor take the equivalence class of ((f, T, k), u) to the element v € AS
with va = £ Y jep-1(a) - The w® fit together to give a cosimplicial map

w:Y =5 A x Yy
Proposition 10.7. w is an isomorphism of augmented cosimplicial spaces.

Proof. The diagram
s @7 L ASx Y,c

\/

commutes, where 7y is the projection. We begln by showing
(1) for each point y € Y the map 7, !(y) — 75 (y) induced by w? is a bijection.
For this, it suffices to show
(2) the composite 7, (y) % AS x Y =5 AS is a bijection.
So let y be a point of ¥ and let
((£, [m], ), )

be the nondegenerate pair which represents it.

We will define an inverse
A A% =Y (y)

of 1, o w¥ as follows. Let v € AS. For each j € [m], let a; € S be the smallest element for

which
D v Zm

a<a; =0
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Define a totally ordered set 7" by adjoining to .S an immediate successor of aj, denoted aj;,
for each j. Define g : T'— [m] by g(b) = j if @;_1 < b < a;. Define f': T — k tobe fog.
Define h : T — S by h(b) = b if b € S and h(d;) = a;. Define

o b — g
i=0 Ui k Za<_aj Va if b= a;
! — ] . =
Up = KDlaca;Va— 2iizo i ifb=23;
kv, otherwise

We define A(v) to be the point represented by the pair ((f', T, h),u'). It is easy to check that
this point is in 7, '(y) (this amounts to showing that Y((f', T, nr),u') = ((f, [m], 7my), u))
and that ) is an inverse of m; o w¥; this completes the proof of (2).

Next let e be a cell of ¥}? and let € be its closure. Then n,(€) is a finite union of closed
cells of ¥}®, and in particular it is compact. This together with (1) implies that w® induces
a homeomorphism

' (8) > 3 ()
Since the closure of each cell of AS x ¥)? is contained in a set of the form ;7 (&), it follows
that (w”)~! is continuous on the closure of each cell of AS x Y}, and from this it follows
that w® is a homeomorphism. 0

We can now complete the proof of Theorem 7.1(a) by showing:
Corollary 10.8. Y} is contractible for each-k > 0. -,
Proof. Firét 6bserve that if A is a space then
Ee( X, XD LX) X AR E(X], . XD XA, X))
(because x A preserves colimits). Thus we have
VP xY) = By(As,.. A xY)
Ee(A%,.. ., A x Y], ... A%
Ex(A*,...,E;(A%,...),...)°" by Proposition 5.3

Ektj—1(A%,...,A")? by Theorem 6.8
Yk0+j—1

Q

Q

Q

It therefore suffices to prove the corollary when k = 2. Y has the special property that
the (n — 1)-skeleton is contained in the closure of either of the two n-cells. Corollary 10.4
implies that the closure of a cell is contractible, so the inclusion of the (n — 1)-skeleton is
nullhomotopic for each n. Thus any map from a sphere into Y7 is nullhomotopic, so Y7 is
contractible. O
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11 The structure of =Z}(A°®, ..., A®).

For use in Section 12, we prove the analogs for 5} of the results of Section 10.

Fix n and denote the augmented cosimplicial space EF(A®, ..., A*) by Zg; thus D, (k) =
Tot(Z;). Recall Notation 10.1. The elements of Z; are equivalence classes of pairs ((f, T, h), u)
with u € [[, A77'@, where f has complexity < n.

We define nondegenerate pairs exactly as in Definition 10.2, and the proof of Proposition
10.3 goes through to show

Proposition 11.1. Each point in Z; is represented by a unique nondegenerate pair. 1

Corollary 11.2. Z7 is a CW complez with one cell of dimension m + 1 — k for each
nondegenerate (f,[m],h) for which f has complezity < n; the characteristic map of the
cell corresponding to (f,[m],h) is a homeomorphism from [[Af '@ to the closure of the
cell. d

Proposition 11.1 also gives a useful relationship between Z; and the augmented cosim-
plicial space Y’ defined in Section 10:

Corollary 11.3. The map Zi — Y}® is a monomorphism for all S, and the diagram

75 —=Y§

72—
is a pullback. O

Next we define
w:Zp— A" x Z)

as in Section 10: the projection of w® on A takes the equivalence class of ((f,T,h), ) to
v, where v = £ Y 4cp-1(q) Ub> and the projection of w* on ZJ is 7, (see Notation 10.5). The
diagram

Zy —>A*x Z?

b

Y'ko _LA. % Y'kO
commutes, and this together with Corollary 11.3 implies

Proposition 11.4. w: Z§ — A® x Z? is an isomorphism of augmented cosimplicial spaces.

12 Proof of Theorem 9.1(a).

In this section we prove Theorem 9.1(a). As motivation for the method, recall that one
way to show that two spaces are weakly equivalent is to show that they have contractible
open covers with the same nerve, or more generally to show that they can be decomposed
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into homotopy colimits of contractible pieces over the same indexing category. We will show
that the cosimplicial space Z}(A®,...,A®) can be decomposed as a homotopy colimit of
contractible cosimplicial spaces indexed over a certain category X} considered by Berger [5];
Berger has shown that C,(k) is a homotopy colimit of contractible pieces indexed by X%,
and from this we will deduce Theorem 9.1(a).

We begin by recalling some definitions from [5] (but our notation differs somewhat from

that in [5]).
Definition 12.1. For each k& > 0, let Pyk be the set of subsets of & that have two elements.

Definition 12.2. (a) Let K be the set whose elements are pairs (b, T"), where b is a function
from Pk to the nonnegative integers and T is a total ordering of k. We give X} the
partial order for which (a,S) < (b,T) if a({i,5}) < b({3,5}) for each {i,5} € Pk and
a({i,j}) < b({3,3}) for each {i, j} with ¢ < j in the order S but ¢ > j in the order 7. Let X7}
be the subset of pairs (b, T') such that b{i, j} < n for each {i,j} € P:k. The set X7 inherits
an order from XK.

(b) Let X denote the collection of partially ordered sets Ky, & > 0, and let X" denote
the collection of partially ordered sets X%, k& > 0.

It is shown in [5] that X is an operad in the category of partially ordered sets with the
following structure maps. The right action of ¥; on X is given by

(0, T)p=(bop2, Tp)

where p;: Pok — Pok is the function po({i,5}) = {p(4), p(5)} and where i < j in the total
order T'p if p(i) < p(j) in the total order T'. The operad composition

K X Koy X -+ X Ko, = Ksg,

takes ((b,T); (b1,T1), - .., (bx, Tk)) to the pair (b(by,...,bx), T(T1,. .., Tk)), where b(by, . .., by)
is the function which takes {r, s} to

bi({r,s}) if{r,s} Ca
{ b({i,j}) ifrea,scajandi#j

and T(T3,...,Ty) is the total order of [ [ @; for which r < s if either r < s in the order T} or
rea;, se€a; and i < j.

Note that, for each n, X" is a suboperad of X.

Let us write N for the functor that takes a partially ordered set to the geometric realization
of its nerve. Then NX" is an operad of spaces and Berger shows ([5, Theorem 1.16]) that
it is weakly equivalent to the little n-cubes operad €,. To complete the proof of Theorem
9.1(a) it therefore suffices to show that N X" is weakly equivalent to D,,. We will do this
by finding a homotopy colimit decomposition of the functor-operad ="; first we need some
definitions.

Definition 12.3. Let f: [m] — k. Then (bs, T) € K} is the pair where b;({4, j}) is one less
than the complexity of the restriction of f to a map f~'({7,7}) — {%,5} and where i < j
in the total order T} if the smallest element of f~'(:) is less than the smallest element of

F710).
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Recall the definition of the category Q (Definition 6.2).

Definition 12.4. For each pair (b,T) € K let Q1) be the full subcategory of Q; whose
objects are the maps f with (bs, Ty) < (b,T). Let

ve,1) : Qo) = A
be the inclusion functor.
The next definition uses the notation of Definition 6.3.

Definition 12.5. Let X7,..., X} be augmented cosimplicial spaces.
(a) For each (b,T) € Ky, define Ep 7(X7, ..., X;) to be the Kan extension

Lang((X{Xx - - xXg) o ¥Wopr)
(b) Define A®(X3,...,X;) to be
hocolimger Ep 1y (X7, ..., Xi)
Lemma 12.6. A" is a functor-operad.

Proof. First note that the natural transformations defining the functor-operad = restrict to
natural transformations

(12.1) 0y Egr) = Ep1)e 0.0#
for o € 3 and
(12.2) L B (Eezy) - - - Een i) = E@br,bi) T(T1,.T))

Next recall the definition of hocolim given in [12, Section 20.1]: if A is a category and
F : A — Top is a functor then

hocolimg F=F Q4 U

where ®,4 denotes the coend and U is the contravariant functor A — Top which takes an
object a € A to N(a | A).
Now let o € X} and observe that ¢ induces a functor

oy : ((6,T) L K3) = (6, T)o | X5)

We define
ou AR(XT, - XR) = AR(X Sy, -0 Xoy)

to be the map induced by the collection of maps

—_ o o ny T«xXN(oy) ° . n
By (X5, .-, Xp) x N((6,T) L X) Bhlab A2 Bome(Xowy - Xog) X N((b,T)o | K3)
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Finally, we define the structural map

T AR(AZ, .. AL) = ATy,

1

to be the map induced by the collection of maps

k
By Eeuny - Bera) X NG, T) L K3 x [[N((b:, ) L X7) =

i=1

k
Bom By -+ Zonai) X N(((0,7) 4 5) x [J (6, T0) 4 %3))
=1

E(b(bybp ) T(T,Ti)) X N((0(by, ... b8), T(T1, ..., T3)) 1 X

where -, is induced by the composition map

k
. T 1] n
v Ky % chji — j<:_7'1+'--+]'k

i=1

of the Cat-operad X".

FXN(’YJ)

7
1+

)

O

Now let B,, be the operad obtained by applying Proposition 4.4 with ¥ = A™ and A = A®.

To complete the proof of Theorem 9.1(a) it remains to show:

Lemma 12.7. (a) There is a weak equivalence of operads
B, — D,
(b) There is a weak equivalence of operads

B, —+NXK"

For the proof of part (a), we first observe that Qf is the union of Qg 7) for (b,T) € X;

it follows that
ER(XT, -, Xp) = colimgcp Epr) (X1, .-, XR)

for all X7,..., X;. The projection from hocolim to colim gives a map of functor-operads

A" — E"
and an induced map of the associated operads:
¢:B,— D,
We need to show that for each & > 0 the map

¢(k) : Bn(k) = Dn(k)
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is a weak equivalence of spaces. Recall from Proposition 11.4 that there is an isomorphism
of cosimplicial spaces

{1]

MA®, . AT) = A" X EP(AY, ... A®)

The proof of Proposition 11.4 shows that for each (b,7) we have an isomorphism of cosim-

plicial spaces
E(bﬂw)(A', - ,A.) >~ A® x E(b,T)(A., ey A.)O

It follows that we have homeomorphisms
D (k) = Tot(A®) x colimgn Ep.1y(A°, ..., A*)°
and
(12.3) Bn(k) ~ Tot(A®) x hocolimgz E¢, 1) (A%, ..., A%)°
Thus it suffices to show that the map
hocolimyr E¢,1)(A°, ... JA%YY — colimgn B 1y (A°, ..., A%)°

is a weak equivalence, and this follows from a standard fact about homotopy colimits [12,
Theorem 20.9.1]; the “Reedy cofibrancy” condition needed for {12, Theorem 20.9.1] is satis-
fied in our case because the map ,

U E(U,TI)(X;,...,X,:)O —)E(b,T)(Xl.,...,X,:)O
', 17)<(db,T)

is the inclusion of a sub-CW-complex (cf. Corollary 11.2).
Next we prove part (b). Consider the map

P(k) : Bn(k) = Hom(A®, AR(A®,...,A®)) — Hom(A®, Af(*,...,%)) = NX"

where the arrow is induced by the projection A* — % and the second equality follows from
the fact that AR(*,...,*) is the constant cosimplicial space with value NX". It is easy to
check that the collection {#(k)} is an operad map; it remains to show that each (k) is a
weak equivalence. Using equation (12.3) and the fact that Tot(A®) is contractible it suffices
to show that the map

hocolimge Zp1y(A°, ... JA%Y — hocolimger Ep,1) (¥, - - -, )0 = hocolimg ¥ = N X}

(where the arrow is induced by A® — *) is a weak equivalence; and this is a consequence of
the following lemma.

Lemma 12.8. For each choice of b and T the space Ep,ry(A°, ..., A®)° is weakly equivalent
to a point.
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Proof. The proof is by induction on .

Since the map (12.1) is an isomorphism we may assume that T is the standard total
order on k.

For each f : [m] — k we define c(f) : [m + 1] — k to be the function which takes 1 to
1 and p to f(p— 1) if p > 1. This construction gives a functor, also called c, from Q1) to
itself.

Next let C : A — A be the functor which takes [m] to [m + 1] and takes a morphism
h : [m] — [n] to the morphism C(h) : [m + 1] — [n + 1] defined by

0 ifp=0
cm® ={ hp_1y+1 om0

We can define a map
(02 E(b’T)(A., ceey A.)O — E(b'T)(A. oC, A', .. ,A.)O

as follows: if f: [p] = k and u; € A0 for 1 < i <k, let a take the equivalence class of
(f,u1,.-.,us) to that of (f,d%;,us, ..., ux). We can also define a map

ﬂ : E(b’T)(A. oC, A., cey A.)o — E(b,T)(A., con ,A.)o

by letting 3 take the equivalence class of (f, u1, . .., uy,) to that of (¢f, uy, ..., uz). It is easy to
check that o and 3 are well-defined and that Foa is the identity; that is, B (A®, ..., A®)°
is a retract of Ep1)(A® o C,A°,...,A*)% It therefore suffices to show that the latter is
weakly equivalent to a point.

But A®oC is isomorphic to the degreewise cone on A®, and in particular it is homotopic
as a cosimplicial space to a point, so we have

Epr) (Ao C, A%, ..., A® 0~ Epr)(*, A%, .. A%
and an inspection of Definition 12.5 shows that
E(b,T) (*, A., ey A.) & E(bI,TI)(A., v ,A.)

where &' is the restriction of b to Py(k — {1}) and 7" is the restriction of T to & — {1}. The

inductive hypothesis shows that S 1) (A®, ..., A®)° is weakly equivalent to a point, and
this concludes the proof. O
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