THE SIGMA ORIENTATION FOR ANALYTIC
CIRCLE-EQUIVARIANT ELLIPTIC COHOMOLOGY

MATTHEW ANDO

ABSTRACT. We construct a canonical Thom isomorphism for virtual T-oriented
T-equivariant spin bundles with vanishing Borel-equivariant second Chern class,
which is natural under pull-back of vector bundles and exponential under Whit-
ney sum. It extends in the rational case the non-equivariant sigma orientation
of Hopkins, Strickland, and the author. The construction relates the sigma ori-
entation to the representation theory of loop groups and Looijenga’s weighted
projective space, and sheds light even on the non-equivariant case. Rigid-
ity theorems of Witten-Bott-Taubes including generalizations by Kefeng Liu
follow.
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Let E be an even periodic, homotopy commutative ring spectrum, let C be an

t:C = spf E°(CP™),

o(E,C,t): MU(6) - E
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elliptic curve over Sg = specmoFE, and let ¢ be an isomorphism of formal groups

so that (E, C,t) is an elliptic spectrum in the sense of [Hop95, AHS01]. In [AHS01],
Hopkins, Strickland, and the author construct a canonical map of homotopy com-
mutative ring spectra
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2 MATTHEW ANDO

called the sigma orientation; it is conjectured in [Hop95] that this map is the
restriction to MU (6) of a similar map M O(8) — E.

Let T be the circle group. We expect that the sigma orientation extends to a
multiplicative map of T-equivariant spectra

or(Er,C,t) : (T-equivariant M O(8)) — (T-equivariant elliptic cohomology Er).
(1.1)
Note however that the construction of o requires us among other things to say
what T-spectra we have in mind for the domain and codomain.

In principle, giving a map o7 as in (1.1) should be equivalent to specifying, for
each virtual T-BO(8) vector bundle V' (whatever that means) over a T-space X, a
trivialization (V) of Er(XV) as an Et(X)-module. The trivialization should be
natural, in the sense that

(V) = (V)
if f: X' — X is a map of T-spaces, and exponential, in the sense that

Ve V) =yV)eyV')
under the isomorphism

Er(XVeV') >~ Er(XV) ® Ep(x"V).
Er(X)

An equivariant sigma orientation should be compatible with the nonequivariant
one in the following way. If X is a T-space, then X1 will denote the Borel construc-
tion ET x1 X; if V is a (virtual) T-vector bundle over X, then Vi will denote the
corresponding (virtual) bundle over Xt. A T-BO(8) structure on a T-bundle should
at least give a BO(8) structure to V. One expects that the equivariant extension
Er of an elliptic cohomology theory E comes with a completion isomorphism

Br(X)" = E(X7), (1.2)

and in particular
Er(X)N = B((X1)"). (1.3)

The desired compatibility is that this isomorphism carries v(V') to the sigma ori-
entation of Vr.

In this paper we carry out this program for the complex-analytic equivariant
elliptic cohomology of Grojnowski; along the way we gain some insight into what is
meant by the domain and codomain in (1.1). Let A C C be a lattice in the complex
plane, and let C' be the analytic variety C' = C/A. Grojnowski defines a functor Er
from finite T-CW complexes to sheaves of Z/2-graded O¢-algebras, equipped with
a natural isomorphism (1.3) ([Gro94]; for a published account see [Ros01, AB02]).

The bundles for which we construct orientations are the virtual T-oriented equi-
variant spin bundles with co(Vr) = 0. This requires some explanation.

Let V be a T-vector bundle over X. A T-orientation ¢ on V is a choice of
orientation €(V4) on the fixed sub-bundle V4 for each closed subgroup A of T.
We say that V is T-orientable if it admits a T-orientation; a T-oriented wvector
bundle is a T-vector bundle equipped with a T-orientation. An isomorphism of
T-oriented vector bundles is an isomorphism of T-vector bundles which preserves
the orientations on each of the fixed sub-bundles. The isomorphism classes of T-
oriented vector bundles forms a monoid under direct sum, whose Grothendieck
group is the group of virtual T-oriented vector bundles over X.
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A T-equivariant spin bundle is a spin bundle V, equipped with an action of T on
the prinicpal spin bundle () — X. Isomorphism classes of equivariant spin bundles
form a monoid under direct sum, so that we may speak of virtual T-equivariant
spin bundles. If V' is a T-equivariant spin bundle with principal spin bundle @,
then the Borel construction @t is a principal spin bundle over Xt; the associated
spin vector bundle is V.

A virtual spin bundle V has an integral characteristic class, twice which is the
first Pontrjagin class. It is called & in [BT89] and X in [FW99]. The isomorphism

H*(BSU;7) = H*(BSpin;7)

identifies it with the second Chern class, so we call it ¢y as in [AHSO01].

If V is a T-equivariant vector bundle over X, then we write Ep(V) for the
reduced equivariant elliptic cohomology of its Thom space; it is an Ep(X)-module
which depends up to canonical isomorphism only on the isomorphism class of V
as a T-vector bundle. If V is T-orientable, then Er(V) is an invertible Fp(X)-
module. If V and V' are two such bundles then there is a canonical isomorphism
of Er(X)-modules

Ex(Ve V)2 E(V) ® Er(V'). (1.4)
Er(X)
It follows that if V' =V — Vj is a virtual T-oriented bundle, then we may define

Ex(V) = Ex(Vo) ® Ep(Vi)7h,
Er(X)
and the association V' +— Erp (V) satisfies (1.4) (See §7 for a discussion of the asser-
tions in this paragraph, most of which appeared also in [Ros01, AB02]).

Theorem 1.5 (9.1). Let V be a virtual T-oriented equivariant spin vector bundle
over a finite T-CW complex X, with the property that

c2(Vr) = 0. (1.

(=2
=

1%

Then there is a canonical trivialization v(V) of Ex(V), whose value in Ex(V){
E(Xq}/ﬁ) is the Thom class provided by the (nonequivariant) sigma orientation. It
1s natural in the sense that

YY) = V),

if f: X' — X is a map of T-spaces. Moreover we have
YV eV)=yV)ey(V')
under the isomorphism (1.4).

Remark 1.7. Tt is a result of Bott and Samelson ([BS58]; see [BT89], Lemma 3.7,
and §5.4) that a T-equivariant spin bundle is T-orientable. The orientation of the
Theorem does depend on the choice of T-orientation.

Remark 1.8. It may seem surprising that the class 7(V') depends on a T-orientation
and spin structure, but otherwise requires only that co (V) = 0, i.e. that Vi admits
a BO(8)-structure. We suspect that the failure of our construction to depend on
the choice of BO(8) structure on Vi reflects the fact that our elliptic curve C' comes
as a quotient C/A. For example in Lemma 5.20, it is important to be able to name
the point q%. This is similar to the situation of the Ochanine genus, which is rigid
provided only that V' is a spin bundle.
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In [AB02], Maria Basterra and the author showed that, under the hypotheses of
the Theorem, there is a global section v(V') of Er(V'), whose value in the stalk at
the origin of C is the sigma orientation of Vr; earlier Rosu [Ros01] did the same for
the orientation associated to the Euler formal group law. However, those papers do
not address the trivialization, naturality, and exponential properties of the classes
they construct.

The naturality is particularly hard to discern. Both of the papers [Ros01, AB02]
closely follow [BT89] in their implementation of the “transfer” argument, and so
all three papers depend on meticulous choices for integer representatives of the
characters of the action of T on V| x+ and of T[n] on V|y,) and for the orientations of
VT and VT along with surprising and not particularly intuitive results concerning
the compatibility of these choices. In this paper we eliminate all of those choices,
and show that any choice will do, with no effect on the resulting Thom class,
which is completely determined by the equivariant spin bundle V', together with
the choices of orientations of the bundles VT"l and VT. The argument is indifferent
to the parity of n.

From a practical point of view there are two important new ingredients. The
first is a careful account of the choice of representatives of characters (rotation
numbers) for the action of A C T on the vector bundle V|xa. This makes it easy
to study the effect on our constructions of varying the representatives and for that
matter the subgroup A. The second is a systematic use of the geometry of the
affine Weyl group of Spin(2d), and its associated theory of theta functions [Loo76].

More important than any single practical improvement was the conceptual progress
in understanding the relationship between the sigma orientation and Looijenga’s
work on theta functions, root systems, and elliptic curves. In order to illustrate our
thinking, we state a conjecture; it is really a proposal for structure which should
be expected of equivariant elliptic cohomology, once a rich enough theory has been
found.

Let E be the nonequivariant elliptic spectrum associated to C' (see (2.10) for a
construction), and let

def
(X']T)E = SprO(X]r).
Then X — (Xr)g is a covariant functor from T-spaces to formal schemes over

spf E9(BT) = C. To state our conjecture, it is useful to suppose that T-equivariant
elliptic cohomology is a covariant functor

X'_)XET

from T-spaces to some category of (super) ringed spaces over C, as was proposed
by Grojnowski [Gro94] and Ginzburg-Kapranov-Vasserot [GKV95] (and perhaps
others). For example, since Grojnowski’s functor Et produces a Z/2-graded com-
mutative O¢-algebra, we may view (C, Ep(X)) as a ringed space Xg, over C. In
this notation the completion isomorphism (1.2) becomes

(X1)E = (Xp,)"

Let G = Spin(2d) with maximal torus 7' and Weyl group W, and let T =
hom(T, T') be the lattice of cocharacters. The formal scheme T'® C carries a natural
action of W, and the splitting principle gives an isomorphism (see §4)

BGgp = (T C)/W.
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Suppose that V is a T-vector bundle over X, and that Vr has structure group
G. The map

X = BG
classifying V induces in E-cohomology a map

(Xr)g — (T ® C)/W. (1.9)

Looijenga constructs a holomorphic line bundle A over (T ® C)/W ([Loo76];
see also §5.2). The sigma function o defines a global holomorphic section o4 of
A, whose zeroes define an ideal sheaf 7 on VpC, such that o4 is an trivialization
of A® Z. Our conjecture is the following; it is stated with a little more detail as
Conjecture 10.1.

Conjecture 1.10. The T-equivariant elliptic cohomology Et associated to the el-
liptic curve C should associate to the T-equivariant spin bundle V a map

f:Xp = (T®C)/W

which upon completion gives the map (1.9). Writing Z(V) = f*Z and A(V) = f*A,
this map should have the following properties.

(1) There is a canonical isomorphism
(V) = Ex(V)

of line bundles over Xg,.
(2) Suppose that V' is another T-equivariant spin bundle. If

ca(Vr) = ea(Vy),

then A(V) = A(V'); indeed a T-BO(8) structure on V. — V' determines a
trivialization of A(V) & A(V')~1.

In the notation of the Theorem, let o(V) = f*(oq). If V — V' is a T-BO(8)-
bundle, then (V) /o(V') is a trivialization of

AV)oI(V) V)

AV IV — EWV')
this is the equivariant sigma orientation for V — V'. From this point of view, the
sigma function always determines a trivialization of the line bundle A(V) ® Z(V);
when c2 (V) =0, A(V) is trivial and so this gives a Thom class. The letter A stands
for “anomaly”.

Early versions of this paper were attempts to prove the Conjecture 1.10 for
Grojnowski’s Er, and then to deduce Theorem 1.5 from it. However, for reasons
we explain in §10, we were only occasionally able to convince even ourselves of those
proofs. Eventually, detailed consideration of the consequences of the Conjecture led
us to the formulae in §5.4 and so to concrete proofs.

In §10 we do construct the map in the Conjecture for a functor which captures
the behavior of the stalks of Grojnowski’s functor. The argument uses the same
information we used in §5.4 and §8 to produce the equivariant Thom class. The
functor we study in §10 was also inspired by Greenlees’s rational T-equivariant
elliptic spectra [Gre01] and by Hopkins’s work on characters in elliptic cohomology
[Hop89]. Indeed we hope that Greenlees’s rational T-equivariant elliptic spectra
will admit a proof of the conjecture, and so give an account of the rational circle-
equivariant sigma orientation.
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The rest of the paper proceeds as follows. In §2 we summarize some of the nota-
tion which recurs throughout the paper. We discuss complex-orientable cohomology
theories in general and ordinary and elliptic cohomology theories in particular. In
§3 we state in a useful form some standard facts about T-equivariant principal
G-bundles.

In §4 we interpret the analysis of §3 in the presence of a (rational) complex-
orientable cohomology theory. We begin §5 with an interlude (§5.1) on degree-four
characteristic classes. In §5.2 we recall a result essentially due to [Loo76], that a
degree-four characteristic class ¢ € H*(BG;Z) gives rise to a W-equivariant line
bundle £(¢) over (T' ® C). We define a theta function of level ¢ for G to be a
W -invariant holomorphic section of the line bundle £(£); by the splitting principle,
the Taylor series expansion of such a theta function defines a characteristic class
of principal G-bundles. The sigma function provides the most important examples
for us, and so we discuss it in §5.3.

Section 5.4 is the heart of the paper. In it we use the results of §3—5.3 to
construct some holomorphic characteristic classes for T-equivariant principal G-
bundles which are the building blocks of the Thom classes in §8 and §9.

In §6 we recall the construction of Grojnowski’s analytic T-equivariant elliptic
cohomology associated to a lattice A C C. In §7 we review the equivariant elliptic
cohomology of Thom complexes [Ros01, AB02], recalling what is involved in con-
structing a global section of Ex(V'), where V is (virtual) T-oriented vector bundle.

In §9 we construct the equivariant sigma orientation, proving Theorem 1.5. In §8
we prove the following related result. Let G be a spinor group, and let G’ be a
simple and simply connected compact Lie group. Let V be a T-equivariant G-
bundle over a finite T-CW complex X, and let V' be a T-equivariant G'-bundle.
Let

¥ (Vr) € B(Xy")
be the Thom class given by the Weierstrass sigma function (see Definition 4.12).
Suppose that &' is a degree-four characteristic classes for G, with the property that

c2(Vr) = &' (Vp).
Suppose that 8’ is a theta function for G’ of level &'.

Theorem 1.11 (8.6). A T-orientation on V determines a canonical global section
5y of Ex(V)™Y, whose value in Ey(V)y" is 6" (VA (Ve) ™t

In particular, suppose that V' is an equivariant Spin(2d’)-vector bundle over X,
and V is an equivariant Spin(2d) vector bundle. Suppose that 6’ is the character
of a representation of LSpin(2d') of level k: then it is a theta function of level kcy
for Spin(2d'). If

c2(Vr) = kea (Vr),
then Theorem 1.11 gives a global section 7 of Ep(V)~!. If X is a manifold and V
is the tangent bundle of X, then the Pontrjagin-Thom construction for the map
m: X — % gives a map

(ETW)*ET(V)_I — E’]r(*) =0¢

of O¢-modules which takes v to the equivariant Witten genus of V' twisted by the
characteristic class 6'(V}). Since the global sections of O¢ are the constants, we
have the following result of Kefeng Liu [Liu95].
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Corollary 1.12. Under these conditions, the equivariant Witten genus of X twisted
by 6(V}) is constant.

Remark 1.13. Liu states a condition on p; instead of ¢s.

If §5.4 is the heart of the paper, then §10 is the soul. There we discuss Conjecture
1.10, the study of which led to the results we report here. We give a refinement
of the conjecture (Conjecture 10.1), and we explain how the arguments in this
paper support it. We show how to construct the map of Conjecture 1.10 for a
functor which captures the behavior of the stalks of Grojnowski’s functor; the
construction is essentially a “transfer formula” in the sense of [BT89]. We show
that the nonequivariant version of the conjecture is true, and sheds light on the
nonequivariant sigma orientation. Because the characters of representations of the
loop group LG are sections of the line bundle A, it illuminates the relationship
between the sigma orientation, equivariant elliptic cohomology, and representations
of loop groups [Bry90, And00].

1.1. Acknowledgments. My first debt is to Maria Basterra. Our work on [AB02]
led directly to the results in this paper, and I have very much enjoyed and ben-
efitted from our collaboration. Maria was to have been an author of this paper
as well, and I have reluctantly accepted her request to withdraw her name from
it. I thank Alejandro Adem for inviting me to visit Madison; it was during the
eight-hour round-trip drive that the the function F (5.16) was discovered, along
with its properties as described in §5.4. I thank John Greenlees, Haynes Miller,
Jack Morava, and Charles Rezk for useful conversations. I thank Haynes Miller,
Jack Morava, and Amnon Neeman for encouraging me to record the ideas in §10;
I hope they do not regret the result. My work on elliptic cohomology has been
profoundly influenced by Mike Hopkins, and I am grateful to him for his work on
the subject and his generosity to me in particular.

2. NOTATION

2.1. Abelian groups. Let C be a category with finite products. The category
AC of abelian groups in C is an additive category. In fact AC is tensored over the
category of finitely generated free abelian groups. That is, a finitely generated free
abelian group F' and an abelian group X of C determine (naturally in F' and X)
an object F'® X of AC, with a natural isomorphism

AC[F ® X,Y] = (abelian groups)[F, AC[X,Y]].

If A is an abelian group written additively, and M is an abelian group written
multiplicatively, then we write m® for the element a ® m of A ® M. Similarly, if
M' is an abelian group, u € M', and m € hom(M', M) then we may write u™ for
m(u).

We write G, for the additive group, and G, for the multiplicative group.

2.2. Lie groups and the group V7 X. In general, the letter G will stand for a
compact Lie group with maximal torus T with Weyl group W. We define

T < hom|[T, T]
T = hom|[T, T
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to be the lattices of cocharacters and characters. We write
¢: G — Aut(G)
for the action of G on itself by conjugation:
cgh = ghg™*.

If X is an abelian group in any category, then we write VX for the tensor
product
VX ¥TeX,
which carries an action of the Weyl group W. If r is the rank of G, then VX is
isomorphic to X 7.

2.3. Elliptic curves. Fix 7 in the complex upper half plane, and let A be the
lattice

A = 2miZ + 2mwitTZ.

We write G2 for the analytic affine line Al with its additive structure of abelian
topological group, and we write z for the standard coordinate on G, and also on
Al AL G etc. We write G2 for (AL )* with its multiplicative group structure.

We set,

u’l“ — 67’2

ro_ 627”'7'7' (21)

q
for r € Q, and we let C be the elliptic curve
C =G /A= G /.
We write p for the covering map
G 5 .

If V is an open set in a complex analytic variety, then we write Oy for the sheaf of
holomorphic functions on V.

If A is an abelian topological group and a € A, when we write 7, for the trans-
lation map; and if V' C G is an open set, then we write

def
Vi—g=r14V).

Definition 2.2. An open set U of C is small if it is connected and p~'U is a union
of connected components V' with the property that

P|V :V=U
is an isomorphism.

If U is small and V is a component of p~'U, then the covering map induces an
isomorphism

Oy 2 Oy.
In particular, if U contains the origin of C, then there is a unique component V'

of p~1U containing 0. This determines a C[z]-algebra structure on Oy, and a
Clz, 2] structure on Oy|in\o-
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2.4. Ringed spaces. Grojnowski’s T-equivariant elliptic cohomology is a con-
travariant functor

Er : (finite T-CW complexes) — (Z/2-graded O¢-algebras) (2.3)

(see §6 and [Gro94, Ros01, AB02]). At roughly the same time as [Gro94], Ginzburg-
Kapranov-Vasserot [GKV95] proposed that the T-equivariant elliptic cohomology
associated to an elliptic curve C should be a covariant functor

Eigear : (T-spaces) — (schemes)/C,

although they gave no independent construction of such a functor.
These are meant to be related by the formula

Er(X) = fiOpy,0(x) (2.4)
where
[t Bigeat(X) = C

is the structural map. Grojnowksi’s functor can not quite be of the form (2.4), since
in (2.3) O¢ is the sheaf of holomorphic functions on the analytic space C' = G2"/A.
However, it does give a covariant functor

(T-spaces) — (ringed spaces)/C.
Precisely, we have the following.
Definition 2.5. By a (super, or Z/2-graded) ringed space we shall mean a pair
(X, Ox) consisting of a space X and a sheaf Ox of Z/2-graded rings on X. A map
of ringed spaces

f= (flaf2) : (Xa(/)X) - (YaOY)
consists of a map of spaces f; : X — Y and a map of sheaves of Z/2-graded
commutative algebras over Y

fo: Oy — (fl)*OX-

The resulting category of ringed spaces will be denoted R. If X = (X,Ox) is a
ringed space and U is an open set of X, then we may write X'(U) in place of Ox (U).

If X is a finite T-CW complex, then
Xp, = (C, Er(X))
is a ringed space, and this defines a covariant functor
(=)E, : (T-CW complexes) - R/C.
We have found this point of view to be extremely helpful, and so we have adopted
it in writing this paper.

2.5. Ordinary cohomology. If R is a commutative ring, let H R denote ordinary
cohomology with coefficients in R. If X is a space, then we write

Xup & spec(HR** (X))

for scheme over spec R associated to the cohomology of X. We may also view
X g as the ringed space with underlying space spec(H R?*(X)) and structure sheaf
associated to

HReven(X) ey HROdd(X).

We shall write H for HC, cohomology with complex coefficients.
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2.6. Equivariant cohomology. If X is a space with a circle action, then (X1)gr
is a scheme over BTy, which we denote (Xt1)gr. We choose a generator of the
character group of T, and write z for the resulting generator of HZ?(BT); this gives
an isomorphism

BThr = (Ga)r (2.6)
of group schemes over spec R. We shall use (2.6) to view (X1)mr as a scheme over
AlL.

We recall [Qui71] that equivariant cohomology satisfies a localization theorem.

Theorem 2.7. If X has the homotopy type of a finite T-CW complex (e.g. if X
is a compact T-manifold), then the natural map

(XD)m = (X1)u
induces an isomorphism over spec C[z,27!] C BTy. O

Holomorphic cohomology. Let Al be the analytic complex plane, so Op1 is the
sheaf of holomorphic functions on C. Because of the natural maps

A;n — A%: — Al > BTyy

we may view z as a function on Al . Given a T-space X we define the holomorphic
cohomology of X to be the sheaf of super O: -algebras given by

HX;U) ¥ HC(X7) ) Ops (U).
Clz

1
an’

We view H(X) as the structure sheaf of a ringed space (2.5) Xy over A
the the pull-back in the diagram

namely

XH —_— (XT)H e (X’JI‘)HZ

! ! |

Al, —— AL —— AL
The stalk of holomorphic cohomology. Let

AL, o =spec(Oa1 o)

be the local scheme associated to the stalk of O at the origin. The stalk of H(X)
at the origin is

1 0).

an?

H(X)o = H(X1) ® (Op
Clz]
We write (X1) g, for the resulting scheme over A}, .

Periodic Borel cohomology. Let H denote periodic ordinary cohomology with com-
plex coefficients: that is,

H=\/3*H (2.8)

SO

with v € 7TQI:I. Then
H°(BT) = C[7]
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so spf HO(BT) = (AL)d = (AL)}, and HO(Xry) is the ring of formal functions on
the pull-back (Xt) in the diagram of formal schemes

(X1)yg —— (X1)Ho

! !

(Aa)y — A

an,0*
Combining all these, we have a collection of forms of ordinary cohomology

(X1)g —— (X1)m0 > Xy » (X1)g —— (X1)mz

| ! l l L e

(Ac)y — Aano » AL, » A —— Az

2.7. Generalized cohomology.

Even periodic ring spectra. A ring spectrum E will be called “even periodic” if
Toqdl = 0 and mo F contains a unit of 7, F.

If E is an even periodic ring spectrum, and if X is a space, then we shall write
E*X for the unreduced cohomology of X. As in [AHSO01], we write X for the
formal scheme

Xp = colimpc x spec ECF
over Sg = spec E°(%); the colimit is over the compact subsets of X.
An even periodic ring spectrum is always complex-orientable. In particular

Py & BT,

is a (commutative, one-dimensional) formal group over Sg. For example, let H PZ
denote periodic ordinary cohomology with integer coefficients. Then Pypyz = G,.

Borel cohomology. If E is an even periodic ring spectrum, and X is a space with a
circle action, then the projection

Xt — BT
induces a map
(X1)E — Pg,
making
(X1)m = spf E°(X7)

into a formal scheme over the formal group of E.

Elliptic spectra. We recall [AHSO01] that an elliptic spectrum is a triple (E,C,t)
consisting of

(1) an even periodic ring spectrum E,
(2) a (generalized) elliptic curve C over Sg, and
(3) an isomorphism of formal groups

t:C = Pg.



12 MATTHEW ANDO

Rational elliptic spectra. Let C' be an elliptic curve over a Q-algebra R, and let
w= O*QIC /R If w is a trivialization of w, then there is a canonical isomorphism of
formal groups over R

~ log, =~
CT>GQ

with the property that 0* log), dz = 0*dz.
Let ' (w) be the functor from rings to sets which given by

I (w)(T) = {(j,w) | 7 : specT — spec R,w a trivializaton of j*w}.

If w is a trivialization of w, then the trivializations of j*w are of the form uj*w for
u€T™, so

I (w) = spec Rlu,u™].

Let S = O(I* (w)).
The logarithm then gives a canonical isomorphism of formal groups

~

s 52, (Ga)s
by the formula
(c,w) = (log,, c,w).
If HS[v,v~!] is the even periodic ring spectrum such that
(HS[v,0™'])* X < H*(X; S[v,0™"])

then

Pyspy,p-11 = (Ga)s,
and we have an elliptic spectrum

(HS[v,v™'],C, loggs).
Alternatively, given over R a trivialization w of w we have the elliptic spectrum

(HR[v,v™1],C,log,).

Complex elliptic spectra. Recall (2.8) that H denotes periodic ordinary cohomology
with complex coefficients.
The projection p : G&" — C induces an isomorphism of formal groups

p: @a = C.
There is a unique cotangent vector w such that

p*w=0%"dz.
We have

log,, = (§)",

and so an elliptic spectrum

(H,C,p ') = (H,C,log,). (2.10)
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3. PRINCIPAL BUNDLES WITH AN ACTION OF THE CIRCLE

3.1. A-bundles over trivial A-spaces. Let A be a closed subgroup of the circle
T. Suppose that G is a connected compact Lie group with maximal torus 7', and
let 7 : @ — Y be a principal G-bundle over a connected space Y. Suppose that
A acts on Q/Y, fixing Y. The group of automorphisms of Q/Y is the group of
sections I'((Q xg, G)/Y), and an action of A on Q/Y is equivalent to a section
a € T((Q xg,chom[A,G])/Y). (The c indicates that, in the Borel construction, G
acts on the right-hand G by conjugation).

Since G is connected and A is (topologically) cyclic, every G-orbit in hom[A, G]
intersects hom[A, T'] nontrivially: that is, the map

hom[A,T] — hom[A4, G] — hom[A, G]/G

is surjective.
In particular hom[A4, G]/G is discrete. Its points label the connected components
of @ x¢g,hom[A, @] via the surjective map

Q %@, hom[A, G] — hom[4, G]/G.

Since Y is connected, we may choose a homomorphism m € hom[A,T] such that,
for all x € Y, there is a p € @) such that

a(z) = [p,m];
the square brackets indicate the class in the Borel construction of the element

(p,m) € @ x hom[A,G]. The choice of m determines p only up to the centralizer
Z(m) in G of the homomorphism m.

Definition 3.1. A reduction of the action of A on ) is a homomorphism
m:A—T
such that, for all x € Y, there is a p € @ such that
a(z) = [p,m].
The terminology is justified by the following observation. Let

Q(m) = {p € Qllp,m] = a(x(p))}.
Then 7[g(m) : Q(m) — Y is a principal Z(m) bundle over Y, the reduction of the
structure group of @ to Z(m). In other words, we have given a factorization
BZ(m)[d]Y [r]q[ur]?™ BG. (3.2)
Let
W(m) = {w € W|wm = m}
be the stabilizer of m. One sees that T is a maximal torus of Z(m), with Weyl

group W (m).

Ezample 3.3. Suppose that G = U(n) is the unitary group with its maximal torus
T = A(z,...,2,) of diagonal matrices, and suppose that A = T. Every homomor-
phism

m:T—T

is conjugate in U(n) to one of the form

m(z) =A™, 2™ 2™ 2 2T 2T,
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where m; € Z. Let d; be the multiplicity of m;; then the centralizer is the block-
diagonal matrix
U(dy)
Z(m) = . ,
U(dr)
with Weyl group
W(m) :Edl X - de»« cCYX,=W.

If V is a T-equivariant complex vector bundle over a connected trivial T-space Y,
and if this m is a reduction of the action of T on the principal bundle of V', then
the reduction of the structure group to Z(m) corresponds to the decomposition of
V' as the direct sum

VevVim)e- - oVim,),
where T acts on the fiber of V(m;) by the character 2. O

The composition
g(m) : A x Z(m) RSO Z(m) = Z(m)

is a group homomorphism, and so we have a map

BA x BZ(m) 22" Bz (m).

The following Lemma will be used directly to prove Lemma 5.5, a calculation
of degree-four characteristic classes. Moreover, the algebro-geometric form of this
diagram after applying a complex-orientable cohomology theory (see Lemma 4.1)
captures the essential point of the “transfer argument” of [BT89], as we explain in
Remark 10.7.

Lemma 3.4. (1) The diagram
BT x BT[dr]BA x BT[ur]B"™*BT[d|BT[d|BA x BZ(m)[rr]?9™ BZ(m)
commutes.
(2) The map Bg(m) classifies the principal Z(m)-bundle EZ(m)s = EA X A m

EZ(m) over BA x BZ(m).
O

Proof. The first part is easy. For the second part, it suffices to construct a map of
principal Z(m)-bundles over BA x BZ(m). The map

Eg(m): EAXx EZ(m) — EZ(m)

factors through FA x 4, EZ(m), and gives the desired map. (Note that the map
Eg(m) is obtained by constructing FA and EZ(m) functorially as spaces with
actions on the same side, say the left. In forming FA x4, EZ(m), one makes A
act on the right of EA by the inverse.) O

If m' : A — T is another reduction of the action of A on @, then m and m/' differ
by conjugation in G, and we have for some g in G a commutative diagram

Y[rr]Q(ml) [dd]g(m)[ddrr]s >>>>>>> QBZ(m)[dd)BZ(m)[rr] [ur]®s [uurr]?G.)
3.5
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3.2. The case of a connected centralizer.

Lemma 3.6. If the centralizer Z(m) is connected, then the element g in the dia-
gram (3.5) may be taken to be in the normalizer NoT of T in G.

Proof. Let g € G be such that

cgm =m'
Then m'(A) C ¢y(T)NT, so both T and ¢,(T") are maximal tori in Z(m'). Since
Z(m') is connected, there is an element h € Z(m') such that

Cth (T) = T;
so hg € NgT. Since h € Z(m'), we have
m' = cpm' = cpegm.

O

Example 3.3 shows that Z(m) is connected if G is a unitary group. Bott and
Samelson have shown ([BS58]; see Proposition 10.2 of [BT89]) that Z(m) is con-
nected if G is a spinor group.

Lemma 3.7. If G is simple and simply connected then the centralizer Z(m) is
connected. O

3.3. Nested fixed-point sets. Now suppose that B O A is a larger closed sub-
group of T (primarily, we shall be interested in the case that B = T), and that the
bundle Q/Y is actually an equivariant B-bundle over Y.

Lemma 3.8. If
m:A—T

is a reduction of the action of A on Y, then the action of B on @ induces on
Q(m) the structure of a B-equivariant Z(m)-bundle over Y. Moreover the Borel
construction Q(m)p is a principal Z(m)-bundle over Yp.

Proof. This follows from the fact that B is abelian. O

If F C YPB is a connected component of the subspace of Y fixed by the action of
B, then we may choose a reduction

mp:B—=T
of the action of B on Q|r.
Lemma 3.9. The restriction

mpla: A>T
is a reduction of the action of A on Y.

Proof. The action of A on Q/Y is a section a of (@ x -hom[A, G])/Y . The restriction
alp records the action of A on Q|p. The action of B on Q|F is a section b of
(Q|r xchom[B,G])/F, and with the obvious notation we have

bIA :a|p.
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4. RATIONAL COHOMOLOGY OF PRINCIPAL BUNDLES WITH COMPACT
CONNECTED STRUCTURE GROUP

Let E be an rational even periodic ring spectrum. Let G be a connected compact
Lie group. Let T be a maximal torus of G, with Weyl group W. The natural
isomorphism

ToT—T
induces a W-equivariant isomorphism
VrPg = BTg
of formal groups over Sg. Moreover [Bor55] the natural map
BTy /W — BGg
is an isomorphism. We shall repeatedly use the resulting isomorphism
BGg =V Pg/W.
For example, a principal G-bundle @ over X is classified by a map
X % BG
whose effect in E-theory
Xp 2 Vi Pg/W
is an X pg-valued point of VpPg/W.
4.1. Periodic cohomology of circle-equivariant principal bundles. We in-
terpret the analysis of §3 in E-theory. Suppose that G is a connected compact Lie
group, and that @ is a T-equivariant principal G-bundle over a connected T-space

Y. Suppose that a closed subgroup A of the circle acts trivially on Y. Suppose
that

m:A—T

is a reduction of the action of A on Q/Y with connected centralizer Z(m).
Applying E-cohomology to the diagram (3.2) yields

Vo Pg/W(m)[d)YE[r]-QEglur]”Q(m)s V1 Pg /W

The multiplication
BT x BT — BT

induces the addition map
VrPg X VrPg i) VrPg

whose restriction to
(VTPE)W(m) X VTPE i) VTPE

factors to give a translation map
(Ve Pp)V™) 5 (Vi Pg) /W (m) 55 (Vi Pg) /W (m).

In E cohomology, Lemma 3.4 implies the following result. It is used in the case
A =T to construct the commutative diagram (8.2) and so prove Lemma 8.4. It is
also implies the commutativity of the diagram (10.6), which captures the essence
of the “transfer formula” of Bott-Taubes [BT89]; see Remark 10.7.
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Lemma 4.1. The diagram

BAgp x BZ(m)g[r]~=(VrPg)"™ x (VrPg)/W(m)[d]"+BAgp x Yg[u]”BAg x Q(m)p[r]~ (Q(m) ),
commutes. O

4.2. Holomorphic characteristic classes. Let f be a W-invariant holomorphic

function on VyG3". By the splitting principle, the Taylor expansion of f at the

origin defines a class in H (BG). Suppose that @ is a principal G-bundle over X,
with the property that Qr is a principal G-bundle over Xp. Then we get a class

£(Qr) € H(Xr).

The following result is due to Rosu.

Lemma 4.2. The class f(Q1) is in fact an element of H(X;AL)). Similarly, if
fe (OVTG%“)O: then
f(Qr) € H(X)o.

Proof. Proposition A.6 of [Ros01] proves this result in the case that G = U(n) and

7 =Tl o),

where g € Op1 o and z = (21,...,2,) € A}, = V7GE". The same argument works
in the indicated generality. O

An important example of a holomorphic characteristic class is the Euler class
associated to a “multiplicative analytic orientation”. A power series

f(2) = z+ higher terms € H(BT) = C[2]

satisfying

f(=2)=—f(2)
determines a multiplicative orientation (map of homotopy commutative ring spec-
tra)

¢:MSO — H,
characterized by the property that if

V=L 4+ --+1L4

is a sum of complex line bundles, then its Euler class is

es(V) = [T (e Ly).

If V is an oriented vector bundle, we write ¢(V) € H(V) = H(XV) for the
resulting Thom class. It is multiplicative in the sense that
o(VoW)=e¢(V)Ao(W) (4.3)
under the isomorphism
(X xY)VOW = xV AyW,

Definition 4.4. The orientation ¢ is analytic if f is contained in the subring
Op1_ 0 C C[2] of germs of holomorphic functions at 0; equivalently, if there is a
neighborhood U of 0 in C on which the power series f converges to a holomorphic
function.
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Lemma 4.2 implies the following.

Corollary 4.5 ([Ros01]). If ¢ is analytic and V is an oriented T-vector bundle
over a compact T-space X, then the Euler class ey associated to ¢ satisfies

€¢(V11') S H(X)o

O
If ® denotes the standard Thom isomorphism, then
eo (V1)
Vr) = ®(V),
¢(Vr) ca(V) (V1)

and the ratio of Euler classes is a unit in H(X)g. Of course multiplication by ®(Vr)
induces an isomorphism
H(Xt) = H(Vr),
and so we have the following.
Corollary 4.6. There is a neighborhood U of the origin in AL, such that
¢(Vr) € H(V;U),
and such that multiplication by this class induces an isomorphism of sheaves

HX)|o 2 HV)lo.

In other words, for every open set U' C U, multiplication by ¢(Vr) induces an
isomorphism

HOXGU) S w1 v,
O
Ezample 4.7. For example, let 0 = o(u, q) denote the expression
1 1 1—q" 1—q¢ru!
Uz(ui—u_f)H (1= ¢"u){1 = q"u ) (4.8)

— qn)2
S (1—4q")
This may be considered as an element of Z[g][u*2] which is a holomorphic function
of (uz,q) € C* x D, where D = {g € C|0 < |¢| < 1}. Let $ = {r € C|S7 > 0}
be the open upper half plane. We may consider ¢ as a holomorphic function of
(z,7) € AL, x 9 by

U = e
= g (4.9

for r € Q. It is easy to check using (4.8) that
o(—z) = —0(z) (4.10a)
o(2) = 2+ o(z?) (4.10Db)
o(ug") = (~1)"u "% o(u). (4.10c)

The equations (4.10) imply that the Taylor expansion of o at the origin defines a
multiplicative analytic orientation

MSO = H. (4.11)
O
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Definition 4.12. If V is an oriented vector bundle, we write X(V') for the Thom
class associated to the orientation (4.11), and o(V') for the associated Euler class.

In [AHSO01, §2.7] it is shown that ¥ is the sigma orientation associated to the
elliptic curve C: that is, the diagram

MSO[F” HMU(6)[u][ur], .. 5-1)

commutes.

5. DEGREE-FOUR CHARACTERISTIC CLASSES AND THETA FUNCTIONS

5.1. Degree-four characteristic classes. If G is a connected compact Lie group,

then by the splitting principle the natural maps
H*(BG,Z) — H*(BT,Z)" =TW (5.1)
H*(BG,7) - HY(BT,7)" = (S*>T)V = hom([,T,Z)" '

are rational isomorphisms. Here, if M is an abelian group, then S?M and Ty M
denote degree-two parts of the symmetric and divided power algebras on M.

Without rationalizing, a degree-four characteristic class ¢ € H*(BG,Z) gives
rise to a homomorphism

INVARNYA
We shall abuse notation and also write I for the bilinear map
TxT20 1,75 7. (5.2)

We shall say that the characteristic class £ is positive definite if the pairing I is so.
We also write ¢ for the quadratic function given by the composition

Do T ZT [u) 2 [ur]
(If A and B are abelian groups, then a function
f:A—>B
is quadratic if
0=/(0)
O=flr+y+z)—fla+y) —fl@+z) - fly+2)+ fl@)+ fly) + f(z)
f(=z) = f(=).
The function
A2 T,A

is the universal quadratic function out of A).
;From the definitions it follows that

¢(a+b) = ¢(a) + I(a,b) + $(b)

p(na) = n’¢(a)
pluwa) = 6(a) >3
I(wa,wb) = I(a,b)

fora,be T,n€Z, and we W.
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There are a variety of ways to express the relationship between the characteristic
class ¢ and the map I. For example, suppose that @)y and @; are two principal
G-bundles over X, given as maps

X 9 BT

Then we get a new principal G-bundle as the composition

X 2 X x x 89 g1« BT * BT.

The effect of @); in cohomology

Xz O BT > VG,
is an X pgyz-valued point of V4G,. Equation (5.3) implies that
E((Qo x Q1)A) = &(Qo) + I((Qo)nz, (Q1)mz) + £(Q1),

where we have extended I to a bilinear map
VTGa X VT(Ga — Ga.
As another example, suppose that A C T is a closed subgroup with character
group Z/nZ (n > 0), and suppose that m : A — T is a homomorphism. If
m,m € hom(T,T)="T
satisfy
m| A= m’| A=m,
then
m =m+nd
for some § € T, and equation (5.3) implies that
o(m') = ¢(m) mod n
We write ¢(m) for the class of ¢(m) in Z/n. If z is the chosen generator of HZ2BT,
write also z for the induced generator of HZ*BA = (7 /nZ)[z]. With these conven-
tions
(Bm)*€ = ¢(m)=2. (5.4)
We write [ for the map
I:T—>T
which is the adjoint of (5.2). Note that we have
I(wa)(wb) = I(wa, wb) = I(a,b) = I(a)(b).
It follows that if a € T" then
I(a) e TV = H?*(BG, Q).
(}efines a rational characteristic class of principal G-bundles, which we also denote
I(a).
Now suppose that @ is a T-equivariant principal G-bundle over a connected
trivial T-space Y, so in particular @t is a principal G-bundle over Yy = BT x Y.

Let m € T be a reduction of the action of T on @/Y. Then Q(m) is a principal
Z(m)-bundle over Y, and we have the following.

Lemma 5.5. In H*(Y7,Q) = H*(BT x Y, Q) we have
€(Qr) = ¢(m)2" + I(m)(Q(m))z + &(Q).
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Proof. By the splitting principle, we may suppose that we have a factorization
BT[d)Y [ur]?[r]o BG.
Lemma 3.4 implies that the map

BT x Y 2™% BT« BT % BT

classifies Q. It follows that

£(Q1) = £(u(Bm x Q)ne)
=¢(Bm) + I((Bm)uo, Qo) +£(Q)
= ¢(m)2” + I(m)(Q)z + £(Q)-
O
Ezample 5.6. Let Tso2q) = T be the standard maximal torus in SO(2d) (the
image under the map U(d) — SO(2d) of the torus of diagonal matrices), and let T'

be its preimage in Spin(2d). If m = (my,...,mq) € Z* = (Tso(24))" ; then there is
a lift in the diagram

T[d]T[r]-m—— >[ur]Tso(2q)
precisely when Y m; is even, that is

T = {(my,...,mq) € Z9 Zmi even}.
The function
d(my,...,mg) = %me (5.7)
therefore defines a quadratic map
0T —Z
with associated bilinear form
I(m,m') = Z mims.

It is not hard to check using (5.7) that it is the quadratic form associated to
¢y € HZ*(BSpin(2d)).
Now suppose that
V = Ll @ e @ Ld
is a T-equivariant Spin(2d) bundle, written as a sum of T-equivariant complex line

bundles, over a trivial T-space Y. Let z; = ¢; L;, and suppose that T acts on L; by
the character m;. In order that V1 be a spin bundle, we must have

0=wy(Vr) = Z(mlz +z;) (mod 2).

i

In that case, Lemma 5.5 says that

e (V) = (% me) 22+ (Z mix;)z + eV

in H*(Y x BT). O
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5.2. Theta functions. Recall that ¢ = €>™7, and that C is the elliptic curve
C =G*™/A=G>™/¢"

Following [Loo76], we define a line bundle over V7 C by the formula

V(G x C

L=LY A :
(3] (4, A) ~ (ug™, ul(m)go(m) \)

(5.8)

formeT.

Remark 5.9. The identity map of V7G2! x C induces for w € W an isomorphism
of line bundles

L=2w L
over Vp(C', which is certainly compatible with the multiplication in W, so £ de-
scends to a line bundle A(¢) on VyC/W.

A theta function for G of level £ is a W-invariant holomorphic section of £(¢),
and so a section of A(dfcc).

Definition 5.10. A theta function for G of level £ is a function

6= > an(w)g" € (Z[T])() (5.11)
n>>—0oo
which for u = €* and ¢ = €2™ is a holomorphic function of (z,7) € VrAL, x 9,
and which satisfies

O(ug™) = u_j(m)q_d’(m)e(u) (5.12a)
O(u") = 6(u) (5.12b)

for m € T and w € W, where ¢ and I are the quadratic form and bilinear map
associated to the characteristic class &.

Remark 5.13. Lemma 4.2 implies that a theta function for G gives a holomorphic
characteristic class for principal G-bundles.

Remark 5.14. There is a good deal of redundancy in the definition. Looijenga stud-
ies formal series of the form (5.11) which transform according to (5.12). One has
to be careful to identify a group formal series which is closed under the operations
implied by (5.12). If £ is positive definite, then every such formal theta function
defines a holomorphic function of (z,7) (see [Loo76]).

5.3. The sigma function and representations of LSpin(2d). If G is a simple
and simply connected Lie group, then there is a unique generator ¢ of H*(BG;Z) =
Z such that the associated pairing [ is positive definite. If V is a representation
of LG of level k in the sense of [PS86], then its character x is a theta function for
G of level k¢ [Kac85]. The most important example for us is the representation of
LSpin(2d) whose character is the Euler class of the sigma orientation (4.12); it is
a theta function associated to the characteristic class ¢ of Spin(2d).

It is useful to be more explicit about this Euler class. As in Example 5.6, let
T'so(24) be the image under the map U(d) — SO(2d) of the torus of diagonal
matrices. For u = (uq,...,uq) € T write

oa(u) = H o(u;). (5.15)
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The product expression (5.15) and the fact (4.10a) that o is odd imply that
oa(u?) = o4(u) for w € W, and so o4 is a W-invariant function on VorG2" (with
zeroes precisely at the points VyA). By Lemma 4.2 it defines a holomorphic char-
acteristic class for oriented vector bundles of rank 2d. If V' is such a vector bundle,
then a(V) = g4(V).

The fractional powers of u in the expression (4.8) for ¢ prevent o, from being a
theta function for SO(2d), but if G = Spin(2d) then the formula

oq(u) = (—l)d(H Uz)% H (1—u;) H (1—q"u;)(1 —q"u; )

_ an\2
e (1-4q")

shows that o4 € (Z[1])[¢]. The formula (4.10c) implies that, if I and ¢ are the
pairing and quadratic form associated to the generator co € H*(BG;Z) as in Ex-
ample 5.6, then

i

oalug™) = u™ g M oy(u),
s0 04 is a theta function for Spin(2d) of level co. Up to the factor [], (1 — ¢™)%¢,

it is the character of an irreducible representation of LSpin(2d) of level 1 [Kac85,
PS86, Liu9s).

5.4. A useful holomorphic characteristic class. Suppose that @) is a T-equivariant
principal G-bundle over a connected T-space Y. Suppose that T[n] C T acts triv-
ially on Y. Let
m:Tn] =T

be a reduction of the action of T[n] on Q/Y.

Let £ € H*(BG;Z) be a positive definite class, with associated quadratic form
¢ and bilinear map I. Let 6 be a theta function of level £ for G (Definition 5.10).
Let C be the elliptic curve G3"/(2miZ + 2mitZ). Let a be a point of C' of order n.
Choose a point @ € G2" such that p(a) = a.

We are going to define a holomorphic function

F =F(8,m,a) € O(VyG)W(m),

and so a holomorphic characteristic class of principal Z(m)-bundles (see §4.2). To
give a formula for F' it is convenient to define

a= e27rza7

and recall (2.1) that we have set

for r € Q.
Since na = 0 in C, there are unique integers ¢ and k such that

na = 2mil + 2mwitk.
We choose an extension m making the diagram
T—— >[r]™TTn]> — >[u][ur],
commute. With these choices, the formula for F' is

F(2) = un 1m0 g (ya™). (5.16)
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Remark 5.17. The factors preceding the 6 are closely related to the line bundle Va
which appears in [BT89] and [AB02].

Lemma 5.18. F' is independent of the choice of lift m.

Proof. Let m' be another choice. Let F' be the function defined using m'. Since
m' and m both restrict to m on A, there is a A € T such that

m' =m + nA.
We have
F'(z) = u%i(m/)a%‘b(ﬁ)e(uam’)

fi(m+nA)a§¢(m+nA)9( " kA)

=u ua'q

gi(m)uki(A)a§¢(m)ak[(m,A)qk%(A)u—ki(A)a—kI(A,m)q—k2¢(A)0(uam)

Lemma 5.19. F is invariant under W(m).

Proof. Suppose w € W(m). We have
wm =m
SO
m = wm + nA
for some A € T. The proof is now similar to the proof of Lemma 5.18. O

The dependence of F(6,m,a) on the lift @ can be calculated as follows. Let @'
be another lift. Then

a=a+\

for some A € 2miZ + 2wiTZ, so letting

B=e"
we have

f=aq’
for some ¢ € Z. Thus

B =g
with k' = k + nd, and so the quantity

1, def _q1 k 1 K
w(a,qgm) = a~tgm = 7 gn
is an n*" root of unity which is independent of the choice of lift of a; in fact it is
the Weil pairing of a and q% in the curve C. Because it is an n'" root of unity, the
quantity

h

w(a, g7 )™ Ew(a,q7 )™
is independent of the lift 7 of m. Using the functional equation for 6 (5.12) it is
straightforward to check the following.

Lemma 5.20.
F(0,m,a@) = w(a,q+)** ™ F(9,m,a).
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Lemma 5.19 implies that the Taylor series expansion of F'(8, m,a) defines a class
in H(BZ(m)) = H(BT)W (™, which we also denote F(#,m,a). Let (Q,m,a) €
H(Y;AL)) be the holomorphic cohomology class given by the formula

0(Q,m,a) = Q(m)"F(0,m,a) (5.21)
(using Lemma 4.2 to conclude that the class 8(Q, m,@) is in fact holomorphic).

Lemma 5.22. If the centralizer Z(m) is connected, for example if G is unitary or
spin, then the class 6(Q, m,a) is independent of the reduction m of the action of

T[n] on Q/Y.
Proof. Let m' be another reduction of the action of T[n] on /Y. By Lemma 3.6,
there is an element w € W such that

m' = wm.
Iftm: T — T is a lift of m, then wm is a lift of m’. Using this lift to define
F(6,m',a), we have
w'F(0,m',a)(z) = F(8,m",a)(w(z))
k

:(U ) I(wm)

é(w )g(uwawm)

= ugi(m)a%‘p(m)e(uam)

= F(0,m,a)(z).
Since the diagram

Ye[r]” Q(m)[drlq(m) BZ(m)[d]* BZ(m')
commutes, we have
0(Q,m',a) = Q(m')* F(0,m',a)
Q(m)*w*F(8,m',a)

Q(m)*F(0,m,a)
9(Q,m,a).

The results of this section justify the following.

Definition 5.23. Suppose that @ is a T-equivariant principal G-bundle over a con-
nected T-space Y on which T[n] acts trivially. Suppose that for some (equivalently
every) reduction
m:Tn] - T

of the action of T[n] on Q/Y, the centralizer Z(m) is connected. Let C' be the
elliptic curve G2" /2miZ + 27iTZ. Let a be a point of C of order n. Let 6 be a theta
function for G of level ¢, and let @ be a point of Al whose image in C is a. We
define 6(Q,a) € H(Y;Al,) to be the holomorphic cohomology class

0(Q,a) = 6(Q,m,a); (5.24)
in particular this class does not depend on the choice of m.
Lemma 5.25. Ifa' = a + 2wis + 2midT is another lift of a, then
0(Q,@) = w(a,q¢7)*™H(Q,); (5.26)

again this class does not depend on the choice of m. O
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An important case of the preceding constructions is that G = Spin(2d), and o4
is the character of the basic representation of LG as in §5.3. Let p : G — SO(2d) be
standard the double cover. Let P/Y be the resulting T-equivariant SO(2d)-bundle
over Y, and let V' be the associated vector bundle. We recall from [BT89] that
Lemma 3.7 implies that the sub-vector bundle VT" is orientable. Explicitly, if m
is a reduction of the action of T[n] on Q/Y, then pm is a reduction of the action
of T[n] on P/Y. If VT has rank 2k, then the map

Y — BO(2k)

classifying VT factors through the map Y — BZ(pm) classifying P(pm), and we
have the solid diagram

BZ(m)[dd]g,—— >[rr]BSO2k)[dd]Y [ul]2™[dr]V " [d]"®™ B Z (pm)[rr] BO(2k)

Since (by Lemma 3.7) the centralizer Z(m) is connected, there is a dotted arrow
making the diagram commute. In other words, V™"l is orientable, and a choice of
orientation (V") determines a map

f:BZ(m) — BSO(k)

such that fQ(m) classifies (VT e(VTI7)),

Let o, € H(BSO(2k)) be the characteristic class associated to the sigma function
as in §5.3. We then have two W (m)-invariant holomorphic functions on VpG2".
One is f*oy, and the other is F(6,m,a).

Lemma 5.27. The ratio
[ ok

R= ——
F(Jd,m,a)

is a W (m)-invariant unit of Ov ,Gan ;.

Proof. The poles of R occur at zeroes of F. Using the standard maximal torus of
SO(2d) we may write a typical element of VG2 as

(ula cee )ud) € (G%l)d = VTG#,]'
In these terms, a lift m of m is of the form
u™ = (U™ u™)

for some integers my,...,mq. We have
kT k d
F(og,m,a) = un!qwe™ H o(uja™i).
=1

The product of sigma functions contributes a zero near z = 0 if and only if mja =0
in C. Let ji,...,jx € {1,...,d} be the indices such that mj,a = 0 in C; then

k
f*Uk = H U(’u]‘iam“ )
i=1

So the zeroes of f*oy, precisely cancel those of F(oq4, m,a). O

Lemmas 4.2 and 5.27 together imply that R defines a holomorphic characteristic
class for Z(m)-bundles.
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Corollary 5.28. The holomorphic characteristic class
RV, VT, (V1) @) & Q(m)* R € (H(Y)o)*
is independent of the reduction m, and satisfies

eo (VT e(VTI) = R(V, VT e(VTIM), @)o (V, @).

6. EQUIVARIANT ELLIPTIC COHOMOLOGY

6.1. Adapted open cover of an elliptic curve. If X is a T-space and if a is a
point of C, then we define

Yo _ XTI g is of order exactly k in C
| XT otherwise.

Let N > 1 be an integer.
Definition 6.1. A point a € C is special for X if X@ # XT.

If V is a T-bundle over a T-space X, then it is convenient to consider a few
additional points to be special. Suppose that F' is a component of XT and

m:T—T

is a reduction of the action of T on the principal bundle associated to V. If we
choose an isomorphism

T=7",

then we may view m as an array of integers (m, ma,...,m,). These integers are
called the exponents or rotation numbers of V at F. Let V1 denote the one-point
compactification of V.

Definition 6.2. A point a in C is special for V if it is special for VT or if for some
component F of XT there is a rotation number m; of V such that mja = 0.

In either case, if X is a finite T-CW complex, then the set of special points is a
finite subset of the torsion subgroup of C.

Definition 6.3. An indexed open cover {U,},cc of C is adapted to X or V if it
satisfies the following.

1) a is contained in U, for all a € C.

2) If a is special and a # b, then a ¢ U, N Uj.

3) If a and b are both special and a # b, then the intersection U, NU} is empty.
4) If b is ordinary, then U, N Uy is non-empty for at most one special a.

5) Each U, is small (2.2).

Lemma 6.4. Let X be a finite T-CW complex. Then C has an adapted open cover,
and any two adapted open covers have a common refinement. O
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6.2. Complex elliptic cohomology. Let
E¥(H,0,67") = (H,0C,log,)
be the elliptic spectrum associated to the elliptic curve C (see (2.10)). Note that
this is just a form of ordinary cohomology.
Suppose that U C C is a small open neighborhood of the identity in C. Suppose
that V C Al is the component of p~'U containing the origin. We let (Xt)g|v be
the ringed space defined as the pull-back in the diagram

-1

(X1) plu[r)[d Xy U]V, (6.5)
The diagram (2.9) shows that (Xt); and (X1)g|y are related by the formula

(X1)p = (X1)Elv))-

6.3. Equivariant elliptic cohomology. Grojnowski’s circle-equivariant exten-
sion of E is a contravariant functor associating to a compact T-manifold X a
Z/2-graded O¢-algebra Ep(X), with the property that

ET(*) = Oc.
It is equipped with a natural isomorphism

B(xr) 25 (B (X))}, (6.6)

IR

such that
A(x) =log,, : (Oc)y = E(BT).
We shall write Xpg, for the ringed space (C, Ep(X)) (see (2.5)). We take this

opportunity to phrase the account in [AB02] of the construction of Er(X) as the
construction of a covariant functor

X'_)XET

from finite T-CW complexes to ringed spaces (2.5) over C, equipped with an iden-
tification

(*)Ef =C
and a natural isomorphism of formal schemes
A(X)
(Xr)p — (Xp.)o
such that
A(x) =log, : P =G, = C.
If X = (X,0x) is a ringed space and U is an open set of X, then we may write
X(U) in place of Ox(U).
Let {U,}acc be an adapted open cover of C. For each a € C, we make a ringed
space Xg, o over U, as the pull back in the diagram

Xp.,a[rlld)(Xn) 2lu, —ald)[r] Xp|v[dUa[r] = Ua = alr] ™ (plv) 7'V (6.7)

As in (6.5), V is the component of p~!(U, — a) containing the origin. In other
words, let V, C p~1(U,) be the component containing the origin. For U C U, let
V=V,Np (U -a), and let

XE%CL(U) = H(Xav V)7
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considered as an O¢ (U)-algebra via the isomorphism

-1

Un - WY Ly

If a # b and U, N U, is not empty, then by the definition (6.3) of an adapted
cover, at least one of U, and Uy, suppose Uy, contains no special point. In particular
we have X® = XT and so an isomorphism

(XDpluv 2 X xU
i.e.

E(X%) C%] Oy = E(XY) ® Ou

for any small neighborhood U of the origin.
Lemma 6.8. Ifa#0b, U C U, NUy, and b is not special, then the inclusion
it X" — Xx°
induces an isomorphism
(X1)EBlu-a = (X§)ElU—a

Proof. If a is not special, then X® = X® and the result is obvious. If a is special,
then it is not contained in U (by the definition of an adapted cover), and so 0 is
not contained in U — a. The localization theorem (2.7) gives the result. O

Let U = U, NUy. We define

Yab = Voo : Xpralv — Xpoplu

as the arrow making the diagram

Xp,aluldrlrr)lddd]y,, (X$) elu-o[d(X7) plo-o ) Z[dZUr] = =[dU - aX g, x (U - a)U[]™*U —
(6.9)
commutes. The cocycle condition

¢bc¢ab = wac

needs to be checked only when two of a,b,c are not special; and in that case it
follows easily from the equation

Te—bTb—a = Tc—a-

We shall write Xg, for the ringed space over C, and Erp(X) for its structure
sheaf. One then has the following ([Gro94]; for a published account see [Ros01]).

Proposition 6.10. X is a ringed space over C, which is independent up to
canonical isomorphism of the choice of adapted open cover. O
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7. EQUIVARIANT ELLIPTIC COHOMOLOGY OF THOM SPACES

Suppose that V is a T-equivariant vector bundle over X, and let Vj be the
complement of the zero section of V. We abbreviate as

Ve, = Ex(V, Vo) (7.1)

the Et(X)-module associated to the reduced Er-cohomology of the Thom space of
V. Explicitly, for each point a € C we define a sheaf Vg, of Ox,_,-modules as
the pull-back

Ve, o[r][d](V)r) Blu.—ald]Ua[r)Ua — a. (7.2)
For a special and b not with U = U, N U, non-empty, the isomorphism
Yoy Vi alu = Vi olv

is given by
Ta—b

(V)D)Elv-a 2 (V)1)ElU-0 = VEX (U =a) == Vix (U =b) = (V")1)plu—s;

we have omitted a pullback (7.2) at either end.

Definition 7.3. The vector bundle V is T-orientable if for each closed subgroup
A C T, the fixed bundle V4 over X4 is orientable. A T-orientation € on V is a
choice €(V4) of orientation on V4 for each A.

If V is T-orientable, then the Thom isomorphism implies that each Vg, , is a line
bundle (invertible sheaf) over Xg. ,, and so Vg, is a line bundle over Xp,.. We recall
from [Ros01, AB02] the construction of an explicit cocycle for this line bundle. Let
¢ be a multiplicative analytic orientation (4.4), and let € be a T-orientation on V.

Definition 7.4. An indexed open cover {U,},cc of C is adapted to (V,¢,€) if it
is adapted to V (see Definition 6.3), and if for every point a € C, the equivariant
Thom class ¢(V#, €) induces an isomorphism

H(X;Uy —a) 2 HV%U, - a).

Corollary 4.6 implies that C' has an indexed open cover adapted to (V,¢,¢).
Choose such a cover. Suppose that a, b are two points of C, such that U = U, N U,
is non-empty: we may suppose that a = b or that b is not special. Consider the case
that b is not special. Let U, C Al  be the component of the preimage of U, — a
containing the origin, and let

olg, U, = U, —a
be the induced isomorphism. Let U C U, be the preimage of U. Let
i (VOVE) = (Ve V)
be the natural map. The Localization Theorem (Theorem 2.7) implies that the
ratio of Euler classes

e¢(Va,Vb,e) =

(V) e(V))
P((VO)r,e(V?))
is a unit of H(XT;U).
Recall that there are tautological isomorphisms
T a I a. 77
X5 a(U) 2 (XE)plo—a(U - a) 25 H(XT).

a
o~ ~
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Let
eg(a,b,e) € Xp, o(U)~
be given by the formula
(p|§1)*7';e¢(a, bye) = ey (V2 V0 e). (7.5)
Note that eg(a, b, e) = 1 if neither a nor b is special; we also set
eg(a,a,e) =1

for all a. It is easy to check that

Vie(Way(ea(a,b,€)es (b, e €)) = Yices(a, ¢ e) (7.6)
if U, N U, NU, is non-empty (since in that case at least two of a, b, ¢ are ordinary).
Thus the e4(a,b) define a cohomology class [¢,V,e] € H 1(C’;O)X(EW). Let X}i’v’d

be the resulting invertible sheaf of Ox, -modules over C'. By construction we have
the )

Proposition 7.7. The Thom isomorphism ¢ induces an isomorphism
VE? = Xgir’vjf]
of Er(X)-modules. O

In the case of the orientation ¥ associated to the sigma function (4.12), we can
be explicit about the open set on which

def

a(Ve, V'’ e) Ees(Ve,Ve)

is a unit.

Lemma 7.8. Let B C AL, be the preimage of the ordinary points of C: that is, the
complement of the (closed) set of points a € AL, such that X9@ £ XT or ma € A
for m a character of the action of T on V|xr. Then
oV VT €) e H(XT; B)*.
Proof. Let T be the standard maximal torus in SO(2d), giving an isomorphism
T = 74.

The reduction m is then an array or integers m = (mq,...,mg). It suffices to
consider the case that

Vixr 2 Li+---+ Ly

is a sum of line bundles, with T acting on L; by the character m;. Let z; = ¢; L;.
Then

HijO (mod n) U(ij + xj)
[Ln;=0 0(mjz + ;)

= H o(mjz +x;).

0#m;=0 (mod n)

o(VT, VTl =

Since the z; are nilpotent, this is a unit in a neighborhood of z provided that
ITo£m;=0 (mod ny @(1;2) is non-zero. This happens if and only if m;z € A. O
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Now suppose that W is a virtual T-equivariant spin bundle. We may write
W=V,-W (7.9)
with each V; a genuine T-equivariant spin bundle of even rank. If
W=VW-Vi=V -V
with V; and V] equivariant spin bundles of even rank, then (assuming without loss
of generality that the rank of Vp is greater than or equal to the rank of Vj)
Vi=V/+(-1)'D
where D is an equivariant spin bundle. It follows that we may extend the nota-
tion (7.1) by defining Wg, to be the line bundle
WE?' = (‘/1)2‘1 ® (VO)E”JT
over Xpg,.. As in Proposition 7.7, a choice of T-orientation Q2 on W gives rise
to a class [0, W, Q] = [0, Vo — V1,Q] € H'(C, O;(Eﬁ), equipped with a canonical
isomorphism )

W]

Wp, = X7 (7.10)

8. A THOM CLASS

8.1. Equivariant elliptic cohomology of principal bundles. Suppose that
Q/X is a T-equivariant principal G-bundle over X, so in particular Q/Xt is a
principal G-bundle as well. Then we have a map

(X1) 5 22, v, 6w (8.1)
If F is a connected component of X, and if
m:T—>T

is a reduction of the action of T on Q|p, and if U C C is a small open set, then
Lemma 4.1 implies that the diagram

@HE#HMFEXGMVH(QﬂEVﬂWWTE:MFEXCWﬁQW@E+mV%ZVVMW
commutes. We therefore write .
Qm)p. = Q(m); +m.

Thus we have the commutative solid diagram

Fp x Clrrr) @2 [dr]> — >[dd]VrC /W (m)> — >[ddd)[dl)(Xr) 5[r] 97 e> — S[dVrC/W> — >[d|Fy, :
(8.3)
In writing this paper, we were guided by the idea (Conjecture 10.1) that there
should be a canonical map Q. making the whole diagram (8.3) commute. We
shall return to that question in §10, discussing both why such a map would be a
good thing and why it is difficult to construct. For now we merely observe that the
definition of Q(m)g, implies the following.
As we have already observed before Lemma 4.1, the addition

VrC xVpC — VpC
induces a translation

(VeOYW ) x Vo O /W (m) — VpC /W (m),
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and so for a € C' we get an operator
Tam : VpC /W (m) = VpC /W (m).
Lemma 8.4. For a € C the diagram

Fpx 0 25 oW (m)

FEXTal lTam

Fpx ¢ 2% N CgW (m)

commautes. O

8.2. The Thom class. Let G be a spinor group, and let G’ be a simple and simply
connected compact Lie group, a unitary group, or indeed any compact connected
Lie group with the property that the centralizer of any element is connected. Let
V be a T-equivariant G-vector bundle over a finite T-CW complex X, and let
V' be a T-equivariant G’-bundle (by which we mean the vector bundle associated
to a principal G' bundle via a linear representation of G’). Suppose that £ is a
degree-four characteristic classes for G', with the property that

(V) = &((V')1). (8.5)
Suppose finally that 8’ is a theta function for G’ of level £'. In this section we prove
the following
Theorem 8.6. A T-orientation € on V determines a canonical global section v =
v(V,V',€) of (Vi)™ !, such that

Yo = 0'(Vy)E(Vr) ™ (8.7)
under the isomorphism (6.6)

(Ve) ™ = (Vo)) ™ = (Vo)) ™
of line bundles over (Xt)y. It is natural in the sense that if f : Z — X is a map
of finite T-CW complexes, then

VFVLV o) = [V, Vs e). (8.8)

Let {U,}aec be an indexed open cover of C adapted to (V, X, €) (Definition 7.4).
By Proposition 7.7, to give a section of Vg 1 satisfying (8.7), it is equivalent to give
a global section of the sheaf XE[”’V’E}
(X5 )y = (Xn)mo

is 6'(V7); this is what we shall do. The description of X - in §7 shows that

this amounts to sections 7y, € Xg. (Us) for a € C, such that vo = 6' (V) and
wab(o—(aa b7 E)’Ya) ="
when a is special and b is ordinary.

Let B C C be the set of ordinary points, and, as in Lemma 7.8, let B C Al be
the preimage of B in Al . Lemma 7.8 tells us that the formula
def

o T
75 L e’(vqfnx%

whose value in

[o,V5€]

defines an element of H(X™; B).
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Lemma 8.9. For X € A,
XVB = 7B-
Proof. There is a k such that
E_ X
q" = e’
Let @ be the principal G-bundle associated to V', and let @' be the principal bundle
associated to G'. If F is a component of XT, let m : T — T be a reduction of the
action of T on Q|r, and let m’ : T — T be a reduction of the action of T on Q’|F.
The principal bundle Q(m)/F is classified by a map

F 2", Bz(m);

in rational cohomology this becomes

Frg 2™ BZ(m)ng = (Vi(Ga)o) /W (m),

an Fpg-valued point of V(G 2)0)/W(m). Since F has the homotopy type of
a finite CW-complex, the reduced cohomology of F' is nilpotent, and so we may
consider exp(Q(m)mg) as an Frg-valued point of (Vr(Gy,)g)/W (m).
Let
= exp(Q(m)no) € (VoGm /W (m))(Fue)
D' = exp(Q'(m') o) € (VrGy, /W' (m'))(Fig)

u = exp(z).
Then
o(Vr|p)(z) = o4(Du™) (8.10)
and
myo(Vr)(2) = oa(Du™¢"™)

— (Dum)_ki(m)q_k2¢(m)a(VT)(z)

— D—ki(m)u—kl(m,m)q—k%(m)a(w)(Z)_
Similarly

730 (V) (2) = (D) )y = O =2 00 g (1) ),
If co(V)r = &' (V')r, then Lemma 5.5 implies that
DI = exp(I(m)(Q(m) o)) = exp(I(m)(Q' (") mg)) = (D) ™)
p(m) = ¢'(m')
which gives the result. O

Ezample 8.11. To illustrate the notation used in the proof, suppose we have chosen
an isomorphism T = T¢ and so also T' =2 Z¢. Then we have

VG, = A = spf Z[ay, . ..., 24].
Suppose that the map F — BG classifying V|p factors through BT i.e. that
ViF=Li&---®Lqg
is written as a sum of complex line bundles. Then under the resulting map

Frg — (V1 (Ga)o),
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the coordinate function z; pulls back to ¢;L;. If T acts on L; by the character m;,
then equation (8.10) becomes the more familiar equation

o(Vrlr)(z) = Ha(ezf+mjz)

Lemma 8.9 says that ¥p descends to a function vg on
X5 xBCXgxC.
For b an ordinary point of C, we define
def
W = yBlu, € O(Xp x Up) = O(Xp.p)-

Now suppose that a is a special point. Let @ be a preimage of a in Al , and
define v, € O(XEg,,q) by the formula

Yo E 1 (plw) ™) (R, Ve, (V) @8 (V' 7)),

where W C p~!U, is the component containing the origin (see (6.7)). This is a
definition in view of the

Lemma 8.12. The class v, is independent of the lift a.
Proof. Suppose that @ and @ are two lifts of a. Let «, B, and § be given by

a = exp(a)
B = exp(a’)
B=aq.

Let Y be a component of X®. Let m be a reduction of the action on T on Q|y, and
let m' be a reduction of the action of T on @'|y. Lemma 5.25 implies that
0'(Q'@) = w(a,q")"*"™0'(Q',a)
R(V, V%, e(V®),@) = w(a,q=) ™) R(V,V, e(V),q).
Equation (5.4) implies that
d(m') = ¢(m) mod n
which gives the result. O

Lemma 8.13. The various sections v, for a € C' define a global section of XEF’V],

whose value in (X];‘FU’V])O is 0'(V").
Proof. The value at 0 follows from the fact that
R(V7 V) 0) = 1’

as is easily checked. To see that the 7, assemble into a global section of X ];TE”’V], we

must show that, if a is a special point of order n and b is ordinary with U = U,NUj,
nonempty, that

¢ab(0(a7 b, G)Vab) = Yb- (814)
Let i : X® — X be the inclusion. The diagram (6.9) defining 1, together with
the equation (7.5) for o(a, b, €) reduces (8.14) to

Tr_o (c(VE VY, €)7 i Tiva) = i
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or equivalently
o(VEVE )T it v, = . (8.15)
Suppose that Y is a component of X, and suppose that F is a component of X°
contained in Y. Let ™ be a reduction of the action of T on Q|r, and let ™' be
a reduction of the action of T on @'|r. Lemma 5.5 and the equation c3(Vr) =
§'((V')r) imply that
¢(m) = ¢' (M)
Im)(Q(m)) = I'(m")(Q'(m")).
As in the proof of Lemma 8.9, let
D = exp(Q(M)rg) € (VrGn /W (m))(Fro)
D' = exp(Q'(M') o) € (VrGy, /W' (m'))(Fig)
u = exp(z).
Let @ be a preimage of a; let k be the integer such that
na = 2mil + 2witk;

and let a = exp(a).

By Lemma 3.9, M|}, is a reduction of the action of T[n] on Q|y and sim-
ilarly for m’. By Corollary 5.28 and Lemma 5.18, we may use M to calculate
R(V,V® e(V%),a) and W' to calculate 8(V},a). The restriction to F of the left side
of (8.15) becomes

a(V',e€)

— L _R(V, V% ea)|rd (Vi,a)|r =o(V°, e
U(ijlae)lF ( )lF (T )lF ( )

—

(D'u™ )%f'(m/)afqy(m/)(Taﬁ' 01)(V71£|F)
(Dum) @ k) () (Vi )
g Vb7e
Tt e M)

= (g i)

=Ty .
In the second equation we have used Lemma 5.5 to conclude that ¢(m) = ¢'(m')
and ) .
(Duﬁ)l(ﬁ) — (Dlum’)l(m'),
as in the proof of Lemma 8.9. In the third equation we have used Lemma 8.4 and
the fact that o((V?)1) = o(V7T) is invariant under translation. O

This completes the construction of the section v promised in Theorem 8.6. The
naturality (8.8) is straightforward, given the canonical nature of the sections 7.

9. THE SIGMA ORIENTATION

Now suppose that W is an virtual spin T-vector bundle over a finite T-CW
complex X, with the property that

C2 (WT) =0.
Recall ([BS58, BT89]; see Lemma 3.7 and §5.4) that W is T-orientable.
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Theorem 9.1. A T-orientation € on W determines a canonical trivialization y(W) =
y(W,e€) of Wg,, whose value in Wgr o = H(W)o is E(Wr) (see Definition 4.12).
Moreover we have

YW e W) =y(W) @y(W)
under the isomorphism

(WeWp, =Wg, @ W,
and if

f:Z—-X
is a map of finite T-CW complezes, then
VW) =y (W).
Proof. As discussed in the end of §7, we write
W=VW-W

with each V; an T-oriented spin bundle of even rank. We may assume that each
(Vi)r a spin bundle, and then we have

e2((Vo)r) = c2((Vi)1)
and
Wi, = Vo), @ (Vi)e,) ™"
Now the proof proceeds much as the proof of Theorem 8.6: to construct v(W) it is

Vl,d

equivalent to give a section ~y of X][;I’VO_ whose value in

(7171 = H (X

is 1.
_ Once again, let B C C' be the set of ordinary points, and, as in Lemma 7.8, let
B C Al be the preimage of B in Al. Lemma 7.8 tells us that the formula

-, der o(00)s) (V)
o(VF) o))

defines an unit in H(X"; B)*. The same argument as in Lemma 8.9 shows once
again that yp descends to a function yg on

Xz xBCXpxC.

For b an ordinary point of C, we define
def
Y = v8lu, € O(XE x Up)* = Xp. 3 (Up)~.

Now suppose that a is a special point. Let @ be a preimage of a in Al , and
define 7, by the formula

* def R(Vla Ve, e(vla)aa)
70 = R(Vo, Ve, e(VE), @)

As in Lemma 8.12, v, is independent of the lift @. In this case, however, Corol-
lary 5.28 implies that v, is a unit, i.e. an element of X g, ,(U,)*.

The same argument as in the proof of Lemma 8.13 shows that the sections v, for
a € C assemble into a global section of X%’,’V"_VI], which is a trivialization because

it is so on each U,.
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The fact that the section v(W) is independent of the choice of V;, as well as
the fact that v(W & W') = y(W) @ v(W') follows from definition of v(W) and the
equation

o(WeW') =a(W)o(W').

The naturality under change of base is clear from the construction. O

10. A CONCEPTUAL CONSTRUCTION OF THE EQUIVARIANT SIGMA ORIENTATION

This section is devoted to a discussion of the following elaboration of Conjecture
1.10.

Conjecture 10.1. Equivariant elliptic cohomology ought to have the following fea-
ture. Suppose that ) is a T-equivariant principal G-bundle over a T-space X. Then
there is a canonical map

Xp. 25 VoW

making the diagram

(Xn)p 202, v, 6w

l l

Xp 2 VpOJW
commute and having all the properties listed in Conjecture 1.10. Moreover, for all
components F of XT and all reductions

m:T—>T
of the action of T on Q|r, the diagram (8.3) should commute.

10.1. Why the conjecture should be true, and why it is nevertheless dif-
ficult to prove. As explained in the introduction, the conjecture gives an elegant
description of the equivariant sigma orientation, which even illuminates the non-
equivariant case.

Although we have stated a conjecture, it is really a proposal of structure which
should be sought in some equivariant elliptic cohomology theory. How difficult it is
to establish the conjecture depends on your ontology. Given a fully developed theory
of equivariant elliptic cohomology as proposed by Ginzburg-Kapranov-Vasserot, it
is not difficult at least to construct the map @ g,.

To see this, recall that Ginzburg, Kapranov, and Vasserot have proposed that
equivariant elliptic cohomology for the curve C' and the (compact connected Lie)
group G should be a covariant functor

(—)EG,ideal : (G—spaces) — (schemes over (V7C/W)).

If @ is a T-equivariant principal G-bundle over X, then the (T x G)-equivariant
elliptic cohomology of () should be a scheme

QEB(Txq),ideal = C X (V12 C/W)

over both C (via the T-action) and V7C/W (via the G-action). Now G acts freely
on () with quotient X, so one expects that

QE(TxG),ideal = X B, ideal-
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Combining these observations leads to the prediction that a T-equivariant principal
G-bundle over X should give rise to the map

QEr,ideal VTC/W

There are two problems with this proposal. First, we have in this paper described
only T-equivariant elliptic cohomology. It may not be difficult to resolve this prob-
lem: it is not so difficult to imagine an analogous construction of G-equivariant
elliptic cohomology, and indeed Grojnowski does so in [Gro94]. That leaves the
second problem, that the underlying space of Grojnowski’s functor is always C': if

XE. ideal

7 XE- ideal = C
is the structural map associated to an elliptic cohomology proposed by Ginzburg-
Kapranov-Vasserot, then we have worked in this paper with the sheaf

Xg, =m0x,

Jideal *

To see why this is a problem, note that in order to construct a map
Qp, : Xg, > VoC/W

we must in particular construct a map of topological spaces

C = VpC/W. (10.2)
If X7 is non-empty, then X TT = XT x ¢, and for each connected component F of
XT, areduction of the action of T on Q|r gives a map

m:C = VgC
and so one has a place to start. But it is perfectly possible that XT is empty, and
then it is not clear how to proceed. For example, since

(B(Z/N));; = C[N],
one expects that
(T/T[N]) Ey.ideal = (*) By ideal = C[N].
We shall cite three facts to support our conjecture. First, note that if F C XT
is a component, of the fixed set, and if
m:T —T
is a reduction of the action of T on F', then using the map of diagram (8.3)
Q(m)p, =Q(m)g +m : Fg. = VoC/W(m) = ViC/W,

it is easy to check that

when
c2(Vr) = ex(Vp)

this is the content of the proof of Lemma 8.9.

Second, the isomorphism

Ve. = I(V)

of the conjecture corresponds to the fact that the sigma function gives a trivializa-
tion of W, in Theorem 9.1.

Finally, we construct a map Q¢ for a stylized functor £, which is not quite
Grojnowski’s elliptic cohomology, but captures its behavior on stalks. We simply
throw away the points of C' for which we have no instructions for constructing a



40 MATTHEW ANDO

map (10.2). The functor £ is inspired by the rational T-equivariant elliptic spectra
of Greenlees [Gre01] and by Hopkins’s study of characters and elliptic cohomology
[Hop89].

Recall that R denotes the category of ringed spaces. Let S be the category in
which the objects are ringed spaces (X, Ox), and in which a map

f = (f17f2) : (X7OX) — (Y,OY)
is a map of spaces
f1 XY

and a map of sheaves of algebras over X
f2:0x = fi'Oy.

Let Sub(T) be the category of closed subgroups of T with morphisms given by
inclusions. We shall define £ to be a functor

(=)e : (T-spaces) — S54(D)

from T-spaces to the category of Sub(T)-diagrams in S.
Let X be a T-space. The ringed space X¢(T) is just

Xe(T)=XE xC

(which is empty if XT is). If T[N] C T is a finite subgroup and X" is empty,
then

Xe(T[N]) = 0.
Otherwise,
Xe(T[N]) = C[N],
with structure sheaf j~! Er(X), where j denotes the inclusion
j:C[N]— C.
Explicitly, for U C C[N], X¢(T[N])(U) is the product
Xe(TINN(U) = [] Bx(X)a = [] Br(X*)a,
acU acU

over a € U of the stalks of Grojnowski’s elliptic cohomology. For A = T[N] C B
with X empty, the map

Xe(A) » Xe(B)
is trivial; otherwise it is induced by the map of sheaves of algebras over C
Er(X*) — Ex(X5)
by restriction to C[N].

Proposition 10.3. Let G be a simple and simply connected Lie group, and let Q
be a principal G-bundle over a T-space X, with the property that Qt is a principal
G-bundle over Xt. Then there is a canonical map

Qg :Xg —>VTC/W
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in S5 where VpC /W is considered as a constant Sub(T)-diagram, such that
the diagram

(Xn)p 202, v, 6w

l l

Xe(0) 29 veopw
commutes, and such that for all components F of XT and all reductions
m:T —T
of the action of T on Q|F,
(Qlr)e(T) = Q(m)Ep +m.

The proof will occupy the rest of this section.
Let A be a closed subgroup of T. Let Y be a connected component of X4. A
reduction
m:A—T

of the action of A on @]y determines a map
C(A) <22 (V2O) s

as usual if a € C(A) we write a™ for the resulting element of (VyC)" (™). The
addition
VrC x VpC 55 ViC

induces a translation
(V2O x VO /W (m) 5 ViC/W(m),
and so we get an operator
Tgm 2 VpC /W (m) = Vo C/W (m).
If A=T, then we define
Qe(T)y,m = Q(m)E +m,

as required by the Proposition. If A is finite, then we define the map of ringed
spaces Qg (A)y,m,q to be the composition

Ve (A)alrr]™ Qe(A)yim,ald)r_, VT O /W (m)Ye (A)o[r]=Yar,o[r] ™ (Q2)g VT C/W (m).[u]rm
Here we have used the fact that the Yz (A)o is just the origin in C, with ring
(Ov )y = H(Y)o:
Lemma 4.2 provides the map (Q),. We define
Qe(Wym= [ Qe(Dyima:Ye(4d) = VrC/W(m).
a€C[N]

Lemma 10.4. If m and m' are two reductions of the action of A on Q|y, then the
diagram

Ye(4)  LeWvm oW (m)

Qe (A)y l l (10.5)

VeC/W(m') ——  VyC/W
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commautes.

Proof. This follows from the fact, proved in Lemma 3.6, that m and m' differ by
an element of the Weyl group of G. O

The lemma permits us to write Q¢(A)y for the map
Ye (A) — VTC/W
described by (10.5). We define

Qe(A) : Xe(A) = [ ve(4) HQeY, vroyw,
Y

where the coproduct is over the components Y of X4. The maps Q¢(A) as A
ranges over closed subgroups of T assemble to give the map ()¢ of Proposition 10.3.

10.2. Relationship to the theory FEp. The construction in Proposition 10.3 is
closely related to the theory Ep. We shall briefly explain how this works, as it
illuminates the the explanation sheds light on the relationship between the “transfer
argument” of Bott-Taubes and the geometry of the variety VoC/TW.

Suppose that a is a special point of C' of order N and let A = T[N]. By definition
we have a map

XS(A)a — XET,(I;

indeed it is the inclusion of the stalk at a. Suppose that b is an ordinary point, and
let U = U, N U,. Suppose that F is a component of Y'T. Let

mpg : T—T
be a reduction of the action of T on Q|p; we write
my =mr|a

for the resulting reduction of the action of A on @[y as in Lemma 3.9. Consider
the diagram

X0 Ve (A)alrrr™ Qe (A)vamy aldlo_, [V C/W (my)rlddrr)[ddrm) X .l = >[ulldd]y., Ve (A)olrrr]~(
(10.6)
The commutativity of the rectangle on the left is just the definition of 1),;,. The
commutativity of the rectangle on the right is evident. The commutativity of the
top and bottom rectangles in the middle is the definition of QQ¢. The commutativity
of the remaining rectangles in the middle follows from the group structure on C
and V(| together with the definitions of the maps involved.
It is not hard to check that when ¢ + 2(Vr) = c2(V{) that

AV = AV,

Remark 10.7. We conclude this paper where the research for it began, with an ex-
planation of the relationship between “transfer formula” of [BT89] and the diagram
(10.6). Let F C YT CY C X"V be as above. Let

m € T = hom(T,T)
be a reduction of the action of T on Q|r (so my = m|pn] is a reduction of the action
of T[N] on Q|y). Let 8 € O(V1G2")W be a theta function for G; it determines

a holomorphic characteristic class for principal G-bundles of the form Qr: that is,
the characteristic class 8(Qr) lies in H(X;AlL).
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The first point is that, for any a € G*, 7,m0 € O(VG2)W (™) | 5o it gives a

a

holomorphic characteristic class for principal Z(m)-bundles. Moreover, the com-
mutativity of the diagram

Fy x G2 2% v Gan /()

FEXTGJ, l"'am

Fy x G 2% N Gan 1w (m)
implies that
7(0(Q|F)) = (Tamr 0)(Q(mr)) € H(F;AL,).

The second point is that, if a € C[N], and @ is a lift of a to Al_, then 75m0 is

nearly invariant under the action of W (my ). Precisely, if w € W (my ), then
aw'm — am + A

for some A € VpA: that is, a*™ and @™ are related by the action of the affine
Weyl group of G. Since 6 is a theta function for G, the relationship between 7zm 6
and 1zwm @ is controlled by c2(Qr) When this class is zero, or when the second
Chern class of another bundle cancels it, then we may suppose that we have a
characteristic class

(tamy 0)(Q(my)) € H(Y; Agy)-

We then have

(Tamy 0)(Q(my))|F = (7am 0)(Q(m)) = 72 (0(Q|F)),
which is a typical “transfer formula”.
10.3. The nonequivariant case. The conjecture is interesting already in the
nonequivariant case. In order to compare with [AHSO01], we suppose that V is
an SU(d)-bundle over a space X. Let T C SU(d) be the usual maximal torus,
with Weil group W. Let C = C/A be a complex elliptic curve, and let E be the
associated elliptic spectrum.

We then have a map
X — BSU(d)

which in E-theory gives (by the splitting principle) a map
Xp L BSU@) = (T ® C)/W.

The line bundle Z(V) = f*Z(o4) is certainly canonically isomorphic to Vg: this
follows simply from the fact that the sigma function is of the form

o(z) =z + o(2?).

Of course the line bundle A(V) is trivial when restricted to VC /W. But if
¢V = 0, then A(V) has a canonical trivialization, since A(V) descends from the
line bundle £(cz) over V7 C defined by

Vr(G¥) x C
() ~ (ug™,ul(m) g2t )
(see (5.8)). It follows that o(V') gives a trivialization of
AVYQZ(V) &2 Vg.

L(c2) =
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Notice that we only needed ¢2V = 0 to get a trivialization of A(V): this is
because our elliptic curve is of the form C' = C/A, and the construction of £(¢3)
uses the covering of C.
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