The Riemann problem for a class
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Abstract. We solve the Riemann problem for a class of resonant hyperbolic systems of
balance laws. The systems are not strictly hyperbolic and the solutions take their values in a
neighborhood of a state where two characteristic speeds coincide. Our construction general-
izes the ones given earlier by Isaacson and Temple for scalar equations and for conservative
systems. The class of systems under consideration here includes, in particular, a model from
continuum physics that describes the evolution of a fluid flow in a nozzle with discontinuous

cross-section.

Résumé. Nous résolvons le probleme de Riemann pour une classe de systemes hyper-
boliques non-conservatifs et résonants. Ces systémes ne sont pas strictement hyperboliques
et les solutions considérées prennent leurs valeurs au voisinage d’un état constant ott deux des
vitesses caractéristiques coincident. Notre construction généralise celle donnée précédemment
par Isaacson et Temple pour les équations scalaires et les systemes conservatifs. La classe
générale de systemes étudiée ici comprend, en particulier, un modele important de la dy-
namique des milieux continus qui décrit 1’évolution d’un fluide dans une tuyere dont la

section est discontinue.
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1 Introduction

In this paper we study the Riemann problem for a general class of nonlinear hyperbolic
systems of balance laws, which is motivated by the Euler system of compressible fluids in
a nozzle with variable cross-section (see (1.9) below). Precisely, we are interested in the

Riemann problem for the nonlinear hyperbolic system

O+ Oy f (u, a) = g(u, a) Oza, (1.1)
Gta = O7 (12)

*Centre de Mathématiques Appliquées & Centre National de la Recherche Scientifique, U.M.R.
7641, Ecole Polytechnique, 91128 - Palaiseau Cedex, France; E-mail: goatin@cmap.polytechnique.fr,
lefloch@cmap.polytechnique.fr



with initial data consisting, by definition, of two constant states (ar,ur) and (agr,ur):

(uLaaL)7 T < 07

(u,a)(g:,()) = { (13)

(UR,(IR), x > 0,

The unknowns are the two functions u = u(x,t) € R" and a = a(z,t) € IR.
It is assumed that the flux-function f = f(u,a) in (1.1) is a given smooth mapping such
that, for each value a € R, f(-,a) : R"™ — IR" is strictly hyperbolic; that is, for each v € IR"™

the Jacobian matrix D,, f(u,a) admits n real and distinct eigenvalues
M(u,a) < ... < A\y(u,a)

and, therefore, corresponding basis of left- and right-eigenvectors [;(u, a), 7 (u,a) (i = 1,...,n),

normalized so that
Li(u,a) -ri(u,a) =1, li(u,a)-rj(u,a) =0 if i # j. (1.4)

We also assume that each characteristic field of D,, f(u,a) is either genuinely nonlinear or
linearly degenerate, that is, for each ¢ = 1,...,n, the function (u,a) — V,\;(u,a) - r;(u,a)
never vanishes or vanishes identically, respectively.
In addition, we observe that the equation (1.2) trivially corresponds to a linearly degen-
erate field with eigenvalue
Ao :=0.

We are interested in studying the problem (1.1)—(1.3) when the Riemann data lie in a neigh-
borhood of a state (uy, ax) at which one of the wave speeds of (1.1) also vanishes, that is, we
assume that for some index k

Ak (s, ax) = Ao (1.5)

The k-characteristic field is assumed to be genuinely nonlinear, so after normalization
(Vuk - 1) (s, as) > 0. (1.6)

Throughout this paper, we restrict attention to data in the ball B(u.,dp) with center
u, and (small) radius §o > 0 and we impose on the functions f and g the following two
conditions

(I - (Baf — g)) (us,ay) #0  (we assume that it is negative), (1.7)
(Ik - Dug. i) (us,a.) #0  (we assume that it is negative). (1.8)

which, as we will show, give the generic structure of elementary waves near (us,a.). By
continuity, we can always assume that (1.6)—(1.7) still hold for all u € B(u.,dp) and a €
B(a*, 60)



Hyperbolic systems of balance laws, having the form of conservation laws with a source
arise in many applications. Most notably, the Euler equations for a fluid flow in a nozzle

with cross-sectional area a = a(z) read (see for instance [5]):

atp + az(PU) = _% azaa
2 pu®
Oe(pu) + Ou(pu” +p) = == sa, (1.9)

d(pe) + 0z ((pe +p)u) = f@ 0za.

Here, p > 0 denotes the density of the fluid, p the pressure, and e is the internal energy.
The equations express balance laws for the mass, momentum, and total energy of the fluid
through the nozzle.

We emphasize that the model (1.1)-(1.2) has two important features. On one hand, it
contains a nonconservative product g(u, a) 9,a which cannot make sense within the framework
of the theory of distributions. Instead, a rigorous definition of weak solutions must be based
on the theory of nonconservative products due to Dal Maso, LeFloch, and Murat [6]. See also
LeFloch [12] for a review of several applications, including the model (1.9) above. On the
other hand, (1.1)-(1.2) is non-strictly hyperbolic; work on resonant systems goes back to Liu
[14, 15] and to Isaacson and Temple [10, 11]. The construction proposed in this paper can be
regarded as an extension to resonant nonconservative systems of [10] (conservative systems)
and [11] (scalar, nonconservative equations). For other recent related works, especially the

construction of numerical schemes for equations like (1.9), see [8, 7, 1, 2].

2 Preliminaries

By setting
U:=(u,a), FU):=(f(u,a),0), G=(9(u,a),0),

the set of equations (1.1)—(1.2) can be regarded as a nonconservative system of n+1 equations:
Ui+ (DuF(U) - GU)) U, =0. (2.1)

We denote by R;(U), i = 0,...,n the corresponding right-eigenvectors of the matrix Dy F(U)—
G(U). Clearly, we have R; = (r;,0),i = 1,...,n. The vector Ry is associated with the eigen-
value \g and will be determined shortly.

First, we discuss some consequences of our assumptions (1.5)—(1.8). By the implicit
function theorem, (1.6) guarantees that the equation Ap(u,a) = 0 defines (locally) a smooth

n-dimensional manifold of R™"!,

T :={(u,a) / M(u,0) =0} € R™,



which passes through the state U, := (u«, a,) and will be called the transition manifold.
The integral curves of 7 are transversal to 7', and this property allows us to distinguish two

“half-spaces”
T ={Ue R/ forall V€T, R,(V) - (U-V)z0}.

We now determine the right-eigenvector Ro(u,a). Thanks to (1.7) the Jacobian matrix

Dy.f Oof —
DUF(u,a)[ Of f() g]

has rank n on 7 in a neighborhood of U,. We claim that the eigenvectors Ry and Ry can be
chosen outside the manifold 7 in such a way that they remain continuous across the manifold
7. This is clear for the vector field Ry. The vector Ry =: (19, bg) must satisfy

(Oaf = g)bo + Dyf. 19 = 0. (2.2)

If we search for the component 7 in the general form ro = > | a;7; and we multiply (2.2)

by each left-eigenvector I; we obtain
li+ (Oaf —g) bo+ Xici =0,

which determines the coefficient ;. Hence, imposing Ry to be a unit vector, we find

ROC<)\k7 Z)\—k (Oaf —g)r ) (u,a) 7T,

where the normalization coefficient ¢ > 0 is given by

+Z<A’“ (Baf — g))Q. (2.3)

It is now easy to check that, as the state (u, a) approaches the manifold 7', we have ro — 7,
and by — 0, and that Ry can be extended smoothly to the manifold and coincides with

Ry, = (rg,0) on 7, in other words,
Ro(u,a) — Rg(u,a) — 0 as (u,a) approaches 7. (2.4)
In particular, provided &g > 0 is sufficiently small, |Ro(U)— R (U)| < € for |U—-U,| < § < do.

To parametrize the wave curves it will be convenient to introduce at this stage a globally
defined parameter p;(u) € IR which should depend smoothly upon u and be strictly monotone

along the wave curve. More precisely, we assume that the parameter p; is given such that

Vi (u) - ri(u) # 0, u € (2.5)



(here and in the sequel a is kept fixed and we will neglect it while it does not play a role).
In view of condition (2.5), when the field is genuinely nonlinear a natural choice for u; is the
wave speed A;, while there is no canonical choice for linearly degenerate fields. In particular,
for i = k we will set

e (u) = A (u), u €, (2.6)

and we will reparametrize the wave curves accordingly. For some §1 < &g, ur, € B(uy, 1),
and € > 0, we will denote by m +— vg(m;ur) the Hugoniot curve (or shock curve) consisting
of all right states ug that can be connected to uy, by a k-shock of speed Ay, (m;ur), and by

m — wk(m; ur,) the rarefaction curve, parametrized so that we can refer to

op(miur),  m e (=€ pp(ur)l,

2.7
wi(m;ur), m € [ug(ur),e) 27

m = r(m;ur) = {

as the k-wave curve issuing from wuy, (for details, see for example [13, Chapter VI]). We will
also use the notations
Si(ur) = {or(miur), m e (—e peur)]}.

wg(m;ur), m € [,uk(uL),e)},

Thanks to (2.5) and (1.6), we can choose the parameter m to coincide with py, that is:

e (Y (m;ur)) = m. (2.8)

In this situation, by setting m := m — ux(ur), we have the following expansion for the shock
curve

m (uz) + m? (
— r(u _
a(ur) RAL 2a(ur)?

and the corresponding shock speed satisfies

ve(myup) = up + Dry.ry + brk)(uL) + O(m?), (2.9)

m2

6a(ur,)?

Ae(msur) = )‘k(“L)+2aZL)

(VAeri) (ur)+

(V(V e 1k) T+ Are) (ug)+O(1?),

(2.10)
where a = Vg -1, = Vg -1, # 0 and b, ¢ are smooth and real-valued functions of uy, while
the expansion of the rarefaction curve w(m;ur) takes the same form as (2.9). Derivation of

(2.10) gives the following expansions for the partial derivatives of \j(m;ur):

_ 1 7
OmAk(mjur) = 5T %(V(wk 1) e+ VA, 1) + O(?), (2.11)
_ 1 7
V)\k(m;uL) T = §V/\k'7’k — ;n—a(V(VAk'Tk)'Tk + CV/\k~Tk)+O(T7L2), (2.12)



(where rp, = ri(ur), Ak = Me(up), a = alur) = Vg - rg(up)).

Given some state (u_, a_) we now investigate the properties of two important curves, that
will play a central role in the construction of the solution of the Riemann problem. First
we study the standing wave curve, denoted by m +— (@, a)(m;u_,a_), made of all states
which can be attained by using time-independent smooth solution of (1.1)-(1.2). Second, we
consider the composite transformed standing curve, made of states which can be reached by
a standing wave followed by a shock wave with zero speed. We state the properties of these

curves in the following two lemmas.

Lemma 2.1 Given some state (u—,a_) € T consider the standing wave solution of (1.1)—

(1.2), denoted by m — (¢, a)(m;u—,a_) and determined by

(¢, )" =v(m)Ro(p, @),
p(0)=u—, «a0)=a-,

for some smooth scalar function y(m) bounded away from zero and such that v(0) = 1/a(u_).

Then we have

1 (Vg 1) (u—,a_)
d(0)=0 and a"(0)=-— ’ > 0. 2.13
) O =~ Ca-@uf = D) (213)
Proor. We have
o/ = 7y(m)bo(p, ), . a(0) =a-,
, with
¢ =(m)ro(p, ), ¢(0) = u-.
The standing wave satisfies
dofo +Duf ' =g,
that we rewrite as
(Oaf —g) o' + Duf ¢’ = 0. (2.14)

We decompose the vector ¢’ along the right-eigenvector as

n

o' = Zci(m) ri(m). (2.15)

i=1
Since ¢'(0) = (1/a(u—))ro = (1/a(u—))rk, we must have ¢;(0) = 0 for i # k and c(0) =
1/a(u—). Differentiating (2.14) with respect to m we obtain

d
(Oaaf — 3119)(0/)2 + (Oaf — 9) o + Dy(0uf —g) 90/0/ =+ %{Duf ‘Pl} =0. (2.16)

We can rewrite the last term of the left-hand side using the decomposition (2.15). In fact,

n

Duf¢' =D,f Zci(m) ri(m) = Zci(m) Xi(m) ri(m),

=1 =1



and thus
T Duf ) = 3 )+ 3 ) ) )
At m = 0 we have A\;(0) = O;Hd /(0) = 0, hence 7
2 ¢(0) Xs(0) 73(0) = ; ¢(0) X:(0) 7:(0)

and

e ot = L e o)

meo  a(u_) La(u-)

V/\k . Tk)Tk |(u,,a,)'

i=1 (u—,a-)

1
a(u_)Q(

We now evaluate (2.16) at m = 0, and we obtain

1
Oaf — " AT+ ———
@af —9) " +> ¢ rit

(u )2 (V)\k . Tk)’l“k =0.
i£k -

Finally, multiplying on the left by I (u_,a_) yields

1 V)\k Tk
o’ (0) = — >0,
) a(u-)? lg- (9af —9) (u_,a_)
where we have used the hypothesis (1.7). O

Remark 2.2 Lemma 2.1 shows that the standing wave curve that passes through U_ =
(u—,a_) € T touches the hyperplane a = a_ only at U_ and does not cross it. The sign
assumptions in (1.6) and (1.7) imply that the curve lies above the hyperplane, and crosses
any hyperplane a = a1, a1 > a_ exactly twice in a neighborhood of U_.

We note also that given u_, a_, a connecting state w4 can always be found for ay > a_,
while for a4 < a_ this is true only as far as ay > «(0;u_,a_). This means that smooth
stationary flow is always possible for expanding ducts. On the contrary, for contracting ducts

the change in area must not be too large.

We now describe the transformed standing curve corresponding to a given standing wave
curve. By the sign assumption in (1.6), shock curves cross 7 from 7% to 7~. By the

Rankine-Hugoniot condition

the 0-speed shocks (s = 0) cross 7 at a constant value of f.
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Figure 1: The mutual position of the standing wave (continuous) and the transformed stand-

ing wave (dotted).

Denote by Z(m;u—_,a_) = (¢(m), a(m)) a given standing wave curve (here we will assume
Z(0;u—_,a_) = (u—,a_) € T). For agivenstate (ur,ar) = (p(mr),a(mr)) € T+, (my > 0),
on this curve, define @y, and @y, such that the states (4r,ar) and (ar,ar) lie on the other
side of 7 at the same a-level and belong, respectively, to the same standing wave curve and

to the same level curve of f as the state (ar,ur). That is, @y, and @z must satisfy

(ar,ar) = (p(mr),a(mg)) (2.17)
(for some mp < 0) and

flur,ar) = f(ar,ar). (2.18)

Definition 2.3 The transformed standing curve corresponding to a standing wave curve

Z(m;u_,a_) = (w(m),a(m)) is the curve

{(u,a) € T~ : f(u,a) = f(p(m),a(m)), m > 0}.

Lemma 2.4 Ifly - Dg.ri <0, then for each standing wave Z(m;u—_,a_), the corresponding

transformed standing curve lies closer to the transition surface T than Z. That is,
Mk(aL) < ,uk(ﬂL) < 0.

If ly, - Dg.r, > 0, then the corresponding transformed standing curve lies farer from the

transition surface T than Z. That is,
pr () < pr(r) <O0.
PROOF. We denote the positive and negative branches of the standing wave curve as

| (p(m),aq(m)) if m >0,
(ip(m), o )){ (o_(m),a_(m)) ifm <0,



Each of these branches can then be parametrized by a:

We compute
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Hence

ar gl

e (f(ar,ar)—f(ur,ar)) = / ’ / l-Dg(s®—(a)+(1-5)®(a), a). (2 (a)~P(a)) ds da,
- (2.19)

that is different from 0 thanks to (1.8). Hence the two curves are distinct. On the other side

by (2.18) we have

g - (f(ar,ar) = flur,ar)) = Uy - (f(ur,ar) = f(ar,ar))

1
= / Iy - Duf(S’l_LL + (1 — S)fLL,aL). (’l_l,L — ’ELL) ds
0

~ )\klk-(ﬂL—fLL), (2.20)

where Ay < 0 since @y, @y € 7. Identities (2.19) and (2.20) imply that

lp-Dg.r,. <0 = ,Ltk(’l_LL) < /Lk(ﬁL), (2.21)
lg-Dg.rp >0 = pp(ar) > pr(ar). (2.22)
(see Fig.1). ]

In the next section will be also useful to know the mutual position of the transformed
standing curve corresponding to Z(m; ur,ar) = (¢(m), a(m)) and the standing curve passing
through (4, ar), that we will denote by Z(m;ar,ar) = (p(m),a(m)) (see again Fig. 1).

For a given state ag, define @; and u/ such that the states (4 ,ar) and (uv7,ar) lie in
g L L L L



T~ respectively on the standing curve Z(m;tr,ar) and on the transformed standing curve

corresponding to (ur,ar). That is, @} and u] must satisfy

(i}, ar) = (p(m’), &(m’)), for some m' < 0,

and

f(uf,ar) = f(uy,ar) = f(e(m"),a(m")), for some m” > 0.
Lemma 2.5 Let us assume that ly, - Dg.r < 0. Then the following holds:
ar <arp = pp(uf) < up(ih) <0, (2.23)
ap >ar, = (d}) < pp(ul) <O0. (2.24)
ProOOF. We follow closely the lines of the proof of Lemma 2.4. We compute
fiy,ar) = f(ul,ar) = f(@(m'),a(m)) = f(e(m"),a(m"))

= /m( [Dufgol—f—aafa’] dm-l—f(ﬂL,aL)
"

— /m [Duf @ + Oufd']dm — f(ur,ar)
n

k(uL)

Hence

- (f(@y,ar)—f(u],ar)) = /GR/O lk-Dg(s®_(a)+(1—s)P4(a),a). (P_(a)—Py(a)) dsda.
" (2.25)
On the other hand we have

1
- (f(ﬁ'L,aR) — f(u/L',aR)) = /0 I - Duf(sﬁ/L +(1- s)u'L',aR). (@), —u7)ds

~ Al - (a, — ), (2.26)

where A\ < 0 since @}, uvf € T—. Comparing identities (2.25) and (2.26) we get the

conclusion. O

10



Remark 2.6 In the case g = 0, the system (1.1) reduces to the fully conservative system
Owu+ Oy f (u,a) =0, (2.27)

which has been studied in [10]. Note that in this case standing wave curves and 0O-speed

shock curves coincide.

Remark 2.7 We consider as significant physical example the Euler equations of compressible

isentropic gas flow through a nozzle

Op + Oxm = _n 0z,
a
2 2
8y + 8, <m7 4 p(p)) - ,Z@_p d,a, (2.28)

where m is the momentum of the gas, a = a(x) is the cross-sectional area of the duct and
the pressure is given by p(p) = v~ 1p7, and v = 1 + 20 > 1 is the adiabatic constant.

The standing waves are determined by the following system of ordinary differential equa-

tions [3]:
my = _maza
a
m? m?
——l—pp) = ——— Q. 2.29
( P (e) z ap ( )

System (2.29) can be integrated, leading to the following equations which implicitly define

the standing wave curve passing through a given state (ar, pr,mr):

am = armyp,,

m? 1 20 m% 1 5
4+ —p?? = L 4 Z )39, 2.30
P> 0 P2 6" ( )

Figure 1 shows the projection on the (p,m)-plane of the stationary curve as well as the
1-wave curve and 2-wave curve through the point (pr,mr) = (1/5,1/5), while the dotted

curves m = +p'*? define the transition curves, where the eigenvalues are equal to 0.

3 The 0-k-curve

As a first step toward the construction of the solution of the Riemann problem for (1.1)-
(1.1), we give in this section an accurate description of the set of all right states u =
Wok(m;ur,ar,ar,) associated with the level ar that can be reached from (ar,ur) by a
solution of the Riemann problem consisting of admissible 0-waves and k-waves, only. From
now on, let ar, ag and ur be fixed and let us impose the following admissibility criterion on

the standing waves:

11



0.4

0.3

0.2

0.19

Figure 2: Significant curves for the 2 x 2 Euler system.

(H) A 0-wave that connects Uy, to Ur on the same integral curve of Ry by a
contact discontinuity of speed zero is admissible if the integral curve of Ry does

not cross the transition surface 7 between Uy, and Ug.

This admissibility condition was motivated in [10, 11] by the fact that the total variation of
a in Glimm’s method then does not increase. It follows from (H) that to move to the other
side of the transition surface one has to use a k-wave.

To construct the 0-k-curve we will make use of the following lemma.

Lemma 3.1 There exists 01 < 0o such that the following holds. Let u_ € B(ux,d1) be given
with pk(u—) > 0 and consider the wave curve m w— Y (m;u_) associated to u_. Then there

exist a (unique) point 4— and a smooth function fir, <0 such that
U = vk (g (u_);u_) and A (fig(u_);u_) = 0. (3.1)
In particular, fi is a monotone decreasing function of u_ in the ri direction:
Vi 1 ~ =V -7 near the transition manifold T . (3.2)

Proor. Existence and uniqueness of the point @_ is given by (1.6), which implies that
the shock speed Ai(m;u_) is strictly increasing for small m. We are assuming here i_ €
B(ux, do), the other case being not interesting for our purpose. The second part of the state-
ment follows from the implicit function theorem applied to the mapping A (m;u). Indeed, it
is a smooth mapping of its arguments, and we have A (fix(u); u) = 0 by definition. Moreover

from (2.11), Oy Ak (m;u) remains strictly positive for m — g (u) small enough. From the

12



definition (3.1) of jix(u) and (2.10) we recover

(i () — (W) + O (i () — () = 241 (u),

hence fig(u) — px(w) is small if pg (w) is small, that is, if u is sufficiently close to the transition
surface 7.
To derive (3.2) along the critical manifold we use again the implicit function theorem:
VX}C Tk (u)

Vi 1) = = e ) (3:3)

Using (2.11) and (2.12) to compute the derivatives in the right hand side of (3.3) and letting
the state u approach the manifold 7, we get (3.2). ]

The standing wave curves deserve a special treatment. As we have seen in the previous

section, the standing wave through some point (u_,a_) is defined by the following ODE
7' =AmFo(Z),  Z(u(u-)) =U- = (u_,a) (3.4

(since Ry ~ Ry close to T, we can parametrize the curve with respect to the parameter m
defined in (2.8)). Thanks to the regularity of Ry, (3.4) defines a curve

mw— Z(m;U_) = ( plm;u,a-) ) , m € (—¢,€), (3.5)

a(m;u_,a_)

for some € > 0, which depends smoothly upon u_, a_ and m, and we can write the following

expansions for the curve ¢ and its first derivative 0p, ¢ :

e(myu_,a_)=u_+ a(;h,) To(uJ—l—%Q)2 (Dro.ro+bo8aro+dro) (ur)+0(m?), (3.6)
Omp(m;u_, a,)zﬁro(u,wr a(ZZNi)Q (Dro.ro+bo0ar0+dro) (ur)+O(1m?), (3.7)

where d is some smooth function. Moreover the Ry directional derivative with respect to the

initial data is the vector V' which solves the linear Cauchy problem
V' =y(m)DRy(Z(m,U-))V, V(ug(u_)) = Ry

(see for example [9, Chapter V] for a rigorous proof). Hence, for m — py(u_) sufficiently

small, we have V(m) ~ Ry and, in particular,

. o pmius +hrg,as) —(miu—,a)
D,_p(m;u_,a_).r, := h£%+ -
Vu,a(m;u_,a_).rk ~ 0. (39)

~ Tk, (38)

13



Similarly, we can compute the derivatives w.r. to a_. As before, they correspond to
the derivative of Z(m;U_) w.r. to the initial data, in the direction of the vector E; =
(1,0,...,0) € IR™, that is given by the solution of

V' =~(m)DRo(Z(m,U-))V, V(pk(u_)) = Ey.

This means that for m — pg(u—) sufficiently small, we have the following approximations

. @(m;u,, a— + h’) - w(mv u—, a’*)
a U—,a_) = 1
Ouplminny o) = iy, ]
Ou_a(m;u_,a_) ~ 1. (3.11)

~0, (3.10)

We denote by a®(u_) = a(0;u_,a_) the level at which the curve Z(m;U_) intersects the
transition surface 7. In view of the admissibility criterion (H), each fixed value a; > a® (u_)

uniquely defines the parameter value fi(a4;u_,a_) such that
alflay;u_,a_);u_,a_) = at. (3.12)
Deriving (3.12) w.r to u_ and a_ gives respectively
D, _jplay;u_,a_) - -reg(u_) ~0, (3.13)
Oma(fi(ay;u_,a);u_,a_)0s_fi(ay;u_,a_) ~ —1. (3.14)
For ar, agr fixed, we can thus define the map
U — @(ﬂ(aR;u,aL);u,aL), for u € B(ux, 1), a¥ (u) < ag.

One should keep in mind that by (2.13), for ag < ay, a state u is mapped closer to the sonic

line (staying on the same side of 7); the opposite is true for ag > ar.

We will distinguish two main cases, depending on whether the state Uy, belongs to 7+ or
T
CASE 1. We first study the case U;, € 77. The analysis will be further divided into four
subcases, depending on the value of ap.

Case 1la: ar > ar. While moving along a 0-k-curve, one has at most three possibilities:

(A) follow the standing wave curve up to level ag, and then move along the k-wave with

nonnegative speed;
(B) use a k-wave with nonpositive speed at constant level aj, followed by a standing wave;

(C) a more complex pattern, move first along the standing wave curve up to an intermediate
level apz, jump on the other side of 7 by means of a O-speed k-shock and then use

another standing wave to reach ap.

14



a
QR
ar,
= j" — ‘
ay  uf 0 ur - uf wla, o uy ur
u" ! u' o " o’
Case 1la Case 1b
a a
ar, ar,
T ~|
a’ (ar) T
a’ (ur)
R
T aR)
a’ (ur)
i gt u/ U Hie i U
L i Ly L L o, %L urL 0 L
v’ u U
Case 1c Case 1d

Figure 3: CASE 1.
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These three cases define three different branches of the curve

Wi(ur) := {Wo,k(m;uL,aL,aR,), m € (—676)}-

Case (A) defines a first branch of the curve,

WJ(UL) {Q/Jk( o(alar;ur,ar); UL;GL))a me [ﬂk(@(ﬂ(aR;UL,aL);UL,aL)),G)}a

while another branch is found following case (B)

W, (ur) == {(p(/l(aR;vk(m;uL),aL);Uk(m;uL),aL), me (- e,ﬁk(uL)}}.

Finally, case (C) can be described by

WM (ug) = { w(ﬂ(aR;U”,a(m;uL,aL));U”,a(m;uL,aL)),

"

u" = vy (ﬂk(sﬁ(m; UL,GL));w(m;UL,aL)), pr(ur) <m < ﬂ(aR;UL,aL)}-

In the following we will also set

u' = p(m;ur,ar), min{ay,ar} < a(m;ur,ar) < max{ar,ar},
v = <p( ag;u”, a(m; uL,aL));u”,a(m;uL,aL)),
(fiar;ur,ar);ur,ar),

uy = vg(fu(ul);ul),

uy, = ¢(filar;tr,ar);ir,ar)

g
5

I
ﬁ

(see Fig. 3).

The setting of the following lemma is general as to cover the next cases.

Lemma 3.2 There exists 61 < 6o such that for uy, € B(u, 1) with pg(ug) > 0, and |ag, —

agr| < 61, the parameter m is strictly monotone along each branch of the curve Wk(uL)

More precisely
(i) m— N (Yr(ms;uy)) is strictly increasing for m € [fig(u}),€);

(i) m— A (ga(ﬂ(aR;vk(m;uL),aL);vk(m;uL),aL)) is strictly increasing for
m e (= e ag(ur)];

(iii) if moreover ag > a” (ar), then m — Mg (u) is strictly increasing for

€ [k (ur), i(ar;ur,ar)).
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Figure 4: The curve Wy (ur) for ag > ay, (case 1a).

PROOF. By definition (2.8), m is strictly increasing along W;F(UL), and (4) is proved. To
prove (ii), we use (3.7), (3.13), (2.9) and (3.8) to compute

—ga(ﬂ(aR; vr(m;ur),ar); ve(m;ur), aL)

dm
= ((9m50 Dy fo+ D, ga). Omvk(m;ur)

~ (@ D i+ Du(p) . (@rk(uﬂ +0O(m— ,uk(uL)))

@ D,_p.ri(ur)

1
a0
for uy, sufficiently close to the transition surface, and |ar, — ap| sufficiently small.
In order to establish (4i7), we need (2.9) and (3.7), which give

d
Uk (ﬂk(sa(m; u,ar)); e(m; UL,aL)) =

= OmUg (ﬂ(ul), u/) V ik (ul) “Omep + Dy vy (ﬂ(ul)7 ul)- Omp
_ (ﬁ ri (') + O fig () — ,uk(u'))) Vs (1) - (

oy o) + OGm 1))

+Dwmmmw»( mwm+am—wwm0

b
a(ur)
~ o) 7 (u') —a(iL)Vﬂk(u’) “ro(ur) + @ Do (i(u'); o). mo(ur) (3.15)

near 7. Moreover we compute

u' —up = o(m;ur,ar) — e(pe(ur);ur, ar)

17



Omsp (i (ur);ur, ar) (m — pr(ur)) + O(m — py(ur))®

= a(iL)TO(uL) (m — pr(ur)) + O(m — ,Uk(UL))2

Hence we have
i(u') = aur) + Vig(ur) - (u' —ur) + O(Ju" —url?)

~ fi(ur) + Vjis(uz) - <%(u> (m ukm)))

~ ji(ur) + @ Vi (ur) - ro(ur) (m — p(ur))
~ filur) - @ Ve (ur) - ri(ur) (m — e (ur)
~ ur) = (m — px(ur)),

where we have used (3.2), which also gives

Vi (') - ro(ur) ~ Vig(ur) -ro(ur) = V(m — px(ur)) - ro(ur)

~ Vﬁk(uL)~T0(uL)+V/\k(uL)~T0(uL) ~ 0. (316)
Using (3.16) in (3.15) we get
%vk ([Lk (gp(m;uL,aL));ga(m;uL,aL)) ~ @ ro(ur). (3.17)

near 7. Thus, together with (3.13) and (3.14), we get the following estimate

%@(ﬂ(amUk(ﬂk(ul);U'),Oé(m;UL,aL));Uk(ﬁk(u');u')va(m; uLva’L)) =

o d . d
= O <(Vuu) %vk + (0a_f1) 3ma> + Dy_ . %vk + Oq_ p O

1 R bo (v, a(m;ur,a 1
~ msp( Vo ji-ri(ur) —C O( ( L L))) +a(UL) D,_p.1mo(ur)

a(ur) bo(u", aR)
)\k(u’,a(m;uL,aL)) 1
~ =C1Ony /\k(u///, GR) a(uL) TO(UL)
1 / 1
Cy a(u//) TO(U ) + a(uL) TO(UL)

for some smooth functions C, Cy, Cs ~ 1. Here we have used the fact that Ag (u’, a(m;ug, aL))

and A\, (u"”', ag) have opposite signs, since (u’, a(m;ur, aL)) and (u”, ar) lie on opposite sides

of T. O
It is clear that when a; = ag, the curve Wk(uL) coincides with Wy (uy). Lemma 2.5
allows us to determine the mutual positions of the singular points 4/, and v/ (see Figure 4).

In this case the curve Wy (uy) is monotone w.r. to m.
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Figure 5: The curve Wy, (uz) for a” (@ir) < ar < ar (case 1b).

Case 1b: a” (i) < ar < ar. We still have the three branches defined by (A), (B) and (C).
By Lemma 2.5 we have u,(u/) < pi(@) ), hence the curve Wy (uz) is no more monotone w.r.

to m, but presents a bifurcation. More precisely, 17\//;” (ur,) is now described by
WM (ug) = { w(ﬂ(aR;U",a(m;uL,aL));U”,a(m;uL,aL)),
u = vy (fi (s ura1))s @(ms urs 01) ), flon; wn,ar) < m < pilur) .

By Lemma 3.2, the map m — A;(u"") is now strictly decreasing when we move from pg (ur,)

to filag;ur,ar) (Fig. 5).
Case 1c: aT(ur) < agr < a®(ar). Let us define the point (iir,ar) € 7~ such that
a’(ar) = ag. (3.18)
By construction, we have
pr(ur) < pr(tr) < pr(irn) = fr(ur)
(see Lemma 2.5 and Fig. 3). Moreover we define the value @ € [ar, ar] such that
f(<P+ (Au(a; UL,GL);UL,GL),E) = f(wf (fa(a; ﬁL,aL);ﬂL,aL),a)-

That is, @ is the level at which the standing wave issuing from (i, ar) intersects the trans-
formed standing wave corresponding to Z(-;ur,ar).
Case (A) still holds, while we have cases (B) and (C) changed into

(B’) use a k-wave with speed Ay < A\p(pr(tr); ur) at constant level a, followed by a standing

wave;
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(C’) move first along the standing wave curve up to an intermediate level ap; < @, jump on
the other side of 7 by means of a 0-speed k-shock and then use another standing wave

to reach ag.

Hence branches 17\//,; (ur) and )7\//,?4 (ur) become

Wi ur) = {e(iar: vemiu), ap)ive(mius),an), m e (= e plin)] },
Wziw(UL) = {@(ﬂ(aR;U”, a(m;ur, aL));U"7 a(m;ur, aL))7

u” = vy (ﬂk(@(m; ur,ar));e(m;ug, aL)), plar;ur,ar) <m < (@ ug, aL)}.
Lemma 3.2 still applies, showing that even in this case the curve Wk(u 1) presents a bifurca-
tion, since the map m — A (u") is now strictly decreasing when we move from ji(a@;ur,ar)
to filag;ur,ar) (Fig. 5).

Case 1d: ar < a’(uz). We take (iiz,ar) € 7~ as defined in (3.18), except that now we
have
pr () < pur(tr)-

This time we can distinguish only two paths:

(B”) use a k-wave with speed Ay < A\g(pr(tr); ur) at constant level az, followed by a standing

wave;

(C”) use a shock of speed A\, = i (ux(r);ur) at level ar, then move along the standing
wave curve up to (¢(fi(ar;tr,ar);tr,ar),ar) € 7, and finally follow the rarefaction

curve wg (m; o((ar;tr,ar); by, aL)) with positive speed at level ag.
These define respectively the following two branches for Wi (ur)
VNV;;(UL) = {Sﬁ(ﬂ(aR;Uk(m;uL),GL);vk(m;uL),aL), m e (* é,uk(ﬂL)]},
Wi ur) 1= {wn(ms ellans e, a)iin, ar)), me [0,6)},
which are monotone increasing w.r. to m as in Lemma 3.2.

CASE 2. We now study the case Uy, € 7. The main difference in the construction of the
0-k-waves is that in this case we cannot “jump” on the other side of 7 by means of a k-shock.

The analysis will be divided into three subcases, depending on the value of ap.
Case 2a: ap > ar. We can use the following three paths:

(A) use a k-rarefaction with nonpositive speed at constant level ay, up to (wi(0;ur),ar) €
T, followed by the positive branch of the standing wave up to level ag, and finally move

along a k-wave with nonnegative speed at constant level apg;
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Figure 6: CASE 2.
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(B) use a k-wave with nonpositive speed at constant level aj, followed by a standing wave;

(C) move first along the k-rarefaction with nonpositive speed up to the point (wg (0;ur),ar) €
T, then enter 77 following the positive branch of the standing wave curve up to an
intermediate level a,s , jump on the other side of 7 by means of a 0-speed k-shock and

then use another standing wave to reach ag.

These three cases define respectively

VNV;:(UL) = {1/)k(m; o+ (ilar;wi(0;ur), ar); we(0;uL),ar)),
€ (i (o (ars wel0:ur). a)iw (05 us), az) )},
W (ug) = {@(ﬂ(aR;wk(m§UL)aaL);wk(m;UL)aaL), me (- 6,0}},
Wl (un) 1= {p(ilan;u", s (mywn(05un), an))iu”, r (ms we(0sus), ar) ),
u’ =y (ﬂk (o4 (mywe(0;ur), ar)); o+ (m; wi (0;ug), aL)),
m e [0,ﬂ+(aR;wk(0;uL),aL)} },
where /i1 means that we are moving along (¢4, a4 ). As in CASE 1, we will also set

!

u = py(miwp(Oiur),ar), ar < ap(mywg(0;ur),ar) < ag,
u” = ( ( ar;u”, aq (m;wg(0;ur), aL));u",aJr(m;wk(O;uL),aL)),
uy, = @i (flar; wi(0;ur), ar); we(0;uL), ar),

uf = vg (e (u]); u) )

ay, = o_(far; wi(0;ur),ar); wr(0;uL), ar)

(see Fig. 6). The proof of the following lemma is very similar to the proof of Lemma 3.2.

Lemma 3.3 There exists 61 < 6o such that for uy, € B(u, 1) with pg(ur) <0, and |ag, —
ar| < 01, the parameter m is strictly monotone along each branch of the curve Wk(uL)

More precisely

(i) m— N (Yr(msuy)) is strictly increasing for m € [fig(u}),€);

(i) m — A ((p(ﬂ(aR; Yr(m;yur),ar); Yk (m;ur), aL)) is strictly increasing for m € (—e¢, 0];
(iti) m — \p(u") is strictly increasing for m € [0, i(ar; we(0;ur),ar)].

Moreover, by Lemma 2.4 and Lemma 2.5, the singular points @} and /] are placed so that

pr (@) < pr(uf) < 0. This shows that the curve Wi (ur) is monotone w.r. to m.

Case 2b: aT(uL) < apr < ar. In this case we have only two branches, defined by cases
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(A’) use a k-rarefaction with nonpositive speed at constant level ay, up to @y, (defined as in
(3.18)), then the standing wave up to level ag, and finally move along a k-rarefaction

with nonnegative speed at constant level ag;
(B’) use a k-wave with nonpositive speed at constant level aj, followed by a standing wave;

We obtain respectively the following two branches

Wit (ur) = {wk(m;w(ﬂ(aR;ﬂL,aL);ﬂL,aL)), m e [0,6)},

W;;(UL) = {@(ﬂ(aR;ﬂ)k(m;UL)ML);?/)k(m;uL),aL), me (- E,Mk(ﬁL)}}-

Again, by Lemma 3.3, the 0-k-curve Wk (ur) is monotone.

Case 2c: ag < a’(ur). It is very similar to the previous case, apart from the position of

@y, which makes (A’) changed into

(A”) use a k-shock with nonpositive speed at constant level ay, up to 4y, then the standing
wave up to level ag, and finally move along a k-rarefaction with nonnegative speed at

constant level ag.

VNVI€ (ur) is still monotone.

4 The Riemann problem

We are now ready to solve the Riemann problem (1.1)-(1.3). First of all, since the parametriza-
tion of the 0-k-curve exhibit jumps at the points connecting together the various branches
(see the points @}, u/ or the intersection point with 7 in Section 3), it is convenient to

reparametrize the curve by choosing a global parameter s so that
e (Wok(siur,ar,ar)) = s

(we set s = m for the curves belonging to families i # k).

It is clear from the construction performed in Section 3 that the 0-k-curve is merely
Lipschitz continuous at the points @} and u} (Cases la, 1b, 1c and 2a) or at s = 0 (Cases
1d, 2b and 2c), even when there is no bifurcation phenomena. So, it is necessary to rely on
the implicit function theorem for Lipschitz continuous mapping [4] to obtain existence (and
uniqueness) of the solution. See also [10, 13].

In addition to the lack of regularity of the wave curves, we have to handle the bifurcation

phenomena. So, we propose here to extend smoothly each branch of the wave curve in the
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rg direction. The corresponding curves are denoted by

Wi = {di s, s € (-0},

Wi w) = {I (siw), s € (e},
Wil(u) = {01 (si0), s € (~e,0)}.

We set §; = s; — pus(u) for i # k, et 5 = s — pi(u'), where

r (P(ﬂ(aR§U;aL);U7aL), ifarp > aT(u),
Wo,k(0;u,ar,ar), otherwise.

Hence each mapping
’(/Jn(gn) O0...0 J[j(gk) O0...0 1/)1(51)(UL),

Yn(8p)o...0 J;(Ek) o...0t(51)(uyp),
Yn(8p)o...0 Jy(ék) o...0t1(51)(ur)

§=(51,...,5n) € (—€, )" = U (3)
)

§=(81,...,8n) € (—6, &)™ — W (5)

V233

§=1(51,...,3n) € (—€,)" = ¥, (

is a C? diffeomorphism from a neighborhood of 0 € IR" onto a neighborhood of u/ . This

follows from the implicit function theorem since the partial derivatives at s = 0 are

Gi\I/i’M(O) = airi(uL,aL), i<k,
T EM(0) ~ agri(uy,ar),
81'\11:‘:11\/[(0) ~ O‘iri(ulLaaR)v i> k7
a; # 0. By the strict hyperbolicity and the continuity of D, f(u,a) the differentials

DUHM(0) are invertible n x n matrices. Hence there exists § > 0 such that, for all

ur, € B(ux,do), if lug —ur| <6 and |ag — ar| < § then
up = n(st)o.. ot (sF) 0. ot (sT)(ur),
uR = wn(s;)o...ozz,;(s,;)o...ozﬁl(sf)(uL),

ur = a(sp') oo P (st) o o (st (ur),

for some sf’M, ..., 55M Fquivalently, if the points woi’M, .o, wEM are inductively defined
by
+,M +,M
wo = UL, wi =i ) (wi-1),

in particular
wi™ =M (M) i),

then wM = yp. At this stage we keep into account only the solutions that are physically
n g

admissible, that is, we keep the values si,...,s, for which the point w; belongs to one of
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the original branches of Wy (wk—1). Due to the transversality of each characteristic field (we
recall that each branch of Wk (wg—1) is essentially parallel to 7, and then transverse to any

other curve W;(w;), i # k), we can distinguish the following cases:

o if Wi (wk—1) has no bifurcations (Cases la, 1d and CASE 2), the solution is unique,

due to the monotonicity of the parameter s in the r; direction;

e in Cases 1b and lc we may have up to three solutions (with one point wy on each

branch of Wk(wk,l)), which reduce to two for s = () or s = ug(u7).

Now assume that

up = Ynlsn) oo™ (sp) 0. o (s1)(ug).

When i # k, each Riemann problem with initial data

1—1, < 07 ) . < kv
u(z,0) = wish a(x,0) = 4Lt (4.1)
Wiy x>0, agr, 1>k,

has an entropy-admissible, self-similar (that is, u = u(x/t)) solution made of two constant
states separated by a contact discontinuity, a shock or a rarefaction fan.
For ¢ = k, the Riemann problem with initial data

— 1 b < 07
(@r-1,ar), = (4.2)

(wk,aR), ZL'>O,

(u,a)(z,0) = {

has a self-similar solution made of two or more constant states separated by shocks, rarefac-
tions or standing waves, that can have the same speed (equal to 0), and then be superposed.

More precisely
. A+ .
o if wy € Wk (wkfl).

CASE 1 wy_1 — wj,_; by a standing contact discontinuity,

wj_; — wi by a shock or a rarefaction with nonnegative speed (one may have
Who1 =Wk );

CASE 2 wy_1 — wj,_; by a shock or a rarefaction with nonpositive speed,
wj_; — wi_,; by a standing contact discontinuity,

wy_; — wy by a shock or a rarefaction with nonnegative speed;

o if wy € W,C_ (Wk—1): wg—1 — w},_, by a shock or a rarefaction with nonpositive speed,
w)_, — wy by a standing contact discontinuity;
o if wy € Wé”(wk_l);
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CASE 1 wg—1 — wj,_, by a standing contact discontinuity,
wj_; — wj_; by a zero speed shock,

wy_, — wy, by a standing contact discontinuity;

CASE 2 wj_1 — wj,_,; by a rarefaction with nonpositive speed,
wj,_, — wj_; by a standing contact discontinuity,

1" "
wy_, — wy._ 4 by a zero speed shock,

wy’ | — wi by a standing contact discontinuity;
The solution to the original problem (1.1)-(1.3) can now be constructed by piecing together
the solutions of the n Riemann problems (4.1)-(4.2) on different sectors of the (z,t) plane.
Indeed for 54, ..., s, sufficiently small, and a sufficiently close to ar,, the speed of each wave
remains close to the corresponding eigenvalue A;(ur,ar) of the matrix D, f(ur,ar). By
the strict hyperbolicity and continuity properties, we can thus assume that the wave speeds
remain distinct.

In conclusion, we have proved the following:

Theorem 4.1 (The Riemann solver.) Suppose that, in B(us,do), the system (1.1) is
strictly hyperbolic and admits only genuinely nonlinear or linearly degenerate fields. Under
the assumptions (1.5), (1.6), (1.7), (1.8), there exists 61 < 0g such that the following holds.
Given any ur,ur € B(ux,01), the Riemann problem (1.1)-(1.3) admits at most three self-

similar solutions made up of n + 1 constant states
Wo = UL, W1,...,Wn = UR

separated by elementary waves (shocks, rarefactions or contact discontinuities). Moreover,
the states wx—1 and wy are connected by at most three intermediate states {wi}1<i<;, j<3

separated by a standing wave and possibly shocks or rarefactions.
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