HP-INTERPOLATION OF NON-SMOOTH FUNCTIONS
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Abstract. The quasi-interpolation operators of Clément and Scott-Zhang type are generalized
to the hp-context. New polynomial lifting and inverse estimates are presented as well.
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1. Introduction. Quasi-interpolation operators, that is, operators achieving op-
timal rates of convergence also for classes of functions of low regularity have a long his-
tory, for example in splines theory (see, e.g., [25] for an overview). In connection with
the finite element method (FEM) such an operator was constructed by Ph. Clément
in [23] where he showed how H!-functions can be approximated by piecewise linear
functions. Subsequent refinements and variations include [11,15, 21,22, 27,35, 37] to
account for higher order polynomials of fixed degree p, preservation of piecewise poly-
nomial boundary conditions, curvilinear elements, and Hermite elements. Several of
these refinements were done with a view to an application in residual based finite
element error estimation as discussed in the monographs [3,5,39].

While quasi-interpolation in the context of the h-version FEM is well documented in
the literature, the situation is less favorable for the p- and particularly the Ap-version
of the FEM, where the approximation properties of spaces of piecewise polynomials are
quantified in terms of both the local mesh size and the local polynomial degree. The
one-dimensional situation of polynomial approximation on an interval has been thor-
oughly studied, and we refer the reader to [25] for an excellent exposition of pertinent
results. In higher dimensions, the situation is less developed: Approximation results
suitable for the application to the p-version FEM /spectral method in higher dimen-
sions can be found in the survey article [16] (for L2-based weighted and unweighted
Sobolev spaces) and [2] (for Sobolev spaces W*); the approximation results given
there are explicit in the approximation order but restricted to a fixed mesh. Approxi-
mation results (for L?-based Sobolev spaces) that reflect both the local mesh size and
the approximation order p can be found in [6,36]. However, the constructions given
there assume extra regularity, namely, the function to be approximation has to be in
the Sobolev spaces H® for some s > d/2, where d € N is the spatial dimension.

In the present paper, we develop optimal quasi-interpolation operators suitable for an
application in the framework of the hp-version of the FEM. We exhibit two kinds of
closely related operators: Clément type operators (see Theorem 2.1) defined on the
space L' and Scott/Zhang type operators (see Theorems 2.3, 2.4) defined on W14 (so
that traces on the boundary are defined) that preserve piecewise polynomial bound-
ary conditions. Both operators achieve optimal rates of convergence. A particular
application of the operators developed in the present paper is that they permit the
extension of the h-FEM residual-based error estimation to the hp-FEM, [33].

This paper is organized as follows: In Section 1.1, we introduce the necessary nota-
tion, in particular «-shape regular triangulations of two-dimensional domains and the
hp-FEM spaces of piecewise mapped polynomials. We emphasize that the element
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maps need not be affine, which is an important aspect in Ap-FEM, and that variable
approximation order is considered. In Section 2, we present our quasi-interpolation
operators; Section 2.2 is devoted to the proof of their approximation properties. A
series of appendices concludes the paper: In Section A, we present optimal polynomial
approximation results for W*9-functions on hyper cubes. Section B deals with sev-
eral polynomial lifting results in two dimensions. Section C presents two polynomial
extension operators in one dimension. In Section D, finally, we prove some polynomial
inverse estimates in two dimensions.

1.1. Notation and Assumptions.

1.1.1. Triangulations. We start with the standard definitions of meshes and
triangulations for two-dimensional domains.
A triangulation 7 of a set Q C R? is a collection of elements K € T associated with
each element K is an element map Fg : K - K, where the reference element K
corresponding to K is either the reference square S = (0,1)? or the reference triangle
T={(zy) eR|0<z<1,0<y<min(z,1 —z)}. We consider triangulations that
satisty the following standard conditions: R

(M1) The element maps Fi : K — K = Fx(K) are C'-diffeomorphisms between
K and K, i.e., there exist domains K’ and K’ with K c IA(', K C K’ such
that Fi is in fact a C'-diffeomorphism between K’ and K'.

(M2) For two elements K, K’ the intersection I' := K N K’ falls into exactly one of
the following categories Tis emp‘cy7 or a vertex, or a whole edge, or K and K’
coincide. (i.e., Fiy (I‘) and Fy}(T) are edges, or vertices of the corresponding
reference elements K K’ ). Additionally, we require the map

Q: F'(T) = Fi/(T) s @ (Fo/ o Fre)(x)

to be an affine homeomorphism.
(M3) Q\ Ugker is a set of Lebesgue measure zero.
A triangulation 7 is called ~-shape regular if additionally

_ —1
B EK ey + sl (FR) ™ ey < 7 (1.1)

where hx = diam K. We say that the triangulation is affine if all element maps
Fi are affine maps. The restriction 7|, denotes the subset of 7 that represents the
triangulation of w C Q satisfying (M1)—(M3).

For each element K € 7 we denote by E(K) the set of edges of K and by N(K) the
set of vertices of K. Similarly, N'(7") denotes the set of all vertices of 7 and £(7) the
set of all edges. Setting

I=(0,1)

the assumption (M2) implies that we can define edge maps F., : I — e for each
ecé (T) by taking an element K such that e is an edge of K, then identifying the
edge Fi ( ) of K with I via an affine map and finally taking F, as the restriction of
Fg to F !(e); the assumption (M2) guarantees that the map F, obtained in this way
is independent of the choice of K. Additionally, we introduce the notion of the patch
wy associated with a node V € N(T) by

wy :={re€Qlze K forsome K with V € K}°, (1.2)
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COGL [

F1G. 1.1. Left: interior reference patches wint,6,1 and wint,6,j (for some j € {2,..., 26}. Right:
boundary reference patch wyqy 3,1 and wyqy 3,; for some j € {2,..., 231,

where A° denotes the interior of the set A. We note that the patches wy are open
subsets of 2. Of importance will be the connectivity of the patches. Our tool for
classifying patches according to their connectivity will be the notion of reference
patches that we make precise in the following definition:
DEFINITION 1.1 (Reference patch). Reference patches are Lipschitz domains that are
either labeled interior or boundary patches. They are characterized as follows:
1. Interior patches: For each M € N, M > 3, we define 2™ interior reference
patches wini v, J = 1,....2M  as follows: Wint,M,1 15 defined to be the
regular polygon with M edges of length 1 that is centered at the origin 0 € R?
and s triangulated with M triangles all sharing the vertex 0. The remaining
2M _1 reference patches are obtained from this one by replacing one or several
of these isoceles triangles by parallelograms (see Fig. 1.1).
2. Boundary patches: For each M € N we define 2™ boundary reference patches
Whdy,M,j, J = 1,.. L, 2M i the following way: wpay,m,1 C {(z,y) |z >0,y >
0} is the polygon that consists of M isoceles triangles all sharing the vertex
0 € R? and having angle w/(2M) at 0. The remaining 2™ — 1 patches are
obtained from this one by replacing one or several of these isoceles triangles
by parallelograms (see Fig. 1.1).
We will only consider triangulations whose patches can be related to these reference
patches:
(M4) For each vertex V of the triangulation there exists a reference patch @y of the
form given in Definition 1.1 together with a homeomorphism Fy : Oy — wy
with Fy/(0) = V that has the form

F;1|K:AK,VOF};1 VKETL,V,

where the maps Ay : R2 — R? are affine.
REMARK 1.2. It is worth pointing out that slit domains are not excluded by (M4).
However, other kinds of domains that fail to be Lipschitz domain are not covered by
the present results: For example, domains such as the one depicted in Fig. 1.2 are not
admitted since the vertex cannot be mapped to a boundary reference patch in the
way condition (M4) requires. .
We finish this subsection by noting that v-shape regularity of the element maps implies
that only a finite number of elements can meet at a vertex:
LEMMA 1.3. Let T be a ~y-shape regular triangulation satisfying (M1)—-(M3). Then
there exists a constant M € N, which depends only on -y, such that
1. no more than M elements share a common vertex;
2. for any two elements K, K' with K N K’ # 0 there holds M~ 'hyg < hg: <
Mhy.



Fi1G. 1.2. Ezample of a mesh excluded by (M4).

If the triangulation satisfies additionally (M4), then the maps Ak appearing in
condition (M4) satisfy

1
HA}cVHLw(K) + ||A/K7V||L°°(f<) <C

for some C' > 0 that depends only on . Additionally, Fyy € WH*(@y) and F;' €
WL (w), and we have the bound

B @) + bV ) s <€ by = min e,
for some C > 0 depending solely on ~.
Proof. 1. step: The element maps Fx are C'' up to the boundary of the reference ele-
ments. The fact that the interior angles of the reference elements are non-degenerate
and the ~-shape regularity assumption (1.1) then imply that the interior angles of
elements K € 7 are within (¢,m — ¢) for an € > 0 that depends solely on 7. The first
claim of the lemma then follows if we choose M € N such that M > 27 /e.
2. step: The ~y-shape regularity assumption (1.1) also implies the existence of C' > 0
depending solely on ~ such

Clhg <le|<Chx Veec&(K) VKeT.

This fact together with the observation of the first step easily implies the second claim
after appropriately adjusting the constant M.

3. step: We will only show that F‘;l € W' (w) with the corresponding bound for
the derivative. By assumption Fy,'|x € C'(K) for each element K € T|,,. From
this an elementwise integration by parts together with the observation Fy,' € C(w)
implies that the weak derivative is elementwise given by (Fy,')|x = Agv - (F')'.
From this representation, we readily infer Fy, !¢ W*°(w) and the desired bound. O

1.2. Polynomial spaces. The finite element spaces that we consider are the
variable order piecewise mapped polynomials, an early implementation of which is
discussed in [24]: For each element K € 7, we choose a polynomial degree px € N
and collect these numbers in the polynomial degree vector p = (px)xer. We then
define the space SP(7) C W14(Q) by

SP(T) = {u e C(Q)|u|lk o Fx €L, (K)}, (1.3)
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where we set

IL,(K) = A ~ 14
oK) Q, :=span{z'y’ |0 <1i,j < p} if K =25. (14)

S {Pp = span{ziyl [0<i+j<p} HK=T
We will write SP(7) if the degree vector p satisfies px = p for all K € 7. In this
case, we will also permit the choice p = 0, where SY(7) reduces to a one-dimensional
space.

REMARK 1.4. By writing integrals over ) as a sum of integrals over elements, it can
indeed be checked SP(7) Cc WhH>(Q). .
A key property of the spaces SP(7) is that we can identify “nodal shape functions”
that form a partition of unity, i.e., for each vertex V € N (7), we can find a function
v € SY(T) such that

ovilow, =0 and Z ey =1 onQ. (1.5)
VeN(T)

A well-known consequence of the y-shape regularity of the triangulation is that these
nodal shape functions satisfy for some constant C' > 0 that depends solely on ~y

lovilee@ <1, IVov =@ < Chyx' VK € Tla,. (1.6)

In the present paper we consider only y-shape regular triangulations. Such trian-
gulations have the property that neighboring elements are comparable in size (cf.
Lemma 1.3). We will impose a similar condition on the polynomial degree distribu-
tion:

We will also employ the notation
pv = min{px | V € N(K)}, pe :=min{pg | e € E(K)}. (1.8)

1.3. Notation for Sobolev spaces. For domains Q@ € R and k € Ny, ¢q €
[1,00] we employ standard Sobolev spaces W*4(Q) as described in, e.g., [1]. For the
reference interval I = (0,1), x € (0,1) and ¢ € [1,00), we equip the space W*4(])
with the Slobodeckij norm

ju(@) — y)l°
e O ) e rerr = (1.9)

We will also require the spaces W*P (I) which consist of the functions u € WP (I)
such that their trivial extension (i.e., by zero) to R is an element of W*?(R). This
space is equipped with the norm

1 1
_ I e
L A R e = R CRT)

In analogy to the spaces W“’p(f ) we can define the spaces Wl’f@ (I) if the trivial
extension to I’ = {z € R|z < 1} is in W*4(I"). This space is equipped with the
norm

1
. ju(a)?
Il gy = Wl + [ S (111)
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We finally record how functions transform under concatenation with the patch maps
Fvl

LEMMA 1.5. Let T be a ~y-shape regular triangulation satisfying (M1)-(M4). Let
q € [1,00]. Then for every patch wy, V € N(T), and every u € Wh4(wy) we have
that 4 := uo Fy € WH4(Dy) and

~ 2 ~ 1-2
[ill paoy) ~ B Nl agorys IVl La@yy ~ Ry > IV ooy (1.12)

where hy = ming.xcw, . The constants hidden in the ~-notation depend solely
on vy and q.

Proof. We claim that the pull-back @ is in W19(@y). To see this, we first consider
the case ¢ < oo. For each element K of the patch wy and its corresponding element
K' = F,;'(K) C Oy, the assumption (M1) guarantees that Fy|x, € C'(K’) and
likewise FY, !¢ C'(K). Hence by standard properties of Sobolev space (see, e.g., [1,
Chap. III, Thm. 3.35]) we have for each element K that u o Fy |k, € WH4(K') and
the derivative satisfies (V(uo Fy))|x» = (Vuo Fy)F{,. In order to see that uo Fy is in
W14(Gy ) we have to check that the traces on the edges shared by two elements K7,
K5 of @y coincide. This follows easily from the assumption (M3). The case ¢ = oo is
obtained by inspection: Since the weak derivative has been identified as (Vuo Fy ) FY,,
one merely has to check that it is in L*°(@y ), which is indeed the case. The bounds
(1.12) now follow from (1.1). O

2. Quasi-interpolation of non-smooth functions.

2.1. Approximation results. We present two types of quasi-interpolation re-

sults for W1 9-functions: In Theorem 2.1 we exhibit a quasi-interpolation operator of
Clément type; in Theorem 2.3 we present an operator that additionally preserves ho-
mogeneous boundary conditions that may be imposed on parts of the boundary. This
latter operator is generalized in Theorem 2.4 to an operator that preserves arbitrary
piecewise polynomial Dirichlet boundary conditions.
In order to formulate these results, we introduce the following additional notation: For
e € £(T) we denote by N (e) the two endpoints of e, i.e., N'(e) = {V e N(T)|V € e}.
Patches of order j € N associated with an element K € 7 or an edge e € £(7) are
defined thus:

wh= |J wv, Wwit':= U wy, j=12,..., (2.1)
VeN(e) VeN(T):Vewd

wi = U wy, w}jl = U wy, j=12,..., (2.2)
VeN(K) VEN(T):Vewl,

2.1.1. Clément type approximation. Quasi-interpolation of Clément type
takes the following form:
THEOREM 2.1 (Clément type quasi-interpolation). Let 7 be a 7y-shape regular tri-
angulation of a domain Q C R? satisfying (M1)-(M4) and let p be a polynomial
degree distribution satisfying (1.7). Then there exists a bounded linear operator I"P :
LY(Q) — SP(T) c LY(2), and there exists a constant C > 0 that depends solely on
q € [1,00] and v such that for every u € WH4(Q) and all elements K € T and all
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edges e € E(T)

h h
h) K h K
llw = I"ullLagx) + ];HV(U — 1" pary < C};HVUHLQM{), (2.3)

1-1/q
||u— IhpuHLq(e) <C (p—e) HVU’HL“(UJD' (2.4)

€

2.1.2. Scott-Zhang type approximation. The operator I"? of Theorem 2.1
does not preserve boundary conditions if applied to functions of W14(2). The oper-
ators of Theorem 2.1 can, however, be modified to accommodate this.

Let a set B C £(7) of boundary edges of the triangulation 7 be given, i.e.,

BC&(T) and bCON Vb € B. (2.5)
Next, we define for ¢ € (1,00) the spaces

Wé:g ={ue W17‘1(Q) |ulp =0 for all b € B}, (2.6)
Wéf) = {u e WH(Q)|ulpo Fy € P,, for all b e B and (2.8) holds}, (2.7)

where the continuity condition (2.8) is:

for all b, b € B and V € N (b) NN (V') there holds lim u(z) = lim u(z).  (2.8)
z€b zeb!

REMARK 2.2. Since the edges of B are part of the boundary of 0f), the function
values are understood in the sense of traces. In the case of slit domains appropriate
limits have to be taken. "
We then have the following approximation results:
THEOREM 2.3 (homogeneous boundary conditions). Let 7 be a y-shape regular tri-
angulation of a domain Q C R? satisfying (M1)-(M4). Let p be a polynomial degree
distribution satisfying (1.7). Let q € (1,00) and a set B C E(T) of boundary edges be
given. Then there exists a linear operator I Wé:g(Q) — SP(T)N Wé:g(Q), and

there exists a constant C' > 0 depending solely on v and q such that

h
HU’ - Ihgm

hk hp hk
ull Loy + EHV(U — 10wl Lacry SCP_KHVU’HL‘?(W}()? (2.9)
he

1-1/q
o= 1l <C(2) 9l er (210

€

A slightly different situation arises if non-homogeneous piecewise polynomial bound-
ary conditions are to be preserved: The domain of influence in the local bounds is
enlarged, and we impose a restriction on the variation in polynomial degree distribu-
tion for elements near the Dirichlet part of the boundary:

THEOREM 2.4 (Scott-Zhang type quasi-interpolation). Let ¢ € (1,00), 7 be a -
shape reqular triangulation of a domain Q C R? satisfying (M1)-(M4). Let p be
a polynomial degree distribution satisfying (1.7). Let B C E(T) be a collection of
boundary edges. Assume additionally that

lpx — pr/| <7~ VK,K' s.t. KNK'Nb# () for some b € B. (2.11)
7



Then there exists a linear operator Imhom Wéf)(Q) — SP(T) such that

(2

inhom

u)|p = ulp vb € B.

Furthermore, there exists a constant C > 0 depending only on v and q such that for
all elements K € T and all edges e € E(T)

h
h K
lu— 125, ol ooy + —||V( L om®lLax) < O_HVUHL‘I(w}‘{)a

h 1-1/q
hp K
v = Ligthomtll Lage) < C (pK) IVl paus)-

REMARK 2.5. The dependence on the domains wi,, w? is not optimal. A careful

inspection of the proof allows slightly sharper bounds. For example, for elements K
such that wj, CC Q we can replace wj, with w,. n

2.2. Proofs.

2.2.1. Proof of Theorem 2.1. Theorem 2.1 is proved using the ideas of the
partition of unity method, [32], which is based on the following result:
LEMMA 2.6. Let T be a ~y-shape regular triangulation triangulation of a domain Q) C
R? satisfying (M1)-(M3). Let q € [1,00], and let p be an arbitrary polynomial degree
distribution. Assume that for a given u € WH4(Q) a function uy € SPV=1(T |y, ) is
given for each V.€ N(T), where py is defined in (1.8). Then there exists C > 0
depending solely on v such that the function u := ZVE/\/(T) pyuy € SP(T) and

v =l Laxy < C Z lu —uy| L),

VeN(K)
- 1
V-l <€ 3 (190wl + ol = a0 |
K
VEN(K)
|u—alLae) < C Z lu —uy||Lace)
VeN (e)

Proof. We start by ascertaining @ € C(£2). This follows easily from the support
properties of the functions ¢y € C(Q2), namely, p|o\., = 0, together with uy €
C(wy)NL>®(wy). In order to see & € SP(7T) we have to make sure that (pyuy)oFx €
I, (K) for all K € T|,, for all V € N(T). This follows easily from oy € S'(T)
and uy € SPY~Y(T|,, ). The essential ingredient for proving the estimates is the
observation that } k) v =1 on K for every K € 7 and } iz pv =1 one
for every e € £(7). The bounds on (u — @)|x then follow from the observation that
(u— )|k = Xven(x) Pv(u—uy), where the sum extend over at most 4 terms, and
from the bounds (1.5) on the functions ¢y . O

LEMMA 2.7. Let T a ~y-shape regqular triangulation of a domain Q C R? satisfying
(M1)-(M4). Assume that the polynomial degree distribution p satisfies (1.7). Then
for each vertex V there exists a bounded linear operator Iy : L' (wy) — SPV YT, ),
and there exists a constant C' > 0 that depends solely on ~y such that for each u €
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Whi(wy), each K € T, , and each edge e € E(T |, )

hK hV
lu — IyullLacxy + ];HV(U —Ivu)|lLax) < Cp—VHVUHLq(w),

hV 1-1/q
= Foliy <€ (25) 1 9uliagony

Proof. Consider a patch wy. Condition (M4) provides the patch map Fy : Oy — wy
and Lemma 1.5 gives Uy = u|x o Fyy € Wh9(Dy) together with

—~ 2 ~ 1-2
[@vllza@y) < ChY Nl agoy)s IV || La@zy) < Chy | Vul| pagoy)-

Let S be a square such that ©y CC S and denote by E : L'(@y) — L1(§) the
universal linear extension operator of [38]. We then have the existence of a constant
Cy > 0, which depends solely on g € [1, 0] and @y, such that

1Byl s < Calivliaon,  1Bavlyiag < Claviiwaey):

Choosing N = |(py — 1)/2] in the approximation result Theorem A.3, we obtain
a bounded linear operator J; y : L*(S) — Qn C Ppy,—1 that reproduces constant
functions and satisfies

(v + Do = 1 woll gy + 190 = Tiwo)ll oz < Cllolyra Yo € WH(S).

We next define the operator Jp,, : L'(®y) — Py, —1 by

1
Jpy v =T+ Jin o E(v—7), v = A—/ v(x) dx.
wvl Jay,

Jp, is a bounded linear operator on L!(&y ), and we obtain for W9-functions:
(v +Dllv=JpyvllLa@y) T IV = Jpy )l La@y) < Clv=Dlwra@y) < ClIVollLa@y),

where in the last estimate we employed the second Poincaré inequality. Applying this
operator to the pull-back @y, we obtain

(pv + Dlay — JpyuvLa@y) + IV@v = Jpy @v)llLe@yy < ClIVUv ey
1-2
< Chy Y "uv | Loy )-

Returning to the patch wy, we observe that the function wu,, defined on wy by
Up, = (Jp,Uv) o Fy;! is an element of SPV~1(T|,,) (this is due to the fact that
elementwise Fy is the composition of an affine map and the element map) and

(pv + Dhy* uy = upy | Lagon) + by UV (v = wpy ) agoy) < Chy > iy ]| agoy)-
This leads to the desired bound on elements K € T|,,,. For the bound on an edge
e € (T, ), we employ a trace theorem on &y before transforming back to wy .
Checking the steps of the construction, we see that the map wy — wu,, is linear and
that it is at the same time a bound linear map L' (wy) — Pp, _1.

The constant in the last estimate does depend on the reference patch &y . We observe,
however, that for a given (upper bound on) «, only finitely many reference patches
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have to be considered since only finitely many elements can abut on a vertex (cf.
Lemma 1.3). This concludes the argument. O

Proof of Theorem 2.1: The proof of Theorem 2.1 now follows from combining Lem-
mata 2.6 and 2.7. For each vertex V, we construct the local approximation Iy u €
SPv=1(T]|,, ) with the aid of Lemma 2.7. The operator I"? : L}(2) — SP(T) is then
defined as

Ihpu = Z (pv]vu,
VeN(T)

where the vertex shape functions ¢y € S*(7) have the support properties of (1.5).
The operator 1" maps indeed into SP(7) since Iyu € sPV (T, ). By inspection,
we observe that I"? : L'(Q) — SP(7) is a bounded linear operator. Its approximation
properties, when applied to W!9-functions, follow from Lemmata 2.6 and 2.7. a

2.2.2. Proof of Theorem 2.3. We modify the approximation operator of The-
orem 2.1 so as to enforce homogeneous Dirichlet boundary conditions. Since we need
the trace theorem to hold, the operator is now defined on W14(Q) instead of L(£2).
The construction of this operator is again patch oriented. The difference is that we
will change the definition of the linear maps Iy, for V € N(B). Here, we defined

N(B) := | JN(). (2.12)

beB

We first analyze the prototypical situation on a boundary reference patch:

LEMMA 2.8. Let q € (1,00). Let & = wpay n1,j for some M € N and j € {1,...,2M}
and denote by T the triangulation of ©. Denote by I'y the edge of & lying on the x-axis
and by T'pr the edge lying on the y-azis (cf. Fig. 2.1). Let I'p be either Ty, T'pr or
ToUTy U{0}. Denote Wllgo(@) = {u € WH4(D) |u|r, = 0}. Then for every p € Ny

o~ ~

there exists a bounded linear map I, : Wplio(w) — SP(T)n Wpl;jq’o(w) such that
(p+ Dllu = Lyullpo@) + V(= Tpu)|[La@) < ClVull La@), (2.13)

where the constant C' > 0 is independent of p and u € WI};{O(@).

Proof. We will demonstrate the result for the case I'p = I UT' 3y U{0}, the other two
cases being handled similarly. The construction of I, is done in two steps: First, we
let J, : L (@) — P, be the linear operator of the proof of Lemma 2.7. It satisfies for
u € Whi(@)

(p+ Dllu — Jpullpa@) + IV(u — Jpu)|la@) < ClIVullLe)-

In particular, from the multiplicative trace inequality (see, e.g., [20, Thm. 1.6.6]) and
the fact that ulr, = 0 we get

1-1/q

1yl zaerpy = llu = Jpull Loy < Clp+ 1)~ 9|Vl L),

[ Jpullwi-1/aarpy = llu— Jpullwi-1/aar,) < CIVullLa@),

The function J,u does not, however, satisfy homogeneous boundary conditions on
I'p. This is corrected in a second step by an element-by-element construction using
appropriate polynomial liftings. To that end, we enumerate the edges of 7 emanating
from the origin in a counterclockwise fashion as depicted in Fig. 2.1. Likewise, the
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X

Fic. 2.1. Numbering of elements and edges of a boundary reference patch for M = 3.

elements are labeled K;, i = 0,...,M — 1. Next, we observe that the functions
uo = (u— Jpu)|r, = (Jpu)|r, and upr := (u — Jpu)|r,, = (Jpu)|r,, are polynomials
of degree p. Additionally, we note that each edge I';, i = 0, ..., M, is homeomorphic
to the reference interval I = (0,1) by means of an affine map ~; : I — I;, which
we may choose to satisfy v;(0) = 0 for ¢ € {0,...,M}. We then define a function
z € C(UM.T;) by

z 07 (x) = ug o yo(x), xe?, 1=0,...,M—1,

zoym(z) = um o ym(z).

Clearly, for i € {0,..., M} we have
2]l Laqrs) < C [lluollLaro) + untllLara] < Clo+ 1)_1+1/q||vu||m(a)-

We next define for each element K; the set

Fi,i+l = F1UF1+1U{O} C 8[(1, Z=0,7M—1 (214)
We then ascertain

zllwi-1/aar, .10y < CllIpullwi-1/aa@ry) < Cllullwra@)-

This follows easily from the fact that for two edges I';, I'; with ¢ # j we have the
characterization (see, e.g., [28, Thm. 1.5.2.3])

14 A
\ . - [2i(a) — 2,(a)|
”Z”Wl—l/q’q(FiUFju{O}) ~ ||Z'L'||W171/q,q(f) + ||ZJ||W1—1/q,q(f) +A T dz

where we wrote 2; = zo-y;, £; = z 0y;. Here, the constants hidden in the ~-notation
depend solely on I';, I';, and g. We finally construct with the aid of Proposition B.7
a function Z € S*?(7) such that Z r, forall i € {0,...,M} and

r, =2

(p + 1)||Z||L‘1(K1) + ||VZ||L‘?(K,) < C [||z||W1_l/q’q(Fi,i+1) + (p + l)lfl/q”zHLq(FiJJrl)}
< CIVul La@), 1=0,...,M—1.
11



We conclude the argument by noting that the map v — Jpu+ 7 is linear and bounded.
Since Jyu+ Z € S (’ZA'), replacing p with |p/4] gives the desired result. O

Proof of Theorem 2.3: The proof of Theorem 2.3 now follows by the same arguments
as that of Theorem 2.1. Merely for the patches wy with V € N(B) we replace the
local approximation Iy u of Lemma 2.7 with the pushforward (I, @y )o Fy, ' of I, 4y,
where I,, Uy with Uy = uly, o Fy is defined in Lemma 2.8. O

2.2.3. Proof of Theorem 2.4: Lifting results. The proof of Theorem 2.4
follows along the same lines as that of Theorem 2.3. The key difference is that
additionally appropriate (polynomial) liftings are required. Providing these is the
purpose of the present subsection.

We start with a “vertex lifting” result on boundary reference patches that yields the
correct value at a boundary vertex. Given a collection of boundary edges B of the
reference patch @, the spaces Wé’i(@) on & are defined analogously to the way the

spaces Wé:g(ﬂ) are defined in (2.6). We then have:
LEMMA 2.9. Let & = Wpay,m,; for some M € N, j € {1,...,2M}, and denote by T

the triangulation of @. Let p be a polynomial degree distribution on T and assume
that

bk —px/| <k VK, K eT.

Define p' := min{px — 1| K € T}eN.

Let B = {To} or B = {Twy} or B = {FO,I‘M} (cf. Fig. 2.1). Then there exists a
constant C' > 0 that depends solely on & (2 e, on M, j) and k, q, and there ezists a
bounded linear operator L : Wk p( o) — ST ) such that

(Lu— u)(O) =0, (2.15)
[Lu = ullwra@) < Ol VullLa@), (2.16)
||(Lu—u) O’yb||"W~l1—1/qq CHVU”Lq(@) Vb e B, (2.17)

where 7y : I —bis the affine parametrization of b € B satisfying v»(0) = 0.

Proof. We employ ideas similar to those of the proof of Theorem 2.3. For simplicity
of notation, we consider the case B = {T'g, s }; the other two cases are treated in a
similar fashion. We denote by ~; : I— I';,i=0,...,M, the affine parametrizations
of the edges I';, which are assumed without loss of generality to satisfy v;(0) = 0. We
will construct Lu first on the edges I'; and in a second step define Lu on the elements
via appropriate liftings. R R

We write p = max{px |K € 7} € N. Choose b € B. Without loss of generality,
we assume that b = I'g. By assumption u o yg € P,, so that we may define [y :=
Zpp (uo70), where the linear operator Z, ,» : P, — P, is the polynomial extension
operator of Lemma C.2. We then have [o(0) = u(0) and additionally by properties of
Zy,» and the trace theorem

llto = ulr © Yollgr-1/a.0 3y < Cllulwr-1/aawy) < Cllullwra@), (2.18)
lto = ulra o Y llgga-1rna gy < Cllulwra@)- (2.19)
Next, we define

(Lu)|r, =lpoy; Y,  i=0,..., M.
12



This gives (Lu)(0) = w(0). Furthermore, this definition of (Lu)
the bounds (2.18), (2.19) implies

||Lu||Wl_1/q’q(Fi11‘+1) S OHu”Wl,q(@), 1= 07 sy M — 17

where we abbreviate I'; ;41 = I'; UT41 U {0} as in (2 14). From the lifting result
Theorem B.4, there exists then a function Lu € S¥' (T ) with

| Lullwr.a@) < Cllullwia@)- (2.20)

Furthermore, inspection of the construction of Lu reveals that u — Lu is linear. Since
the operator Z, , of Lemma C.2 satisfies Z, ;»1 = 1 and the lifting of Theorem B.4
likewise ensures that constant functions are reproduced (cf. Remark B.5), we conclude
L1 = 1. By a standard argument, we can therefore strengthen (2.20) to yield (2.16).
The estimates (2.17) are ensured by the way we defined (Lu) LM} 0
Lemma 2.7 allows us to construct a lifting operator as follows:

PROPOSITION 2.10. Let T be a ~y-shape reqular triangulation of a domain Q C R?
satisfying (M1)-(M4). Let B C E(T) be a collection of boundary edges. Let q €
(1,00) be given. Assume that the polynomial degree distribution p satisfies (1.7) and
additionally (2.11). Then there exists a constant C > 0 that depends solely on v and
q, and there exists a bounded linear operator Ih?t Wé:‘r’)(Q) — SP(T) such that

(2wl =uly  VbEB,

Pk =0 ifwxs =0,
1R ull zacey < C [l Loque.m) + iVl oo o] if wis # 0,
1 .
|\VI£§W||LQ(K) <C [E”UHM(UJK,B) + ”quL‘I(wK,B)] if wis # 0,

where, for an element K € T, we define

WK.B = U wy. (2.21)
VEN (K)NN(B)

Proof. The lifting Il}z?tu is constructed as the sum of u; and us. The term wu; is
constructed such that the correct behavior at the vertices of the triangulation is
ensured. In this way, the construction of the lifting is then reduced to an edgewise
construction, which defines us.

Given u € WBqup(Q), we construct u; € SP(7) patchwise as

Z ov Lyu,

VeN(T)

where the patch operators Ly are defined with the aid of Lemma 2.9 according to the

following rules:

(a) if V € N(B), then Lyu = 0;

(b) if V€ N(B), then Lyu is defined on the corresponding reference patch @y as
(Lyu) o Fy = Lu, where L is the operator of Lemma 2.9. Here, & = uwo Fy and
the polynomial degrees p and p’ are defined as p = max{px | K € T|., } and
p = min{px | K € Tl } — 1

13



By the choice of the polynomial degrees p’, we get uy € SP(7). Additionally, the
function Lyu satisfies for V € N (B)

(Lyu)(V) = u(V),
IZvul Loy < C lllullLaon) + hv Vel Lo ]
||VLVu||Lq(wV) < CHVU”L‘?(uw)'

Moreover, for edges b € B and vertices V € N(b) we have upon denoting by 7, v
the map v : I — b that is determined by the element maps and the condition
.v(0) =V the following bound:

||(u - Lvu) o ’Yb’VH"‘W"ll—l/q,q(I*) < Ch%/*2/q||Vu||Lq(wV) YoeB, V¢ N(b)

For elements K with wk g = 0, our construction implies (u1)|x = 0. For elements K
with wi 5 # 0 we get
ur (V) =u(V) vV e N(B),
lutll oy < C [l Lagors) + R Vull oo s)] »
y < C

1

Ellullm(wk,s) + IVullLares) | »

I(n = 1) 0 llgossaay < iy~ IVullLaeyy W€ B

VuillLacx

For the last estimate, we employed additionally Lemma C.3.

We now turn to the construction of us. Since u; and u coincide in the vertices that
lie on the Dirichlet boundary, we can proceed in an element-by-element fashion. For
elements K with £(K)NB =0, we set us|x = 0. For elements K with E(K)NB # 0,
we construct ug|k using the following considerations: We set Bx = £(K) N B, denote

by b = F*(b) the pull-back of an edge b € By, and construct with the aid of the
lifting result Theorem B.4 on the reference element K the polynomial Us, ik € Ppy
such that

Uz, x|y = ((u —u1) o Fi)lg Vb € By,
Ug klp-1ey =0 Ve € &(K)\ Bk,

~ 1—-2
||u2||W1,q(f<) <C Z |(w—wup)o Fb”Wl—l/q,q(f) < ChK /q”quL‘l(wx,zs)v
beBK

where F, : I — b denotes the parametrization of b determined by the element maps.
Pushing forward these estimates to the element K, the function us|x := Us i © Fgl
then satisfies

uzlp = (u—u1)lp, Vb € By,
usle =0 Ve € E£(K) \ Bk,

2 ~
2 zacrey < CRE@all oy < Chic | Vull oo o),
2/q—1 ~
IVusl| oy < CHEL T [Vtal L2y < ClIVUl Laur )

The sum uy + ug is an element of SP(7), it satisfies (u1 + us2)|p = ulp for all b € B,
and we have the estimates

s + well Loy < C [llull Laqure.s) + VUl Loy s)]

1
IV + o)l o) < € gl ows) + 1Vel Lo |
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inspection of the construction shows that the map u +— uy + usg is linear. O

2.2.4. Proof of Theorem 2.4. We are now in position to prove Theorem 2.4:
Proof of Theorem 2.4: We employ the lifting operator I;;?t of Proposition 2.10 and

I [P of Theorems 2.3, 2.1. We define

the approximation operators I, ,

L:=1I'" o(1d—I"") 4 1",

lift
Ii};’Lphom =1L + Iilzgm © (Id _L)
Iglphom is a linear operator mapping into SP (7). We easily check that for u € Wé’g(Q)

h
(Iinphomu)|b = u|b Vb € B.
It remains to check the approximation properties. Upon writing

([d-1% )= (1d-1"

hom

) o (Id _L)a

we see that the desired approximation follow from the approximation properties of
4 together with stability properties of Id —L. These stability properties can be

hom
inferred by writing

Id—L = (Id—I%,) o (Id —I"7)

and then observing that Proposition 2.10 implies
1
[V(u— Lu)|Laxy < C EHU — I"u| ooz y + IV (u = I"0) || par )y | < ClIVullpags,)-

Theorem 2.3 then implies

h h
h K h K
[|w— Iinphomu”Lq(K) + EHV(U - Iinphomu)”Lq(K) < Cp_K”quL‘?(w‘}{)'

From this, the desired estimate for the edges follows. o

Appendix A. Approximation results.

A.1. Polynomial approximation results on hyper cubes. The purpose
of the present section is to establish polynomial approximation in Sobolev spaces
Wma(S), where S is a hyper cube. Similar results have been obtained in [2]. Our
present exposition ignores effects related to the behavior of polynomials near the end-
points of an interval. While in the one-dimensional situation a characterization of
the functions that can be approximated at a certain rate can be done using weighted
spaces, these results do not easily extend to higher dimensions. We refer to [25] for
an exposition of the results in one dimension and refer to [7,8] where related results
for two-dimensional are proved.

We start by recalling a one-dimensional result on simultaneous trigonometric approx-
imation:

LEMMA A.1. Let T be the one-dimensional torus and denote for r € Ny, q € [1, 0]
in the standard way by W™9(T) the set of functions with r weak derivatives whose
derivatives are in LI(T). Denote by T'y the set of trigonometric polynomials of degree
N € N. Then for each R € N and each N there exists a linear operator Jp n :
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LYT) — Tn and a constant Cr > 0 (which depends solely on R) such that for all
reNy with0<r <R, all g € [1,00] and all w € W™4(T)

= Jrn ) pary < Co(N + )N pagry,  §=0,...,m (A1)

Proof. Jackson type results of this form are well-known in approximation theory. The
linear operators Jg n, whose existence is ascertained in Lemma A.1 can be chosen as
in [25, Chap. 7, eqn. (2.8)]. The results concerning simultaneous approximation then
follows from combining Thms. 2.3, 2.7, 2.8 of [25, Chap. 7] and a check that the case
q = oo is included in the form stated in Lemma A.1. The details are worked out in
Proposition E.1 below. O

As is well-known, trigonometric approximation result imply polynomial approxima-
tion results. For future reference, we formulate this in the following proposition.
PROPOSITION A.2. Let I C R be a bounded interval. Let R € N and g € [1,00]. Then
for each N € Ny there exists a linear operator Jp n : Ll(I) — Pn and a constant
C > 0 that depends only on R, q, I, such that for each 0 <r < R

Ju— Jrnullwiay < ON + 1)~ Dullwragy,  §=0,...,m (A.2)

Furthermore, the linear operator Jr N may be constructed such that for 0 < r < R
and N > R—1

Jr,NU = U Yu € Pr_1 (A.3)
lu — Jr,Nullwiay < C(N + 1)~ Dlufyra, j=0,...,r (A.4)

Proof. The proof for N = 0 is trivial; we will therefore assume N € N. We will obtain
the results for polynomial approximation from those for trigonometric approximation.
We construct for given u € W™4(I) the approximant Jy u € Py; tracing the steps
of the construction then reveals that u — Jy u is in fact a linear operator. Without
loss of generality, we may assume that I is such that the closed interval I satisfies
I = [ cose, cose] for some chosen ¢ € (0,7/2).

1. step: Define the interval © = (¢,m —¢). For every function v (defined on I) we
define a function vy on © by vg(#) = v(cos ). Then for every j € Ny, g € [1, 00| there
exists a constant C' > 0 that depends only on j, ¢, and ¢, such that

Cfl”””quu) < vellwiaey < Cllvllwiar- (A.5)

2. step: We construct a function ug on the torus T with the properties that a) g = ug
on ©; b) Uy is symmetric with respect to 6 = 0; and ¢) ||ug|lwr.a(r) < Cllullwrar)-
To that end, we extend ug to a function in W™4(R) such that the extended function
(again denoted ug) satisfies

lugllwr.am)y < Clluallwrao);

such an extension is constructed, for example, in [38]. Furthermore, using smooth
cut-off functions, we may assume that this extension satisfies suppug C [¢/2, 7 —¢/2].
We then define on the interval (—m, 7) the symmetric extension of ug by

o (z) = ug(z) ifxze(0,m)
" N we(—2) ifx € (—m,0)
16



By the support properties of uyg we then conclude
dollwr.acry < Cllullwracr-
3. step: From Lemma A.1, we get for the trigonometric polynomial Jy := Jg n Ug
liio — Inllwsacr) € ON=CD ullyrar. (A.6)

We wish to approximate g by a symmetric trigonometric polynomial. Since wug is
symmetric with respect to # = 0, we get that the trigonometric polynomial Jy defined
by Jn(z) = Jn(—x) also satisfies

[ito = Inllwsacr) < CN™Cfullwraq.- (A7)
Combining (A.6), (A.7), we conclude that the symmetric trigonometric polynomial
~ 1 ~
IN = 3 (JN + JN)
satisfies
[iig — I llwoacry < CN=CD |lullwraqr,- (A.8)

4. step: Since the symmetric trigonometric polynomial Jn can be written in the form
Jn(0) = Pn(cos(8)) for a polynomial Py € Py, we get the desired operator J, y and
the bound (A.2) from (A.8) and (A.5).

5. step: As a preparation to the final step, we ascertain for r > 1

inf lu—vllwray < Clu™ || Lo (A.9)
VEPr_1

We see this as follows: Since r > 1, we note that W™4(I) ¢ C"~1(I). Choosing an
arbitrary point zg € I and setting T._qu € P,_1 the Taylor polynomial of u € W™4(T)
about zp, we have (see, e.g., [25, Chap. 2, Prop. 5.5])

= Torl 2oy < oo,

Furthermore, we have from, e.g., [25, Chap. 2, Prop. 5.6]

lvllwraay < C {HUHL‘I(I) + ||U(T)||L<I(I)] ,
so that

Lot o= wlhweaiy < o = Torullweai < € [0 = Teovollga + 10 2o

< Cl[o™ || pary.-

6. step: It remains to show that Jr y can be chosen such that such that the properties
(A.3), (A.4) also hold.

We choose a linear operator @ : L*(I) — Pgr_1 such that Qv = v for all v € Pr_1.
Since the range of @ is finite dimensional, we get for any ¢ € [1, 00| the existence of
C > 0 such that for every 0 <r < R

|Qullwr.acry < Cllvllwra(ry-
17



Therefore, for 7 > 1 and 0 < j <7 we get

lu— (Jrn(u—Qu)+ QU)HWM(I) = [lu—Qu— Jrn(u— QU)HWJ',q([)
< COllu— Qullwrary < Cllu™| par.-

Hence, since Qu = v for all v € P,._; we get from (A.9)

lu— (Jrn(u— Qu) + Qu)|lwiary < Cvei};{l u = vllwracry < Clu™ || pacn-

We conclude that the operator u — J, n(u — Qu) + Qu satisfies the desired bound
(A.4) for r > 1. A direct calculation shows that it also satisfies the desired bounds
for r = 0. It maps into Py provided that N > R —1. 0O

The one-dimensional operator Jg n of Proposition A.2 can be tensorized to yield
polynomial approximations of functions defined on hyper cubes.

THEOREM A.3. Letd € N and I;, i = 1,...,d be bounded intervals. Set I =
I x---x1y4. Let R € N. Then for each N € Ny there exists a bounded linear operator
Jr.n : LY(I) — Qn(I) with the following properties: For each q € [1,00] there exists
a constant C' > 0, which depends only on R, q, and I, such that for all N > R—1
and all0 <r <R

JR7N’LL =Uu Yu € QRfl, (A.lO)
[|uw— JR,NU,HWL,L]([) < C(N + 1)7(T7l)|u|wr,q(1), l=0,...,r (A.11)

Proof. The operator Jg n is taken as the tensor product of the one-dimensional ones
given by Proposition A.2. To simplify the notation, we will drop the indices R, N and
write Ji, ..., Jq to denote these one-dimensional operators and J to denote the tensor
product. From Proposition A.2 we obtain the following stability and approximation
results:
|J1‘U|Wl,q(1i) < C|U|Wl,q(]i), [=0,...,r, (A.12)

lu— Joulwray < ON 4+ 1) " Dulyragy, 0<I<r<R, (A13)
where i = 1,...,d,. These stability estimates then allow us to obtain approximation
results in the standard way. We illustrate the procedure for the case d = 2. Let «,
B > 0 with o+ 8 =1 < r. Then, since the operators 9; and J; commute if ¢ # j, we
get
10705 (u — J1 @ Jyu)l| acry < 10505 (w — Jva) | Lacry + 10705 J1 (u = Jaw)[ oy

< l9g ((05u) = 1 (@5 w)) lzacr) + 1051105 (w = Jow)| o).

We consider the first term. The function v(-, z2) = 8§u(-, x2) is defined for a.e. zg € Iy
and v(-,x2) € W"=4(I;). Hence, we obtain from (A.13) for a.e. 2o € I

105 (v(-, 22) = Jio(, 22) [ Lary) < OV + 1)~ Dol 22)lwr-sa)-

Substituting again the definition of v and integrating over I, yields

107 ((05u) = 1(05w) I aqry < CN + 1)~ Dulyray.
18



By similar arguments (here, we additionally employ the stability result (A.12)) we
can bound

107105 (w — Jou)l| Lagry < C(N + 1)~ Dufyrra .

Combining these last two estimates and summing over all combinations of «, § with
a+ 3 =1 yields the desired bound. The fact (A.10) follows readily from the property
(A.3) of the one-dimensional operators. O

Appendix B. Polynomial liftings. A general trace lifting operator of the form
(B.2) was studied for example in [26,30]. The subsequent observation that it also maps
polynomials to polynomials (cf. Proposition B.1) was the basis for polynomial liftings
from H'/2(OK) to H'(K), where K is the reference square or triangle, [4,13,31]. We
generalize these results to the L%-setting. In principle, the techniques employed here
are applicable to three-dimensional problems as well, although they are technically
more involved. Polynomial lifting results for hexahedra, prisms, and tetrahedra are
available (in Hilbert space settings) in [9,10, 14, 34].

B.1. The operator FU1. We recall the definition of the reference triangle T as
T={(z,y)|0<2z<1,0<y<min(z,1—x)} (B.1)

The bottom side of T is denoted by I' = {(2,0)|0 < x < 1}. We will view T as
embedded in R in the natural way. We choose o € (0,1) and define for a function
f € LYR) the extension operator by
11 Lo
F =— t) dt. B.2

fo Py = [0 (B.2)
PROPOSITION B.1. Let the extension operator be given by (B.2). Then f — FU js
linear and FU1 € Pp if f € Pp. Furthermore, FUl| depends only on the values of f
on T, and for each q € (1,00) there exists a constant C > 0 such that for functions f
defined on I the following bounds holds (provided that the right-hand side is finite):

IFUN Loy < Cll(@(1 = 2) Y f || paqry, (B.3)

IF wracry < Cllf lwr-r/aary, (B.4)

(@ =) FY Y Laery < O fllaqry. (B.5)

[(z —y) (1 — 2z — y) FH/CON ooy < Ol fll oy, (B.6)
f(z)

(@ — ) FY oy < C |l flwi-1aaqry + ||m|\m(r) ,(B.7)

Iz —y)(1—2— y)F[f/(t(l—t))]HW1,q(T) < C||f||W1,1/q,q(F). (B.8)

Here, we employed the shorthand f/t to indicate the function t — f(t)/t and (z —
y)FU/Y to denote the function (z,y) — (x —y)FU/9(x,y). Additionally, we have

IEUN Lacory < ClIf || pacry-

Proof. We first show (B.3). From (B.12) of Lemma B.2 below we bound for each fixed
xz € (0,1)

z+amin(z,1—x)

min(z,1—z)
/ ), y)|7dy < C )l dy.
Yy

=0 z—a min(z,1—x)
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Integrating over = € (0,1) we get from Lemma B.3
|, < C / @)1 dy = Cll @1 = )7 f1L
We now turn to the estimate (B.5). From (B.14) of Lemma B.2 we get

Tt+ay
T -y f( )
O T i

ay —ay
By symmetry we conclude

11 =z — ) PV oy < O fll oy

q

dydr < C| fl|Lar

Since

we can easily obtain (B.6).
It remains to obtain the bounds (B.4), (B.7), (B.8). We compute

0, FU (2, y) = oy [f(z —ay) — f(z + ay)],
1 [ 1 ot a
Oy FN . y) = o [_P/My F@)dt+ 2 (f(a +ay) + f(@ = ap))
ooy X)) — r — X)) — X (6%
:_aiyg ) f(t)—f(x)dt—l-f() fy( y)_|_f() fy(+ y).

From the definition of the W' ~1/%9-norm and the bound (B.11) of Lemma B.2 we get

HVFWHWM(T) < Ol fllwr-1/a.a(rys
which shows (B.4). For the bound (B.7), we compute

0, ((x _ y)F[f/t]) = FUM 1 (z — y)a,FU,

a, ((m —y) F[f/t]) = —FUM 4 (¢ — y)a, FV]

and
ot~ L[flrten) gt =)
* oy | 4 ay r—ay |’
wg_ L[V, [f( z +ay) f(m—ay)}
oY _ay2/z_ay t +y rtay | a—ay
_L/Ho‘yf(t) @dtJrg{f($+ay)_f($)+f(ﬂf—ay)_f(l‘)]
Cay? Sy x y | z+ay x T — oy x |

With (B.10) and Lemma B.3 we get

r+o¢m1n z,1— ac q
||Ff/t]||q <C’/ / i dtda:<C’/ z(1—x) E:) dx
=0 Jz—amin(z,1—z)
f(z)
<C = dx. (B.9)
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With (B.13) of Lemma B.2, we can bound

/T 1‘/$$+aym_@dtq

y? t
It remains to bound terms of the form

"
m;y (f;xf;yy) 3 f;x))

dzdy < C [IF 18 -symaqey + 1 @) /all o] -

—ay

La(T) .

Rearranging terms, we arrive at

Ty (f(ﬂfiozy) _ f(ﬂf))

T+ ay T

Y L(T)
T £ ay y rtay T gy wimHaa(r) g Ny

where we employed the observation |-% :I:ay| <1for 0 <y <. The term |~ e
is now controlled in the desired fashion as in (B.9).
It remains to show (B.8). By symmetry considerations we obtain analogous to (B.7)

] /(@)
11 =2 = DF sy < € I soatry + =Ll

Since t(fl( )) = (t) + {(tz, the desired bound (B.8) now follows easily. O

The following lemma contains estimates of Hardy type:
LEMMA B.2. Let a <b, a € (0,1), T be defined as in (B.1). Then for q € (1,00)

/ ‘—/ l9(6) < (ﬁ)q/: g ()] de, (B.10)

ﬁ/ﬂg(é) g(a) d$<(q%q1>q/abwq

[ =

Furthermore, for each x € (0,1) we have upon setting m := min(x,1 — x)

m 1 oy q q q . Tr+am
[ B awal < () et [ wira @)
y= r—ay T

- —am

Yy
m 1 4oy q x+am t) — q
[ [ ) sy < () [T e o
y=0 Y~ Joz—ay q—1 r—am t—=x

Finally, we have for some constant C' > 0 that depends only on q and «:

d¢. (B.11)

dt.(B.13)

1 4oy g t q
/ (x — y)—/ ) dt| dxdy < C||gHLq(F (B.14)
T Y r—ay 3
rt+ay q
rT—y gt) gz g
/ g / W) 99 1l dady < € |lIglitys-symugey + H . (B.15)
T Yy r—ay t x La(T)

In all the above estimates, it is implicitly assumed that the right-hand side is finite.
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Proof. The first estimate is the well-known Hardy inequality, [29, Thm. 327]. For the

second estimate, we note
q b
dx = /
o llz—al? € — al

/ab o [ 169 - sta)
S/ab |xia| /: ot |§:Z|a

The result (B.11) now follows from (B.10). The bounds (B.12), (B.13) follow easily
from (B.10) and (B.11), respectively. To proceed further, we note that for x € (0,1)
we have

q

L [0,

q
dx.

(1-a)z <z—amin(z,1 —2z) <z + amin(z,1 —z) < 1. (B.16)

We are now in position to prove (B.14). From (B.12) and (B.16) we get (again with
the abbreviation m = min(z,1 — x))
1 4oy
. / 7(0)
ay

_ oy m
JACy e weef o
T Y r—ay
T+am
< C’/ a:q/
t=x—am
We now turn to the proof of the last inequality, (B.15). We employ (B.13) and obtain
q 1 era 1 :v
/ dydx < C/ /
T r= t=z—a(l—z)

We next rewrite the integrand as

f) f@)  fH)-fl@) t-=
t x 3 tx

q
dy dx

dt dz < C”f”%q(r)

q

dtdz.

f@) _ f(=)

_t oz

t—a

x—y/“ay@_@dt

y? t

—ay

and arrive at

[ x—y/”"‘yf() ) 4

5 A T A
z+alz
c xq/
=0 t

t
ft) - f(l“)

t—ax

dydr <

z+a(l—z) 1
+C/ xq/ (x)|? dt dz

t=z—a(l— :v) |t$|q
dtdx—&—C’/‘ -y

This concludes the proof of the lemma. [
LEMMA B.3. Let « € (0,1). Then there exists a constant C > 0 that depends only
on a such that

1 z+amin(z,1—x) 1
/ / lg(v)| dy da < C/ y(1 =y)lg(y)l dy.
=0 Jy=r—amin(z,1—z) y=0
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Y
17 y=(1l-a)z+a
L
—y=(1+a)r—«
(1+a)
7)) S —
y=01-a)x
1/2 1t

Fic. B.1. Integration domain in Lemma B.3.

Proof. The integration domain is sketched in Fig. B.1. Interchanging the order of
integration, we get

1 z+amin(z,1—x) Yo y/(1—a)
/. ldydr= [ 7 lgwldrdy
=0 z—amin(z,1—x) z=y/(1+a)

yta)/(1+a) yta)/(1+a)
+/ / |dscdy+/ / lg(y)| dx dy,
y=yo J x=y/(1+a) Y1 (y—a)/(1-a)

14+

where yo = 1’TO‘ and y; = =5*. The result follows now by elementary calculations. [

B.2. Polynomial lifting from the boundary.

B.2.1. Wl-stable liftings. The operator f — F[/] is the basic building block
for polynomial trace liftings.
THEOREM B.4. Let K be the reference triangle (B.1) or the reference square. Let
[' =T C 0K be the union of (closed) edges of K. Let g € (1,00). Then there exists
a constant C > 0 with the following property: for each f € C(T) such that f is a
polynomial of degree p on each edge contained in I', there exists a polynomial F' € P,
if K is the triangle or F' € Q, if K is the square such that F|r = f and

IElwracry < Clfllwi-1/aaqry,
I1FllLacry < CllfllLary-

Moreover, the mapping f — F is linear.

Proof. We consider the case of a triangle. Three cases may occur:

I‘[z}}s a single edge: We may assume I' = {(2,0) |0 < # < 1} and then choose F' as
FUI,

I’ consists of two edges I'1, I'y: The function F' is defined in two steps. First, the
lifting operator F' of Section B.1 is employed to construct a function F} € P, with
Filr, = flr, and

IEullwrary < Cllifllwi-1raamyys 1F1llnay) + 1F1llLaery < CllfllLacry)-

We have thus reduced the problem to one where f vanishes on one of the sides I'1, T's.
Without loss of generality, we assume that I'1 = {(2,0)|0 < z < 1/2} and f|r, =0
with Ty = {(z,2)|0 < # < 1}. The mapping f — (z — y)F¥/1(x,y) of Section B.1
then has the desired properties.

I' = OK: After having constructed a lifting from two adjacent edges as in the above
construction, we may assume that f vanishes on two sides of 7. Without loss of
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generality, we may therefore assume that f|r, = 0 for ¢ € {2, 3}, where I'; is the third
side of 9T given by I'; = {(2,0)|0 < x < 1}. The construction of a polynomial F'
with the property F|r, = f and F|p, = 0 for ¢ € {2,3} is then achieved with the
operator f + (z — y)(1 — x — y) FF/CO=D](z ) of Section B.1.

The case of a square is proved similarly using the ideas of [4]. Note that in the case
of a square, the set I' may be disconnected, i.e., it consists of two parallel edges of
K. In this event, we easily reduce the construction to the case where f vanishes on
one of the two edges and construct £’ € Q,, in the same way as the function U in the
proof of Lemma C.1. O

REMARK B.5. The lifting operator of Theorem B.4 is independent of p. Since for
p = 0 the constant function is reproduced, this operator reproduces constants for any
p € Np. u

B.2.2. Polynomial liftings with improved L%-bounds. The basis of the
results of Section B.2.1 is the operator f — FUT of Section B.1. We introduce a new
operator FIf] by

FU(z,y) = (1 - y)F (2, y). (B.17)

We note that, if f € P,, then F € Pap.  Furthermore, ﬁ[f]h“ = f, where I' =
{(z,0)]0 <z < 1}. We also have

LEMMA B.6. Let T be the reference triangle. Then there exists a constant C' > 0
such that for every p € N the functions FU1, Fy .= (x —y)FU/1, Fy = (z — y)(1 —
T — y)ﬁ'[f/(t(l—t))] satisfy

PIFEI pacry + 1 EP wracry < Cllfllwi-raary + Co 9 fll Lary,
Pl Nzacr + IR lwar) < Clflwsvmaqey + Ol =2l agey + Cp =) Flgaqey,
PP lsacr) + 1Bl acry < O Issrmaqey + €0/ Loy

Furthermore,

IEWN Laory < CIlF | Laqry-

Proof. The lemma follows from Lemma B.9 below and the properties of the operator
FU/1 of Section B.1. O

PROPOSITION B.7. Let K be the reference triangle (B.1) or the reference square. Let
I' =T C 0K be a union of edges of K. Let q € (1,00). Then there exists C > 0
such that for every f € C(I") that is a polynomial of degree p € N on each edge of K
there exists a polynomial F (if K is the reference triangle then F € Ps,, otherwise
F € Qup) such that Flor = f and

PIF | acey + 1F lwraciey < Cllfllwi-1/aaqry + Co* U 1l agry.-

Furthermore, the mapping f +— F is linear.

Proof. The proof is similar to that of Theorem B.4. The appeals to Proposition B.1
are replaced with those to Lemma B.6. 0

REMARK B.8. It is easy to see that in the statement of Proposition B.7 the statement
F € Psp, or F € Qqp can be replaced with F' € Prapy or F' € Qp\p] for arbitrary A > 1.
The constant C' > 0 does depends on A, however. "
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LEMMA B.9. K be the reference triangle (B.1) or the reference square. Set I' =
{(2,0)|0 < & < 1} and let g € (1,00). Then there exists C > 0 such that for every
p € N and every function g € WH4(K)

pI(L = 9)Pgll ey + (L= y)Pgllwra) < Clglwrary + " gll acry-

Proof. We express the function g for y > 0 as g(z,y) = g(z,0) + fty:O gy(z,t) dt. Then
1 /v
(1= 9a(e.9) = [0 =3l > [ ayfe.)dt+ (1= )79(a.0)

Since

= QA

sup (1 —y)Py < —, (B.18)

y€(0,1)

we conclude with the Hardy inequality (B.10)

C _
(1 —y)Pgllpar) < E|9|W1"1(K) +p Uq“QHL‘?(F)-

For the bound on the derivative of (1 — y)Pg, we write

V(A =y)Pg) =pL—y)" g+ (1 -y)Vy;
we treat the first term as above and for the second term we use |1 —y| <1 on K. O

Appendix C. One-dimensional extension operators. The liftings of Section B
can be applied for the construction of one-dimensional extension operators:
LEmMMA C.1. Let I = (0,1) and q € (1,00). Then there exists a bounded linear
operator Z : Wlfl/q’q(IA) — Wlfl/q’q(IA) with the following properties:
1
1. M dz < C|ul
=0 x9
2. if u € Pp, then Zu € Pp;
0
3. Zu(l)=0 and/ Zu(@)l"
S (I—z)t
4. ”ZU”L‘I(I) < CHU”Lq(f)'
Proof. Let T be the reference triangle and identify I with the edge of K lying on the
z-axis. Consider the trapezoid

q .
Wi-1/a:a(])’

dz < C”“‘H%ﬂ—l/q«l(f);

T:={(z,y) eT|0<y<1/4}
and define I' = {(z,2) |0 < z < 1/4}. An elementary calculation reveals
IFEIC1/4) w0374y < Cllull o)
for some appropriate C' > 0. Hence, the function
Ulz,y) = FU(z,y) — 4yF (e, 1/4)
satisfies

HUHWLLI(T) < C”U”Wlfl/q,q(j)a U]l Laqry < C||U||Lq(f)a Uly=1/4 = 0.
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Additionally, if v € Pp, then U € Q,. Defining Zu(z) for z € (0,1) by (Zu)(x) =
U(x/4,2/4) and appealing to the trace theorem concludes the proof. O

LEMMA C.2. Let I = (0,1), g € (1,00). Let k € Ny. Then there exists C > 0 such
that for every p € Ny with p > k there exists a linear operator Zp 1 : P, — Pp_p
with the following properties:

Zpp—kl =1,
(Zp,p—ru)(0) = u(0),
||Zpap—ku||[,q(f) S O”“”Lq(f)a

||Zp,pfku||wlfl/q,q(f) < C”“”wlfl/q,q(f)a

/1 (Zppi)@) =@l )
0

mq—l Wl—l/q,q(])
In particular, therefore,

||ZP,P*7€U’ - uHWll—l/q,Q(f) < CHu”Wl*l/q,q([A)'

Proof. The key to this result is the following approximation result of [18, Cor. 3.7]:

Lt fu = vleg) < 12608 P gy, Yu€R,  (C)

p—k

where J C I is an arbitrary subinterval of I and |/| denotes the length of J. We
(arbitrarily) choose J = (0,1/2), denote by Z,_x : C(J) — Pp_i the GauB-Lobatto
interpolation operator and set

(Zpp—ru)(x) = (Tp—ku)(2x).

By construction (Z, ,—xu) € Pp—i. Additionally, the fact that the endpoint 0 of J
is an interpolation point implies (Zp ,—xu)(0) = u(0). In order to see the remaining
estimates, we see that (C.1) together with standard inverse estimates (see, e.g., [25,
Chap. 4, Thms. 1.4 and 2.6]) implies

lu = Zyrullwre ) < CPlu = Tyull sy < CoP~* lull yo 7y < CPlull gy

for some suitable C > 0 and p € (0,1) that are both independent of p and u. In
particular, since u(0) = (Zp,—,u)(0), we get

[0(2) = (T, 1) (@) .
max |;; <’ = Ty 2y < CF ]y

From this and the triangle inequality, we can easily infer the estimates

HIp_kuHLq(J) < CH””LQ(D’

HIZ)*ku||W1*1/‘1vq(J) < C”u”Wl*l/q,q([A)a

Y2 Ju(x) — T, wu()|?
p—k q
/O bR gy < Clallt g,

From this and the change of variables  +— 2z the desired bounds follow for Z, ,_j. O
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LEMMA C.3. Let I = (0,1) and q € (1,00). Then u € W=Yaou(T) implies that the
function @ : & — zu(x) is in W=Y99(T) and satisfies

1= q
[ s g < Clal
0

LI S q
ra—1 Wi-1/aa(f Wi=1/a.a(])

for some C > 0 that is independent of u.
Proof. The estimate [|t@]lyy1-1/q.0(5) < Clltlly1-1/4.0(7) follows from the smoothness of
the function z — z. The remaining estimate follows by inspection. O

Appendix D. Polynomial inverse estimates. The companion of polynomial
approximation results are inverse estimates. In the present section we generalize
some well-known one-dimensional inverse estimates to the higher dimensional case.
On the interval I = (0,1) we define

Ds(x) :=2(1 — x). (D.1)

Then there holds the following inverse estimate:

LEMMA D.1. Let -1 < a < 3, 6 € [0,1] and ®; be defined by (D.1). Then there exist
Ci, Cy = C(a, B), C3 = C(6) > 0 such that for all p € N and all polynomials m, of
degree p

1 1
/ D (z) (W;(x))z dr < Cpo/ 7 (x) dz,
0 0
1 1
/0 ¢y (x) dr < 02]92(6750/0 @gﬂg(x) dx,
1
/0 o2 (771/)(33))2 dx < C3p2(2_6)/0 2 (z) da.

Furthermore,

1 1
/71 (W;,(x)f dx < C1p? [1 O, 'm2(x)dx if additionally 7,(£1) = 0.

Proof. These one-dimensional results can be found in, e.g., [16,17]. O

The weight function ®; in Lemma D.1 is characterized by ®s(x) ~ dist (m,@f )
Lemma D.1 may be generalized to higher dimensions in different ways. In spectral
element methods, which are based on tensor product domains, it is natural to consider
weight functions that are tensor products of the one-dimensional weight function (see,
e.g., [12,17]). This approach is not suitable for hp-FEM as the case of simplices cannot
be handled. We therefore base our analysis on the following weight function:

O (z) = dist (x af%) (D.2)

where the domain K is the reference square or the reference triangle. The two-
dimensional analog of Lemma D.1 reads as follows:

THEOREM D.2. Let K be the reference square or the reference triangle and let ® - be
given by (D.2). Let o, B € R satisfy —1 < a < 8 and 6 € [0,1]. Then there exist Cq,
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Cy=C=0C(,0), and C3 = C3(8) > 0 such that for all polynomials m, € Q,

/@k|VWp|2dxdy§Clp2/ |7p|? da dy, (D.3)
K K
/(@k)aﬂgdxdngpz(ﬁ_a)/ ()" 72 da dy, (D.4)
K K
25 2 2(2—8) 5 2
(®z)7 [Vmp|Pdady < Cp (Pg) 7w dady. (D.5)
K K

If additionally 7, =0 on 0K, then

/A |V, |? do dy < Clp2/ (c1>f<)’1 7|2 de dy. (D.6)
K K

The basis of the proof of Theorem D.2 is the following quasi one-dimensional result
on trapezoids:
LEMMA D.3. Let d € (0,1), a, b be given such that —1 + ad < 1+ bd and define the
trapezoid D by

D(a,b,d) == {(z,y) €R* | y € (0,d) and —1+ay <z <1+ by}.
On D define the weight function
Do pa(r,y) :=min{|z — (=1 +ay)|, |z — (1 + by)|},

which measures the distance of the point (x,y) from the lateral edges of D. Let —1 <
a < B and § € [0,1]. Then there exist C1 = C1(w, B,a,b,d), Co = C2(d,a,b,d) > 0
such that for all p € N and all polynomials 7, € Q,

/ o7y g(z,y) m dody < Cyp*P=e) / @ib)d(a}, y) 7 da dy,
D(a,b,d) D(a,b,d)

/ 02, 4w, y) |07y |* du dy < Cop®®~?) / o), J(@y) 7 du dy.
D(a,b,d) D(a,b,d)

Proof. Lemma D.1 and a scaling argument imply easily the existence of C' > 0
independent of y such that each fixed y € (0,d) we have

1+by

1+by
/ (Papalz,y)* m(z,y) de < CpQ(ﬂ_“)/ (Pa,pa(z,y)” 72(z,y) dz.
—1+ay —1l+ay

Integrating this last estimate over y € (0, d) completes the proof of the first estimate.
The second estimate is proved similarly. O

Lemma D.3 is the basis for the proof of Theorem D.2.

Proof of Theorem D.2: Exemplarily, we will prove (D.4) and (D.5) for the case of the
reference triangle K =T, since the remaining cases are proved using the same ideas
and techniques. For notational convenienc, we will also assume the reference triangle
T to be the equilateral triangle with side lengths 1 given by

T:{(x,y)|0<x<1,0<y<min(\/§w,\/§(1—m))}. (D.7)

The basic idea of the proof is to cover K by a few (in fact, < 6) trapezoids and
exploiting that on each such trapezoid D, the distance to K is comparable to the
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distance to the lateral sides of D. Thus Lemma D.3 is applicable, and the desired
result follows from a covering argument.
For any s € (0,1/3), we denote by D(s) the trapezoid

D(s) := {(a:,y) eT|y< sm} \ {(x,y) eT |y < s(x— %)} (D.8)

For the proof of (D.4), choose s € ( @, v/3) and define two auxiliary trapezoids (see
Fig. D.1)

Dy := D(s), Dy := mirror image of D; about the line y = ‘/Tgm

Note that T" C (Dl U DQ) U Rﬂ/3(D1 U DQ) U Rgﬂ-/g(Dl U DQ), where Rﬂ-/3, Rgﬂ-/3
denote the rotation about the barycenter of the triangle T' with angles 7/3, 2m/3,
respectively. One can easily find an affine map F' and constants a, b, d such that
F(D(a,b,d)) = Dy, where the trapezoid D(a, b, d) is defined in Lemma D.3. We note
that for the function ®, 3 4 of Lemma D.3, we have

GpoF ~®,p4 uniformly on D(a,b,d).

Hence, we obtain from Lemma D.3
/ % |y |2 da dy < Cp*P=) / o7 |mp|* daz dy.
D1 Dl

A similar estimate holds for Dy and the sets R, /3D1, Ror/3D1, Ry/3D2, Rog/3Ds.
Estimate (D.4) then follows by a covering argument.

The bound (D.5) is proved similarly. Choosing @ <5< s <3 weset
Dy = D(s), 1:=D(s).

Using the same arguments as before, we conclude with the aid of Lemma D.3 that

/D ©?|§-Vﬁp|2dxdy§0p2(2_‘s)/D ¢%|V7Tp|2da:dy,
1 1

/s
o

where §= (s,1), s = (s',1). We conclude, since §, s’ are linearly independent that

@?L;’ V| dx dy < Cp*—%) /

(I)%|V7Tp|2 dx dy,
2

’
1

/ ©?|V7rp|2 dxdy < C’pz@_‘s)/ (I’?|7Tp|2 dx dy
DiND;, D

1 UDi

SC’pZ(Q_‘S)/ (I’?|7Tp|2 dx dy. (D.9)
T

Using the same arguments, the bound (D.9) also holds with Dy, D} replaced by Da,

DY, their mirror images with respect to the line y = 7333 Similarly, the pairs D1,

Dj, and Dj, D} may be replaced in (D.9) the sets obtained by rotating by 7/3 and
27 /3 about the barycenter of T. As all these sets together cover the triangle T', we
may conclude the proof of (D.5). ad
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Y T Y T
N\ y—x/s +1/2
Q\% y=s(r—1/2) \
1" 1"

Fic. D.1. Trapezoids D1 = D(s) and D2 of the proof of Theorem D.2.

REMARK D.4. The proof of Theorem D.2 is based on a) the quasi one-dimensional
result Lemma D.3 and b) a covering argument. The arguments of Theorem D.2 may
therefore be extended to arbitrary dimensions and to more general domains. Also
other one-dimensional inverse estimates in weighted Sobolev spaces could be treated
in this way.

REMARK D.5. Polynomial inverse estimates on simplices in weighted Sobolev spaces
were recently obtained in [19]. While [19] provides sharp explicit bounds, the weights
employed are weaker than the weight function (D.2) considered here.

Appendix E. Approximation with trigonometric polynomials. The following
result can be obtained from combining Thms. 2.3, 2.7, 2.8 of [25, Chap. 7].
PROPOSITION E.1. Let T be the torus and denote for r € Ny, q € [1,00] by W™4(T)
the usual (periodic) Sobolev spaces. Denote by T the set of trigonometric polynomials
of degree N.

Then for each R € N and N € N there exists a bounded linear operator Jp n : L*(T) —
Tn and a constant Cr (depending solely on R) with the following properties: For every
r € Ny with 0 <r < R and every q € [1,00] there holds for all uw € W™4(T)

[l (w — JR’NU)(.?)”LQ(T) < CTN*(T*j)|\u(T)||Lq(T), j=0,...,1 (E.1)

Proof. As the operator Jp ny we take the averaging operator of Jackson type defined
in [25, Chap. 7, equ. (2.8)], i.e.,

Jr.nu(z) = /11" (=) AL (u, 2) + u(z)] Kn,r(t) dt,

sin(mt/2) ) 2R 7

Ky p(t) = A
~.&(t) N7R< sint/2

where Ay, g > 0 is such that [ Ky r(t)dt =1;m = [N/R|+1 € Ny, and Aff(u,z) =
ZkR:O (Ik?‘) (—1)=Fy(x + kt) is the standard higher order forward difference.
By the proof of [25, Chap. 7, Thm. 2.3] these operators have the following properties:
There exists Cg > 0, which depends solely on R, such that for u € LI(T) (if ¢ € [1, 0))
and u € C(T) (if ¢ = 00)
lu — Jr NullLoery < Crwr(u, N~ 1)y, (E.2)
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where wr(u,6)q = sup,<s | Afful| pacry is the standard modulus of smoothness. Fur-
thermore, we have the following two elementary properties of the modulus of conti-
nuity (cf., e.g., [25, Chap. 2, equs. (7.5), (7.12))]:

wr(u, ), < 2877w, (u,8),, 1<r<R, §>0, (E.3)
wr(u, 8)g < 0" |u| pacry, if ue Wrda(T), r> 1. (E.4)

We now prove (E.1) by induction on r. We proceed as in the the proof of [25, Chap. 7,
Thm. 2.7].
1. step: The case r = 0. From [, Ky g(t)dt =1, we get
lu—Jr,nullLacr) = || /(-URHAf’(u,x)KN,R(t) dt|| Lacry < 2R||u||Lq(1r)/ Ky r(t)dt
T T
< 2R||U||L4(1r)

2. step: We assume that (E.1) has been proved for some r — 1 with 1 <7 < R and
show that (E.1) also holds for . We we first note that » > 1 implies by Sobolev’s
embedding theorem W14(T) C C(T) that any function v € W™4(T) is continuous.
Combining (E.2), (E.3), (E.4), we get

lu = Jr.nvullpoery < CRN " |[u™ | Locry. (E.5)
Next, we consider the function u’ € W"=14(T). Then by the induction hypothesis
the function S := Jgr nu' satisfies

() , ,
I (= 5) " Nzar) € CRN=C D u|pamy, =0, 1.

Denoting by ag the constant term of the trigonometric polynomial S , we define § :=
S — ap and estimate with [25, Chap. 7, eqn. (2.15)]

lu" — S| pacry < 2[u" — §||L‘1(’]I‘)~
‘We conclude
1 =) | gaer) < 2CRN D@ papy,  j=0,...,r—1.  (E6)

Since S has, by construction, vanishing mean, there exists a trigonometric polynomial

S e Ty such that S = S. We finally define the trigonometric polynomial R =
Jr,n(u— S). Since u € W™4(T) C C(T), we get from (E.2) and (E.6)

I(u—S) = Rl pacry < Cwi(u — S,1/N), (E.7)

< ON“M = §lgaem) < ON " u ]| agry. (ES)

Again, since u € W™(T) C C(T), we conclude from [25, Chap. 7, Lemma 2.6] (here,
the estimate (E.7) is the required hypothesis) for the trigonometric polynomial R

-~ ~ N/
IR lzamy < Con(w = §,1/N)g < N (u = §) Hlzar) < CN =D )ju acr).

(E.9)
Therefore, by the Bernstein inequality (see [25, Chap. 4, Thm. 2.5, 2.6])

IRV Lagry < N R [l agry € ON™CT D [u® pagry, j=0,...,r=1. (E.10)
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We are now in position to prove the desired claim. We have to show (E.1). For j =0,
this follows immediately from (E.5). For derivatives, we estimate for j =0,...,7 — 1
using the Bernstein inequality

| (u— Jg, U)(ﬁ ) ||Lq (1) <

GG+ ~ o~
1 (u= G+ B)" liary + 1 (S + B~ T
||
||

We now combine the estimates (E.6), (E.10), and (E.8) to arrive at

(+1)

) lLacry <
(G+1)

(' — 5V |l LacTy + IR D) aery + |l (5 +R—Jr Nu) |l La(T)
(' = 8)9 || Lary + IRV pagry + NS + R — T ull acry

||(’LL—JRN’LL) ||Lq(T)<CN (T 1= ‘7)||’LLT)||L<1(T) ]’:O,...J”—l7
which yields (E.1). O
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