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Summary We consider a fully discrete finite element approximation of
the nonlinear cross-diffusion population model: Find u;, the population of
the i*" species, 7 = 1 and 2, such that

aui

D — A[ciui —|—CLZ'UZ2 +uiuj] —b V. (UZVU) = gi(U1,UQ),

where 7 #£ 1 and gi(ul, UQ) = (Nz‘ — Yii Wi — Yij Uj) u;. In the above, the
given data is as follows: v is an environmental potential, ¢; € R>q, a; €
R are diffusion coefficients, b; € R are transport coefficients, 1; € Rxq
are the intrinsic growth rates, and v; € Rx¢ are intra-specific, whereas
Yij» 1 # J, € Ry are interspecific competition coefficients. In addition
to showing well-posedness of our approximation, we prove convergence in
space dimensions d < 3. Finally some numerical experiments in one space
dimension are presented.

Mathematics Subject Classification (1991 ): 65M60,65M 12, 35K55,92D25

1 Introduction

Let 2 C R? d > 1, with a Lipschitz boundary 9f2 having normal v.
We consider a fully discrete finite element approximation of the following
nonlinear cross-diffusion population model:

(P) Find u; : 2 x [0,T] — R, the population of the i*" species, i = 1 and
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2. such that
aui .
T V. Bi(u1, u2) = gi(u1, u2) in 27 := 2 x(0,7], (1.1a)
Bilu, uz) . v =0 on 82 x (0,11, (1.1b)
i+ 0) = uf(-) > 0 in £2; (1.1¢)

where, for j # ¢, the flux terms

ﬂi(wl,wg) = V(CZ‘ w; + a; w? + w; wj) + b; w; Vv
= (¢ + 2 a; w; + w;) Vw; + w; (Vw; +b; Vo), (1.2a)

and the reaction terms

gi(wi, wa) 1= (fs — Vs wi — Yij Wj) w; (1.2b)

are of Lotka-Volterra type. In the above, the given data is as follows: v €
HY(02) nWhs(2), s > d, is an environmental potential, ¢; € Rxq, a; €
R are diffusion coefficients, b; € R are transport coefficients, 1; € Rxq
are the intrinsic growth rates, and v;; € R>q are intra-specific, whereas ;;,
i # j, € R>¢ are interspecific competition coefficients.

We review briefly what is known about the system (P). Firstly, without
loss of generality, one can take the coefficient of the cross-diffusion term
A(uy ug) in both equations in (P) to be unity, by rescaling the unknowns
{u1,us}; see [7] for details. Secondly, the system (P) is strongly coupled
with diffusion matrix

_fcat2aiur +ug Uy
Alur, up) = ( Uy co + 2 a9 uy —l—ul) ) (1.3)

Unfortunately, there is no maximum or comparison principle for such cou-
pled systems. We note that

2
TAMuL, ) €2 (ai+ (20— Hu) & VEERE  (14)
i=1
If 8a; > 1land ¢; > 0,¢ = 1, 2, then A{uy,us) is positive definite for
u1, ug > 0. In this case of weak cross-diffusion, the existence of a global
weak solution to (P) in any space dimension is easily proved in [6]. Obvi-
ously for general data, including strong cross-diffusion; that is, ¢; € R>q
and a; € Rug, ¢ = 1, 2, then A(uj,us) is not positive definite. Exis-
tence of a global weak solution to (P) for such general data has only been
established recently. Using an exponential transformation of the unknown
variables, {u1, us}, existence of a global weak solution to (P) in one space
dimension was established in [7]. Very recently existence of a global weak
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solution to (P) in up to three space dimensions has been established in [5]
without using an exponential transformation, which restricted the proof in
[7] to one space dimension. For other existence results for (P) under re-
stricted choices of the coefficients, see the references in [7] and [5].

A key step of the multi-dimension existence proof in [5] is to establish
and exploit an entropy inequality. As this will play a central role in our
finite element approximation of (P), we review briefly this inequality here.
Firstly, we introduce F' € C*°{R~) such that for all s € R+

F(s):=s(lns—1)+1>0=F'(s)=lns= F'(s)=s1. (15)

Multiplying the i*® equation of (P) by F”(u;), and integrating over £2 yields
fori =1, 2, with j # ¢, that

d/F(ui)d:ch/ [(ciui_l+2ai+ui_1uj)|Vui|2+Vuj.Vui] dz

:/[—bin.Vui-l-gi(uhug) F'(u;)]dz. (1.6)
02

Summing (1.6) over i yields that

2 2

=1

2
:/ Z[—bz’W-Vuz'Jrgi(m,uz) F'(u;)]dx. (1.7)
2.3

Obviously, the bound (1.7) is only formal since e.g. a priori we do not know
that u;(z,t) € Ry for F to be well defined. To make this bound rigor-
ous, and in constructing our numerical approximation of (P), one has to go
through a regularization procedure. We introduce an alternative regulariza-
tion procedure, which we believe to be more transparent, to that employed
in [5]. We replace F' € C*°(R~) for any ¢ € (0,1) by the regularized
function F; : R — R>g such that

522_552—1—(1n5—1)s—|—1 s<e,
F.s):={ (Ins—1)s+1 e<s<el, (18
e(s2—e2)

>+ (Ine™! —1)s+1 el <s.



4 John W. Barrett, James F. Blowey

Hence F. € C%1(R) with the first two derivatives of F. given by

e ls+lne—1 s<e,
Fl(s):=<{ Ins e<s<e !, (1.9a)
es+Ine 1 -1 el <s
et s<e,
and  F/(s):=¢ st e<s<el, (1.9b)
5 el <s;

respectively. We introduce also
_ g S s<egl ,
Ae(8) :=[F/(s)]Y  and  A(s):= { . 1o, (110)

The corresponding regularised version of (P) is then
(P.)Find u.; : 2 x[0,7] — R, ¢ =1 and 2, such that

au i .
87? -V. ﬁe,i(ue,h u5,2) = ge,i(ue,h u5,2) in {27, (1.11a)
Bei(tte,1,ue ) . v =10 on 812 x (0,T),
(1.11b)
Ue i (-, 0) = ud(-) >0 in £2; (1.11c)

where for j # ¢

Be.i{wr, wa) := (¢; + 2 a; Ae(w;) + Ae(w;) ) Vy
+ Ae(w;) (Vw; + b; Vo), (1.12a)
Gei(w1, w2) 1= py wi — (Vs Ae(wz) + vij Ae(wy) ) Ac(wy). (1.12b)

Multiplying the i*" equation of (P¢) by F(u. ;), integrating over {2 and
summing over ¢ yields, on noting (1.10), the analogue of (1.7)

2 2
d _
7 /Q ;:1 Fo(ug;) dz + /Q ;:1 (ci [Ae(uey)] 119 a;) \Vum-\Z dz

1 1 2
A 2 A 2
+/ ( E(Ue,Z)) vugl"‘( E(Us,l)) V’LLEQ
2

dx
)\E(us,l) )\E(UE,Z)
2
= / Z[ —bi Vu. V’LLEJ' + ggﬂ-(u&l, u572) FEI(’U,EJ') ] dx . (1.13)
2=

It is easily established from (1.8), (1.9a) and (1.10) that for ¢ € (0, 6*2)

Fs)>%5s2—2 Vs>0 and F(s)>% Vs<O0; (l.14a)
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max{A(s), s F.(s)} < 2F.(s)+1 VseR, (1.14b)
A(s) Fl(s) > s—1 VseR. (1.14c)

From the inequalities (1.14a—c), and noting that [1 — s]; < 1 — [s]_ for all
s € R, we obtain for i = 1, 2, with j # ¢, that

Ge.i (ua,b UE,Q) Fg/(ua,i)
S CH2p; Fo(ues) + [7i Ae{ues) + i Ae(tte ;) ] [1— ves)+
<O+ 2 (s + vir) Fe(ues) +2vij Fe(ue j)

2 (i 4 i) [wea)® + 5 (i e, )] + vig [Aeue)]?)
SO+ (2 +4 i+ vi5) Fe(ues) + 3vi5 Fe(ue ;) - (1.15)

Combining (1.13) and (1.15), and applying a Gronwall inequality yields the
following uniform bounds

sup /
te(0,1)J 02

Although u, ; can go negative, it follows from (1.16) and (1.14a) that

2
sup / {Z\ [ue ] — \2‘ dz < Ce. (1.17)
)82 Limt

te(0,T

2

Z F; (ua,i)

2
d:c+/ > ai|VuePdedt < C. (1.16)
i=1

Qr

One can then use (1.16) and (1.17) to pass to the limit e — 0 in (P.) in
order to prove existence of a non-negative solution to (P). As we have stated
previously, we believe this procedure to be simpler and more transparent to
the alternative regularization procedure adopted in [5].

It is the goal of this paper to introduce a fully discrete finite element
approximation of (P) that is consistent with the entropy inequality (1.13).
In order to derive a discrete analogue of (1.13), we adapt a technique intro-
duced in [12,9] for deriving a discrete entropy bound for the thin film equa-
tion, a degenerate nonlinear fourth order parabolic equation. This technique
has also been adapted to the thin film equation in the presence of surfac-
tant, [2,4], and to a degenerate nonlinear second order parabolic system
modeling bacterial pattern formation, [3].

We are not aware of any numerical analysis on the problem (P), except
for the convergence of a semi-discretization in time (continuous in space)
scheme in one space dimension, based on the exponential transformation
of the unknown variables, {u1, us}, see [7]. The layout of this paper is as
follows. In §2 we formulate our fully discrete finite element approximation
to (P) and derive a discrete analogue of the entropy bound (1.13). In §3
we establish convergence of our approximation in one, two and three space
dimensions; and hence existence of a solution to (P) under basically the
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same assumptions as in [5]. In §4 we present some numerical computations
in one space dimension. Finally, we note that the techniques in this paper
can be easily adapted to other cross-diffusion systems; e.g. [8].

Notation and Auxiliary Results

We have adopted the standard notation for Sobolev spaces, denoting the
norm of W™4(G) (m € N, ¢ € [1,00] and G a bounded domain in R%
with a Lipschitz boundary) by || - ||, 4, and the semi-norm by | - |, 4. For
q = 2, W™2(G) will be denoted by H™(G) with the associated norm and
semi-norm written, as respectively, || - || m.¢ and | -| .. For ease of notation,
in the common case when G = {2 the subscript “{2” will be dropped on the
above norms and semi-norms. Throughout (-, -) denotes the standard L?
inner product over {2.

For later purposes, we recall the following well-known Sobolev inter-
polation results, e.g. see [1]: Let z € H*(2) then the inequality

[1,00] if d=1,

zlox < Cl2lg77Nl21I7  holdsforr € {[1,00) if d=2, (1.18)
[1,6] if d=3;

where 0 = % and C is a constant depending only on {2 and r. We

recall also the following compactness result. Let Xy, X and X; be Banach
spaces, Xy, k& = 0, 1, reflexive, with a compact embedding Xy — X
and a continuous embedding X <— X;. Then, for ax > 1, &k = 0, 1, the
embedding

{n€L*0,T;Xp): % € L¥(0,T; X1) } — L*(0,T; X) (1.19)

is compact.

For ¢ € (1,00), let (W4(£2))" denote the dual of W"4(£2). It is con-
venient to introduce the “inverse Laplacian” operator G : (W4 (Q))/ -
Whd'(02),q = 747 such that

(VGz,Vn) +(Gz,n) = (z,m)g  Vne W), (1.20)

and (-, -), denotes the duality pairing between (W"4(£2))" and W'4(12).
It follows that ||G - ||, o is a norm on (W4(£2))’.

Throughout C' denotes a generic constant independent of h, 7 and &, the
mesh and temporal discretisation parameters and the regularization param-
eter. In addition C{az, - - -, ar) denotes a constant depending on the argu-
ments {a; }7_;.
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2 Finite Element Approximation

We consider the finite element approximation of (P) under the following
assumptions on the mesh:

(A) Let §2 be a polygonal or polyhedral domain if d = 2 or d = 3. Let
{T"}1>0 be a quasi-uniform family of partitionings of {2 into disjoint
open simplices k with h,, := diam(k) and h := max, c» hy, so that
2 = U,.c»F. In addition, it is assumed for d = 2 or 3 that all simplices
k € T" are generically right-angled (for d = 3 this means that all
tetrahedra have two vertices at which two edges intersect at right angles,
see below for more details).

We note that a cube is easily partitioned into such tetrahedra. Let {e;}%_,
be the orthonormal vectors in R?, such that the 5" component of e; is i,
i, j = 1 — d. Given non-zero constants p;, i = 1 — d; let &({p;}%_,) be
a reference simplex in R? with vertices {@}fzo, where py is the origin and
Di = Di—1 + pi€i, i = 1 — d. Given a k € T" with vertices {pji}fzo, such
that p;, is not a right-angled vertex, then there exists a rotation/reflection
matrix R, and non-zero constants {p;}%_, such that the mapping R, : 7 €
R — pj, + BT € R? maps the vertex p; to pj;» © = 0 — d, and hence
R =r({p}L ) to k. Forall k € T" and n € C(F), we set

7Z) =n(R2) and (F'))(@) = (7"n)(ReZ) VZer Q1)
As RT = R_1, we have for any z* € S* and x € T" that

v = R, V3", (2.2)
where = (21,---,24)7, V = (6%1’ ey a%d)T, T = (%1, 247 and
o —( 0 O \T
V=(Z. )

Associated with 77 is the finite element space
Shi={x e () : x| islinearV x € T"} c H(12). (2.3)

We introduce also
Sgo ={xesh:x>0inN2} c
Hi(2):={ne H(2):n>0ae.in 2}. (2.4)

Let .J be the set of nodes of 7" and {p; } .7 the coordinates of these nodes.
Let {x;},e. be the standard basis functions for S*; thatis x; € S%; and
x;(pi) = &;; forall i,j € J. We introduce 7" : C(2) — S*, the inter-
polation operator, such that (7n)(p;) = n(p;) for all j € J. A discrete
semi-inner product on C(2) is then defined by

o) = [ w (@) m(e) de = Smym(p) ), @9

jeJ
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where m; := (1, x;) > 0. The induced discrete semi-norm is then |75 :=

[ (n, n)h]%, where 7 € C(f2). We introduce also the L? projection Q" :
L%(£2) — S" defined by

@, )" =(n,x) Vxesh (2.6)

Similarly to the approach in [12] and [9], we introduce, for any ¢ €
(0,1), Ae : 8P — [L2°(2)]%*¢ such that for all z* € S and a.e. in 2

Ac(z") is symmetric and positive definite, (2.7a)
A (2P Vrl[FL(2M)] = V2 (2.7b)

Firstly, we give the construction of A. in the simple case when d = 1.
Given 2" € S” and k € T" having vertices p; and pg, we set

Pty 1
Fl(zM(pr))—FL("(p;)) — F/(z"(€))
A(Z) = for some ¢ € k if 2"(pg) # 2"(p;), (2.8)
) if (k) = 2" ().

Clearly the piecewise constant construction in (2.8) satisfies the conditions
(2.7a,b). Following [9] we extend the above construction to d = 2 or 3. For
any 2" € S", we set

Ac(2M) |ai= Ry A(Z") |z RE, (2.9)

where 2"(Z) = z"(R,Z) for all Z € & and A.(3") | is the d x d diagonal
matrix with diagonal entries, k = 1 — d,

PE-B) )2 (05
FL(Z(pr)) - FL(Z" (Do) — FL(z"(pj;,))—FL(z"(pjp))
_ 1 . .
[ZE(?h) el 1= = TRNE) for some & between p;, and p;,

if Zh(pjk) # Zh(pjo)>

= Fé/(zhl(pjo)) if Zh(pjk) = Zh(pjo)'
(2.10)
It easily follows from (2.1) and (2.2) that A.(z") constructed in (2.9) and
(2.10) satisfies (2.7a,b). Throughout we make use of the fact that powers
of the matrices A.(z}) and A.(z%) commute for any 2z € S*, see (2.9). It
is the construction (2.9) and (2.10) that requires the right angle constraint
on the partitioning 7. We note that this is not such a severe constraint, as
there exist adaptive finite element codes that satisfy this requirement, see
e.g. [11] Another consequence of the right angle constraint on 77 is that

VA (011 < (Vx, VA" A(x)]) VxSt (2.11)

1
F'(Z(Po))
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In addition to 7%, let 0 = g < &3 < ... < ty_1 < iy =Tbea
partitioning of [0, 7] into possibly variable time steps 7, := #, — tp_1,
n =1 — N.We set T := max,—1 ;N Tn. For any given e € (0,1), we
then consider the following fully practical finite element approximation of

(P):
(PL7)For n > 1 find {Ur,, Uy} € [S™]? such that for i = 1 and 2, with
4§ # 1, and for all y € S”

h
ur,-ul;t
(P25 (ot 200 4U20) + AU2)] VU 90
+ (Ae(U2,) [VUZ; + b V(7") ], Vx)
= (1 UL = [ A(UZT) + 9 A(UZTOIAUL), )", (2.12)
where Ugi € S" is an approximation of u{ e.g. er,z‘ = 7' or QMuf.
Below we recall some well-known results concerning S” for any k €
Th, x, 2" € S, m € {0,1},p € [1,¢], s € [2,00] ifd = 1 and s €
(d,o0]ifd = 2 or 3:

XI5 < Chit (Xl (2.13)

< Ch_d(%_%) v © (214

‘X‘m,r,n = K ‘X‘m,p,n T E [p> OO] ) (2.14)

lim [[(7 = 7")nlls,s = 0 Ve W (2); (2.15)
(I = 7"V0ms < C R )1 Ve Wh(0); (2.16)
[.x%de < [ nP[x2dz < (d+2) [ x?dz; (2.17)

162" = (062" < 1T =7 (x 201 < CA™ [Xlmp |21 -
(2.18)

It follows from (2.6) for all € L°°({2) that

(Q”n)(pj)zg’f; Vied = 1@"loe < Inlocer (219)
» Xj

In addition, it holds for m € {0, 1} that
(I = Q") lmy < CR"™ |01, ¥ne W (2)  foranyr € [2,00].
(2.20)
It is also easily established that
|2M0g < ChTYIG2" 1, V2tezZh  foramyge (1,2 (221

Finally, we note that (2.20) and (2.21) exploit the fact that we have a quasi-
uniform family of partitionings {7"};~0.
We now recall two lemmas concerning A.(-).
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Lemma 2.1 Let the assumptions (A) hold and let || - || denote the spectral
norm on R¥™?. Then for any given ¢ € (0,1) the function A. : S —
[Lo°(02)]9%¢ satisfies

efe<efa(Me<elele veeR! Sest Q2
and is continuous. In particular it holds for all 2}, 28 € S" k € T" that

H(Acz) = Acz)) e 1 = H(AE) — A(E) = |
< max || (pi) = 40| + 14 Ei) = )l | 223)

where we have adopted the notation (2.9) and (2.10).

Proof The proof is a simple modification of the proof of Lemma 2.1 in [3].
O

It follows from (1.10) that for all & € 7" and for all 2" € S
‘(I - 7Th)/\a(zh)‘0,oo,n < hg ‘V/\a(zh)‘O,oo,n < hg ‘Vzh‘O,oo,n . (2.24)
The following Lemma is an extension of (2.24) to A.(-).

Lemma 2.2 Let the assumptions (A) hold. Then for any given e € (0, 1) the
function A, : 8" — [L>®(£2)]%*% is such that for all k € T"

max [ {4:(z") = Ae(z") T}(a)l| < B [VE" | V2" e 5™, 229)

where 1 is the d X d identity matrix.

Proof The proof is a simple modification of the proof of Lemma 2.3 in [4].
O

Theorem 2.1 Let the assumptions (A) hold and {Ugl_l, Ug;l} c [SM?,
n > 1. Then for all ¢ € (0,e~2), for all h > 0 and for all T, such that
wTy < 1, where w = max{2p1 + y11 + 712, 2 2 + Y21 + Y22}, there
exists a solution {U", Uy} € [S™)? to the n-th step of (P27) .

Proof Fori = 1and 2, with j # i, let A? : [S?]2 — S be such that for all
x € Sh
(AP, T2), 0" = (U = U7 %)
+ 7 [ ([ei +2a; Ac(Ui) + A(U;) ] VU3, V)
+ (Ae(Ui) [VU; + b; V(7"0) ], Vx)
— (ki Ui = [y Ae(UZTY) + 71 A (UL I A(U7), )" ] - (2.26)
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Therefore, on noting (2.26), we have that (2.12) is equivalent to: Find {U?;
Uy} € [S")? such that

AP (UM, Ul) =0 i=1,2. (2.27)

Assume that for a given R € Ry, there does not exist {Uy, Us} €
[Sh]R = {(+1,25) € [S")*: ‘Zl‘h + ‘22‘}1 < R*} with A7 (U, Uz) =0,
i =1, 2. It follows immediately from (2.26), (2.23), (1.10) and (1.9b) that
A? is continuous on [S"]%. Hence we can define the continuous function
B" = (B}, By) : [S"% — [S"%, where BI'(Uy, Us) := —R AUy, Us)
/(Z?Zl |AT(Uq, Ug)‘i)% As [S™% is a convex and compact subset of the
finite dimensional space [S?|?; the Brouwer fixed point theorem, see e.g.
[10, Theorem 9.36], asserts that there exists {Uy, Us} € [S"]% such that
B™Uy,Up) = Uy, i = 1, 2. Moreover, we have that |U3|3 + |Us|? = R2.
We will now prove a contradiction for R sufficiently large.

Choosing ¥ = 7*[F/(U;)] in (2.26), and noting (2.7b) and (2.22), yields
fori =1, 2, with j # ¢, that

n n— h
(A}, Ua), FA(U))" = (Ui = U™ FLUU))
+ 7o [ ([e; [Ac(U ! + 20, T + [AL(U:)] " A(U;) | VU;, VU)
— (3 Ui = [ Ae(UZTY) 4 75 A (U2 T AU, FLU(UL) )
+ (VU 4+ b; V(r"0), VU;) ] . (2.28)
It follows from (1.9b) and (1.8) that forz =1, 2
(U = UL FUUN 2 (Fo(Us) — F(UZTY, D + 51U = U272
> (Fo(Uy) = F(UITH, D"+ S |UZ = §|1UZTHR . (229)
Combining (2.28) and (2.29), and noting that 22 U2 = R2, (2.7a),

Ae(s) > Oforall s, F/(s) > 0if s > 1, 3, V44, 145 € R0, (1.14a—) and
a; € R yields, similarly to (1.15), that

2

Z( (A?(Ul? UQ)? FEI(U

i=1

Mm

2
Z 1 - Q/J/ZTTL (UZ)7 1)h

2
7[> ([ei '+ 20, Z] VU, VU;) +b; (V(n™), VU;) |
i=1

+ 7o | ([A(U)] T A(U3))2 VU + ([A=(U2)] 7 Ac(U1))2 VU, [§

2
70 > (Y AU + %5 AU, [T )" = Uz, U2 )
i=1,j7#4
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2
Tn -1
(1= 2 ] (Fe(Ui), 1) = 25—~ (vas + vi5) | (U3
=1 i=1,j7#1
2
— 5 Z(%z +9ji) [Ae (ng—l)‘ C(Ugl 1? Un2 x U)
i=1,j7#4

AV
PN
&)
_|_
M v

v
PN

2
2+ Z [1 — T (2 i + vii + i) | (Fe(U3), 1)"
(Ugll,U"2 ). (2.30)

Hence on noting our assumption on 7,,, and on choosing R sufficiently large
we have that

2
AU Up), FAU))* > £ R? — C(UZT, U5 7ho) > 0. (231)
7 £ 4 g,1 2
i=1

2

Similarly to (2.29), on noting (1.8) and that Z \UZ\% = R?, we have for R
i=1

sufficiently large that

R2-2|02]>0. (2.32)

Clearly (2.31) and (2.32) for R sufficiently large contradicts that {Uy, Us}
is a fixed point of B™

2 2

> (U, FLU))" = (B}, Ua), FUU))"

i=1 i=1
_ R (A7(U, Uy), F(U)"
i 47 (U, U)1)2

< 0. (2.33)

Therefore, under the given assumptions on € and 7,,, we have existence of
a solution to (2.27) and hence (2.12), the n-th step of (P?’T). O

Lemma 2.3 Let the assumptions of Theorem 2.1 hold. Then for all € €
(0, 6*2), for all h > 0, and for all T, > 0 such that w T, < 1 a solution
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{UZ4, ULy} to the n-th step of (P27 ) is such that

2
D+ 7, Zai Uz, 3

LU, )+ Cr [T+ |7"0[3]. (2.34)

Fjw
S

(1-wmy,)
i=1

Mw

(14+3wm,)
7:1

Proof Similarly to (2.28) and (2.30), on choosing x = Wh[FE’(UE"Z)] in
(2.12), and noting (2.7b), (1.9a) and (1.14¢), we obtain for ¢ = 1, 2, j # i,
that
(U2 = UL FUUZ)" + 10 (VUL + b V(n0), VUT,)
+ 7 ([ [A(UZ) T+ 20, T + [A(UZ))| T AU | VUL, VUL)
=Tn (Nz‘ Ug,z‘ - [’Yii Ae(Ugjl) + vij A (Un 1) ] )‘E(ng‘)» Fe/(ng) )h
< 7 [ [2(F(UZ), D" + 192/
+ (ris A(UZTY) + i A(UZF ), [1 = UZ]4)"] - (235)
Similarly to (1.15), on noting that [1 — s];, < 1 — [s]_ for all s € R,
(1.14a,b) and (2.5), we have for ¢ = 1, 2, j # ¢, that
(ris Ae(UZT) + 35 (U2, (1= UZ3)4)"
< 2 (i Fe (UL i Fe (U271, D" 55 (s + ) U2
+ 5 [ AU DR+ AU+ C
<3 (vii Fo(ULT) + i Fe (UL, 1)
+ (v + i) (F(UZ), )+ C. (2.36)

Similarly to (2.30), summing (2.35) over ¢ and noting (2.29), (2.36) and
(2.7a) yields the desired result (2.34). O

Remark 2.1 We note that (2.34) is a discrete analogue of the formal energy
estimates (1.7) and (1.13). Furthermore with no reaction terms, p; = y;; =
vi; = 0,4 = 1and 2, with j # ¢, then Z?:p (F.(+),1)"is a discrete Lya-
punov functional for (P };’7). In addition, for such data (UE"Z, 1) = (UE0 1),
forn>1and: =1, 2.

Theorem 2.2 Let the assumptions of Lemma 2.3 hold. Let u) € L>®(£2)
withud(z) > 0forae x € 2,i=1, 2, andv € Hl(Q)ﬂWLB(_Q) with
B >d Fori =1,2, let Ugi = Qhu? € S’go, or Ugi = 7l € Sgo if
ud € HY(2) N WIB(02) with 3 > d. Then for all ¢ € (0,e2), for all T
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such thatwt < 1 — 6 < 1L and for all h > 0 a solution {U>"}, U, }7_ ) 10
(PE ") is such that

2

%, 3 [z, D% + & N O3 + 10T o
+ZTn Zaz U213
<Ce* |14 |n v\1+z h] <C. (237

In addition

N 2
>0 30 | 1ALUZ0 s + 17 D20 15, + 024,

n=1 =1
Un 1 q
Ul + Hg el Jco e
lq
2 d+1 2 (d+1
where 7 — 244+ and g = 2(d+1)'
Proof It follows from (2.34) thatforn =1 — N
2 . 2
DR, D <Cr [ L 7ol + 65" Y (F(UZT), )
i=1 i=1

(2.39)
Hence it follows from (2.39), (2.19), (2.16) and our assumptions on u? and
v that
2 o 2

max (F(UZ), Dr<ce s |1+ |72 + Z(FE(UEOZ) 1k
N i i=1

<C. (2.40)
Choosing ¥ = 1 in (2.12), and noting (2.5) and (1.10), yields that
(1= pm) U2, <UL n=1-N, i=1,2. (24])

Hence it follows from (2.41) and (2.19) that

wl

)< (U0, 1) <CeT  i=1,2. (242

n
maXN(U p

€,8?
n=1— ’
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In addition, it follows from (2.42), (1.14a) and (2.40) thatforn =1 - N

Uliloa < (@"|UZ],1) < (UF,1) = 2 (x"UZ]-, 1)
<Cl1+|x"ur)Bl<c  i=1,2. (2.43)

&,

The max over n bound in (2.37) then follows from (2.40), (2.5), (1.14a)
and (2.43). Summing (2.34) for n = 1 — N and noting (2.40) yields the
summation over n bound in (2.37) with || - ||; replaced by |-|;. Noting (2.43)
and a Poincar¢ inequality yields the desired || - ||; bound in (2.37).

It follows from (2.9), (2.10), (1.10), (2.14), (1.18), (2.37) and (2.11) for
the stated choice of r

|A(U) o, < C Z R [T IA(UZ)]
rETh
< C|n"A(U2)] \6,_12 I IA(UZ)] |13
< C[1+||U%|T] n=1—=N, i=12. (244)

< Clr"IA(UZ)] 5

‘r
0,00,k

Hence the first two bounds in (2.38) follow from (2.44) and (2.37). The
third and fourth bounds in (2.38) follow similarly.

It follows from (1.10), (2.19), (2.17), Sobolev embedding and (2.11) for
any ) € Wl’q/(ﬁ) and forn =1— N andi, j =1, 2 that

AU AU, QM) < (A(UZT), A(UZ)" [1]0,00
< Cla" AU Do I A (UZ NI Iml1,4
< T AU Do 10U Inlleg - (245)

From (1.20), (2.6), (2.12), (2.16), (2.20) and (2.45) we obtain for any n €
Wi4'(2)and forn =1 — N andi =1, 2 that

n—1 n n—1
U i Us,iiUs i

Usnii €, i
ur, Ut ur, Ut
= (i ) = (=, Q)"
2
<CM, |1+ Z N0kl | lmll1,q s (2.46a)
k=1

2
where M, ;:1+Z[|A€(ng)|o,r+|wh[A€(Ug,;1)]|O,T} . (2.46b)
k=1
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It follows from (2.46a,b), (1.10), (2.37), the first two bounds in (2.38) and
(2.19) for the stated choice of ¢ that fori =1, 2

N Un _Unfl q N 2 1
ZT" Gl ] SCZTnMg 1—|—Z||ng||1]
n=1 lq n=1 k=1
N 5wy 2 214
<c |3 m M:;] Do |1+ UL | SC. @47
n=1 n=1 k=1

Hence we obtain the desired fifth bound in (2.38). O

3 Convergence
Let

Uei(t) i= Bl yn, + o=t gl b€ [tyog,tn] n>1 (3la)

n

and

U;ri(t) =U! U’

&,1? &,

) :=U"  te(ty1,tn] n>1 (3.1b)

We note for future reference that

Ui ~UZ =t —t5) %l te(tyornty) n>1, (3.2)
where tﬁ{ :==tpand t, :=1, 1. We introduce also
7(t) := 1 te(th 1,ty] n>1. (3.3)
Using the above notation, (P ?’T) can be restated as:

Find {U. 1, U. 5} € [C(]0, T]; S")]? such that for i = 1 and 2, with j # 4,
and for all x € L2(0,T; S

T h
19} £,
/0 [( Ue, ,x) + ([ei +2a; A:(UL) + A(US)] VUL, V)

+ (A(US) VUL, + 6,V (7"0) ], V) | dt

T
:/o (1 UF; = [y Ae(UZ) + i A(UZ)] A(UD), )" dt. (3.4)
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Lemma 3.1 Let the assumptions of Theorem 2.2 hold. In addition, let { Th,

{m 31, e}nso be such that T, shfﬁdl — 0, as h — 0, with either
(i) 1 < Ch* or (i) w € HYQ) if U, = Q"ul, i = 1,2 or (iii)
uw) € HY{(Q)nWL8(2), 8 > 4d, ifUEO’i = 7', i = 1, 2. Then there
exists a subsequence of {U; 1, Ue 2}, where {U; 1, Ue 2} solve (P?’T) and
functions

w; € L0, T; HLo(£2)) N L7 (27) " WH0, T; (WH(2))) (3.5

with u;(-,0) = u?(-) in (WI4(02)), i = 1, 2, where r = %, q =

22(311) and ¢ = 2(d+ 1), such thatas h — 0

Ueir UZ; > wi  weakly in L*(0,T; HY(£2)) N L™ (2r),
(3.6a)

G%ei _, GO ypeakly in L9(0, T; WH(02)),  (3.6b)

Ui, Us; — U, strongly in L*(0, T; L3(02)), (3.7a)

AE(UEi’i), Fh[/\E(Us’:i)] — U, strongly in L*(0, T; L"(12)), (3.7b)
AE(UEi’i) —w; T stronglyin L*(0,T; L™(2)); (3.7¢)

where s € [2,00] ifd =1, s € [2,00) ifd =2and s € [2,6) ifd = 3.

Proof If (i) holds, that is 7y < C hZ2, then it follows from (2.13) and (2.19)
that

n UL <clwdlE<c  i=1,2. (3.8)

Alternatively, (3.8) can be achieved with more regularity on u? via (2.20)

and (2.16) if (ii) or (iii) hold, respectively. Noting (3.1a,b), (2.37), (2.38),
(3.8), (2.19), (2.9) and (2.10) we have for : = 1, 2 that

+)2 — hrpr(E 2
||Us(,i)||L2(O,T;H1(Q)) S [Ue(,i)]*HLOO(O,T;LQ(Q))

+ + r
+ 11U g oz () + 1AUED 0

+ r + T
+ U o + 17 LU T
IS ey + 16751 <C. (9
ed WLT(027) gt lLa(0,T;wla(2)) =~ :

In the above, and throughout, the notation Ua(f) means with and without
the superscript . Although U, ; can go negative, the amount it can is con-
trolled by the regularization parameter ¢ through the second term in (3.9),
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the analogue of (1.17). Furthermore, we deduce from (3.2) and (3.9) for
1 =1, 2 that

1% £,1
1G [Ue,i — Ua:l,:i] a0, rswraco)y < CT ||g%||Lq(0,T;leq((z)) <Cr.
3.10)

Hence on noting (3.9), (3.10), (1.19) and the compact embedding H1(2)
— L5(42), we can choose a subsequence {U; 1, Ue 2}, such that the con-
vergence results (3.5) with HL,(12) replaced by H1(£2), (3.6a,b) and (3.72)
hold.

We now consider (3.7¢). Firstly, we note for ¢ = 1, 2 that

llus = Ae(UZ) | 22(0,1527(02))
< lus = Ae(ui) | 20, 00(2)) + [Ae(ts) = XU L2 0,1:27(2))
+ 1A (UZ) = AU 20,0702y Bo1D)

As u; € L"(f27), recall (3.5), it follows from (1.10) for s = 1, 2 that

||’U,Z — )\E(ui)||L2(07T;LT(Q)) —0 as e—0. (3.12)

Noting (1.10), we have for i = 1, 2 that

1 Xe(25) — Xe(Us,Ei)||L2(0,T;Lr(9)) < i = Ul zzompr)y - (3:13)
It follows from (1.10), (2.14) and (3.9) for : = 1, 2 that

X (UZ) = AU 220,772
< e = [UEI-l2.r:r ) < lle = 7" U5 l20.070))

< ChG) [t |7t [UF) Nl pagan | < Ceth™r. GI14)
Noting (2.24), (2.25), (2.14) and (3.9), we have for i = 1, 2 that

(T = 7" AAUE) Nzzor:Lr2)) + 1A(UE) T = Ac(UE) |20, 7:07(02))
< CRAGTD | VUS || iy <CRY 7. (3.15)

Combining (3.11), (3.12), (3.13), (3.14) (3.15) and noting (3.7a) and our
assumption on ¢ yields the desired result (3.7b,c). Finally, we note that
(1.10) and (3.7b) = u; > 0 a.e. = HLy(£2)in(3.5). O

Theorem 3.1 Let all the assumptions of Lemma 3.1 hold. Then there ex-

ists a subsequence of {Ug1,U: 2}, where {U; 1, Ue 2} solve (P?’T), and

Sunctions {uy, us} satisfying (3.5), (3.6a,b) and (3.7a—c). Furthermore, we

have that u;, i = 1, 2, fulfil u;(-,0) = vd(-) in (W142)), ¢ = 22(311),
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and satisfy for i = 1 and 2, j # 4, and for all € L9 (0, T; W19 (12)),
¢ =2(d+1),

T
/0 [(%“;,77} dt + ([ ¢ + 2 a3 i + uj ] Vg + u; Vuy + b; Vo, V)| dt

T
= / ([ps = vis wi = vij uzlug,m) dt. (3.16)
0
Proof For any 1 € L7 (0, T; W4 (£2)), we choose x = 7" in (3.4) and
now analyse the subsequent terms. Firstly (2.18), the embedding H1(0,T’;

X) < C(]0,T); X), (2.21), (3.9) and (2.16) yield for i = 1, 2 and for all
ne LY(0,T; W' (£2)) and 7 € HL(0, T; Who(£2)) that

/OT [<5g§’i,whn)h (ag;z’w 77)] dt‘
S‘/OT{ Wes rhip m) (agt’ My Tﬂ)} ‘
g
(Ue
(Ue

ot
(120 250) — (10, 257) " ]
T, 7 T = (Ui, T), 75, T) |

#(50),715(,0)) = (Uei(-,0), 7(-, 0))"

<C ||ga—;’i||Lq(0,T;W1vq((2)) ||7Th[77 — 7] ||Lq’(07T;W1,q’(Q))

+

+

+ Ch | Ueill oo o 1200 17" | 2 0. 7100 (2
<C ||77 - 77||Lq’(07T;W1,q’(Q)) +Ch ||77||H1(0,T;W1v°°((2)) . (3.17)

Furthermore, it follows from (1.20) and (3.9) for i = 1, 2 and for all n €
L9 (0, T; W' (2)) that

(9Um
[ -

aUs i
< OG5 oo rwra) 1 = 7)1l Lo o mowrar 2y

<O - 7Th)77||Lq’(07T;W1,q’(Q)) . (3.18)

Combining (3.17), the denseness of H(0,T; W1°°(£2)) in LY(0,T;
We' (2)), (3.18), (2.15), (1.20) and (3.6b) yields for i = 1, 2 and for
ally € L9 (0, T; Wh9'(2)) that

T
/(8131?’}77”77 dt—>/ Oui n)gdt ash— 0. (3.19)
0
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It follows from (3.9) for4, j = 1, 2 and forall € L7 (0, T; W19 (£2))
that

/T( A(UE) VUL, V(I — 7)) dt
0

£,1°

< CN AU Lm0y IVUL N 20y IV = 7)1l Lo 0,
< O ="l o o 1w (2)) - (3.20)

Similarly to (3.20), it follows from (3.9) and (3.5) for ¢, 7 = 1, 2 and for
ally e LY(0, T; Wh'(02)) and 77 € HY(0,T; WH°(2)) that

T
| vl w1y vus v dt\

T
<| [y ~ 0y D) VUL IR &t |+ C IV G =Dl

< CNA(UZ) = wi Tl 20,107 (2)) IVl Low (20
+C IV =)l Lo (2 - G2D

Combining (3.20), (2.15), (3.21), (3.7¢), H'(0,T; W1:>°(£2)) is dense in
L9 (0, T; WL4'(2)) and (3.6a) yields for 4,5 = 1,2 and for all €
L9 (0, T; Wi4'(2)) that

T T
/(AE(U:j)VU:i,V(whn))dt%/ (u; Vug, V) dt,
0 0
£,1°

T T
/ (VUL V(x"n))dt — / (Vu, Vp)dt  ash—0. (3.22)
0 0

Similarly to the derivation of (3.22), one can show for ¢ = 1, 2 and for all
n € LT(0,T; WH9(£2)) that

T T
/(AE(U:i)V(whv),V(whn))dt—>/ (u; Vo, Vn)dt ash—0.
’ ’ (3.23)

Similarly to the derivation of (3.22), it follows from (2.18), (3.9), (2.15)
and (3.6a) for i = 1, 2 and for all € L7 (0, 7; W19 (£2)) that

T h T
/ (Ue,i,whn> t — / (ugym)dt as h — 0. (3.24)
0 0
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Noting a generalisation of (2.18), (2.13), (2.11), (2.16) and (3.9) yields
fori, j =1, 2 and for all n € L7 (0, T; W14 (£2)) that

T
/0 (UL A (UZ), 7Y = (P DU 7 D (U], 7)| dt\

T
< [ 1a =) (UL A DT ) o e
<CHK ||7Th[)‘6(Ue_,i)]||L2(O,T;H1(Q)) ||7Th[)\e(U;Lj)]||Lr(0,T;W1»r(Q))
x ||7Th77||Lq’(07T;W1,q’(Q))

<Ch ||U;¢||L2(O,T;H1(Q)) ||7Th[)‘s(U;j)]||LT(QT) ||77||Lq’(07T;W17q’(Q))

S C h ||n||L‘1,(O,T;W1v‘1,(Q)) . (325)
Similarly to (3.25), it follows from (3.9), (3.5), and (2.16) for ¢, j = 1, 2
and for all n € L9(0,T; W7 (2)) that

T

1 Dt 2 D027 — ()]

< 7" AU D zr 20y 17" 1l Lot 0y 17 e (U )] = will L2052

+llwill e 20y 170l ot o 17" (U )] = il L2021

+ il 2y sl e 12 = 7"l Loy

<C

2
h + Z ||7Th[/\a(U;k;)] - ukHL?(QT)] ||77||Lq/(07T;W1,q/(Q)) .
k=1
(3.26)
Combining (3.25) and (3.26), and noting (3.7b), yields for ¢, j = 1, 2 and
forall n € L9 (0, T; W4 (£2)) that

T T
/ A(UZ) A(UZ), e dt — / (uug,m) e as h— 0. (327)
0 0

Finally, combining (3.4), (3.19), (3.22), (3.23), (3.24) and (3.27) yields
that {u, us} satisfy (3.16). O

4 Numerical Results

Before presenting some numerical results in one space dimension, we state
briefly our algorithm for solving the resulting system of nonlinear algebraic
equations for {U,, Uy} arising at each time level from the approxima-

tion (P ?’T). We used the following iterative approach to solve (2.12) for
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(U2, U2} Given U € P, i = 1, 2, for k > 1 find {UX}, UZ} €
[S%]2 such that for ¢ = 1, 2, with j # 4, and for all y € S*

Un’~k7Un~71 h ik ik n
(7x) + (e + 20 AU + ALUDE Y VUTE, Vy)

Tn e, 0
n,k—1 n.k h
+ (AS(Ue,i ) [VUe,j + bZ V(ﬂ' 1)) ]? VX)
= (i UL = (i Ae(UZTY) + 9 AU AU, 0" @
(4.1) requires a linear solve at each iteration and is the natural extension of
the iterative procedure proposed in [9] for solving a related finite element

approximation of the thin film equation. We set, forn > 1, UE" ;0 = UE”Z‘_1
and adopted the stopping criteria

max [U2F — U o0 < tol 4.2)

i=1,2 ‘
withtol = 1077, and set U, L=, E"Zk Although we are unable to show con-
vergence of the iteration (4.1), we observed good convergence properties in
practice (at most 10 iterations and this maximum only being required in the
very carly stages of the evolution) with the exception of the experiments
with strong transport (b = 20 and 40).
Unless otherwise stated, in all experiments we chose a uniform parti-
tioning of {2 = (0, 3) with mesh points p; = (j — 1)k, j = 1 — 301, i.e.
h = 1072; a uniform time step 7, = 7 = 10~ and sete = 5 x 10~ 7.

No Reaction Terms

We repeated the experiments in [6] which show the behaviour of the two
interacting species for different choices of the parameters and initial data.
In each experiment we set p; = v;; = vi; = 0, v(z) = —1.5(z — 0.5),
and Ug ; = m"uf. We note that these discretisation parameters h and T are
exactly the same as those chosen in [6] for their finite difference approxi-
mation of (P). In contrast to their approximation, our approximation (P?’T)
conserves mass exactly, recall Remark 2.1. For these experiments, we in-
tegrated in time until a numerical stationary solution, Uf:i, was achieved.
This was determined by
max \Ug;l — Ug;o\ovoo <5x 1071,

which is far more severe than the stopping criteria (4.2). In all of these
experiments we found that

Cmax | [e; +2a; A(US) + AE(UESj)] vUZ,;
i=1,2, j#i ’ ’ ’

+ AUE) [VUE; + b, V(n"0) ] [o,00 < 1077, (4.3)
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which should be zero for an “exact” numerical stationary solution of (P? .

In all the figures below Ugl(-) and UEQ(-) are plotted as a solid and
dashed line, respectively. In addition, all numerical stationary solution times
are correct to one decimal place.
A: Large and small cross-diffusion terms

We took b; = ¢; = 1, u¥(x) = 10, u9(z) = 20,and a; = 0, 0.1, 10; see
Figure 4.1A. The numerical stationary solutions for a; = 0, 0.1, 10 were
achieved at times 5.0, 3.0 and 0.9, respectively.
B: Large diffusion coefficients ¢; compared to a,, i.e. ¢; > a;

All parameters were the same as in A, except a; = 0.01,¢; = 1, 10, 100;
see Figure 4.1B. The numerical stationary solutions for ¢; = 1, 10, 100
were achieved at times 4.7, 1.6 and 0.2.

35 s
30 ///U’N\\\\\ e 7 1

K S Looa-10
280 200 T 10&”55?":::;:%-;,,;
200" T ‘10:\*:'::’\)‘11’: """" - 15 ) \\\\\\
15 1 10-166 E—
10 O-T 0 5

I § I

Ay 3 3 B:® e 3
Fig. 4.1. A: Curves labelled with a; values, B: with ¢; values.

C: Segregation effects due to a large ratio of transport coefficients

All parameters were the same as in A, except a; = 1 and b; = 4, 8, 20,
40; see Figure 4.2A. In addition, for b; = 40 we took 7 = 5 X 10~% in or-
der to achieve convergence of the iterative solver. The numerical stationary
solutions for b, = 4, 8, 20, 40 were achieved at times 0.8, 0.7, 0.7 and 0.6.
Only in the case of by = 40, did Uy become negative and throughout the

experiment always satisfied min _min U} (p;) > —5 X 1075,
n=1,-- N jeJ ’

We repeated this experiment with a; = 0.1; see Figure 4.2B. When
b1 = 40 we took 7 = 2 x 10™* in order to achieve convergence of the
iterative solver. The numerical stationary solutions for b = 4, 8, 20, 40
were achieved at times 1.7, 1.4, 1.6 and 1.8. Only in the cases of b; = 20
and 40 did U["; become negative and throughout each experiment always
satisfied min mg{l}l U(py) > =3 107°,

= J

n=1,,
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Fig. 4.2. A: Curves labelled with b; values with a; = 1, B: with a; = 0.01.

D: Discontinuous initial data
All parameters were the same as in A, excepta; = 1, by = 8, ug =10
and
0 12 0<z<15

U]_: )
8 lo<x<3

see Figure 4.3A where u! is also plotted. The numerical stationary solution
was achieved at time 0.7.

30
TN ! N
X
20, / \
10 X
A Q 1 2 3 B 1 3 BE
Fig. 4.3. A: Discontinuous initial data, B: Segregation of species.

E: Segregation of the two species

All parameters were the same as in A, except a; = 1, a3 = 0.01, b1 =
40 and u) = 10; see Figure 4.3B. The numerical stationary solution was
achieved at time 1.5. Throughout the experiment min mg{x; Uly(pj) >

n=1,--,

—4 x 107°,

There is very good agreement with the above figures and the corre-
sponding figures in [6], except for Figure 4.1B in the case of ¢; = 1. This
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is probably due to a typographical error in [6], rather than a significant dif-
ference in these different approximations of (P).

Reaction Terms

We now include reaction terms. All parameters were the same as in A
above, except a; = 0.1, ag = 0.05, ; = 1,

_(0.10.1 0.50.1 0.50.5 d 0.50.5
7= (0.1 0.1) ’ (0.5 0.1) ’ (0.5 0.5) n (0.1 0.1) ’
which are labelled 71, 2, 3 and 4 in Figure 4.4A; where we plot the nu-
merical stationary solutions. These were achieved at times 110, 108, 100
and 100. We note that the corresponding diffusion matrix, (1.3), is not pos-
itive definite on recalling (1.4); and w = 2.2, 2.6, 3.0 and 3.0, respectively,

on recalling the definition in Theorem 2.1. Throughout the experiments
min _min U, (p;) > —5 1075, We repeated this experiment with

n=1,-- N jeJ
_[{0.10.1
7= 0505/

and even with this asymmetric initial data obtained the same numerical
stationary solution as that labelled 4 in Figure 4.4A with Ugl and U55:2
interchanged. When we repeated the experiment with a; = a9, then the
numerical stationary solutions satisfied Ugl = U55:2 for 71, 2 and ~y3; as to
be expected.

25|

12t 7
- 20

10

Fig. 4.4. A: Curves labelled with reaction matrices, B: u;i(-,0.2).
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Convergence Experiment

We take the initial data and all other parameters as in the previous exper-
iment with 4, except ¢; = 0 and T = 0.2. However, the uniform mesh
parameters /1, 7 and € were all varied. As we do not know the exact solution
to (P), a comparison was made between the solutions of (P ?’T) on a coarse
mesh, U, ;, with that on a fine mesh, u;. The discretization parameters on
the coarse meshes were 7 = 256 h?/90, e = 10 *h and h = 3/(#J — 1)
where #.J = 2% + 1 with k = 5,6, 7 and 8; while those for the fine mesh
were the same except #J = 2'1 4 1. We repeated this experiment, but took
7 = h/30. We note that in both cases all the assumptions of Theorem 3.1
hold. In Figure 4.4B, we plot u;(-, 0.2) the “true solution” of (P) and note
that there has been a large change from the initial data. In Figure 4.5, we
plot |u;(+,t) = Ue.i(+, ) |0,00 versus time with the graphs labelled by #.J and
in Table 4.1 we give the values of & = |u;(+,0.2) — Ue;(+,0.2)]0,00 cOI-
rect to 3 s.f. for the different meshes. With 7 oc h? the ratios of successive
&1 are 3.38, 3.18 and 2.94 while those of & are 3.70, 3.72 and 3.41. With
7 o h the ratios of successive £1 are 2.04, 2.05 and 2.10 while those of £
are 1.93, 1.99 and 2.04.

1 1
0. 0.
0.6 B S 0.6"
_ 33 '
o4 \ T 0.4
0.2\,\\
s 0.1585 T
A g 0.1 02 B:§
Fig. 4.5. A: |ui(-,t) — Uei(-,1)|0.00 versus time with 7 oc h?, B: with 7 = h.
#J | & & #J | & &
33 | 0.350 0.653 33 | 0.0976 | 0.109
A:ll 65| 0.104 0.177 B: 65 | 0.0477 | 0.0566
129 | 0.0326 | 0.0476 129 | 0.0232 | 0.0285
257 | 0.0111 | 0.0139 257 | 0.0111 | 0.0139

Table 4.1. &; with A: 7 o< h% and B: 7 o h2.
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