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Abstract. We present two versions of general Poincaré—type inequalities for functions in broken
Sobolev spaces, providing bounds for the L¢—norm of a function in terms of its broken H!-norm.
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1. Introduction and Notation. In recent years there has been considerable
interest in the development and mathematical analysis of discontinuous Galerkin finite
element methods for the numerical approximation of second—order elliptic partial
differential equations. Unlike classical, conforming, finite element methods which
seek a continuous piecewise polynomial approximation to a weak solution w in the
Sobolev space H'(£2), in discontinuous Galerkin finite element methods the numerical
solution is sought as a discontinuous piecewise polynomial approximation to u on a
suitable finite subdivision 7 = {k}, into open disjoint Lipschitz subdomains &, of
the computational domain , Q = U,c7R, where  is a bounded domain in R” with
Lipschitz continuous boundary.

A useful technical tool in the error analysis of classical conforming finite element
methods is the Poincaré inequality which, given that ¥ is a bounded linear functional
on H'(Q) with (1) = 1, asserts the existence of a positive constant C' = C(d), where
d = diam(2), such that

€] g0y < C {IVEll 2y + 1%} forall € € ().
By writing £ — ¥(§) in place of ¢ in this inequality, we deduce that
1€ =V (©) 120y < CIVEll 2y forall &€ HY(Q),
and therefore

ig&”f = cll2) S IVEllL2q) forall £e€ H'(Q).

In the context of discontinuous Galerkin finite element methods it is natural to enquire
what the analogue of these inequalities are when the function £ only belongs to the
broken Sobolev space H'(2,T), consisting of functions ¢ such that £, € H!(k) for
each k in 7.

We shall present two versions of a Poincaré-type inequality for broken Sobolev
spaces. A variant of a Poincaré—type inequality for functions in broken Sobolev spaces
in the case of Q C R? was derived in Arnold [2], Lemmas 2.1 and 2.2, where the proof
relies on elliptic regularity in non—smooth domains. More general results of this kind
for 2 C R™ involving various seminorms were obtained by Brenner in [4]. The proofs
in [4] heavily rely on the compactness of the embedding H'(Q) C_, L*(9).
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2 A. LASIS AND E. SULI

Here we generalise both approaches, providing bounds on the L9(Q2)—norm, in
terms of a broken H'-norm, for 1 < ¢ < 2n/(n —2), n > 3, and for 1 < ¢ < oo,
n = 2, Q C R™. The first version of a Poincaré—type inequality for functions in
broken Sobolev spaces is proved by using the Sobolev embedding theorem and elliptic
regularity results, and thus relies on the regularity of the domain. For the second
version, we chose to extend the approach used by Brenmner in [4]. Both versions
include the critical value of ¢ = 2n/(n —2) for which the embedding H'(Q) C_, LY(Q)
is continuous but not compact.

Let us introduce the notation we shall be using throughout. Let 7 be a subdivision
of the domain Q C R", n > 2, into disjoint open elements & such that Q = U,.c7R.
We assume that the family of subdivisions 7 is shape-regular (see [3]), and that each
k € T is an affine image of a fixed master (reference) element &, i.e., kK = F} (%), where
f is either the open unit simplex or the open unit hypercube in R™. For a nonnegative
integer k we denote by P (&) the set of polynomials of total degree k on 4. To each
k € T we assign a local polynomial degree p, > 0 and a local Sobolev index s, > 0.
With this, we designate to the subdivision 7 the broken Sobolev space of composite
order s = {s, : k € T},

H3(Q,T)={ueL*Q) ul, € H* (k) VkeT},

with the broken Sobolev norm and seminorm, respectively,

3 5
2 2
[ull g0, 1) = <Z “”H%w)) o Ul = (Z |“|H-m<ﬂ)> '

reT KET

By &€ we denote the set of all open (n — 1)—dimensional faces of the subdivision
7T, containing the smallest common (n — 1)-dimensional interfaces e of neighbouring
elements. We define

Eint 1= U e and &y:= U e.

e€E\ON e€ENIN

Numbering the elements of the subdivision 7, and choosing any internal interface
e € &, there exist positive integers ¢, j such that ¢ > j and elements K = k; and
k" = k;j which share this interface e. We define the jump of a function u € H3(Q,T)
across the face e and the mean value of u on e by

1
[U]e = u|6nﬂe - U|an/me, <U>e =z (u|6ﬁﬂe + u|85’ﬂe)
2

respectively, Ok denoting the union of all open faces of element &.

2. Sobolev—Poincaré Inequality for Broken Sobolev Spaces: I. In this
section we derive broken Sobolev—Poincaré inequalities stated in Theorem 2.1 and
Corollary 2.2. In the next section we shall then improve these results in various ways
by using a completely different technique.

Suppose that # C R™ is a bounded open set with Lipschitz continuous boundary,
and diam, (%) =1, n > 2.
By the trace inequality (see [1]), for 1 < ¢ < oo and 1/g+1/¢' =1,
14 1-1/¢" rqay _ 1i71/2/ 92
Wy (k) s W, (Ok) = W /[ (0FR).

q
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Applying this with ¢’ = 2n/(n + 2), it follows that

n—2
2n

Wh(k) =Wh, (k) c, W3 (0k), n>2. (2.1)

q n+2 n+2
We note that by the Sobolev embedding theorem (see [1])

R " n n 0<t<s<oo
>t .
W3 (Q) ., Wi, s p_t . l<p<qg<oo (2.2)
with 2 C R™ an open set in R”. Applying this result on Q = 9k (splitting d& into
finitely many open subdomains, if necessary) with n replaced by n — 1 in (2.2) and

1
t =0, q=2<1—>, n>2,
n

we see that

S_n—l_n—2_(n—1)(n+2)__ﬁ
p  2n 2n 2
while
; n—1_nn-1) n
qg  2n-1) 2

The condition on the Sobolev indices, required for the embedding, holds, and hence

W (0) L WY,y (08) = 20 (05) (2.3)

n+2 2

From (2.1) and (2.3) we deduce that

Wi (7) c, L2=%)(0R), n>2.

n+2

By the continuity of the embedding operator, there exists C' = C(k) such that

U < U . >
la] 2(1-4) oy = ¢ ||u||W:L212 7> N=2
for all a € WL, (&), i.e.,

n+2

lal (-t oy < © (Ilulan?i,z ot

Applying (2.2) with 2 = & and

s=1, p=

we deduce that

W, (k) . L2(R), n>2;

n+2

hence i € W}%(%) has (|| 72z < oo
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Therefore, noting that 1 < 2n/(n + 2) < 2, Holder’s inequality gives

20 > n>2. (2.4)

Lnt2 (i

A~ < A~ R Z A
IR (LT

Let k be defined as h - &, by simply scaling 4. Hence h = diam(x), and we shall
write h, = h. By rescaling (2.4), we see that

0—--"n=1 _ n lo—n
(1-1/m) n/(n+2)
e Tl ooy o € (h,i F el g + B T [V )

n2 ()

where u(z) = 4(&), & € &. Thus,

Il 229 g < € (Bl + 1901, 2, ) (25)

for each u € Wb, (k), n > 2.
nt2
Let £ € HY(Q,T). Then £ € LY(Q,7) = LI(Q), (1 <qg<2n/(n—2) forn >3
and 1 < ¢ < oo for n = 2). Now, for n > 3, with ¢ = 2n/(n — 2), ¢ = 2n/(n + 2),

(€x)
60 2.6
1€l Lo x#0 IXI Lo (@) -

Let ¢ € H}(Q) denote the weak solution to the following elliptic boundary value
problem, with xy € L7 (),

2.7)

—AyYy=x in
=0 on 9N |’

Since H(Q2) c_, L9(Q2) by the embedding theorem, it follows by the duality theorem
that

X € LY(Q) = (LYQ) <, (H3() = HY(Q),

and therefore the existence and uniqueness of a weak solution to (2.7) in H}(Q) is
guaranteed (for example, by the Lax-Milgram theorem, see [5]).

We shall suppose from now on that € is a W7, -regular domain in R™ (see [8]).
By elliptic regularity theory it then follows that

1wz, @) = ClIXlLe ) - (2.8)

Furthermore,

HVW@?(Q) = (VY,VY) = (=A¢, %) = (; ¥) < Ixll e (@) 1Pl Loy < ClIxlLe @) IVl L2 -

and therefore
||V¢||L2(Q) <C ||X||Lq’(Q) : (2.9)
Now, returning to (2.6) with ¢ = 1,

€1l = sup (& ~A9) = sup 2n (V6 Vs = 3. J [ (V0 - m) ds. (2.10)
) x#0 HXHLq’(Q) x#0 HXHLq’(Q)
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Here we used the notational convention that, for e C 92, [{][, = . Clearly,

=

(Z ||V¢||iz(n)>
—(vasizm) |wL2(mSC<Z|vs||iam> Xl o oy (2:11)

D (VEVE) e <D IV L2y IVl L2y < (Z ||V§||iz(n)>

K

(S

K

where in the transition to the last inequality we used (2.9).
On the other hand,

- [10(vvnyas < 3 [Neve nlds < S g V00l gy
) ) ‘ (2.12)
where we used Holder’s inequality on e with s = (2n — 2)/(n — 2) > 2 and s’ =
201-1/n)<2,1/s+1/s =1.
However,

) , < 1 < ||V 1
|V n||L2(1,H)(€) < va”ﬁ(l’?)(e) <I wHL?(l*?)(an)

(2.13)
<C <||W)I|Lz(ﬁ) + [¥lwe,, <n>)
nt2

for each element x that contains the face e, and in the transition to the last inequality
we used (2.5).

From (2.12) and (2.13), for n > 3,

[N

_; / (€] (Vm)ds < C (Z [snliz:;(e)) (Z (nwuiw [, m))

n+2

1
2

b
2 2 2
=C <; EHLZ’?;(e)) ||V1/’||L2(Q) + <; |1/’|me(,€)> . (2.14)

Next, with a, = [¢|y2

N|=

on (K)? q/ = 2”/(n+2) < 2)
nts

! }
(S ) = (52) = (S
p itz

where we used that

1

2

N———
[N
IA
/N
=)
IS
"
S
2
=
N—
N
g
B
=
=
N——
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Therefore,
n+2
2n

<Z|w|§vi2b(,@)> §<Z|an|q>
(lelnﬁ (@) :|w|W%(Q)- (2.15)

Substituting (2.15) into (2.14), we have that, for n > 3,

2
< C (Z || ”sz? 22 (e)) ”X”L(I’(Q) P

1
2

1

2
%20 (m)
n+2

(nwuiz(m e

(2.16)

where in the transition to the last inequality we used (2.9) and (2.8).
Substituting (2.11) and (2.16) into (2.10) gives

||§HLq(Q) S C (Z ||V£H%2(n)> (Z || |L2ﬂn 22 (e) )

Nl

Thus we have proved the following theorem.

Theorem 2.1 Letn >3, ¢ = 2n/(n— 2), and suppose that Q C R™ is a Wq% —reqular
domain, ¢' = 2n/(n+ 2). There exists C = C(Q) such that

1
2

€l oy < C (vasiz(,@)) (Zn W(e)) (2.17)

for all € € HY(Q,T).

In particular, if € is a (discontinuous) piecewise polynomial function on 7 with
pr = degé|, > 1, then [£] is a polynomial on e whose degree is p. = max(pg, Px’),
where e C 9k N OK'.

Let us scale e to é so that diam,,_1(é) = 1. By Bernstein’s inequality,

[0l ey < Cpa” ||73|\L2(é) Vo € PPe(e).

By rescaling to e,

w\t\:

1—
e

_n—-1 _n—-1
he ™ ollrey < Cpe " he = vl Lae) s

and thus

12, (n-1)(2-4 :
loll ey < Cpr P RETVETE o o e Prege).

—r 5t a
() (e 0)

1
7
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In particular, with

2n—2 2(n-1) 2 1 1 1 1
= = we have 1 - — = d -z )=—=.
- n—2 ¢ Have ron—1 ™ (n )(r 2)

Hence, with n > 3,

1 1
loll zamp < CPE T he ¥ ollpagy Vo € BPe(e).

(e)
Taking v = [¢] yields

2
% g < OO B NNy

where p. = max(px, Pw), PrsPrr > 1.

Now, let us suppose that the polynomial degree p = {p. : K € T} has locally
bounded variation in the sense that there exists p > 0 such that

max max |[p, —pw| < p.

K
measn —1(RNE’)>0
Then if p, > px/, we have p, = p., whereas if p,, < p./, we have

v

S1+ppﬁa
p) (1+9)

Pe = Pr’ = Pr + Dx’ _pnzpm+|pﬁ’_pm‘ <P +p=0px (1+

and hence for any face e and any element x that contains the face e, we have

Pe < (14 p)ps-

Thus we have proved the following Sobolev—Poincaré inequality.

Corollary 2.2 Letn > 3, ¢ = 2n/(n—2), and suppose that @ C R"™ is a Wq% ~reqular
domain, ¢ = 2n/(n + 2). There exists C = C(Q) such that

1€l oy < © (Zwsni%) +<Zp:31 B! |[f]i2<e>>

for all £ € SP(Q,T,F), where p. = max(px,px), € C Ik NOK'.
Further, if the polynomial degree vector has bounded local variation, then

N|=

2

€]l Lagay < C <ZV€IIiz(@> +<Zp£21h;1||[§]|lia<an)> S (21

Remark 2.3 For n = 2 an identical result holds for any 1 < ¢ < co. For n > 3 the
results of Theorem 2.1 and Corollary 2.2 hold for all ¢ with 1 < ¢ < 2n/(n—2). This
follows from

2n

< 1<¢< .
||§HLq(Q)—C||f||L— _q_n—2

2n B
(@)
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3. Sobolev—Poincaré Inequality for Broken Sobolev Spaces: II. In the
previous section we obtained a broken Sobolev—Poincaré inequality for functions in
the broken Sobolev space H!(2,7) under certain restrictive conditions, i.e., Wq%f
regularity of the domain £ and Corollary 2.2 being shown only for functions in the
finite-dimensional subspace SP(Q,7,F) of H'(Q, 7).

In this section we shall obtain a more general and more precise bound on the L7—
norm of functions in H'(Q,7), removing the restrictions mentioned above. We shall
closely follow the argument presented by Brenner in [4], extending it from L?-based
norms to Li-based norms, 1 < ¢ < 2n/(n—2), n > 3.

3.1. Seminorm on H'(2). Let ® be a seminorm on H'(Q), such that
(&) < Cll€ll iy forall &e HY(Q),C >0,
and such that
®(1) =1.

The latter implies that ®(c) = 0 for a constant function c¢ if, and only if, ¢ = 0. With
such ® the following generalised Poincaré—Friedrichs inequality holds: there exists a
positive constant C' = C(£2) such that

€120y < C {I€lmsoy + @O} forall €e H'(@);

this follows from the compactness of the embedding H*(2) C_, L?*(Q) (see [9]).

Let n >3 and 1 < ¢ < 2n/(n — 2). Then L(Q) is continuously embedded into
HY(Q) (note that for ¢ = 2n/(n — 2) the embedding is not compact, — but this will
not affect our argument).

In the following argument we shall show that the general Poincaré—Friedrichs
inequality holds for the L4—morm, with ¢ defined above.

1. Let ¥ be a bounded linear functional on H'(f2), with the property ¥(1) =1
and let (&) = |¥(£)|. Then

¢ = ¥l gz < € {IE = T Ol (o) + (€ - ()}
= C{lelina) +1%(€ = WO} = Clélray

as [W(§ — W(E))| = [¥(&) — W(§)W(1)[ = 0 by the property U(1) = 1.
2. From now on, we suppose that

2n
n—2

q =
Then, by the continuity of the embedding H'(Q) c_, L4(Q), we have
1€l Loy < ClIEl @) = CUIEN L2 ) + 1€l @)
and thus by the results obtained in the previous step, we have
€ = W) oy < € {IE = VO 2y + Il }

<C {|§|H1(Q) + \5|H1(Q)} = Clélgigy- (1)



POINCARE-TYPE INEQUALITIES 9

Thus we conclude that

1]l oery < 1€ = Tl oy + 1 ooy < Clelmay + 1TE@11Q1Y,
and hence by the properties of ¥ we have

€1 gy < € {I€] s + 1O} = € {lel iy + @) } -

Thus, when n > 3, this inequality also holds for all ¢ with 1 < ¢ < 2n/(n — 2). This
is a simple consequence of Holder’s inequality.
When n = 2, the same result is true for all ¢ with 1 < ¢ < cc.

3.2. Nonconforming and Conforming Finite Element Interpolants. Let
us concentrate on the case when the finite element partition is a simplical subdivision
T of Q, consisting of triangles in the case of n = 2 and simplices in the case of n > 3.

Let us introduce some notation we shall be using throughout. We denote the
minimum angle of the triangles or simplices in 7 by 67. To represent the statement
A < ¢(f7)B, where the generic function ¢ : Ry — R, is continuous and independent
of 7, we shall use the notation A < B; the statement “A < B and B < A” will be
denoted as A ~ B.

The nonconforming P; finite element space (see [7]) associated with the triangu-
lation 7 is

7 :={v € L*Q): v, =v|, € Pi(k) for any k € T and v is continuous at the centre

of the common side (face) of any two neighbouring triangles (simplices)} .

A function in V7 is completely determined by its nodal values at the centres of the
sides (faces) of the triangles (simplices) in 7.
Next, we introduce the interpolation operators we shall be using throughout our

argument.
We define the interpolation operator Z : H*(Q,7) — Vr by

(Z&)(ce) : ‘ ‘/ ds, forall ee€ &u U&Es, §€H1(Q7T), (3.2)
where e C Jk is an open face of the element x € 7, and ¢, is the centre of this face.

For e € £y, we take (£) to be &.
We define the local interpolation operator Il : H*(k) — Py (k) by

(T1,.8)(ce) : | |/§ds forall ec ok, &c HY(Q,T). (3.3)
Thus the difference of the two mterpolants 7 and Il on an element x € 7 is
/ ds if ecCIk\ I,
(If Hfﬁg) Ce = 2|e| (3.4)
if eCIkNON.

From (3.4), by standard finite element estimates (see [5, 6]) we have

IZ€ — Tty S |63 ST (26— 10.8) (o) P

eCOk

SIS 10 ([ ds)gs > g ([ d) (3.5)

eCOr\OQ eCOr\OQ
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and for n >3, ¢ =2n/(n — 2),

176 — 02000 S 160 ST 1T~ L) ()2 S 3 1ol ™1 (T€ — a8 (e

eCOk eCOkK
o n—2 2
=Y e e moe)r s Y Ie"1|e|2</[£]d8>

eCox eCOR\OQ
([ d) (36)

= > ™
where |k| is an n—dimensional volume of &, and for e C Ok we have

eCOr\OQ

k| ~ fe[*=T. (3.7)
Moreover, we have the following estimate for the local interpolation operator:

1€ = Tl 7y + e 31 () S 16T ) (3.8)

To prove this, first note that by standard finite element estimates we have
|HH€|H1(;{) SJ |€|H1(n) .

Applying (3.1) with () := II:¢ = || f&édi‘ yields

£ —1:€

S
La(#)

Hi(R)
Scaling back, we obtain
1€ = Tkl Lagey S 1€l m (e »

and hence (3.8).
On writing Z¢ = (Z¢ — I1.£) 4+ I1,.£, combining the estimates (3.5) and (3.8), and
summing over k € 7, we obtain

2
Zelpan S pan + 5 k™ ([as) . (3.9)
e€Eint €

By noting that ¢ = 2n/(n — 2) > 2, and thus

1/q 3
<Z |a,{|q> < <Z |a,{|2> : (3.10)

reT rk€T

we have, with a. = [|§ — Z¢|[ (),

2/q
1€ = Z&[1 70y = (Z ||£—Z§%q(,€)> <D €= Tel Ty S D16 — TeéllFag)

reT KRET KET

2
ST = Tl S i + 3 7 ([Ias) L )

KET e€E&int
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FiG. 3.1. Sequence of ¢;’s

where in the transition to the last inequality we used (3.8) and (3.6).

Now, let Wz C H(2) be the Lagrange finite element space associated with 7,
consisting of continuous piecewise polynomials on 7 of degree n, such that the shape
functions of V7 are the shape functions of W, and the nodal variables of Vi are the
nodal variables of W.

We denote the set of the centres of the sides of K € T by C(k), the set of other
nodes by N (), and define C(T) := {J,.c7 C(x) and N(T) := ,.c7 N(K)-

We define on the finite element spaces V and W the operators E and F' by

(EBv)(e) = % S (o), forall e N(T)UC(T), veVy (3.12)
and
(Fw)(e) =w(e), forall e€C(T), weWr, (3.13)

where v, = v|x, Zc = {k € T : € € Ox} is the set of elements sharing ¢ as a vertex,
and |Z,| is the cardinal number of Z, i.e., the number of elements in Z.. For e € C(7)
we have (Fv)(e) = v(e) since v is continuous at the centres of the sides.

Let us state the following estimate for the operators F and F.

Lemma 3.1 For the operators E and F defined by (3.12) and (3.13), the following
estimates hold:

|Ev — v||2Lq(Q) < Z |v|ip(n) forall veVr, (3.14)
reT

|Fw = wl|Faq) SO Il foral weWr. (3.15)
rKeT

Proof. Assume that e € N(7) and «',s"” € Z.. Then we can find a sequence
C1,...5Cm in C(T) so that ¢; € 0K/, ¢y, € OK”, and ¢, ¢j41 € Okj, kj € E¢ (see Figure
3.1 for an example with triangular elements in R? and m = 6). Note that |=.| and
thus m is bounded by a constant depending only on the shape-regularity of 7. Thus
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from the Cauchy—Schwarz inequality and the Mean Value Theorem we have, for any
e € N(7T) and any v € Vr, that

m—1
2 2 2
[0 (€) = v ()] S omr (€) = var () P+ Y [, (€5) = v, (€41)] "+ [vwr (€m) — v (€)]
Jj=1
< ST R ey -
K" EE,

Using this estimate together with (3.12) and the Cauchy—Schwarz inequality, for any
k € 2. and any € € M (x), we have

(Bv—v)(@ £ Y "% of}ys o forall ve Vr. (3.16)
HIIIE»-
From this estimate, for x € 7 it follows that

1Bo —vllag = Il Y [(Bo—w@ = sl Y [(Bv—ve)(e)

eEN(k)UC(K) eEN (k)

SN T

GGN(K/) HINEE€
for all v € V7, where we used the fact that

k| ~ || for K" €Z. and €€ N(k). (3.17)

As [Ev =014 < |I€|1/q71/2 |Bv —vll 2, and 1/g —1/2 = —1/n, from the
last estimate we obtain

2/n 2 n 2
2R A o i SO S T i (AT
eeN(’{/) H/,/Eh—i
and using (3.17) again, we obtain
HEU /UHLQ(;g) Z Z ‘flel(’{lH) (318)
EGN )K///GH’

After summation over k € 7 and using (3.10) with ¢ = 2n/(n—2) > 2, we get (3.14).

On each k € 7, Fw is a linear nodal interpolant of w with the nodes placed at
the centres of the sides of k. From standard interpolation and inverse estimates (see
[5, 6]) it follows that

2 4 2 2 2
[P = wlFagy < 61" [l < 1617 ol for all w e Wr,
and thus by an inverse estimate we have

2/n

2 - 2 2
[Fw = wllpage < 6] [Fw = w120 S [0l -

Summation over x € T and (3.10) with a, = [|[Fw — w| 4, give (3.15).
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Corollary 3.2 We have that
1B Ly = IVl oy for all v e Vr, (3.19)
and
|EV] 10,1y & [0l gy forall veVr. (3.20)

Proof. To prove (3.19), we note that from (3.18) using Hoélder’s inequality for finite
sums, we have

1/q
1BV 1oy < 1BV =0l 1oy + IVl o) = (Z | Ev — U||%q(ﬁ)> + vl Laca)
k€T

1/q 1/q
S <Z |”|3—11(,€)> + HU”Lq(Q) S (Z ||”||%q(,€)> + ||U||Lq(9) S ”U”L(I(Q)v
KET k€T
(3.21)
where we used (3.10) and an inverse inequality with ¢ = 2n/(n — 2).
Similarly, by a completely identical argument with E replaced by F and v € Vr
by w € Wz, we obtain
[Fw —wll ey S lwllpeq) forall weWr,
and hence, as above,
[Fwll ooy S lwllpaqy forall we Wr. (3:22)
From the definitions (3.12) and (3.13)
F(Ev)=v forall veVr, (3.23)
and thus by (3.22) and (3.21)
HUHLq(Q) = ||F(EU)||Lq(Q) S ||EUHLq(Q) < HvHLq(Q) for all v e Vr, (3.24)

hence (3.19).

From a standard inverse estimate and (3.14), for all v € Vz we have

2
2
[Ev| 1) < 1BV =]+ 0l S (Z [Ev — ’U|Lf1(n)> S Wl - (3.25)
rkeT

Similarly, from (3.15),
[Fwlg o7y S Wl forall weWr. (3.26)

The estimate (3.20) follows from (3.23), (3.26) and (3.25).
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3.3. Sobolev—Poincaré Inequalities for Nonconforming P; Finite Ele-

ment. We proved in Section 3.1 that, for 1 < ¢ < 2n/(n — 2), n > 3, there exists a
positive constant C' such that

1€l 0y < € {I€lmy + 1O} forall ¢ e H(®), (3.27)
where ¥ is a bounded linear functional on H'(2) with the property that ¥(1) = 1.

Let us now prove the Sobolev—Poincaré inequality for functions in a nonconform-
ing P; finite element space.

Theorem 3.3 Let U be a bounded linear functional on HY(Q), ¥(1) = 1, such that
(W(Ev— )| S [vlgir foral velVr, (3.28)

where E : Vi — Wy is defined by (3.12). Then, there exists a continuous function
¢: Ry — Ry, independent of T, such that

1ol ooy < 567) {Iolmsr + W1} forall veVr,  (329)

where ¢ = 2n/(n — 2) and 01 is the minimum angle in T .
Proof. Combining (3.19), (3.27) and (3.20) yields, for all v € V7,
10l Loy = 1BV Loy S 1BV g1(q) + [¥(E)]
< Pl 1Y (Ev =)+ [Y(0)] S vl + V()]

where in the transition to the last inequality we used the hypothesis (3.28). -

Let us now construct some examples of seminorms which satisfy the conditions
of Theorem 3.3.

Example 3.4 By the trace inequality and the Sobolev embedding theorem, we have
HY(Q) c, H?(09Q) c_, L"(69),

for

i.e., with

2(n—1 1 1 1
7"27(” ) and " =2(1-=-]; ~+—==1.
n—2 n ror

Let ¢ € LQ(I_%)@Q), such that [, 1 ds # 0 and define

Wy(6) = ( /8 des) B /6 veds, €€ 17(09), (3.30)
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Thus ¥; : Ry — R, is a bounded linear functional on H'(Q2) and ¥y(1) = 1.
Let us check (3.28). Withr =2(n—1)/(n—2) > 2and ' =2(1—1/n), for all v € V7
we have

v, (Ev — < Ev — n—1
2 (B0 =) < 1oy o 10 =0l 2o

1/r
= ||¢HL2(17711)(09) (Z ||EU — U“Lr(e)> .

e€y

By subsequently using (3.10) and the inverse inequality to switch from the L"™-norm
to the L?-norm in (n — 1) dimensions, we obtain

1/r %
(Z |EU—@||TLr(e)> < <Z ||EU—U||iT(e)>

ecésy ecy

ne1 n-1)2 %
sc(Z IIEu_uH;(e){(diamn_l(e)) - —T} )

ecy
2 (1-3)2 :
=C Z [Ev = |72y e[V 2
ecpy
1
2 23 ’
=c(z 50— el e ) |
ecs

Let A (e) denote the set of the nodes on € excluding the centre of e, and let &, denote
the member of 7 whose boundary contains e. Then, as

2 -2 1
I 1= ———
,

we have (by the previous estimates)

1/r 1
r 2 21
(Z IEv—vIILr<e)> SC(Z 1Bv = vy le]” )

e€y ec€s

<O el YD 1By — v )(e)

e€€s eeN(e)

By noting that M (e) is a finite set whose cardinality is uniformly bounded (which
follows by the assumed shape-regularity of mesh), by the Cauchy—Schwarz inequality
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applied to the finite sum }_ (. ... and (3.16) we have

1
1/r 2) 2
1— 1
D R o PO C R
e€s ecs eeN (e)
1
2
J——— 2
<CL Yo lel ™ Y 1(Be = vk, )(e)l
e€€s cEN(e)
1
2
1--1o 2.1, 12
O[T TS W
e€s eEN(e) k'€=
Fi 1--15 n-2 n-2 m2-1 o=
inally, we note that |e| " "= = |e|>T =~ |g| » , and that |"'|""" = || " =

|| ; thus, from the previous estimate, we obtain

=

1/r
r 1——1- 29 2
(zum—mm) [T ST W ol

ec&s e€&s eEN(e) k' EE

N|=

2
S Z |U|H1(n) )
rk€T
|0xNBQ >0

which completes the proof that ¥, satisfies (3.28).

Example 3.5 Let ¢ € L7 (Q), ¢ = 2n/(n + 2), such that Jo ¥ da # 0. Define

Wy (€) = (/dex)_l/ﬂwfdx. (3.31)

Clearly, W5 : Ry — Ry is a bounded linear functional on H!(Q) and Wy(1) = 1.
Moreover, by (3.14) we have, for all v € Vr,

2
2
(Wa(v = Ev)| S [l = Bl o) 19l Lar o) © (Z le(n)> = vl 1)
k€T

and thus ®, satisfies the conditions of Theorem 3.3. O

Example 3.6 Let us split the boundary <2 into the finite number of parts I'y, . . ., Ty,
such that (J,_; ,, i = 0.

Let ¢ € Lz(l_%)(aQ), such that [, ds # 0, and such that for some index set J
with |J] < m, we have ¢y =0 on I';, i € 3. We define

Wy(6) = ( / des) B [ weas (3.32)

Clearly, this example is a special case of Example 3.4 and therefore it also satisfies

the conditions of Theorem 3.3. -
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3.4. Sobolev—Poincaré Inequalities for Broken Sobolev Spaces. Suppose
that

W(TE - O < 6 or + 3 le[™ ( [ ds) . (3.33)

e€Eint

This condition is satisfied by ¥y (and thus U3) and Uy above, if ¢ € LQ(I_%)(GQ)
and ¢ € Ltz (Q), respectively, with [, 1 ds # 0 and [, 1 ds # 0, respectively.
Let us start with the proof of (3.33) for ¥y. With r = 2(n — 1)/(n — 2), we have

1/r
U1 (Z€ - &) < CIITE = &l oy = C ( > lze- €I|Er<e>>

eC O

<0l S (b IZE el +IVEE i)

k€T
|80kNO| >0

2
<y S (B ITE — €l + IV(ETE = )12 )

re€T
|80kNO| >0

where we used the trace inequality

el zriey < € (Bt fwllgage + Vel agy ) forall we B (w),

with w = Z¢ — ¢, and (3.10).
Now,

1Z€ = €llp2gey < 1Z€ = Ti€ll p2 ) + 1M1e€ = &ll L2y -

As in (3.5),

176~ Tl < ol 31T - LS 6l S el ( JiG ds)

eCOK eCOr\ON
2 2
2 -2 — _n_
e S e ([igas) a2 3w (f1gas)
eCOK\OQ € eCOr\OQ ¢

and thus

2

—1 N < T%Z 2
W 126~ gl S 4 3 1™ ( [l as

eCOR\OQ

Identically to the proof of (3.8), we conclude that

Ik = Ell 2y S P 1€l 11 ) -

1/r

=
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and therefore, by combining these estimates, we have

[N

2
B ITE — e S Kl 44 3 el ™ ( [ ds)

eCIOk\OQ

Analogously, writing Z¢ — & = (Z€ —I1¢) + TI§ + (—£) and using (3.5), (3.8) we deduce
that |Z€ — §|H1(K) is also bounded by the same expression.
Hence,

2
WZE-OP s 3 (At ITE — €l + 18l

KeET
|9KNDQ >0
2 _n_
X {lht X ([
reT eCIOK\ON ¢
|9KNDQ>0
2
Slelinon + X 0™ ([1gas) .

e€int

as required.

Next, we prove that Us, defined above, also satisfies the condition (3.33). With
r =2n/(n — 2) we have

(Wo(ZE = O < CNZE = &l ry S 176 = ikl () + k€ = €l 1r (o

1/r 1/r
~ (Z ||I§ - HHfHTLT‘(;{)) + (Z ||HH§ - g”zﬂ@)

rkeT kET
3 3
< (Z ||Ifm5||ir<ﬂ>> + (Z ||Hnss%rm>
KET reT
2) 2 3
X 3w (fee) (D)
KET eCOKr\ON KRET

where we used (3.10), (3.6), and (3.8). Hence,

2
Wy (Z€ - €)? Z le| ™" </ S) +|£|?’11(Q,T)'

e€Eint

Theorem 3.7 Let ¥ be a bounded linear functional on HY (2, T), ¥(1) = 1, which
satisfies conditions (3.28) and (3.33). Then, there exists a continuous function ¢ :
Ry — Ry, independent of T, such that

||s||iq(mS<<9T>{|s|zm,7)+ S [ ( [ ds) +|w<s>2}, (3.34)

e€&int

forall € € HY(Q,T), g =2n/(n—2), n > 3.
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Proof. By (3.27), (3.11), (3.9), and (3.33)

€130y S 1€ = TN acqy + 1Z€ S0y S 11E = Tl Fuey + (1€l @) + 12TO1)
SNE = Z€0 aoy + 1Tl 0y + 1(TE = )7 + [T

2
Slelipan+ 2 1™ ([10as) +1wor,

e€&ing

as required.

Remark 3.8 We make some remarks about this theorem.

1. For 1 < ¢ < 2n/(n — 2), n > 3, the inequality follows from the one for
g = 2n/(n — 2) via Holder’s inequality.

2. For n = 2, the argument is identical and (3.34) holds for all ¢ € [1, c0).

3. We have proved the inequality in the case of 7 being a simplical triangulation
of €. The extension to the case of a general partition of 2 is discussed in
Sections 6 and 7 of [4]. Proceeding in exactly the same fashion as in [4], we
conclude that the inequality (3.34) holds for general partitions.

4. Let us use the Cauchy—Schwarz inequality on the term of (3.34) containing
the integral of jumps of £ over the face e. We obtain

e ([las) = 3 e [ief as

e€Eint e€Ein

By noting that |e|™" = he Y| where h, = diam e, we obtain

€020 < s6r)  lelinam + 3 bt [ 167 ds+ 0@

e€Eint ¢ O
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