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Abstract. We consider the hp—version interior penalty discontinuous Galerkin finite element
method (hp~-DGFEM) for semilinear parabolic equations with mixed Dirichlet and Neumann bound-
ary conditions. Our main concern is the error analysis of the hp—DGFEM on shape-regular spatial
meshes. We derive error bounds under various hypotheses on the regularity of the solution, for both
the symmetric and non—symmetric versions of DGFEM.
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1. Introduction. Discontinuous Galerkin finite element methods (DGFEMs)
were introduced in the early 1970’s for the numerical solution of first-order hyperbolic
problems (see [30, 26, 24, 23, 16, 17, 18, 19, 31, 32]). Simultaneously, but indepen-
dently, they were proposed as non—standard schemes for the numerical approximation
of second-order elliptic equations [29, 36, 4]. In recent years there has been renewed
interest in discontinuous Galerkin methods due to their favourable properties, such as
a high degree of locality, stability in the absence of streamline—diffusion stabilisation
for convection—dominated diffusion problems [21], and the flexibility of locally varying
the polynomial degree in hp—version approximations, since no pointwise continuity re-
quirements are imposed at the element interfaces. Much attention has been paid to
the analysis of DG methods applied to non—linear hyperbolic equations and hyper-
bolic systems [20, 13, 14], several other types of non-linear equations (including the
Hamilton—Jacobi equation [22], the non-linear Schrédinger equation [25], and other
non-linear problems [15]). The analysis of the spatial discretisation of non-linear
parabolic problems by the Interior Penalty type of the DGFEM (see [4]) has been
pursued by Riviere & Wheeler in [33], where the non-linearities were assumed to be
uniformly Lipschitz continuous with respect to the unknown solution. The resulting
error bounds were based on the projection operator described in [34], and were not
p-optimal in the H'-norm.

In this work we shall be concerned with the error analysis of the hp—version
interior penalty discontinuous Galerkin finite element method (hp~-DGFEM), for an
initial-boundary value problem for a semilinear PDE of parabolic type in n > 2
spatial dimensions on shape-regular quadrilateral meshes (see (2.1) below). Here, we
consider only the spatial discretisation of the problem, leaving the choice of time—
stepping techniques and their analysis for a future work. We shall suppose that the
non-linearity satisfies the local Lipschitz condition (2.2).

The paper is structured as follows. In Section 2 we state the model problem,
followed by the definition of function spaces used throughout our work (Section 3).
Next, we state the broken weak formulation (Section 4). After selecting the finite
element space that will be used for the discretisation of the model problem in space
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2 A. LASIS AND E. SULI

(Section 5), we state the hp-DGFEM (Section 6). Section 7 contains the approxi-
mation theory, required in the subsequent error analysis. The error analysis of the
hp—-DGFEM for semilinear parabolic equations is discussed in Section 8. We begin by
establishing the local Lipschitz continuity of the mapping f : L4(Q2) — L?(Q). Section
8.1 contains the error analysis of the non—-symmetric version of the interior penalty
hp-DGFEM: we prove an h-optimal and p-suboptimal (by half an order of p) a pri-
ori error bound. The bound indicates that the presence of the non-linearity, obeying
condition (2.2), does not degrade the accuracy of the hp-DGFEM in the H!'-norm.
Section 8.2 is concerned with the derivation of the L?-norm error bounds in the case
of the symmetric version of the interior penalty hp—DGFEM. For this purpose, we
first derive error bounds on the broken elliptic projector (Section 8.2.1) defined by
the symmetric version of the hp-DGFEM. Section 8.2.2 is concerned with the error
analysis and derivation of the a priori error bound for the L?-norm, and is largely
based on the techniques developed in the analysis of the non—symmetric version of
the hp—-DGFEM. Section 9 contains some final comments on the results in this work.

2. Model Problem. Let © be a bounded open domain in R™, n > 2, with
a sufficiently smooth boundary 0f). We consider the semilinear partial differential
equation of parabolic type

—Au=f(u) in Qx(0,7], (2.1)

where @ = du/dt, T > 0, and f € C*(R).
We also assume the following growth—condition on the function f:

|f(v) — f(w)] < Ce(1+|v]+ |w|)¥|v—w| forall v, weR, (2.2)

where Cy > 0 and a > 0.

Upon decomposing the boundary 9 into two parts, I'p and 'y, so that TpUT'y =
012, we impose Dirichlet and Neumann boundary conditions respectively:

u=gp on Ipx][0,T],

(2.3)
Vu-n=gy on I'yx][0,T],
where n = n(z) denotes the unit outward normal vector to 9Q at z € 9.
Finally, we impose the initial condition
u=muy on Qx{0}, (2.4)

where ug = ug(x).

As the solution of this problem may exhibit blow—up in finite time, we shall
assume that, for the potential blow—up time T* € (0, 00|, the time interval [0,7] on
which the problem is defined is bounded by the blow—up time, i.e., T < T™*.

3. Function Spaces. Since hp-DGFEM is a non—conforming method, it is nec-
essary to introduce Sobolev spaces defined on a subdivision 7 of the domain ; we
call such ‘piecewise Sobolev spaces’ broken Sobolev spaces.

A subdivision T of the domain Q C R", n > 2, is a family of disjoint open sets
(elements) & such that Q = U.c7%. Before we define broken Sobolev spaces, we shall
introduce the basic principles of constructing a subdivision 7.

Let 7 be a subdivision of the polyhedral domain Q C R™, n > 2, into disjoint
open polyhedra (elements) & such that Q = U,c7&, where 7 is regular or 1-irregular,
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i.e., each face of k has at most one hanging node. We assume that the family of
subdivisions 7 is shape-regular (see pages 61, 113, and Remark 2.2 on page 114 in
[10]), and require each k € 7 to be an affine image of a fixed master element &, i.e.,
k = F(R) for all kK € T, where & is either the open unit simplex or the open unit
hypercube in R™, n > 2.

Definition 3.1 The broken Sobolev space of composite order s = {s, :k €T} on a
subdivision T of Q is defined as

W5(Q,T) :={uec LP(Q) : ul, € WS=(x) for all k € T},

5, being the local Sobolev index on the element k.
The associated broken norm and seminorm are defined as

1/p 1/p
HUHW;(QT) = (Z ||u||€V;"(m)> ) |U|WPS(Q,T) = (Z |u|€[/;n(n)> .

k€T KET

When s, = s, we write W7 (Q,T), and for p=2 we denote H®> = W3.

As our main concern are time—dependent problems, we need to introduce Sobolev
spaces comprising functions that map a closed bounded subinterval of R, with the
interval in question thought of as a time interval, into Banach spaces.

For further reference, let X denote a Banach space, with the norm ||-||, and let
the time interval of interest be [0, T] with 7" > 0.

Definition 3.2 The space
L?(0,T; X)

consists of all strongly measurable functions u : [0,T] — X with the norm

T 1/17
lall Lo 0,7, = </0 Ja()]|” dt) <oo for 1<p<oo,

and

10l Lo 0,7, x) = ess.sup [lu(t)]| < oo.
0<t<T

In order to move to Banach—space—valued Sobolev spaces, we shall define the weak
derivative of a function belonging to L(0,T; X)

Definition 3.3 The functionv € L*(0,T; X) is the weak derivative of u € L'(0,T; X),
written
u=v

9

provided that, for all scalar test functions ¢ € C3°(0,T), we have

/0 o(tyu(t)dt = — /0 o(t)v(t) dt.
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Definition 3.4 The Sobolev space
1 )
W,(0,T; X)

consists of all functions u € LP(0,T; X) such that 0 exists in the weak sense and
belongs to LP(0,T; X), with the associated norm

T 1/p
lullwy 7o) = (/ (o) + o) 7} dt) <o for 1<p<o,

and
Il 03y = essisup(la(®)] + ().
0<t<T

Further, for simplicity, we shall write H'(0,T; X) = W}(0,T; X).

4. Broken Weak Formulation. Before presenting the broken weak formula-
tion of the problem described in Section 2, we shall introduce some notation. Let
T be a subdivision of Q C R™, n > 2, into disjoint open polyhedra x as in Section
3. By &£ we denote the set of all open (n — 1)-dimensional faces of the subdivision
7, containing the smallest common (n — 1)-dimensional interfaces e of neighbouring

elements. We define
Eint = U e and &y:= U e.
e€E\ON e€ENDN

Numbering the elements of the subdivision 7, and choosing any internal interface
e € &, there exist positive integers ¢, j such that ¢ > j and elements K = k; and
k' = k; which share this interface e. We define the jump of a function w € H3(Q,T)
across the face e and the mean value of u on e by

], = ulowne — tlowne and {u}, = 2 (ulowne +ulowre),
respectively, with Ok denoting the union of all open faces of the element x. With each
face e we associate the unit normal vector v pointing from the element x; to x; when
1 > j; when the face belongs to £y, we choose v to be the unit outward normal vector
n. Finally, we decompose the set of all faces on the boundary &y into two sets, &p
and &y, such that I'p = Ueegpe and I'v = Ueegy €.

Now we are ready to introduce the broken weak formulation of the problem (2.1)—
(2.4). We define the bilinear form B(-,-) by

B(u,v) := Z Vu - Vodz

RET 1
+ /1‘ {0 (Vv-v)u] — (Vu-v)v]} ds + /F ou] [v] ds (4.1)
+ {6(Vv-n)u— (Vu-n)v} ds+ / ouvds,

and the linear functional [(-) by

l(v) == / gnvds+60 [ (Vo-n)gpds+ / ogpv ds. (4.2)
I'n I'p I'p
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Here o is called the discontinuity—penalisation parameter and is defined by
ole =0, for eé€ &nUEy,

where o, is a non—negative constant on the face e. The precise choice of o, will be
discussed in Section 8. The subscript e in these definitions will be suppressed when
no confusion is likely to occur. The parameter 6 here takes the values +1. The
choice of § = —1 leads to a symmetric bilinear form B(:,-); we call this method a
Symmetric Interior Penalty, or SIP, method. On the other hand, the choice of § = 1
leads to a non-symmetric, but coercive bilinear form B(-,-); we call such method a
Nonsymmetric Interior Penalty, or NSIP, method. Further we shall label the bilinear
form (4.1) and the linear functional (4.2) with indices S and NS in the symmetric and
non-symmetric cases respectively.
Then, the broken weak formulation of the problem (2.1)—(2.4) reads:

find u € H'(0,T;2) such that
Z/iwdx—l—B(u,v)—Z fu)vdz = I(v), forall ve H*(Q,T),

KET reT Y F (43)
u(0) = uy,

where by 2l we denote the function space
A= {w € H*(Q,7T) : w, Vw - v are continuous across each e € Sint} )

5. Finite Element Space. Here we define the finite-dimensional subspace of
HY(Q,T) on which the finite element method will be posed.

It makes sense to construct this space in such a way that the degree of piece-
wise polynomials contained in the space can be different on every element s of the
subdivision 7. This will allow us to vary the approximation order according to the
local regularity of the solution on the element by changing the degree of the poly-
nomial on elements. As we are concerned with the discontinuous Galerkin method
here, we do not need to make any additional assumptions to ensure continuity of the
approximation across element interfaces. Henceforth, this method will be referred to
as hp—-DGFEM (see [35] for a description of hp-FEM).

For a non-—negative integer p, we denote by P, (%) the set of polynomials of total
degree p on a bounded open set k. When £ is the unit hypercube, we also consider
Q,(k), the set of all tensor—product polynomials on & of degree p in each coordinate
direction. To each k € 7 we assign a non—negative integer p, (the local polynomial
degree) and a non—negative integer s, (the local Sobolev index).

Recalling the construction of the subdivision 7 (see Section 3), we collect the pj
and the F,; into vectors p = {p, : k€ T} and F = {F,, : k € T}, and consider the
finite element space

SP(Q,T,F):={ueL?(Q):ul oF, R,y (k), kET}, (5.1)

where R is either P or O.

6. Discontinuous Galerkin Finite Element Method. Using the finite ele-
ment space SP(Q2,7,F), defined in the previous section, and the broken weak formu-
lation of the problem (4.3), the approximation upg to the solution u of the problem
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(2.1)—(2.4), discretised by the discontinuous Galerkin finite element method in space,
is defined as follows:

find upg € H*(0,T;SP(Q, 7, F)) such that

Z ipgvdz + B(upg,v) — Z flupg)vde =i(v), for all v € SP(Q,7,F),
KET Y F KET V' F
UDG(O) = uODG7
(6.1)

where uJ% denotes the approximation of the function wug from the finite element
space SP(Q,7,F), and the parameter ¢ in (4.1) and (4.2) is to be defined in the error
analysis.

The equation (6.1) can be interpreted as a system of ordinary differential equations
in t for the coeflicients in the expansion of upg(t) in terms of basis functions of the
finite-dimensional space SP(2,7,F). Thus, (6.1) defines an autonomous system of
ordinary differential equations with C' (and, therefore, locally Lipschitz continuous)
right—hand side, given that f € C*(R) and the other terms are linear. By the Cauchy—
Picard theorem this, in turn, implies the existence of a unique local solution to (6.1).

Since no pointwise continuity requirement is imposed on the elements of the finite
element space, the approximation upg in SP(2,7,F) to the solution u will be, in
general, discontinuous.

Remark 6.1 If the continuity assumptions made in the construction of the space 2
are violated, i.e., u and Vu-v are discontinuous across the element interfaces, we have
to modify the DGFEM accordingly. This could be done, for example, by performing a
DGFEM discretisation on every subdomain of {2 where the continuity requirements are
satisfied, and incorporating into the definition of the method transmission conditions
on interfaces where discontinuities in the solutions occur. Such situations include,
for example, heat transfer problems in heterogeneous or layered media or problems
that contain different phases of material. There the solution w and/or the diffusive
fluxes Vu-n can be discontinuous across element interfaces. This information has to be
incorporated into the definition of the method and, in particular, into the choice of the
discontinuity—penalisation parameter o, to avoid penalising physical discontinuitiesl:|

7. hp—Error Estimates. The first analysis of the p—version of FEM for Poisson’s
equation was given by Babuska et al. [9], and was subsequently refined by Babuska
& Suri in [7] and [8]. The analysis relied on the use of the Babuska—Suri projection
operator. For the special case of n = 2, the analysis in W -norms was carried out
by Ainsworth & Kay in [2] and [3], where the approximation bounds were used for
deriving a priori error bounds for p— and hp—version FEMs for the r—Laplacian, using
approximation by continuous piecewise polynomials on both quadrilateral and trian-
gular elements. The error bounds obtained in these works contain logarithmic terms
in p, and thus are only optimal in p up to a logarithmic factor.

We shall proceed with the derivation of local approximation error bounds, avoid-
ing such suboptimal logarithmic terms by using some very recent results due to Melenk
[28].

From Proposition A.2 and Theorem A.3 in [28], we conclude the following result
concerning polynomial approximation of functions defined on hypercubes.
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Lemma 7.1 Let Q := (—1,1)", n > 1, and let u € W(f(Q), where q € [1,00]; then
there exists a sequence of algebraic polynomials z,(u) € R, (Q), p € N, such that, for
any 0 <1 <k,

[Ju — Z:D(u)ng(Q) = Cpi(kil) ||UHW§(Q) , 1<g< o0, (7.1)
where C' > 0 is a constant, independent of u and p, but dependent on q and k.

To derive the general hp-estimates for the projection operator u — z,(u), recall
from Sections 3 and 5 the construction of the subdivision 7" of the computational
domain 2. Let & be the n—dimensional open unit hypercube, which we shall call the
reference element. We construct each element x € 7 via an affine mapping from
the reference element k = F,(k), based on scaling each coordinate of the reference
element by the factor hy.

We shall also need the following result.

Lemma 7.2 Suppose that k € T is an n—dimensional parallelepiped of diameter h,,
and that u|, € WF~(k) for some k. >0 and k € T. Define & € W}~ (k) by the rule
(@) = w(Fu(@))la; Then

inf @ — 0]l ke sy < Chsr=m/4 |

(2 llws o

where s, = min(p, + 1, ky).

Proof. (See [7], Lemma 4.4, and [3], Lemma 1). Assume that k, is an integer.
If k., = 0, then the result follows by bounding the left—-hand side of the inequality
by ||1l||Lq(,%) and scaling to ||uHLq(N). Suppose, therefore, that k., > 1. For any
0 € Rp, (k), we have

k

18 = 0l oy S N8 = 0llgpzngy + D N8lwie sy
lx=5,+1

with the convention that if s, = k, then the summation is over an empty index set
of ..
Using Theorem 3.1.1 in [12], we obtain

k.
ﬁe?lzli(r%) I = ol ) < lZ [yt iy -
w=Sk
Scaling back to the element x € 7, we obtain the result for integer k,. The result for

general k. follows by a standard function space interpolation argument. O

Now we are ready to state our main result concerning the approximation proper-
ties of the projection operator u — z,(u).

Theorem 7.3 Suppose that k € T is an n—dimensional parallelepiped of diameter h,,
and that u|,, € W« (k) for some k., > 0 and r € T then, there exists a sequence of

algebraic polynomaials z;}: (u) € Ry, (K), px > 1, such that for any 1, with 0 <1 <k,

hsh,
[Ju — Zg:(“)HW;(K) <C # ||“||W§~(n) , 1<g<oo, (7.2)
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and, for ¢ =2,
ha
lu— Z HL2(e ) S c ;—_% llwll g ) - (7.3)
Pr
hoE
19w = 252 @)l e,y < C g Mllapin gy (7.4)

K

where e, is any face (edge) e, C Ok, s, = min(p, + 1,kx), and C is a constant
independent of u, h, and p., but dependent on k = maxscT ki and q.

Proof. (Sece also [7]). Let u € W} (k) and define & € Wl () by the rule a(2)|z =
w(F,(&))|x. First, we note that, by Lemma 4.1 in [7], for any © € R, (%), we have
the property that zh"( ) = 0. By Lemma 7.1, (7.1), we have, for 0 <1 < k,,

—

@ — zpr (@)

< Cp;;(kmil) ||1Al’HW§N(,Q) .
Wk(&)

Noting that 2z~ ( )(&) = 2k~ (u)(F,(&)), and applying Lemma 7.2 with & € R,, (%),
we obtain

i 2 (@) (@— ) — 2z (@ — 0)

W(R) Wi(R)

—(kn—l) .. —(kn—1) 55 g
< Cp 7t ) = ey S O 0h el

Thus, by a scaling argument, for 0 < m <[ < k,, we have

|7-’* — 2" < Cp;(knil)hznim ||U||W:K(K) »

| Wm (k)
and therefore

e =z € < Cp e ullype gy

Dl <
and hence (7.2).
By setting ¢ = 2 in (7.2) and using the trace inequality

_1 1 1
el ony < € (B Nl ey + lulF2 ey 1Vl )

we obtain (7.3) and (7.4). -

8. Error Analysis. This section is be concerned with the derivation of a pri-
ori error bounds for the initial-boundary value problem for the semilinear parabolic
equation described in Section 2.

We shall assume that the polynomial degree vector p, with p,, > 1 for each kK € 7T,
has bounded local variation, i.e., there exists a constant p > 1 such that, for any pair
of elements x and " which share an (n — 1)-dimensional face,

Px

pl < o <p. (8.1)
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We also recall our regularity assumptions on the subdivision 7: namely, 7 is
shape-regular, and regular or l-irregular. We shall consider the error analysis of
the hp—version of the discontinuous Galerkin finite element method on shape-regular
meshes. In particular, we shall derive a priori error bounds for both the symmetric
and the non—symmetric version of DGFEM.

Let us begin with the following lemma which establishes the local Lipschitz con-
tinuity of the non—linearity f, required in the a priori error analysis of the hp—version
of DGFEM (6.1) for the model problem (2.1)—(2.4).

Lemma 8.1 Let f € C1(R) satisfy the growth—condition (2.2) with 0 < o < oo when
n=2and 0 < a<2/(n—2) when n >3, and suppose that 2 < g < co. Let

R < 2aq>
G=max|q, —= .
q—2

Then, there exists a positive constant C' = C(a, Cq, ¢, |Q|) such that

1) = @)y < Ol ol (14 T2y )+ 0l ) (52)

for all u, v € LI().
Suppose that ¢ = 2(a + 1); then § = 2(a + 1). Moreover, if n =2, 0 < a < 00
then 2 < § < oo, and if n >3, 0< a<2/(n—2) then2 < §<2n/(n—2).

Proof. From (2.2), by Holder’s inequality, we have

£ (w) = () 720 :/Qlf(U)*f(v)IZ dfvSC;/Q(U*U)QOHUIHUDQ“ dz

1—-2

<2 (/Q lu—v*? dac)% (/9(1+u|+|v|)2@'(1—§>1dx) "

As1-2/g=(q—2)/q and ¢ > 2, we have

q—2

q(/(1+|u|+v|>3“%da:) q
Q

= vl ( [t ) dx)

10) = 0wy < 62 ([ Ju=ol" a0)

=2 9.,

2 2aq
= Cg2 ||U — U”Lq(Q) (/Q(l + |u‘ + |v|)q—2 dx)

2a
2 q=2
< 2oy (1915 4l 25, + o, 21, )

2
2 2 « e
< O = ol (1 Dl g g + 102 )
and hence (8.2) for all u,v € Li(2). The statement in the final sentence of the lemma

follows from our hypothesis on the range of « and the fact that ¢ = 2(a 4 1). -

Hypothesis A. Let f € C!(R) satisfy the growth—condition (2.2) with 0 < a < oo
when n =2, and 0 < @ < 2/(n — 2) when n > 3. We define ¢ = 2(a + 1).
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With this hypothesis in mind, we can remove the dependence on ¢ in the constant
C' in Lemma 8.1 in terms of a.

For the sake of clarity of the exposition, in the rest of the paper we shall confine
ourselves to the case of n > 3. Our proofs can be easily adjusted to cover the case of
n =2 with 0 < a < 0.

8.1. The Non—Symmetric Version of DGFEM. Let the bilinear form B be
as in (4.1). Here we shall be concerned with the non-symmetric version of DGFEM
corresponding to @ = 1 in (4.1), so we write Bxs(+, -) in place of B(-,-). We begin our
error analysis with the following definition.

Definition 8.2 We define the quantity |||-||[pc on HY(Q,T), associated with the
DGFEM, as follows:

1
2
llwllv = | S 1V0lay + [ ow?as+ [ olas) . (53
reT I'p Cint

where o is a non—negative function on I.

Remark 8.3 Let us observe some properties of |||-|||pe defined above.
1. If 0 > 0 on T, then ||-[[|pc defines a norm in H*(Q2, 7).
2. If 6 =0 on T, then |||-||[pg defines a seminorm in H(Q, 7).

3. Cleanly, ||wl[3e = Bus(w,w), for all w e H(Q,T). _

The first step in the error analysis is to decompose the error u — upg, where u

denotes the analytical solution, as u —upg = £ +n, where £ = llu —upg, n = u—Iu,
with II defined element—wise by

(Mu) s = T(ulx),

and II denoting an appropriate projection operator on the element x. Thus, using the
triangle inequality for the H'-norm, we have

lu —upcllgor < I0llg@r) + 1Ellg@r - (8.4)
We assume for simplicity that the initial value is chosen as
ud® = Tlu, (8.5)

and thus £(0) = 0.

We shall proceed by deriving a bound on HfHHl(Qj) in terms of norms of 7. Then,
by choosing a suitable projection operator II, we shall be able to use the bounds on
various norms of the projection error 7 derived in Section 7 to deduce an a priori
error bound for the method.

Let us prove the continuity of the bilinear form Byg, which will also provide the
necessary bound for our error analysis.

Lemma 8.4 Let 7T be a shape—regular subdivision of Q and assume that the parameter
o is positive on Tiy U p; then, the following inequality holds for all v € H*(Q,T)
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and w € SP(Q,T,F), with C a positive constant that depends only on the dimension
n and the shape—reqularity of T :

| Bns (v, w)| < C||lw||lpa {/F O’|’U|2 ds +/F o [v]2 ds + Z ||Vv||iz(,€)
D

int weT
2
L2 (aﬁﬂFD)

1
+ 3 (Ml |45
%
anﬂl‘,m)> } 7

reT
(8.6)
where T, = < > /he and he is the diameter of a face e C Eny UEp; when e € Ep the
contribution from outside ) in the definition of 1. is set to 0.

# 3 (Ve + |25,

rkeT

Proof. (See also [21].) Let us decompose
|Bns(v,w)| < I+ I1I+III+1V,

where

Z/VU Vwdz|, II= {v(Vw-n)—(Vv-n)w} ds|,
RET
111 = | {(Vw-v) — (Vv -v) [w]} ds|,
v = /F vads—i—/FA o [v] [w] ds|.

For the term I we have

1

1< lwllbe > (I9013200) (8.7)

KET

and for the term IV we have that

IV < ||lw|llpe (/ olv)? ds+/
I'p r

To deal with the term I, we first note that

o v)? ds)é : (8.8)

int

1 1
1 2 ’ 2 ’
I < (Z o ||UL2(amrD)> (Z Vi ||Vw||L2(amrD)>

k€T el
1 2 z ) 1
+ — Vv Vo w
(nEZT Vo L2(8;mFD)> <neZT H HL?(aanD))

for any set of positive numbers {~, : K € T }. Here we can apply the inverse inequality

2
2 Py 2
vaHLZ(BImFD) <K e ||Vw||L2(,.@) ) (8.9)
K
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where K depends only on the shape-regularity of 7 (see Schwab [35], Theorem 4.76,
(4.6.4)). On letting 7, = h,/p? and defining 7, = p2 /2h, for an (n — 1)-dimensional
face e C 9k N I'p, we obtain

2 2
2 1
1T < Cflwllpc Y <|}\/?u||L2(amFD) + H%W o )) . (8.10)
kNT'p

rkeT

Similarly, we have

2 2
2 1
1T < Cllwllloc Y (Hﬁ[v]!!p(amm) + HTW ) . (811
wET g L2(8KMTiny)
By collecting the results we have the desired bound. O

Now, let us derive a bound on the H'-norm of the error v — upg.

Lemma 8.5 Let T be a shape-regular subdivision of Q and assume that f € C1(R)
satisfies Hypothesis A. Suppose further that the positive parameter o is defined on
it UTD and

O =0le > h;l

on each face e € Eng U Ep. In addition, suppose that
a) the local polynomial degree p, > 2 on each k € T;
b) the local Sobolev smoothness k, > 3.5 on each k € T ;
¢) the hp—mesh is quasi—uniform in the sense that there exists a positive constant
Co such that
hs
max — < Cp min —-
KET pﬁ KET pﬁ
Then, for all t € [0,T], there exists hg > 0 such that for all h € (0,ho], h =
maxxeT hy, the following inequality holds, with C a positive constant that depends
only on the domain , the quasi—uniformity of T, on the final time T, the exponent
« in the growth—condition for the function f, and the Lebesgue and Sobolev norms of
u over the time interval [0,T]:

/ (w = une) ()% oy ds < C Y / 1220y + 1705) st ey + 1105 1

rKeT
+ H\/‘;"(S)Hm(amm) + H\/E n(s HL?(amrm) + ||‘/7_'77(3)||L2(amr13)

2
s) ds
L2(9KNTing)

(8.12)

2

+ VT |l

2(9rAT'p) MMz onrrn * H ﬁv

|G

where 7. = <]32>6 /he and he is the diameter of a face e € &y U Ep, in which for
e € Ep the contribution from outside §) is set to 0.

Proof. From the formulation of the hp-DGFEM (6.1), for all v € SP(Q, 7, F),

we have

Z/UDGvdx—I—BNS UpG, v Z/f upg)vdz + Ins(v). (8.13)

rkeT KET
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On the other hand, the broken weak formulation (4.3) of the problem can be rewritten
as

Z/ (TT4)v dz + Bns (T, v) Z/f Jvdx + Ins(v)

k€T KET

+Z/ Mo — 4)v de + Bys(Iu — u, v).

k€T

(8.14)

Upon subtracting (8.13) from (8.14) and choosing v = £, we obtain
Z/fsdestg Z/{f uDG}fdx—Z/nfdx—BNs(n ).
k€T KET KET

By noting that

1d
> [éear =53 Z 161220 = 557 1320
RE

we can rewrite the above expression as

1d . ,

=S el HlE B < {f(w) — )} ede|+| S [ {£(M0) — flupa)} € da

2 dt L2 (@) DG KeT/ RET/ ol
s / i€ de| + [Bus(n, &) (8.15)
KeT

By the Cauchy—Schwarz and Young inequalities, with €1 > 0, we have

3 3
€1 . 1
Z/U§d$ < (Z ||77L2(n)> (Z ||§iz(n)> S5 ||77||i2(9) + 2%, Hf||2L2(Q)7

k€T KET KET

and, by the same argument, with €5, 3 > 0,

> [ U = s de| < Z 150 — FT0l a0 + 5 1€l
KET

S [ 1) = flune)} ¢da| < P 17010 = Flune)Fao) + 5= [€l300)-
keT

Further, by Lemma 8.1, upon absorbing all constants into C' and noting the definition
of ¢ in Hypothesis A, we have

2
2 2
10) = R0y < C gy (1 g )+ I )
< Oy (1 Bl g + M5y, )

= ey (1 0l g + = 2% )
< ey (14 125y o+ W12, )

<C ||77HLq(Q) =C ||77||L2<a+1>(sz) ;
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where the constant C' > 0 depends only on the domain €2, the growth—condition for
the function f, and on Lebesgue norms of u over the time interval [0, T].
By Lemma 8.4 and Young inequality, with 4 > 0, we have the bound

€4

1
5 lellbe + 5—F1 (),

B <
|Bns(m,€)| < 9%

where

Fim) = (1900020 + Vo) 22 omrrg) + V7 N3 nrr

KeT
2
L2 (Bnﬁl"im,)

Applying these bounds on the right-hand side of (8.15) and absorbing all con-
stants into C7 and Csy, we obtain

2

9 1
+ ||\/F77(5)HL2(3mFD) + H%VW(S) L2(8kNT'p)

+ H\/F [77(3)]||iz(aml“am) T H%vn(S)

d
37 €122+ @=enlli€llbe < CLPm)+Ca €]y +es 1/ ([TTw) — f(une) 720 -
(8.16)

where

2 2
F(n) = F1(m) + [Inllz2@+0 @) + [0l 72(0) -

To bound || f(TTu) — f(UDG)HiQ(Q), we first note that, by the same argument as
above,

1 (M) = f(upc)lz2) < C I€ll72w @) (1 + upc ey (m) :

where the constant C' > 0 depends only on the domain €2, the growth—condition for
the function f, and on Lebesgue norms of u over the time interval [0, T].

Let us choose uD¢ = Iuy, thus giving £(0) = 0, and let 0 < ¢, < T be the largest
time such that upg exists for all ¢ € [0, ¢,] and

€7@ <1 forall telot];

existence of such a t, is guaranteed by the Cauchy—Picard theorem. Since, by Hy-
pothesis A, 2aq/(q — 2) < 2n/(n — 2), this implies that

HUDG”QLO%_g% @ < Const. for all te€[0,t,]

by the broken Sobolev—Poincaré inequality (see Theorem 3.7 in [27]!); here Const.
is a constant that is independent of the discretisation parameters and ¢, and only

1Using the notation of the cited paper, we define ¥ as in Example 3.6 of that paper, with
Y e L?09), =0 on Iy
and

wOPr<c Y nt [

ecép
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depends on Sobolev norms of w over the time interval [0, ¢,].
This implies that

9 -
1f(ITu) = f(upc)llz20) < CliElBe;
where the constant C' > 0 depends only on the domain €2, the growth—condition for

the function f, and on Lebesgue and Sobolev norms of u over the time interval [0, t4].

On choosing &4 + £3C < 1, (8.16) takes the form

d
S 16032+ €l < CLF () +Ca el ey (8.17)

with the constant C; > 0 depending only on the domain €2, the growth—condition for
the function f, and on Lebesgue and Sobolev norms of u over the time interval [0, ,].
Upon integrating from 0 to ¢ < ¢, and noting that £(0) = 0, this yields

I oy + [ OB ds < € [ Foonas +Cs [ 1€y a5, (519

with the constant C; as above.

According to this inequality, if F(n) were zero, we would have ||€ ||2LQ(Q) = 0 for
all t € [0,4]. More generally, by choosing an appropriate projection operator II, we
can make F(n) as small as we like (for example, by fixing the local polynomial degree
Py on each element x € 7 and reducing h = max,e7 ).

Let us choose C3 = C522* and hg > 0 so small that, for all h < hg and t € [0, t,],
the following inequality holds:

1 he\ 2
Cy / F(n(s))ds < ——=e T x C.1Cy? ( max — )
1+T KET pi

where Cj,y is the constant from the inverse inequality

2
Px
1l = o (a2 ) ey (5.19)

We note in passing that in order to be able to extract the factor (max.er(h./p?))?
from F(n), we need hypotheses a) and b) above.
Hence (8.18) becomes

B2
e T x O 1C’ max —
1 +T mv xeT p2

t
B2, 2
IO + | e
t
+Co [ @) o) ds.

which, by the Gronwall-Bellman inequality, implies that

h\
IOy < CrlCy (glg%) for all ¢ € [0,4,].

By the inverse inequality (8.19) we have that,

) , B\ 2 p? 2 , ho\2 B\ 2
6O < Co? (max o ) (max =) =052 (ma 5 ) (i)
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for all ¢ € [0,¢,], which, by the quasi—uniformity hypothesis c¢) above, is < 1. Hence,
then, for h < hg, we have

€7@z <1 forall tel0,t].

By continuity of the mapping ¢ — ||§(t)|\12ql(ﬂj), the assumption ¢, < T implies
that either ||£(t)|\§j,1(Q 7y < 1forallt €[0,T], or that there exists a time ¢, € (tx, 7]
such that ||§(t**)||§11(9’7) =1

In either case, we arrive at a contradiction with the fact that ¢, is the largest time

in the interval [0, T] such that, for all ¢ € [0,%,], we have ||f(t)||§{1(9.7) < 1. Thus we
deduce that t, =T, for 0 < h < hyg. /

From (8.18) by the Gronwall-Bellman inequality we obtain

t t
@22y + / €)1 3 g1 ds < C / Fln(s))ds, 0<t<T,

and hence

t t
[ 1 as<c [ Fuepas, o<i<T,

with the constant C' > 0 depending only on the domain €2, the quasi—uniformity of 7,
on the time T, the growth—condition for the function f, and on Lebesgue and Sobolev
norms of u over the time interval [0, 7.

Employing the triangle inequality yields

t t
/0 [[(w— UDG)(S)HiIl(Q,T) ds < C/o {”n“i'l(Q,T) JF]'—(W(S))} ds, 0<t<T,

and hence (8.12). -

Our next result concerns the accuracy of the hp—version NSIP DGFEM (6.1).

Theorem 8.6 Let Q@ C R™, n > 2, be a bounded polyhedral domain, T = {k} a
shape-regular and quasi—uniform subdivision of § into n—parallelepipeds, and p a
polynomial degree vector of bounded local variation. Let each face e € Eng U Ep be
assigned a positive real number

(8.20)

where h. is the diameter of e, with the convention that for e € Ep the contributions
from outside ) in the definition of o. are set to 0. Suppose that the function f €
CY(R), that f satisfies the growth—condition (2.2) for some positive constant Cy, and
that Hypothesis A holds. Then, if u(-,t)|. € H" (k) with ks > 3.5 on each x € T,
there exists hg > 0 such that for all h € (0,hg], h = max.er hy, and all t € [0,T],
the solution upg(-,t) € SP(Q, 7T, F) of the NSIP DGFEM (6.1) satisfies the following

error bound:

28, —2

h £

2 2

lu —upcllz2 0151 01y < C E —n—5 llullx; (8.21)
KET UK
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with 1 < s, < min(px + 1, k), s > 2 on each k € T, where C' is a positive constant

depending only on the domain 2, the shape—reqularity and quasi—uniformity of T, the

time T, the growth—condition on the function f, the parameter p in (8.1), on k =

max.er ki, and on the Lebesgue and Sobolev norms of u over the time interval [0, TJ;
2 , 2 2

the norm |lul| signifies the collection of norms |[ull 7.2 (o 7. g () TN 220, 7,700 =1 ()

Proof. Let us choose the projector II to be the projection operator u — z;j: (u),
defined in Section 7. From Theorem 7.3, inequalities (7.2)—(7.4), we have the estimates

h?s —1 9 9 25,—3
H77HL2(an) <Co— P2 ”U‘HH‘M(H)’ ||V77HL2(5,§) = Cp—gk =3 ||U|‘Hkﬁ(,§)a
9 2s -2 9 2s
HnHHl(,{) < CW ||UHHk (k) ||77||L2( C K H’U’HH’%(/{)

Let us collect all the terms on the right—hand side of (8.12), except H77||2Lz<a+1>(n):

1=cy’ / 12y + 1002y + IV e

reT
2

1
+ H\/E[n(s)]HiZ(amrm) + ||\/F’7(S)H2L2(amr]3) + H%Vn(s)

L2(8kMT'p)

2
HLz(afmch) H\/_ 2(8kNI )}ds.
int

From the above approximation results, by choosing o, as in (8.20), noting (8.1) and
the shape-regularity of 7 to relate h to h,, and taking the maximum over ¢ € [0, 7],
we obtain

hQS"_2 9 h2‘sﬁ—2 p hQ‘S*‘_l 9
I1<C § {m el 22 0,7 e —1 () + ( k2 T ok —1) |“||L2(0,T;H’°n(n))}
weT \Pr pi KPR

+ [|v/7 [n(

25 —2

<CZ Qk —3 ||u||X7 (822)

HET

with 1 < s, < min(p, + 1,kx), P > 2 on each k € 7, where C is a positive constant
depending only on the domain (2, the shape-regularity and quasi—uniformity of 7,
the time T, the growth—condition for the function f, the parameter p in (8.1), on
k = max,e7 ki, and on the Lebesgue and Sobolev norms of u over the time interval
[0,T].

Further, by the broken Sobolev—Poincaré inequality [27] we have the bound

Z ||V77HL2(K) + Z / ds + Z he /77 d5>7

||77||L2<a+1>(9) <C (
KET e€int e€ép

and thus by the above approximation bounds, by noting the shape-regularity of 7 to
relate h, to h,, we obtain

Y Il Zasn e < CZ ] IIUIIHMN )

KET reT Pr
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with the constant C' as above.
Applying this bound to the right-hand side of (8.12), noting (8.22), and taking

the maximum over 0 <t < T, we obtain the desired bound. O

Remark 8.7
1. The estimate (8.21) is optimal in h and p—suboptimal by pe.
2. By the broken Sobolev—Poincaré inequality, the same bound holds for the
L?norm of the error. The bound in this case is not hp—optimal.
3. From the error bound we conclude that the presence of the non-linearity f(-),
satisfying the conditions stated in Section 2, does not diminish the rate of

hp—convergence rate in the H'-norm compared to the linear case. O

8.2. The Symmetric Version of DGFEM. The symmetric version of the
interior penalty discontinuous Galerkin finite element method appeared in the liter-
ature much earlier than the non-symmetric formulation, (see Wheeler [36]). It was
not widely accepted as an effective numerical method until very recently, due to an
additional condition on the size of the penalty parameter which is required in order to
ensure the coercivity of the bilinear form of the method; this will be discussed in the
next section. The renewed interest in the symmetric formulation of the IP DGFEM is
due to the optimality of its convergence rate in the L?-norm and for linear functionals
of the solution.

The non—symmetric formulation of the IP method suffers from lack of adjoint
consistency (see [6, 5]), and results in suboptimal a priori error bounds in the L%~
norm and in linear functionals of the solutions. The symmetric version, due to its
adjoint consistency, does not suffer from these drawbacks.

We start our a priori error analysis in the L?-norm by deriving the error bounds
on the broken elliptic projector defined by the symmetric version of the interior penalty
discontinuous Galerkin finite element method. This part of the L?-norm error analysis
is crucial, as it will allow us to remove the terms in the error bound, containing the
H'-seminorm, which would otherwise result in a suboptimal convergence rate in the
L? norm.

8.2.1. The Broken Elliptic Projector. Consider the boundary value problem
for the elliptic equation in the form

—Au=0 in €
u=gp on Ip, (8.23)

Vu-n=gy on Iy,

with Tp U Ty = 09, I'p having positive measure, and gp € H%(I‘D), gn € L*(Ty).
We shall also assume that the solution u exists, that it is unique, and that u € 2.
In view of Section 4, the SIP formulation of the DGFEM for this problem is

find upg € SP(Q,7,F) such that Bs(upg,v) = Ils(v) for all v € SP(Q, T, F),
(8.24)
where the symmetric bilinear form Bg is defined by (4.1), and the linear functional g
is defined by (4.2), with § = —1.

Let us check whether and under what conditions the solution upg to (8.24) exists
and is unique.
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The proof of continuity of the symmetric bilinear form Bg(u,v) is essentially the
same as in the non—symmetric case (see Lemma 8.4). The coercivity, though, requires
further investigation.

For the symmetric bilinear form (4.1) (with § = —1), we have, for any w €
SP(Q7 T’ F)?
Bs(w,w) = Z ||Vw||2LQ(K)+/ (cw? — 2w(Vw - n))ds+/ (O’ [w]® — 2 [w] (Vw - V))ds.
k€T I'p Fint

Clearly the integrands in the last two terms need not be positive unless o is chosen

sufficiently large: the purpose of the analysis that now follows is to explore just how

large o needs to be to ensure coercivity of Bg(-,-) over SP(2,T,F) x SP(Q, 7T, F).
For any positive number 7. we have

—Q/FDw(Vw-n)dsz— > (/erew2d3+/ere_1(Vw~n)2ds>.

ecép

Omitting the summations, the second term on the right—hand side can be further
bounded by using the inverse inequality (8.9), the shape-regularity condition (to
relate hy to he, where k is the element whose face is e € £p) and the bounded local
variation condition (to relate p2 to (p?),), by absorbing all constants into C, we
obtain

2
—/Te_l(Vw -n)?ds > —/Te_l |Vw|2 |n|2 ds > —Te_lCT% ||Vw||2LQ(K).
e

e e

Similarly, for the term involving interior faces, we have

ST CLUTEEDS ( [ st 710, Bl (19 ||Vw||L2<,i~>)>7

i e
int e€Eint

using the restriction imposed by the bounded local variation condition (8.1): here x’
and " are the two elements that have e as their common face.
Now letting

) -1
L ! <CT (v >8 ) for e € & U &int,

we get

Bo(w.uw) 2 5 3 [Vullfsgy + [ (=nutds+ [ (-l ds

k€T I'p Fing
Thus the symmetric bilinear form Bg(u,v) is coercive if

).

he

e >Te =2n-2"71C,

The factor 2n - 2"~ ! stems for the fact that in n dimensions the summation over
e € g may count, any one element r, 2n - 2"~ ! times, as we allow one hanging node
per interface.
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Choosing o, appropriately, i.e.,

(r*),

he

e =Coy (8.25)
with the constant C, > 0 large enough, o, > 7. will be ensured and by the Lax-
Milgram theorem the solution to (8.24) then exists and is unique.

In view of the above arguments, we conclude that the SIP DGFEM solution of the
problem (8.23) uniquely determines the projection operator I, on 2( onto the finite
element space SP(Q,7,F) with the property (for u € )

Bs(u — leu,v) =0 for all v e SP(Q,7,F). (8.26)

Next, we state the approximation error bounds in the H'— and L?-norms for the
broken elliptic projector 1.

Lemma 8.8 Let Q C R™, n > 2, be a bounded polyhedral domain, T = {k} a shape—
reqular subdivision of ) into n-parallelepipeds, and suppose that u|, € H**(k) for
some Sobolev index k,, > 2 and k € T. Let llou be the projection of u € A onto
SP(0,T,F), defined by (8.26), with p, > 0 for k € T, and o, chosen as in (8.25).

Then, the following error estimate holds:

h2sn72

lu = Teul 1 .7y < C > =55 Nl ) - (8.27)
KeT FF
Furthermore, if Q is convez, then
) B2 R25—2 )
o= Tl < € (s %) I S (5.29)

where s, = min(p, + 1, k), and the constant C is independent of u, p,; and h, but
dependent on k = maxser ki and C,.

Proof. By recalling the definition of the DG—norm (8.3), we have, from the assump-
tion on o, that

llull|3a < Bs(u,u) for all u €A,
and thus by writing u — ITou = (u — ITu) — (ITu — Ieu) = n + £, where the projection

operator II will be chosen later, taking v = £ in the definition of the broken elliptic
projector (8.26), we deduce that

I1€llbe < Bs(€+n—n,€) < |Bs(&+n,8)| +|Bs(n,€)| = |Bs(n,&)| .

By continuity of the bilinear form Bs(n,£) (see Lemma 8.4 and the comments above),
after applying Young inequality we have

2
)T ||V77||2Lz(n) + H\/;WHLZ’({);{F\FD)

2
. (8.29)
L2 (3nﬂFim)

int

liglde < C Z (H\/E”Hiz(amrr,) + H\/E[nmiz(amr

reT
2

1 2 1
+ H%vn + ||\/F[’7]HL2(amrm) + H\/_gvn

L2(8kMT'p)
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where 7, = 2n- 2"1C; (p?) | /he, he is the diameter of a face e € & U Ep, and for
e € &p the contribution from outside 2 is set to 0.

Further, by noting that > _, ||V5Hiz(n) < JIl€ll3 ¢, and employing the triangle
inequality (8.4), we obtain the bound

Z lu — He“”ifl(n) <C Z (H\/a7|‘iz(amr]3) + H\/E[nmzm(amrmt) + ||’7||§11(~)
k€T k€T
2

) 1
+ ’|\/;77HL2(8KﬂFD) + H%VU L2(0kNTp)

2 1 2
VT Wl 2 omersy + ’\/_Ev” L2(3an;m)>7 (8.30)

Let us choose II to be the u — 2/v(u) (see Section 7). From Theorem 7.3,
inequalities (7.2)—(7.4), we have the estimates

) 2s,—1 ) 5 h2sx—3 9
1702200y < C}% lullgrin ey > 1Vl T2000) < C}% [l ey
" 9 h25,¢72 9 "
||77||H1(H) < C% HU”HM(H) :

Pk

Applying these inequalities to the right—hand side of (8.30), choosing o, as in (8.25),
noting the bounded local variation condition (8.1) and the shape regularity of 7 to
relate h, to h,, we obtain

9 h2s,$72 p2 h2s,‘;71 9

K K K

flu— Heu”Hl(Q,T) <c Z <pik~—2 + he pikm—1) HUHHI%(,@) )
KET

and hence (8.27).
Let us note that the same bound (8.27) is also valid for the DG—norm |[[|u — Ileul|pa;
this follows from (8.29) and the fact that

h23K72

2
e~ Tl < € 3 25l
rET 'K

To estimate [|u — Ieul| 2, we shall use the Aubin-Nitsche duality argument
(see [11)).

Let (-, ) signify the L?~inner product. Then, for every g € L?(Q), by the Cauchy—
Schwarz inequality we have

(u—Tleu, g) < [ju— Heu”L2(Q) H9||L2(Q) )

and therefore

u— Heua g
oMol oy = sup =T (5.31)
geL?(Q) ||9||L2(Q)
97#0
Further, let the function w € H?(£) be the solution of the problem
—Aw=g in Q,
w=0 on Ip, (8.32)

Vw-n=0 on Iy,
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with g € L?(Q), and I'p, I'yx as in (8.23). Then the SIP DGFEM formulation of this
problem is

find w € 2 such that Bs(w,v) = l,(v) for all ve H*(Q,T),
where Bg(w,v) is defined by (4.1) with § = —1, and
ly(v) = (9,v) + Is(v),
with lg(v) defined by (4.2) with § = —1 and gp = 0, gn = 0: clearly, then, Ig(v) = 0
for all v in H2(Q, 7).
Consider the SIP DGFEM approximation of (8.32) in the form
find wpg € SP(Q,7,F) such that Bs(wpg,v) =l4(v) for all v e SP(Q,T,F).
By Galerkin orthogonality, we have
Bs(u — Meu, wpg) =0,
and thence

(u—Tleu, g) = (g, u — Ieu) = ly(u — Heu) = Bg(w, v — Ieu)
= Bg(u — Iou, w) = Bs(u — Hou, w — Hw),

where II is the projection operator u — zﬁ: (u).

Further, by Lemma 8.4, (8.6), and by noting that the bilinear form Bg(-,-) is
symmetric, we have

(u—Tleu, g) < Bs(u — Heu, w — Mw) < O |[|lu — Heul[|pa

X {/ o |lw — Hwl|? ds+/ o[w—Hw]® ds + Z HV(w—Hw)Hig(n)
I'p

Line k€T
2
L2(8kNTp)
1

2 2
L2(amrm)> }

2 1
+y (II\/F(w =T || 2 gy + HﬁV(w — Tw)

reT

1
+ Z (H\/? [w — Hw]”iz(amrim) + HﬁV(w — Tw)

rET
(8.33)
with 7. = 2n - 2"~ 1C, <p2>e /he.
By the previous argument, we have the estimate
5 h2sm72 9
llu = Teullpe < C Y =z Nl » (8.34)
rET 'K
and from Theorem 7.3, inequalities (7.2)—(7.4), we have the estimates
2 h} 2 2 h 2
[w = Tw|[725x) < CE w2y, V(w0 =Tw)|[729, < o w72 »

h2

2 K 2

IV (w = Hw)[72,) < 017 W] g2y -
K
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Applying these inequalities and the estimate (8.34) to the right—hand side of (8.33),
choosing o, as in (8.25) and noting the bounded local variation condition (8.1) and
the shape regularity of 7 to relate h. to h,, we obtain

1

hQS —2 K 2
(u—Tleu,g9) < C (Z k-3 Hu“H’Cm(n) X Z D ”wHH2 n)) :

weT PF KET

Further, by noting that for a suitable constant C' > 0 we have

h2 2 h2 2 h2
3 e Il < € (a0 ) 3 Il = € (mas o= ) Wolfieco

k€T

and, recalling that € is convex, on employing elliptic regularity, we obtain

h2 h2s,‘;72 9 %
(u—Tleu,g) <C rélea%( — Z m [l g (x) ||9||L2(Q) )
Pr weT Pr

and therefore

;
(u — eu, g) h2 h2sx=2 ’
= <C rglea,}(p—m Z W ||UHHk w | -

||9||L2(Q) el

Noting (8.31), taking the supremum over g € L%(2), g # 0, and squaring the resulting

expression yields (8.28). -

8.2.2. A priori Error Bounds. Having defined the broken elliptic projector

and obtained the respective approximation error bounds, we are ready to state our
main result about the accuracy of the symmetric version of the hp—~DGFEM.

Theorem 8.9 Let Q@ C R™, n > 2, be a bounded convex polyhedral domain, T = {x}
a shape—regular subdivision of Q0 into n—parallelepipeds, and p a polynomial degree
vector of bounded local variation. Let each face e € &y U Ep be assigned a real
positive number

»?),

Uecﬂ<he )

(8.35)

where h. is the diameter of e, with the convention that for e € Ep the contributions
from outside Q) in the definition of o, are set to 0, and C, is sufficiently large. Suppose
that the function f € C1(R) and obeys the growth—condition (2.2) for some positive
constant Cy, and that Hypothesis A holds. Then, if u(-,t)|,, € H**(k), ke > 2, k € T,
for 0 <t < T there exists hg > 0 such that for all 0 < h < hg, h = maxgec7 hy, the
solution upg(-,t) € SP(Q,T,F) of the SIP DGFEM (6.1) obeys the following error
bounds:

s -2
esssup [Ju — uncllbo < € Y S Julf, (8.36)
0<t< weT
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and
h2 h2s,<72
lu = upallfe o 12 () < C | max —= > =& lul|3
(0.T:L2(2)) ,ieTpﬁnesz% 3 2

Q_Lnl hZS -2
+r’£1€a%( b ™ X;W ”“Hm(o T; Hkn(,g))> , (8.37)
KE r

with 1 < s, < min(ps + 1,kx), px > 1, for k € T, where C is a positive constant de-

pending only on the domain 2, the shape—reqularity of T, the final time T, the growth—
condition for the function f, the parameter p in (8.1), the Lebesgue and Sobolev
norms of u, and k = max,ec7 kw; the norms ||u|\§€1 , signify the collection of norms

2 2 12 2

1l o 0.7 ) + Nellzoo zsmrme o) + Nillze o mimree @)y and 1l o o, 2msn )y +
.12 .

(%l 72 0,7; Frew (1)) » TESPECtIVELY.

Proof. By the same argument as in the proof of Lemma 8.5, upon subtracting
(8.13) from (8.14) and choosing v = &, we obtain

€132y + Bs(€.6) = / (F0) — flupa)}éde — 3 / i€ de - Bs(,€). (8.38)

KET rET

Let us choose the projection operator 11 to be the broken elliptic projector Il.. Then,
by definition (8.25), Bg(n,§) = 0.

With the constant C,, in (8.35) chosen large enough, the symmetric bilinear form
Bs(+, ) is coercive, and therefore defines an inner product on H*(Q, 7'), which induces
the norm [||-|||pg on this space. Hence we deduce that

Bs(,€) = 5 llEllBe.

Thus, we can rewrite (8.38) in the form

€l + 5 WllBe = 3 [ (70 = Fupe)édo = Y [ iéas

KET KET

<\ [iéas]+ Z/{f F(Teu)} € de

KET KET

(8.39)

S [0 - funa)és).

keT

By the Cauchy—Schwarz and Young inequalities, we have

l 1
2
.2 €1 . 1 .2
E / i da| < (E 77|L2(;<;)> (E |£|L2(n)> S5””“%2(9)+—2€1H§HL2(Q)7

k€T K€T KE€T

and

> [ 4t - f0) édo

1 .2
< 215w = £l a@) + 5 1Ell 220y
wkeT 2
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Z/{fﬂu UDG)}de

k€T

1 .2
< 5 1) = F(un6) 720y + 5 €l 20y

with e1,e9,e3 > 0.
Next, by the result of Lemma 8.1, we have, upon absorbing the constants into C,
and noting Hypothesis A,

2
15 0) = L) ey < il (14 10l 2g o+ Wl )

2
< Iy (1 23z g + el )

2 (@)

—mmmm(uwwgﬁﬂ+m_w2%®)

< Iy {1+ Bl g + 12, )

<C ||77||Lq(Q) =C ||77HL2(0¢+1)(Q) )

where the constant C' > 0 depends only on the growth—condition for the function f,
on Lebesgue norms of u over the time interval [0, 7.

Choosing 1, €2, £3 such that e; ' +e5 ' +e5' < 2, and inserting the above bounds
into (8.39), we obtain

d , B
SENRG < Cr (11300 + Il 2wy ) + Ca 7 ([Te) = Funa)l 2y - (8:40)

To bound || f(Heu) — f(uDg)Hsz(Q) we note that, by the same argument as above, we
have

17 01e0) = (00 ) < C el ey (14 160255 )

where the constant C' > 0 depends only on the growth—condition for the function f,
on Lebesgue norms of u over the time interval [0, 7.

Let us choose ud® = Tl ug, thus having £(0) = 0, and let 0 < ¢, < T be the
largest time such that the solution [||£(¢)]||3¢ of (8.38) (and thus upc(t)) exists and
ll€lllpe < 1 for ¢ € [0, t]; the existence of such ¢, is guaranteed by the Cauchy—Picard
theorem from the theory of ODEs.

By Hypothesis A, we have 2(aw + 1) < 2n/(n — 2), and hence by the broken
Sobolev—Poincaré inequality,

I (Tew) = func)ll720) < CllIENIDG-
Inserting this bound into (8.40), we obtain the differential inequality

d .12 2
el < O (1) + Inacine) + Collelbe,  (841)

which, upon integrating from 0 to ¢ < ¢, and noting that £(0) = 0, yields

t t
@l < Cr | {1 + Iy } ds+Co [ Il s
(8.42)
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By Lemma 8.8, the first argument on the right-hand side can be bounded in terms
of h, and p,. Fixing the polynomial degree p,, for all K € 7 and denoting 0 < h =
max.eT R, let us define Cy = C922%, and let hg > 0 be small enough so that for all
h < hg we have

t
. 2 2 1 _
O [ {16+ I ey } ds < e
Thus, for h < hy and ¢ € [0,t,], from (8.42) we have

1
14T

t
@b < e’CST+Cs/O €D dss

using the Gronwall-Bellmann inequality, we deduce that [||£(¢)||5o < 1 for all t €
[0, £,] with h < ho.

By continuity of the mapping ¢ — |H§(t)|||2DG, the assumption ¢, < T implies that
either [[|€(t)||3q < 1 for all ¢ € [0,T], or that there exists a time t,, € (¢, 7] such

that |||§(t**)H|2DG =L
In either case, we have a contradiction with the fact that ¢, is the largest time

in the interval [0,77] such that, for all ¢ € [0,¢,], we have [|¢(¢)[|5e < 1. Thus we
deduce that t, =T for 0 < h < hyg.

Taking into account this fact, setting h < hg, and applying the Gronwall-Bellman
inequality to (8.42) gives us the following bound:

t
(ROl e / {632 + )i | ds, 0T, (8.43)

where the constant C' > 0 depends only on the domain €2, the growth—condition for
the function f, the time 7', on Lebesgue and Sobolev norms of u over the time interval
[0,T7.
Further, by the broken Sobolev—Poincaré inequality, we have the bound
2
17 L2100y < Clilnlibe,

and, employing the triangle inequality, we thus obtain

e = wpe) Ol < € (IOlBe + [ {60+ IneliRe} ds). o<e<T

with the constant C' as above.
By the results of Lemma 8.8 we have that

9 h2 h2s,{72 9 9 h23,€72 9
Iy < € (a2 ) 5 28l ) s Il < € 3 28 e
rRET 'K KET 'K

with 1 < s, < min(ps + 1,ks), px > 1, for kK € 7. Inserting these bounds in
. 2 2 2
the above error bound, denoting [[ully, = [ull ooz mex (@) + Ul L2070 0)) +

||1l||iz(0’T;H,%(Q))7 and taking the maximum over ¢ € [0,T] yields (8.36).

From (8.43), by the broken Sobolev—Poincaré inequality, we deduce that

t
||f(t)||iz(9) < C/o {”ﬁ(S)HiZ(Q) + ||77(3)||2Lz<a+1>(g)} ds, 0<t<T.



hp~-DGFEM FOR SEMILINEAR PARABOLIC PROBLEMS 27
Employing the triangle inequality yields, for all 0 <t < T,

t
Jutt) = w1 ey < € (IOl + | {1006 ey + 10O ey} ).

(8.44)
with the constant C' as above.

Further, by the Sobolev inequality (see [1]), we have, for 1 < 2(a+1) < 2n/(n—2),
n>3 and 1 <2(a+1) < oo, n=2,

H77HL2(a+1>(;€) <C H77||H1(,%) )

where £ is the unit reference element (the unit hypercube). By scaling back from the
reference element, we obtain

(@ —3 Hn(s@Ern—3
sy < € (B g =0 D

and thus, upon squaring and summing over x € 7, taking the square root and noting
that
: .
<Z|a’iq> < (Z |ai|2> ) q > 27
K3 1

n(aar —2)

we obtain

(e -3) 1+
m 170l 2 () + max fu

H77||L2<a+1>(9) <C <ma%<hn |77|H1(Q,T)> :

Inserting this inequality into (8.44) gives us
2 2 ! 2
I = upa) ()2 < C (IIn(t)IILQ(Q) + [ {e)
n(z@rn 1) 2 24n (5@ —1) 2
+max h ()20 + max b 7)1,y ¢ ds |- (8.45)

From Lemma 8.8, error bound (8.28), for k, > 2 and s, = min(p, + 1, k), we
have

2 h2 Z hzs"_Q 2
() sc(max—”) M 1) e

L2(Q) KeT Py = ik,i 3 HFx (k)

and
2+n( 52 1) 26, —2
(a1 2 b h2sw 5
max )72y < C i ————— ;Wuu(@nm(ﬁ).
K

Similarly, from (8.27) we have

21 (5t 1) 2 2+n( 325 —1) 28k —2 )
max I llz2 0,7y < C | max b Z; W [T
RE
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Inserting these error bounds into (8.45) and taking the maximum over ¢t € [0, 7], we
obtain

2 his,ﬁ72

h 2
l = upa 7 o.iz20y) < C | max—= > =5 |lu]
L= (0,T5L2(Q)) ReT pr p2he—3 X2

9_ an hQS"'_Z 9

a+1 K

—i—rl?ea%( I E ok._3 ”uHL?(O,T;H’W(N)) )
KRET Dr

with 1 < s,; <min(p, + 1, kx), ps > 1, for kK € T, where the constant C' > 0 depends
only on the domain €, the shape-regularity of 7, the time T, the parameter p in
(8.1) the growth—condition for the function f, on k¥ = max,e7 ki, and on Lebesgue

norms of u over the time interval [0, T]; here we denote ||u||§€2 = ||“H2Loo(o,T;Hk~ @yt

|\u||iz(07T;HkR(Q)), and hence (8.37). -

9. Conclusions. This work was concerned with the spatial discretisation of
initial-boundary value problems with mixed Dirichlet and Neumann boundary con-
ditions for second—order semilinear equations of parabolic type by the hp—version
interior penalty discontinuous Galerkin finite element method. Our goal was to de-
rive hp—version a priori error bounds. For this purpose, we derived hp—version error
bounds in the L?- and broken H'-norms for the non-local broken elliptic projection
operator. We also developed the techniques of handling the non—linearity in the er-
ror analysis of the Ap—version interior penalty discontinuous Galerkin finite element
method, which allows for the proofs to be conducted on the entire time interval of
existence of the solution.

These enabled us to prove general error bounds for hp—version discontinuous
Galerkin finite element methods (symmetric and non-symmetric variants) on shape—
regular meshes. The bounds, in the H'-norm at least, are optimal in h and slightly
suboptimal in p.

To the best of our knowledge, these are the first error bounds of this kind for
semilinear parabolic equations with a non—linearity of such general type.

With these bounds, we have shown that the presence of the non-linearity, satis-
fying certain growth—conditions, does not degrade the convergence rate (in the H'-
norm) compared to the rates obtained in the linear case. In the case of the symmetric
version of the DGFEM, an attempt of the L?-analysis has been made; here, the im-
pact of the non-linearity on the optimality of the convergence rate is clearly seen,
as the presence of the non—linear term introduces a non—optimal term into the error

bound.
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