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Abstract

It is known that convex polygonal lines on Z? with the endpoints fixed at
0 =(0,0) and n = (n1,n2) and with edges of non-negative slope, have limit
shape under the scaling Z? — nl_lZ2 as n — o0. If ng/n; — ¢ then the limit
shape is identified as a parabolic arc with equation \/m + v = /e
In probabilistic terms, this result amounts to a functional Law of Large
Numbers under the uniform distribution on the set £, of such polygons. In
the present paper, we consider a converse problem, i.e. that of approximation
of convex curves by convex lattice polygons. Let v be the graph of a strictly
convex, increasing C3-function on [0,1], having non-degenerate curvature.
We show that for any such 7, one can construct a probability measure P}
on the space £, so that under the law P, the curve v is indeed the limit

shape of polygons from £,, as n — oc.
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1. Introduction

Consider a convex polygonal line I' with vertices at sites of the integer lattice Z2,
starting at the origin and such that the slope of each of its edges is non-negative and
does not exceed the angle of 90°. Convexity means that the slope of consecutive edges
is strictly increasing. Denote by L the collection of all such polygons having finitely
many edges, and by L, the subset of polygons I' € £ with the right endpoint fixed at
n = (ny,ns).

Asymptotic properties of the ensemble £,, as n — oo (more precisely, as ny, ns — 0o
and ny/ny — ¢, where 0 < ¢ < 00) were studied by Vershik (1994), Sinai (1994) and
Bardny (1995). In particular, it was shown that the limit shape of polygons in £,
is given by the parabolic arc ~y determined by the equation \/m + Vv = /e
(0 < w,v < 1). In probabilistic terms, this result amounts to a functional Law of
Large Numbers under the uniform distribution P, on £,,, in that scaled polygons n;'T’
converge in P,-probability to vy, as n — oo. The arguments in Vershik (1994) and
Barany (1995) were of combinatorial-functional and geometric nature, and were based
on the analysis of the corresponding generating function using the multi-dimensional
saddle-point method for Cauchy integrals (Vershik 1994) or an appropriate Tauberian
theorem (Barany 1995).

Sinai (1994) suggested a probabilistic approach to the statistics of convex lattice
polygons. The idea of the method is to treat the probability distribution P,, on the space
L, as a conditional distribution induced by a suitable probability measure Q defined
on the space L of all convex lattice polygons. In turn, the measure Q = Q, depending
on a two-dimensional parameter z = (21, 22) is constructed as the distribution of a
certain random field v = {v(z)} defined on the set X of all pairs of co-prime natural
numbers « = (21, z2) (i.e., such that their greatest common divisor equals 1). One can
check that if the random variables v(z) are taken to be independent of each other and
have geometric distribution with parameter zi*z3?, then the corresponding conditional
distribution IP,, on £,, does not depend on z and moreover, appears to be uniform. Using
such a construction, limit theorems about polygons (e.g., a Law of Large Numbers) may
first be proved for Q, on £ and then transferred onto P, on £, using a suitable local
limit theorem. In so doing, it is natural to choose the parameters z;, z from the
condition that the ‘expected’ right endpoint of a random polygon I' € £ would lie at
the point n = (ny,n2) (see Sinai 1994).

As pointed out by Sinai (1994), the idea of such an approach is in fact well known
in Statistical Mechanics (see Khinchin 1960). In the statistical-mechanical language,
the sets £,, and £ endowed with the (Gibbs) measures P, and Q, are nothing else but

the canonical and grand canonical ensembles, respectively, describing a perfect lattice



Bose gas (of indistinguishable particles) on the phase space X. A deep link between
asymptotical combinatorial problems for scalar and vector partitions and problems of
statistical physics is discussed in detail in Vershik (1996, 1997).

In this work, we consider a converse problem, i.e. that of approximation of convex
curves by polygons I' € £,, as n — oco. To be more precise, let v be the graph of
an increasing, strictly convex function g, on [0, 1] such that g,(0) = 0. Using Sinai’s
approach, we show that for any sufficiently smooth 7, one can construct a probability
measure P} on the space £,, (such measure being in general non-uniform), so that under
the probability law P} the arc v indeed provides the limit shape of polygons I' € £,,. In
other words, a functional Law of Large Numbers holds (see Theorem 8.2), stating that
normalized polygons n; ' converge to 7 in P7-probability. The measure P} is again
constructed as a conditional distribution induced on the space £,, by a suitable ‘global’
probability measure Q] on L. It turns out, however, that the parameter z = (21, 29),
which specifies the geometric distribution of the auxiliary random field v(z), now needs
to allow for dependence on x € X. We derive the suitable parametric functions z;(x)
and z3(x), assuming that they depend on x through the ratio zy/z; only, which is
particularly convenient in conjunction with the parametrization of the curve v using
its tangent slope t = g;(u) As one would expect, if the curve v is taken to be the
aforementioned parabolic arc 7o then the parametric functions z;(x) and z(z) are
reduced back to constants and our method recovers the uniform distribution on £,,.

Let us point out that in order to be able to pass over from the measure Q] to the
conditional distribution P, the crucial part is played by an appropriate local Central
Limit Theorem (see Theorem 7.1), which is of interest in its own right (see Zarbaliev
1998; cf. also Vershik et al. 1999).

2. Approximating polygons

Let g be a bounded function defined on some interval [0, al, such that g(0) = 0, and
suppose that ¢ is non-decreasing and (in general, non-strictly) convex in [0,a. Fur-
thermore, assume that the function g is continuous on [0,a] and its derivative ¢’ is
continuous everywhere except at a finite set of points. Here we allow the derivative
¢'(a) to be infinite, ¢’(a) < +o00. Note that the function ¢t = ¢’(u) is non-negative and

non-decreasing in its domain, and so 0 <ty < ¢'(u) < t; < 0o, where
to :=inf ¢'(u), ty :=sup g’ (u). (2.1)

Denote by v, = « the graph of a function g with the above properties, and let &

be the collection of all such curves. Note that for the above defined spaces £,,, £ of



convex lattice polygons, we have £, C £ C &. If a polygon I' € £,, is taken as the
‘curve’ 7, then the corresponding function g = gr is a piecewise linear function defined
on [0,n1] and one has gr(n;) = no.

Let us now equip the space & with a suitable metric. If the function g = g,

determines a convex curve v € &, we set
uy(t) := sup{u : g (u) <t} 0<t<o0, (2.2)

with the convention that sup @ = 0. That is to say, u,(t) is a generalized inverse of the
derivative t = ¢/ (u) (cf. Bingham et al. 1989, Sect. 1.5). It follows that the function
u~(+) is non-decreasing and right-continuous on [0, oo], with values in [0, a]. Moreover,
if 9, t; are the extreme values of the derivative g/ (see (2.1)) then u,(t) = 0 for all
t <tpand u,(t) =a for all t > t;.

Let us now denote by £, (t) the length of the part of v where the tangent slope does

(1)
0, (t) = /0 \/ 1+ g (u)?du, 0<t<o0. (2.3)

Note that according to our assumptions, every curve v € & is rectifiable, that is, its
length is well defined and finite:

ly(00) = /OUW(OO) \/ 1+ g (u)?du < /Oa(l + ¢.,(u)) du = a + g,(a) < oo.

Finally, we define the function d; : & x & — R, by setting

di(1,72) = sup |6, (1) = L, (B)], e ®. (2.4)

0<t<o0o

not exceed t:

Proposition 2.1. The function d(-,-) satisfies all the properties of distance.
Proof. Obviously, di(v1,72) = di(y2,71), and d;(7,7) = 0. The triangle axiom follows

from the inequality
€30 () = Lo (D)] < 165, (8) = L ()] + 1655 (1) — £, (1), 0 < < o0,

So it remains to check that if di(v1,72) = 0 then vy = 7s.

Approximating the given curves 71,7, € ® by C%-smooth strictly convex curves vF,
%, respectively, we reduce the problem to checking that if v¥, 45 are close to each other
in the sense of d;, then they are also close in the usual Euclidean metric d. That is to
say, if di(v¥,75) — 0 as k — oo, then d(yF, %) — 0.

Note that for a strictly convex, increasing function g, € C?[0, al, the function . (%)

defined in (2.2) is given by

07 0 <t< tOv
uy(t) =4 (g5)7(1), to <t <t (2.5)
a, tl S 14 S 0,



where (g/)~"(t) is the (ordinary) inverse of the derivative ¢/ (u). In particular, the
equations u = u,(t), v = g,(u,(t)) determine a parametrization of the curve 7 via the

derivative t = ¢/ (u). Differentiating formula (2.3) with respect to ¢, we find

%: 142 %, (2.6)
whence
duy 1 dby (2.7)
dt 1+ dt
Therefore,
dvy dgy duy, —t dl (2.8)

dt  du dt 1+ dt
Integrating equations (2.7), (2.8) and using the initial conditions u,(0) = 0, v,(0) =0,

we obtain

t 1
) = [ = dt(s),

%(t):/o \/ﬁdﬁy(s)-

Integration by parts yields

LW sk
uy(t)—m—l—/o e (2.9)

_ (@) _ ' ly(s)
Vit o Trspn

Note that these equations are linear in £,. Hence, setting for v, v4

ds. (2.10)

Aug(t) = wp(t) — u(t), Av(t) == v (t) — v (D),

Y2

Aly(t) = L (t) — L (0),

v

from (2.9) and (2.10) we get

bsAl(s)
A = —
wi) = e+ [ e

Ay () = 280 /0 %d&




This implies that if Alg(t) — 0 as k — oo, uniformly in ¢ € [0, 00], then Auy(t) — 0,
Avg(t) — 0, also uniformly on [0, c0]. Indeed, if sup, |Alx(t)| < e then

€ t s
Auy(t)] < —_—d
|Auy(t)] < T+ /0(1+32)3/2 s
5

t 1 /
— —e | [——) ds
1+ t? /0<v1+82)
el
= — & —
1+t 1+t
e.

g

Analogously,

As a result, for all t € [0, 0o] we have |Auy(t)]*+ |Avi(t)[* < 5&2, and hence d(vF,+5) <
V/5e. This completes the proof of the proposition. ([l

From the proof of Proposition 2.1, one can see that the following result holds.

Corollary 2.2. The metrics dy and d are equivalent to each other, and in particular

di(Yn,v) — 0 if and only if d(vn,v) — 0, as n — oo.

A general problem of approximation of convex arcs by convex lattice polygons can

now be set as follows.

Definition 2.1. Let us be given a convex curve v € & determined by a function g, (u),
0 < u < 1. We shall say that a polygon I' € L,,, n = (ny,ns), is an e-approximation
to v if under the scaling transformation with respect to the origin with the coefficient
1/nq, the polygon I' gets into an e-vicinity (in the metric d;) of the curve ~, that is,
di(Tn,v) < &, where T, := ny'T".

Our goal is to study the statistics of approximating polygons I' € £,, as n — oo with
respect to a suitable family of probability measures P} on £,,. More precisely, we intend
to construct a probability measure P} in such a way that in the limit n — oo, with

respect to P? the overwhelming majority of polygons from L, are e-approximations to
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the 7 (for any € > 0). In other words, a functional Law of Large Numbers should be
valid in the form
lim PY{dy(T,,7) <e} =1 (2.11)

Assumption 2.2. Note that the right endpoint of the scaled polygon T, has the
coordinates (1,¢,), where ¢, := ns/n;, whereas the right endpoint of the arc ~ lies at
the point (1,¢,), where ¢, := g,(1) (0 < ¢, < o0). This suggests that, in order for
the relation (2.11) to be true, we need to pass to the limit n — oo in such a way that

¢, — ¢y. In what follows, we will always be assuming that this condition is fulfilled.

Let us point out that the classical result on the limit shape of lattice polygons
with uniform distribution on £,, (see Vershik 1994, Sinai 1994 and Barany 1995) can
be viewed as an approximation result for the particular curve v, determined by the

equation
Vel —u)+ v =1/, 0<u<l. (2.12)

In the present work, we solve the approximation problem for a subclass of & consisting

of C3-smooth strictly convex arcs v € & with non-degenerate curvature.

3. Construction of the measures Q7 and P

Let us first describe the construction of the global measure Q7 on the space £. The
measure P} on the space £, is then obtained as a conditional distribution induced by
fixing the right end of polygons I' € L at point n = (ny, ns).

Consider the set X of all pairs of co-prime non-negative integer numbers,
X ={z=(x1,20) €Z*: 21 >0, 1, >0, and g.c.d.(z1,2,) = 1}.

In particular, the pair (1,0) is included in this set, while (0, 1) is not. In what follows,
we denote by 7(x) := x9/x; the slope of the vector x = (x1, z3).

Let &(X) := {¢: X — Z,} = (Z,)* be the space of functions on X with non-
negative integer values. Denote by supp ¢ := {z € X : p(x) > 0} the support of the
function ¢ € ¢(X) and consider the subspace ®y(X) := {¢ € ¢(X) : #(suppy) < oo}
of functions with a finite support. It is easy to see that functions ¢ € @¢(X) are in
a one-to-one correspondence with finite polygons I' € L. Indeed, let us arrange the
points x = (x1,3) € supp ¢ according to the increase of their slope 7(x). Multiplying
the vector (z1,x5) by the corresponding value ¢(x) > 0, we obtain a collection of
consecutive edges of some convex finite polygon I'. The converse mapping is constructed
similarly. Note that the function ¢(x) = 0 formally corresponds to the ‘trivial’ polygon
with coinciding endpoints. In the sequel, we will identify the spaces £ and ®q(X).

7



Following Bogachev and Zarbaliev (1999a), let us introduce on ®4(X) a probability

measure Q7 by setting

Q) =] e (1= 2a2) = [ )™ [T - =2, (3.1

rzeX zeX reX
where z; = 21(z), 20 = z2(x) are parameters (parametric functions), such that 0 <
zi(xr) <1 (x € X). Their explicit form, determined by the given curve v € &, will be

specified later on. So far, we only assume that the following condition is satisfied:

[Ja =222 >0, (3.2)

zeX

which guarantees that the normalization in (3.1) is well defined.

Let us point out that according to (3.1), the random variables {v(z)}.cx are inde-

pendent of each other and have geometric distribution with parameter 27" 252

Qv(z) =k} = ("%°) (1 - "), k=012,... (3-3)

Note that the measure Q] can be extended in a standard way to a measure on
the space @(X) of all non-negative integer-valued functions on X (cf. Bogachev and
Zarbaliev 1999b, 2003). However, Q] is in fact concentrated on the subset ®o(X) C
&(X) consisting of all finite configurations v(-).

Lemma 3.1. Condition (3.2) is necessary and sufficient in order that
Qv € ¢o(X)} = 1.

Proof. According to (3.3), we have Q7{v(x) > 0} = 27" 23*. Hence,

Z@”{V >0} = szlz§2.

zeX zeX

Note that convergence of this series is equivalent to convergence of the infinite product
(3.2). Therefore, Borel-Cantelli’s lemma implies that, with QJ-probability 1, there
occur only finitely many events {v(z) > 0}. That is, Q7 (Py(X)) = 1, and the lemma
is proved. U

As a result, with Q7-probability 1 a realization of the random field v determines a
(random) convex polygon I" € L. Denote by & = (&,&2) the right endpoint of T', so

that its coordinates &, & are given by

&= Z rv(x), & = Z xov (). (3.4)

zeX zeX



The space L,, of polygons ending up at a fixed point n = (ny,ng) is then represented
as a ‘slice’ of £ obtained by the condition £ = n. Accordingly, the probability measure

Q7 induces the conditional distribution P} on L£,, by the formula

QI(T)

Po() = QHI' [ =n} = Qe =n}’

TeL,. (3.5)

4. The choice of the parametric functions z;(x), z2(x)

Consider a fixed convex curve v € &, represented as the graph of an increasing, convex
function g,, which for definiteness is assumed to be defined on the interval [0, 1]. To be

more specific, in this section we will be working under the following

Assumption 4.1. The function g, is strictly increasing and strictly convex on [0, 1],
and g, € C?[0,1]. In particular, g (u) > 0, g/(u) > 0 for all u € [0,1]. Moreover, the

curvature k. of the curve v, given by the formula

g5 (u)
1+ gl (u)?)3/2’

Ky (u) = ( 0<u<l, (4.1)

is uniformly bounded from below by a positive constant,

uér[gl] K (u) > Ko > 0. (4.2)

The meaning of the latter assumption is that the curve 7 is required to be not ‘too
flat’.

As mentioned in the proof of Proposition 2.1, the graph v of the function g, can be

parametrized by the derivative ¢t = ¢/ (u) via the equations u = u,(t), v = g,(u,(t)),

where u, () is given by (2.5). Note that the expression (4.1) for the curvature is then

reduced to (1))
_ 9yt
/{,y(t) = m, t() S t S tl, (43)
where ty = inf, ¢’ (u), t, = sup, ¢’ (u) (see (2.1)).

In the above construction, the measure P} depends on the parameters z;(x), zo(2)
(x € X). So far, these functions were only assumed to guarantee convergence of the
infinite product (3.2). Let us now adjust them to the given curve 7.

Recall that ¢, = na/ny, ¢y = g4(1) (see Assumption 2.2), and set p = p,, = ¢, /cp.
According to Assumption 2.2 we have ¢, — ¢, and hence p — 1 as n — oo. For
x = (w1, x2), let us set T := (x1, pre). We will seek the functions z(x), z2(z) in the
form

z1(x) = exp{—ad (7(2))}, 29(x) = exp {—apds(T(2))}, (4.4)



where
a=ay = (pny) V2 =0 (n — o0) (4.5)

and 7(Z) = &y/T1 = pxe/x1. Here 6;(-) and d(+) are certain functions on [0, co] such
that
inf 6;(t) >06,>0, =12 (4.6)

0<t<oo

Let I'(¢) denote the part of the polygon I' such that the slope of each of its edges does
not exceed t € [0, 00]. Set X (t) := {x € X : 7(x) < t}. Recalling the association I' <> v
described in Section 3, the polygon I'(¢) is determined by the truncated configuration
1x@(x)v(z). Denote by ¢r(t) the length of I'(¢):

ety =Y |zlv(z), (4.7)
)

zeX(t

where |z| = \/22 + 2. Note that under the scaling transformation I' +— T',, = ny'T" we
have
lr (t) = nip(t), 0<t< oo.

The condition we are going to impose on the choice of z1, 25 is that the expected
value of the function £y (¢) in the limit n — oo coincides with the corresponding value
of the function ¢,(¢) associated with the given curve 7:

lim ny ' E) [0r(t)] = £, (t), 0<t<oo, (4.8)

where E] stands for expectation with respect to the measure Q7.
Theorem 4.1. Suppose that the functions 01(t), 02(t) satisfy the condition (4.6). Then,

in order that the limiting relation (4.8) is fulfilled for all t € [0, 00], it is necessary and
sufficient that

51(15) = 400 (Z = 1,2), t <ty T>T1, (49)
81(t) + t82(t) = scg (us ()", to <t <ty (4.10)

where s = (2¢(3)/¢(2))'3, ((s) :== Yoo, 1/k* is the Riemann zeta-function, and the
function w,(t) is given by (2.5).

Proof. Let us evaluate the expectation of the random function ¢r(t). Recalling that

the random variable v(x) has the geometric distribution (3.3), we obtain

22 - k
x X
E)v(x)] = — 22— =) (a7'27)".
1—27"% —
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Hence, by (4.4) and (4.7) this yields

EY[er(t Z ZM 21 zg)k Z Z || e~ k(@3 (4.11)

zeX(t k=1 zeX(t

where §(t) := (01(t), 62(t)) and (y, ') := y1y] +y2y5 denotes the inner product of vectors

y= (1), ¥ = W)
Let us now set

= ) hla|eroM@BC@) (4.12)

zeX (t)
so that, according to (4.11), we have
— f(k
BNl ()] =3 1. (4.13)
k=1

Furthermore, note that

_i S hlyleoh @)

y1=1 0<y2<ty1

:Z Z him || e~ @hm(@3(r(@)) (4.14)
m=1zeX(t)

o0

By the Mdébius inversion formula (see Hardy and Wright 1960, Sect. 16.5, Theo-

rem 270), the function f(h) can be expressed as

=Y p(m)F(hm), (4.15)

m=1

where p(m) is the Mébius function defined as follows: u(1) =1, p(m) = (—1)?if m is
a product of ¢ different prime numbers, and p(m) = 0 if m is a multiple of the square
of a prime number (see Hardy and Wright 1960, Sect. 16.3.)

For validity of the formula (4.15) it is sufficient that for all h > 0

f: i F(hkm) (4.16)

k=1 m=1

11



To check this condition, note that by (4.6), (4.12) and (4.14) we have, uniformly in A,

0< f(h) < F(h)<h Z Z(f‘/l + yp) e~ (vtpu2)

y1=1y2=0

o0

i=1
—ahdy/2 + e—ah§*

(1 — e—ahs-/2)3
=0(1)a?h?

(4.17)

_pt

where we used that y; + pys > (y1 +y2)/2 for all n large enough, since p — 1 asn — 0.
Therefore, f(hkm) = O(1) o ?(hkm)~2, uniformly in k and m, hence the series (4.16)
is convergent, as required.

Returning to the representation (4.13) and using that n;' = pa?, from the formula
(4.15) with h = k we get

I]E,y gr pZZmM 3F km)

k=1 m=1
RS Y ¥ ol g
k=1 m=1 y1=1 0<y2<ty1

Taking into account the estimate (4.17) and using that |u(m)| < 1, we see that the
general term in the double sum over k,m in (4.18) admits a uniform bound of the
form O(1) k=m=2, which is a term of a convergent series. Therefore, we can apply
Lebesgue’s dominated convergence theorem to pass to the limit in (4.18) as n — oo.
In order to find this limit, note that the internal double series over y;, y2 in (4.18)

is a Riemann sum for the integral

oo rtyr
/ / . /y% + y% e~ km(y101(y2/y1)+y262(y2/y1)) dyrdys. (4‘19)
o Jo

Moreover, this sum does converge to the integral (4.19) as o — 0, since the integrand
function in (4.19) is directly Riemann integrable, as follows from an estimation similar
o (4.17).

The integral (4.19) can be easily evaluated by the substitution y; = u, yo = us. The
Jacobian of this transformation equals

1
det( 0) =u,
S u

12



hence the integral (4.19) is reduced to

0 t
/ u2 dU/ Y\ 1 —|— 82 efkmu(61(8)+852(8)) dS
0 0

- /t Vits 5 ds /OO uie™ N duy

0 (31(s) +s0a(s))” Jo
2 /t Vits?
(km)3 Jo (51(s)+852(5))3

9

where we used the obvious substitution u; = u(d;(s) + sd2(s)). Substituting this into
(4.18) we obtain

lim n7 B2 [0 (0] =2 pm) / VoS s
k=1 =1 0 (51(

n—oo m2 S) + 852(8))3

_%(3) /t VIFs?
C(2) 0 ((51(5) + S(SQ(S))?)

Here the expression for the sum over m can be obtained using the Mobius inversion
formula (4.15) with f(h) = h™2 and F(h) = > > (hm)™2% = h™2((2) (cf. Hardy and
Wright 1960, Sect. 17.5, Theorem 287).

Therefore, recalling the condition (4.8) we obtain

ds = 0,(t), 0<t<oo. (4.20)

g / VIts
0 (61(s) + sds(s))’

Note that, according to the definitions (2.2), (2.3), we have £, () =0 for ¢t € [0,¢y) and
,(t) = L,(oc0) for t € (t1, 00], while for t € (¢,t1) the derivative ¢/ (t) is given by the
formula (2.6). Differentiating the identity (4.20) with respect to ¢, we obtain equations
(4.9), (4.10). O

Let us now check that the equation (4.10) has a suitable solution.

Proposition 4.2. For t € [ty, t1] let us set

(t)l/g cyV1+1t2

A ot | (4.21)
5 )
0a(t) := %liv(t)l/s Lt = 01(1) )
ey, t+t Cy

where ¢y = g,(1) and the curvature k., is given by (4.3). Then the functions &;(t), d2(t)
satisfy the assumption (4.6) and the equation (4.10).

13



Proof. 1t is straightforward to verify that the equation (4.10) is satisfied. A lower
bound of the form (4.6) follows from the assumption (4.2). O

Remark 4.2. In the ‘classical’ case, where the curve v = 7, is determined by the

equation (2.12), it is easy to check that the curvature (4.1) is given by

c(1+t/c)
2(1 +t2)3/2

Ko(t) =

0<t< .

Hence, the expressions (4.21) take the form

N

)1/3 l+t/c cV1+8 <c>1/3
= —
2 )

1+ t2 c+t
51 () 1\"?
(52(t) 1C = (@)

(cf. Sinai 1994 and Bogachev and Zarbaliev 1999b).

5. Asymptotics of the expectation

In this section, we derive a few corollaries following from the choice of z;(z), z3(x) that

we have made. Our first goal is to show that convergence in (4.8) is uniform in t.

Theorem 5.1. Let the parameters zi(x), zo(x) (x € X) be chosen according to formulas
(4.4), where the functions 01(t), d2(t) are given by the expressions (4.9), (4.21). Then
convergence in (4.8) is uniform in t € [0, 00|, that is,

lim sup |ny'EX[(r(t)] — £,(t)] = 0. (5.1)

n—00 0<¢<oo

We will use the following simple criterion of uniform convergence (see Bogachev and
Zarbaliev 2003).

Lemma 5.2. Let us be given a sequence of functions {f,} defined on a finite interval
la,b], such that for each n the function f, is non-decreasing on [a,b] and f,(t) — f(t)
as n — oo for each t € [a,b], where f is a continuous function. Then f,(t) — f(t)

uniformly on [a,b].
Proof of Theorem 5.1. Note that for each n the function

Fult) o= B2 ()] = - 3l B ()]

Lrex@
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is non-decreasing in ¢ and that the limiting function f(¢) := ¢,(t) given by (2.3) is
continuous on [0, co]. Hence, by Lemma 5.2 convergence (5.1) is uniform in ¢ on every
finite interval [0, ¢*]. To complete the proof, it suffices to check that for any € > 0 and

for large enough n, there exists t* < oo such that for all ¢t > t*
ny EY [fr(00) — fp(t)] < e. (5.2)
Similarly to (4.11) and (4.17) we can write

E [fr(o0) — fr(t) Z Z |z|e”

k=1 x&X t)
k=1 z¢ X (t)
< Z Z Z Y1+ 1s) —akd.(y1+y2)/2. (5.3)
y1=1ya>ty1

Note that the number of integer pairs (y1,y2) (with y; > 1, yo > 0) satisfying the
conditions y; + y» = j and ys > ty; does not exceed j/(t + 1). Hence, again using the
uniform estimate (4.17), we see that the right-hand side of (5.3) is bounded from above

oo o0 -9 o0

J —akd.j/2 _ 1
YO>S —e Y o) =0(1) 57—
k:lj:1t+1 t+1k1 ad(t+1)

Recalling that o® = 1/(pn;) ~ ny*', this implies the estimate (5.2) for all # large enough,
and the proof is complete. 0

Denote by &;(t), &(t) the coordinates of the right endpoint of I'(¢):
&= wwlr) (=12 (5.4)
zeX (1)
In particular, for ¢ = oo, the formulas (5.4) are reduced to (3.4) and yield the coordi-
nates & = &;(00) of the right end of the entire polygon I'.
It is natural to expect that with the parameters z;(x), zo(z) chosen in the previous
section, expectation of the functions n;'¢(t), ny'&(t) in the limit n — oo should
coincide, respectively, with the functions w,(t), g,(u,(t)) associated with the given

curve 1.

Theorem 5.3. Suppose that the parameters z,(x), za(x) (x € X) are chosen according
to formulas (4.4), where the functions §1(t), da2(t) are given by (4.9), (4.21). Then,

uniformly in t € [0, 00],

lim ny "t EY[€4(4)] = uy(8), lim 7y ' EY[6(1)] = g, (u, (1)) (5.5)

n—oo n—oo

15



In particular, for t = oo this yields

fim 0 EJf) =1l e B2 = e, (5:6)

n—oo

Proof. Like in the proof of Theorem 4.1, one can show that
ORI DM D DR LT
k=1 m=1 y1=1y2<ty1

By the estimate (4.17) it follows that the general term of the double series (5.7) (over
k,m) admits a uniform bound of the form O(1) k3m ™2, so Lebesgue’s dominated con-
vergence theorem applies. Assuming that ¢y < ¢ < ¢; and passing to the limit similarly
as in the proof of Theorem 4.1, we see that

o< INC'S) oo prtyr
I -1y _ —km(y,5(7(¥) J. d
tim e B2 (0] = S0 D mutm) [ e s
[e’eNee] 2 t 1
= d
DD mulm) s /t (51(5) + 50a(8))"

k=1 m=1
oy Ly (5:8)
1 k? "t m?  Jy, 72 g (us(s))
2¢(3) [ dg(u)

lim ny ' EY[& ()] =

n—oo

Uniform convergence in (5.5) can be proved similarly as in Theorem 5.1. O

For the future applications, we need to estimate the rate of convergence in (5.6)
with sufficient accuracy. To be able to do so, we have to require more smoothness of

the function g.,.
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Assumption 5.1. In addition to Assumption 4.1, we now suppose that g, € C®[0,1].

Theorem 5.4. For i = 1,2, one has E][§] —n; = O(nf/?’) as n — oo.

Proof. Consider the case i = 1. As shown in (5.7), we have

NE
NE

El[&] =
k=1 m=1 y1=1y2=0

=
Il
—
i
—_

where

Fh) =33 filhyihys),  filys,ge) = yre @O0,

y1=1y2=0

Repeating the calculations as in (5.8), we note that

o0 o 2
hyi, hya) dyrdys = ——
/0 /0 fi(hyy, hys) dy:dys oh25

so that

Zi % (/Ow/ooofl(hyhhw)dyldyz)

1 m=1

o]
k=

h=akm

po po

Hence, we obtain the representation
oo [e.e] m
EllG]—m =) ) % Ay (akm),
k=1 m=1
where o oo
Bty i= Fuh) = [ [ b ) e
o Jo
Using that 6;(¢) > 0. > 0 and p < 1/2, we have

0o 00 hnrya) /2 he—hd</2
Fi(h) < Z Z hyy e WY S = ‘<1 — e hb2)3

y1=1y2=0

2 = = (m) 1
- 3%322 Bm?  pod b
k=1 m=1

(5.9)

(5.10)

(5.11)

Hence, Fi(h) = O(h™2) as h — 0 and Fy(h) = O(h7P) for all # > 0 as h — +oo0.
Therefore, the function Fj(h) is well defined for all 2 > 0 and its Mellin transform

My(s) = / T R () di

0

17
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(see Titchmarsh 1986, § 1.5) is a regular function for Re s > 2. From a two-dimensional
version of the Muntz lemma (see Bogachev and Zarbaliev 2003), it then follows that
the function M;(s) is in fact meromorphic in the semi-plane Re s > 1 and has the single
(simple) pole at point s = 2. Moreover, for all 1 < Res < 2 the following formula is

valid:

M,(s) = /OO h*~tA;(h) dh. (5.13)

0
The inversion formula for the Mellin transform (Widder 1946, Ch. VI, § 9, Theorem 9a)

yields

1 c+100
Aq(h) = 2—m/ h™*M,(s) ds, l<ec<2. (5.14)

In order to make use of the formula (5.14), we need to find explicitly the analytic
continuation of the function (5.12) to the strip 1 < Res < 2. Let us use the Euler—

Maclaurin summation formula (e.g., see Bhattacharya and Ranga Rao 1976, p. 264)

Sl / Fw)dy + 3 7(0) + / () () dy, (5.15)

y=0
where By(y) := y — [y] — 1/2 and [y] is the integer part of y. In view of Assumption

5.1 and equations (4.3), (4.21), we can apply this formula to the sum over y, in (5.9).
Using the substitution ys = ty; /p, we obtain

~ B 1 oo e—const-h
h{g,0(7(9))) - —hy161(0)

e

—const h (516)

=—Zy1/ e gt 4 0(1)
y1=1
where

W(t) == 01(t) + tda(t). (5.17)

Keeping track of only the main term in (5.16) and writing dots for functions that

are regular for Res > 1, the Mellin transform of F(h) can be represented as follows:

1
J\41(s):—/0 h® (Z / ‘hylw(t)dt) dh + -
y1=1
:—Z / (/ hse"‘ylw(”dh> dt + -

yll

:_Z sl/ ¢St+11

y1 19

(5.18)

zzg(s—l)F(s%—l)\IJ(s)—l—---
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where

e[

Recalling (4.1) and (4.10), the function (5.17) is rewritten in the form
Y(t) = =mlPVI+2, <t <t

and Assumption 4.1 implies that the function ¥(s) is regular if Res > 0.
Furthermore, it is well known that the gamma-function I'(s) is analytic for Re s > 0,
whereas the zeta-function ((s) has the single pole at point s = 1 (see Titchmarsh
1939, § 4.41, 4.43). It follows that the right-hand side of (5.18) is regular in the strip
1 < Re < 2 and hence provides the required analytic continuation of the function M;(s)
originally defined by (5.12).
Setting h = akm and returning to formulas (5.11) and (5.14), we get for 1 < ¢ < 2

c+ioo
M1<S)
Y _
E[&1] —m1 = ZZ ak 27 /ioo (kma)* *

e M ( ><<C ) 19
1 T M(s)((s+1
- %/w atiis)

Using that ((s) # 0 for Res > 1, we can transform the contour of integration Re s = ¢
n (5.19) to the union of a small semi-circle s = 1 +re (—n/2 <t < 7/2) and two
vertical lines, s = 1 £t (¢ > r). Furthermore, studying the resolution (5.18), one can
show that M;(1 £it) = O(|t|7?) as t — co. As a result, the right-hand side of (5.19)
is bounded by O(a~2). This proves Theorem 5.4 for i = 1.

The case 1 = 2 is considered along the same lines, by setting

Fy(h) = Z Z fo(hyy, hya), folyr, y2) = yoe~ @@,

y1=1y2=0

A crucial point is then to check that

oo o0 2C
hy. h diydys = ——
/0 /0 fa(hyr, hys) dyidys 2h2563

which implies the identity

;mz_l ak/o /fQ(hyhhyQ)dyldyZ .

(5.20)

pa3%3 k3m2 pa3 Cn

The latter calculation, along with (5.10), explains the specific choice of the parameter
a made in (4.5). O
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6. Asymptotics of the second order moments

For the random variable v(z) with geometric distribution (3.3), its variance is given by

251 252 >
VAl (o)] = o = YK
=2 k=1

Using that the random variables v(z) are independent for different z € X, from (3.4)

= Var][§] = Z 7 Var [v Z Z ka? (2 252k (6.1)

zeX k=1 zeX

we have

Similarly, the covariance is given by
012 ‘= (COV’Y 51, 52 Z T1T9 Var” Z Z ]{ZIISCQ ZTIZ;:Q k. (62)
reX k=1 zeX

Theorem 6.1. Suppose that the parameters z(x), za(x) (x € X) are chosen subject
to formulas (4.4), with §,(t), d2(t) defined in (4.9), (4.21). Then, as n — oo,

3n4/3 1 du 3n4/3 1 g/ (U)Qdu
0_% ~ 1 / _ ’ 0'; ~ 1 / Y 7
x o gl(u)t/3 w Jo gl(u)/? (6.3)
3n4/3 / (u) du ’

Proof. Consider the case i = 1. Substituting (3.4) into (6.1) and using the M&bius

inversion formula (see (4.15)), we obtain

= i Z ka2 e kel o

o (6:4)
:ZZ Zzy2 —kma(y,6(T ))

k=1 m=1 y1=1y2=0

Arguing as in the proof of Theorem 4.1, we obtain

lim o Z Z e Fmalidlr(i / / e 81 4o/ ) gy g

y1=1y2=0
:/ 'LL3 dU/ efkmu(Sl(t)+t62(t)) dt
0 0
6 > 1

dt.

~ (km) / (31(2) + ta (1))
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Returning to (6.4) and using (4.9), (4.10), we get

. & 1

Jm ot *6Zk3 m2/o Gu() + toaD)
_6¢(3) " 1
=@ ) A )

3 (1
=2 — 4
-, g

and the first formula in (6.3) follows, since o = (pn;)

dt

~1/3

Similar considerations in the case ¢ = 2 yield

6¢(3) 2
. %49 RO ek

/

Finally, applying similar arguments to the representation (6.2) we get

lim a4
n—oo 2

6C
: 4
i aton = G [

:%/0 gv(—()l)/?’du

The proof Theorem 6.1 is complete.

7. Local limit theorem

and p — 1 as n — oo.

Recall that the random variables {v(z)},ex, with respect to the distribution QJ, are

Z1 .22

independent and have geometric distribution with parameter z7"25”. In particular,

21 252 21252
El[v(z)] = % Var] [v(z)] = m
1 %2 1 %2

Moreover, the characteristic function of v(x) is given by

Tr1 T2

foiw) (1) =

1 — 27252t

and hence the characteristic function of the vector { = _\ xv(x) is given by

1 — 2252
= H fV(if)((x? )\>) = H 1 — ZCEI ;?2 ei(@\)

zeX reX

21
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Let f},(t) be the characteristic function of the centered random variable O(z) =
v(z) — E)[v(x)]. Let us set a, := E][], then the characteristic function of the vector
¢ — a, is given by

feQ) =B [ = T fow (7.4)

zeX

Let K, be the covariance matrix of &,

_ v _ Varl[&:]  Cov(&,&) | o o1
&_@M®@_<Ow@fﬁ Var? [6) )‘(m ﬁ)' (o)

Furthermore, let V, be a symmetric positive definite matrix such that
V=K', K. =V? (7.6)

(the inverse matrix K ! does exist since K, is non-degenerate by Theorem 6.1).
Let ¢(y) denote the probability density function of the standard two-dimensional
normal distribution (with zero mean and identity covariance matrix), that is,

1
oy) = 5-e M yeR (7.7)
s

Let us also denote by ¢, (y) the probability density function of the normal distribution

with mean a, and covariance matrix K,

- (y) == (det K.)"?¢((y — a.)V2) (7.8)

We are now in a position to state a local limit theorem for the asymptotics of the
probability Q7{{ = n} as n — oo. This theorem will play a crucial role in order to pass,
using equation (3.5), from the unconditional distribution Q7 to the conditional one, P].
Let us point out that the random variables &, & are given by equations (3.4), so we
deal here with a two-dimensional local limit theorem for independent, non-identically
distributed summands.

Theorem 7.1. Suppose that the parameters zi(x), za(z) (x € X) are chosen subject
to formulas (4.4), with §,(t), d2(t) defined in (4.21). Let m = (my,mg) be a two-
dimensional vector with non-negative integer components, and set Y, , = (m — a,)V..

Then, uniformly in m,

QU{& = m} — ¢.(m) = O(n]™?). (7.9)

For the proof of this theorem, we will need some (mostly well known) auxiliary facts

about the matrix norm (for details, see Bogachev and Zarbaliev 2003).
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Lemma 7.2. Let A and B be symmetric matrices such that A = B2. Then

1Al = 11BI1.
Lemma 7.3. If A is a symmetric non-degenerate matrix of order 2, then
All
A*l — || .
A=l et A]

Lemma 7.4. Let A = (a;j) be a matriz of size d x d. Then

d
1A < ) af

,j=1

Lemma 7.5. Let A = (a;;) be a matriz of size d x d with non-negative entries. Then

1AI* >

SN

d
2
Z @jj-
j=1

The next lemmas contain some useful analytic estimates.

notation a,, =< b, means that

. . pQa . a
0 < liminf = < limsup — < 0.

n—oo n n—o00 n

Lemma 7.6. For all \ € R?,

where

Proof. We have
FE = 1£eO =TT 1o (O, 2))].
zeX

From (7.2) it is seen that

1—2"
|1 _ Z:teit"

|f1/(x) (t) | =
Note that

In what follows, the

(7.10)

(7.11)

11— 27> = (1 — 2%e")(1 — 2% ™) =1 — 22" cost + 22" > 1,

if cost < 0. Therefore,

|f§()‘>| < exp{z In |f1/(a:)(<>‘7 ZE>>| ’ 1{005(A,z><0}}

zeX

< exp{z In(1—2%) - 1{cos<A,x><0}}
zeX
< eXp{_ Z " 1{cos<A,r>30}}-

zeX
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Recalling expressions (4.4) we obtain (7.10). O
Lemma 7.7. As n — oo,
3N’ [ /' du L gl (u)? du Vo) du\? g
det K, ~ | — / (2 \1/3 / n(a\1/3 / (2 \1/3 (R (7.12)
x 0 Y9y (u) 0 g’y(“‘) 0 QV(U)

Proof. From the definition (7.5) we have det K, = o703 — 0%,, so (7.12) follows from
Theorem 6.1. U

Lemma 7.8. The norm of the matriz K, is of order ni‘/?’,

[Ell = n (0= o).
Proof. Using Lemma 7.4 and Theorem 6.1 we get
K| < o 4 202, + 04 = O(n}/?). (7.13)
On the other hand, by Lemma 7.5 and Theorem 6.1

(e =

1
2

N(§)2n8/3/1 du ./1g;(u)2du

) o gl Sy gi(u)B

and the lower bound follows. O

Lemma 7.9. As n — oo, we have ||V.|| < n;2/3.

Proof. Since V2 = K !, Lemma 7.2 implies ||V,||* = || K;!||. Furthermore, Lemma 7.3
yields

K|l

K*l — || Z

H z H det Kz,

and it remains to apply Lemmas 7.7 and 7.8 to complete the proof. U

For the proof of Theorem 7.1, we will need to estimate the so-called Lyapunov
quotient defined as
L= | KPP Y P B (@), (7.14)
reX

By Lemma 7.3, this expression can be rewritten as follows

NN = o0
Le= (o3 D P E. O (). (7.15)
z rzeX

24



Lemma 7.10. Suppose that the parameters z; and z are chosen subject to (4.4), (4.21).
Then the Lyapunov quotient (7.14) is of order n1—1/3, that is,

L. =<n;"? (7.16)
Proof. According to Lemma 7.7 and 7.4, we have
det K, =< n'®,  ||K.| = O(n}’®). (7.17)
Note that by Jensen’s inequality
o = (aF + 23)*? < V2 (af +23),
and similarly to the proof of Theorem 6.1 one obtains

DB (@) = 0(1) Y (af + o) Eufv(2)’]

zeX zeX

= 0(a7?) = 0(nY?). (7.18)
Substituting estimates (7.17) and (7.18) into (7.15), we get the upper bound for L,:
L,= O(nl_4/3)3/2n?/3 = O(nl_l/g).

To obtain the lower bound, note that by Lemma 7.5 and Theorem 6.1
1 1/2 2 4/3
K| > — ot + ok > (2o ——
1K1 2 5 (o4 o) 2 (o) ~ s

(cf. (7.13)). Furthermore, using the Lyapunov inequality we have

E7 [ (2)* > (EY [W°(2)?)** = (Varl[u(2)])*?,

so that

S EPE @)P = Y o (Varl[w ().

zeX zeX
Arguing similarly as in the proof of Theorem 6.1, one can show that, as n — oo, the
last sum is asymptotically equivalent (up to a positive constant) to o>, which is of
order of n}’* (cf. (7.18)).
To conclude, the lower bounds for all the terms involved in the expression (7.15)

prove to be consistent with the upper bounds, and therefore the lemma is proved. [
The proof of the next lemma can be found in Bogachev and Zarbaliev (2003).

Lemma 7.11. Let X = (A, \o) be such that |\| < L;'. Then

FEOVL) — e M2 < 16L APe P13, (7.19)
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We can now proceed to the proof of Theorem 7.1.

Proof of Theorem 7.1. By the Fourier inversion formula, we can write

oy = [ it

1 —i(A\,m—az) p*

where T := {X = (A, \2) : |N| <, @ = 1,2}, On the other hand, the characteristic
function corresponding to the probability density ¢.(y) is given by

(7.20)

FoN) = eoA AV ) e R2

Hence, by the inversion formula we obtain

1

_ —i(A,m—az)—|AV; 12/2 d\ 791
¢.(m) —(27r)2 /Rge ) (7.21)

Note that if [AV, 7| < L;! then, according to Lemmas 7.9 and 7.10,
A< VIV < LVEL = O(np ) = o(1), (7.22)
which implies that A € T'. Using this observation, from (7.20) and (7.21) we get
Q. {¢=m} —¢.(m)| < L1 + I + I, (7.23)

where

1 i
I = / f(A) — W2 g
P M2 Jperers fe) |

AV 2 2
(2m)? /)\V21>Lzl ‘ @
1

I3 = —/ fE(A) | dA.
’ (2m)? Tﬁ{|>\V;1|>L;1}’ g( )

By the substitution A = S\VZ, the integral I; is reduced to

—1/2
I - (det KZ)2 / s
(2m) |N<Lot

_[2 =

LV2) — 2

= 0(n;**) L, /R 2 INPe PP/6 X = O(n™?), (7.24)

on account of Lemmas 7.7, 7.10 and 7.11.
To estimate I, we again use the substitution A = AV, and pass to polar coordinates
to get

1 2 1 > 2 -
= Gy /AI - e P2 ) = g/ pePdp = (2m) e (7.25)
>L;
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which is o(n;”) for any 8 > 0, as follows from Lemma 7.10.

For I3 we obtain, using Lemma 7.6,
Is = 0O(1) / e~ TN g, (7.26)
Tr{AV; H>L: ')

The condition [AV,7!| > L;! implies that |A\| > v/2ca and hence max{|\|,|\a|} > ca,
where ¢ > 0 is a suitable (small enough) constant. Indeed, assuming the contrary, from
(4.4) and Lemmas 7.2, 7.8 and 7.10 it would follow that

1< LAV, Y < V2ca L.||K.|Y? = O(c),

which leads to a contradiction if we let ¢ | 0. Hence, the estimate (7.26) is reduced to

I; =0(1) (/ +/ ) e~ ), (7.27)
[A1]>ca [A2|>ca

where J, () is given by (7.11).
Note that, by Assumption 4.1 and formulas (4.21), the functions d;(t), d2(t) are

bounded above, sup, §;(t) < 6* < co. Hence, we obtain the estimate
Ja(/\) > Z e_o‘5*(x1+x2)1{cos(x,>\>S0}' (728)
zeX

In estimation of the first integral in (7.27), we may assume without loss of generality
that A\; > 0 (the other cases are considered similarly). Keeping in the sum (7.28) only
pairs of the form z = (z1,1), we get

o0

Ja()\) Z Z G_QJ*(I1+1)1{005()\1x1+)\2)§0}~ (729)

r1=1

It is easy to see that cos(A;x1 + A2) < 0 for all & > 0 such that
3
ok + g < M+ N < 27k + 7” (7.30)

In turn, these inequalities are valid for all integers x; such that z, < z; < z*, where

2k n 3m Ao
A 20 M|

2k T Ao
* — *k = | - <
T = 2a(k) {Al o /\1]

(the square brackets denote the integer part of a number). Hence, (7.29) yields

rore [ (7.31)

Ja(>\) > Z Z e~ 6" (z1+1) > P Z (CL’* . :L‘*) a8z (732)
k=0 z1=x++1 k=0
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Using the elementary inequality [a + b] > [a] + [b] and also that [b] > b/2 for b > 1,
from (7.31) we get

and (7.32) amounts to

7T * > * %
J,(\) > — e gm0, 7.33
(A) > A ’;0 (7.33)

Recalling that Ay > —7 and \; > ca, we have

«Q 3T 2rak  bm
[ 2mk 4+ — = | < —.
ar = )\1 ( R 2 2) - )\1 * 2c

Substitute this into (7.33) to obtain

O * > * C€_a6* Oe_aé* 1/3
Ja A > — —ad —2mkad*/ M1 _ > — /
() 2 A1 ‘ ;6 A (1 — e=2mad"/A) = 2w s

since o < n}/ ®. As a result, the first integral on the right-hand side of (7.27) is bounded

from above by O(1) exp(—const - n}/?’) = 0(n1_5/3), in accord with the statement of the

theorem.

The second integral in (7.27) where |Ay| > ca, is estimated similarly by reducing
summation in (7.11) to that over # = (1, 2) only (cf. (7.29)). Therefore, Iy = o(ny ™),
and this completes the proof of the theorem. O

Corollary 7.12. The probability Q1{& = n} satisfies the following asymptotic bound:
liminfn{® Q1{¢ = n} > 0. (7.34)

Proof. In Theorem 7.1, let us take m to be n = (n1,n2), then y,, = (n — a,)V,.
According to Theorem 5.4, a, = n + O(n?/ 3). Together with Lemma 7.9 this implies

Ynn| <0 —az| - [V2] = O(1)  (n — o).
Hence, from (7.8) and (7.12) we get

lim inf 2. (Ynn) = % lim inf ni3(det K,) /2 l#mnl?/? > const > 0. (7.35)
On the other hand, (7.9) and (7.35) imply
liminf n}/* Q2{¢ = n} = liminf (n{*6. (yn,) + O(n; %))
= liminf ny/°6. (yn.0) > 0,

and (7.34) is proved. O
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8. Law of Large Numbers

Our next result states that with respect to the distribution Q], the given curve v is the

limit of polygons I' under the scaling with the coefficient n; .

Theorem 8.1. Let the parametric functions z(x), z2(x) (x € X) be chosen according
to formulas (4.4), with 61(t), do(t) defined in (4.21). Then for any e >0

lim Q] {di(ny'T,7) <e}=1.

Proof. In view of Theorem 5.1, we only need to check that for each ¢ > 0

1 1
lim Q7 { sup |—/p(t) — —EZ[ﬁp(t)]‘ > 5} = 0. (8.1)
n—00 0<t<oco | T n1
Note that the random process
Or(t) == lp(t) —EX[er(t)] (0 <t < o0) (8.2)

has independent increments and zero mean, hence it is a martingale with respect to
the natural filtration F; := o{v(x), x € X(t),t € [0,00]}. From the definition of
(r(t) (see (4.7)), it is also clear that fp(t) is a cadlag process, that is, its paths are
everywhere right-continuous and have left limits. Therefore, applying Kolmogorov—

Doob’s submartingale inequality (see Yeh 1995, Corollary 2.1) we obtain

i 1
M r(t)| > < Var? [¢o(+
Q] {oi?foj r( )‘ n18} S e )? OEESPOO ar] [(r(t)]
1
< 3 Var [¢r]

1

< —— (Varl[&1] + Var] [&])
nie

=0(1)n, " =0,

according to Theorem 6.1. Hence, (8.1) is proved. O

Let us now prove a conditional version of a Law of Large Numbers, which states

that polygons I' € £,, converge, as n — 00, to the curve 7 under the measure ).

Theorem 8.2. For all € > 0

lim P) {di(n;'T",y) <e} =1 (8.3)

n—oo
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Proof. Similarly to the proof of Theorem 8.1, it suffices to show that for each ¢ > 0

1 -
n—1€1"<t)‘ > 5} = 0,

where the random process /p(t) is defined in (8.2). According to formula (3.5),

lim P} { sup

n—0oo 0<t<oo

} QZ{ sup |€p }>5n1,F€£n}

IPW ~ 0<t<o0
{2 i) > em S
QZ{ sup |gp(t)‘ > 6n1}
0<t<oo
< == . 8.4
Vi) (84)

As was mentioned in the proof of Theorem 8.1, the random process (1 (t), Fi)tefo,00) 18

a cadlag martingale, hence by Kolmogorov—Doob’s submartingale inequality we get

N 1 - 6
i lr(t)] > < EY/r(t
Qz {OE?SPOO‘ F( )| nle} o (n1€)6 Oi?<poo Z| F( )}
1
< — IE'Y — IE”’
- n1€6 fr [frH
6
= GWEJM El[v(2)])| - (8.5)
n16 zeX

The expectation on the right-hand part of (8.5) can be estimated using the following
lemma (see Bogachev and Zarbaliev 2003).

Lemma 8.3. For each k € N and i1 = 1,2

E.(& —E.[6])* =0m"™)  (n— ).

Applying this lemma with & = 3, from (8.5) we obtain

Qg{ mqa\a«ﬂ|>7us}::cxn1%. (8.6)

0<t<oo

On the other hand, by Corollary 7.12 the denominator of the fraction (8.4) decays
no faster than at order n=%/3. Combining this with the estimate (8.6), we conclude that
the right-hand part of (8.4) can be written as O(n1_2/3), which tends to zero as n — oc.
Therefore, Theorem 8.2 is proved. U
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