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Abstract

The minimal entropy and minimal martingale measures are shown to be related
by an Esscher transform, involving the mean-variance trade-off, in an incomplete
diffusion model containing a traded stock and a correlated non-traded stochastic
factor. The coefficients of the diffusions are measurable with respect to the Brownian
motion driving the non-traded factor, as is typical in stochastic volatility models.
The result is motivated by an analysis of exponential indifference prices, and made
rigorous by appealing to a representation equation for the g-optimal measure due
to Hobson [14]. The result yields a new representation for the marginal price of a
claim on the non-traded factor.

1 Introduction

In this note we relate the minimal martingale measure @ and the minimal entropy
martingale measure Q¥ in an incomplete Markovian model, using an Esscher transform
[7]. The result is first motivated by a formal analysis of exponential indifference prices of
a claim on the non-traded factor Y. The rigorous proof is obtained from a representation
equation of Hobson [14] for the g-optimal measure QD related to QM,QF by QM =
QW, Q" = QW [13].

The model comprises a stock S whose logarithmic return is a diffusion with coeffi-
cients dependent on a correlated non-traded stochastic factor Y, as in Zariphopoulou
[27]. Denote by W the Brownian motion driving Y, and let G := (G;)o<t<7 denote the
filtration generated by W. Let B denote the Brownian motion driving the traded asset
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S, and let p € [—1, 1] denote the correlation between B and W. The crucial feature of
the model from our point of view is the following.

Property 1 The correlation p is constant and the processes log S, Y are diffusions with
coefficients adapted to G.

In particular, this implies that the so-called mean-variance trade-off process [18], K, is
G-adapted.

Let QE QM denote the projections of QE QM onto Gr. The main result (Theorem
1) is a characterization of the density of QE with respect to QM as an Esscher trans-
form involving the mean-variance trade-off process K and a constant depending on the
correlation p.

Zariphopoulou [27] has analyzed optimal investment under power utility in the model
studied here, and Henderson [13] and Zariphopoulou and co-authors [16, 24, 25] have
analyzed exponential valuation of claims in similar models. Monoyios [15] analyzes the
dual to a primal portfolio problem across different preferences in the diffusion model
studied here, yielding representations for the dual optimizer @Q* (which is the g-optimal
measure Q@ for ¢ € R depending on the utility function).

The dynamic programming solution of utility maximization problems in such models
follows a technique called distortion. The Hamilton-Jacobi-Bellman (HJB) equation for
the value function is solved by separating out dependence on initial wealth z and then
applying a power transformation to the remaining function. For power or exponential
utility the value function u(z) has the form

where U is the utility function and F' is a function of time and the initial value of Y.
The value of the distortion power § can be chosen to obtain a linear PDE for F' and,
by the Feynman-Kac Theorem, an expectation representation for F'. With exponential
utility, this expectation is taken with respect to @M .

Tehranchi [26] has extended the distortion solution to a non-Markovian scenario
when the factors follow correlated It6 processes. This suggests that the results here may
extend to that scenario, and this a topic for future research.

We use the distortion method under exponential utility, and with a random terminal
endowment involving European claims on Y, to formally obtain a formula for Davis’ [3]
marginal indifference price p for the claim. This heuristic argument is given in Section 3.
Theorem 1 is motivated by equating this representation with the classical representation
for p as the expectation of the payoff under the optimal dual martingale measure Q*. As
is well-known, for exponential utility Q* = QF (see Delbaen et al [5], for example, and
Becherer [1] for properties of exponential indifference prices in a general semimartingale
setting).

For ¢ > 1 Hobson [14] has derived a martingale representation identity for the g-
optimal measure in (not necessarily Markovian) models similar to ours, extending a
result of Rheinldnder for the case ¢ = 1, and Monoyios [15] extends this result to
q < 1. We use Hobson’s result to rigorously prove Theorem 1. Under the hypothesis



of Property 1, the Hobson representation equation is a relation between Gpr-measurable
random variables. Property 1 is restrictive, but there are still many interesting financial
applications that fit into this framework, and understanding the relationship between
martingale measures is a fruitful exercise, yielding an interpretation of the distortion
solution a a by-product.

The rest of the paper is as follows. Section 2 describes the model and gives the
main result. Using exponential utility, Section 3 states the distortion solution for the
primal optimization problem of an agent with random endowment of claims on Y, and
gives a heuristic derivation of a formula for the marginal price p of the claim. Section
4 gives a rigorous proof of Theorem 1, based on the particular form of Hobson’s [14]
representation equation in this model, and rigorously obtains the formula of Section
3 for p, valid for any Gp-measurable claim, as an immediate consequence. Section 5
concludes.

2 A Markov model with unhedgeable risk

A traded asset S := (S¢)o<t<7 and a non-traded stochastic factor Y := (¥;)o<¢<r follow

dS;y = o(t,Y:)S: (\(t,Y:)dt + dBy) , (1)

subject to initial conditions, under the physical measure P. The Brownian motions B
and W have constant correlation p € [—1,1]. We write

Wy = pBy + pZy,

with p = \/1—p?, and (B,Z) := (By, Zt)o<t<r & two-dimensional Brownian motion
on a complete filtered probability space (2, F,F := (F)o<t<r, P), with F generated by
(B, Z). Denote by G := (G¢)o<t<7 the filtration generated by W.

The parameter functions A, o, a, b are such that unique strong solutions to the stochas-
tic differential equations (1,2) exist. We make the following assumption throughout.

Assumption 1 The coefficients \,a,b are C12([0,T] x R) functions satisfying, uni-
formly in t, |f(t,y)| < C(1 + |y|) for f = A a,b and a positive constant C. The
volatility coefficient o(t,y) satisfies o(y) > € > 0 for some positive constant { and
(t,y) € ([0,T] x R. The diffusion coefficient b is uniformly elliptic: 3¢ > 0 : b2(t,y) >
ey?, Yy € Rt € [0, 7).

The interest rate is zero, or equivalently S represents a discounted price. This entails
no loss of generality if the interest rate is deterministic or depends only on Y and on
time. The crucial feature of (1,2) for our purposes is that A, a,b are progressively G-
measurable. In principle, therefore, one could allow ¢ to be F-adapted.

The class M of equivalent local martingale measures consists of measures ) ~ P on
Fr with densities given by

aQ _

dP—é'(—A-B—w-Z)T,



where £ is the Doléans exponential and ¢ := (¢¢)o<¢<7 is an F-adapted process satisfying
fOT Y2dt < oo a.s. The so-called mean-variance trade-off process is the increasing process
K := (Ky)o<t<T given by K; := fot A2(u, Yy, )du < oo, P-a.s., with the finiteness property
true by assumption. We assume E(dQ/dP) = 1 so that @ is a probability measure
equivalent to P on Fp. A sufficient condition for this to be true is the Novikov condition

T
Eexp <% <KT —|—/ ¢t2dt)> < 0.
0

Under Q € M, dS; = o(t, Yt)S,gdB,f2 and Y satisfies
dY; = [a(t, V) — b(t, i) (pA(t, Y2) + )] dt + b(t, Vi) AW,

where WtQ = thQ + ﬁZtQ and (B@,Z9) := (BtQ,ZtQ)ogth is a two-dimensional Q-
Brownian motion defined by BtQ =By + fot AMu, Yy, )du and

t
Z8 =7, + / Yudu. (3)
0

Naturally, the traded asset S is a local Q-martingale, while the Q-drift of Y is arbitrary
and parametrized by the integrand v in (3). The space M is in one-to-one correspon-
dence with the set of integrands 1 provided E(dQ/dP) = 1, and we write Q = QY
whenever we need to emphasize dependence on .

The minimal martingale measure is QM = Q° corresponding to 9, = 0,0 <t < T
in (3). Originally defined by Follmer and Schweizer [8] in a quadratic hedging context,
QM has subsequently appeared naturally in many other situations; see Schweizer [23] for
more details. For models with continuous price trajectories, the most general characteri-
zation of QM is due to Schweizer [22], who shows that Q™ minimizes the reverse relative
entropy H(P,Q) over all Q € M, which means that Q@ is the g-optimal measure for
g =0 [15].

The relative entropy H(Q, P) of @ € M with respect to P is
E (%bg%) , it Q < P on Fr,

00, otherwise.

H(Q,P):= {

The minimal entropy martingale measure Q¥ is defined by
E .
Q" :=a H(Q,P).
rg min H(Q, P)

There are close links between relative entropy and hedging under exponential utility,
as espoused in [5, 9, 19, 20] for example, and QF is the g-optimal measure for ¢ = 1
[11, 14, 15].

Let @E, @M denote the projections of Q¥ QM onto the sigma-algebra Gr:

AP T E{W QT}’
dQ\M - dQM
P E[dP’gT}’
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satisfying, for i = F, M, @Z(A) = Q'(A),YA € Gr, implying EQ?G = E?'G for any
Gr-measurable random variable G for which the expectations exist.

Our main result is an Esscher transform relation [7] between @E and @M , involving
the mean-variance trade-off process K and a constant depending on the correlation p.
The proof is deferred to Section 4.

Theorem 1 In the model described by (1,2) the projections @E,@M of the minimal
entropy measure QF and the minimal martingale measure Q™ onto Gr are related by
the Esscher transform

d@E _ exp(0Kr7)
dQM  EQ exp(0K7)’
where )
0= —3 (1- pz) ,

and K is the mean-variance trade-off at T.

Esscher transforms have a long history in actuarial pricing, and have been used by some
authors to define a possible pricing measure in incomplete markets. See, for example
[2, 10, 6].

3 Exponential indifference pricing

We give a heuristic derivation of a formula for the marginal price of a claim on Y,
motivating the result in Theorem 1.

Suppose a European option on asset Y pays h(Yr). An agent trades a self-financing
portfolio involving the traded asset S. The portfolio wealth process X satisfies

dXt == O'(t, }/;5)7'['15()\(75, }/t)dt + dBt),

where 7 is the wealth invested in the traded asset S at time t € [0,7]. The agent has
preferences described by the exponential utility function

U(x) = —exp(—yzx), z€R, ~>0. (4)

The objective is to maximize expected utility of terminal wealth at time 7', with an
additional random endowment of n units of the claim payoff:

J(t, z,y;m) = E[U(Xr + nh(Yr))|Xe = 2,Y; = y],
where we assume nh(Yr) is bounded below. The agent’s primal value function is

u(t,x,y) := sup J(t,z,y;7), (5)
TEA

with w(T,z,y) = U(z + nh(y)). We write v (t,z,y) = u(t,z,y) when we need to
emphasize dependence on n. We denote the set of admissible trading strategies by A. A



trading strategy is an adapted process m := (m)o<¢<7 satisfying fOT o?(t, Yy)midt < o
almost surely. When wealth can become negative the definition of admissibility is subtle,
as discussed by Schachermayer [21]. We make the following definitions, along the lines
of [4, 21, 17].

Ay, = {meAy: Xy >acRas. Vte|0,T]},

U, = {TeLQ Fr,P):T < Xp+nh(Yy)for v € Ay and E|[U(T)| < 0o}
U = {UI):T el

A = {meA:UXr) eU},

where {...} denotes the closure in L' (£, Fr, P). The point is that we first bound the
portfolio wealth from below, to eliminate doubling strategies [12], but the resulting class
Ap is not big enough to guarantee finding the optimal strategy by searching only within
it, so this class is suitably enlarged. See Schachermayer [21] or Owen [17] for more
details. This subtlety will not overly concern us here, as our goal is to formally use the
solution to the optimization problem to heuristically motivate subsequent results.

The indifference price p(t,z,y) = p™ (t,z,y) per claim, for a random endowment of
n claims, is defined by

u™ (it — np™ (L, 2, y),y) = Ot z,y). (6)

The marginal price p(t, x,y) of the claim corresponds to a price which essentially solves
(6) as n — 0. The original definition of Davis [3] used a “zero marginal rate of substi-
tution” argument and subsequent papers, for example [1], have shown that it arises as
the n — 0 limit (alternatively, the v — 0 limit) of p(™:

p(t,z,y) = lim pt (¢, 2, y). (7)

With exponential utility, provided the payoff satisfies suitable integrability conditions,
P is also given by the QF-expectation of the payoff:

p=En(vr). (8)

Conditions on h(Y7) for validity of (8) are discussed by Becherer [1], and amount to the
payoff having an exponential moment. For exponential utility, it is well known that p(™)
and p do not depend on z.

3.1 Distortion power solution

Using the well-known distortion method [27, 25, 13, 26] we obtain a closed form expec-
tation representation for the value function u(™ (t,z,y). We merely state the result, as
the distortion method is well established. Our goal in this section is to use the solu-
tion to heuristically derive a representation for the marginal price of the claim on Y.
This will be equated with the well-known representation for p as the QF-expectation
of the payoff h(Yr). A rigorous analysis verifying the regularity and optimality of the
distortion solution follows the same lines as [24, 25, 27].



Proposition 1 (Distortion power solution) With exponential utility (4), the value
function u = u™ in (5) is given by

ult,z,y) = Ulz) (F(t,y)" O, (9)

where the function F = F™ :[0,T] x R — R* has the stochastic representation

FO(t,y) = B [exp <_(1 —p?) (% /t ' A2 (u, Yy )du + mh(@))) ’ Y; = y} . (10)

Remark 1 The expectation in (10) is taken with respect to the projection of the minimal
measure QM onto Gr. We can replace QM by QM in (10), since these measures give
the same moments for Gr-measurable random variables.

3.2 Indifference price formulae

Using Proposition 1 and the definition (6) of the indifference price per claim gives the
following formula for p(™):

Wty e oL oe (E )
p (tv y) - 7(1 - pg)nl g ( t,y)) ) (11)

with F("M(t,y) given by (10).

We use a formal perturbative analysis of the formula for p(™ = p("(0,y) to obtain
a formula for the marginal price p = p(0,y). Using (10) at ¢t = 0 along with a formal
Taylor series expansion applied to the exponential in (10) and the logarithm in (11)
gives the indifference price p(™) as

) _ B9 [exp(0Kp)h(Yr)] |
EQM exp(0K7)

(n

O(n),

where O(n) denotes terms involving n and higher powers of n. Using (7) the marginal
price p is obtained on taking the limit n — 0, as

5o o [EBEP(QKT)h(YT)]‘ (12)
EQY exp(0K7)

The derivation of (12) is purely formal, and will be made rigorous by other methods in
the next section. Its value to us is that when equated with the classical representation
(8) for P, it motivates a relation between @M and QF (or, more precisely, between their
projections onto the sigma field generated by Y7r). Equating (12) with (8) gives the
statement of Theorem 1 for the projections of Q¥, QM onto the sigma field generated
by YT.



4 Proofs

We prove Theorem 1 from the representation equation of Hobson [14] for the g-optimal
measure Q(@. For ¢ € R\ {0,1}, Q9 minimizes (maximizes, for 0 < ¢ < 1) the L¢
norm E[(dQ/dP)?] over Q@ € M. For ¢ =1, Q) = Q| minimizing the relative entropy
H(Q, P) between Q and P, and for ¢ = 0, Q) = Q™ minimizing the reverse relative
entropy H(P,Q) (see [15] for instance). We need a couple of lemmas specifying the
solution to Hobson’s representation equation in our model. Write

Q@ B .
5 =E(-X-B—v"- 2)r, (13)

for some optimal dual process ¥*, in general F-adapted.

In the Markovian model of this paper, it turns out that ¢* is given by a G-adapted
process related to the distortion function F(O)(¢,Y;) in (10) for n = 0. The following
lemma is proved in [15] for general ¢ (we give the version for ¢ = 1), from an analysis

of the HJB equation for the dual problem, and may also be derived from the results in
[14].

Lemma 1 Under the conditions of Assumption 1, the process ¥* in (13) is given by

1/): = —M%IOgF(O)(t,YVt% te [OvTL (14)

p
where FO)(t,y) is the function (10) in the distortion solution (9) for n = 0.

For ¢ = 1, and in the Markovian model (1,2), Hobson’s representation equation is
as follows.

Lemma 2 Define processes (N, L) = (N¢, Lt)o<t<T by

t
N, = /0 (g) G(dBy + Mu, Yy, )du),

t
L = /w;dzu,
0

with ¥* given by (14). Then Np, Ly satisfy

1 1 1
“Kp=Np4+ Ly 4+ =[Llp — — log F© 15
5 AT T+ T+2[ I P2 0g ) (15)

where F(O) = F0)(0,y) is defined in (10).

Proof This is proved in Monoyios [15]. It follows from substituting (14) in (15) and
using the PDE for F(O)(t,y), obtained from (10) and the Feynman-Kac Theorem, to
show that (15) is satisfied.

O



Proof of Theorem 1 Define a Brownian motion W+ independent of the G-adapted
Brownian motion W, via

W = pB+ pZ,
Wt = pB-pZ.
Re-write (13) for ¢ = 1 in terms of W, W+, to obtain
dQE _ — % — * 1
5 =& (or+ ) W) = (A=) - W)

The processes in the stochastic exponential are G-adapted, except for the Brownian
motion W+, which is independent of G. We condition on Gr to obtain

dQ\E — % 1 r — x\2
s = |~ (oA +p0") W= 5 [ (o pui)ae | (16)
0
Similarly, from
dQM
P - El=(\- B,
we obtain ~
d 1
C?—P = exp (—p(A W)t — §p2KT> ,

which is (16) with ¢* set to zero. Combining these results we obtain
Q¢
dQM

Now write the representation equation (15) in terms of (W, W) to obtain

T
e {= (A4 ) W)= 3o [ o2yt an)

* 1 r %[ = % — 1 (0)
(" - W)p = 2 (/ YL (pY; — 2pA(¢, Ye))dt — PKT> — —log F*.
0 p

Note that this contains only Gr-measurable terms. Use this equation to eliminate the
integral (¢/* - W)p from (17), and the result follows on recalling that, from (10), F(©) =

EQY exp(0Kr).
O

Property 1 means that the relevant connection between the measures QF, QM is
expressed in terms of their projections onto the sigma-algebra Gr. The result may be
recast into the equivalent form

EQM |: dQE G ] _ exp(0Kr) '
dQM EQY exp(AKT)
An immediate corollary of Theorem 1 is the following representation for the marginal
price of a European claim on Y.

Corollary 1 The marginal price of a Gr-measurable claim G has the representation
EQY [exp(0KT)G]
EQM [exp(0KT)] '

D=



Proof The result is immediate on writing p = ER"G = EQ°G and using Theorem 1
to express the price as a QM- expectation.

g

Naturally, the expectations in Corollary 1 may also be written with respect to QM.

5 Conclusion

The crucial feature of the model studied here is the fact that the mean-variance trade-
off K and the non-traded factor Y are progressively measurable with respect to G, the
sigma-field generated by the Brownian motion W driving Y. This has enabled us to
derive an Esscher transform relation between the projections of Q¥, Q™ onto Gy. The
result is obtained from the Hobson-Rheinlédnder representation equation (15) for the
g-optimal measure, along with the fact that in the Markovian scenario studied here, the
process 1* solving (15) is expressed in terms of the distortion function F'(¢,y), so that
* is progressively G-measurable. The PDE satisfied by F' plays a role in showing that
(15) is indeed solved by ¥* given in (14). It may be possible to relax the Markovian
assumption, and recent work by Tehranchi [26] showing that the distortion solution is
valid in a non-Markovian setup, lends weight to this conjecture. This would require
probabilistic methods.

A further obvious question that arises is whether similar results extend to the ¢-
optimal measure for ¢ # 1. Using similar methods to those for ¢ = 1, we have been able
to obtain the following result for general ¢. Let Q9 denote the g-optimal measure, with
QM = Q). Then we have:

@\* 4
gPY dQ\1 Gr _ exp(0Kr)
dQ) EPY exp(0K7)’
where § = —1q(1 — gp?) and A = (1 — gp*)/qp*. This result reduces to Theorem 1 for
q = 1, but is clearly not as sharp as the main theorem.

References

[1] Becherer D 2003 Rational hedging and valuation of integrated risks under constant
absolute risk aversion Insurance: Mathematics and Economics 33 1-28

[2] Biithlmann H, Delbaen F, Embrechts P and Shiryaev A S 1996 No-arbitrage, change
of measure and conditional Esscher transforms CWI Quarterly 9 291-317

[3] Davis M H A 1997 Option pricing in incomplete markets In: Mathematics of Deriva-
tive Securities (eds: Dempster M A H and Pliska S R), pp 216-226 (Cambridge
University Press: Cambridge, UK)

10



Davis M H A 2000 Optimal hedging with basis risk Preprint Technical University
of Vienna

Delbaen F, Grandits P, Rheinlander T, Samperi D, Schweizer M and Stricker C
2002 Exponential hedging and entropic penalties Mathematical Finance 12 99-123.

Eberlein E and Keller U 1995 Hyperbolic distributions in finance Bernoulli 1 281—
299

Esscher F 1932 On the probability function in the collective theory of risk Skandi-
navisk Aktuarietidskrift 15 175-195

Follmer H and Schweizer M 1991 Hedging of contingent claims under incomplete
information In: Applied Stochastic Analysis (eds: M.H.A. Davis and R.J. Elliott),
Stochastics Monographs 5 389-414 (Gordon & Breach: New York)

Frittelli M 2000 The minimal entropy martingale measure and the valuation prob-
lem in incomplete markets Mathematical Finance 10 39-52

Gerber H U and Shiu E S W 1994 Option pricing by Esscher transforms Transac-
tions of the Society of Actuaries 46 99-191

Grandits P and Rheinlander T 2002 On the minimal entropy martingale measure
Annals of Probability 30 1003-1038

Harrison J M and Pliska S R 1981 Martingales and stochastic integrals in the theory
of continuous trading Stochastic Processes & their Applications 11 215-260

Henderson V 2002 Valuation of claims on nontraded assets using utility maximiza-
tion Mathematical Finance 12 351-373

Hobson D G 2004 Stochastic volatility models, correlation, and the g-optimal mea-
sure Mathematical Finance 14 537-556

Monoyios M 2005 Characterization of optimal dual measures via distortion, preprint

Musiela M and Zariphopoulou T 2004 An example of indifference prices under
exponential preferences Finance € Stochastics 8 229-239

Owen M 2002 Utility based optimal hedging in incomplete markets Annals of Ap-
plied Probability 12 691-709

Pham H, Rheinldnder T and Schweizer M 1998 Mean-variance hedging for contin-
uous processes: new proofs and examples Finance & Stochastics 2 173—-198

Rheinlander T 2005 An entropy approach to the Stein-Stein model with correlation
Finance € Stochastics in press

Rouge R and El Karoui N 2000 Pricing via utility maximization and entropy Math-
ematical Finance 10 259-276

11



[21]

[22]

[23]

[24]

[25]

Schachermayer W 2001 Optimal investment in incomplete markets when wealth
may become negative Annals of Applied Probability 11 694—734

Schweizer M 1999 A minimality property of the minimal martingale measure Statis-
tics € Probability Letters 42 27-31

Schweizer M 2001 A guided tour through quadratic hedging approaches In: Op-
tion Pricing, Interest Rates and Risk Management (eds: Jouini E, Cvitani¢ J and
Musiela M), pp. 538-574 (Cambridge University Press: Cambridge, UK)

Sircar K R and Zariphopoulou T 2005 Bounds and asymptotic approximations for
utility prices when volatility is random SIAM Journal on Control & Optimization
43 1328-1353

Stoikov S F and Zariphopoulou T 2004 Optimal investments in the presence of
unhedgeable risks and under CARA preferences Preprint

Tehranchi M 2004 Explicit solutions of some utility maximization problems in in-
complete markets Stochastic Processes and their Applications 114 109-125

Zariphopoulou T 2001 A solution approach to valuation with unhedgeable risks
Finance & Stochastics 5 61-82

12



