RETRIEVING LEVY PROCESSES FROM OPTION PRICES:
REGULARIZATION OF AN ILL-POSED INVERSE PROBLEM*
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Abstract. We propose a stable nonparametric method for constructing an option pricing model
of exponential Lévy type, consistent with a given data set of option prices. After demonstrating the
ill-posedness of the usual and least squares version of this inverse problem, we suggest to regularize
the calibration problem by reformulating it as the problem of finding an exponential Lévy model that
minimizes the sum of the pricing error and the relative entropy with respect to a prior exponential
Lévy model. We prove the existence of solutions for the regularized problem and show that it yields
solutions which are continuous with respect to the data, stable with respect to the choice of prior
and converge to the minimum-entropy least squares solution of the initial problem when the noise
level in the data vanishes.
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1. Introduction. The specification of an arbitrage-free option pricing model on
a time horizon Ty, involves the choice of a risk-neutral measure [25]: a probability
measure @ on the set  of possible trajectories {S;}scp,7..) of the underlying asset
such that the discounted asset price e~ S, is a martingale (where r is the discount
rate). Such a probability measure @ then specifies a pricing rule which attributes to an
option with terminal payoff Hy at T the value C(Hy) = e "T EQ[Hy]. For example,
the value under the pricing rule @ of a call option with strike K and maturity T
is given by e "TE?[(St — K)T]. Given that data sets of option prices have become
increasingly available, a common approach for selecting the pricing model is to choose,
given option prices (C(H?"));c; with maturities T; payoffs H, a risk-neutral measure
Q compatible with the observed market prices, i.e. such that C(H?) = e7"T* E¢[H"].
This inverse problem of determining a pricing model @) verifying these constraints is
known as the “model calibration” problem. The number of observed options can be
large (~ 100 — 200 for index options) and the Black-Scholes model has to be replaced
with models with richer structure such as nonlinear diffusion models [18] or models
with jumps [13]. The inverse problem is ill-posed in these settings [14, 33] and various
methods have been proposed for solving it in a stable manner, mostly in the framework
of diffusion models [1, 4, 5, 6, 9, 16, 18, 26, 32, 33].

Given the ill-posed nature of the inverse problem, an extra criterion must be
used to select a model compatible with observed option prices. The use of relative
entropy as a model selection criterion has solid theoretical foundations [17] and has
been investigated by many authors in the context of option pricing.

The notion of minimal entropy martingale measure (MEMM)—the pricing mea-
sure () that minimizes the relative entropy with respect to a reference probability
P— has been investigated by many authors [22, 19, 29]. However, option prices com-
puted using the MEMM are in general not consistent with the market-quoted prices
of traded European options and can lead to arbitrage opportunities with respect to
market-traded options.
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The notion of minimal entropy distribution consistent with observed market
prices was introduced in a static framework in [4, 3, 35]: given prices of call options
{Cum (T}, K;) }icr and a prior distribution P on scenarios, it is obtained by minimizing
relative entropy over all probability measures @@ ~ P such that

Cun(Ty, K;) = EQle™ ™ (S, — K;)7] foriel (1.1)

This approach is based on relative entropy minimization under constraints [17] and
yields a computable result. It was extended to the case of stochastic processes by the
Weighted Monte Carlo method of Avellaneda et al [5], but the martingale property is
not taken into account since it would yield an infinite number of constraints [30]. As
a result, derivative prices computed with the weighted Monte Carlo algorithm may
contain arbitrage opportunities, especially when applied to forward start contracts.

Goll and Riischendorf [24] consider the notion of consistent (or calibrated) mini-
mal entropy martingale measure (CMEMM), defined as the solution of

1@Q'[P) = win 1(@QP)

where the minimum is taken over all martingale measures @ ~ P verifying (1.1).
While this notion seems to conciliate the advantages of the MEMM and Avellaneda’s
entropy minimization under constraints, no algorithm is proposed in [24] to compute
the CMEMM. In fact, the notion of CMEMM does not in general preserve the struc-
ture of the prior—e.g. the Markov property—and it may be difficult to represent.’

We also note that such model selection methods based on relative entropy are
not convenient when dealing with one-dimensional diffusion models since as soon as
the model has a diffusion coefficient different from the prior their measures become
singular and the relative entropy is infinite.

In this paper we show that the shortcomings of the above approaches can be
overcome by enlarging the class of models to include processes with jumps and using
relative entropy as a regularization criterion rather than a selection criterion. On one
hand, introducing jumps in the prior model allows to obtain a large class of equivalent
martingale measures which also have finite relative entropy with respect to the prior,
avoiding the singularity which arises in diffusion models. On the other hand, by
restricting the class of pricing models to exponential Lévy models —where the risk-
neutral dynamics of the logarithm of the stock price is given by a Lévy process— we
are able to go beyond a simple existence result and obtain a computable alternative to
the CMEMM. Also, unlike the Weighted Monte Carlo approach, our approach yields
as solution a continuous-time price process whose discounted value is a martingale.
Finally, the use of regularization yields a stable solution to the inverse problem for
which a computational approach is possible [14].

The relation between the option prices and the parameters of the process (its Lévy
measure) being nonlinear, we face a nonlinear, infinite dimensional inverse problem.
After demonstrating the ill-posedness of the usual and least squares version of this
inverse problem, we show that it can be regularized by using as penalization term
the relative entropy with respect to a prior exponential Lévy model. We show that
our approach yields solutions which are continuous with respect to the data, stable
with respect to the choice of prior and converge to the minimum-entropy least squares
solution of the initial problem.

Hn particular, if X is a Lévy process under the prior P, it will in general no longer be a Lévy
process under a consistent minimal entropy martingale measure.
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Unlike linear inverse problems for which general results on regularization methods
and their convergence properties are available [20], nonlinear inverse problems have
been explored less systematically. Our study is an example of rigorous analysis of
regularization using entropy for a nonlinear, infinite-dimensional inverse problem.
Previous results on regularization using entropy have been obtained in Banach space
setting [21] by mapping the problem to a Tikhonov regularization problem. Using
probabilistic methods, we are able to use a direct approach and extend these result
to the spaces of probability measures considered here.

The paper is structured as follows. Section 2 recalls basic facts about Lévy pro-
cesses and exponential Lévy models. In Section 3 we formulate the calibration problem
as that of finding a martingale measure @, consistent with market-quoted prices of
traded options, under which the logarithm of the stock price process remains a Lévy
process. We show that both this problem and its least squares version are ill-posed:
a solution need not exist and when it exists, may be unstable with respect to pertur-
bations in the data. Section 4 discusses relative entropy in the case of Lévy processes,
its use as a criterion for selecting solutions and introduces the notion of minimum-
entropy least squares solution. In Section 5 we formulate the regularized version of the
calibration problem, show that it always admits a solution depending continuously on
market data, discuss conditions for the solutions to be equivalent martingale measures
and formulate conditions under which they converge to the minimum-entropy least
squares solutions as the noise level in the data goes to zero.

In Section 6 we show that the solutions of the regularized calibration problem
are stable with respect to small perturbations of the prior measure. The solutions
of the regularized calibration problem with any prior measure can thus be approxi-
mated (in the weak sense) by the solutions of regularized problems with discretized
priors, which has implications for the discretization and the numerical solution of the
regularized calibration problem, further discussed in [14]. In the appendix we discuss
some properties of relative entropy in the case of Lévy processes.

2. Definitions and notations. Consider a time horizon T,, < oo and denote by
Q the space of real-valued cadlag functions on [0, T ], equipped with the Skorokhod
topology [27]. The time horizon T, must be chosen finite since we will work with the
class of Lévy processes absolutely continuous with respect to a given Lévy process, and
on an infinite time interval this class is trivial since in this case absolute continuity of
Lévy processes is equivalent identity in law [27, Theorem VI1.4.39]. Unless otherwise
mentioned, X is the coordinate process: for every w € Q, Xy(w) = w(t). F is
the smallest o-field, for which the mappings w € Q +— w(s) are measurable for all
5 € [0,Ts] and for any t € [0, To], (F¢) is the natural filtration of (X)o7, ). Weak
convergence of measures will be denoted by =-.

Lévy processes. A Lévy process {X, }1>0 on (2, F, P) is a stochastic process with
stationary independent increments, satisfying Xy = 0. The characteristic function of
X; has the following form, called the Lévy-Khinchin representation [34]:

. 1 oo
E[e"*Xt] = (3) with ¢(2) = 75/122 +ivz +/ (e — 1 —izh(x))v(dz)(2.1)
where A > 0 is the unit variance of the Brownian motion part of the Lévy process,
v € R, v is a positive measure on R verifying v({0}) = 0 and

/OO (22 A )w(dz) < oo,

— 00
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and h is the truncation function: any bounded measurable function R — R such that
h(z) = x on a neighborhood of zero. The most common choice of truncation function
is h(x) = x1);<; but sometimes in this paper we will need h to be continuous. The
triplet (A, v, ) is called the characteristic triplet of X with respect to the truncation
function h.

Model setup. We consider exponential Lévy models, where the stock price S; is
modelled, under a risk—neutral measure Q [25], as the exponential of a Lévy process:

S, = SperttXe (2.2)

where 7 is the interest rate. Since () is a risk-neutral probability measure, eX* must
be a martingale. It follows from (2.1) that this is the case if and only if

g bt /Z(ex — 1~ h(@))w(de) = 0. (2.3)

Under @ call option prices can be evaluated as discounted expectations of terminal
payoffs:

CUT,K) = e "TEQ[(Sy — K)T] = e "TEQ[(Spe" T+ — K)7). (2.4)

Notation. In the sequel P(€2) denotes the set of probability measures (stochastic
processes) on (2, F), £ denotes the set of all probability measures P € P(€2) under
which the coordinate process X is a Lévy process and M stands for the set of all
probability measures P € P(2), under which exp(X;) is a martingale. Ly 4 is the set
of all probability measures P € L corresponding to arbitrage—free exponential Lévy
models, that is, to Lévy processes that are not almost surely increasing nor almost
surely decreasing. Furthermore for B > 0 we define

Lh={PeL, PIAX,<BVte[0,Ts]] =11,

the set of Lévy processes with jumps bounded from above by B.

The following lemma shows the usefulness of the above definitions.

LEMMA 2.1. The set M N Eg is weakly closed for every B > 0.

Proof. Let {Q,}52, C M N L} with characteristic triplets (Ap, v, ;) with
respect to a continuous truncation function A and let @ be a Lévy process with
characteristic triplet (A,v,v) with respect to h, such that @, = Q. Note that the
limit in distribution of a sequence of Lévy processes is necessarily a Lévy process: due
to convergence of characteristic functions, the limiting process must have stationary
and independent increments. Define a function f by

0, r < B,
fz) =14 1, x> 2B,
©B B<a<2B.

By Corollary VIL3.6 in [27], [* f(z)v(dz) = lim,—.o [ o f(2)vn(dz) = 0, which
implies that the jumps of () are bounded by B. Define

9(x) ¢={ ¢ —1-h(z) = 3h*(x), =<B,

e® —1—n(B) - 3h*(B), => B.
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Then, once again by Corollary VIL.3.6 in [27] and because @,, satisfies the martingale
condition (2.3) for every n,

00 A > h2(z)v(dz i
e B e e R L Ly e
A, < K2 (z)vp(dx o0
nlingo{vn+ +f‘°°2( Jnl )+/Oog(:v)vn(dﬂf)} =0,

which shows that @ also satisfies the condition (2.3). O

3. The calibration problem and its least squares formulation. Suppose
first that the market data C'y; are consistent with the class of exponential Lévy models.
This is for example the case when the market pricing rule is an exponential Lévy model
but can hold more generally since many models may give the same prices for a given
set of European options. For instance one can construct, using Dupire’s formula [18],
a diffusion model that gives the same prices, for a set of European options, as a
given exp-Lévy model [12]. Using the notation, defined in the preceding section, the
calibration problem assumes the following form:

PrOBLEM 1 (Calibration with equality constraints). Given prices of call options
{Cu (T}, K;) Yier, find an arbitrage—free exponential Lévy model Q* € MNL such that

Vie I,09(T;, K;) = On(T3, K). (3.1)

When the market data is not consistent with the class of exponential Lévy models,
the exact calibration problem may not have a solution. In this case one may consider
an approximate solution: instead of reproducing the market option prices exactly,
one may look for a Lévy triplet which reproduces them in a least squares sense. Let
w be a probability measure on [0, 7s] X [0,00) (the weighting measure, determining
the relative importance of different data points). An option data set is defined as
a mapping C : [0,Tw] X [0,00) — [0,00) and the data sets that coincide w-almost
everywhere are considered identical. One can introduce a norm on option data sets
via

1O = / C(T, K)*w(dT x dK). (3.2)
[0,T]%x[0,00)

The quadratic pricing error in model @ is then given by ||Cas — C?||2,. If the number
of constraints is finite then w = Zivzl wid(r, k) (dT x dK) (with e.g. N constraints),
where {w; }1<i<n are positive weights that sum up to one. Therefore, in this case

N
1Car = UL =D wil Cur (T, Ki) — CF(Ts, K))*. (3:3)

i=1

The following lemma establishes some useful properties of the pricing error func-
tional.

LEMMA 3.1. The pricing error functional Q — ||Cp—C@||2, is uniformly bounded
and weakly continuous on M N L.

Proof. From Equation (2.4), C?(T,K) < Sp. Absence of arbitrage in the mar-
ket implies that the market option prices satisfy the same condition. Therefore,
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(Cu(T,K) —C?(T, K))? < S2 and since w is a probability measure, ||Cy; — C?||?, <
S2.
Let {@Qn}tn>1 CMNLand Q € M N L be such that Q, = Q. For all T, K,

lim C9 (T, K) = e~ "T lim B9 [(Spe™ T TX7 — K)*]
= e " lim B9 [Spe™ T X7 — K]+ 7T lim E9[(K — Spe™ T TX7) 7]
=Sy — Ke ™" + e TEQ[(K — Spe™ XY T = C9T, K).

Therefore, by the dominated convergence theorem, ||Cas — C9 |2 — ||Car — C9|2.
a

The calibration problem now takes the following form:

PROBLEM 2 (Least squares calibration problem). Given prices Cpr of call op-
tions, find Q* € M N L, such that

|Cr — C

2 = dnt G = COE, (3.4)
In the sequel, any such Q* will be called a least squares solution and the set of all
least squares solutions will be denoted by LSS(Cy).

Several authors [2, 8] have used least squares formulations similar to (3.4) for
calibrating parametric models without taking into account that the least squares
calibration problem is ill-posed in several ways:

Lack of identification. Option prices are only available for a finite number of
strikes (typically between 10 and 100) and knowing the prices of a finite number of
options is not sufficient to reconstruct the Lévy process. This problem is discussed in
detail in [14, 36].

Absence of solution. In some cases even the least squares problem may not admit
a solution, as shown by the following (artificial) example.

ExXAMPLE 3.1. Suppose that Sy = 1, there are no interest rates or dividends and
the (equally weighted) market data consist of the following two observations:

Cu(T=1,K=1)=1-¢? and Cy(T=1,K=¢")=0, (3.5)

with some A > 0. It is easy to see that these prices are, for example, compatible with
the (martingale) asset price process S; = eM1,<,,, where 71 is the time of the first
jump of a Poisson process with intensity A\. We will show that if the market data are
given by (3.5), the calibration problem (3.4) does not admit a solution.

Equation (2.4) implies that in every risk-neutral model @, for fixed T, C? (T, K)
is a convex function of K and that C?(T, K = 0) = 1. The only convex function
which satisfies this equality and passes through the market data points (3.5) is given
by C(T = 1,K) = (1 — Ke~*)*. Therefore, in every arbitrage-free model that is an
exact solution of the calibration problem with market data (3.5), for every K > 0,
P[S; < K] = e M g<.r. Since in an exponential Lévy model P[S; > 0] = 1, there is
no risk-neutral exponential Lévy model for which ||Cp; — C?||,, = 0.

On the other hand, infgepmnz [|Car —C@||2, = 0. Indeed, let {N;};>0 be a Poisson
process with intensity A\. Then for every n, the process

X' i=—nNg+ M(l—e™") (3.6)
belongs to M N L and

n—oo

X7 + e (AR kAt (1—e™™) + ALY+
lim E[(e™t — K) ]:nh_{rgo;e T(e —K) =(1-Ke )™ .
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We have shown that infgemnz [[Car — C?||? = 0 and that for no Lévy process @ €
MnNL, |Cy — C?||? = 0. Thus the calibration problem (3.4) does not admit a
solution.

Lack of continuity of solutions with respect to market data. Market option prices
are typically defined up to a bid-ask spread and the prices used for calibration may
therefore be subject to perturbations of this order. If the solution of the calibration
problem is not continuous with respect to market data, these small errors may dra-
matically alter the result of calibration, rendering it useless. In addition, in absence of
continuity small daily changes in prices could lead to large variations of calibrated pa-
rameters and of quantities computed using these parameters, such as prices of exotic
options.

When the calibration problem has more than one solution, care should be taken
in defining continuity. In the sequel, we will use the following definition [7, 20]:

DEFINITION 3.2 (Continuity with respect to data). The solutions of a calibration
problem are said to depend continuously on input data at the point Cy; if for every
sequence of data sets {Cy;n>0 such that ||Cyy — Cas|lw —0 if, for every n, Qn

is a solution of the calibration problem with data C}; then
1. {Qn}n>1 has a weakly convergent subsequence {Qn,, tm>1-
2. The limit Q of every weakly convergent subsequence of {Qn}n>1 is a solution
of the calibration problem with data C)y.

If the solution of the calibration problem with the limiting data Cj; is unique,
this definition reduces to the standard definition of continuity, because in this case
every subsequence of {Q,} has a further subsequence converging towards @, which
implies @, = Q.

REMARK 3.1. Note that the above definition can accommodate the presence
of random errors (“noise”) in the data. In this case the observational error can
be described by a separate probability space (Qg,&,pg). The continuity property
must then be interpreted as almost-sure continuity with respect to the law pg of
the observational errors: for every (random) sequence {Cj3;}n>0 such that ||C}, —
Cs|lw — 0 almost surely, then any sequence of solution with data {C};}n>0

must verify the properties of Definition 3.2 pp-almost surely.

It is easy to construct an example of market data leading to a least squares
calibration problem (3.4) that does not satisfy the above definition.

ExXAMPLE 3.2. Assume Sy = 1, no interest rates nor dividends and observations
given by a single option price:

Cp(T=1,K=1)=E[(eX —1)T] forn>1 and Cy(T=1,K=1)=1-¢"",

where X' is defined by Equation (3.6) and A > 0. Then ||C}; — Cpsl|lw —— 0 and

X/ is a solution for data C7;, but the sequence {X}'} has no convergent subsequence
(cf. Corollary VIIL.3.6 in [27]).

In addition to these theoretical obstacles, even if a solution exists, it may be
difficult to compute numerically since, as shown in [14, 36], the pricing error ||Chy —
C?||? is typically non-convex and can have many local minima, preventing a gradient-
based minimization algorithm from finding the solution.

4. Relative entropy as a selection criterion. When constraints given by
option prices do not determine the exponential Lévy model completely, additional
information may be introduced into the problem by specifying a prior model: we
start from a reference Lévy process P and look for the solution of the problem (3.4)
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that has the smallest relative entropy with respect to P. For two probabilities P and
@ on the same measurable space (€, F), the relative entropy of @ with respect to P
is defined by

EF[4810g43|  ifQ<P

(4.1)
o0 otherwise,

1(QIP) = {

where by convention zlogz = 0 when =z = 0.

PrOBLEM 3 (Minimum entropy least squares calibration problem). Given prices
Cyr of call options and a prior Lévy process P, find a least squares solution Q* €
LSS(Ch), such that

* .
1@'P)= it 1QIP). (42)
In the sequel, any such Q* will be called a minimum entropy least squares solution
(MELSS) and the set of all such solutions will be denoted by MELSS(C').

P reflects a priori knowledge about the nature of possible trajectories of the
underlying asset and their probabilities of occurrence. A natural choice of prior,
ensuring absence of arbitrage in the calibrated model, is an exponential Lévy model
estimated from the time series of returns. Whether this choice is adopted or not does
not affect our discussion below. Other possible ways to choose the prior model in
practice are discussed in [14], which also gives an empirical analysis of the effect of
the choice of prior on the solution of the calibration problem.

The choice of relative entropy as a method for selection of solutions of the cali-
bration problem is driven by the following considerations:

e Relative entropy can be interpreted as a (pseudo-)distance to the prior P: it
is convex, nonnegative functional of @ for fixed P, equal to zero if and only
if % =1 P-a.s. To see this, observe that

EP{@I d@}:Ep{ﬂl iQ _dQ

dp & qp ¢ p ap 1

dpP dP dP ’

and that zlogz — z + 1 is a convex nonnegative function of z, equal to zero

if and only if z = 1.

e Relative entropy for Lévy processes is easily expressed in terms of their char-
acteristic triplets (see Theorem A.1).
e Relative entropy has an information-theoretic interpretation and has been

repeatedly used for model selection in finance (see Section 1).
Using relative entropy for selection of solutions removes, to some extent, the identi-
fication problem of least-squares calibration. Whereas in the least squares case, this
was an important nuisance, now, if two measures reproduce market option prices with
the same precision and have the same entropy relative to the prior, this means that
both measures are compatible with all the available information. Knowledge of many
such probability measures instead of one may be seen as an advantage, because it
allows to estimate model risk and provide confidence intervals for the prices of ex-
otic options [12]. However, the calibration problem (4.2) remains ill-posed: since the
minimization of entropy is done over the results of least squares calibration, problem
(4.2) may only admit a solution if problem (3.4) does. Also, LSS(C)) is not neces-
sarily a compact set, so even if it is nonempty, (4.2) may not have a solution. Other
undesirable properties such as absence of continuity and numerical instability are also
inherited from the least squares approach.
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The minimum entropy least squares solution does not always exist, but if the prior
is chosen correctly such that (3.4) admits a solution with finite relative entropy with
respect to the prior, then minimum entropy least-squares solutions will also exist:

LEMMA 4.1. Let P € LnaNLY for some B > 0 and assume problem (3.4) admits
a solution Q% with I(QV|P) = C < oco. Then problem (4.2) admits a solution.

Proof. Under the condition of the lemma, it is clear that the solution Q* of
problem (4.2), if it exists, satisfies I(Q*|P) < C. This entails that Q* <« P, which
means by Theorem IV.4.39 in [27] that Q* € L£}. Therefore, Q* belongs to the set

LEN{QeMNL:|C?—-Cuy| = 1097 — Oy N{Q € £ : I(Q|P) < C}.(4.3)

Lemma A.2 and the Prohorov’s theorem entail that the level set {Q € L : I(Q|P) <
C'} is relatively weakly compact. On the other hand, by Corollary A.4, I(Q|P) is
weakly lower semicontinuous with respect to @ for fixed P. Therefore, the set {Q €
P(Q) : I(Q|P) < C} is weakly closed and since by Lemma 2.1, M N L} is also weakly
closed, the set M N LEN{Q € L : I(Q|P) < C} is weakly compact. Lemma 3.1
then implies that the set (4.3) is also weakly compact. Since I(Q|P) is weakly lower
semicontinuous, it reaches its minimum on this set. O

REMARK 4.1. It is essential for our analysis that the model has discontinuous
trajectories, i.e. the prior P corresponds to a process with jumps, not a diffusion
process. If P corresponds to the law of a Markovian diffusion model then the set of
processes which have both the martingale property and finite entropy with respect
to P is reduced to a single element and the solution to 4.2 is trivial (this follows e.g.
from Theorem IV.4.39 in [27]).

5. Regularization using relative entropy. As observed in [14] and in Section
4, problem (4.2) is ill-posed and hard to solve numerically. In particular its solutions,
when they exist, may not be stable with respect to perturbations of market data.
If we do not know the prices Cy; exactly but only dispose of observations C% with
||CS; —Carllw < 6 and want to construct an approximation to MELSS(C\y), it is not a
good idea to solve problem (4.2) with the noisy data C, because MELSS(C$,) may be
very different from MELSS(Cjs). We therefore need to regularize the problem (4.2),
that is, construct a family of continuous “regularization operators” {Rs }a>0, where «
is the regularization parameter, such that R, (016\4) converges to a minimum entropy
least-squares solution as the noise level ¢ tends to zero if an appropriate parameter
choice rule 6 — «(d) is used [20]. The approximation to MELSS(C)y) using the noisy
data C¢, is then given by R,(C¢,) with an appropriate choice of a.

Following a classical approach to regularization of ill-posed problems [20, 4], we
regularize (4.2) by using the relative entropy as a penalization term:

Ja(Q) = C3 = CY2 + aI(Q|P), (5.1)

where « is the regularization parameter and solve the following optimization problem:

PROBLEM 4 (Regularized calibration problem). Given prices Cy; of call options,
a prior Lévy process P and a reqularization parameter o > 0, find Q* € MNL, such
that

Ja(Q7) = dnf | Ja(@Q). (5.2)

Problem (5.2) can be thought of in two ways:
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e If the minimum entropy least squares solution with the true data C; exists,
(5.2) allows to construct a stable approximation of this solution using the
noisy data.

e If the MELSS(C)s) = 0, either because the set of least squares solutions is
empty or because the least squares solutions are incompatible with the prior,
the regularized problem (5.2) allows to achieve, in a stable manner, a trade-off
between matching the constraints and the prior information.

In the rest of this section we study the regularized calibration problem. Under our
standing hypothesis that the prior Lévy process has jumps bounded from above and
corresponds to an arbitrage free market (P € Ly Aﬁﬁg), we show that the regularized
calibration problem always admits a solution that depends continuously on the market
data. In addition, we give a sufficient condition on the prior P for the solution to be
an equivalent martingale measure and show how the regularization parameter a must
be chosen depending on the noise level § if the regularized solutions are to converge
to the solutions of the minimum entropy least squares calibration problem (4.2).

5.1. Existence of solutions. The following result shows that, unlike the exact
or the least squares formulations, the regularized inverse problem always admits a
solution:

THEOREM 5.1. Let P € Lya ﬂﬁg for some B > 0. Then the calibration problem
(5.2) has a solution Q* € M N LE.

Proof. By Lemma A.5, there exists Q° € MNL with I(Q°|P) < oo. The solution,
if it exists, must belong to the level set Ly (o) = {Q € L : I(Q|P) < Jo(Q°)}.
Since Jo(Q°) = [|Crr — C"||2, + I(Q°|P) < oo, by Lemma A.2, Lj_(qoy is tight
and, by Prohorov’s theorem, weakly relatively compact. Corollary A.4 entails that
I(Q|P) is weakly lower semicontinuous with respect to Q. Therefore {Q € P(Q) :
I(Q|P) < Jo(Q")} is weakly closed and since by Lemma 2.1, MNL} is weakly closed,
MnN Eg N Ly, (o) is weakly compact. Moreover, by Lemma 3.1, the squared pricing
error is weakly continuous, which entails that J,(Q) is weakly lower semicontinuous.
Therefore, J,(Q) achieves its minimum value on MNLENL Ju(Q0), Which proves the
theorem. O

Since P € L}, (i.e. with jumps of X bounded from above P-a.s.), solutions @ are
also in LZE. This may seem a limitation if the data is generated by a Lévy process
with jumps unbounded from above. This case is unlikely in financial applications: the
form of Lévy densities found empirically in [14] gives little evidence for large upward
jumps. Even in the theoretical case where the observed option prices are generated
by an exponential-Lévy model with jumps unbounded from above, the localization
estimates in [15, Proposition 4.2.] show that we can reproduce such prices with a
Lévy process in EE by choosing B large enough.

Since every solution Q* of the regularized calibration problem (5.2) has finite
relative entropy with respect to the prior P, necessarily Q* <« P. However, Q*
need not in general be equivalent to the prior. When the prior corresponds to the
“objective” probability measure, absence of arbitrage is guaranteed if options are
priced using an equivalent martingale measure [25]. The following theorem gives a
sufficient condition for this equivalence.

THEOREM 5.2. Let P € LyaN LE and assume the characteristic function @g of
P satisfies

/°° |®F (u)|du < oo (5.3)

— 0o
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for some T < Ty, where Ty is the shortest maturity, present in the market data. Then
every solution Q* of the calibration problem (5.2) satisfies Q* ~ P.

REMARK 5.1. Condition (5.3) implies that the prior Lévy process has a continu-
ous density at time 7" and all subsequent times. Two important examples of processes
satisfying the condition (5.3) for all T' are

e Processes with non-zero Gaussian component (A > 0).
e Processes with stable-like behavior of small jumps, that is, processes whose
Lévy measure satisfies

3B € (0,2), lim inf 57’8/ |z[*v(dz) > 0. (5.4)
For a proof, see [34, Proposition 28.3]. This class includes tempered stable
processes [13] with a > 0 and/or a— > 0.
To prove Theorem 5.2 we will use the following lemma:
LEMMA 5.3. Let P € M N LE with characteristic triplet (A,v,~) and character-
istic exponent 1. There exists C' < oo such that

Y(v—1i)

W= <C VYveR.

Proof. From the Lévy-Khinchin formula and (2.3),

1 o
v—1i)=—-Av(v—1)+ T Ly — e — e v (dx). 5.5
Yl —i) =~
Observe first that
. . 0 2,.2,x
TIT Ly — e —jve” = iv(ze® + 1 — %) + v—;e for some 0 with 6] < 1.
Therefore, for all v with |v| > 2,
i(v—i)x iy oL _ gy oT
c o e e <we® 1 —e” 4 2%e”. (5.6)

(v—1)v
On the other hand

ei(vfi):v 4y — €% — jpe” z'ex(eivw _ 1) Z'(ei('ufi):v _ 1)

(v—1)v N v v—1

. 2 . . 2
— —pe® — wr ealivx +r+ Z(U — Z)‘T 6021’(1)71')&0
2 2
with some 01,05 € [0,1]. Therefore, for all v with |v| < 2,
VTP 4y — e — jue” z? 9
) §w(1—e$)+7(v+ 1+v2e") < ax(1—e®)+a”(142€%).
v—1i)v

(5.7)
Since the support of v is bounded from above, the right-hand sides of (5.6) and (5.7)
are v-integrable and the proof of the lemma is completed. O
Proof of Theorem 5.2. Let Q* be a solution of (5.2) with prior P. By Lemma
A.5, there exists QY € M N L such that Q° ~ P. Denote the characteristic triplet of
Q* by (A,v*,~*) and that of Q° by (4,1°,4).
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Let Q. be a Lévy process with characteristic triplet (A, 0% + (1 — 2)v*, 27° +
(I — x)y*). From the linearity of the martingale condition (2.3), it follows that for
all z € [0,1], Q, € M N L. Since Q* realizes the minimum of J,(Q), necessarily
Jo(Qz) — Jo(Q*) > 0 for all z € [0,1]. Our strategy for proving the theorem is first

to show that ”CM_CQ”P;”CM_CQ I s bounded as = — 0 and then to show that if
w is bounded from below as x — 0, necessarily Q* ~ P.

The first step is to prove that the characteristic function ®* of Q* satisfies the
condition (5.3) for some T' < Tp. If A > 0, this is trivial. Assume that A = 0. In this
case, |7 (u)| = exp(T [*_(cos(uz) — 1)v*(dz)). Denote 42 := ¢*. Since Q* < P,
by Theorem 1V.4.39 in [27], [* (1/¢*(z) — 1)?vF (dz) < K < oo for some constant
K. Therefore, there exists another constant C' > 0 such that

/ (1 cos(uz))|¢* — v (dz) < C
{¢*(2)>C}

uniformly on u. For all » > 0,

/oo (1 — cos(uz))|6* — 1p"(dz) < C + /{w oy T eosu)le” 11" ()

— 00

1
<o+l / (1 — cos(ua) " (de) + 5 (6" — 120" (da)
{¢*(z)<C} T Mg (x)<C}

<C+ r/oc (1 — cos(uzx))vF (dz) + M

oo 2r

This implies

/OO (cos(uzx) — Vv*(dz) < (1+7) /OO (cos(uz) — v (dx) + C + M%l)

— 00 — 00

for all » > 0. Therefore, if the characteristic function of P satisfies the condition (5.3)
for some T, the characteristic function of Q* will satisfy it for every T > T.

Since P € LnaNLY, Qr € MNLE for all z € [0, 1]. Therefore, condition (11.15)
in [13] is satisfied and option prices can be computed using Equation (11.20) of the

above reference?:

C9%(T,K)=(1— Ke"T)*

+ i > e—ivlogK+ivrT eXp(T(l — x)w*(v — Z) + wao(v — Z)) -1

d
o w(l + iv) v

where 1° and ¢* denote the characteristic exponents of Q¢ and Q*. It follows that

C9(T,K) — C9 (T, K)
xz

T(1—z)y* (v—i)+Tzp° (v—i Ty* (v—i
I efiulogKJrivrTe (el =4 Tag (v—i) _ gT¥" (v—1) dv

T o oo (1 + iv)x

2This method for option pricing by Fourier transform is originally due to Carr and Madan [10].
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Since RY°(v — i) < 0 and Ry* (v — i) < 0 for all v € R, Lemma 5.3 implies
eT(l—x)d;*(1J—i)+Tacw0(v—i) _ TY* (v—i)
w(l+w)x

T | Q=m0 (=090 (y — §) — ¢ (v — i)
- [o(1 + iv)]

—ivlog K+ivrT

€

S T|€T(l—z)w*(’u—i) |C/

for some constant C’. From the dominated convergence theorem and since Q* satisfies

aC9 (T,K)
(5.3), =5,

set. This in turn means that 1€¥=

|z=0 exists and is bounded uniformly on 7" and K in the market data

Qu2_ _oer2 .
CEITCn=C7 I i hounded as z — 0. To

1(Qa|P)=1(Q"|P)

T
complete the proof, it remains to show that if is bounded from below
as  — 0, necessarily Q* ~ P. Using the convexity (with respect to v? and v?) of
the two terms in the expression (A.1) for relative entropy, we have:

1(Q:|P) — I1(Q"|P)

T

2
T
=28y +(1—x)y —~F - / 22 + (1 —2)v* —vP)(dz) ¢ lazo
2Ax |z|<1

2
T P P

— == — * - d 1
2Ax {7 7 /|z|<1Z(V ) Z)} A0

+ T% /_oo {(1‘¢0 + (1 — x)¢*)10g($¢0 + (1 - x)¢*) _ 1}¢0 _ (1 B .13)¢5* n 1}1/P(dz)

-2 [0 hoste) — 0" 11 )
2
< ﬁ {'yo —~F - /Z<1 Z(l/o - VP)(dz)} lazo

2
* P % P
_Tw — — _ 1
2A {7 7 /|z|§1 z(V Y )(dZ)} Az0

P [ {8 log(¢) — 004 () < T [ (07 hog(0) — "+ 1" (d)
{o=>0} {¢*>0}

LT / (6% log(26°) — 6"} P (dz) < I(Qo|P) + T / (dologz — 1) (dz)
{¢*=0} {¢p*=0}

Since Jo(Qz) — Jo(Q*) > 0, this expression must be bounded from below. Therefore,
because ¢g > 0, necessarily v ({¢* = 0}) = 0 and Theorem 1V.4.39 in [27] entails
that P < Q*. O

5.2. Continuity of solutions with respect to data.

THEOREM 5.4 (Continuity of solutions with respect to data). Let {C};},>1 and
Cyr be data sets of option prices such that

€3~ Caallu = 0.
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Let P € LyaN EE, a > 0 and for each n, let Q, be a solution of the calibration
problem (5.2) with data CY;, prior Lévy process P and regularization parameter o.
Then {Qn}n>1 has a subsequence, converging weakly to Q* € M N LY and the limit
of every converging subsequence of {Qn}n>1 is a solution of calibration problem (5.2)
with data Cyy, prior P and reqularization parameter «.

Proof. By Lemma A.5, there exists Q° € M N £ with I(Q°|P) < oo. Since,
by Lemma 3.1, |CQ" — Cyl? < S for all n, al(Q,|P) < S2 + al(Q°|P) for all
n. Therefore, by Lemmas 2.1 and A.2 and Prohorov’s theorem, {Q,}n>1 is weakly
relatively compact. Together with Lemma 2.1 this proves the first part of the theorem.

Choose any subsequence of {Q, },,>1, converging weakly to Q* € MNLE. To sim-
plify notation, this subsequence is denoted again by {Q,,},,>1. The triangle inequality
and Lemma 3.1 imply that

IC% ~ ClP —— 6" ~ Cu P (55)

Since, by Lemma A.3, the relative entropy functional is weakly lower semi-continuous
with respect to @, for every Q € M N E'g,

IC9" = Cur|]? + aI(Q"|P) < limint{|C" — O}y |I* + al(Qu| P)}
< lir%linf{||CQ — Oy |? + aI(Q|P)}
= lim |C9 - CyI? + aI(Q|P)
=C? = Cu® + oI(Q|P),

where the second inequality follows from the fact that @,, is the solution of the cali-
bration problem with data C}; and the last line follows from the triangle inequality.
O

5.3. Convergence to minimum-entropy least squares solutions. The con-
vergence analysis of regularization methods for inverse problems usually involves the
study of the solution of the regularized problem as the noise level § vanishes, the
regularization parameter being chosen as a function «(d) of the noise level using some
parameter choice rule. The following result gives conditions on the parameter choice
rule 6 — «(d) under which the solutions of the regularized problem (5.2) converge to
minimum entropy least squares solutions defined by (4.2):

THEOREM 5.5. Let {016\/1} be a family of data sets of option prices such that
|Car — C3ll <6, let P € LyaNLY and assume there exists a solution Q of problem
(3.4) with data Cyr (a least squares solution) such that I(Q|P) < oo.

In the case where the constraints are attainable i.e. ||CP — Cpr|| = 0 let a(6) be
such that a(6) — 0 and % — 0 as 0 — 0. Otherwise, let a(d) be such that a(d) — 0
andﬁﬁO as 6 — 0.

Then every sequence {Q% Y}, where 6, — 0 and Q% is a solution of problem (5.2)
with data ng, prior P and regularization parameter «(dy), has a weakly convergent
subsequence. The limit of every convergent subsequence is a solution of problem (4.2)

with data Cyy and prior P. If the minimum entropy least squares solution is unique
MELSS(Cy) ={QT} then

Q° = Q.

§—0
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Proof. By Lemma 4.1, there exists at least one MELSS with data Cj; and prior
P, with finite relative entropy with respect to the prior. Let Q* € MELSS(Cyy).
Since Q¢ is the solution of the regularized problem, for every k,

|69 = CRIP + @G I(Q*|P) < 1|07 = CRi I + a6 I(Q|P).
Using the fact that for every r > 0 and for every z,y € R,
(1—r)z?+ (1 —1/r)y?* < (z+y)? < (1 +r)2*+ (1 +1/r)y?
we obtain that
(1 =DIIC?" — CulP + a(G)I(Q™|P)
< nIe — ol + 2 40 1Q 1P, (59)
and since Q1 € LSS(C)y), this implies for all r € (0,1) that

a(6,)1(Q%|P) < 27“||CQ+ —Cum|®+ ﬁ + a(0x)I(QT|P). (5.10)

If the constraints are met exactly, HC’Crr — Cp|| = 0 and with the choice r = 1/2,
the above expression yields:

152
a(dr)

I(Q%|P) < +1(QF|P).

2
Since, by the theorem’s statement, in the case of exact constraints a?gk) — 0, this
implies

timsup{1(Q™P)} < 1(Q"1P). (5.11)

If |CQ" — Cy|| > O (misspecified model) then the right-hand side of (5.10)
achieves its maximum when 7 = 6,]|C?" — Cp/|| 7!, in which case we obtain

46y
a(d)

1(@Q*|P) < =509 = Ol + 1(Q*|P).
Since in the case of approximate constraints, % — 0, we obtain (5.11) once again.

Inequality (5.11) implies in particular that I(Q°*|P) is uniformly bounded, which
proves, by Lemmas A.2 and 2.1, that {Q°*} is relatively weakly compact in M N LE.

Choose a subsequence of {Q°*}, converging weakly to Q* € M N L%. To simplify
notation, this subsequence is denoted again by {Qék}kZL Substituting » = ¢ into
Equation (5.9) and making & tend to infinity shows that

limsup [C9™ — Cyr||2 < |C97 — O
k

Together with Lemma 3.1 this implies that

109" — Curl? < |69 — Cu?,
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hence Q* is a least squares solution. By weak lower semicontinuity of I (cf. Lemma
A.3) and using (5.11),

I(Q*|P) < limkian(Q5k|P) < limsup I(Q**|P) < I(QT|P),
k

which means that Q* € MELSS(C)ps). The last assertion of the theorem follows
from the fact that in this case every subsequence of {Q%} has a further subsequence
converging toward QT. O

REMARK 5.2 (Random errors). In line with Remark 3.1, it is irrelevant whether
the noise in the data is “deterministic” or “random”, as long the error level § is
interpreted as a worst-case error level i.e. an almost sure bound on the error:

po(||Chy — Cul| <6) = 1. (5.12)

In this case, Theorem 5.5 holds for random errors, all convergences being interpreted
as almost-sure convergence with respect to the law pg of the errors.

6. Stability with respect to the prior. If we choose a prior Lévy process P
with a finite number of jump sizes (sometimes called simple Lévy processes):

M—1
VP =" prbie,y(da). (6.1)
k=0
then the solution ) satisfies @ < P, by Theorem 1V.4.39 in [27] so its Lévy measure
of the solution necessarily satisfies v% < ¥ and is of the form

M—1
Ve = Z qké{mk}(dac), (6.2)
k=0

The calibration problem (5.2) is then a finite-dimensional optimization problem and
can be solved using a numerical optimization algorithm [14]. The advantage of this
method is that we are simply solving (5.2) with a specific choice of prior, so all results
of Section 5 hold. Numerical methods for solving this problem are discussed in the
companion paper [14]. Here we will complement these results by a theorem showing
that the solution of a calibration problem with any prior can be approximated (in
the weak sense) by a sequence of solutions of calibration problems with simple Lévy
processes as priors. We start by showing that every Lévy process can be approximated
by simple Lévy processes, of the form (6.1):

LEMMA 6.1. Let P be a Lévy process with characteristic triplet (A,v,~y) with
respect to a continuous truncation function h and for every n, let P, be a Lévy process
with characteristic triplet (A, vy,7y) (with respect to h) where

)

2n
([ —1/Vn,2p +1/y/n))
U = > Oy (da)E
’; far)

2
1Az

xg = (2(k —n) —1)/y/n and p is a (positive and finite) measure on R, defined by
w(B) := [5(1 Aa?)v(dx) for all B € B(R). Then P, = P.
Proof. For a function f € Cy(R), define
0, x> 2yn,
fn(z) =< 0, x < —24/n,
flx), e, —1/yn,z;+1/y/n) with 1 <i < 2n,
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n—oo

Then [(1 A 2?)f(x)vn(dz) = [ fa(z)p(dz). Since f(x) is continuous, f,(z)
f(z) for all z and since f is bounded, the dominated convergence theorem implies

1131/(1 A 22) F(2)vn(dz) = hm/fn - /(1 A 22)f(2)v(dz). (6.3)

With f(z) = P*(2) the above yields:

1Az
/hQ(x)Vn(dx 7LH<)<3/lL2

On the other hand, for every g € C,(R) such that g(z) = 0 on a neighborhood of 0,
f(x) .= 2 Yelongs to Cy(R). Therefore, from Equation (6.3), lim [ g(x)vy(dz) =

1Ax2

J g(z)v(dz) and by Corollary VIL.3.6 in [27], P, = P. O To compute numerically
the solutlon of the calibration problem (5.2) with a given prior P, we can construct,
using Lemma 6.1, an approximating sequence {P,} of simple Lévy processes such
that P, = P. Problem (5.2) with P replaced by P, is then a finite dimensional
optimization problem can can be solved. The resulting sequence {Q,} of solutions
will converge, as shown in the following theorem, to a solution of the calibration
problem with prior P:

THEOREM 6.2. Let P,{P,}n>1 C Lna N LY such that P, = P, let a > 0, let
Cys be a data set of option prices and for each n let @, be a solution of the calibration
problem (5.2) with prior P,, regularization parameter o and data Cps;. Denote the
characteristic triplet of P, by (An,vE,7F) and that of P by (A,vF ~F) (with respect
to a continuous truncation function h). If A, — A > 0 then the sequence {Qy }n>1 has
a weakly convergent subsequence and the limit of every weakly convergent subsequence
of {Qn}n>1 s a solution of the calibration problem (5.2) with prior P.

Proof. By Lemma A.5, there exists C' < oo such that for every n, one can find
Qn € MNL with I(Q,|P,) < C. Since |09 —Cy||2 < S2 for every n and Q,, is the
solution of the calibration problem, I(Q,|P,) < SZ/a+C < oo for every n. Therefore,
by Lemma A.2, {Q,} is tight and, by Prohorov’s theorem and Lemma 2.1, weakly
relatively compact in M N Eg. Choose a subsequence of {Q,}, converging weakly to
Q € M N LE. To simplify notation, this subsequence is also denoted by {Qn}n>1-
It remains to show that @ is indeed a solution of (5.2). We can parameterize the
characteristic triplet of any Q% € M N L with I(Q|P) < oo as

(A,@P,w - _é _ /oo (" —1— h(x))¢up(dx)) .

— 00

where ¢ € L1( (|z|?> A 1)vF(dz) ), ¢ > 0. To prove that Q is a solution of (5.2), we
need to establish that

109 — Cur|l%, + al(Q, P) < |C?° — Ci||? + aI(Q?|P) (6.4)

This will be shown in three steps.
Step 1. Let Cék)(R) denote the set of continuous bounded functions ¢ : R — R
equal to k£ on some neighborhood of 0: for each ¢ € C’lgk) (R) there exists § > 0 with

¢(x) =k Va : || <. The first step is to prove (6.4) for every ¢ € C’lgl). Choose one
such ¢ and let Q¢ denote an element of M N £ with triplet

A, °
(Aot == = [~ = 1= hport(an))

— 00
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Corollary VII.3.6 in [27] and the fact that P, = P imply that Q¢ = Q? and therefore
by Lemma 3.1,

lim 097 = Cy[)2, = €97 = Ol

Moreover, ¢ log p+1—¢ € C'ZSO) (R) and h(¢p—1) € C’ISO)(R). Therefore, using once again
Corollary VII.3.6 in [27], we obtain (here, we use the hypothesis lim 4,, = A > 0):

, T > ’
i 1(QE1P) =t 5= {52 o8 = [ h@)o - )@} 140

T [ (@logo+1 - o (ds) = 1Q7IP).

Lemma A.3 entails that

1(Q, P) < liminf I(Qn, P,), (6.5)

and since, by Lemma 3.1, the pricing error is weakly continuous, we have, using the
optimality of Q,,,

1C9 — Cur|2 + al(Q, P) < liminf{||C®" — Co|? + oI (Qy, Py)}

< timinf{|C9% = Cully + al(Q3, Pa)} = 1697 = Cull}, + al(@%, P). (6.6)

This proves (6.4) for all ¢ € C’él)(R).

Step 2. Let ¢ € L*((|z|*> A 1)v?) such that ¢ > 0 and |¢(x) — 1| < C(|Jz| A 1) for
every © € R. Then there exists a sequence {¢,} C Cél)(R) such that ¢,, — ¢ v -a.e.
and |¢n(x) — 1| < C(Jz| A1) for every n and every « € R. Then by Step 1,

IC9 = Cur% + aI(Q, P) < |C?™" — Cur|) + aI(Q%",P) ¥n.  (6.7)

Using the dominated convergence theorem and Corollary VII.3.6 in [27] yields that
Q% = Q°®. Since |h(x)(¢, — 1)| < Ch(z)(|z| A1) and

(bn 10g¢n +1- d)n S (¢n - 1)2 S C2(|x‘2 A l)a
the dominated convergence theorem yields:

oo

2
i 1@ 1) = tin 2% {2 =7 = [ h@)(60 07 (@)} Lago

2 —oo
Flm T / " (G logbn +1— )P (da) = 1(Q°)P).

Therefore, by passing to the limit n — oo in (6.7), we obtain that (6.4) holds for every
¢ € L'((|z]|?> A 1)v?) such that ¢ > 0 and [¢(z) — 1| < C(|z| A 1).

Step 3. Let us now choose a nonnegative ¢ € L*((|z|> A 1)vF). Without loss of
generality, we can assume I(Q?|P) < co. Let

Lon(ef AL, é(e) <1—n(lz| A1),
Pn(x) = 1+n(z[AL),  o(x) > 1+n(z[Al),
o(x) otherwise.
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Then ¢, < ¢ V1 and once again, the dominated convergence theorem and Corollary
VIL.3.6 in [27] entail that Q%" = Q®. Since |h(x)(¢, — 1)| < |h(z)(¢ — 1)| and
Onlogd, +1— ¢, < dlogp+1— ¢, again, by dominated convergence we obtain that
lim,, I(Q%"|P,) = I(Q®|P) and by passage to the limit n — oo in (6.7), (6.4) holds
for all ¢ € L*((|z|> A 1)vF) with ¢ > 0, which completes the proof of the theorem. O

Another implication of the above theorem is that small changes in the prior Lévy
process lead to small changes in the solution: the solution is not very sensitive to
minor errors in the determination of the prior measure. This result confirms the
empirical observations made in [14].

7. Conclusion. We have proposed here a stable method for constructing an op-
tion pricing model of exponential Lévy type, consistent with a given data set of option
prices. Our approach is based on the regularization of the calibration problem using
the relative entropy with respect to a prior exp-Lévy model as penalization term. The
regularization restores existence and stability of solutions; the use of relative entropy
links our approach to previous work using relative entropy as a criterion for selection
of pricing rules. This technique is readily amenable to numerical implementation, as
shown in [14], where empirical applications to financial data are also discussed.

The problem studied here is an example of regularization of a nonlinear, infinite-
dimensional inverse problem with noisy data. The above results may also be useful
for other nonlinear inverse problems where positivity constraints on the unknown
parameter make regularization by relative entropy suitable.

Finally, although we have considered the setting of Lévy processes, this approach
can also be adapted to other models with jumps—such as stochastic volatility models
with jumps (see [13, Chapter 15] for a review)—where the jump structure is described
by a Lévy measure, to be retrieved from observations.

Appendix A. Relative entropy for Lévy processes. In this appendix we
explicitly compute the relative entropy of two Lévy processes in terms of their char-
acteristic triplets and establish some properties of the relative entropy viewed as a
functional on Lévy processes. Under additional assumptions the relative entropy of
two Lévy processes was computed in [11] in the case where @ is equivalent to P and
the Lévy process has finite exponential moments under P and in [30] in the case where

log ‘él’j—i is bounded. We give here an elementary proof valid for all Lévy processes.

THEOREM A.1 (Relative entropy of Lévy processes). Let {X,;};>0 be a real-valued
Lévy process on (2, F,Q) and on (Q,F,P) with respective characteristic triplets
(Ag,vg,vqQ) and (Ap,vp,vp). Suppose that Q < P (by Theorem IV.4.39 in [27],
this implies that A® = AP and v° < v') and denote A := Ag = Ap. Then for
every time horizon T' < T, the relative entropy of Q|z, with respect to P|g, can be
computed as follows:

2

E(QIP) = 1QUr Plrs) = 53 {1927 = [ a2 =)o)} Lajort

* (dvQ  dv®? dv?\ p

— 00

Proof. Let {X{}i>0 be the continuous martingale part of X under P (a Brownian

motion), u be the jump measure of X and ¢ := @ From [27, Theorem II1.5.19],

dvP
dQ| 7,

the density process Z; := 5 Plr is the Doléans-Dade exponential of the Lévy process
t
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{Nt}tZO defined by

Nii= BXe+ [ (6(0) — V(s x da) — ds v (o))
[0,t]xR

where 3 is given by
P { 2009 =" = [y 2(e(@) - 1)pP(de)}  if A>0,

10 otherwise.

Choose 0 < e < landlet I := {z:e < ¢(x) < e '}. We split IV, into two independent
martingales:

NI = BXE 4 / (6(x) — D{u(ds x dz) — ds V" (dz)}  and

[0,¢]xI

N/ = / (p(z) — 1){p(ds x dz) — ds v¥(dz)}.
[0,t]x (R\T)

Since N” and N” never jump together, [N', N"]; = 0 and E(N'+N"), = E(N') E(N"),
(cf. Equation I1.8.19 in [27]). Moreover, since N’ and N” are Lévy processes and
martingales, their stochastic exponentials are also martingales (Proposition 8.23 in
[13]). Therefore,
I7(Q|P) = E¥[Z1 log Z7)
= EP[E(N")rE(N")rlog E(N')r] + EP[E(N")7E(N") 7 log E(N") 7]
= EP[E(N)plogE(N)r] + EP[E(N")rlog E(N") 7] (A.2)
if these expectations exist.
Since AN/ > —1 a.s., £(N’); is almost surely positive. Therefore, from Lemma
5.8 in [23], Uy :=log E(N’); is a Lévy process with characteristic triplet:
AV = 324,
vW(B) =vP(In{z:log¢(x) € B}) VB € B(R),

2A <
7= _ﬁT _/ (€" =1 — a1y <1)p” (da).

—00

This implies that U has bounded jumps and all exponential moments. Therefore,
E[UreVT] < 0o and can be computed as follows:

EP[Upelr] = —z’dileP[eizUT]p:_i = —iTy' (—i)EF[eVT] = —iTw)' (—i)
=T(AY +4Y + /700 (xe® — Z‘1|w‘§1)l/U(dx))
2
_A fT 4T / (6(2) log é(z) + 1 — d(x))v* (dz) (A.3)
I

It remains to compute EX[E(N")r log £(N")r]. Since N” is a compound Poisson
process, E(N"); = e [1,,(1 + AN), where b = S (1 — é(z))vf (dr). Let v be
the Lévy measure of N and )\ its jump intensity. Then

E(N")rlog E(N")p = bTE(N")r + " [ (1+AN/) ) log(1+ ANY)
s<T s<T
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and

EP[E(N")rlog E(N") 7]

o~ ar (AD)* .
=bT 4 €7 Z e )‘TTE[H (1+AN!) Z log(1 + AN?)|k jumps]
k=0 s<T s<T
Since, under the condition that N’ jumps exactly k times in the interval [0, 7], the
jump sizes are independent and identically distributed, we find, denoting the generic

jump size by AN"":
EPIE(N")rlog E(N")1]

> k
=0T+ e—AT%kE[l +AN")*LE[(1 4+ AN")log(1 + AN")]
k=0 ’

=0T 4+ ATE[(1+ AN")log(1 + AN")]

=bT + T/OO (1+ z)log(1l + z)v" (dx)

— 00

7 [ (6)logoe) + 1~ o))" (da).
R\J

In particular, EF[E(N")rlog E(N")r] is finite if and only if the integral in the last
line is finite. Combining the above expression with (A.3) and (A.2) finishes the proof.
a

LEMMA A.2. Let P,{P,},>1 C Eg for some B > 0, such that P, = P. Then
for every r > 0, the level set L, :=={Q € L : I(Q|P,) < r for some n} is tight.

Proof. For every Q € L, choose any element of {P,},>1, for which I(Q|Pg) <r
and denote it by Pg. The characteristic triplet of @) is denoted by (AQ 1?9 4¥) and
that of Py by (APe vFe «Fe). In addition, we define ¢@ := ;i”pQQ. From Theorem
A1,

/ T (6%(@) log 69(2) + 1 — 69 (a)) (da) < 1/ T,

Therefore, for u sufficiently large,

QI AQ Q _ 4Q1,,Po
{pQ>u} {6Q>u} ¢9 log p@ T logu

which entails that for u sufficiently large,

2r
Q d <
v (dx
/{¢@>u} (de) < T logu

uniformly with respect to @ € L,.. Let € > 0 and choose u such that f{¢Q Su} vR(dr) <¢e/2
for every @ € L,. By Corollary VIIL.3.6 in [27],

/ Z s ) [ Z F )P (d)

for every continuous bounded function f that is identically zero on a neighborhood of
zero. Since the measures v* and v~ for all n > 1 are finite outside a neighborhood
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of zero and P,, = P, we can choose a compact K such that v (R \ K) < ¢/2u for
every n. Then

V9(R\ K) :/

pQvre (d) +/ Ve (dr) <e (A4)
(R\K)N{¢?<u}

(R\K)N{¢?>u}

It is easy to check by computing derivatives that for every w > 0, on the set

{2 :¢%9(x) < u},
(69 — 1) < 2u(¢%log ¢? + 1 — ¢@).

Therefore, for u sufficiently large and for all @ € L,.,
’/ z(¢@ — 1)l (dx)’
lz|<1
/ z(¢9 — 1)l (dx) / (09 — 1)vFe (dx)
|z|<1, ¢@<u lz|<1, p9>u

< / 22 (dz) + / (69 — 1)2vFe(dx) + 2 / #vFe (dx)
lz|<1 |z|<1, @ <u P>u

<

+

o0 4r
< 2,,Pq ) / Q1 Q11— @) Fe -
‘/m“ (@) +2u [ (6%0go? 4 1= 6wPe(da) +

< / 2o (dx) + 37A—u (A.5)
jol<1 T

o

By Proposition VI.4.18 in [27], the tightness of {P, }»>1 implies that
APn +/ z2vP (da) (A.6)
|z|<1

is bounded uniformly on n, which means that the right hand side of (A.5) is bounded
uniformly with respect to Q € L,. From Theorem IV .4.39 in [27], A9 = AP for all
@ € L, because for the relative entropy to be finite, necessarily < Pg. Theorem
A.1 then implies that

2

{VQ AP /1 29 — VP)(dz)} < Qfgjr.

-1

From (A.6), AP is bounded uniformly on n. Therefore, inequality (A.5) shows that
|¥?| is bounded uniformly with respect to Q. For u sufficiently large,

A9 4 /00 (2% A 1)pQvFe (dx) < A9 + u/ (z* A 1)vPe (dx)

$<u
o0 2r
QyFe < Afe / 2a1)wlhe — = (A.
+/¢Q>u¢ VPo(da) < AT [ @ AT )+ e (AT)

and (A.6) implies that the right hand side is bounded uniformly with respect to
Q € L,. By Proposition VI.4.18 in [27], (A.4), (A.7) and the fact that |y?| is bounded
uniformly with respect to @ entail that the set L, is tight. O
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LEMMA A.3. Let Q and P be two probability measures on (Q, F). Then

r@r) = sw { [ - [ - var}, (A.8)

FECH(Q)

where Cy(Q) is space of bounded continuous functions on <.
Proof. Observe that

| zlogz+1—=, x> 0,

and ¢*(y) = e¥ — 1 are proper convex functions on R, conjugate to each other and
apply Corollary 2 to [31, Theorem 4]. O

COROLLARY A.4. The relative entropy functional I(Q|P) is weakly lower semi-
continuous with respect to Q for fized P.

LEMMA A.5. Let P,{P,}n>1 C LnaN Eg for some B > 0 such that P, = P.
There exists a sequence {Qn}n>1 C M ﬂﬁg with Qy, ~ P, for every n and a constant
C < o0 such that I1(Qn|P,) < C for every n.

Proof. Let h : R — R be a continuous truncation function. For n > 1, let
(An, Vn,vn) be the characteristic triplet of P, with respect to h and let

o0

f(B, Pn) i= yn + (% - ﬁ) A, +/ {(e”” —1)efle = h(x)} Vp(da).

— 00

The first step is to show that for every n, there exists a unique (3,, such that f(5,, P,) =
0 and that the sequence {3, }n>1 is bounded.
Since for every n, P, € C;g,, the dominated convergence theorem yields:

oo

f5(8, Pn) = Ay +/ (e® —1)2eP" "Dy, (dx) > 0,

— 00

and since P, € L4, the Lévy process (X, P,) is not a.s. increasing nor a.s. decreas-
ing, which means that at least one of the following conditions holds:

1. A, >0,

2. vp((—00,0)) > 0 and v, (0,00) > 0,

3. Ay =0, vy ((—00,0)) = 0 and v, — [ h(x)vy(dz) <0,

4. Ay =0, 1,((0,00)) = 0 and v, — [ h(2)vy,(dz) > 0.
Since f5(83, Pn) > Apn + min (fi)oo(ew — 1), (da), [;°(e* — 1)2yn(dx)), if conditions

1 or 2 above hold, f5(3, P,) is bounded from below by a positive constant therefore

If condition 3 above holds, limg_,_o f(B, Pn) = Yn — [ o h(z)vn(dz) < 0 and
limg_,o0 f(B, Py) = 00, which means that (A.9) also holds. The case when condi-
tion 4 above is satisfied may be treated similarly.

Let us now show that the sequence {3, },>1 is bounded. Rewrite f(3, P,) as:

f(B, Pn) ==y + (% + ﬁ) (An - /Z h2(a:)un(dx)>
+ /Oo {<ez C1)eBeD () — (% + ﬁ) h%)} v (dr).  (A.10)

— 0o
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Since (e — 1)ef(¢"Y — gz — (3 +3)2? = o(|z|?) and the integrand in the last
term of (A.10) is bounded on (—oo, B], by Corollary VII.3.6 in [27], for every [,

Since P also belongs to £§ N Ly a, by the same argument as above, there exists
a unique $* such that f(8, P) = 0 and f5(8*, P) > 0. This means that there exist
€ > 0 and finite constants 3_ < 3* and B+ > (* such that f(8_,P) < —¢ and
f(B4,P) > €. One can then find N such that for all n > N, f(8-,P,) < —¢/2 and
f(B+, Pn) > €/2, which means that 3, € [6_,34] and the sequence {3, } is bounded.
For every n, let (X, @) be the Lévy process with characteristic triplet (with respect
to h)

Agg = A,, Vg — Pl
Ve = n + AnBn + / h(z)(eP Y — 1), (dx).

The measure @, is in fact the minimal entropy martingale measure for P, [29], but
this result is not used here. From Theorem A.1,

B

HQulPn) = =T { 504 A + B [ (0 = 1= b))}

(A11)
To show that the sequence {I(Qn|P,)}n>1 is bounded, observe that for

Vo € [-1,1], ’eﬁ(ew_l) -1- Bx’ < Bl D1 4 Be)|z|?

Ve < B, ‘eﬂ(ezfl) —-1- Bxl\:cléll < ﬂeﬁ(eBH) +1+6B.

The uniform boundedness of the sequence of relative entropies now follows from (A.11)
and Theorem VI1.4.18 in [27]. O
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