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We construct the index form along timelike geodesics on a Lorentzian warped product
manifold and apply this index form to generalized Robertson-Walker(GRW) space-times.

1. Preliminaries

Since many space-times in relativity may be represented by Lorentzian warped product
manifolds([1], [2], [3], [4], [5], [6], [7], [9]), a study of the timelike index form for this class
of metrics is relevant.

Because Hess(f?)(v,w) =2fHess(f)(v,w) +2 < Vf,v >< Vf,w > and calculations
shows that the index form contains Hessian terms, we employ the formalism g = gg® fgr,
f: B — (0,400) for the warped product as originally treated in [3] and [1], rather than
the currently more common formalism § = gg @ f?gr which has been more popular since
the publication of O’Neill’'s monograph[8]. Thus let (B, ggp) be a Lorentzian manifold
(or interval ((a,b), —dt*)) and let (F,gr) be a Riemannian manifold. For M = B x F,
let #: M — B and 0 : M — F denote the projection maps. Then given any curve
~v: I — M, we may set yg = w0y, vr = 0 o and so obtain

V() = (vs(t), v (1)) (1)
Correspondingly, since T(, jyM = T, B @ Ty F, we may decompose V € x(7) as
V = (Vg, Vr). (2)

If a: 1 x (—€€) — M is a variation of y(t), then setting ap = Toa, ap = coa :
I x (—€,€) — M, we obtain

a(t,s) = (ap(t, s), ar(t,s)) (3)

so that a variation a of 7 gives rise to a variation apg of v5 and ap of vr. Conversely,
given such variations of v and v, equation (3) defines a corresponding variation « of .

In the language of O’Neill[8], but with the convention on the warping function as
in [1], for f : B — (0,+00) smooth, (B, gg) Lorentzian (or ((a,b), —dt?)) and (F,gr)
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Riemannian, the warped product (M, g) = (B X F, g) is the product manifold M = Bx F
furnished with the Lorentz metric

g=m"(98) + (f em)o*(gr) (4)
or

9(z,x) = gp(mx, mx) + f(p)gr(o.z, 0.1) ()
for z € T( M. As is common notation nowadays, we identify X € y(B) with (X,0) = X

in TM and V € x(F) with (0,V) =V in TM in the sequel. Also, we may write (4) more
succinctly as in [1] as

g=98D fgr. (6)
With convention (6) employed, the basic Proposition 35 in [8](p.206) translates as
Proposition 1.1. For X,Y € £(B), V,W € £(F)

(1) DxY € £(B) is the lift of DxY on B

X(f)

of

(2) DxV = Dy X =

1
(3) HOI‘(Dvw) = —égF(V, W)Vf
(4) tan(DyW) € £(F) is the lift of ViyW on F’

Applying the techniques of Proposition 38 of [8](p.208) and Proposition 1.1, we obtain
the following formula for the acceleration vector 7" of a smooth curve ¥(t) in (M, g):

V'(t) =V.ay (")

1
= (Vb — JorOh OOV o +
Or if one prefers the sum notation,

G

Hence, the geodesic equations corresponding to Proposition 38 in [8](p.208) ensures ()
is a smooth geodesic in (M, g) iff

i ! 1 / ! !
7'(t) = V%VB - §9F(7F(t)a Yr(t)V f + V%”YF +

Vo Z%gp(vp(t) )V S (9)
o))
Vi = (Forn F



and so the well known result follows that vz () is always a pregeodesic in (F, gr) if v(t)
is a geodesic in (M, g).

Employing again the proof idea of Proposition 38 of [8] and Proposition 1.1 above,
the formula for the covariant derivative of a smooth vector field V' = (Vg, Vr) along the
smooth curve y(¢) may be obtained:

V/(t)=VaV (10)
~ (Va0 - Jor(op VeIV )
+ (Vﬁ(t) + Wé(ff We(t) + —gB(vzj}’ VB)'V’F(t))
This may be recast in the direct sum language as
V(1) = (VA(0), V(D) (1)
+5 (corr v ws. v + 20 0)

which manifests how far the warped product covariant derivative formula is from the
simple product case f =1 for which V'(t) = (V}(t), Vi(t)).

With formula (10) in hand, a recent result of Raposo and del Riego[10] on lifts of
parallel vector fields in semi-Riemannian warped products may be given in the present
context.

Proposition 1.2. (a) Let Vg be a smooth vector field along the smooth curve v : I —
(B, gp) and for fixed g € F, let v(t) = (y5(t),q) and V(t) = (Vi(t),0,) along 7. Then V
is parallel along v : I — (M, g) if and only if Vg is parallel along v5 : [ — (B, gg).

(b) Let VF be a smooth vector field along the smooth curve vp : I — (F,gp) and for
fixed b € B, let y(t) = (b,yr(t)) and V(t) = (05, Vr(t)) along . Then V is parallel along
v: I — (M, g)if and only if V is parallel along vp : I — (F, gr) and gp(Ve(t),v(t)) =0
for all t € I for which Vf(t) # 0.

Proof. (a) Given Vr = 0, and v, (t) = 0, formula (10) reduces to V'(t) = V}(t).
(b) Given Vg = 0, and v5(t) = 0, formula (11) reduces to V'(t) = (=2 gr(vi(t), Vr(t))V f,
Vie(t)))- u

2. Construction of the Index Form

With some effort, assuming that ~(¢) is a timelike geodesic, the curvature formula
g(R(V,~")y, V) of the index form may be calculated. However, given the rather com-
plicated formula for this term as well as the somewhat complicated formula (11) for the
covariant differentiation, the direct approach of calculating these terms directly in the
general index form formula

b
I(X)Y) = —/ < X" Y'>—- < R(X,¥)Y,Y >]dt
t=a



seems less helpful than deriving formula from a variational approach. Thus we shall not
present the curvature formula for the warped product here.

Now let 7 : [a,b] — (M, g) be a unit timelike curve. Further, let o : I X (—¢,¢) — (M, g)
be a variation of (¢). Then from general results, for a compact interval I = [a, b], the
curves «(0, s) will be timelike if € is taken to be sufficiently small. As above, decompose

as(t) == al(t,s) = (ap(t,s), ar(t, s)) (12)

and define corresponding variation vector fields

0 Oa 0 Jag
W—a*%—%, WB—OéB*a—g, (13)
8 8OJF

Wr=ongs = a5
and
Also,

, 0 d\ (Oap Oar
g = (aB*atuoéF*at> - ( ot ) ot ) (15)

Since the curves ay(t) are timelike, if

80&3 (9063

. (906}7 804F
h(t,s) = —gs (77 7) — (foap)(t, s)gr (W, W) (16)
_ (%
AN
and
B dap Oagp 10 Oap Oap
F(?Z 5) = JB (Vgswa W) + §£(f o aB)(t75)gF <W’ W) (17)
0 0
F (o)t (5 558 00
then
h(t,0) =1, (18)
on _ —2F(t,s), (19)

0s



and

Thus

b
L'(a) = —/t_ (h(t,s))Y2F(t,s)dt

and one obtains the first variation formula (for 4/ smooth, unit timelike)

/ — / b ! 1 /
L(0) = = g(V:") +/ [gB (Vgﬂg = 597 7RIV [, VB)
t=a

(fo8)'(t)

o - )

+ (fovs)(t)gr (Vgt%w +

b
- —g(V,’y’)—G—/ g(y", V)dt
t=a

consistent with equations (8) and (9) above.
Still assuming only that «(¢) is a unit timelike curve,

b9

g 08

L' (o) = [(h(t, s))_1/2F(t, s)|dt

= —/ti |:(h(t’s>>_3/2(F(t,$))2—{—(h(t’ S))_l/Q%_}; "

Thus recalling (18),

L'(0) = — /t: {(F(t,o))2+g—f(t,0) dt.

Lemma 2.1. Assuming that () is a unit timelike geodesic in (M, g), then

F(1,0) = S13(VA)) = 3(V". ).

(20)

(23)



Proof. Since «, [2 0

55’ E} = 0, etc., one has

- aCYB 8aB 10 aoZF aaF
Fit.0) = o (7, 52,50 ) |+ o7 oaneorr (%52, %7

ot ot
0 0
+(f o ap)(t,0)gr (va o ﬂ)

ot ot

4 ! 1 ! ! ! /
= QB(VBWB) + §QB<Vfa VB)QF(VFWF) + (f o VB>(75)9F(VF=7F)
d /! 1 / !
== —l98(V,v8)] — 98(Vs,75) + 598(V £, VB)9r (Ve: 7r)

2
+(f o v8)()gr(Ve, Vr)-

Substituting for 7% from formula (9), the second and third terms cancel so that

F(1,0) = Slos(V75)] + (7 07) (09 (Vi)

= L lon(Va, )] + (F 0710)(1) | (0 (Vi 7)) — 96V 1)

Now applying formula (9) for v} we obtain

F(£,0) = & {gn(Vi, )] + ( 0 18)(8) g (Vi )]

+ (fovs) (t)gr(Ve,Vr)
d

== —lg8(Ve, V) + (f o) (t)9r(Vr, 7))
_ jt GV, = a(V', ) +3(V,7")
=g(V',v)

since 7" = 0 is assumed.

0s

F
It remains to calculate 8_(t’ 0). Since
s

Thus L"(0) = — /tba {(g(v’,y’))2 + a—F(t, 0)] dt.

80&3 80[3 10 80~/F aaF
Fltes) = g (V5 502, 252 ) 4 2 Foam(t,oiar (S5 55 )

ot ot
Oap O
+ (o)t e (7 50 %55 ),



commuting the differentiation, we have

F
%ZQB(VaVaM—B,%) (Vaa .V 804_3)

5% % 0s ot ds 5 ot
1 9?2 aoéF Jap
T 3ae e onllts)g ( )

+2(fOOéB tS

8ap 8ap
0s

o
8 aOéF 8ozp
+&(f0053 tS ( 82_3’ )

aOéF aCYF
+ (foagp)(t,s)g <§ Btas’ﬁt)

aaF
—f—(fOO[B tS ( 2 8t 637>‘

Hence, commuting more derivatives,

8_F
0s

! !
2s ot Os Ot s:0+gB(VB’VB)

+ %%(f o ap)(t,0)9r(Vr(t), vr(t) + 2%0” oap)(t,0)9r(VE, 1r)

#7000 (V7 50 5 )

70:gB (V vaaOéB 80&3)

- + (fovs)()gr(Vi, Vi)

ot Os = Ot
= VB7 VB (R(VBv PYB)VB’ VB)

Jdap Oa Iyt
+a (vtvgsa—j,a—f) +(f 0 1) (Dr (Ve VE)
( (R(VF7 7F)7F7 VF)

80&}7 8ap
+ (fovp)(t)gr (Vtvgsgyw>

1 92 ;o 9 It
+ 55 0 08)(6,0)gr (Vi V) + 25 (f 0 @) (£, 0)gr (Vi V)-

Now we again bring the geodesic equation (9) to bear

aOéB aO[B
9B <v5’9tv§95 83 ’W)
d -
:% L ( 8WB:7B> — 9B (v%WB’V%,}/B)
ar 1
= % _gB (v%WBy ) — JB (v 1) WB; gF(’YF?/YF)vf)
dr 1




)
&

A~
‘<I
<

Il
SIS
e}

53]
S
<4 b
|
S
2
o~
~—
—_

S+

(95 (V5 Wi, o) ] + 5 Hess(F) Vi, Vidgr (0b(0). ()

recalling Hess(f)(X,Y) =< VxVf,Y >= X(<Vf,Y >)— < V[, VxY >= X(Y(f)) —
(VxY)(f).

Applying also the geodesic equation (9) to the term (f ovp)(t)gr (Vaavaa 8§F, 8;;:)
s
we obtain
8aF aOéF
(rormor (v, 7, 55 %)

= (Form)(t) g o7 (Vo W) ] = (7 ov8) 0w (V5 We. ¥ o 7)

= (forys)(t )jt [ <V%WF7’Y}7)]
— (fovB)(t)gr (VgsWF? W%)
= (forym)(t )jt [ <V 5 WFW%)] + (f o) (t)gr (V%WRW}?)

= £ [(Form)tor (Vo W ve)]

Thus
%_Z(t,m = gu(V VL) — gu(R(Vi, )7, Vi)
+ (fove)Wlgr(Ve, Vi) — gr(R(VE, Vo) Ve, V)]
+% [QB (VgW 73) +(f o vp)(t)gr (V%WF”}’)}
n %Hess( £ (Va(t), V(1) gr (Ve (), V(1))

+2%< f 0 ap)|eogr(VA(E), ¥ (1)).

0
If desired, the last term may be rewritten as 2g5(V f, Vg)gr(Vi(t), 7(t)) since ﬂ(t, 0)

0s
= Vi(t) s0 that 5(f o ap)lsco = Va(6)(f) = 95(V S, V(1)

The second variation formula may now be stated.



Proposition 2.2. Let v : [a,b] — (M, g) = (B x;sF,gp® fgr) be a unit timelike geodesic
and let « : [a,b] x (—€,€) — (M, g)be a smooth variation of «(t) with variation vector

field V = (V, Vp) and W (t, s) = a*g s Then
Si(t,s

2O =~ [ [0+ 05V V)~ 95(RVi ) Vi)
+ (0 9m) (1) (9r(VEs VE) = 9 (R(Ve, ) Vi)
+ 5 Hess() (Vi (1), Vi (1) gr (75(0), 71 (1)
+ 205(V £ V() gr (VA(E). 7 1)) dt

- [QB (V%WBﬁ%(t)) fovs(t)gr (V o W, vp(t ))] b

t=a

Remark 2.3. The second and fourth terms could be combined as

9((Vg. Vi), v')
with similar expressions for the two curvature terms and the last evaluation term. But
g((V5, V4),~') and the curvature term

9(R(Vs,v5)7s, RV Yp)Vr), Ve, Vi)

are so far removed from g(V’,v’) (cf. equation (11)) and the warped product curvature,
that such a reworking of the formula in Proposition 2.2 does not seem warranted. Note
that this result bears some resemblance (with ¢ = —1, ¢ = 1 and the opposite sign
convention on the curvature tensor) to what O’Neill[8](p.266) terms “Synge’s formula for
the second variation.”

As is well known, in studying the second variation and index form, it suffices to con-
sider vector fields perpendicular to the given geodesic v(t). But since 7(t) is a geodesic,
differentiating g(V,~’) = 0 implies g(V’,~') = 0 as well, and hence in this setup, the first
term in the formula for L”(0) in Proposition 2.2 vanishes. As in [2], let V+ () denote
the vector space of piecewise smooth vector fields V' along v with g(V,~') = 0 and let
Vit(v) ={V € V() | V(a) = V(b) = 0}. Then guided by the result of Proposition 2.2,
the index form

IV ) X V() = R

should be given by
b
1V,V) = — / 95(VE VE) — 9(R(Vi 7 )yl Vi) ldt (24)
t=a
b
- / F 0 1B(0)gr (Vi VE) — gr(R(Vies vy, Vie)dt
t=a

— [ [ Hess() VB0 Via(0)ar (5 (0. 75 (1)
+ 205(V £, Va(0)ar (Vi (0) 7 (0)]dt
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and I(V, W) could be obtained from (24) by polarization.
All terms in this formula seem satisfactory except for the term containing

9r(Ve(t),7r (1)),

where it would be desirable to get rid of the derivative of V().

By employing formula (10) for V’(¢), this last term may at least be shifted from F' to
B which may perhaps best be utilized for generalized Robertson Walker space-times for
which dim B = 1. Given 0 = g(V,v/) and 4" = 0, differentiation yields 0 = g(V’,+/).
Hence forV € V- (), we obtain from formula (10):

9r(Ve(t), 7r (1)) (25)

_ _m [QBWJ;@), V(1)) + 505(Vi(t), V1)ar (1(0), 76(0)

Substituting (25) into (24) results in the following alternative formula for 7(V,V'):
b
I(V,V) = —/ l95(Vi, Vi) — 98(R(VE, Yp) V5, Vi)]dt (26)
t=a
b
~ [ £ orm®lor (Vi Vi) - gr(R(Vi i i Vil
t=a

_ /t:b H%Hess(f)(VB(t),VB(t)) — m (98(Va(1), Vf))z}

ﬁB(t)gB(Vf Vi()gs(Va(®), ng(t))} dt.

The pleasantest simplification occurs when Vg = 0 and (26) reduces to

gr(Vp(t), vp(t)) —

b
I(V.V) =— /t fovs®)gr(Ve, Vi) — gr(R(VE, vie) Ve, Ve)]dt. (27)

3. The GRW Case

Now we specialize to the index form to the case that (M, g) = ((a,b) x; F, g = —dt* &
fgr) where (F, gr) is an arbitrary Riemannian manifold and (B, gg) = (I, g;) with I =
(a,b) and g; = —dt*. Such Lorentzian manifolds have been called “generalized Robertson-
Walker space-time”, especially when (F,gr) is Riemannian complete. (In the original
Robertson-Walker cosmological models, (F, gr) was assumed to have constant curvature.)
Let v : [, B] — (M, g), v(t) = (7v1(t),vr(t)), denote a unit timelike geodesic segment.

Consider variation vector fields V' = (V7,Vp) along v with g(V,+') = 0. We begin
with a physically important special case in which the timelike geodesic v(t) is of the form
v,(t) = (t,q) with ¢ € F fixed. All such timelike geodesics are known to be globally
maximal, hence free of conjugate points, and have been termed “stationary” in [9] and
“galaxies” in [8, p.341]. Hence 7;(t) = t and vg(t) = ¢. If we write generally for

V = (V7, VE) the first term as

Vi = v(t) o 0 ()
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then for the stationary geodesic 7,(t) the equation 0 = g(V,~,) becomes
0=—v(t) 1+ f(t)gr(VF,0)

where v(t) = 0 and V;(t) = 0. Hence we are exactly in the setting where (27) applies and
we obtain

Proposition 3.1. Let (M, g) = ((a,b) x; F,§g = —dt*® fgr) be a generalized Robertson-
Walker space-time and let v, : [a, 8] — (M, g) be a stationary maximal timelike geodesic
Y,(t) = (t,q) for some fixed ¢ € F and «, 3 with a < o < 8 < b. Then I : V5-(v,) x
Vit (7,) — R is given by

B
1Y) == [ eV Vi) 23)

and [ is negative definite.

Proof. As above, yx(t) = 0 and V € Vj-(,) implies V; = 0. Hence formula (28)
holds and thus the index form I(V,V) < 0. However as in the general theory (cf. [2,
p.341], proof of Theorem 10.22), the negative semidefiniteness of the index form implies
the negative definiteness by algebraic arguments. ]

Consider now a “non-stationary” unit timelike geodesic v = (v;,vr) : [, 3] — M and
to avoid ambiguity, write y;(t) = 7(¢) so we have the decompositions

9
V= T’(t)a ° Y1l

(29)
Vi = o(t)2 oyl

where we let v(t) = v;(t) : [, f] — R.
Regarding v(t) as being prescribed, seek to find Vg along vr so that with V7 as in (29),
we have g(V,~) = 0.

Since yp(t) is a pregeodesic in (F, gr) and —1 = g(v/', ') = —(7'(t))*+ foryi1(t)gr (Y, V),
we may suppose that 7/(t) > 1 and gp(vp,7%) > 0. Let us try to find Vp of the form

Vi(t) = o(t)7p(t) (30)

where ¢ : [, 5] — R is an unknown function.
Writing out 0 = g(V,+’) with (30), we obtain

v()T'(t) = o()(f o 1) (O)gr (Ve V)

so we may solve for ¢(t) as
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since the expression in the denominator is positive. Moreover, using —1 = —(7/(¢))?> + f o
7 (£) g (Yis 1), we also obtain

(1)
T'(t)? — 1

Hence for nonstationary timelike geodesics, the assumption that V; = 0 in considering
the index form on Vj'(v) is invalid.

Before specializing index formula (26) for the GRW case, we note how Proposition
12.22 in [8, p.353] translates with our convention on the power of f in the formula for the
warped product metric g.

o(t) = ().

Lemma 3.2. The smooth curve y(t) = (7(t),yr(t)) is a geodesic in (M, g) if and only if

P (0) + Sar( (0,70 (7(8)) = 0 (31)
b+ g = o ()

f(r(t))

In this GRW setting, Remark 7.39 of [8, p.208] translates as the product

(f(r (1)) gr(ve(t), 7r(t) = C; (33)

is a constant, depending on the geodesic 7y in (M, g). Formula (33) then offers an elemen-
tary proof of the following basic result.

Corollary 3.3. If the warped function f : ( b) — (0, +00) is nonconstant on [«, 3] and
~r is a nontrivial geodesic in (F,gr), (i.e., vp(t) # 0), then o(t) = (t,yr(t)) is not a
geodesic in warped product (M, g).

Proof. First, gr(7k(t),7=(t)) = d > 0. Hence, if o(t) were a geodesic in (M, g), then
/C
f(t) = 77, in contradiction. |

Returning to the arbitrary nonstationary unit timelike geodesic v : [a, ] — (M, g),
v(t) = (7(t),v#(t)) and V = (V1, V) € V5-(v), formula (26) above translates as

B
1V.V) = / l9r(V1 VD) = g (R(Veu ), Vit
/ Fr ) gr (Vi Vi) = gr(R(Vie, v, Vi) ldt

[ [{;Hess<f><vf<t>,vl<t>> - s (0. V1))

2
f(r(t))

o
f(r(t))

97 (Ve (1), V(1)) — 91(V f, Vz(t))gf(V}(t)m}(t))] dt.
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, also

Since % is a parallel vector field in (7,g;) = ((a,b), —dt?) and V;(t) = ’U(t)i (
T(t

d
VI(t)=4'(t)—| and g;(V/,V]) = —(v'(t))?. Further, R(V;,~})v; = 0 since dim I = 1.

dt 1+
B
Thus the first integral term in the above formula for I(V,V') reduces to / (V'(t))3dt.
t=a
With g; = —dt?, also Vf(u) = —f'(u ) . Hence, ¢;(V](t),7;(t)) = —o'(t)7'(t),

u

g1(Vi(t), V) = F/(r(t))o(t) and Hess(f)(V; <> (1)) = (v(1))*Hess(f) (i »
= £"(r () (1)

Combining these calculations, we obtain

Theorem 3.4. Let v : [a, 5] — (M, g), v(t) = (7(t),yr(t)) be a unit timelike geodesic
segment in (M, g) = ((a,b) x; F,g = —dt?* ® fgr). Let V = (V;,Vp) € V5-(v) and denote

d
Vi(t) = U(t)a‘w). Then

(t)

/ G
. / e <(j é)))) —%f"w))] (0(8)) g (i (), 7))
L

| oo -

F(r(1))
GO

) 7(t)) T,(t)vl(t)v(t)} dt.
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