ON EXISTENCE OF NON-SINGULAR, VACUUM,
STATIONARY SPACE-TIMES WITH A NEGATIVE
COSMOLOGICAL CONSTANT

PIOTR T. CHRUSCIEL AND ERWANN DELAY

ABSTRACT. We construct infinite dimensional families of non-singular
stationary space times, solutions of the vacuum Einstein equations with
a negative cosmological constant.
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A class of space-times of interest is that of vacuum metrics with a negative

close to, e.g., those of anti-de Sitter space-time.
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cosmological constant admitting a smooth conformal completion at infinity.
It is natural to seek for stationary solutions with this property. In this
paper we show that a large class of such solutions can be constructed by
prescribing the conformal class of a stationary Lorentzian metric on the
conformal boundary 0.4, provided that the boundary data are sufficiently
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We mention the recent papers [4,5], where we have constructed infinite
dimensional families of static, singularity free solutions of the vacuum Ein-
stein equations with a negative cosmological constant. The main point of
the current work is to remove the staticity restriction. This leads to new,
infinite dimensional families of non-singular, stationary solutions of those
equations.

We thus seek to construct Lorentzian metrics "*1g in any space-dimension
n > 2, with Killing vector X = 9/0t. In adapted coordinates those metrics
can be written as

1.1 ntlg = —V2(dt + 0;da")? + g;jdx'da’
(1.1) g ( Z’) gijdz dx
= =9

Our main result reads as follows (see below for the definition of non-
degeneracy; the function p in (1.3) is a coordinate near M that vanishes
at OM):

THEOREM 1.1. Let n =dimM > 2, k € N\ {0}, a € (0,1), and consider a
static Lorentzian Einstein metric of the form (1.1)-(1.2) with strictly positive
V = f/, g = g, and 0 = 0, such that the associated Riemannian metric
g = ‘0/2d<p2 + G on S' x M is C? compactifiable and non-degenerate, with
smooth conformal infinity. For every smooth 0, sufficiently close to zero in
Ck+22(9M,Ty), there exists a unique, modulo diffeomorphisms which are
the identity at the boundary, nearby stationary vacuum metric of the form
(1.1)-(1.2) such that, in local coordinates near the conformal boundary OM ,

(1.3) V-V=0(p), 0;=0+0(p), gi;—3g;=0(1).

Theorem 1.1 is more or less a rewording of Theorem 5.3 below, taking
into account the discussion of uniqueness in Section 6.

The (n + 1)-dimensional anti-de Sitter metric is non-degenerate in the
sense above, so Theorem 1.1 provides in particular an infinite dimensional
family of solutions near that metric.

The requirement of strict positivity of V excludes black hole solutions, it
would be of interest to remove this condition.

The decay rates in (1.3) have to be compared with the leading order
behavior p~2 both for V and Gij- A precise version of (1.3) in terms of
weighted function spaces (as defined below) reads

(14) (V-V)eCy? St x M), (9—9) € Cy2 (S x M, S,)
(1.5) 0—0ecCh sl x M, 7)),

and the norms of the differences above are small in those spaces.

Note that our hypothesis that the metric g is conformally C? implies that
g is "N (C3conformally compactifiable and polyhomogeneous [9]. We
show in Section 7 that our solutions have complete polyhomogeneous expan-
sions near the conformal boundary, see Theorem 7.1 for a precise statement.
Since the Fefferman-Graham expansions are valid regardless of the signa-
ture of the boundary metric, the solutions are smooth in even space-time
dimensions. In odd space-time dimensions the obstruction to smoothness
is the non-vanishing of the Fefferman-Grahm obstruction tensor [13,15] of
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the (Lorentzian) metric obtained by restricting —(dt + )2 + V~2g to the
conformal boundary at infinity.

Theorem 1.1 is proved by an implicit-function argument. This requires
the proof of isomorphism properties of an associated linearised operator.
This operator turns out to be rather complicated, its mapping properties
being far from evident. We overcome this by reinterpreting this operator
as the Lichnerowicz operator Ay + 2n in one-dimension higher. Our non-
degeneracy condition above is then precisely the condition that Az, +2n has
no L% kernel. While this is certainly a restrictive condition, large classes of
Einstein metrics satisfying this condition are known [2,3,5,18].

Because of the V2 multiplicative factor in front of @ in (1.1), for distinct
0’s the resulting space-time metrics have distinct conformal metrics at the
conformal boundary at infinity. This makes it problematic to determine
the energy of the new solutions relative e.g. to the anti-de Sitter solution;
similarly for angular momentum. Now, each of our solutions "*'g comes
associated with a family of non-stationary solutions, which asymptote to
"t+1g, and which can be constructed using e.g. a technique of Friedrich [14].
To each member of such a family one can then associate global Hamiltonian
charges relative to "*1g as in [8,11]. In this approach our solutions define
the zero point of energy for each family, and there is no natural way of
comparing relative energies, angular momenta, and so on, of members of
distinct families.

2. DEFINITIONS, NOTATIONS AND CONVENTIONS

Let N be a smooth, compact (n+ 1)-dimensional manifold with boundary
ON. Let N := N\ON, a non-compact manifold without boundary. In our
context the boundary 0N will play the role of a boundary at infinity of
N. Let g be a Riemannian metric on N, we say that (N, g) is conformally
compact if there exists on N a smooth defining function p for N (that
is p € C°(N), p>0on N, p=0on ON and dp nowhere vanishing on
ON) such that g := p?g is a C?%(N) N C§°(N) Riemannian metric on N,
we will denote by g the metric induced on ON. Our definitions of function
spaces follow [18]. Now if |dplg = 1 on JN, it is well known (see [19] for
instance) that g has asymptotically sectional curvature —1 near its boundary
at infinity, in that case we say that (N, g) is asymptotically hyperbolic. If
we assume moreover than (N, g) is Einstein, then asymptotic hyperbolicity
enforces the normalisation

where Ric(g) is the Ricci curvature of g.
We recall that the Lichnerowicz Laplacian acting on a symmetric two-
tensor field is defined as [7, § 1.143]
Aphij = =V*Vihij + Righ*; + Rjph®; — 2Ryh*
The operator Ay, 4+ 2n arises naturally when linearising (2.1). We will say
that g is non-degenerate if Ay + 2n has no L?-kernel.
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While we seek to construct metrics of the form (1.1), for the purpose of
the proofs we will often work with manifolds N of the form

N =S!'%x M,
equipped with a warped product, asymptotically hyperbolic metric
V2de® + g,
where V' is a positive function on M and ¢ is a Riemannian metric on M.
By an abuse of terminology, such metrics will be said static.
The basic example of a non-degenerate, asymptotically hyperbolic, static

Einstein space is the Riemannian counterpart of the AdS space-time. In
that case M is the unit ball of R, with the hyperbolic metric

go=p"20,

§ is the Euclidean metric, p(z) = 3(1 — |z|2), and

Vo=p'—1.

We denote by 7, the set of rank p covariant and rank ¢ contravariant
tensors. When p = 2 and ¢ = 0, we denote by Ss the subset of symmetric
tensors. We use the summation convention, indices are lowered and raised
with g;; and its inverse g,

3. ISOMORPHISM THEOREMS

Some of the isomorphism theorems we will use are consequences of Lee’s
theorems [18], it is therefore convenient to follow his notation for the
weighted Holder spaces C’f’a. As described in the second paragraph be-
fore proposition B of [18], a tensor in this space corresponds to P’ times a
tensor in the usual C*® space as defined using the norm of the conformally
compact metric. This implies that, in local coordinates near the conformal
boundary, a function in C(I;’a is O(p°), a one-form in C’(I;’a has components

which are O(p°~!), and a covariant two-tensor in C(];’O‘ has components which
are O(p°~2).

We will often appeal to isomorphism theorems of [18] in weighted C*
spaces, for k € N. Under the regularity conditions on the metric in our
definition of asymptotically hyperbolic metric, those theorems apparenly
only apply to low values of k. However, under our hypotheses, one can use
those theorems for k = 2, and use scaling estimates to obtain the conclusion
for any value of k.

3.1. An isomorphism on two-tensors. We first recall a result of Lee
(see Theorem C(c) and proposition D of [18], there is no L?-kernel here by
hypothesis):

THEOREM 3.1. Let S* x M be equipped with a non-degenerate asymptotically
hyperbolic metric g. For 0 < k+a & N and 6 € (0,n) the operator Ap+2n
is an isomorphism from C’Z;jLQ’O‘(S1 x M,Ss) to C’(I;’O‘(S1 x M,Ss).

When the metric is static of the form § = V2dy? + ¢g we deduce
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COROLLARY 3.2. On (M, g) we consider the operator
(W, h) = (L(W, h), L(W, h)) ,
where
IW,h) = V[(V*V+2n+VIV'VV + V2V )W + VIV, VVIW
~VINIVVEV Iy + (Hess, V, by | -
and

1 1
Lij(W,h) = §ALhij +nhi; — §V_1VkVthij
1
+§V—2(vivv’%,€j + V,VV*Vhi)

1
—év*(vivkmkj + V,;V*Vhy,)
+2V 2 W (Hess, V)ij — 2V >V, VV,;VIV.

Then (I,L) is an isomorphism from C’f;ff’a(M) X C’f”’a(M, S2) to
Cyo (M) x CY*(M, Ss) when § € (0,n).
Proof. First, it is easy to see that the Laplacian commutes with the Lie
derivative operator in the Killing direction, so the operator Ay + 2n re-
stricted to ¢-independent tensor field is again an isomorphism. Now, from
Lemma A.2 below, if we define P to be the set of symmetric covariant two
tensors of the form _ o

h = 2VWdy?* + hijda'dx?
and if we let 7 denote the collection of tensors of the form

h = 2&dz'dp,

then the Lichnerowicz Laplacian preserves the decomposition P & 7. In

particular the operator %A L +n restricted to P is an isomorphism, and this
operator is (I, L). O

3.2. Two isomorphisms on one-forms. The proof of Corollary 3.2 also
shows the following (note a shift in the rates of decay, ‘as compared to the
previous section, due to the fact that a tensor field &;dz'dy is in C,"7 if and
only if the one-form &;dz’ is in Cu9):
COROLLARY 3.3. The operator on one-forms defined as
L:& — —VAVLEG +VTIVRV VL + 3V 2V, V VRV,
+R'& — 3V VVE 4 2ng;
is an isomorphism from C(I;jlz’a(M,Tl) to C’(I;’_al(M,’]]) when § € (0,n). If
we let &€ = V20, we therefore obtain that the operator Q on one-forms defined
as V2L(V?20;)
Q:0; — —VFV0;, —3VTIVFV VL, — 2V IVEVVE; + 3V AV, V VRV G,
+RL60, - 3V IV VO + 2n6;

is an isomorphism from Cf:f’a(M,’Tl) to Cffl(M,’Tl) when 6 € (0,n).
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We will appeal to yet another result of Lee (see [18] Theorem C(c), Propo-
sition F and Corollary 7.4, there is again no L?-kernel here because of the
Ricci curvature condition):

THEOREM 3.4. On S' x M equipped with an asymptotically hyperbolic metric

g with negative Ricci curvature, the operator V*V — Ric acting on one-
forms is an isomorphism from C’kJr2 XSt x M, Tq) to Ck *(St x M, T) when

0 -2 < /% +1.

When the metric is static of the form § = V2dy? + g we deduce:
COROLLARY 3.5. Under the hypotheses of the preceding theorem, on (M, g)
consider the operator

Q; — B(Q); + Ry ¥ — VIV, VIVQ; = B(Q);,
where

B(Q); := VFV.Q + VIVRYVLQ — VT2V, V VRV,
Then B is an isomorphism from C§+2’O‘(M, Th) to C(I;’a(M, T1) when [0—5| <
VL
Proof. The argument is identical to the proof of Corollary 3.2 using
Lemma A.3 and the fact that, in the notation of Lemma A.3,
R;:Q° = Ry QY — VIV, VIVQ; .
O

3.3. An isomorphism on functions in dimension n. If we assume that
V2dyp? + g is a static asymptotically hyperbolic metric on S! x M, then
it is easy to check that at infinity V=2|dV|?> = 1 and V~IVV,V =
In dimension n, we will need an isomorphism property for the following
operator acting on functions:

o To:=V3V(V3V,0) = V'V,o +3V V'V V0.
From [6, Theorem 7.2.1 (ii) and Remark (i), p. 77] we obtain:
THEOREM 3.6. Let (V,g) be close in C*T**(M) x CF2%(M,S,) to an
asymptotically hyperbolic static metric. Then T is an isomorphism from
CYTH(M) to CY*(M) when 0 < § <n+ 2.
REMARK 3.7. Theorem 3.6 will be used with o = O(p?), note that § = 2
verifies the inequality above since n > 2.

3.4. An isomorphism on functions in dimension 3. In dimension n =
3, we will also be interested in the following operator acting on functions:
Wi Zw = V3V (V3Vw) = ViViw - 3V IVVVw .

The indicial exponents for this equation are p— = —1 and u4 = 0 (see [6,
Remark (i), p. 77]). As pu4 % 0 we cannot invoke [6, Theorem 7.2.1] to
conclude. Instead we appeal to the results of Lee [18]. For this we need to

have a formally self-adjoint operator, so we set w = Vs f, thus

(3.1) Zw=V: [V"Vif— <145 “2laV)? — § 1viviv> f] = V2Zf.
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At infinity V=2|dV|? = 1 and V~!ViV,V = 3, leading to the following
indicial exponents

13
d=—,-.
272
We want to show that Z satisfies condition (1.4) of [18],
(3-2) [ull2 < ClZullr2

for smooth u compactly supported in a sufficiently small open set & C M
such that U is a neighborhood of M. We will need the following, well
known result; we give the proof for completeness:

LEMMA 3.8. On an asympotically hyperbolic manifold (M, g) with boundary
definining function p we have, for all compactly supported C? functions,

/uV*Vu > (n;1>2/(1+0(p))u2.

Proof. Let f be a smooth function to be chosen later, then

J15 P = [ 1uf + £ 27 uldf,du) = 0
An integration by parts shows that
/Qf—1u<df, du) = /qu‘Q\dfF +u?fTIVHV Y.
This leads to
/uv*vu :/du|2 > /(—f‘lv*Vf— 2f 2 df |P)u? .

When [ = p_nT_l the last term equals (n — 1)?[ju(1 + O(p))||32/4, which
concludes the proof. O

Lemma 3.8 combined with the fact that V=2|dV|?> = 1 + O(p) and that
V-IV*VV = -3 4+ O(p) shows that

gzl > = [uzu> (8 LBy [+ o,

which shows that Z satisfies the condition (3.2) with
3—-1)2 15  9\-1/2
C = <( S5 ) =2

4 4 2
We recall that the critical weight to be in L? is O(p') so the function f =
V=3/2 = O(p3/?), corresponding to w = 1, is in the L?kernel of Z. We
prove now that this kernel equals

ker Z=VZR,

Assume f is in the L?-kernel of Z, by elliptic regularity f is smooth on M.
Let ¢ € W be any function on M such that ¢, = 1 on the geodesic ball
By (k) of radius k centred at p, with ¢, = 0on M\ By,(k+1), and |Vyi| < C
independently of k. Such functions can be constructed by composing the
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geodesic distance from p with a test function on R. Integrating by parts one
has

0 = - / V32 fEf = - / A IVH(VIV,f)

- / AV IIVIP 4+ 2V o VigVi f

Using Holder’s inequality, the second integral can be estimated from below

b
Y 1/2 1/2
) </ (piv—3’vf‘2> </f2v_3|V(Pk2> ’

/<p§v3ny\2 < 4/f2v3|wk12.
By Lebesgue’s dominated convergence theorem, the right-hand side con-
verges to zero as k tends to infinity because f € L?, while V! is uniformly

bounded, and Vyy, is supported in B,(k + 1) \ By(k). So f is a constant.
Using [18], Theorem C(c), we thus obtain

THEOREM 3.9. Let (V,g) be close in CEJ{Q’O[(M) X C§+2’Q(M, Sy) to an
asymptotically hyperbolic static metric. Then Z is an isomorphism from

CYT2(M) V3R to
[ectn :/ v2f <o)
M

when 1/2 < § < % Equivalently, Z is an isomorphism from C§+2’Q(M)/]R
to

(3.3) {f € Cy (M) : /M VI = o} .

when —1 < § < 0.

leading to

4. THE EQUATIONS

Rescaling the metric to achieve a convenient normalisation of the cos-
mological constant, the vacuum Einstein equations for a metric satisfying
(1.1)-(1.2) read (see, e.g., [12])

V(V*VV +nV) = |A2,
Ric(g) + ng — V' Hessy V = 5z o\, (4.1)
div(VA) =0,
where
Nij = —V2(8:0; — 0;0:) , (Mo Ny = NF
In dimension n = 3 an alternative set of equations can be obtained by
introducing the twist potential w. Writing dw = w;dz’ one sets

\%4 : 1
w; = 5€ijk)\]k e )‘jk = V{fjk@wg .



STATIONARY SPACE-TIMES WITH NEGATIVE A 9

This leads to (compare [17])
V(V*VV 4 3V) = gz ldw]?
Ric(g) +3g — V1 Hess, V = #(dw ® dw — |dw|?g) , (4.2)
V*(V3Vw) =0.

4.1. The linearised equation. We first consider the operator from the set
of functions times symmetric two tensor fields to itself, defined as

v . V(V*VV 4+ nV)
g Ric(g) + ng — V' Hess, V. | °

The two components of its linearisation at (V, g) are

p(W,h) =V [(V*V +2n+ VIV*VV)W + (Hess, V, h), — (divgrav h,dV),] ,

1 1
Pij(W, h) = §ALhij + nhij + §V_1VkV(Vihkj + vjhkj — thij) — (diV* div grav h)ij
+V W (Hessy V)i; — V™ (Hess, W)ij -
We let Tr denote the trace and we set
1 1
gravh =h—oTrghg, (divh); = ~V*hi, (diviw)i; = 5 (Vaw; +Vjwi) ,
(note the geometers’ convention to include a minus in the definition of di-
vergence). It turns out to be convenient to introduce the one-form
1
wj =V IV Vhy + VEhy — 5 Vi(Trh) - VIIV,W - VTV VW,
which allows us to rewrite P(W,h) as
P(W,h) = L(W,h)+diviw,
where L is as in Corollary 3.2. Similarly, p(W, h) can be rewritten as
p(W,h) = (W, h) + V{w,dV), .
4.2. The modified equation. We want to use the implicit function the-
orem to construct our solutions. As is well known, the linearisation of the
Ricci tensor does not lead to well behaved equations, and one adds “gauge
fixing terms” to take care of this problem. Our choice of those terms arises
from harmonic coordinates for the vacuum Einstein equations in one dimen-

sion higher.
In dimension 3, we start by solving the following system of equations

q(V,g) = V(V*VV +3V +(Q,dV)) — 5is]dw> =0,
(4.3) Q(V,g) = Ric(g)+3g— V" Hess, V +div' Q
| g (dwdw — |dwl’g) =0,

VH(V3Vw) =0,
with
- = —Q(V,g,U,b);
= Giug™ (T, —Th,)
= gprg"™ Tk, —TE )+ V2 (UVIU — VVIV)
(4.4) = ¢"™(Vimgje — %%jgem) + V24, (UVIU = VVIV)



10 P.T. CHRUSCIEL AND E. DELAY

where V-derivatives are relative to a fixed metric b with Christoffel symbols
ng, U is a fixed positive function, latin indices run from 0 to n, and g :=
V2(dz)?+g with Christoffel symbols fg,y, while the fg,y’s are the Christoffel
symbols of the metric U?(dz)? + b, compare (A.1) below. The co-vector
field 2 has been chosen to contain terms which cancel the “non-elliptic
terms” in the Ricci tensor, together with some further terms which will
ensure bijectivity of the operators involved. The first line of the equation
above makes clear the relation of ) to the n + 1-dimensional metric § and
its (U, b)-equivalent.
In dimension n, as a first step we will solve the system

q(V,g) =V (V*VV +nV 4+ (Q,dV)) — %|)\|52] =0,

Q(V,g) :=Ric(g) + ng — V"1 Hess, V 4+ div: Q — #/\ oA=0,(4.5)

div(VA) = —V3do ,
where (2 is as in dimension 3, while the “Lorenz-gauge fixing function” o
equals '

o =V7V(V?;).
A calculation shows
div(VA) +V3do = V3][-Q + 2(V-IV*VV 4+ n)|(6) ,
where @ is as in Corollary 3.3, which makes clear the elliptic character of
the third equation in (4.5).
The derivative of 2 with respect to (V,g) at (U, b) is

D(V,g)Q(Ua b)(W7 h) = —-w,
where w is the one-form defined in Section 4.1 with (V,g) replaced with
(U,b). Thus, the linearisation of (¢, Q) at (U,b) is

D(q,Q)(U,b) = (I, L),
where (I, L) is the operator defined in Section 4.1 with (V, g) replaced with
(U,b). We will show that, under reasonable conditions, solutions of (4.3)
(resp. (4.5)) are solutions of (4.2) (resp. (4.1)). If (w, V, g) solves (4.3) (resp.
if (0,V, g) solves (4.5)), we set
® :=div* Q,
o ﬁ|dw\2 in the context of (4.3),
@ TzlAZ when studying (4.5),
syzA 0 A when analysing (4.5).

With this notation, the first two equations in both (4.3) and (4.5) take the
form

s { L (dwdw — |dw|?g) when studying (4.3),

{VVV+nV+(Q,dV)—Va, (46)

Ric(g) +ng — V' Hess, V +® = A,
If we take the trace of the second equation in (4.6) we obtain
0 = Rg)+n*+VIV'VV 4+ Trd -Tr A
= R(g)+n?—n—V HQV,),dV) + Tt ® +a—Tr A.
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Then
E(g) = grav,Ric(g)

1
= —ng+V 'HessV — & — 5 (-n(n—1) + VHQV, g),dV) — Tr ®)g

a
+gravy A + 29"

As usual, we will use the vanishing of the divergence of E to obtain an
equation for €. For a solution to the modified equation, the negative of the
divergence of E(g) equals

A , : 1
divE(g); = V 2V'VV,V,V -V IV'V,V,V +V'®,;; — gV Tre
1 _1 . a
+=V;(V7HQ(V,g),dV)) + (dlv(gravg A+ —g)) ,
2 277
= VIV'V(Ri +ngij + ®ij — Aij) — VIV'VR;
: 1
—V7IV;(nV +(QV, 9),dV) + Va) + Vid;; — SViTre

+%vj(V‘1<Q(V,g), dv)) + (div(gra"g A+ %g))j

. : 1 1
= Vi, + VIV, - oV Ted - SV IVHQ(V.g).dV)

1 .
—SVTEVV(QV. 9),dV) + VTIV,(Va) = VIIVIV A, + (div(gravg A+ %g)) ‘
J

. , 1 1
= Vo, +VIVV,; — §vj Trd — 51/—2vj(v<ﬂ(v,g), dV)) + 3;

1 i - i i - i

— 5[vkkaj +VIVIVV,Q; - VAV, VVIVQ; 4+ Ry Q - VIV, VIV Q] + 5,
1 ) )

= 5IBQ);+ RiyQ - VIV, VIV Q] + B

1
= BE); + 5.

We now claim that (; vanishes when o does. For (4.3) this is a straightfor-
ward computation. For (4.5) we have

1 1. 1
-B; = ivxj’kaa — §v—5vjvw2 - gv—ijm?

1 . A
+§v—2x’fvixkj + VI3V N
From the definition of \;; one has
Vi(V72A) =0.

This gives ‘
)\Zk(QVi)\kj + Vj)\ik - GV_l(V[iV))‘k:j]) =0,
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which can also be rewritten as
. 1 4
AN A = —Zvjw? + 2V VAN + VIV VN

and our claim follows.

We will see during the construction to follow that solutions of the third
equation in (4.5) which decay sufficiently fast satisfy o = 0. The Bianchi
identity div F(g) = 0 shows then that  is in the kernel of B. It follows from
Corollary 3.5 that the only solution of this equation which decays sufficiently
fast is zero.

5. THE CONSTRUCTION

5.1. The n-dimensional case. We consider 10/2d¢2 + ¢, an asymptoti-
cally hyperbolic Einstein static metric on S' x M. We prescribe § €

Ck+2:2(9M,T;), and we seek a solution
0=000,V,g) € Cy>*(M,Ty)
of the problem
(5.1) { div(V)) 4;61/2350 =V3I-Q+2(VIV*VV +n))0 =0,
0—0ecCy (M, Th);
recall that
(5.2) Nij = —V?2(8:0; — 0;6;) and o = V3V (V>6;) .
Such solutions can be obtained by solving the following equation for 6 — 0:
[—Q+2(VIV*VV +n)](0 — 6) = —[-Q + 2(V'V*VV + n)]d .

When V = V in (5.1), then the term V~!V*VV + n vanishes and the
operator is an isomorphism by Corollary 3.3 with 6 = 1. Thus, the op-
erator appearing there is an isomorphism for all nearby V’s. In fact,
for any Riemannian metric ¢ on M, close to ¢ in C§+2’Q(M ,S2), with
g—g € C’f”’a(M, S3), and for any function V on M, close to V in
Cﬁ?’a(M), with V -V, € CgH’Q(M) a unique solution exists. Moreover
the map (5, V,g)— 60— 0 is smooth.
Let us denote by 6 the solution of (5.1) with (V, g) = (V, §).

REMARK 5.1. 6 is polyhomogenous when V and § are by the results in [6].
Applying the second line of (5.1) twice we obtain

0—0=0—0+0—0cCy™(M,T).

Furthermore, one has directly that o — ¢ € C§ Jrl")‘(M ); 0 is in fact also in
C’g +*LY(Af) by expanding near the boundary.

Suppose that 6 solves div(V\) + V3do = 0, then clearly
div[div(VA) + V3do] = 0.
Since the double divergence of any anti-symmetric tensor vanishes identically
it holds that divdiv(VA) = 0, so that under (5.1) ¢ is in C5""*(M) and

verifies

V{(V3V,0) = 0.
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It follows from Theorem 3.6 that o = 0 when n > 2.

Let us define a map F', from one-forms on 0,,M times functions on M
times symmetric two-tensor fields on M to functions on M times symmetric
two-tensor fields, which to (6,V, g) associates

V(V*VV +nV +(Q(V, g, v, R dV>) — lw2
Ric(g) +ng — V=1 Hess, V + div* Q(V, g, V., §) + 2‘1/2)\ o\
PROPOSITION 5.2. Let V2d<p + g be an asymptotically hyperbolic static Fin-
stein metric on St x M, k € N, a € (0,1). The map F defined as
CH20OM, T;) x CF24(M) x C5T2*(M,Sy) —  CE(M) x C5*(M, S,)
(0, W, h) —  FO,V+W,g+h)
s smooth in a neighborhood of zero.

Proof. The function V € C’ﬂ“z’a (M) is strictly positive, so the same is true
for V 4+ W if W is sufficiently small in C¥*2%(M) ¢ C*12*(M). Similarly,
the symmetric two-tensor field g + h € C§+2’a(M ,S2) is positive definite
when h is small in C5T5%(M,S,) € C¥T%(M,S,). The map (8,V,g) — 0
is smooth. Now, for 6 € C’f“’a(M), by (5.2) and by Remark 5.1 we have
Xij=0(p7?),

which further implies

1 k

2—‘/2>\ o\ S Cz’a(M, 52) .
The fact that the remaining terms in F (5, V 4+ o0,§+ h) are in the space
claimed, and that the map is smooth is standard (see [18] for instance). O
We can conclude now as follows:
THEOREM b5.3. Let n > 2, and let YO/Qdap + g be a polyhomogenous non-
degenerate asymptotically hyperbolzc static Einstein metric on S* x M, k €
N\{0}, o € (0,1). For all 9 close to zero in CF+2:2(9M, Ty), there exists a
unique solution ) )
(0.V.g)=(0+0,V+W,g+h)
o (4.1) with 6 — 0 C§+2’Q(M) and
(9, W, h) € CET2(M) x CFP2*(M) x Cy T (M, Sy) ,

close to zero, satzsfymg the gauge conditions 0 = o = 0. Moreover, the
maps 0 0—0 and 0 — (9, W, h) are smooth maps of Banach spaces near
zero.

Proof. As already pointed out, the one-form 6 = 9(5, V,g) exists and is
unique when W and h are small. From Proposition 5.2 we know that the
map F is smooth. The linearisation of F at zero is

D(I/V,h)j:(ovoao) - D(V,g)F(Oa f/aé) = (le) :
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From Corollary 3.2, with § = 2, we obtain that Dy, F(0,0,0) is an iso-
morphism. The implicit function theorem shows that the conclusion of The-
orem 5.3 remains valid for the modified equation (4.5). Returning to Sec-

tion 4.2, we see that Q@ = Q(V, g, V,g) € C;Hl’a(M, Ty) and that B(Q2) = 0,
so from Corollary 3.5, we have Q = 0, obtaining thus a solution to (4.1). O

5.2. The three-dimensional case. In three dimensions an alternative
construction can be given, as follows. We consider again an asymptotically
hyperbolic Einstein static metric ‘0/2dg02 + G on S' x M. We consider Theo-
rem 3.9, with ¢ — a Riemannian metric on M close to ¢ in C§+2’Q(M, S2),
and V — a function on M close to V in Cﬁﬂ’a(M ). For our purposes there
is no preferred value of parameter ¢ there. It is convenient to set 6 = s — 1,
and arbitrarily choose some s € (0,1). For any @ € C*¥T12(9M) satisfying

(5.3) /aMa:o,

there exists a unique, modulo constant, solution
w=w(®,V,g) € C*T**(M)
to
V*(V=3Vw) =0,
w—op~t e CEPN(M) .
(This can be seen by writing Zéw = —Z(@p~!), and checking that the
source term in the equation for dw satisfies the integrability condition (3.3)
when (5.3) holds.) Moreover, the map (@,V,g) — w — @p~! is smooth in
the C*T2%(M) topology.
We define a new map F, defined on the set of functions on d,,M times
functions on M times symmetric two-tensor fields, mapping to functions on
M times symmetric two-tensor fields, which to (@, V, g) associates

V(V*VV +3V + (V. g,V,§),dV)) — 5 |dw|?
Ric(g) 439 — V7IViV;V + divi Q(V, 9, V, §) — 5 (dwdw — |dw|?g)
PROPOSITION 5.4. Let ‘72dg02 + g be an asymptotically hyperbolic static Ein-
stein metric on S' x M, k € N, a € (0,1). The map F defined as

CRP2OM) x Oy (M) x Gy (M, S2) — Cy™(M) x Gy (M., S»)

o

(@, W, h) —  F@,V+W,g+h)
is smooth in a neighborhood of zero.

Proof. The proof is essentialy the same as that of Proposition 5.2. We simply
note that for all s € (0,1) we have, by direct estimations,

V4 (dwdw — |dw|?g) € C5*(M,S,) .

We are ready to formulate now:
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THEOREM 5.5. Letdim M = 3 and let \O/Zd<,02+§ be a non-degenerate asymp-
totically hyperbolic static Einstein metric on S' x M, k € N, a € (0,1),
5€(0,1). For all@ close to zero in C**22(OM) and satisfying (5.3) there
exists a unique solution

(W, V,9) = (@p ' +w,V +W,§+h)
to (4.2) with
(w, W, h) € C*2%(M) x CF2%(M) x CET3%(M, S
5 5 1 1 2 5 2) 5

S

close to zero, satisfying the gauge condition Q = 0. Moreover, the map
W+ (w,W,h) is a smooth map of Banach spaces near zero.

Proof. The proof is identical to that of Theorem 5.3, making use of Propo-
sition 5.4. U

6. UNIQUENESS

So far we have shown that solutions are unique in the gauge 2 = 0,
together with the condition ¢ = 0 in the context of (4.1). We claim that
any metrics satisfying the hypotheses of Theorem 1.1 can be brought to this
gauge.

First, consider o; note that the one-form 6 of (1.1) is defined modulo the
differential of a function f defined on M; indeed, the replacement ¢t — ¢ + f
leads to @ — 6 + df. We can then use Theorem 3.6 to find a unique f such
that the function o associated with 6 + df vanishes.

The vanishing of 2 requires a smallness hypothesis, as well as some work.
Suppose that we are given a couple (V,g) near to (V, g). The second line
of (4.4) shows that, in the notation of [9], the condition 2 = 0 is exactly
the condition Ay zId = 0, where ¢’ = V2dp? 4+ g. The proof that € can be
made to vanish is established by inspection of the arguments of Section 4
of [9]. We simply note that the implicit function theorem, as invoked there,
can be applied globally on M (rather than in a collar neighborhood of the
boundary, as in [9]) if we assume that (V/V,V~2g) is close to (1,V2§)
in C?(M). Indeed, the linearised operator, denoted by L in [9], is again
an isomorphism by the results of [18], as follows from the fact that g is
Einstein, with negative scalar curvature. (Actually, the Einstein equations
are irrelevant for the question of 2 = 0 gauge, as long as the Ricci tensor of
g is negative definite.)

Uniqueness of solutions up-to-diffeomorphism (which is the identity on
the boundary) is a direct consequence of the above.

Somewhat more generally, without the smallness hypothesis, a variation
of an argument due to M. Anderson [1] applies: Suppose that we are given
two C2-compactifiable solutions, say (V,0,g) and (V',0',g'), with identical
smooth boundary data. We can then bring # and ¢’ to the 0 = ¢/ = 0
gauge as above, and put both V2dy? + g and (V')?dp? + ¢’ in the harmonic
gauge of Section 4 of [9] near a collar neighborhood of the boundary. Unique
continuation [21] shows that (V’, €', ¢') coincides with (V,0, ¢g) in this collar
neighborhood. But strict positivity of V' implies the existence of an analytic
atlas for the interior of M in which the solutions are analytic, and as g and ¢’
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are complete we can conclude that the lifts of the solutions to the universal
cover of M coincide (compare [16, Vol. I, Corollary 6.4, p.256]).

We note the non-uniqueness of the conformal Dirichlet problem for the
(static) Horowitz-Myers metrics, which shows that the last result would be
wrong if one did not invoke the universal cover.

7. POLYHOMOGENEITY

Let Uy C R™ be an open set, and let U = Uy x (0,¢) € H**'. For any
§ € R, we denote by €° the space of functions f € C°°(U) that satisfy, on
any subset K x (0,e9) with K C Uy compact and 0 < gy < ¢, estimates of
the following form for all integers » > 0 and all multi-indices a:

|(y9,)" 05 f(,9)| < Cray’.
(We wuse the multi-index notations o« = (ag,...,a,) and 9% =
(0p1)* ... (Ogn)?m.)
A smooth function f: U — R is said to be polyhomogeneous (cf. [6,20]) if
there exists a sequence of real numbers s; — +00, a sequence of nonnegative
integers {¢;}, and functions f;; € C°°(Up) such that

(7.1) Fw) ~ 303 v (log y) fis ()

i=1 j=0

in the sense that for any § > 0, there exists a positive integer N such that

N g
) =305y (log ) fis(x) € €.
i=1 j=0
A function or tensor field on M is said to be polyhomogeneous if its coor-
dinate representation in local coordinates near the conformal boundary is
polyhomogeneous. (We refer the reader to [10] for a discussion of equivalence
of alternative definitions of polyhomogeneity.)

In this section, we apply the theory of [6] to conclude that solutions to
(4.5) are polyhomogeneous. The key step in the proof is a regularity result
for the linearised operator (I, L, L). Following [6], we say that an interval
(6—,04+) C Ris a (weak) regularity interval for a second-order linear operator
P on the spaces Cg”\(MR; So) if whenever u is a locally C? section of Sy
such that u € Cg(;O(MR;SQ) and Pu € CS7A<MR;SQ) with A € (0,1) and

0_ < g < 0 < 64, it follows that u € C’?’)‘(MR; S3). We use the notation
of [9].

THEOREM 7.1. Solutions given by Theorems 5.8 and 5.5 are polyhomoge-
neous. Similarly, solutions of (4.1) and (4.2) with smooth boundary data
such that 0 and p=2(V2dyp? + g) are in C%2(M) are polyhomogeneous.

Proof. We start by noting that metrics such that § and p=2(V2dp? + g)
are in C2(M) can be brought, near the boundary, to a gauge in which
the equations are elliptic by setting o to zero as in Section 6, and then
applying the results of Section 4 of [9] to the metric V?dp? + g. On the
other hand, solutions given by Theorems 5.3 and 5.5 are directly in the
closely related gauge 2 = 0; those two gauges do not coincide, but the proof
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works in both gauges. Alternatively one could use the analysis in Section 4
of [9] to transform a C2?-compactifiable V2dp? + g to the gauge Q = 0.
A polyhomogeneous approximate solution YO/*Q(dt + 9)2 + ¢ can then be
constructed using a Fefferman-Graham expansion up-to-not-including the
critical exponent.

For any ¢ = (9,2 ¢,! ¢), function, two-tensor, one-form on M, define

Flg]:= (V0. 0°Q. Q(V +p ' 6,5+ p7% 20,0 + 19)
with (¢, @, Q) as in (4.5), while for the solutions arising from Theorems 5.3
and 5.5 the one-form 6 can be taken as the solution of the third equation
in (4.5) with V' = V and g = §. (F should not be confused with the map
F of the previous section.) Then ¢ satisfies F[¢] = 0. One can apply [6,
Theorem 5.1.1] to F', and thereby conclude that ¢ is polyhomogeneous. The
argument proceeds as in [9, Section 5] and will not be repeated here. We
simply mention that the property, that the interval (0,n) is a regularity
interval for the operator F'[¢o] on the spaces ACng)\(MR), is an immediate
consequence of Corollaries 3.2 and 3.3. O

APPENDIX A. “DIMENSIONAL REDUCTION” OF SOME OPERATORS

A.l. Lichnerowicz Laplacian on two-tensor for a warped product
metric. We shall use the following coordinate systems on S' x M:

(%) = (p,2%) = (2%, 2°) = (2, ..., z").
LEMMA A.1. Let (M, g) be a Riemannian manifold, let V,W be two functions
on M, let h be a symmetric covariant two-tensor on M and let 0 be a one-

form on M. On S* x M we consider the Riemannian metric § = V2dp? +g
and the symmetric covariant two-tensor

h = 2VWdp? + 26idpda’ + hijda’da?

satisfying ZLp,h = 0, where £ denotes a Lie derwative. Then, in local
coordinates, the Laplacian of h has the following components:

VVehoy = 2[VVFVW = VAV VW = VRV VW — V- HAVPW + VRV VIV Ry
VeVehiy = VFVLEG — VIIVEVLVE — VIRV VL — 3V 2V, V VRV, |
VeVehi; = VEVihij + VIVRV Yk — VT2(ViV VAV g + Vi,V VRV )
+HV IV VV, VW
Proof. The Christoffel symbols of the metric § = V2dy? + g are
(A1)
[ =T% =Tt =0, Tk =Tk, I, =V'V,V, Tt =-VVV.
The covariant derivatives of %, in local coordinates, read
Vohoo = 2VV*V
Vohij = —V N ViV +ViVE)
Vihio = Vi& — VIV VE
Vohio = VVFVhy — 2V, VIV |
Vihoo = 2VViW =2V, VIV
thij = vkhij .
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The result is obtained by substition. U

We recall that the Lichnerowicz Laplacian is
(A2) AL%ab = —ﬁcﬁchab + éacﬁcb + Ebcﬁca - QEacbd?LCd .
The curvature tensor of the warped product metric § = V?2dyp? + g has

the following components [22, Prop. 42, Chap. 7] (note, however, that our
curvature tensor is the negative of the one in [22]):

ﬁlijk =Rk, ]A:éleO =-VV,;V'V, Eoijk =0,
Ri, = Ry, = V'V ViV, Rop =0, Roo = —VV'V,V.
The zero order terms in (A.2) are thus
Roch% = 2V*VVW
2]:EOcOdthd = _2VVZVJV}LZJ s
Rich®o + Roch®s = R4 —VIVVIVE+VTIVAIVVE
2R;0qh? = 2V7IV,V,; V|
Richcj + chhci = Rikhkj + Rjkhkz’ — Vﬁlvikahkj — V71Vjkahki ,
2Ricjdh6d = QRikjlhkl — 4V72VZ‘VJ'VW .
Lemma A.1 implies now:
LEMMA A.2. Under the hypotheses of Lemma A.1, the Lichnerowicz Lapla-
cian of h is
Arhoy = 2|-VVFVW — VAV VW + VRV 4+ V- dV PW
VRV VIV hiy + VViVthij} )
Aphio = —VFVLE +VTIVIVVLE 43V 2V, VFV,
+RLg —3VTIV v,V
Aphij = Aphij — VIRV ki + VAV V VRV by + V;VVEV By
—4V VYV, VW — VYV Vi + Vi VAV hy)
+HAV IV, VW
O

A.2. The Laplacian on one-forms for a warped product metric.

LEMMA A.3. Let (M, g) be a Riemannian manifold, let V, f be two functions
on M and let Q be a one-form on M. Let us consider, on S* x M, the
Riemannian metric § = V2dp? + g and the one-form

Q= fdp + Qidz’ .
Then in local coordinates, the Laplacian of Q equals
VeV = VEVLf — VHVAVLY — VYAV VL F,
VoV = VAV + VYRV V,LQ; — VT2V, V VRV Q) =: B(Q);
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Proof. We have

?090 = VkaQk R 6051 :~—~V_1Vz‘Vf
Vi€l = 8Zf — V‘lvin R VjQZ- = VjQi ,

and the result easily follows. O
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