DEFINABLE RELATIONS IN THE REAL FIELD
WITH A DISTINGUISHED SUBGROUP
OF THE UNIT CIRCLE

OLEG BELEGRADEK AND BORIS ZILBER

ABSTRACT. We describe definable relations in the real field augmented by a
binary relation which is an arbitrary multiplicative group of complex numbers
contained in the divisible hull of a finitely generated subgroup of the unit circle.
We give a complete axiom system for this structure which admits quantifier
elimination down to Boolean combinations od existential formulas of a special
simple form.

1. INTRODUCTION

The goal of this paper is to describe definable relations in the field of reals
augmented by a binary relation which is a subgroup of the multiplicative group of
complex numbers, under certain assumptions about the subgroup.

We identify complex numbers with pairs of reals in a usual way. Let

S={(z,y) €C:2? +y*=1}.
The set S, the unit circle on the complex plane, is a subgroup of C*, the multiplica-
tive group of complex numbers. We consider subgroups I' of S such that

(i) T is countable;
(if) T'/T™ is finite for each n > 0, where I'" denotes the subgroup {¢" : g € T'};

(iii) for every nonconstant polynomial p(Xy,...,X,,) over Z there exist
e a positive integer k,
e elements ¢g1,...,gx of ', and
e nonzero n-tuples of integers (mj1,...,mip), i =1,..., k,
such that, whenever z1,...,2, € T, we have p(z1,...,2,) = 0 if and only if
zit L zlvin = g; for some 1 =1,... k.

Proposition 1.1. Any infinite subgroup of the divisible hull of a finitely generated
subgroup of C* has the properties (1)—(iii).

Here the divisible hull of a subgroup G of C* is the subgroup G of all z € C*
such that 2™ € G for some positive integer m.

Proof. Let G be a finitely generated subgroup of C*, and I' < G.

The property (i) follows from countability of G and the fact that any element of
G has exactly n complex roots of degree n.

We show (ii) by proving that |T'/T™| < n**+1 if G is k-generated.

There is a homomorphism 3 from the additive group ZF, the kth direct power
of Z, onto the muiltiplicative group G. Since the group G is divisible, 3 extends to
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a homomorphism v : Q¥ — G. Let § : Q*f! — G be the homomorphism defined
by é(r,r) = y(r) exp(27ri).

The map § is surjective. Indeed, let z € G. Then z™ € G for some positive
integer m. Let 2™ = (1), where I € Z*. There is r € Q* with mr = I. We have
2™ = ~y(l) = y(r)™. Hence z7y(r)~! is a complex root of unity, and so is exp(27ri)
for some r € Q. Then z = §(r,r).

Put A = 5 1(I'). As A < QF!, we have |A/nA| < n**+1 (for a proof see [1],
Proposition 0.5). Clearly, § induces a homomorphism a+nA — §(a)I'™ from A/nA
onto I'/T"™. Therefore [I'/T"| < nF+1.

The property (iii) is a deep result of diophantine geometry, see [4]. Since in
the most general form it was first conjectured by S. Lang, we call (iii) Lang’s
property. ([l

The following is the main result of the paper.

Theorem 1.2. Let T be a subgroup of S with the properties (1)—(iii). The definable
relations of the structure
(Ra <7 +7 %y Oa 17 F)

are exactly the Boolean combinations of relations of the form

n
E|-T1y1 ce e InlYn (P(l"l,yh ce 733myn7'0) A /\('rlayl) € F)?
i=1

where P is a semi-algebraic relation on R, and n may be equal to 0.
A special case of the result, where I" was the group of all complex roots of unity,

had been proven by the second author in [5].
A more precise version of the result is as follows.

Theorem 1.3. Let I' be a subgroup of S with the properties (i)—(iii), and I'ye, I'im
be the sets of real and imaginary components of all pairs in T, respectively. The
0-definable relations of the structure

MO == (R, <, +7 ‘y 0, 1, F, a/)U«EFreUF

are exactly the Boolean combinations of relations of the form

im

n
(*) 21y ... TYn (P(xhyla cee 7xn7ynav) A /\(I’L?yl) € F)v
i=1
where P is quantifier-free definable in the ordered field R with parameters in the set
I're Ulim, and n may be equal to 0.
The structure M° on R whose atomic relations are all the relations of the form
(%) is definitionally equivalent to Mjy. Indeed,
e every atomic relation of M? is 0-definable in My by an 3-formula;
e every atomic relation of My is an atomic relation in M?©.
The first statement is obvious. The second one holds because n may be equal to 0,
and, for any polynomials s(u) and ¢(v) over the subfield of R generated by I'ye UT 'y,
the relation (s(u),t(v)) € I is equivalent to

Jzy (z = s(u) Ay =t(v) A (z,y) €T).
Thus, Theorem 1.3 says exactly that M° admits quantifier elimination. Let M

be the expansion of My by all relations of the form (x). Then M and M° have the
same atomic relations. So Theorem 1.3 is equivalent to
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Theorem 1.4. The structure M admits quantifier elimination.

2. PRELIMINARIES

In this section we introduce notation and collect some notions and facts we will
use in the proofs. We assume the reader to be familiar with basic model theory, a
good reference is e.g. [3].

Languages. Let L be the language of ordered rings, and
LT"=LU{a:a €Tl U}, LT() =Ltu{r},

where T' is considered as a binary relation symbol, and elements of I',e U Iy, as
constant symbols. We denote by L* the language of the structure M; here I'(M)
isT, and L* D L*(T).

Let N be an L*-structure. For a € I';,o UT',, we denote by ay the interpretation
of the constant symbol a in N. For g = (a,b) € T we denote gy = (an,bn).

Algebraic closure. For a subset X of a structure N we denote by acl(X) the
algebraic closure of X in N, that is, the set of all elements in N algebraic over X
in the sense of model theory. Here an element of N is called algebraic over X if it
belongs to a finite subset definable in N with parameters from X.

An element a of N is called definable over X if the set {a} is definable in N
with parameters from X. The set of all elements in N definable over X is called
the definable closure of X in N.

For a subset X of a field F' we denote by aclg(X) the set of all elements in F'
algebraic over X in the sense of field theory. Clearly, if I is a subfield of a field K
then for X C F we have aclp(X) = aclg (X) N F.

Some known facts about real closed fields. Any real closed field can be
uniquely expanded to an ordered field; the positive elements in that ordered field
are the nonzero squares, and so it is a definitional expansion. It follows that

e in real closed fields algebraic closure coincides with definable closure,
e for real closed fields R and R’, any elementary map (3 from R to R’ uniquely
extends to an elementary bijection

B : acl(dom(B3)) — acl(rng(3)).

e for real closed fields R and R', if 8 and v are elementary maps from R to
R’ and 8 C 7 then B C 4.

The theory of ordered real closed fields is complete and admits quantifier elimi-
nation. This implies that

e the theory of ordered real closed fields is o-minimal;

e in real closed fields algebraic dependence in the sense of model theory is
exactly algebraic dependence in the sense of field theory;

e clementary maps between two real closed fields are exactly partial isomor-
phisms of the ordered fields.
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An algebraic closure of a real closed field. Let R be a real closed field, and
C be R? equipped with the usual addition and multiplication
(@, 9) + (@",y) = (@ + 2",y +),
(@) (2',y") = (z2’ —yy', 2y’ + 2'y).
Then (C,+,-) is a field, and « — (x,0) is an embedding of R into C. We will
identify  and (z,0). Then C is an algebraic closure of R. As usual, (z,y) can be
written « + yi, where ¢ = (0,1). The set
S ={(z,y) €C:2*>+y* =1}

is called the unit circle in C. It is a subgroup of the multiplicative group C* of
the field C, and for z = (z,y) € S we have 27! = (z,—y). For z = (z,y) € C put
Zre = « and zjy, = y. We will repeatedly use the following observation:

if z € S then z, zy, and ziy, are pairwise inter-algebraic in C.

Indeed, suppose z € S. Then 22 + y? = 1 and so z and y are inter-algebraic in C.
Also, z and z are inter-algebraic in C. Indeed, as z = x + yi and i> = —1, we have
(z—2)2+y?=0and so 22 — 22z +1=0.

For Z C C, we denote Z,e = {210 : 2 € Z}.

Translation from C to R. For any polynomial p(Zy,...,Z,) over Z, there are
polynomials

pl(X17Y13"'7X7l7YTL) and pQ(Xla}/l7"-7X’I’L)Yn)
over Z such that for any 21, ..., 2, € C with z; = (z;,y;) we have

p(Zh' . '7Z7L) = (pl(il?layh' <. 7$nayn)7 P2(1’1ay1;~ . '7znayn))'

Moreover, any formula ¢(w1,...,w,) in the language of rings can be translated to
another formula ¢*(vy,u1,...,v,,u,) in the language of rings such that for every
21y ..., 2n € C with z; = (2;,y;) we have

C':¢(Zla"-7zn) iff R)Zé*(xlayla"'axnayn)‘
The translations do not depend on R.

Elementary maps. Let R, R’ be real closed fields, and C, C’ their algebraic
closures. Let 3 be an elementary map from R to R’. Then

dom(f) = acl(dom(3) = aclg(dom(B)).
The map
3 : dom(3) x dom(j3) — C"
defined by

Bz, y) = (B(x), B(y))
is elementary as a map from C to C’. Therefore, whenever H is a subgroup of C*
with
H C aclg(dom(3)) x aclg(dom(f)),

the map B embeds the group H into the group C'*.
It follows that if H is a subgroup of S such that Hy. C dom(3) then

H C dom(f) x aclg(dom(s3)) C dom(3),
and the map B embeds the group H into the group S’.
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Lemma 2.1. Let Z C S and H < S. Suppose Z,. C Hye. Then Z C H.

Proof. Suppose (x,y) € Z. Then = € Zy,. Hence x € Hy,. Therefore (z,u) € H
for some u. Since Z, H C S, we have 22 + 3% = 22 + u? = 1 and so y = f+u. Then
(z,y) = (z,u)*' € H. O

We will repeatedly use the following

Lemma 2.2. Let 3 be an elementary map from R to R'. Let G be a subgroup of the
group S generated by a subset Z, and G' a subgroup of S’. Suppose Zy. C dom(3)
and B(Zye) C GL,. Then
(i) G C dom(3),
(i) B(G) <&,

(i) B(Gre) = H(Gre-
Proof. (i) Since Z;, C dom(S), we have Z C aclg(dom(3)), and therefore G C
aclg(dom(f)). Then

Gre C aclg(dom(B)) and  Gim C aclg(dom(f3)).

Hence
Gre C aclg(dom(B)) and Gim C aclg(dom(f)),

and so G C dom(3).

(i) We have 3(Z),e C G'.. Indeed, any element of 3(Z) is of the form (3(x), 3(y))
where (z,y) € Z. Then any element of 3(Z),e is B(z) for some z € Zy. and hence
belongs to G, by our assumption. By Lemma 2.1, 3(Z) C G/, because Z C S and
SO B(Z) C &’. Since the restriction of B on G is a homomorphism to C"*, we have
BG) <@

(iii) Suppose z € Gre. Then (z,y) € G, for some y. Let z = (x,y). Then
(B(x), B(y)) = B(= ) € (@) and so f(z) € B(G)re

Now suppose &' € B(GQ)re. Then (z/,y') € B(G) for some y'. We have (z/,y') =
B(z) for some z = (z,y) € G. Then & € Gy and 2’ = B(x). O

Some abelian group theory. We will need some facts about abelian groups. For
an abelian group A we denote by A, its greatest divisible subgroup, and by A[n]
the n-torsion subgroup of A. It is well-known that Ay has a direct complement in
A (in general, not uniquely determined), which is a reduced group.

Proposition 2.3. Let A be an abelian group such that Aln] is finite for every
positive integer n. Then

(i) Az =,50nA;

(i) if A/nA is finite for all positive integers n then |A : Ag| < 2%0.

Proof. (i) Clearly, Aq < [),,5onA. It suffices to show that the subgroup (1, ,nA
is divisible. Let a € [, ,nA4, and k be a positive integer. Then a € kA and so the
set {b: kb = a} is not empty. Therefore it is a coset of the finite subgroup A[k];
let it be {b1,...,bs}. We show that one of the b; belongs to [,.,nA. Suppose
not. For each i choose a positive integer n; so that b; ¢ n;A. There is b such that
a =kny...nsb. Then ny...nsb is one of the b;, contrary to b; ¢ n; A

(ii) Suppose A/nA is finite for all positive integers n. Using (i), we have

AJAg= A/ (| nA— ] A/nA,

n>0 n>0
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and the result follows. O

We will apply Proposition 2.3 to subgroups of the multiplicative groups of fields;
obviously, they satisfy the assumption of the proposition.

Proposition 2.4. Let A be a pure subgroup of an abelian group G, and A < B < G.
Suppose |A : nA| = |B : nB| < oo for any positive integer n. Then B is a pure
subgroup of G.

Proof. Let b € BNnG. Let aq,...,a; be representatives of all cosets of nA in A.
Whenever i # j, we have a; —a; ¢ nA and hence a; —a; ¢ nG because A is pure in

G;soa;—a; ¢ nB. Then ay,...,ay is a full system of representatives of the cosets
of nB in B because |B : nB| = k. Then b — a; € nB for some i. We have a; € nG
and so a; € nA, because A is pure in G. Therefore b € nB. O

An abelian group is called pure-injective if it has a direct complement in every
its pure extension.

Fact 2.5 (see [3], Section 10.7). Fvery N;-saturated abelian group is pure-injective.

Fact 2.6 (see [2], Theorem 38.1). A direct summand of a pure-injective abelian
group s pure-injective.

3. AXIOMS FOR THE THEORY OF M

Our goal is to find a complete axiom system for the theory of the structure M
introduced above and to show that it admits quantifier elimination.
Consider the class of all L*-structures N satisfying the conditions (1)—(7) below.

(1) The L-reduct of N is an ordered real closed field R.

(2) The set T'(N) is a subgroup of S.

(3) The group I'(N) is elementarily equivalent to the group T
(4) The set T'(N),e is dense in the interval [—1, 1] of R.

(5)

5) Whenever f(X,Y,Z) is a polynomial over Z of positive degree in X, for
any tuple c in R every open interval in R contains an element a in R such
that for every tuple b in I'(N),. we have f(a,b,c) # 0.

(6) Whenever

e p(Xi,...,X,) is a nonconstant polynomial over Z,

o (M1, sMin)ye oy (Mp1y... Mpy) € 2" —{(0,...,0)},
i glv"'agker7

o forall zy,...,2, €T

k
CEp(z1y...y20) =0« \/ Z{ 1 zyt 2 L = gy,
i=1
we have for all zq,...,2, € T(V)
k
CEpz1, - y2n) =0« \/ 27"z Lzt = (gi)N,
i=1

where C' is the algebraic closure of R.
(7) N satisfies all the quantifier-free L*-sentences that hold in M.
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It is easy to see that there exists an infinite set T of first order L*-sentences such
that an L*-structure N satisfies the conditions (1)—(7) if and only if N is a model
of T

Proposition 3.1. The structure M is a model of T.

Proof. Obviously, M satisfies Axioms 1-3 and 6-7.

To prove that Axiom 4 holds in M, it suffices to show that I' is dense in S, that
is, whenever 0 < a < b < 2, there exists z € T' with a < arg(z) < b. Choose
n so that b —a < 27/n. As T is infinite, by the pigeon-hole principle there are
ke {0,...,n—1} and z, v € T such that

2rk/n < arg(z) < arg(v) < 2w(k + 1)/n.

Let u = vz~ ! and ¢ = arg(u). Then v € ' and 0 < ¢ < 27/n. There is a positive
integer | such that (I — 1)¢ < a < l¢. Clearly, a < l¢p < b. As u! € T, and
arg(u) = 1o, the result follows.

Axiom 5 holds in M because any interval in R is uncountable, but I' is countable
and so for any finite subset A of R there are only countably many elements algebraic
over I',c U A. [l

We will prove
Theorem 3.2. The theory T admits quantifier elimination.

Since M is a model of T, Theorems 1.4 and 1.3 follow. Moreover, due to
Axioms 7 and Theorem 3.2, a sentence holds in all models of T iff it holds in M.
Therefore we will have

Corollary 3.3. The theory T is complete.

For any model N of T, let f : ' — N x N be the map defined by f(g) = gn,
where gy is the element of N x N we defined in the first subsection of Section 2.
As g € T, we have gy € T'(N), by Axiom 7; so, in fact, f : T'— T'(N).

We will need later

Lemma 3.4. The map f is a pure monomorphism from the group I' to the group

L(N).
Proof. For any quantifier-free formula ¢ (w1, ..., w,) in the language of multiplica-
tive groups there is a quantifier-free formula ¢'(vq,u1, ..., v, u,) in the language

of rings such that for any real closed field R and z1,...,2, € C* with z; = (x;,¥;)
we have

C* ':¢(Zla"'72n) iff R':¢/(x17y1a"'axn7yn)'
Let R be the L-reduct of NV, and C the algebraic closure of the real closed field
R. For ¢ as above and g1, ...,g9, € I' with g; = (a;, b;), we have

U'Ed(gr,.. . 00) &
R E ¢'(a1,b1,...,an,b,) &  (by Axiom 7)
¢ (a1,b1,...,an,b,) €T &
R ¢'((a1)n, (b1)n, - (an)n, (bn)n) <
C* Eo((g1)ns--, (gn)N) &
L(N) E o((g1)ns- -, (gn)n)-
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It follows that f : I' — I'(N) is a monomorphism. We show that f is pure. Let
n be a positive integer, and ¢ be the formula w{ = ws. For the corresponding
@' (v1,u1,v2,u2), whenever g = (a,b) € I, we have

I'E=3Jww" =g)

M & 3zy (T(z,y) A ¢'(2,y,a,b)) & (by Axioms 7)
Joy (D(z,y) A ¢/ (2,y,0,b)) €T &
N ): ny (F(.’L" y) A (bI(xv Y,an, bN)) A
I'(N) E Jw(w"™ = gn).

The lemma is proven. O

We denote the pure subgroup f(I") of T'(NV) by I'y.

4. SUBMODEL COMPLETENESS OF T

To prove Theorem 3.2, it suffices to show that any finite partial isomorphism «
between any two models N and N’ of T is an elementary map.

We may assume that N and N’ are (2%°)*-saturated. Let Ny and N}, be the
L*(T)-reducts of N and N’, respectively. Every elementary map from Ny to N{ is
an elementary map from N to N’, because N and N’ are definitional expansions
of Ny and N/, respectively. Therefore it suffices to prove that « extends to an
elementary map from Ny to Nj. Thus, it suffices to prove the following

Proposition 4.1. Let N and N’ be (2%°) T -saturated models of T. Then there exists
a back-and-forth system S from Ny to N{ such that any finite partial isomorphism
from N to N' extends to a member of S.

Here a back-and-forth system from Ny to N{ is defined to be a set S of partial
isomorphisms from Ny to N/ such that for every 3 € S and a € N, o’ € N’ there
exists v € S such that 5 C v, a € dom(y), and @’ € rng(y). It is well-known that
any member of a back-and-forth system is an elementary map.

Proof. We construct S satisfying the conditions of Proposition 4.1.
Let R and R’ denote the ordered real closed fields that are the L-reducts of N
and N', respectively. Let C' and C’ be their algebraic closures.
Let £ be the set of all LT-elementary maps from N to N’. Let Sy be the set of
all 8 € £ such that there exist
e a finite subset A of R, and a finite subset A’ of R/,
e a subgroup H of I'(N) of cardinality at most 2%, and a subgroup H’ of
['(N') of cardinality at most 2%°
satisfying the following conditions:
(a) dom(B) = AU Hye, tng(8) = A'UH), B(A)=A4" B(Hy)=H];
(b) A is algebraically independent over I'(N) in C, and A’ is algebraically
independent over I'(N') in C’;
(¢) Ty < H and T’y < H;
(d) H has a divisible torsion-free direct complement D in T'(N), and H' has a
divisible torsion-free direct complement D’ in T'(N").

Let S={3:8 € Sy}. Since B € £ implies B € &, we have S C €. It suffices to
prove the following three lemmas.
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Lemma 4.2. Any member of S is a partial isomorphism from Ny to N{.

Lemma 4.3. Fvery finite partial isomorphism from N to N’ extends to a member

of S.
Lemma 4.4. S is a back-and-forth system from Ny to N{.

Below we prove the lemmas. This completes the proof of Proposition 4.1 and
hence of Theorem 3.2. O

Proof of Lemma 4.2. The following claim is crucial in the proof; it is where
Lang’s property of I" and Axiom 6 of T' is used.

Claim. Let N be a model of T. Suppose T'(N) is the direct product of subgroups H
and D such that 'y < H, and D is torsion-free. Let A be a subset of C' algebraically
independent over T'(N) in the field C. Then

aclc(A,H)NT(N) = H.

Proof of the Claim. Clearly, acle(A, H) NT(N) contains H. We show that z € H
assuming z € aclc(A, H) NT(N).

First we prove that z € aclc(H). Let Ag be a minimal subset of A such that
z belongs to aclg(Ag, H). Then Ay = 0, because for a € Ay we would have
z ¢ acle(Ao — {a}, H), and, by the Exchange Property of the algebraically closed
field C,

a € acle(Ag — {a}, z,H) C aclc(Ag — {a}, T'(V)),
contrary to algebraic independence of A over I'(N) in C.

Thus p(z, hy,...,h,) =0 for some polynomial p(Xy, X1,...,X,) over Z of pos-
itive degree in Xg, and some hy, ..., h, € H. By the property (iii) of the group I,
there exist

e a positive integer k,
e elements ¢g,...,g, of I', and
e nonzero (n + 1)-tuples of integers (Mo, M1, -, Myn), t = 1,..., k,

such that, whenever zg, z1,...,2, € I', we have
k
CEp(z0,21,---,2n) =0« \/ zo 02 L = g,
i=1

Then by Axioms (6), whenever zg, 21, ..., 2, € T'(N),

k
CEp(z0,21,--.y2n) =0« \/ 25 02" 2yt = (gi)N-
i=1
The set of solutions in I'(N) of the equation p(Xg, h1,...,h,) = 0 in X is finite
and nonempty. It follows that m;y # 0 for at least one i, because otherwise this set
would be either () or T'(IV). Thus, we have

mgmy Mn
z hl hn = dgnN

for some g € T" and integers m,mq, ..., m,, where m # 0. Since gy € H, it follows
that 2 € H. Let z = hd, where h € H and d € D. So h™d™ € H, and therefore
d™ e HnN D = {1}. Since D is torsion-free, we have d = 1 and hence z € H, and
we are done. The Claim is proven. 0
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Now we are ready to prove Lemma 4.2. Let 8 € Sop. We show that 3 is a partial
isomorphism from Ny to N/. Since 5 € £, we need to prove only that z € I'(N) iff

B(z) € T(N'), for any z € dom(3). We have

dom(pB) = aclg(A4, Hye), dom(B) = dom(8) x dom(f).
Since B3(H,.) = H], by (a), we have H gAdom(ﬁA) and 3(H) = H' by Lemma 2.2.

Therefore it suffices to observe that dom(3) NT'(N) = H and mg(3)NT(N') = H'.
We show the first; the second is similar. Clearly, H is contained in dom(5) NT'(N).

Then the resulf follows from the Claim, because dom(3) C acla(A, H): if z €

dom(f3) then
Zrea Zim e dOm(B) = a‘CIR(Aa Hre) g aCIC(A7 Hre) - a‘CIC(A7 H)a

and hence z € aclc(A, H). Lemma 4.2 is proven.

Proof of Lemma 4.3. Let « be a finite partial isomorphism from N to N’. We
need to construct 5 € Sy such that a C 5. We will use the following

Claim. For any X C I'(N),e with |X| < 2%0 there exists v € £ such that o C 7,
dom(y) = dom(a) U X, and y(X) CT(N')se.

Proof of the Claim. Let X = (a; : i < 2%0). For each i < 2% choose a! such that
(a;,al) € T(N). Let p be the quantifier-free L™-type over dom(a) of the family
{a;,al 1 i < 2%} in the variables {x;, 2} : i < 2%}, Let ap stand for the quantifier-
free L™ -type over rng(a) induced by the map a.

We show that the set of formulas
A= apU{T(z;,2}) i < 2%}

realizes in N’. Since N’ is (2%0)*-saturated, it suffices to check that A is finitely
satisfiable in N’. The latter is true because the map « preserves atomic L*-formulas.
Let {b;,b. : i < 2%} be a realization of A in N’. Put

y=aU {(az,bz) 1< QNU}.

Clearly, dom(y) = dom(«) UX, and v(a;) = b; € T'(N')ye for all 5. Moreover, v is a
partial Lt-isomorphism and therefore is an LT-elementary map because the theory
of ordered real closed fields admits quantifier elimination. The Claim is proven. [

Choose a subset A of dom(«) which is maximal among the subsets of dom(a)
algebraically independent in the field C over I'(N). Then any element of dom(«) is
algebraic over I'(IV) U A. Since dom(«) is finite, there is a finite subset Z of T'(IV)
such that any element of dom(«) is algebraic over Z U A.

Let U be a direct complement of T'(N)4 in T'(IN). Since Z is finite, and T'y is
countable, there is a countable divisible subgroup V of T'(IV)4 such that ZUT'y C
UV. Clearly, H = UV is the direct product of the subgroups U and V. Let D be
a direct complement of the divisible subgroup V' in I'(N)g4; clearly, D is divisible.
Then I'(V) is the direct product of the subgroups U, V', and D, and so is the direct
product of H and D.

SinceT' ~ T'y < T'(N) by Lemma 3.4, T'(N) =T by Axioms 3, and T" has at most
n elements of order n, it follows that all elements of finite order in I'(IV) belong to
I'y, and so to H. Therefore D a torsion-free divisible group.
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As T'/T™ is finite and I'(V) = T', the group I'(N) is finite modulo n, for any
n > 0. Therefore, by Proposition 2.3(ii), |U| < 2%. Since V is countable,

|H| = |UV| < 280,

By the Claim applied to « and X = H,,, we obtain v € £ such that v 2O «,
dom(y) = dom(a) U Hye, and y(Hye) C T'(N')ye. We have

AU H,e Cdom(v) Caclg(AU Hy).

Here the first inclusion is obvious. As Z C H, each element of dom(«) is algebraic
over AU H in C and so over AU H,, in R. Thus we have the second inclusion.
Hence dom(%) = aclg(dom(y)) = aclg(A U Hye).

Let 3 be the restriction of v on AU H,.. Then 8 € £. As 8 C v we have 3 C 7;
moreover, 3 = 4 because

dom(%) = aclr(A U H,.) = dom(f).

Hence oo C v C 7 = 3. We show that 8 € Sp.
Applying Lemma 2.2 with H as G and T'(N’) as G', we have
H Cdom(B), B(H)<T(N'), B(Hre)=B(H)r.
Then for A’ = 3(A) and H' = 3(H) the condition (a) holds.

The set A was chosen to be algebraically independent in C' over I'V. Since o
preserves atomic L*-formulas, the set A’ = «a(A) is algebraically independent in C”
over I'(N"). So (b) holds.

By our construction I'y < H. Therefore for all a € T’y U 'y, we have

an € aclr(Hye) C dom(f).

As B € &, we have B(ay) = anv. It follows that Iy = B(y) < H'. Thus (c)
holds.

It remains to check (d). We already checked that H has a divisible torsion-free
direct complement D in T'(N). We prove that H' has a divisible torsion-free direct
complement D" in T'(N").

First we show that H’ is a pure subgroup of I'(N’). By Lemma 3.4, 'y is a pure
subgroup of T'(N'). We have 'y < H' < T(N'). Also, for any positive integer n
we have

|H' : H"|=|H : H"|=|[(N) : T(N)*| = T : T"| = [[(N’) : T(N")"].
Then the result follows from Proposition 2.4.

The group I'(N) is Ry-saturated and so is pure-injective, by Fact 2.5. Being a
direct summand of T'(NN), the group H is pure-injective, too, by Fact 2.6. Then H’
is pure-injective. Therefore H' has a direct complement D’ in T'(N”).

Since T'(N') =T ~ I'yv, and I'(N') has at most n elements of order n for each n,
all elements of finite order in I'(N’) belongs to the subgroup I'ys, and so to H'.
Therefore the group D’ is torsion-free. We show that D’ is divisible. Let n > 0.
We have

‘FN’ : (]_-\N/)n| = |H/ : H/n‘ . |D/ : Dln|
Since, as we already showed,
v (D) = B 5

it follows that |D’ : D™ = 1 and so D’ = D’™. This completes the proof of
Lemma 4.3.
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Proof of Lemma 4.4. By symmetry, it suffices to prove that if 5 € Sy and a € N
then there exists v € Sy such that § C v and a € dom(¥).
Let A, A’, H, H', D, and D’ witness that 3 € Sy.

If a € dom(3), we can take 3 for v; so we assume that a ¢ dom(f).

CASE 1. a € T'(N)qe.

In this case a = ¢, for some ¢ € T'(N). Since a ¢ dom(3) = aclg(AU H,e), we
have ¢ ¢ aclc(AUH). Let ¢ = hd, where h € H and d € D. Then d ¢ aclc(AUH).
As D is divisible, there exist dgy,d;,... in D such that

dy = d, dy =dp—1 foralln>0.

Clearly, d,, is inter-algebraic with d in C, and so d, ¢ aclc(A U H), for all n.
Then for e, = (d,)re we have e, ¢ aclp(A U H,e), and the elements e,, pairwise
inter-algebraic in R.

We will need the following

Claim. For any e € T'(N)ye \ aclg(A U Hye) there is € € T'(N')ye such that 8 U
{(e;€')} € €.

Proof of the Claim. Let p(z) be the LT-type of e over AU H,. in R. We need to
prove that the set of formulas

Bp(a) U3yl (2,y)}
is realized in N'. As N’ is (2%)T-saturated, and |AU H,| < 2%0, it suffices to show
that whenever ¢ € p the formula

Bé(z) A yL(z,y)
has a solution e; in N’. Since the ordered real closed field R is o-minimal, and e is
not algebraic over AU H,. in R, there exist

b,V € aclr(A U Hye) U {00}
such that b < e < b’ and
REVr(b<z <l — ¢()).
It follows that
R EVz(B(b) <z < B) — Bo(z)).

Since € € T'(N)ye, we have —1 < e < 1; so we may assume that

—1<b<b <1,
and hence B B

—1<B(b) <p) <1

in R'. Since N’ satisfies Axiom 4, there exists e, € I'(N')e with

B(b) < el < B).
Then e'¢ satisfies the required condition. The Claim is proven. (]

Let p(zo,x1,...) be the LT-type of (eg,e1,...) over AU Hye in N, and
A = (Bp)(zo, 21, .. ) U{Fynl(z0,yn) : n <w}

Thus A is a set of formulas over A’ U H/, with free variables (x; : i < w).

Claim. A is finitely satisfiable in N'.
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Proof of the Claim. It suffices to check that A, is realizable in N’ for all n, where
A,, is the set of formulas in A in which no z; with ¢ > n is involved.

Let A™ be the set of formulas in A in which no z; with ¢ # n is involved. By
the previous Claim A™ is realizable in N’ by some element e/ ; then

§=pU{(en,€,)} €E.
We have
(HU{dn})re = Hre U {en} € dom(0),
O((H U{dp}re) = Hl U {e} C T(N)re.

Let G be the subgroup of I'(N) generated by H U {d,}. Applying Lemma 2.2,
we obtain G C dom(d) and 0(G) < I'(N’). For i < n we have d; € G. Hence
6(d;) € T(N') and e; € dom(6). Put e} = d(e;). Then €, € I'(N'),e. Since § € &, it
follows that the tuple (e, ..., e}) realizes A,. The Claim is proven. O

As the structure N’ is (2%0)*-saturated and |A’UH!,| < 2% the set A is realized
in N’; let (ep,€],...) be a realization. Then

T=08U{(en,e€,):n<w}eCE,

and e), € Fi\é/ for all n. Let P be the subgroup of D generated by all d,. Clearly,
HP C aclg(dom(7)) and so

AU (HP)e C aclg(dom(7)) = dom(7).

Let v be the restriction of 7 on AU (HP),.. Clearly, 8 C v and v € £. We have
a = ey € Pe € dom(y). We prove that v € Sy, and A and HP witness this. Since
P is countable, |HP| < 2%,

It is easy to see that the group P is divisible. Let Dy be a direct complement of
P in D. Clearly, I'(N) is the direct product of HP and Dy, and Dy is torsion-free
and divisible. As

(HP);e € dom(y) and ~((HP)., C Fﬁ\é/,
by Lemma 2.2 we have
HP Cdom(§), H'P'<T(N'), Y((HP)e)= (H'P)e,
where P’ = 4(P). It remains to show that H'P’ has a torsion-free divisible direct
complement D’ in T'(N").

Remember that I'(N') is the direct product of H' and D’; we denote by P} the
D’-projection of P’. Then P} is divisible and H'P’ = H'Pj. Let D} be a direct
complement of P} in D’. Then I'(N') is the direct product of H', P}, and D{,, and
hence is the direct product of H'P’ and Dj. As D’ is torsion-free and divisible, so
is Dj.

Thus, in Case 1 we are done. We reduce to this the following more general case.

CASE 2. a € aclp(A,T'(N)re)-

In this case we have a € aclg(A,ay,...,a,) for some a; € T'(N),. Repeating
the arguments of Case 1 n times we can find v € Sy such that § C v and all g,
belong to dom(%). As A C dom(%) and the set dom(%) is algebraically closed, we
have a € dom(%). It remains to consider

CASE 3. a ¢ aclp(AUT(N)ye).
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Let a be an enumeration of the set A, and ¢(x) the set of all sentences 67 of the

form
n

Yujvy ... unvn(/\ T(ui,v;) — f(z,u,a) #0),
i=1
where f(X,Y, Z) is a polynomial over Z of positive degree in X. Clearly, a satisfies
q(z) in N. Let p(z) be the LT-type of a over AU H, in R.

Claim. The set of formulas A = Bp(x) U Bq(z) is finitely satisfiable in N'.

Proof of the Claim. We show that if ¢ is a formula in p and f;(X,Y, Z) are poly-
nomials over Z of positive degree in X, where i = 1,...,k, then the formula

B(x) A B0, (x) A--- N B0y, (x)
has a solution in N’. Let f = fi...fr. It suffices to show that the formula
Bo(z) A B0s(x) has a solution d’ in N'.
As the ordered field R is o-minimal, and « is not algebraic over A UT'(N)e in
R, there are b, V' € acl(AUT'(N)g) U {£oo} such that b < a < b and

REVz(b<z <V — ¢(z)).
It follows that 3(b) < (V') in R’, and
R’ = Va(5(b) < w < B) — fo(x))
(where 3(+00) = +oco). As N’ satisfies Axiom 5, there is d € N’ such that

B(b) < d < Bb') and N’ |= 804(d’). Then d’ satisfies the required condition. The
Claim is proven. O

Since N is (2%0)T-saturated, and | AUH,,| < 2%, the set of formulas A is realized
in N’ by some element a’. Since a’ satisfies B¢(x), we have a’ ¢ aclp (A", T(N')ye)-
Put v = BU{(a,a’)}. As o satisfies Op(x), we have v € €. Since AU {a} is
algebraically independent over I'(N) in C, and A’U{a'} is algebraically independent
over I'(N') in C’, we have v € Sy.

This completes the proof of Lemma 4.4.
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