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Abstract

We study formal expansions of asymptotically flat solutions to the static
vacuum field equations which are determined by minimal sets of freely spec-
ifyable data referred to as ‘null data’. These are given by sequences of sym-
metric trace free tensors at space-like infinity of increasing order. They are
1: 1 related to the sequences of Geroch multipoles. Necessary and sufficient
growth estimates on the null data are obtained for the formal expansions to
be absolutely convergent. This provides a complete characterization of all
asymptotically flat solutions to the static vacuum field equations.

PACS: 04.20.Ex, 04.20.Ha
1 Introduction

In this article will be given a characterization of the asymptotically flat, static solutions
to Einstein’s vacuum field equations Ric[g] = 0. We thus consider Lorentz metrics which
take in coordinates suitably adapted to a hypersurface orthogonal, time-like Killing field
K the form

Gg=v2dt*> +h, v =v(x), h = hay(x€) dz® da, (1.1)

where h denotes a negative definite metric on the time slices S, = {t = ¢ = const.} and the
Killing field is given by K = J;. In this representation Einstein’s vacuum field equations



reduce to the static vacuum field equations

- 1. -
Rap[h] = ;Da Dy, Ajv=0 on S=5. (1.2)

It will be assumed that S is diffeomorphic to the complement of a closed ball B r(0) in R?
with a diffeomorphism whose components define coordinates x, a = 1,2, 3, on S in which
the asymptotic flatness condition®

hac = (1 + 2|;’|L) Sac 4+ Op(|z|~0F9),  w=1 + O0p(Jz|7F9))  as |z — oo,
(1.3)
is realized with some € > 0 and k > 2, where |.| denotes the standard Euclidean norm.

Solutions to equations (1.2) satisfying the fall-off conditions (1.3) have been charac-
terized by Reula ([23]) and Miao ([18]) in terms of boundary value problems for the static
field equations where the data are prescribed on the sphere dS, which encompasses the
asymptotic end.

Our interest in static solutions comes, however, from the observation that for vac-
uum solutions arising from asymptotically flat, time symmetric initial data asymptotic
smoothness at null infinity appears to be related to asymptotic staticity of the data at
space-like infinity ([14], [25]). To analyse this situtation we wish to control the static
vacuum solutions in terms of quantities defined at space-like infinity.

Another reason for giving such a characterization results from the work by Corvino
([5], [6]), Corvino and Schoen ([7]), and Chrusciel and Delay ([3], [4]). These authors
deform given asymptotically flat vacuum data outside prescribed compact sets to vacuum
data which are exactly static or stationary near or asymptotically static or stationary at
space-like infinity and use such data to discuss the existence of null geodesically complete
solutions which have a smooth asymptotic structure at null infinity. To assess the scope of
these results it is desirable to have a complete description of the asymptotically flat static
vacuum solutions in terms of asymptotic quantities.

A characterization of this type has been suggested by Geroch by giving a definition
of multipole moments for static solutions ([16]). He assumes the metric h to admit a
smooth conformal extension in the following sense. With an additional point ¢, which is to
represent space-like infinity, the set S = SuU {i} is assumed to acquire a smooth differential
structure which induces on S the given one, which makes S diffeomorphic to an open ball
in R? with the center representing i, and which admits a function Q € C?(S) N C>°(S)
with the properties

m
||

Q>0 on S, (1.4)
hay = Q% hay  extends to a smooth negative definite metric on S, (1.5)
Q=0, D=0, DyDyQ=—2hy at i, (1.6)

where D denotes the covariant derivative operator defined by h. We note that these
conditions are preserved under rescalings h — ¥*h, Q — ¥?Q with smooth positive
functions ¥ satisfying ¥(i) = 1.

IThe terms Og(|z|~(1+9)) behave like O(|z|~(1+<+9)) under differentiations of order
J<k



With these assumptions Geroch defines a sequence of tensor fields P, P,, P,,a,, ---
near i by setting?

1
P=QY2(1—v), P,=D,P, P, =C(Da,P, — 3 PRaa,),

. 2p—1
Pairiar=C(Da Pa ar—CpPa \ as Ravay), with ¢, = pCp=b) o5

ap+1= ap 2

where R,;, denotes the Ricci tensor of h,, and C the projector onto the symmetric, trace
free part of the respective tensor fields. The multipole moments are then defined as the
tensors

v = P(i), Vap.ay = Pay.ay (1), p=1,2,3,...,

at . Setting aside the monopole v, we will denote the remaining series of multipoles by

Dinp = {Vay s Vasars Vasasays - - - - (1.7)

The problem of characterizing solutions to a quasi-linear, gauge-elliptic system of
equations of the type (1.2) by a minimal set of data given at an ideal point representing
space-like infinity is unusual and certainly quite different from a standard boundary value
problem for (1.2). There are available some results which go into this direction but little
has been done on the general question of existence.

Miiller zum Hagen has shown that solutions v, hep to (1.2) are real analytic in h-
harmonic coordinates ([20]). The question to what extent the multipoles introduced above
determine the metric hqp, and the function v raises the question whether this metric is real
analytic even at 4 in suitable coordinates and conformal scalings. Beig and Simon ([2]) have
shown (under assumptions which have been relaxed later by Kennefick and O’Murchadha
[17]) that the rescaled metric does indeed extend in a suitable gauge as a real analytic
metric to ¢ if it is assumed that the ADM mass satisfies

m # 0. (1.8)

We shall assume this result in the following and shall not go through the argument again,
though its structural basis will be pointed out in passing. Beig and Simon also provide an
argument which esssentially shows that given sets of multipoles determine unique formal
expansions of ‘formal solutions’ to the static vacuum field equations.

For axisymmetric static vacuum solutions, which are special in admitting explicit
descriptions ([26]), the question under which assumptions a sequences of multipoles does
indeed determine a converging expansion of a static solution has been studied by Backdahl
and Herberthson ([1]). For the general case, for which the freedom to prescribe data is
much larger, this problem has never been analysed. For this reason the results referred to
above remained essentially of heuristic value.

It is the purpose of this article to derive, under the assumption (1.8), necessary and
sufficient conditions for certain minimal sets of asymptotic data, denoted collectively by
D,, and referred to as null data, to determine (unique) real analytic solutions and thus

2We depart from the convention of [16] by changing the sign of P.



to provide a complete characterization of all possible asymptotically flat solutions to the
static vacuum field equations. The behaviour of these solutions in the large will not be
studied here. We shall only be interested in what could be called ‘germs of static solutions
at space-like infinity’, for which S may comprise only a neighbourhood of the point ¢ which
is quite small in terms of A (in terms of h they cover still infinite domains extending to
space-like infinity).

While the multipoles above are defined for any conformal gauge, it will be concenient
for our analysis to remove the conformal gauge freedom. As shown below, the metric
h = Q2 h defined with the preferred gauge

q- (1 - v>2 ,
m
on a suitable neighbourhood S of space-like infinity, can be extended with (1.4) - (1.6)

in suitable coordinates to a real analytic metric at ¢. The metric so obtained satisfies
R[h] =0 on S. In this gauge we get with the notation above

P=m, P,=0 P, = f% Sagars (1.9)
Pap+1...a1 :C(DaerlPap...al _CpPaerlA..ag sazal)a b= 2737 vy (110)

where s,; denotes the trace free part of the Ricci tensor of h. In the given gauge we
consider now the set

DTL = {Sll’zal(i)’ C(Da33a2a1)(i), C(Da4Da35a2al)(i), C(DasDa4Da33a2a1)(i)’ """ }

Given m # 0 and the sequence D,, associated with h, one calculate the multipoles D, of
h and vice versa. The sets D,, and D,,,,, thus carry the same information, but D,, is easier
to work with because the expressions are linear in the curvature.

Let now c,, a = 1,2,3, be an h-orthonormal frame field near ¢ which is h-parallely
propagate along the geodesics through ¢ and denote the covariant derivative in the direction
of ¢y by D,. We express the tensors in D,, in terms of this frame and write

D;, = {saza, (1), C(DaySasa;)(i), C(Da,Da;Saza,)(i); C(DagDa,Da;Saza, ) (i), (} )
1.11
We note that these tensors are defined uniquely up to a rigid rotation c, — s 4 ¢ with

(s®a) € O(3,R). These data will be referred to as the null data of h in the frame ca.

It will be shown that if these data are derived from an real analytic metric h near ¢
there exist constants M, » > 0 so that the components of these tensors satisfy the Cauchy
estimates

M p!

C(Da, -+ Daysbe) (i) < —

, a,,...,a;, b,c=1,2,3, p=0,1,2,....
Conversely, we get the following existence result.

Theorem 1.1 Suppose m # 0 and

ﬁn = {wagaly ¢a3a2a17 ¢a4a3a2a17 s }a (112)
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is a infinite sequence of symmetric, trace free tensors given in an orthonormal frame at
the origin of a 3-dimensional Euclidean space. If there exist constants M,r > 0 such that
the components of these tensors satisfy the estimates

M p!
rp

|'(/)ap...a1bc|§ ) apv"'7a17b7C:17273a p:071727"'a

then there exists a germ (iNL,v) of an analytic, asymptotically flat, static vacuum solution
at space-like infinity with ADM mass m, unique up to isometries, so that the null data

m

4 _
implied by h = (ﬂ) h in a suitable frame c, as described above satisfy

C(Daq Dassazal)(i) = waq eeapy q=2,3,4,... .

A series of data of the form (1.12) (not necessarily satisfying any estimates) will in the
following be referred to as abstract null data. The type of estimate imposed here on the
abstract null data does not depend on the orthonormal frame in which they are given (cf.
the discussion leading to (7.30)). Since these estimates are necessary as well as sufficient,
all possible germs of asymptotically flat static vacuum solutions at space-like infinity are
characterized by this result.

The proof of the result above will be given in terms of the conformal metric hgp.
For this purpose equations (1.2) are reexpressed in chapter 2 as ‘conformal static vacuum
field equations’ for hy, and fields derived from h,, and v. In chapter 3 it is shown by a
direct argument that in a certain setting a set of abstract null data defines the expansion
coeflicients of a formal expansion of a solution to these equations uniquely. Showing the
convergence of the series so obtained appears difficult, however. Using the analyticity of
the solutions to the conformal static vacuum field equations at the point i, we study in
chapter 4 their analytic extensions into the complex domain. Denote by N the ‘cone’
with vertex at ¢ generated by the complex null geodesics through the point i. The null
data are then represented by a function on N, the component of the Ricci tensor obtained
by contracting it with the null vector tangent to N;. In this setting the original problem
assumes the form of a characteristic initial value problem with data prescribed on Nj;.

We wish to obtain the equations in a form which allows us to derive from prescribed es-
timates on the null data appropriate estimates on the expansion coefficients. This requires
a choice of gauge which is suitably adapted to A;. Because of the vertex, any such gauge
will necessarily be singular at a certain subset of the manifold. The manifold S considered
in chapter 4 organizes the singularity in a geometric way. In chapter 5 the conformal static
vaccum field equations are considered on S’, and it is shown how to determine a formal
solution to the complete set of conformal field equations from a given set of abstract null
data. The convergence of the series so obtained is shown in chapter 6. Making use of the
Lemmas proven in the previous chapters, this result is translated in chapter 7 into a gauge
which is regular near ¢ and allows us to prove Theorem 1.1. A translation of the estimates
on the null data into equivalent estimates on the multipoles and a generalization of the
present result to stationary solutions will be discussed elsewhere.



2 The static field equations in the conformal
setting

The existence problem will be analysed completely in terms of the conformally rescaled
metric. We begin by describing the conformal gauge and then express the static field
equations in terms of the conformal fields. This discussion follows essentially that of [12]
and [14].

2.1 The choice of the conformal gauge

Consider a situation as described by conditions (1.4) - (1.6). If the metric h is asymptot-

ically flat and has vanishing Ricci scalar R[h] on S the function () satisfies (cf. [14])

1
(A — gR[h]) (Q_l/z) =0 on S and rQ Y251 as r—0,

where r denotes the h-distance from 4. Sufficiently close to i one obtains the representation
971/2 _ C71/2 + VV7
with smooth functions { and W satisfying
1
(An = gRIR)W =0, (2.1)
and
C(Z) =0, DaC(i) =0, DanC(i) = —2hgp- (2'2)

The functions ¢ and W are real analytic if the metric h is real analytic. In [2] Beig and
Simon consider static vacuum metrics in the form

g= U dt? 4+ 2V ilab dz® da?,

related to (1.1) by v = eV and hgp = v2 hyp, and show that the function w = (U/m)? and
the metric R o
By =w?hay =Q2%he with Q' =weY, (2.3)

extend in h’-harmonic coordinates near i to real analytic fields at ¢ so that Q' satisfies
requirements (1.4) - (1.6) with the h/-covariant derivative operator D’.

It follows that Q' ~1/2 = ¢'~1/2 4 W' with ¢/ = ot 7y and W'=1%3 % ([12)).

Assume S to be chosen so that U # 0 on S. Rescaling with ¥ = W’/W’(i) > 0 on S gives
h=9'" =0%h with Q=9>¢,

where the conformal factor can be written

Q:(l_”)2 on S. (2.4)

m
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Because of equations (2.1) the metric h has then vanishing Ricci scalar

Rl =0 on S, (2.5)
and it follows that
0-1/2 = C—1/2 + W, (2.6)
where ) ,
m 1/1—vw m
= — == ith = —. 2.
w=" ¢ M<1+U) with =" 2.7)

The fields h and ¢ are real analytic on S and the functions W and ¢ satisfy (2.1), (2.2).
In the following the gauge (2.4) and thus (2.5) - (2.7) will be assumed.

2.2 The conformal static vacuum field equations

The function ( satisfies on S the equation
A (CTY?) =4ng;, (2.8)

where J; denotes the Dirac distribution with weight 1 at 4. This equation implies
1
2Cs=D,(D* on S with S:gAhC, (2.9)

which, together with (2.2), implies in turn the equation above. The function ¢ ~'/2 can be
characterized as a fundamental solution of Ay with pole at ¢ so that ( is real analytic on
S and satisfies (2.2). It is uniquely determined by h because the expansion coefficients of
¢ in h-normal coordinates centered at i are recursively determined by (2.2), (2.9).

We derive now a representation of the static vacuum field equations (1.2) in terms of
the conformal metric h and fields derived from it. With (2.5) follows

Rab[h] = Sab, (2.10)

where s, is a trace free symmetric tensor field. The first of equations (1.2) implies in the
gauge (2.4)
O:EabEDanC_Shab+C(1_MC)5ab7 (2.11)

with s as in (2.9). With the Bianchi identity D®s,, = 0 the integrability conditions

0= 5 0% 0= (DTt D Siehay
for the overdetermined system (2.11) take the form
0=2S,=Dgs+ (1—pul)sqD°C, (2.12)
and
0= Heap = (1 — p¢) Diesapp — 1 (2 D(eC Sapp + D€ Saje hagp)- (2.13)



We note that this can be read as an expression of the Cotton tensor Bpe, = D Rapp —
% DR hg)p in terms of the undifferentiated curvature. Its dualized version reads by (2.13)

1 1
B, = 3 Buca et = 7 _'uMC(Sda e ““D.C — 5 Sde €ba 1DeQ). (2.14)

Equations (2.10), (2.11), (2.12), (2.13) together with conditions (2.2), which imply
s(i) = =2, (2.15)
will be referred to as the conformal static vacuum field equations for the unknown fields

h, ¢, 8, Sap- (2.16)

The second of equations (1.2) implies that R[h] = 0 and can thus also be read as the
conformally covariant Laplace equation for v. With the conformal covariance of the latter
and (2.4), (2.5), (2.7), its conformal version reduces to (2.8). The identity

Do(2¢s—D,(D°0) =2(S, — 254 D,

shows that (2.9), whence (2.8), is a consequence of equations (2.2) and (2.11). It follows
that for given m # 0, which defines W and u, a solution of the conformal static vacuum
field equations provides a unique solution to the static vacuum field equations (1.2).

The system (2.10), (2.11), (2.12), (2.13) represents a quasi-linear, overdetermined,
gauge-elliptic system of PDE’s. The Ricci operator becomes elliptic in a suitable gauge
and the elliptic character of the remaining equations can be seen by taking the trace of
(2.11), by contracting (2.12) with D®, and by contracting (2.13) with D¢ and using the
Bianchi identity and (2.11) again so that in all three cases one obtains an equation with the
Laplacian acting on the respective unknown. By deducing from the fall-off behaviour of
the physical solution at space-like infinity a certain minimal smoothness of the conformal
fields at 7 and invoking a general theorem of Morrey ([19]) on elliptic systems of this type,
Beig and Simon ([2]) concluded that the solutions are in fact real analytic at . To avoid
introducing additional constraints by taking derivatives, we shall deal with the system of
first order above.

3 The exact sets of equations argument

Constructing solutions from minimal sets of data prescribed at i poses quite an unusual
problem for a system of the type of the static conformal field equations. To see how it
might be done, we study expansions of the fields in normal coordinates.

For convenience assume in the following S to coincide with a convex h-normal neigh-
bourhood of i. Let ¢,, a =1,2,3, be an h-orthonormal frame field on S which is parallely
transported along the h-geodesics through ¢ and let x* denote normal coordinates cen-
tered at i so that ¢ , = < dab, ca > = 6, at i. We refer to such a frame as normal frame
centered at i. Its dual frame will be denoted by x© = x©; da®.

At the point with coordinates x® the coefficients of the frame then satisfy

&z =6, 29, Ty a =20 a,



(where we set x, = x° 6, and assume, as in the following, that the summation rule does
not distinguish between bold face and other indices). Equivalently, the coefficients of the
dual frame satisfy

Xor’ =020 zaxPp =140, (3.1)
which implies with the coordinate expression h.p, = —dac X2 » X g of the metric the well
known characterization 2% hgp, = —x% d4p of the 2% as h-normal coordinates centered at .

In the following all tensor fields, except the frame field ¢, and the coframe field x©, will
be expressed in terms of this frame field, so that the metric is given by hap = h(ca,cc) =
—dab. With D, = D, the connection coefficients with respect to c, are defined by
Daoce =TaPcch.

An analytic tensor field T,, . a, on S has in the normal coordinates z* a normal
expansion at i, which can be written (cf. [13])

1 . :
Tayonp(z) = 5187 Dey o Dey Ty (i). (3.2)
p>0""

(This is a convenient short version of the correct expression; more precisely, the 2% should
be replaced here by the components of the vector field X which has in normal coordinates
the expansion X (z) = x 62} ¢4 and which is characterized by the conditions Dy V = 0,
V(i) = 0.) In the following will be shown how normal expansions can be obtained for
solutions

hab, C, S, Sab, (33)

to the conformal static vacuum field equations. In 3 dimensions the curvature tensor
satisfies

. 1
Rabcd[h] = Q{ha[ch]b + hb[ch]a} with Lub[h] = Rap [h] v R[h} hab,
and can be expressed because of (2.5) completely in terms of sap. Once the latter is
known, the connection coefficients I'n P ¢ and the coefficients of the 1-forms x? can thus
be obtained, order by order, from the structural equations in polar coordinates (cf. [8]),

d
75 X u(sah) = 8% 4 Te ™ a(sal) sxu(s2l) 2,
d
P (Ta®e(sz’)sx*s(s27)) = R®cqa(sz’) a? sx?y(sa?),

where s denotes an affine parameter along the h-geodesics through ¢ with unit tangent
vectors which vanishes at i, so that s2 = §,p x* z0.

By formally taking covariant derivatives, the expansion coefficients of ¢ and s up to
order m + 2 resp. m + 1 can be obtained from equations (2.11) and (2.12) once sap is
known up to order m. Calculating the expansion coefficients for s, by means of equation
(2.13) leads, however, to some complicated algebra. It turns out that the latter simplifies
considerably in the space spinor formalism.

To achieve the transition to the space-spinor formalism we introduce the constant van

der Waerden symbols

aABay aaAB7 (1:172,3, AaB:0717
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which map one-index objects onto two-index objects which are symmetric in the two
indices. If the latter are read as matrices, the symbols are given by

a _ a __ 1 _gl_ZfZ 53
5 _’gAB_O‘ABag —\@< 53 fl—i€2>7
1 < =&+ &2 &3 >

fa—>§AB:€aOéaAB:\ﬁ & £ 1 i

With the summation rule also applying to capital indices one gets

AB b _
0a=0aap a”” —0ap 0" AB Q" ¢D = —€A(c €D)B = haBCD,

a,b=1,2,3, A,B,C,D =0,1,

where the constant e-spinor is antisymmetric, e4p = —€p 4, and satisfies gy = 1. It is used
to pull indices according to the rules (g = tAeap, 1A =B g, so that €4 B corresponds
to the Kronecker delta. We shall denote the ‘scalar product’ k4 t* of two spinors k4 and
14 occasionally also by e(k,t). It is important here to observe the order in which the
spinors occur.

Given the van der Waerden symbols, we associate with an tensor field T2t--2» b1...by
given in the frame c, the space spinor field

A1B1...A,B aj...a
TP Pr 0ipy gDy = 10 P by b, ag e 'l c.p,

= T(A1B1)(4pBp) (C1D1)...(CyDyg)-

In the following we shall employ tensor or spinor notation as it appears convenient. With

the spinor field

’ ’ ’
. (T

and the notation
+ _ A/ B/ H/ —_
Sap.u=7a" TB" ...TH" SA'B . H,

where the bar denotes complex conjugation, one finds that a space spinor field
Ta,By...AB, = T(4,By)..(4,B,)
arises from a real tensor field Ta,..a, if and only if it satisfies the reality condition
TAlBl---Apo = (*1)10 TXIBl...A,,Bp' (3-4)
It follows in particular
Eap € =2 (&0 11 — €01 €o1) = 2 det(€ap) = =64, €€,

and we can have £ 45 €48 = 0 for vectors €45 £ 0 only if £% is complex. Since €48 = ¢(AB)|
the relations &4 €48 = 0, €48 £ 0 imply by the equation above that ¢48 = k4 kB for
some x4 # 0. This fact will allow us to interprete the data (1.11) as ‘null data’.

10



Any spinor field Tapc...gH, symmetric or not, admits a decomposition into products
of totally symmetric spinor fields and epsilon spinors which can be written schematically
in the form (cf. [21])

Tapc...ca = Tiapc...am) + Z €'s x symmetrized contractions of T. (3.5)

Later on it will be important for us that spinor fields T'a, B, ...a,B, arising from tensor
fields Tk, ...a, satisfy

— al a
Ta,By..4,8,) = C(Tay..a,) @™ 4,8, --- " A,B,,

i.e. the projectors C onto the trace free symmetric part of tensors is represented in the
space spinor notation simply by symmetrization. If convenient we shall denote the latter
also by the symbol sym.

To discuss vector analysis in terms of spinors, a complex frame field and its dual 1-form
field are defined by

cap =0 apca, X7 =0Ty

so that h(cap,cap) = hapep. If the derivative of a function f in the direction of c4p is
denoted by cap(f) = fac® ap and the spinor connection coefficients are defined by

1
Tap“p= 3 TaPea®apa® o py, sothat Tapep =T(apycon),

the covariant derivative of a spinor field ¢* is given by
Dap ¢ = e AB(LC) +TaB ¢ B B

If it is required to satisfies the Leibniz rule with respect to tensor products, it follows that
covariant derivatives in the cy-frame formalism translate under contractions with the van
der Waerden symbols into spinor covariant derivatives and vice versa.

The commutator of covariant spinor derivatives satisfies

(Dep Der — Der Dop) v = R goprr P, (3.6)

with the curvature spinor

1 R[h R[h
Rapcper = 3 {(SABCE -5 hapce)€epr + (saBpF — & haspr) ECE} )
where R[h] is the Ricci scalar and sapcp = sab a® ap @’ ¢p represents the trace free part
of the Ricci tensor of h, which is completely symmetric, sapcp = sapcp). The gauge
condition (2.5) implies

1
Rapeper = 5 (SABCE €DF + SABDF €CE) - (3.7)
In the space-spinor formalism equations (2.13) acquire the concise form
2
Da¥spepp = ﬁ spmep Day ¢ (3.8)

Applying to this equation and to the spinor versions of equations (2.11) and (2.12) the
theory of ‘exact sets of fields’ discussed in [21], we get the following result.

11



Lemma 3.1 Let there be given a sequence

D, = {wA2B2AlBl7 wASB3A2BZAlBl’ wA4B4A333A232A1317 : "}’

of totally symmetric spinors satisfying the reality condition 3.4. Assume that there exists
a solution h, C, s, sapcp to the conformal static field equations (2.2), (2.10), (2.11),
(2.12), (2.13) so that the spinors given by D, coincide with the null data D given by
(1.11) of the metric h in terms of an h-orthonormal normal frame centered at i, i.e.

VA, B,. . AsBsA2B2 A By = Da,B, - DayBy Sa,B,4,8,)(1), P> 2. (3.9)

Then the coefficients of the normal expansions (3.2) of the fields (2.16), in particular
of

1 .
SABCD(JJ) = Z HxAT’BP LB DAPBP ...Da,B, SABCD(l)7 (3.10)
p>0""

with 48 = aAB 2%, are uniquely determined by the data D,, and satisfy the reality
conditions.

PROOF. It holds sapcp(i) = Yapep by assumption and the expansion coefficients
for ¢, s of lowest order are given by (2.2), (2.15). The induction steps for ¢ and s being
obvious by (2.11) and (2.12), we only need to consider sapcp and (3.8). Assume m > 0.
If spinors D, B, ... Da,B, scper(i), p < m, have been obtained which satisfy (3.9) and,
up to that order, equation (3.8), the totally symmetric part of

DA, y1Bois -+ DaB, scppF (i),

is given by the prescribed data while its contractions, which define the remaining terms
in the decomposition corresponding to (3.5), are determined as follows. Observing the
symmetries involved, essentially two cases can occcur:

i) If one of the indices B; is contracted with F', say, the operator D4,p, can be
commuted with other covariant derivatives, generating by (3.6), (3.7) only terms of lower
order, until it applies directly to scprr. Equation (3.8) then shows how to express the
resulting term by quantities of lower order.

ii) If the index B; is contracted with By, k # j, the operators Da;p, and Da,p,
can be commuted with other covariant derivatives, until the operator D4, g Da,, H applies
directly to scprrp. If the corresponding term is symmetrized in A; and Ay the general
identity

Dya D" pyscper = —2sucpr sryap ™,

implied by (3.6), (3.7) shows that this term is in fact of lower order. If a contraction of
Aj; and Ay, is involved, the general identity

AB G H GH
Dap D7 scppr = —2Dr 7 Dg ™ scpen +3saacp SE)F 5

shows together with (3.8) that the corresponding term can again be expressed in terms
of quantities of lower order, showing that D4, . B,.., --- Da,B, Scper(i) is determined
by our data and terms of order < m. That the expansion coeflicients satisfy the reality
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condition is a consequence of the formalism and the fact that they are satisfied by the
data ﬁn [ |

To achieve our goal, we have to show the convergence of the formal series determined
in Lemma 3.1. This requires us to impose estimates on the free coefficients given by D,,.
We get the following result.

Lemma 3.2 A necessary condition for the formal series (3.10) determined in Lemma 3.1
to be absolutely convergent near the origin is that the data given by D, satisfy estimates
of the type

M
YA, B,...A,B,cDEF| < %, p=0,12..., (3.11)

with some constants M,r > 0.

PRrOOF. If f is a real analytic function defined on some neighbourhood of the origin
in R™, it can be analytically extended to a function which is defined, holomorphic, and
bounded on a polydisc P(0,7) = {z € C"| |2/| < r,1 < j < n} with some r > 0.
Its Taylor expansion f = 37,50 £ 0°f(0)z* is absolutly convergent on P(0,7) with
SUPgep(o,r) [/ ()] £ M < oo so that its derivatives satisfy the estimates

al! M |o|!M

r|a|

10°f(0)] <

ol (3.12)
The first of these estimates are known as Cauchy inequalities. Here a € N™ denotes a multi-
index and we use the notation |a| = a3 +...+an, al=a1!l-...-ap!, 0¥ =07 ... 05,
and 2@ = (z1)* ... (™).

If the series (3.10) and thus

1
Sap(2) = Y ETQFP...xcll)cp...l)clsab(i% (3.13)
p>0""

is absolutely convergent near the origin, there exist therefore by the second of the estimates
(3.12) constants M,,r, > 0 with

p! M,

y2 )

‘Dcp“'DCl Sab(i)‘ < r

Cp,...,c,a,b=1,23  p=0,1,2,....

Observing the transition rule from tensor to spinor quantities, one gets from this the
estimates

p! M

rp

. AyB,,..E,F=0,1, p=012,...

(3.14)
with M = 9¢2 M, and r = r,/3 ¢, where ¢ = max,—123: 4,8=0,1 |@” ap|. To derive from
these estimates the estimates (3.11) we consider instead of (3.5) directly the symmetriza-
tion operator to get

|Da,B, --- Da,p, scper(i)| <

[¥a,B,..4,B,cDEF| = |Da,B, -+ Da,B, sScppr)(i)| <
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1
(2p+4)!

p! M

rp

> IDxas, -~ Dayn, scoer) (i) <

TES2pta

9

where S,,, denotes the group of permutations of m elements. =

We note for later use that if the derivatives of a smooth function f satisfy estimates
of the type (3.12) with some constants M, r > 0 then the function f is real analytic near
the origin because its Taylor series is majorized by

— | (o7 M’]"n a
> Mrlely = T |29 < 1, (3.15)
and
| ! _ Mr LN
D = e LD VL LS
« j=1

3.1 Relations between null data and multipoles

We express the relation between the sequences D;, of null data and the sequences Dy, of
multipoles of h (in the same normal frame centered at ¢) in terms of space-spinor notation.

Lemma 3.3 The spinor fields Pa,p, ... A, B, neari, given by (1.9), (1.10), are of the form

m
Pa,By .. By = =5 {Dea,B, - DasBs SasB,4,By) + Fa,B, .. ABy } (3.17)
with symmetric spinor-valued functions

Fy,=Fa,B,..a4,B, = Fa,B, .. 2,8, [{Da,B, - DAsBs 54,B,4,B1) Ya<p—2], P =2,

which satisfy
Fa,B,4,B, =0, Fa,Bs4,B,4,B, =0,

and which are real linear combinations of symmetrized tensor products of
SA3B2A1Byy D(A3B; $4,B,4,B1)y -+ » DA, 2B, 5 -+ DAsBs S4,B,4,B,)>

forp>4.

PROOF. The first two results on F' follow by direct calculations from (1.9), (1.10).
Inserting (3.17) into the recursion relation (1.10) gives for p > 3 the recursion relations

FapiiBpir oA = D(Ap+1Bp+1 FApo ... A1B1) (3.18)

—Cp {S(Ap+1Bp+1Apo DAp,pr,l “++ SA3B3A1B1) T S(Apy1Bpia FAp—pr—l AlBl)} :

With the induction hypothesis which assumes the properties of the F’s stated above for
Fa,B,..A.B:, ¢ < D, the relations (3.18) imply these properties for Fa,Bpyr..A1B,- B
A further calculation gives

Fy = —C358(4,B4A3Bs SAsBsA1By)s 5 = —(2¢3 4 Ca) 54585428, DAsB3SA, B, A, By)s

14



and by induction the recursion law above implies the general expressions
Fyy = oy sym(s @ DP74s) + ... + way sym(@Ps), p >3,

Fopi1 = agpr1 sym(s @ D 73s) + ...+ wapy1 sym(@P~'s @ Ds), p >3,

with real coefficients asp, d2p41, ..., w2p, wopr1. The first terms on the right hand sides
denote the term with the highest power of D occuring in the respective expression. The
sum of the powers of D occuring in each term is even in the case of F5, and odd in the
case of Fypy1. The sum of the powers of D occuring in each of the terms indicated by
dots lies between 2 and 2p — 4 in the case of F5, and between 3 and 2p — 3 in the case of
F5p41. The coefficients indicated above are determined by

ag=—(2cz+ci+cs), ar=—2cs+ca+es+cs), ws=—(2c3+ca), we=c30s,
and, for p > 3, by
Qo2p41 = Q2p — C2p,  Q2p42 = X2p41 — C2p+1,
Wop41 = PWap — CopWap—1, Wop42 = —C2p41 Wap,
which implies in particular
wop = (=PI oy, p> 3. (3.19)

Restricting the relation (3.17) to ¢ defines with the identification (3.9) a non-linear
map which can be read as a map

\Il:{f)n}_’{@mp}v

of the set of abstract null data into the set of abstract multipoles (i.e. sequences of sym-
metric spinors not necessarily derived from a metric) satisfying

(Va,B, .. 4,8, + Fa,B, . A8, [{a,B, ... 4,8, }q<p-2]), P>2.
(3.20)

m
VA,B, ... A1 By = D)

Corollary 3.4 For given m the map VU which maps sequences D, of abstract null data
onto sequences Dy, of abstract multipoles is bijective.

PROOF. An inverse of ¥ can be constructed because F» = 0, F3 = 0, and the F,
depend only on the ¥ 4,5, ... A, B, With ¢ < p— 2. The relations (3.20) therefore determine
for a given sequence f)mp recursively a unique sequence D,. m

It follows that for a given metric h the sequences of multipoles and the sequences
of null data in a given standard frame carry the same information on h. The relation
is not simple, however. It can happen that a sequence D,, with only a finite number of
non-vanishing members is mapped onto an sequence ﬁmp with an infinite number of non-
vanishing members and vice versa. For instance, the relations given above show that the
sequence D, = {12, 0, 0, 0,...} with ¢bo = a,B,4,B8, # 0 is mapped onto the sequence
'Dmp = {Vg, 07 Vg, 07 Vg, } with Vg = VAqu ...A1B1» where

v = g, vop = (—1)PPH (I eoppq) sym(@Pube) #0, p> 2.
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4 The characteristic initial value problem

To complete the analysis one would have to show that the estimates (3.11) imply estimates
of the type (3.14) for the coefficients of (3.10). The induction argument used in the proof of
Lemma 3.1 leads, however, to complicated algebraic considerations. The commutation of
covariant derivatives generates with the subsequent derivative operations more and more
non-linear terms of lower order. Formalising this procedure to derive estimates does not
look very attractive. To arrive at a formulation of our question which looks more similar
to a boundary value problem to which Cauchy-Kowalevskaya type arguments apply, we
make use of the inherent geometric nature of the problem and the geometric meaning of
the null data.

The fields h, (, s, sapcp are necessarily real analytic in the normal coordinates z® and
a standard frame c4qp centered at i. They can thus be extended near i by analyticity into
the complex domain and considered as holomorphic fields on a complex analytic manifold
S.. Choosing S, to be a sufficiently small neighbourhood of 7, we can assume the extended
coordinates, again denoted by x®, to define a holomorphic coordinate system on S, which
identifies the latter with an open neighbourhood of the origin in C3. The original manifold
S is then a real, 3-dimensional, real analytic submanifold of the real, 6-dimensional, real
analytic manifold underlying S.. If a%, 8%, a = 1,2,3, define real local coordinates on
the real 6-dimensional manifold underlying S. so that the holomorphic coordinates
can be written z* = a® + i 3%, we use the standard notation dye = (94« — i9s-) and
Oga = %(8aa + i 0ga). The assumption that the complex-valued function f = f(z%) be
holomorphic is then equivalent to the requirement that Oz« f = 0 so that we will only
have to deal with the operators d,.. Under the analytic extension the main differential
geometric concepts and formulas remain valid. The coordinates z® and the extended
frame, again denoted by capg, satisfy the same defining equations and the extended fields,
denoted again by h, (, s, sapcp, satisty the conformal static vacuum field equations as
before.

The analytic function I' = 4 2% 2® on S extends to a holomorphic function on S,
which satsifies again the eikonal equation h*® D,I' D,I' = —4T. On S it vanishes only at
i, but the set

N ={pe 8. T(p) =0},

is an irreducible analytical set (cf. [22]) such that A; \ {i} is 2-dimensional complex
submanifold of S.. It is the cone swept out by the complex null geodesics through ¢ and
we will refer to it shortly as the null cone at i. While some of the following considerations
may be reminiscent of considerations concerning cones swept out by real null geodesics
through given points of 4-dimensional Lorentz spaces, there are basic differences. In the
present case there do not exist splittings into future and past cones. The set A \ {7}
is connected and its set of of complex null generators is diffeomorph to P*(C) ~ S2. If
N\ {i} is considered as a 4-dimensional submanifold of the 6-dimensional real manifold
underlying S,, the set of real null generators is not simply connected but diffeomorphic to
SO(3,R).

The set A; will be important for geometrizing our problem. Let u — x*(u) be a null
geodesic through i so that 2%(0) = 0. Its tangent vector is then of the form #48 = 4,8
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with a spinor field 14 = 14 (u) satisfying Dzt = 0 along the geodesic . Then
so(u) = AP sapep(x(u)), (4.1)

is an analytic function of u with Taylor expansion

oo

1 dp
S0 = Z —'up — s0(0),
=7 du?
where &
TP 50(0) = A Br O P Da,B, ... Da,B saBcD(4)

A, B c . D ,
=177 %17 Deayp, - - Da,B,sapep)(i)-

Knowing these expansion coefficients for initial null vectors 14 t® covering an open subset
of the null directions at i is equivalent to knowing the null data D}, of the metric h.

Our problem can thus be formulated as the boundary value problem for the conformal
static vacuum equations with data given by the function (4.1) on A, where the :4.Z are
parallely propagated null vectors tangent to NV;. The set A; can be regarded as a (complex)
characteristic of the (extended) operator Aj and also to the conformal static equations.
Therefore we shall refer to this problem as the characteristic initial value problem for the
conformal static vacuum field equations with data on the null cone at space-like infinity.

The conformal static vacuum field equations (2.10), (2.11), (2.12), (2.13) form a 3-
dimensional analogue of the 4-dimensional conformal Einstein equations ([9]). Charac-
teristic initial value problems for these two type of systems are therefore quite similar in
character.

The existence of analytic solutions to characteristic initial value problems for the
conformal Einstein equations has been shown in [10] by using Cauchy-Kowalevskaya type
arguments. In the present case we shall employ somewhat different techniques for the
following reason.

The remaining and in fact the main difficulty in our problem arises from fact that
N; is not a smooth hypersurface but an analytic set with a vertex at the point i. A
characteristic initial value problem for the conformal Einstein equations with data on a
cone has been studied in [11] and some of the techniques introduced there and further
developed in [13] will be used in the following. The method we use to derive estimates on
the expansion coefficients has apparently not been used before in the context of Einstein’s
field equations.

4.1 The geometric gauge

To obtain a setting in which the mechanism of calculating the expansion coeflicients allows
one to derive estimates on the coefficients from the conditions imposed on the data, a gauge
needs to be chosen which is suitably adapted to the singular set A;. The coordinates and
the frame field will then necessarily be singular and the frame will no longer define a
smooth lift to the bundle of frames but a subset which becomes tangent to the fibres

17



over some points. The setting described in the following will organize this situation in a
geometric way and provide control on the singularity and the smoothness of the fields.
Let SU(2) be the group of complex 2 x 2 matrices (s g)a p—o,1 satisfying

eaps?csPp=ccp, Tap s*cs® p=71cp, (4.2)
where sB , — 58’/ denotes complex conjugation. The map
SU(2) > s4p — s (c sP) py — 8%y =a" aB Ao sP pafl, e SO(3,R), (4.3)

realizes the 2 : 1 covering homomorphism of SU(2) onto the group SO(3,R). Under
holomorphic extension the map above extends to a 2 : 1 covering homomorphism of the
group SL(2,C) onto the group SO(3,C), where SL(2,C) denotes the group of complex
2 x 2 matrices satisfying only the first of conditions (4.2).

We will make use of the principal bundle of normalized spin frames SU(S) = S with
structure group SU(2). A point § € SU(S) is given by a pair of spinors § = (&', 67') at a
given point of S which satisfies

€04, 0p) = €ap, €(0a, 0" B)="Tap, (4.4)

where the lower index, which labels the members of the spin frame, is assumed to acquire
a prime under the “4”-operation. The action of the structure group is given for s € SU(2)
by

§—0-s where (0-8)a =sP 46p.

The projection m maps a frame § onto its base point in S. The bundle of spin frames is

mapped by a 2 : 1 bundle morphism SU(S) £ SO(S) onto the bundle SO(S) ™, 8 of
oriented, orthonormal frames on S so that 7’ op = 7. For any spin frame § we can identify
by (4.4) the matrix (64)4,4,5—0,1 With an element of the group SU(2). With this reading
the map p will be assumed to be realized by

SU(S) 26 — p(8)ap = 65 65 cpr € SO(S),

where cap denotes the normal frame field on S introduced before. We refer to p(d) as the
frame associated with the spin frame §.

Under holomorphic extension the bundle SU(S) — S is extended to the principal
bundle SL(S.) = S. of spin frames § = (d3',67') at given points of S. which satisfy only
the first of conditions (4.4). Tts structure group is SL(2,C). The bundle SU(S) & S
is embedded into SL(S.) = S, as a real analytic subbundle. The bundle morphism p
extends to a 2 : 1 bundle morphism, again denoted by p, of SL(S.) = S, onto the bundle
S0(S.) & S, of oriented, normalized frames of S, with structure group SO(3,C). We shall
make use of several structures on SM(S,).

With each o € s1(2,C), i.e. a = (a? ) with aap = apa, is associated a vertical vector
field Z,, tangent to the fibres, which is given at § € SL(S.) by Za(8) = <L (5-exp(v a))|v=o,
where v € C and exp denotes the exponential map sl(2,C) — SL(2,C).

The C3-valued solder form 4P = o¢(4B) maps a tangent vector X € T5SL(S.) onto
the components of its projection T5(m)X € Tr(s5)Se in the frame p(d) associated with 0
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so that T5(m)X =< 028, X > p(6)ap. It follows that < 048, Z, >= 0 for any vertical
vector field Z,,.

The sl(2,C)-valued connection form w? g on SL(S.) transforms with the adjoint
transformation under the action of SL(2,C) and maps any vertical vector field Z, onto
its generator so that < w g, Zy >= at p.

With 248 = 2(4B) ¢ C? is associated the horizontal vector field H, on SL(S.) which
is horizontal in the sense that < w? B, H; >= 0 and which satisfies < JAB, H, >= 245,
Denoting by Hap, A, B = 0,1, the horizontal vector fields satisfying < 48, Hop >
= hAB ¢p, it follows that H, = 24P Hap. An integral curve of a horizontal vector field
projects onto an h-geodesic and represents a spin frame field which is parallely transported
along this geodesic.

A holomorphic spinor field ¢ on S, is represented on SL(S.) by a holomorphic spinor-
valued function 1 4,...4,(d) on SL(S.), given by the components of ¢ in the frame J. We
shall use the notation ¢¥x =9 (4,...a,),, ¥ =0,...,j, where (cornnn )i denotes the operation
‘symmetrize and set k indices equal to 1 the rest equal to 0°. If 1 is symmetric, these
functions completely specify 1. They are referred to as the esssential components of 1.

4.2 The submanifold S of SL(S,)

We combine the construction of a coordinate system and a frame field with the definition
of an analytic submanifold M of SL(S.) which is obtained as follows. We choose a spin
frame 6* in the fibre of SL(S.) over ¢ which is projected by 7’ onto the frame cap at
considered ¢ before. The curve

C5v—6) =6 s(v) € SL(S.),

with

10 0 0
s(v) = expva) = ( v 1 ), a= ( 1 0 ) € sl(2,0), (4.5)
in the fibre of SL(S,) over ¢ defines a vertical, 1-dimensional, holomorphic submanifold I
through §* on which v defines a coordinate. The associated family of frames eap = eap(v)
at ¢ is given explicitly by

eoo(v) = coo +2vecor +v2crr,  eor(v) =cor +ven, enn(v) = e

The following construction is carried out in some neighbourhood of I. If the latter is
chosen small enough all the following statements will be correct.

The set I is moved with the flow of Hy; to obtain a holomorphic 2-manifold Uy of
SL(S.) containing I. The parameter on the integral curves of Hy; which vanishes on T
will be denoted by w and v is extended to Uy by assuming it to be constant on the integral
curves of Hyp. All these integral curves are mapped by 7 onto the null geodesics v(w) with
affine parameter w and tangent vector 7/(0) = ¢;1 at v(0) = 4. The parameter v specifies
frame fields which are parallely propagted along ~.

The set Up is moved with the flow of Hyg to obtain a holomorphic 3-submanifold S of
SL(S.) containing Uy. We denote by u the parameter on the integral curves of Hyo which
vanishes on Uy, extend v and w to S by assuming them to be constant on the integral
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curves of Hog. The functions z! = u, 22 = v, 22 = w define holomorphic coordinates on

S. The restriction the projection to S will be again denoted by 7.

The projections of the integral curves of Hyg with a fixed value of w sweep out, together
with «, the cone Nv(w) near y(w) which is generated by the null geodesics through the
point v(w). On the null geodesics u is an affine parameter which vanishes at v(w) while
v parametrizes the different generators. In terms of the base space S, our gauge is based
on the nested family of cones N, which share the generator 4. The set Wy = {w = 0},
which projects onto A; \ 7, will define the intial data set for our problem. The map m
induces a biholomorphic diffeomorphism of $' = S\ Uy onto 7(S). The singularity of the
gauge at points of Uy (resp. over ) consists in 7 dropping rank on Uy because the curves
w = const. on Uy are tangent to the fibres over v(w) where 9, = Z,. The null curve v(w)
will be referred to as the singular generator of A; in the gauge determined by the spin
frame 0* resp. the corresponding frame c4p at .

The solder and the connection form pull back to holomorphic 1-forms on S , which
will be denoted again by 4% and w? 5. Corresponding to the behaviour of 7 the 1-
forms 0%, ¢%1, o1 are linearly independent on S’ while the rank of this system drops
to 2 on Uy because < 048 0, >=< 048, Z, >= 0. If the pull back of the curvature
form Q4 5 = L4 geprr 0P A dEF to S is denoted again by Q4 g, the solder and the

2
connection form satisfy the structural equations

claAB:—cuAc/\UCB—ch/\aAc7 dwo?p = —wrc AW’ 5+ 04 5.
By construction of S we have

<o 0,>=0, <o 9,>=ee1? on Uy,

<wlp,0,>=0, <wlpo>=<wrp Zo>=a%e5? on Uy,

<08 9, >=e"¢? and <w?5,8,>=0 on S while <o??,8,>#0 on 5.

To obtain more precise information on 42 and w? g we note the following general

properties (cf. [11] and [13] for more details). If, for given 45 € C3, the Lie derivative
with respective H, is denoted by L, then

EIUAB:2xC(AwB)C, <EzwAB,.>:<QAB,Hz/\. > .
Since 0 = [0y, Oy] = [Hoo, O] on S and Q4 5 is horizontal, it follows that
Oy <0488, >=2e60 <wP ,0, >, 0y <w B,y > |umo =< QU 5, HiAZy > |u—o = 0,
which gives with the relations above
<wlp,0,>=€%€p Y4+O(u?) whence < WA B, 0y >= 2uey Pe B)+O(u3) as u— 0.

Similarly we obtain with 0 = [0y, 0,] = [Hoo, Ow] on S

1
AB A B A A
Oy <o ,8w>:2eo( <w )o,8w>, Oy < w Ba6w>|u:O:§r B0011-
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In terms of the coordinates z* we thus get o 048 ,dz® on S’ with a co-frame matrix

1 0%y %, 1 O O(u?)
(@*P) =10 0% o3 | =( 0 u+O0? Ou? as u—0. (4.6)
0 0 1 0 0 1

On S’ there exist unique, holomorphic vector fields e 45 which satisfy
< O'AB,eEF > = hAB EF-

If we write eap = €% op 0,q, the properties noted above imply for the frame coefficients

1 61 01 61 11 1 O(u2) O(u2)
(e"ap)=| 0 o €u | =| 0 55+0@w O) as uw—0. (4.7
0 o0 1 0 0 1
In the following we shall write
e’ ap =€ Ap +€" aB, (4.8)
with singular part
1
e*aAB:5?€AOEBO+52CL;6(A0€B)1—‘r-(ngAlGBl, (4.9)

and holomorphic functions é* 45 on S which satisfy
é*ap=0(u) as u—0. (4.10)
We define connections coefficients on S’ by writing wd g =Tep 4 goP with
I'epap =<wap,ecp >,
so that 'cp ap = I'(¢p) (ap)- The definition of the frame then implies
Tooap =0 on S and T'yiap=0 on U,
and it follows from the discussion above that
Tapcep = Mipep + Laseb, (4.11)
with singular part
ABCD = 4 ¢a’epytec’en”, (4.12)
and holomorphic functions r ABCD On S which satisfy
Tapep =O(u) as u— 0. (4.13)

The singular parts are ‘universal’ in the sense that their expressions only depend on
the construction of S and not on properties of the metric. If the latter is flat the functions
é* op and r ABCD Vvanish on S. With the frame and the connection coefficients so defined
we have the spin frame calculus in its standard form. The expressions above imply for any
holomorphic spinor valued function ¥ 4. ¢ that Dgg¥a..c and D11 ¥ 4. ¢ extend to S as
holomorphic functions so that

Dooha..c =0utha.c on 8§ and Dyytha o =dwiha o on Uy.
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4.3 Tensoriality and expansion type

A holomorphic function on SL(S.) induces a holomorphic function on S which can be
considered as a holomorphic function of the coordinates z*. While these coordinates are
holomorphic on the submanifold S of SL(S.), the induced map 7 of S into S, is singular on
Up. As a consequence, not every holomorphic function of the z* can arise as a pull-back to
S of a holomorphic function on SL(S.). The latter must have a special type of expansion
in terms of the z* which reflects the particular relation between the ‘angular’ coordinate
v the ‘radial’ coordinate u. The following notion will be important for our discussion.

Definition: A holomorphic function f on S will be said to be of v-finite expansion
type ky, with kg an integer, if it has in terms of the coordinates u, v, and w a Taylor
expansion at the origin of the form

oo oo 2mtky

f:ZZ Z fm,n,pumvnwpv

p=0m=0 n=0

where it is assumed that fpnp =0 if 2m +ky <O0.

We note that the construction of S does not distinguish the set I = 7~ 1(i) from the
sets 7~ (y(w)). Correspondingly, the Taylor expansions of the function f above at points
(0,0,wp) with wq close to 0 have the same structure with respect to u and v.

Lemma 4.1 Let ¢pa,.. 4, be a holomorphic, symmetric, spinor-valued function on SL(S.).
Then the restrictions of its essential components ¢ = d(a,...a;),, 0 <k <7, to S satisfy

Oy = — k) brt1, k=0,...,45, on Uy, (4.14)

(where we set ¢;11 =0) and ¢ is of expansion type j — k.

PROOF. : In the following we consider S as a submanifold of SL(S.). The tensorial

transformation law of ¢ under the action of the 1-parameter subgroup (4.5) with generator

atp =e4ep? implies

Zodr = (j = k) dr1 for 0<k<j on SL(S),

and thus (4.14) because Z, = 9, on Uy. From the relations above follows in particular
that _
Zi7k g =0 on SL(S.). (4.15)

A general horizontal vector field H, has with Z, the commutator
[Zaa Hz] = Ha-a:,

AB

where o acts on 248 = £(4B) according to the induced action by

B - (a-2)P = 298 4 P 27 = 26(1A B0,
With 248 = ¢y 4 ¢y B, so that H, = Hyy, it follows

[Za,Ho) =2Ho1, [Zo,Hn)=Hu1, [Za,Hi1]=0.
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By induction this gives the operator equations
Z'Hoo=n(n—1)Hy Z" 2 +2nHoy Z" ' + Hyo Z7, n>1,

and, more generally,
2m—1
Z3 Hiy = an,m Hit Z572™ + Z Anm,i Z;L*l-FHgS zZy, m,n>1,
1=0
where the a,, ,, are real coefficients, the A, ,,, ; denote operators which are sums of products

of horizontal vector fields, and the terms in which Z, formally appears with negative
exponent are assumed to vanish. With (4.15) this implies

ZLVHg ¢, =0 for n>2m+j—k on SL(S.).

The results follows because Z2 H{} ¢ = 0 O)* ¢ at points of Uy. m

4.4 'The null data on W,

We shall derive an expansion of the restriction of the essential component sy of the Ricci
spinor to the hypersurface Wy, i.e.

s0(u,v) = s(aBcD)o W

in terms of quantities on the base space S.. Consider the normal frame c4p on S, near ¢
which agrees at ¢ with the frame associated with §* and denote by

D = {DE‘AIB1 ...D;ZPBPS*ABCD)(@'), p=0,1,2,...},

the corresponding null data of & in the frame csp. Choose a fixed value of v and consider
s = s(v) as in (4.5). The vector Hoo(6* - s) then projects onto the null vector s ¢ s8¢ cap
at i. Since cap is a normal frame near 4, the null vector field s g sZ gcap is tangent to
a null geodesic n = n(u, v) on N; with affine parameter v with v = 0 at ¢ and the integral
curve of Hyg through 6* - s projects onto this null geodesic. It follows from this with the

explicit expression for s = s(v) that

so(u,v) = 5% 9(v) 8% o(v) s 0(v) 5" 0(v) ShBCDIn(uw) (4.16)

1 m * * * .
= Z —u 541 o(v) sB1 o) ... 5P o(v) Diap, ---Da,.B, sABCD)(z)

oo 2m+4
=2 2 Ymau
m=0 n=0
with
1 M2m+14
’l/)nz,n = <

W >DE(A1B1"'DZmBm SZBCD)n(Z.), 0§n§2m+4

n

This formula shows us how to determine the function so(u,v) from the null data D
and vice versa. We note that the expansion above is consistent with sg being of v-finite
expansion type 4. We shall refer to (4.16) as the null data on Wy in our gauge.
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5 The conformal static vacuum field equa-
tions on S

With the frame esp and the connection coefficients vapcp on S we have the standard
frame calculus available. Given the fields (, s, sapcp, we define on S the quantities

EF _ EF EF b b
ta” cpe’Er=Tua” cp—Tep ™" aB)e® gr—e“cppe’ ap +€e" aBpe’ cp,
. 1
RABCDEF = TABCDEF — 3 {saBcE€pr + saBprecEe},
with

rapcper =ecp(TeraB) —eer(Tcpan)
I'grX ol Tgr¥pT —Tep X T
+l'er” clkpap+1lEr DlcokaB c¢p  ElKFaAB
K K K
—TI'cp” rPlExkaB+TEF” Blecpak —Tep ™ Bl EFAK

~tep “M prTamas,
Y4B =Dap(—CaB,
Yaep =Daplep —shapep +¢ (1 — p¢)sapep,

Sap=Dags+ (1 —pul)sapcep (P,

2p
I—p¢
In terms of the fields on the left hand side, which have been introduced as labels for

the equations as well as for the discussion of their interdependencies, the conformal static
vacuum equations read

- E E
Hapep = Da”spepe — SE(BCD GA) -

tap " cpe® pr =0, Rapcper =0,
ZAB = 07
Yapcep =0, Sap =0, Hypep = 0.

The first equation is Cartan’s first structural equation with the requirement that the
(metric) connection be torsion free (tap “¥ cp being the torsion tensor). The second
equation is Cartan’s second structural equation with the requirement that the Ricci tensor
coincides with the trace free tensor s,;. The third equation defines (45, the remaining
equations have been considered before.

To discuss these equations in detail we need to write them out in our gauge, observing
in particular the nature of the singularities in (4.8) and (4.11).
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a él + - él — _2 f + 2 ].—A‘ él

1 1~ N
2 2 2
0u€” 01+ — €01 = —L'o100 + 20100 € 01,
u u
~1 -~ at ~1
Oue 11 = —2T1101 + 211100 € 01,

1~ ~
~2 ~2
Oué 11 = arnoo +2T'1100 €% 01-

The equations Rapoorr = 0:
. 2 . . 1
O0ul'0100 + " To100 — 218,00 = 5 50,

; - 5 1
(9uF0101 + a F01()1 — 2F0100 FOIOI = 5 S1,
~ 1 - . R 1
ulo111 + " o111 = 20100 o111 = 352

Oul'1100 + " 1100 — 2T1100 To100 = 51,

dul1101 — 21100 Tor01 = 52,
Aul1111 — 2T1100 Dori1 = s3.
The equations g9 = 0, Xgocp = 0, Spg = 0:

0 = 9uC = Goo,
0 = 9y Coo + ¢ (1 — 1) s0,
0 =0y Co1 + ¢ (L —pQ)s1,
0=0uC11 —s+C(1—p()s2,
0=0ys+ (1 —p¢) (soC11 — 251 Co1 + 52 Coo)-
The equations —Hopcpy, = 0 in the order k =0, 1,2, 3:

1
Ou 1 — ﬂ(avj so—4s1) — &' 010y 50 — €% 010, 50

2p

= —4T0101 50 + 4 To100 51 — = {50 Co1 — 51 o0},

(1—p0)

1
Ou 2 — ﬂ(a'u 51— 382) — &' 010, 51 — €% 010, 51

. . . 1
= —T'0111 50 — 2T 0101 51 + 30100 852 —

1
Oy 53 — ﬂ(a'u 59— 283) — &' 010, 52 — €% 010, S2
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= —2T9111 81 + 2T0100 53 — ﬁ {s1¢11 + 5300},

1
Ou S4 — 50 (Op 53 — 54) — €' 010 83 — €2 010, 53
u

W

m {35211 — 25301 — 54Co0} -

= —3T0111 82 + 2T0101 83 + L0100 84 —

These equations, referred to as the 0,-equations, will be read as a system of PDE’s
for the set of functions

A1 2 A1 2 r r
€ o1, €01, € 11, €11, To1aB, T'11aB, ¢ CAB, S, S1, S2, S3, S4,

which comprises all the unknowns with the exception of sg. The following features of them
will be important.

All 9,-equations are interior equations on the hypersurfaces {w = wp} in the sense
that only derivatives in the directions of v and v are involved.

The equations are singular with terms «~! occuring in various places. It will be seen
later that these terms come with the ‘right’ signs to possess (unique) solutions which
are holomorphic in u, v and w. Remarkably, the equations for the s; ensure regular
solution to have the correct tensorial behaviour by the occurrence of terms u~! with
factors 0, sy — (4 — k) sg+1. By Lemma 4.1 we know that they have to vanish Uj.

The system splits into a hierarchy of subsystems, with

EF 2
tor " o0e” Br =0, Rooooo1 = 0,

being the first subsystem,

tor "M o€’ gr =0, Rowoo1 =0, Yoo =0, Toooo =0, Tooor =0, Hoooo =0,

being the second subsystem, and so on. The hierarchy has the following property. If sg
is given on {w = wy}, the first subsystem reduces to singular system of ODE’s. Given its
solution, the second subsystem also reduces to a system of ODE’s (with coefficients which
are calculated from the functions known so far by operation interior to {w = wg}), and so
on. Thus, given sy and the appropriate initial data on Uy N {w = wp}, all unknowns can
be determined on {w = wg} by solving a sequence of systems of ODE’s in the independent
variable w.

The functions é* 4 and r Apcp vanish on Uy by our gauge conditions. Therefore
only initial data for (, (ap, s, and s need to be determined on Uy and the function sg
needs to be provided on {w = wq}. Since sy will be prescribed on Wy as our initial datum,
an equation is needed to determine its evolution off Wy. For this purpose we will consider
the following equations.

The equations Hy(pcp), =0 in the order k = 0,1, 2, 3:

1 . R . ~
Ow S0 — ﬂ(&u S1 — 332) + et 1104 S0 + é2 110y S0 — et 010y 81 — &2 010y S1 (51)
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N A I N A 1
= —(T0111—4T1101) 50— (2T0101+4T1100) 51+3 L'o100 S2+ 1 {s0C11 +2s1 1 — 35200},

2p
(1—pQ)

1 R R R R
Ow 51 — ﬂ(av Sg —2s3) + ' 110y 51+ 2110y 51 — €' 0104 52 — €% 010, 52

A A N A A 1
=T111180 — (20111 — 2T1101) $1 — 3T1100 82 + 20100 83 + 3 {s1¢11 —s3Co0},

2p
(1—pQ)

1 R R R R
Ow 52 — ﬂ(av s3—2s4) + ' 110 52 + 2110y 52 — €' 0104 53 — €2 010, 53

« N A N A 2 1
=2T111151—3T0111 52— (2T1100—2T0101) 53+ L0100 Sﬁ-ﬁ 1 {352¢11 —253C01 —54Co0},
1
Ow 3 — Tav g+ €' 110, 53 + €% 110, 53 — €' 010, 54 — €% 010, 84
u
A A A N I 2
=3T111152 — (4T0111 +2T1101) 53 — (T'1100 — 4 To101) 54 + (1_7% {s3Ci1 —s4Co1}-
All singular terms cancel in the equations 0 = Hypcpy,,, + Hi(Bcp),, Which are
given in the order £k = 0,1,2 by
Ow S0 — Oy S2 —l-él 110y So +é2 110y So (52)
=4T1101 50 — 411100 51 + S {50C11 +251Co1 — 35200},
(1—pQ)
Ow 51 — Oy 83 + €' 110, 51 + %110, 51
. . . 2p
=T"111150 + 201101 51 — 311100 52 — —— {51 ¢11 — s3Co0}
(1—pQ)

8w S — 8u S4 + él 118u So + é2 1180 So
- e H
=2T111181 —2T1100 83 + 75— {352C11 — 25301 — 84 Coo} -
(1= nQ)
We can consider (5.1) or (5.2) as equation prescribing the propagation of sy transverse
to the hypersurfaces {w = const.}.

Because I'11ep = 0 on Uy, the equations Y17 = 0, X11¢p = 0, S11 = 0 reduce on Uy
to the ODE’s

0w (="C1,  OwCop =shiep —((1—p()siep, Qs =—(1—p¢)suen P,
By (2.2), (2.15) we must impose

(=0, Cap=0, s(i)=—-2 on I={u=0,w=0}
This implies with the equations above

(=0, ¢1=0, ¢11=0 on Up={u=0}. (5.3)
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To determine (, (ap, and s on Uj it remains to solve on Uy the equations
OwCoo =8, Oy S = —54C00- (5.4)
The tensorial properties of (45 and s imply with (5.3) that
0, Co0=0, 9;5=0 on Uy for n>1 (5.5)

Later it will be important for that these relations can in fact be deduced from (5.3), (5.4),
(5.6), and the initial conditions on 1.

To ensure the tensor relations for the s and thus the existence of regular solutions to
the equation for the sy, we determine the initial data for si,...,s4 on Uy by imposing the
conditions

8v S = (4—]€) Sk+1, k:O,...,?), on U(). (56)

They imply recursively the expressions

(4 — k)

oFFmor 5o, k=0,...4, n,p>0 at {u=00=0w=0}.

5.1 Calculating the formal expansion

Since the equations are overdetermined there are various ways to determine a formal
expansion of the solution. It will follow from Lemma 5.5 that the expansion obtained by
the following procedure will lead to a formal solution of the full system of equations. A
solution obtained by any other procedure with this property will thus have to coincide
with the present one. It will be convenient to replace s by the unknown

§=2+s.
For certain discussions it is useful to write
s =55+ 8 with 0,s; =0 and $}|u=0 = Sk|lu—=o sothat 3§ =O(u) as u— 0.
By (5.6) we can then assume that
By 5t = (4= k) sin,
and the 9,-equations for the §; can be written in the form

4k 1. . . .
5 3k+1_ﬁ8v5k+€ 01 Oa(S) + 1)

0= —Hy(cp), = Oudky1 +

+terms of zeroth order,

so that the coefficient (4 — k)/2 of the singular term u~' 5§, is positive and the term
u~! 9, 33, which involves the unknown 8 determined in an earlier step of the integration
procedure, creates no problem because §; = 0 on Uy. Writing

= (" aB, 'aBcp, ¢, CaB, 8, 51, 52, 83, 54),
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so that the full set of unknowns are given by x and sg, we proceed as follows.

On Wy we prescribe sg as given in (4.16) with the null data D} satisfying the reality
conditions and the estimates (3.11). By (5.6) all components of x can be determined on
1.

We successivly integrate the subsystems in the hierachy of 0,-equations to determine
all components of x on W,. These will be holomorphic in v and v and unique, because
the relevant operators in the singular equations are of the form 0, f + cu~! f with non-
negative constants ¢ (a proof of this statement follows from the derivation of the estimates
discussed below).

The equation Hyigo + Higoo = 0 is used to determine 0,50 from the fields = and sg
on Wy as a holomorphic function of u and v.

Applying the operator d,, formally to the 0,-equations, one obtains equations for 0,x
on Wy which can be solved with the initial data on {w = 0,u = 0} which are obtained by
using (5.4) and by applying 9,, to (5.6). Applying 9,, to the equation Hoioo + H1p00 = 0,
one obtains 0%s¢ on Wy.

Repeating these steps by applying successively the operator OF, p = 2,3, ..., one gets
an sequence of functions 0%z, 0% sy on Wy, which are holomorphic in « and v.

Expanding the functions so obtained at u = 0, v = 0 we get the following result.

Lemma 5.1 The procedure described above determines at the point O = (u = 0,v =
0,w = 0) from the data sg, given on Wy according to (4.16), a unique sequence of expansion
coefficients

aznagag)f(O)v m,n,p=0,1,2,...,

where f stands for any of the functions

€ 4B, I'aBcp, ¢, CaB, 8, 55.

If the corresponding Taylor series are absolutly convergent in some neighbourhood P of
O, they define a solution to the Oy-equations and to the equation Higpg = 0 on P which
satisfies on P N Uy equations (5.6) and 11 =0, X110p =0, S11 = 0.

By Lemma 4.1 all spinor-valued functions should have a specific v-finite expansion
type. The following result will be important for our convergence proof.

Lemma 5.2 If the data sg are given on Wy as in (4.16), the formal expansions of the
fields obtained in Lemma 5.1 correspond to ones of functions of v-finite expansion types
given by

k‘sj =4—3, ke, =2—1, ke=0, ks=k; <2,

kéhB:—A—B, kéiB:?)—A—B for AB =01, 10 or 11.
k =2—A-B, k- =1-A-B for A/ B=0 or 1.

ToiaB INEVV:]

Remark 5.3 The scalar functions s, § should have expansion type ks = ks = 0. As
pointed out below, this does not follow with the simple arguments used here. Since it will
not be important for the following discussions, we shall make no effort to retrieve this
information from the equations.
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PROOF. We note the following properties of v-finite expansion types:

For given integer k the functions of expansion type k form a complex vector space
which comprises the functions of expansion type < k.

If the functions f and g have expansion type ky and ky respectively, their product f g
has expansion type k¢; = kf + kq.

If f has expansion type k¢, the function d, f has expansion type ks + 2. Conversely,
if 0, f has expansion type ky + 2 and if the function independent of u which agrees on Uy
with f has expansion type ky (for instance if f|,—¢o = 0), then f has expansion type ky.

If f has expansion type k¢ and f|,—o = 0 then %f has expansion type ky + 2.

If f has expansion type kg, the function 9, f has expansion type ks — 1.

If f has an expansion type, the function J,, f has the same expansion type.

Applying these rules one can check that the expansion types listed above are consistent
with the 0,-equations, the equation Hggg+ Ho100 = 0 and the equations S1; = 0, 1190 =
0 used on Uy in the sense that all terms in the equations have the same expansion types.

Assuming the given expansion types for the sy, the d,-equations for the L apcn imply
at lowest order in w that in general the kp — must take the values given above. It
follows then from the 0,-equations for the €%, at lowest order in u that the kee . must
take in general the values above. The remaining J,-equations then imply at lowest order
the other expansion types.

With these observations the Lemma follows from our procedure by a straightforward
though lengthy induction argument. We do not write out the details. m

The equation

0= S0 =0us+(1—pC)socp P,

should imply more precisely ks = 0, because the expansion type of the tensorial component
soocp C¢P should be 2. The contraction of the spinor fields on the right hand side implies
cancellations which lower the expansion types of the contracted quantities on the right
hand side. These cancellations cannot be controlled in the explicit expression

0=0us+ (1 — Q) (soCi1 —2s1 o1+ 52¢00),

by the simple rules given above, they only suggest an expansion type ks < 2. Fortunately,
this does not prevent us from determining the other expansion types. In the equation

0= 30011 = 0w Ci1 — 5+ ¢ (1 — p£C) S00115
s is added to a field of expansion type 2 and the equation
0= 511 =0uws+s11c0(P =0uws+s1111C0 on Uy,

is comsistent with ks < 2. No further equation involving s is needed in the convergence
proof.

~

5.2 The complete set of equations on S

Because only a certain subset of the system of equations has been used to determine the
formal expansions of the fields, it remains to be shown that the latter define in fact a
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formal solution to the complete system of conformal static vacuum field equations. To
simplify stating the following result it will be assumed in this subsection that the formal
expansions for

~Q I A
€* ap, 'ascp, ¢, CaB, 8, S5,

determined in Lemma 5.1 define in fact absolutely convergent series on an open neighbour-
hood of the point O, which we assume to coincide with S. There will arise no problem
from this assumption because the following two Lemmas will not be used in the derivation
of the estimates in the next section.

Lemma 5.4 With the assumptions above the corresponding functions

e® AB FABCDv C? CAB? S, Sj4,

satisfy the complete set of the conformal vacuum field equations on the set Uy in the sense

that the fields

EF
tap ™" ¢p, Rapcper, XaB, YaBcp, Sap, Hapcp,

calculated from these functions on S \ Uy have vanishing limit as u — 0.

PROOF. Because of the equations solved already and the symmetries involved, we
only need to examine the behaviour of the fields

t11 ¥ o1, Rapoirr, o1, Zoicp, Sot. Hipepy, k=1,2,3,

near Up.
With (4.8), (4.9), (4.11), (4.12) the J,-equations imply for the frame and the dual
frame coefficients the slightly stronger results (4.6), (4.7). A direct calculation gives then

EF E F E F E F EF a c a c
to1 11:2F01( 1€1 )—Fu( 0€1 )—Fu( 1 €0 )—J a(e 11,c€ 01—€ 01,c€ 11)=O(U),

as u — 0.
With the particular result

1 1
tor ™ 11 = To111 — 3 e 112 — u e' 11+ 0(u?) = O(u),

follows

_ 1 2 1 2
Rooo111 = I‘1100,1 e o1+ Fuoo,z € 01 — I‘0100,1 € 11— Fou)o,z € 11— 1—‘0100,3

—T1100 T'1100 + 2 To100 (T1101 — To111) — to1 ** 11 Tot00 — to1 ' 11 T1100 — 5 So011
1 , 3 1
=5 (T1100,2 — 2T1101 + 3T0111 — €125 ¢ 1) — 5 So011 +O(u) —

1 3
<av OuT1100 =204 1101 +3 0, To111 — 3 Dy Oy € 11 — 1 oZel ) — Soon) =0as u—0,

| —
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where the d,,-equations and the relation 9, s1 = 3 s on Uy are used to calculate the limit.

Similarly,

1 1 1
=—7T - —7T - =
Roio111 9q 110127 5t T g so111 + O(u)

1
) (Oy OuT1101 — Ou T1111 — S0111) =0 as u — 0,

where the d,-equations and the relation 0, sy = 2 s3 on Uy are used,

1
Ri10111 = 0 Fi1112 — 5 Sun +O(u) — 3 (0p OuT1111 — 81111) =0 as u — 0,

where the 0,-equations and the relation 9, s3 = s4 on Uy are used.
By (5.3) and the remark following (5.5) we know that ¢ = 0, {p1 = 0, (11 = 0,
Oy Coo =0, 9, s =0 on Uy. The 9,-equations and (5.6) imply

1 1
Yo1 = ﬂav ¢ —<Co1 +O(u) — §5v Goo — Go1 =0,

1 1
Yo100 = %a (Ov Coo — 2Go1) + O(u) — 3 (Ov Ou Goo — 20, Co1) =0,
1 1 1
Yo101 = 24 (Ov Co1 — C11) + 55 +O0(u) — 5 (Ov Ou Co1 — Ou C11 + 5) = 0,
1 1
Yo111 = ﬁav Ci1+O0(u) — §3u Ou 11 = 0.

1 1 1
So1 = % 0y 5+ 50111 Coo + O(u) — 5 (Ov Ou s + 250111 Co0) = 3 Oy (Ou s + s0011 Coo) = 0,

as u — 0.
With our assumptions (and formally setting s5 = 0) we get for k =0,...,3

Y = 1{% (—2 HO(ABC)k) = (6 — k‘) 6u Sk+1 — 81, 6u Sk — (4 - k) M Sk+1 COOa

ﬂk = &I_)HIO (_2H1(ABC)k) = 28w Sk — &, 8u Sk+1 + (3 — k) 3u Sk42 — (3 — k) I Sk42 Coo.
The expected tensorial nature of sapcp and Hapcp (cf. Lemma 4.1) would imply
431 =0y Bo — Op 11 + 272, 1282 =82 B — 021 — 20p Y2 + 473,

24083 =02 By — 0o y1 —20272 —89,v3 on U.

It turns out that these relations can in fact be verified by a direct calculation with the
expressions for 7, O obtained above. Because the equations used to establish Lemma
5.1 imply v, = 0, By = 0, it follows that 81 = B2 = B3 = 0 so that in fact Hapop — 0 as
u—0. m

We can now prove the desired result.
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Lemma 5.5 The functions

a
e 4B, I'aBcp, ¢, CaB, s, 55,

corresponding to the expansions determined in Lemma 5.1 satisfy the complete set of con-
formal vacuum field equations on the set S.

PROOF. It needs to be shown that the zero quantities

tor " 11, Rapoir, Zot, Z11, Zoiep, Sieps Sots S, Hiasep,
vanish on S. For this purpose we shall derive a system of subsidiary equations for these
fields.

Given the fields

e® ag, 'asep, ¢, CaB, S, SABCD,

A CD

we have the 1-forms 048 dual to e4p and the connection form w? g = Tep 4 5 o©P.

To derive the subsidiary system we consider the torsion form

=_-tcp” " EF

@AB 1 AB GCD A O'EF
9 )

and the form 1
Q=0 -0t = iRA Beppr <P NoPF,

obtained as difference of the curvature form

1

QA L = 5 " poppr oCP A FF,

and the form .
QAB = isABCEUCF AP,

The following general relations will be used: The identity c® A o® A 0¢ = €*°v with

v = % €def 0% Ao Ao, which holds in 3-dimensional spaces. In space spinor form it takes

the form

abe

1
O_AB A O_CD A O'EF — GAB CDEF ABCDEF _ (EAC EBF 6DE _ GAE EBD 6FC)

v with € = —
2

which implies
JAB/\JCD/\JED:—i\/ieA(CeE)BV:i\/ihABCEV,
and thus )
QAB/\O'BD:isABCEO'BD/\O'CF/\O'EFZO.

The equations

in(aAB)=igahB+ (=) aniyp, Lro=(doig+igod)a,
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which holds for arbitrary vector field H, k-form «, and j-form (. Finally, we note that in
the presence of torsion the Ricci identity for a spinor field tg. g of degree m reads

L L
(DapDcp —Dep Dap)tep. . H=—tLp. HT EABCD — LEL.HT FABCD — ---

L KL
— LlEF.L T HABCD —tAB CD DKL LEF..H-

We shall derive now the subsidiary equations. The fields @47 and Q4 g satisfy the
first structural equation

doB = —wA NP8 —wB o A oA + 045,
and the second structural equation
dw?p=—-wrc A’ 5+ 045,
respectively. These equations imply
d04P =20 o A oPC — 204 AOPIC =207 o A PY — 20 o A OPIC.
We set H = ey and observe that the gauge conditions and the J,-equations imply
in o =¢ e P = hoo A5, inwts =0, ig ©4F =0, in Q4 g =0.

It follows that
Ly 04 = (doig +igod) 04 =204 ¢ P,

and thus
LH < @AB,(’,Ol Nepp > =

2 < Q*(Ao,e(n Nerr > € B)+ < @AB7 [H, 601] Nepp >+ < @AB,G()l A [H;ell] > .
The first structural equation, the gauge conditions, and the d,-equations imply

(__)EF

EF
0=< HNecp >egr=—-Tcp ™" ooepr — [H,ecpl,

whence
[H,ecp] = —2T¢cpo1 €oo + 2T cpoo €o1-

This implies
Ly < @AB,eol ANepr >= 210100 < @AB,G(H Nelpr > +2< Q*(A 0,€01 N\ €11 > € B),

i.e.
1 ~
(Ou + ;) tor A8 11 = 2T0100 to1 A8 11 + 2R g111 €0 B). (5.7)

With the first structural equation we obtain

. N N 1 7
dQap—w? ANQup—w? pAQan = §DGH5ABCDUGH/\0'CF/\UDF = EHEABE v,
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and from the second structural equation we get
dQap —w? ANQup —w? B AQag =0,
which give together

1

dVip —w ANQp — W B Ay = —ﬁHEABE v,
and thus, with the equations above,
1 A 1
(Ou + E)RABM 11 = 2T 0100 RaBo111 + §H1ABO~ (5.8)

The identity
DapXcp — DepSap =tap " ¢p Dpr(+ Scpap — Xapeb,
gives with the gauge conditions and the 0,-equations
0w Xcp + % ecc’epy ' o1 = 2Tcpoo So1 + Scpoo- (5.9)
The identity
DagScper — Dep Saper = —2 (ke RY pyapop +tas " cp DanCer

+Scp haper — SaBhcpEF
+(1=2u¢) (Zap scper —Xcp saper) +C(1 —p) (eca Heprr + €epp HoaErr),

implies with the gauge conditions and the 9,-equations
2 o 1 _
Ou XcDEF + L €(C€D) Yo1EF = (5.10)

2T cpoo Bo1er + Scp hoosr — (1= 24¢) Zep seopr + ¢ (1 — 1C) epo Hoopp-

The identity

DapScp — Dep Sap =tap ™" ¢p Dprs — n{Sap scper — Scp saper} (FF
(1—p¢) {Sa ®F scper — Scp PF saper + (eca Hpper + epp Hoapr) (PF},

implies with the gauge conditions and the 9,-equations
2
Ou SCD+ae(c°eD)1Sm = (5.11)

2T ¢poo So1 + 1 Bep soorr (71 — (1= 1€) {Scp PF soopr — €po Hoopr ¢PF'} .
Finally we have the identity

2DFF Hppap = —4 SK(BGH RK A) BEG gl 4B o KL py Diepsap T8 (5.12)
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4 2 2
S sapr Sl ot — =22 SPE shar ey
+ —u,ug‘ {2Hgnap ("7 —2H" gpacp ™},

where the right hand side is a linear function of the zero quantities. The gauge conditions
and the equations Hyoapc = 0, Higog = 0 imply for the left hand side

1 1 .
DPF Hgpap = 0y Hinap+ " {Hi1ap + Hipaep *} — (ﬂ Oy +e€%01050) Hioap (5.13)

—2T0100 H114B —T'0104 H110B —T'010B Hi104 +T0114 Hi00B +To118 Hi004 +T'1100 Hi04B-

Equations (5.7), (5.8), (5.9), (5.10), (5.11), and equation (5.12) with (5.13) observed
on the left hand side provide the system of subsidiary equations. Note that the right hand
side of this system is a linear function of the zero quantities. It implies with Lemma 5.4
that all zero quantities vanish on S. m

If the series considered in Lemma 5.1 are absolutely convergent it thus follows from
Lemma 5.5 that they define in fact a solution to the complete set of static conformal
vacuum field equations on S.

6 Convergence of the formal expansion

Let there be given a given sequence

D’I’L = {wAgBQAlBl7 77[).'4£1}B3.'42B2./4131) wA4B4AngA2B2AlBl7 b '}7

of totally symmetric spinors as in Lemma 3.1 and set in the expansion (4.16) of so(u, v)

* * * N
(A1By * -+ D3, B, SABCD) (i) =va,B,..A,,B,,aABcD, m > 0.

Observing the estimates (3.11), one finds as a necessary condition for the function sy on
Wp to determine an analytic solution to the conformal static vacuum field equations that
its non-vanishing Taylor coefficients at the point O satisfy estimates of the form

2 4
|8ZL"5L’.SO(O)771!7L!|1,/1,,17,L|§<mn+ )m!n!Mrl_m, m>0, 0<n<2m+4.

(6.1)
A slightly different type of estimate will be more convenient for us.

Lemma 6.1 For given py € R, 0 < pg < €2, there exist positive constants g, ¢y so that
(6.1) implies estimates of the form

m!nlri® pg m>0

o 3 <
|8u av 50(0)| > Co (1 +m)2 (1 +n)2’ =

0<n<2m+4. (6.2)
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22m+4 " which follows from the binomial law (1 + z)?"+4 = 227 (2mH4) gn - and the
estimate e” > 1 + x, which holds for x > 0, we get

2m +4
n

ProoOF. With rq = 4¢8 1"1_1 ,052 and ¢o = 16 M €® P54a the estimate 1 < (277;+4) <

—m —1 o 7,611 ,08 Po 2mtd—n
)m!n!MTl <16 M m!n!(4r] )m—com!nlww (6—2)
ro" o

< In) 0
= O ) (T n)?

m>0, 0<n<2m-+4.

]
The following Lemma provides our main estimates.

Lemma 6.2 Suppose so = so(u,v) is a holomorphic function defined on some open neigh-
bourhood U of O = {u =0,v =0,w =0} in Wy = {w = 0} which has an expansion of the

form
oo 2m+4

so(u,v) = Z Z L TR T

m=0 n=0

so that its Taylor coefficients at the point O satisfy estimates of the type (6.2) with some
positive constants ¢, ro, and pg < 1/2. Then there exist positive constants r > 1o, p, Ces, .,
Ch oy pon CCo CCis Cs, Ck SO that the expansion coefficients determined from so in Lemma 5.1
satisfy for m,n,p=20,1,2,...

r™tP (m 4 p)! p" n!
(m+1)2n+1)2(p+1)%

|07 0, 9, 51 (O)] < cx (6.3)

and
TPl (m 4 p)! p" n!

(m+1)%(n+1)? (p+ 1)*’

10" 0y 05, F(O)] < ¢ (6.4)

where f stands for any of the functions €% g, fABCD, ¢, G, S.

Remark 6.3 Observing the v-finite expansion types discussed in Lemma 5.2, we can re-
place the right hand sides in the estimates above by zero if n is large enough relative to m.
This will not be pointed out at each step and for convenience the estimates will be written
as above. The expansion types obtained in Lemma 5.2 will become important and will be
observed, however, when we derive the estimates.

We shall make use of arguments discussed in [24]. The following four Lemmas are
essentially given in that article.

Lemma 6.4 For any non-negative integer n there is a positive constant C' independent
of n so that

- 1 1
];)(k+1)2(n—k+1)2 <Chre
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PROOF. Denoting by [n/2] the largest integer < n/2, we get with C' =72, ﬁ

[n/2]

,;)(k+1)2(n—k+1)2 = ]; (k+1)2(n—k + 1)2
[n/2] 9 )
= ,;) (k+1)%([n/2] +1)2 =0 (n+1)2

In the following C will always denote the constant above.

Lemma 6.5 For any integers m, n, k, j with0 <k <m, and 0 < j <nresp. 0 <j<

R0 - 066D

PrOOF. This follows by induction, using the general formula ("jl) = (?) + (jfl),
or by expanding (x + y)™*" = (z + y)™ (z + y)", using the binomial law (z + y)? =
L o(B)ziyrTi. m
J=0\j
If f is holomorphic on the polydisk P = {(u,v,w,) € C3| |u| < 1/ry, |v] < 1/rq,|w]| <

1/rs}, with some 71, 79,73 > 0, one has the Cauchy estimates
|05 0y 98 f(O)| < ri* vy 8 m! n! p! sup|f], m,n,p=0,1,2,... (6.5)
P
where O denotes the origin u = 0, v = 0, w = 0. We need a slight modification of this.
Lemma 6.6 If f is holomorphic near O, there exist positive constants c, Ty, po so that

r™tP (m 4 p)! p" n!
aroror f(O)| <
|u v wf( )|—c(m+1)2(n+1)2(p+1)2’

m,n,p=20,1,2,...

for anyr > ro, p > po. If in addition f(0,v,0) =0, the constants can be chosen such that

TPl (m 4 p)! p" n!
amor or £(0)| < , n,p=0,1,2,...
for any r > rg, p > po.

PROOF. Choosing an estimate of the type (6.5) with r; = 73 and setting ¢ =

a supp |f], ro = € r1 = €213, po = €? 1y with some o > 0, one gets from (6.5)

rTp n
m+ —2(mAn+ _ T + p)! piy n!
am 9" oP 0)| < 1 P 1 o7 ) 2( p) < 1 0 (m 0 .
|07 07 OF, f(O)] < ca™'ry P (m+p)! pg nle co CESVECESYE| g
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With a = 1 the monotonicity of x — z9, ¢ > 0, z > 0 implies the first estimate. With
a = 1o the estimate above implies

ro P (m )t !
ooy oh f(O)| < 0 0 :
10700 4 JON < € G ST (v 102 (p 4 12

If £(0,v,0) = 0, then 9297 8% f(O) = 0 for n € Ny and the last relation remains true for
m+p=20,1ie. m=0and p =0, if 79 and py are replaced by r > rg and p > po. If
m + p > 0 the result follows as above. m

Lemma 6.7 Letm, n, p be non-negative integers and f;, i =1,..., N, be smooth complex
valued functions of u, v, w on some neighbourhood U of O whose derivatives satisfy on U
(resp. at a given point p € U) estimates of the form

pdtita: G+0D)! ,Ok k!
G+1)2(k+1)2(1+1)2

10,05 ., fi < c for 0<j<m,0<k<n, 0<I<p,

with some positive constants ¢;, v, p and some fixed integers q; (independent of j, k,1).

Then one has on U (resp. at p) the estimates

pMmEP+ait.+aN (m + p) 1p"n!
(m+1)2(n+1)% (p+1)2

O Ar AP (fy-...- )] <C*WN=D e ey (6.6)

Remark 6.8 (i) Lemma 6.7 remains obviously true if m, n, p are replaced in (6.6) by
integers m/, n/, p' with0<m/ <m,0<n’"<n,0<p <p.

(ii) By the argument given below the factor C*WN=1 in (6.6) can be replaced by
CB=r)(N=1) if r of the integers m, n, p vanish.

PrOOF. We prove the case N = 2. The general case then follows with the first of
Remarks 6.8 by an induction argument. With the estimates above and Lemmas (6.4) and
(6.5) we get on U (resp. at p)

n

p

=0 [=0

|0, 0y 9% (f1 f2)] < Z
=0 k

Pm\ (n (p\ errITHO (G4 D) pR kL corm Tt e (g pp — 1)1 pn R (0 — k)
2 (5) () ()5 rmanimasyr ™ e o o 17

ey 61 ™ (4 )L )
=== G R G e e TR R O RS VI PR Rk

pmtPtata (m 4 p)lptn!

< B )
SO ) 12 (p + 1)

We are now able to proof our main estimates.
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Proof of Lemma 6.2. The proof will essentially be given by induction with respect
to m and p, following the procedure which led to Lemma 5.1. It is easy to see that the
constants can be chosen to satisfy the estimates at lowest order. Leaving the choice of
the constants open, we will derive from the induction hypothesis for the derivatives of the
next order estimates of the form

P (m 4 p)! p" !

m an 9Qp <
|8u 61} aw Sk(0)| — Ck (m+ 1)2 (n+ 1)2 (p+ 1)2 Aska

rmTP=L (m 4 p)! p" n!
(m+ D2+ 1)2(p+1)2 7

with certain constants A, , Ay which depend on m, n, p and the constants cj, cf, r,
and p. Sometimes superscripts will indicate to which order of differentiability particular
constants Ay, , Ay refer. Occasionally we will have to make assumptions on r to proceed
with the induction step. We shall collect these conditions and the constants A, , Ay, or
estimates for them, and at the end it will be shown that the constants cx, cy, v, and p can
be adjusted so that all conditions are satisfied and A;, <1, Ay < 1. This will complete
the induction proof.

In the following it is understood that as above a function in a modulus sign is evaluated
at the origin O. The symbol z will stand for any of the fields

10, 0, 0y, F(O)] < ¢

e aB, 'aBcep, ¢, o, C1, G2, 8, 81, S2, 53, S4.

For the quantities which are known to vanish at I the estimates are correct for m = 0,
p = 0. Since we consider § as an unknown and s(0) = —2 as part of the equations, we
thus only need to discuss the s;. They are given on I by

(4 —k)!

Sk — T 85 S0-
It thus follows by our assumptions
4 —k)!
L AR
_ nt+k (o ! n
- (44!k)! co p(ﬂﬂi_q)kz)v for n<Ad—k e P nl Am=0.p=0
- 0 for n>4—k (n+1)2 °* ’
with c ‘
m=0,p= 0 0
Ask 0p=0 = = pk hk,n < — pka
Ck Ck
because

n! (n+k+1)2

- n . 1 2
b =3 St e for n<a—k |
’ 0 for n>4—k -

We should study now under which conditions on the constants it can be shown by
induction with respect to m that the quantities |07 97 99 x|, n € Ny, satisfy the estimates
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given in the Lemma. We shall skip the details of this step, because the arguments used
here are similar to those used to discuss the quantities |9} 9}y OF, x| for general p and the
requirements obtained in that case are in fact stronger that those obtained for p = 0.

It will be assumed now that p > 1, that the estimates for |07 0" 0, x| given in the
Lemma hold true for m,n € Ny, 0 <1 < p—1, and try to determine conditions so that
the induction step p — 1 — p can be performed.

By taking formal derivatives of the equation
0 = Ho100 + H1000,
we get with our assumptions
|00 0y 0%, sol < |00 057 sa| + 103 9 957 (€1 11 D 50)
+]0m or oP~1 (6% 11 0y s0)| + 4 0™ O P~ (T'1101 50 + 1100 1)

C {80 CQ + 25 Cl — 352 CO})‘

0 O O (1

For the first term on the right hand side follows immediately

P (m 4 p)! p™ !

am+1 an apfl <
| U v Yw 52| =6 (m+2)2(n+ 1)2p2

A slight variation of the calculations in the proof Lemma 6.7 gives

|00 0 0571 (6111 9w s0)| <

m n p—1
DI (’?) (Z) (p l 1) 05 0% 0L, ¢ oI ok an sy <

WA (Zn) (pfl) cer,, co TP (m+p) !l pn!
ZZ G+H1D2(R+1201+1)2Mm—7+22n—-k+1)2(p—1)?

rmtP=l(m 4 p)lpn!
(m+2)% (n+1)%p?
where the sum over j has been extended in the last step to m + 1.
Similarly one gets

3

S Cg Cel 1, Co

|0y Oy 35;_1 (6% 1100 80)| <
s K () (1 kol o2 m—j an—k+1 -1
DI i) \k |‘9J6 nllog 7 oy o o] <

moE e ()G Cez,, Co ™™ P2 (m4p— 1) p" (04 1)
Z Z(mﬂi—l)(nﬂ) (j+1)? (k+1)2(l+1) (m—j+1)2n—k+2)2(p-10)2 "~

P p— )L (4 )!
(m+1)2(n+2)2p

3
C*ce2,, Co

)
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where the sum over k£ has been extended in the last step to n + 1.

We emphasis here again an observation which is important for us. By Lemma 5.2 the
terms 97 OF 0 62 11 and 97 9n—F+1 9p=1=1 5, in the second line vanish if k > 2j+1 and
n—k+1>2(m—j)+ 4 respectively. This implies, consistent with Lemma 5.2, that the
term on the left hand side vanishes if n > 2m + 4. When we estimate the expression in
the last line above we can thus assume without error that n < 2m + 4.

Lemma 6.7 implies immediately

. « ; rmIP=2 (m4p—1)1p"n!
4oy oy o=t (I r <4C% (co ¢ A
10" 0y 08" (I'1101 80 + 1100 51)] < (€0 €10y €16 ,) (m+1)2(n+1)2p?

)

and, observing that {(O) =0,

10 07 07 (=

c {s0C2+251C1 —35200})]
Z|amanap 1 (NC) {30C2+281C1_352<0})|
=0

P2 (e p — 1) 1
(m+1)% (n+ 1) p?

<p Yy e CPUD (coe, +2ereq, +3escg,)
1=0
rmtP2 (m4p—1)!p"n!
(m+1)(n+ 1)%p?

- 1#%03 (coce, +2c1c, +3cacg,)
r

)

where it is assumed that

> [Lce C3.
Together this gives
™t (m + p)! p™ n!
(m+2)*(n+1)%p?
rmtP=l(m 4 p)lptn!

(m +2)? (n+ 1) p?
P2 (m+p— 1) p" T (n+ 1)
(m+ 1) (n+2)%p?
rmtP=2 (m4p—1)!p"n!
(m+1)2 (n + 1) p?

0" 0y 9, 50| < €2

3
+C Cel 1 Co

3
+C Cg2 11 Co

3
+4C% (cocp,, Fercp,,,)

m+p—2 _ 1 A7 |
I 3 T (m+p—1)p"n!
—C 2 3
+1_ #cicg (COCCQ +2¢ C¢y + CQCCO) (m+1)2 (n+1)2p2
r™tP (m 4 p)! p" n! .
< o 2 2 2 “soo
(m+1)2n+1)2(p+1) 0
with a factor
g MED G T mt )t

S0

o (m+2)2p? r o (m+2)2 p?
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1 pn+1B3(p+1)2 4 ¢ (p +1)?
703 5 3 (. -t IS
RO P e T C e g i) )
1 m ¢ (p+1)?
P 3 9= 3 = 7
7'2 1— 1 CCTC3 (c<2 + Co CCl CO) (m + p)

Recalling that we can assume n < 2m + 4 in the third term on the right hand side, this
finally gives

N c2 4 20p 3 16 3 c1
ASO S 4 a + ; C Cél C 1"72 C (Cfllol + a Cf‘ll()(])
1 4p
2 WC (ce +2 Ccl +3*C<o)
We have the relations
4—k)!
Sk = ( 1 ) 8550 on Uy,
the equation 0 = Hg100 + H1poo reduces to
Ow S0 =0us2+3usaly on Uy,
and we have seen that
37) C() =0 on Uo.
This implies for p > 1 the estimates
4
ooz sl < T 0t gt oty 4 3 0100 00 91 (52 o))

— r n+k n
< (44!k)' c2 o for m<4—k
B 0 for n>4—-k

. p GZBl om0y \gntk gL | [P G| for n<2—k
0 for n>2-k

Tpp!pnn! m= O,p>1
T (n+1)2%(p+1)2
with
_ c 3 12 CaC
Am=opzt _ 2 g4 20 2% <° PF gin < fp +—= uCi2 0 gk,
Ck r Ck
because

4—k)! (n4k)! (n+1)2 (p+1)2
fknE{ ( 4!) ( "!()nik+1))2(§p2) for ng4_k }Sla

0 for n>4—k

(4—k)! (n+k)!(n+1)2( +1)2
Jhn = { 41 n! (n+k+1)21;3 for n<2—Fk } < 4.

0 for n>2—-k
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From the equation 31199 = 0, which reads

0wl =-24+5 on U,

follows |
A p"n! m=0,p=1
00" 0y, Co| = |07 (-2 =265 < L AT
|0y Oy Gl =107 (=2 + 3)| O—CCO(n+1)2 o
with
—0.p— 2
m=0,p=1 _
ACO —_ 67.
Co
Furthermore, for p > 2,
P=L(p— 1)1 p"n! P pl p™ n! _
80 oror = |9" ap—l 5| = cs r < —A’"L—OJJZQ
| u Yv wC0| | v Yw 8| c (n+1)2p2 = € (n+1)2 (p+1)2 Co !

with

am=opz2 _ 1 1)’ 2 ¢
¢ e, pt T reg

The equation S1; = 0, which reads

6w §= —S84 Co on Uo,
implies
R p"n!
N0y 3 =0<cs —,
| u “v S‘ >cC (’I’L—FI)Q
and for p > 2
noap A " Ap— P2 (p—1)! p"n!
005 94,31 = 10607 947" (54 )| < CPeneq, Pl
< e P~ pl p" nl m=0,p>2
RRCES ISR N
with

gm=0p>2 _ L o cace P+1)? 2 peac
s T cs pd T cs

Having studied the quantities |07 97 9 x| for m = 0, we shall now derive the condi-
tions which arise from the requirement that we can obtain the desired estimates for these
quantities inductively for all positive integers m. We shall provide detailed arguments only
for some representative d,,-equations and just state the analogues results for the remaining
equations.

Multiplication of the equation

1

1~ ~
2 2 2
0u€” 01 + o1 = o100 + 2T 0100 €” 01,

—€
u
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with v and formal differentiation gives with Lemma 6.6 for m > 1

o o1 ok &% 1] < (10 a8, To100| +2m |07 02 9P, (o100 €% 01)])

m+1
1 rmIP=L (m 4 p)! p" !
-
Furon G+ 17 (n 12 (9 1 1)

. rm P (m 4 p)! p" ! m>1
= 52 o
T m+1)2(n+1)2(p+1)2 Fo’

<
“m+4+1

+2m OB ce s (m+p—1)!p"n!>
2 €

01 Cf0100 m2 (n + 1)2 (p + 1)2

with
1 1 2(m+1)

Ce
Ainzl — Toioo — B3 ea )
+ r2 To100 4y (m + p)

€01 Ce2yy m+1
Proceeding in a similar way with the equations for the other frame coefficients one gets
for the factors which need to be controlled the estimates
Agzl < Cflloo + 8 CS €100 Cé81

€11 Cs2 r2 Cas2
€11 €1

AZLZI < o100 + iC?,

1 QCéZ 7’2 ?
01

o100
cr 4 8 ¢ 8 cr Cs1
>1_ 4¢ >1 r 1100 C2
Arfi* < - 0101 R 03 cf , Aﬁ, < = 1101 4+ — 03 1100 ©o1
o1 r Ca r2 0100 1 T oCcp r2 Cpt
€o1 €11 €11

The same inequalities, with C* replaced by C?, are obtained in the case p = 0. In the last

two inequalities the occurence of 1/r in both terms reflects the fact that é}; and éi, are
both of the order O(u?) near O.

Multiplication of the equation
. 2. " 1
9y To100 + - To100 = 2TG100 + 5 50,

with u and formal differentiation gives for m > 1

I m — n I 1 m— n
|81T 817)1 85} FOlOO‘ < m+ 2(2 |81T ! av 85} I—‘0100| + 5 |au ! 81} 85; SOD
2m s 2 TP (m4-p— 1) p" n! L_m Pl (m 4 p — 1) p" !
—— C" % ¢
~m+2 Towo  m2(n+1)2(p+1)2 2(m+2) 02 (n+1)2(p+1)2
rPl (mtp)lptal s

<cy .
= Choioo (m+1)2(n+1)2(p+1)2 o100’
with

gzt _ Lo 2(m+1)? o (m+1)*
Toioo 72 o100 m(m+2) (m+p) Co100 2m(m—|—2) (m+p)

Proceeding in a similar way with the equations for the other connection coefficients one
gets for the factors which need to be controlled the estimates

Azl o €0 C1
To100 — cp
0100

4
3 .. m>1
+ ) c o100 Af <

Toi01 —

4

~ 8,
Ce + r2 ¢ o100
T

0101
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Co 4 2 C1 4
Amzl < + = 03 cp , A’lel < + = CS e ,
To111 Ce r2 0100 1100 Cn r2 0100
To111 T'1100
A}‘nzl < 4cy + = CS I‘110001_'0101’ A%nzl < des + = 8 CS Fuoocroul7
1101 A 1111 A
Mo r? o P P

The same inequalities, with C? replaced by C?2, are obtained in the case p = 0. Being
slightly more generous, one gets inequalities which can be written in the concise form

Am>1 o CALB Jricg m>1 4CA+B+1+§03 P 100014

A5 Cn m
ToiaB — cp 2 To100° Ti1aB — cq r2 cr
01AB 11AB 11AB

A, B=0,1,

)

where the ca+p, cayp+1 denote for suitable numerical values of the indices A, B the

constants cg, ..., cq.

The analogous discussion of the equations
8u< = CO»

Au Go = —C (1 = p¢) s0,
Ou G =—C(1=pnq)s1,
OuGa=—24+5—((1—p()ss,
Ou 8 — (1= p¢) (s0 €11 — 251 Co1 + 52 o)

does not require new considerations. For the factors which need to be controlled we get

the estimates

ApEr=0 4 ¢
— )
r C¢
am=ipzo 4 Cs €0 & + pe ¢ c amziwzo cdegace 4 060 Cc
0 Co 0 o T € T CC1

2
,i-l-i(cg +03626C)—|—7%,UJ067C§;< for m=1,n=0,p=0,
2

2
4 (cs 3 Cc2¢¢ 4 6 C2 C¢ o
- (042 +C o )+ S uC otherwise

T CC2

4 . 4 ce. clc c
AT < (D00 b p o) (T 2 ),
r r Cs Cs Cs

We consider the 0,-equations for the curvature component s;. Multiplication with 2 u
gives
Q’ZLau S1 +481 = 81, So + 2”U,é1 013 So + Q’U,éz OlaUSO

. . 4p
—8u ([o101 850 — To100 51) — (1 100 {50C1 — 51 G0},

which implies for m > 1

|03 0 OF 1] < ! |8m oML OP s
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2 o M — 7 ~
o (0 010 (¢ 01 Do)+ 100 0%, (2 010, 50))

4m 2 -
+— <2 |01 9 0%, (Toro1 so — Toroo s1)| + |0~ 7 9% {

1
2m—+4 1_/144(8041_81(0)”).

The terms arising here are estimated in a similar way as the terms in the curvature equation
above. Again the expansion types allows one assumed that 0 <n <2m+4 — k. Again r
is restricted to values with

> e C3.

Proceeding similarly with the other d,-equations for the curvature, the following estimates
are obtained for the factors which need to be controlled.

Co

m>1 _ €0 1 5 ¢o
21 - Y - . o .
As1 = p+ r ¢ 1 Cel, + ¢ CPo101 + CFOlOO)

8p 3 Co 8 3
o etz Ot

r

Los_4p @

) 1 #C<C3( CC1+CCO)
- T
m>1 c1 1 _ac 8p 5c1 4 3¢ A 1 .
ASz Sg +-C"— 6(1)1+T720 e é(2)1+ﬁc (7 F0111+2 CF0101+3 Fomo)
1 3 2/,6 Co
+ﬁ 1 uc<C3< ¢y +2 CC1+3CC0)
I
m>1 C2 1 3 C2 8P 3 C2 8 3 ,C1 R
A83 < s +-C g e +7‘720 P é81+720 (%Cf‘oul—i_ I‘0100)
1 4 4
+’I“72 1 ;LC(CS( C§2+CCO)
p
m>1 o 3 L 363 8p 3 C3 4 3 a0 02 s
A837 Sa +-C - Cely ﬁc 0746612)14_720 (37Cf‘o111+2acf‘0101+ Fowo)
1 3 2[1, C2 C3
) 1_uc<C3 (367642 +QaCC1+CCo)'

This gives all the needed information.

To arrange now the constants so that the induction argument can successfully carried
out, we proceed as follows. The estimates for the decisive factors which have been obtained
above are of the general form

1 1
ASOé-‘r*ﬁ‘f'*z%
r T

with «, 3, and vy depending on all the constants except . If 3 = 0 and v = 0 it suffices to
ensure a < 1. In the other cases we require o < a where a is a given constant, a < 1, and
then choose r large enough so that A < 1. A first set of conditions arising this way reads

47



Ck; Co C2 C2
p<a, —p°<1, —p"<a 4—<a.
Ck+41 Ck Ck Co

These conditions can be satisfied simultaneously. The first equation implies c;, > (p/a)* co.
With p
a)k CS,

Ck:(

where 0 < p, a < 1, the first two relations hold true, the forth relation implies p* < a3/4
and with this restriction the third relation holds as well. We choose

p=rpo, a=(4pd)"*

The conditions

2 8
- S ]-7 - S a,
C¢o C¢o
are met by setting
8
Cen =2 ce, = —.
Co ’ C2 a
The conditions 4
c c
ﬂga, ﬂga, A,B=0,1,
chlAB CfllAB
are then dealt with by setting
1 1
Cfo1AB = E CA+B; CquB —C1+A+B
The conditions R
To100 < CF1100 <a
— 9 - ?
Cegl Cé?l
are satisfied by setting
1 1
Cég1 = E Cf0100’ Cé%l = a Cflloo

After this we choose some positive constants
A1 1
€1, €115 €6 GGy Cs-

That these constants are not further restricted by the procedure reflects the fact that the
corresponding functions vanish to higher order at O. Their choice affects, however, the
value of the constant r. After all constants except r have been fixed we can choose r so
large that
3
r > max{rg, pecc C°},

and that all the A’s are < 1. This finishes the induction proof. O

The following statement of the convergence result, obtained by using the v-finite ex-
pansion types of the various functions, emphasizes the role of v as an angular coordinate.
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Lemma 6.9 The estimates (6.3) and (6.4) for the derivatives of the functions s, and f
and the expansion types given in Lemma 5.2 imply that the associated Taylor series are
absolutely convergent in the domain |v| < C%p, lu| + |w| < O‘TQ, for any real number a,
0 < a< 1. It follows that the formal expansion determined in Lemma 5.1 defines indeed a
(unique) holomorphic solution to the conformal static vacuum field equations which induces

the datum sg on Wy.
PROOF. The estimates (6.3) and (6.4) imply

o (r/a®)™ P (m+p)l(ap)"nl 4 -
m an 9p < +2m-+2p—n
190" 0y 00 5O < 53 (m+12n+12(p+1)2

G (r/a)™* (m+p)l(ap)"
@ F (1P (4 1 (p 12

<

for n<2m+4—-%k, m,p=0,1,2,...

o o 08, (0)] < Ly WIS (DR sz
ars (m+1)%(n+1)*(p+1)°
o ¢ (r/a®)"P 7 (m+ p)! (ap)” n!
a2 (A P 12 (1)
Since the other derivatives vanish because of the respective expansion types, the first

assertion is an immediate consequence of the majorizations (3.15), (3.16). The second
assertion then follows with Lemma 5.5. m

for n<2m+ky, m,p=0,1,2,....

7 Analyticity at space-like infinity

Due to our singular gauge the holomorphic solution of the conformal static field equations
obtained in Lemma 6.9 does not cover a full neighbourhood of the point i. To analyse the
situation we study the part of the solution which we have obtained by the convergence
proof in terms of a normal frame based on the frame c4p at i and associated normal
coordinates. We write the geodesic equation D3z = 0 for z%(s) = (u(s), v, (s),w(s)) in the
form

2 =m"P e p =mP (X + &4p),
mAB — _2 mCDFCD (A B mB)E — _2 mCD]-—‘z'D (A B mB)E _ 2mCDFCD (A B ,,,’,LB)E7

With the explicit expressions for the singular parts, the system takes the form

0= m% +mAB &g, % = —2mCPTop ° pmOE,
R AB 42 o1 _ L o1 o0 CDf (0 1)B
U—am +m”7 éup, m ——am m> —=2m" “Tep' gm~7,
W =mll, it = 2 00t 9 CP g mli B,
U
These equations have to be solved with the initial conditions
U|s=0 = O, w|s:0 = 0, (71)
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for the curves to start at 7. An arbitrary value

Vo = U‘SZQ, (72)
can be prescribed to determine the 0,-0,-plane over i in which the tangent vector is lying,
and an arbitrary choice of

AB AB AB_ A_ B AB __A_ B g
m |s:0 =my =Mmg €0 € + mgy €17 €1, Ug 7& 0,

can be prescribed to specify the tangent vector in the 9,,-0,-plane. Regularity and the
equations require

mi® = ilocy = o, MY =0, M = iblocg = to. (73)

If the frame e4p at a point of I is identified with its projection into 7;S., then

A

moAB €EAB = mg‘B s¢ A(Uo) sP B(Uo) ccp =m” B CAB,

holds at 7 with

m*%0 = o, m*0l = Ug Vo, m*t = Ug ’U% + wo, g # 0.
For arbitrarily given m*A8 € C3 with m*%° # 0 this relation determines g, v, o
uniquely. Using cap = a® ap ca, the tangent vectors can be written m*AB e g = 2%¢,
with

1 . .
xlz—(wo—l—(v?}—l)uo), 22

V2

or, equivalently,

- % (wo+(v3+1) 1), 2°=V2vote o #0, (7.4)

xl +ia? a3 . Sap 2% 2P

a a 1 -2
ol vo(x ):—m, wo(z ):m, x +ix® #0.
(7.5)
The vectors x%c, cover all directions at i except those tangent to the complex null hyper-
plane (c1 +ic2)t = {a(cy +icg) +bes| a,b € C}.

To determine the normal frame centered at i and based on the frame cap at i, we
write the equation D;cap = 0 for the normal frame as an equation for the transformation
t4 g € SL(2,C), which relates the frame e4p to the normal frame cap = t° 4 t” pecp.
The resulting equation

'L.Lo(l'a) = —

d
0= ﬁ(tcAtD B) +mCH oy OP pptl 4tF g,

can be written in the form 4 g = —mPET 4 ot 5. Taking into account the structure
of the connection coefficients, this gives

. 1 e~
tAB:7Em01€1AtOB*mDEFDEACtCB~ (7.6)

50



This equation has to be solved along z(s) with the initial condition
t* pls—o = 5™ B(—v0). (7.7)

The initial value problems above make sense because the functions é* 45 and r ABCD
are, by Lemma 6.9, holomorphic near the point © = 0, v = vy, w = 0 for any prescribed
value of vg. The singularity of the system at that particular point requires, however, some
attention.

We prepare the statement and the proof of the existence result, to be given in Lemma
7.2, by casting the system of ODE’s into a suitable form. It will be convenient to make
use of the replacements resp. change of notation

v — vy +v, m*B = miP +mAB, (7.8)
so that all unknowns vanish at s = 0. Furthermore, by setting

é?élB(“HUa w) = é%B(’Uq’UO + v, w)7 fABCD(U,’U,’lU) = f‘ABC'D(ufUO + U,U}),

we define functions €%, r Apcp of the new unknowns which are holomorphic near u =
v =w = 0. The regular equations read with this notation

11
’

S 00 | ;0 51 51 01 | 51
Uw=1uy+m - +wye; +2€;m +e;m

W = g + mt,

m = -2 {ito 1o T1101 4 10 (2 To101 MO + Tr101 mY) + 1 (T1100 m®° + Tiq11 m®)

+2L0101 m” m®" + 2T0111 m®* m® + Ti100 m® m!t + Typpg m™ m11}
The singular equations take the form

: 01 .52 52 01 52 11
ub=m" +u(woéig+2&;m +eéjm ")

01

. . 01 00 ,,,01 o T -2 T
um = —upgm  —m " m +U{UO wWo FllOO — Wy F1111

+1ig (2 To100 M + Ti100 M) + 1 (Cr100 m® — 20111 m® — 201311 m!h)

0

= 00 01 = 0111 , 7 0 11 _ T 11,11
+2T0100m m" — 2001 m™ m ™ +Tiopom m ™ —Tipim™ m }7

umtt = —2m0 ;mOt +2u {U}g f1101 + Wy (2 fOlOl mO? + fllOO mOt + 2f1101 mll)

= 01, 01 = 01, 11 | 7 01, 11 | 7 1, 11
+2T0100m m™ +20g100m™ m™ " +Loipom™" m™ " +Tiio1m }
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Finally, equation (7.6) reads

. 1 A A A
tAB = 7777101 €1 AtOB — (2m01 Lot Ac + wo I'11 Ac +m11 FllAc)tCB. (79)
u
After applying 0, resp. 92 to the geodesic equations and restricting all equations to
s = 0 one obtains with the initial conditions (7.1), (7.2), (7.3) the relations

ilsmo =0, P20 =0, iils— =0, (7.10)
and, by taking a further derivative,

A2u(0) = g iy {33 et —20, fnm}

u=0,v=v9,w=0 '
This gives with the J,-equations

Fu(0) = =44 o (52)u=0,v=vpw=0 = —%ué 1o (9250 u=0,0=v0,w=0, (7.11)
which can be determined from the null data.

Because of Lemma 6.9 and the behaviour (4.7), (4.13) of the metric and the connection
coefficients, which follows from the J,-equations, there exist functions f, g, h, k, [ which
are holomorphic on a polycylinder P = {z € C%| |z;| < ¢’} with some ¢ > 0 so that the
equations above can be written

w = tg+m® +u?f, (7.12)

uv = m™ +aulyg, (7.13)
W= g+ m (7.14)
m® = wh, (7.15)
um® = —agm® —mOm w2k, (7.16)
um = —2mPm® £ 21, (7.17)

with f, g, h, k, | depending on the C®-valued function z(s) comprising our unknowns in
the form

2(5) = (27(5))j=1,...6 = (uls), v(s), w(s), m™(s), m®!(s), m'(s)),

(which agrees after the replacement v — v —wvyg in the first 3 components with the notation
introduced earlier).
If F stands for any of the functions f, g, h, k, [, then it has on P., an absolutely

convergent expansion
F= g F, 2%,

a€ENS

at 27 = 0, where again the multi-index notation is used. If 0 < € < €, there exists thus an
M > 0 so that

sup 37 Ful |27 < .

zeP: 7
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Lemma 7.1 Let p > 0 be an integer and ¢ and t real numbers which satisfy with the
constant C' of Lemma 6.4

M
¢z tzmax{l cCy (7.18)
€

If the derivatives of the functions 27 (s) at s = 0 exist and statisfy the estimates

gt Ry ek
<c——— =1,... <
|Sz|—c(k+1)27 ) ) ) —p7
then ol
p!
orr s=0 < .
I s (Z(S))| O—C(p+1)2
If, in addition, u satisfies u(0) =0, u(0) = @y and
th=2 k!
|0 u(s)]s=0 < ¢ 2<k<p,

(k+1)%
then

tP=1ip! tP=2p!
O (uF(2(5)))]s=0 < |to|c +32C ,
|02 (u F(2(s)))|s=0 < |t e TESIE

for p > 1, where the second term on the right hand side is to be dropped if p < 2, and

197 (42 F(2(5)))]s—o < 2]i |20ﬂ+4|u | 2 Cﬁ+C3C2L4p!
° =TT T e -2 ’ (p+1)? (p+1)*
for p > 2, where the second term on the right hand side is to be dropped if p < 3 and the
third term is to be dropped if p < 4.

In the following a function in the modulus sign has argument s = 0.

PRrROOF. Observing Lemma 6.7 and the subsequent remark, one gets

tp—lal
PF(z) < 3 [Fallor=2| < Y | Fa Clelt el

2
jal<p lal<p (p+1)
1 cC tPpl M tPpl tPp!
< — F < — <
~cC | |(t> r12=cC pr1? =0

la|<p

by the choice of ¢ and t. With Lemma 6.4 this gives

0P (u F(2))| < plio| |07 F(z |+Z< >I8Ju| 07 F (2))|

=1 (p - =2 () I (p— j)! tr=lpl P 2pl
< plig|lc ———— —l— c gl ¢ +ccC——,
= pll Z() R G i < ele s o+ 17
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and similarly

0P (u? F(z i( > i( ) |09 u| |04 9| |0~ R (2)]

Jj=0

~ 4 (4) lioP 2-2F o) §;()2um|%lmwzuwa
+§ (?) zi( ) 1094|1047 u| [P P (2)|

! tP=3pl tr=4pl
P + 4 ug| 2 C LR Yok p

<2|u |2ci - -
=TT 1)z (p+1)2 (p+1)2

Lemma 7.2 The requirement that z(s) be a holomorphic solution of equations (7.12) -
(7.17) near s = 0 satisfying x(0) = 0 and d;u(0) = ug # 0 determines a unique formal
expansion of z(s) at s = 0. There exist real constants ¢ and t satisfying

¢ > max {4tol, 4 [1ol, [ao|* | wo| (95 50)u=0,u=vo,w=o0l; %}, t > max {1, g}’
(7.19)
with C' the constant of Lemma 6.4, so that the Taylor coefficients of z(s) at s = 0 satisfy
the estimates
m%ﬂ<cfizi =0,1,2 (7.20)
S —_ (q + 1)2’ q ) ) LA *

and the Taylor coefficients of u(s) at s = 0 satisfy in addition the estimates

(g + 2)!

012y < ¢ ———L,
1037 ul < (g+3)?

¢=0,1,2,.... (7.21)

It follows that for any given initial data g, vy, Wo with Gy # 0 there exists a number
t = t(tg, vo, o) and a unique holomorphic solutions 27 (s) = 27 (s, 1, vo, o) of the initial
value problem for the geodesic equations with initial data as described above which is defined
for |s| < 1/t. The functions 27 (s, g, vo, ) are in fact holomorphic functions of all four
variables in a certain domain.

PRrROOF. The existence of a unique formal expansion follows immediately by applying
o? for p = 1,2,3,... formally to equations (7.12) - (7.17), restricting to s = 0, and
observing %y # 0 and the initial data.

That the estimates (7.20) hold for ¢ = 0,1 follows from the initial condition x(0) = 0,
the equations at s = 0 and our conditions on ¢ and ¢. That the estimates (7.21) hold for
q = 0,1 follows from (7.10), (7.11), and our conditions on ¢ and ¢.

Let p > 1 be an integer. We show that ¢ and ¢ can be chosen such that the estimates
(7.20), (7.21) for ¢ < p imply with the equations the corresponding estimates for p + 1.
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From equation (7.15) and Lemma 7.1 (with the provisos given there not repeated here)
follows

tP=1p! tP=2p! P (p+1)!
P Mm% = |9P (uh)| < |1 +c2C < Aggc ———2—
o ] = 192 ()| < ol e b < e T
with ( ) | ( )2
p+2 1 p! (p+2 5 2
Ago = = |ito] = + ~ lio] + 5 ¢C.
0= liol 2o+l 2 pro el
Similarly one gets from (7.12)
tP H!
|8§+2 u| < |a;;7+1 mOO‘ + |8§+1 (u2 f)| < A, 0 6(1519_:‘2)2)
P~ (p+1)! P2 (p+1)! tP3(p+1)! t? (p+2)!
2liag)te T g o P et W) oy P TAR
o P’ o (p+2)2 (p+2)2 " (p+3)?
with
P+ D! (p+3)? s (p+3)° (p+3)° 22 (P+3)°
A, =A - -+ = 07+— Cc°——
2R (o)l 7l 2 el T O

w

. 1 . L 9
;|U0\( +4|U0|)+t*260(1+4|uo|)+t§c C?,
and from (7.14)

\8§’+1w| — |8§m11| Sct_ilpl SAwa,
(p+1)2 (p+2)*
with
_1(+2? _2
St (pH1)3 Tt

Applying 977! to equation (7.16) and observing the initial conditions, gives at s = 0 for

p=>1
p+1

(p+2)ig PTm ==Y (p - 1) 03 u P,
=\ J
i
P

-2 (p ; 1) 0L m™ oIt 4 oyt (u” k),
: J
Jj=1

whence
+1 o . .
|8”+1mm\<41 pz<p+1>c2 720 I (p 2 — )
S Sl ( &\ J ) GrE T 3o

p | 4p—J
+Z(p+1> C2t .7 t (p+1 ) +|8§’+1(u2k)|

S\ G+ (p+2-7)?
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1 1 1 tp—1 1!
¢ Lecriprn{to L g, e

= o p+3)? (p+2) p*(p+2)
P2 (p+1)! 1 tP=3(p+1)! tP(p+1)!
+4lPC—— Ly ST Ay e
(p+2?% " ol (p+2)? T +2)2
with
1 [cC (p+2)? . (p+2)} 4eC 1 A2c?r 1
A=~ {1+ + 2|4 + ==
o= 5 Ot e+ 2ol 2 pr2 ! Bl pt2
<1 200+4|u| +QCC+C2CQ
Tt ol ’ 2 3ol
Similarly we get from (7.13)
1 p+1 P+l
ool < g 30 (1) ottt ol o o )
(p+1) o] ]z:;
1 Iil(p+1) 2 tjizj! tp+17j(p+27j)! ‘ap+1 01| ‘aerl( 2h)|
< 0 ) c® — - + 10" mT | + |0y U
(p+1) o] | s\ J G+1*  (p+3-7)? ‘
Ctf"(p—i—l)!
YT (p+2)?
with
4 Ao 12¢C (p+2)2  2Jug] (p+2)?2 4eC 1 2c? 1

(p+ 1)l "t Jio| (p+3)2 t plp+1) 2 p+1 gl p+1
1 2¢cC cC cC 1 0202{ 1 1 }
< = 39fio| F 24+ T b s b o 42 b
F otiol+ 2+ 0 e 5 e e L
and finally from (7.17)

p+1 s o . _ .
’ ~ (Dol |\ g G+1*  (p+3-j)?

b N i .
p+1) o VTG P (p41—j)! 12 tP(p+1)!
+ . ¢ — - + 0Pt (w21 <Ay c———F,
=1( J G+12 (p+2-7)2 057 (D) (p+2)?

J
with

1 2 2 2 2
A11§t{18|110|+ CC} cC c0

|10 2 3ol
From the estimates for the A’s it follows that given a choice of ¢ which satisfies the first of

the estimates (7.19), we can determine ¢ large enough such that the second of the estimates
(7.19) and the conditions

Aua AU7Awa A007A017A11 S 17
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are satisfied. With this choice the induction step can be carried out.

It follows immediately from estimates (7.20) that the Taylor expansions of the func-
tions 27 at s = 0, 27(s) = Y07 2} s with 2} = ﬁ dP27(0), are absolutely convergent for
|s| < 1/t. 4 '

The coefficients z) = z}{(uo, vp, Wp) depend on vy via the expansion coefficients of the
functions €%z, 'apcp. This implies a polynomial dependence of the zfg on vy due to

the v-finite expansion types of the functions é% 5, I'ascp. The explicit dependence of the
right hand sides of equations (7.12) - (7.17) on g and g alone would lead to a polynomial
dependence of the zg on 1o and wy. The occurence of the factors u on the left hand sides
of equations (7.15) - (7.17) implies, however, that the zg are polynomials in g, vg, Wo
divided by certain powers of .

The number ¢ which restricts the domain of convergence ensured by our argument
depends via € and M on vy, and via ¢ and the A’s on g, 1/t and wy with the effect
that t — oo as @y — 0. It follows, however, from the form of the estimates (7.20) and the
way they have been obtained that for (ug,vo,wo) in a compactly embedded subset U of
(C\ {0}) x C x C a common number ¢ can be determined so that the Taylor series will be
absolutely convergent for (s, g, vo,%0) € P1/.(0) x U.

If K is compact in P; /4(0) x U, there exists t' >t with K C P, /(0) x U and it follow

from (7.20) that the sequence of holomorphic functions f} = >7"_ 2} s” on Py ;4(0) x U
satisfies
, , i -1 1 c (/)"
S%P | — 2| Sp;lcm(y)pﬁ 7 1 — )¢ —0 as n— oo,

so that the fJ converge uniformly to 2/ on K. Standard results on compactly converging
sequences of holomorphic functions ([22]) then imply that the 27 = 2z7(s, g, vo, W) are
holomorphic function of all four variables on Py ,¢(0) x U. m

Lemma 7.3 Along the geodesic corresponding to s — 27(s,0,v0,%0) equations (7.9)
have a unique holomorphic solution t* g(s) = t* (s, 1o, vo, o) satisfying the initial con-
ditions (7.7). The functions t* g(s, o, vy, Wo) are holomorphic in all four variables in the
domain where the 2 (s, 1, vo, o) are holomorphic.

PROOF. By the previous discussion we have m® = O(s?), u = O(s) with 7y # 0 so
that m%/u = O(s) as s — 0. It follows that equation (7.9) is in fact a linear ODE with
holomorphic coefficients and the Lemma follows from standard ODE theory. m

For later use we note that (7.7), (7.9) imply as an immediate consequence that

t7 14 5(s) = 51 g(vo) + O(|s>) as s — 0. (7.22)

To discuss the transformation to normal coordinates the notation employed before the
transition (7.8) will be used again, so that

s — 2% exp(sxcy)) = 2°(s, o, vo, Wo),
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, 22 = v, 22 = w the geodesic which has at s = 0 the

g, Vo, Wo) at i. We note that by the discussion above

denotes in the coordinates z! =

u
tangent vector z%c, with 2% = z%(

u(s, g, vo, o) = o s+0(|s|*), v(s, 1o, vo, o) = vo+O(|s]*), w(s, 1o, vo, o) = 1o s+O(|s|*).
(7.23)
In terms of the map (7.5) the transformation of the normal coordinates ¢ centered
at ¢ and based on the frame c, at 7 into the coordinates z® is the given by

x® — 2%(x%) = 2%(1, 4o (x), vo(x), wo(x)), (7.24)

for small enough |z%| with o' +ix? # 0. The geodesics being given in normal coordinates
by the curves s — sz, this implies

sax® — z%(1, (s ), vo(s %), o (sx%)) = 2%(s, U (z), vo(x), wo(z°)).

We use the relation on the right hand side to derive a convenient expression for the map
(7.24). Observing that

to(sx®) = stp(x®), wvo(sx®) =wvo(z), wo(sx®) = swp(z®), se€C,

by (7.5), we write % = sx¢ with s chosen so that ug(z$) = 1, whence g (2¢) = s, and get
with the relation above the map (7.24) in the form

24(x%) = 21, tio (%), vo (), o (2°)) = 2°(s, G0 (25), vo (25), o (25))

0(z°)

@)
With (7.23) this gives, as |z| = \/6ap 2% 2% — 0, 21 +i22 £ 0,

<.

= 2%(to(x), 1, v9(z°),

.

o xt+ia? Ollal? o z3 Y )
u(@) = =T L Oaf'), v =~ O, (725)

ey L 1 _ a2 (z%)? 213) = Jap 2% x° E
W) = 75 (@~ iwt 4 )+ 0(el!) = ol (126)

In the flat case the order symbols must be omitted in these expressions.
With (4.6), (7.22) and

1 da®
——(dz* +ide?) +O(|z]?), dv * Y

W= ~Via Vi

(da' 4 i dz?) + O(|z|),

1
dw = 7 (da' —ida? —2vda® —v? (da' +id2®)) + O(|z|?),

one gets for the forms x4% = x4 . dz® dual to the normal frame c4p indeed

XAB(.’EC) _ t_lAc’t_lB D (G'CD 1 dU+UCD2dU 4 O'CD3dw) _ (aABa +>A<AB a) dﬂ?a,
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with some functions Y4 ,(2¢) which satisfies X2 , = O(|z|?) as || — 0. Correspond-
ingly, the coefficients c¢% 5 = < dz®, cap > of the normal frame in the normal coordinates
satisfy

c® ap(z°) = a” ap + ¢" ap(z°),

with holomorphic functions é* 4p(2¢) which satisfy é* ap(2¢) = O(|x|?) as |z| — 0

Since the three 1-forms a*? , dz® are linearly independent this shows that for small
|z€| the coordinate transformation x® — z*(z¢), where defined, is non-degenerate and the
forms x*Z behave as required by normal forms in normal coordinates. The relations (3.1),
which characterize coefficients of normal forms in normal coordinates, are a consequence of
the equations satisfied by 2%(s) and t* g(s). All the tensor fields which enter the conformal
static vacuum field equations can now be expressed in term of the coordinates x¢ and the
frame field cap.

All ingredients are now available to derive our main result.

Proof of Theorem 1.1 The coordinates ¢ cover a certain (connected) domain U
in C3 on which the frame vector fields c® a4p 0/0,c exist, are linearly independent and
holomorphic and where the other tensor fields expressed in terms of the z® and cap are
holomorphic. It follows from Lemmas 6.9, 7.2, and 7.3 that given any initial data g,
vg, Wwo with g # 0, there exists a solution z%(s, i, vg, W) of the geodesics equations
on the solution provided by Lemma 6.9 which is defined for |s| < 1/t with some ¢ > 0.
The dicussion above shows, however, that ¢ will become large if |vg| becomes large or ||
becomes very small. This implies that the domain U will not contain the hypersurface
2! + 322 = 0 but its boundary will become tangent to this hypersurface at z® = 0.
From the estimates obtained so far it cannot be concluded that the coordinates extend
holomorphically to a domain containing an open neighbourhood of the origin.

To analyse this question, we make use of the remaining gauge freedom to perform with
some t4 g € SU(2) a rotation §* — &* - t of the spin frame and the associated rotation

— ¢

t D
CAB — Cap At~ Bcep

of the frame c4p at i on which the construction of the submanifold S and the related gauge
is based. Starting with these frames at ¢ all the previous constructions and derivations
can be repeated.

Let v/, v/, w’ and e’y 5 denote the analogues in the new gauge of the coordinates u,
v, w and the frame e4p. The sets {w = 0} and {w’ = 0} are then both to be thought
of as lift of the set A; to the bundle of spin frames, the coordinates v and u’ can both
be interpreted as affine parameters on the null generators of A; which vanish at 4, the
coordinates v, v’ both label these null generators, and the frame vectors egy and ef, can
be identified with auto-parallel vector fields tangent to the null generators.

If v and v’ then label the same generator 1 of A;, a relation

SCO(U/) SDO('U/)tE ctf' pepr = 660 = f2eqo = f? Sco(v) SDO(U) CCcD,

must hold at ¢ with some f # 0 and e}, = f? ego must hold in fact along n, with f constant
along 7 because ef, and egy are auto-parallel. Absorbing the undetermined sign in f, this
leads to

tf o sCo(v) = fsPo(v).
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With

(t* ) = ( CCL _(_ZC ) where a,c € C, |a*>=|c*=1, (7.27)
this gives
, —c+av 1 ct+av Ev'
v=—"", =———, resp. v=——"+, f=a—-cv.
a—+cv a+cv a—cv

Moreover, the relations
<duyeqo >=1=<du ey >=<du', f*eq >,
imply for the affine parameters satisfy along 7
u=f*u,

so that n(u’,v’) = n(u,v) holds with these relations. We note that choices of t4 g with
¢ # 0 can supply new information, because then v — oo as v/ — a/¢ so that the singular
generator of the cap-gauge, about whose neighbourhood we need information, is then
contained in the regular domain of the ¢4 z-gauge.

For the null datum in the new gauge one gets with (4.16)

sg(u’,v') = sAo(v') SCO(U’) P tH s*E___H|n(u,7v,) =4 so(u,v)

I
NE
5|~

u'™ M gAL (1) P (v) ... s o(v) DE"AlB1 Dy g SZBCD)(i)

m=0
o0
= Z — /™ frmta A1 o(v) Bt o(v) ... P o(v) DEAlBl .. .DZmBm squCD)(i)7
m=0 '
and thus
oo 2m—+4
soW W) =" > Wl u ', (7.28)
m=0 n=0
with

t t t N — 4Gy H, N * * * .
Diag, D, Sapcpy(®) =t7 4t gy ... " p Dig,w, --- D&, m,, Sprcny (9,

and 1 /2 4
m + .
fn,n = ( ) DEAlBl -~-Df4mBm StABCD)n (i)

2m+4
1 M2m+4 2m+4\ (g, H, N N . . )
= ﬁ ( ) Z ( . )t( (Alt By +-- t )J D)n D(G1H1 e DGman SLKMN)](Z)

2m+4
2m+4 i
B ( > S HE Ty ) .



It is convenient to write this in the form

2m+4 1/2 -1/2
2m+4 2m + 4 .
" ; ( n > ( j ) Tem+a” n(t) ¥m.s (7.29)

where the numbers
4 2m + 4\ % (2m + 4\ 1/ ‘
Tomis? n(t) — ( . ) ; +(G1 (A H By - N5 Dy

are so defined ([11]) that they represent the matrix elements of a unitary representation
of SU(2) and thus satisfy

‘T2’rn+4jn(t)|glv m:0a1327---a OS]7n§2m+4

With the expressions above it is easy to see that the type of the estimate (3.11) and the
type of the resulting estimate (6.1) are preserved under the gauge transformation. With
(7.28) and (7.29) follows from (6.1) at the point O’ = (u’ = 0,v" = 0)

2mtd <2m+4>1/2 <2m—|—4

—1/2
O 0 40 = mtnt [ ] < mlnl 3 ) Tomes? ult)] s

i=0 " J
(7.30)
2m+4 1/2 1/2 2m+4
2 4 2 4 2 4 2 4
< mln! Z <m+) <m.+> Mr1m<m!n!(m+> Z (m_+>Mr1m
- n J n X J
j=0 7=0
=m!n! (2m+4> M'r;™,
n

with M’ =16 M and r; = 11 /4.

Assuming now that ¢ # 0 in (7.27), the resulting ¢! 5-gauge can be studied from two
different points of view:

i) The singular generator of N; in the ¢! z-gauge will coincide with the regular gen-
erator of N; on which v = —a/¢ in the cap-gauge. By starting from the solution in the
cAp-gauge, we are thus able to directly determine near that generator the transformation
into the ¢!y 5-gauge and to determine the expansion of the solution in the c4p-gauge in
terms of the coordinates «’, v’, w" and the frame field e, 5.

ii) Alternatively, with the null data s{(u’,v’) at hand, one can go through the discus-
sions of the previous sections to show the existence of a solution to the conformal static
vacuum equations in the coordinates v/, v’, w’ pertaining to the ¢!y ;-gauge. All the ob-
servations made above, in particular statements about domains of convergence, apply to
this solution as well. Important for us is that this solution covers the generator v’ = a/c
near v’ = 0 and w’ = 0, which corresponds to the singular generator in the cp-gauge.

Because the formal expansions of the fields in terms of u’, v, w’ are uniquely deter-
mined by the data sf(u’,v’), the solutions obtained by the two methods are holomorphi-
cally related to each other on certain domains by the gauge transformation obtained in
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(i). The solution obtained in (ii) can be expressed in terms of the normal coordinates z¥
and the normal frame field ¢!y 5 so that the z¢ cover an certain domain U; C C? and the
frame field ¢!y 5 is non-degenerate and all our tensor fields expressed in terms of z{ and
¢ty 5 are holomorphic on U, as discussed above. It follows then that the solution in the
cap-gauge and the solution in the ¢4 z-gauge are related on certain domains by the simple
transformation (cf. (4.3))

a —1la b t C D
Ty =1 bT, Cap=1" at~ BccD.

Extending this as a coordinate and frame transformation to the solution obtained in (ii) to
express all field in terms 2 and c4p so that they are defined and holomorphic on ¢t~ Uy,
one finds that the solution obtained in (ii) and our original solution define in fact genuine
holomorphic extensions of each other because each one covers the singular generator of
the other one away from the origin in a regular way.

By letting t4 g go through SU(2) and observing the corresponding extensions, one
obtains in fact a holomorphic solution to the conformal static vacuum field equations in
the normal coordinates x® centered at ¢ associated with the frame 6* resp. cap at i on a
domain which covers a full neighbourhood of space-like infinity. Consider again the solution
we obtained in the cap-gauge. From the discussion above it follows that the domain U
in C® on which the solution is holomorphic in the coordinates x% covers a (connected)
domain U’ of the hypersurface {z3 = 0} of C? which has empty intersection with the line
{z! +i23 = 0, 23 = 0} (corresponding to the singular generator of the c4p-gauge) and
whose boundary becomes tangent to this line at the origin £ = 0. Under the transition

i0/2

Uy — Uy, Vg — € Vo, ’u'}o—>619ﬂ'}07 HGR,

which leaves the quantities |dg|, |vo|, |wo| entering the estimates above invariant, one gets
by (7.4)

1

!+ ia? —>x1+ix27 ! —ia?

— el (a2t —ix?), 2% —elfad
Thus the set U’ can be assumed to be invariant under this transformation.

Consider now the ci p-gauge where the special transformation t* 4 p is given by (7.27)
with a = 0, ¢ = 1. Let U/. denote the subset of the hypersurface {z3. = 0} in C? analogous
to U’. Tt has empty insection with the line {x}. +iz? = 0, x}. = 0} but its boundary
becomes tangent to it at xf. = 0. It holds

t t* t* .
Cop = €11, Cpp = —Co1, €11 = Coo at 1,
and the corresponding normal coordinates are related by

vy = —at, 2i =27, 2l =23
The holomorphic transformation {z}. =0} > (x}.,z2) — (—zt,2?) € {2* = 0} maps UJ.
onto a subset of C? ~ C? x {0}, denoted by ¢* = U/., which has non-empty intersection
with U’. After the transformation above the two solutions coincide on t* ~1 U/, N U".
On the other hand, the image of the ¢!, -regular line {z}. —ix? =0, 2. =0} N UL
under this transformation contains the intersection of a neighbourhood of the origin with
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the singular line {z' —iz? = 0, 2> = 0, 2% # 0} of the cap-gauge. In fact, the set
t*~1U!. U U’, which admits a holomorphic extension of our solution in the coordinates z®
and the frame c4p, contains a punctured neighbourhood of the origin. As we have seen
above, the field c4p on this neighbourhood extends continously to the origin.

Let now z¢ # 0 be an arbitrary point in C3. We want to show that the solution
extends in the coordinates z® to a domain which covers the set sz for 0 < |s| < € for
some € > 0. Since z¢ = y® +i 2% with %, 2* € R? there is a vector u® € R? of unit length
and orthogonal to z® with respect to the standard product u -2 = g u® z°. Consider
the ¢4 p-gauges with thp € SU(2) so that u®y = t=1@ pub = §%5. Tt follows then that
23, =t71%, 2% € {2} = 0} and by the preceeding observation t* g can in fact be chosen
such that there exist an € > 0 so that the points sz¢, with 0 < |s| < € are covered by
U;. Transforming back we find that the set U € C? covered by the coordinates x® can
be extended so that the points sx$ with 0 < |s| < € are covered by U and all field are
holomorphic on U in the coordinates z®. It follows that we can assume U to contain a
punctured neighbourhood of the origin in which the solution is holomorphic in the normal
coordinates £ and the normal frame c4p. Since holomorphic functions in more than one
dimensions cannot have isolated singularities ([15]) the solution is then in fact holomorphic
on a full neighbourhood of the origin * = 0, which represents the point <.

By Lemma 3.1 the exact sets of equations argument determines from null data satis-
fying the reality conditions a formal expansion of the solution with expansion coefficients
satisfying the reality conditions. By the various uniqueness statements obtained in the
Lemmas this expansion must coincide with the expansion in normal coordinates of the
solution obtained above. This implies the existence of a 3-dimensional real slice on which
the tensor fields satisfy the reality conditions. It is obtained by requiring the coordinates
x® to assume values in R3. [J
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