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Abstract

Our aim is to show how semi-classical analysis can be useful in
questions of stability appearing in hydrodynamics. We will emphasize
on the motivating examples and see how these problems can be solved
or by harmonic approximation techniques used in the semi-classical
analysis of the Schrodinger operator or by recently obtained semi-
classical versions of estimates for operators of principal type (mainly
subelliptic estimates). These notes correspond to an extended version
of the course given at the course in Cetraro. We have in particularly
kept the structure of these lectures with an alternance between the
motivating examples and the presentation of the theory. Many of the
results which are presented have been obtained in collaboration with
Olivier Lafitte.



1 General introduction

In Hydrodynamics an important question is to analyze the stability or the
instability of the solutions. This question appears at least at the first stage
(analysis of the linearized problem) appears to be a question of spectral
analysis. This question appears to depend strongly on the various physical
parameters. In some asymptotics regime, this question can be analyzed by
techniques coming from semi-classical analysis : this means that there is a
small parameter h which plays in the analysis the role of the Planck constant
in an analogous way to the Quantum mechanics.

We will emphasize on the motivating examples and see how these prob-
lems can be solved or by harmonic approximation techniques used in the
semi-classical analysis of the Schrodinger operator or by recently obtained
semi-classical versions of estimates for operators of principal type (mainly
subelliptic estimates). In this way, we hope to show that these recent results
are much more than academic transpositions of former theorems developed
more than thirty years ago when analyzing the main properties of Partial
Differential Equations : local solvability, hypoellipticity, propagation of sin-
gularities...(see Egorov [Eg|, Treves [Trev], the treatise by Hormander [Ho3|
and references therein).

Actually, we will not need at the moment the most sophisticated theorems
of this theory (see the lectures by N. Lerner [Le]) but the most generic.

We will give explicit proofs for the simple examples we have. They are based
mainly on two tools : the semiclassical elliptic theory for A-pseudodifferential
operators and the construction of WKB solutions.

We consider four different models coming from different modelizations ap-
pearing in hydrodynamics. The first one is the Rayleigh-Taylor model. Al-
though the subject has a long story starting with [St] (see also [Cha]), the
semi-classical analysis appears in [Lal, La2, HelLafl]. The problem we meet
in this case is self-adjoint and related to the analysis of the bottom of the
spectrum for a Schrodinger operator. The three other examples are not
selfadjoint. We will see that we meet problems related to the notion of pseu-
dospectrum. The second one extends the previous one by introducing some
velocity at the surface between the two fluids. This is an extension of the
Kelvin-Helmholtz classical model which is analyzed in [CCLal].

The third one, the Rayleigh with convection model was studied in [CCLaRa]
and is a natural generalization with a convective velocity of the classical



Rayleigh problem for a transition region.

The fourth one is called the Kull-Anisimov ablation front model. 1t has been
analyzed by many physicists and more recently in the PHD theses of L.. Masse
[Mas] and V. Goncharov [Go].

Organization of the course.
This course is divided in five (unequal) lectures.

Lecture 1 is devoted to the analysis of the Rayleigh-Taylor model. We show
how the initial problem of analyzing the possible instability of the model leads
to a spectral problem for a compact selfadjoint operator which appears to be
an h-pseudodifferential operator.

When needed, we will recall various basic things on the h-pseudodifferential
operators.

We are let to the analysis of the largest eigenvalue of a compact operator.
We show that either harmonic analysis or WKB solutions permit to have a
good asymptotic of this eigenvalue.

Lecture 2 is devoted to the presentation of some mathematical tools adapted
to the analysis of non-selfadjoint problems. We first start by presenting a
new example (Kelvin-Helmholtz) as a motivation. We then give the main
definitions related to the pseudo-spectrum. Here we will emphasize on the
“elliptic” h-pseudodifferential theory and on what can be done by WKB con-
structions. We then apply the techniques for analyzing our Kelvin-Helmholtz
model.

Lecture 3 is devoted to the presentation of the results on subellipticity in
the semi-classical context. We will see how the question of the subellipticity
of h-pseudodifferential operators can appear naturally. In comparison with
what was done in the course of N. Lerner [Le], this will illustrate the most
simple examples which were presented !

Lecture 4 explains the origin of two other models. We will show that they
lead to similar questions for some suitable regimes of parameters. Again, we
arrive to the analysis of a system, which can be reduced to a high order non
symmetric differential operator. We then sketch the mathematical treatment
of these two models. This gives us also a good opportunity for presenting
other results in subellipticity mainly obtained by Dencker-Sjostrand-Zworski.
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2 Lecture 1 : The Rayleigh-Taylor model

2.1 The Rayleigh-Taylor model : Physical origin

The starting point for this model is the analysis of the following differential
system in R* = R3 x R;. With z = (2, 72, x3) this system reads :

L, Lo S 2.1
(o) + V- (pu @ U) + Vp =07 . (2.1)

The unknowns are 4@ = (uj, ug,us3), the density o and the pressure p. We
assume that § = (0,0,1)g. The second line in (2.1) corresponds to three
equations and reads more explicitly :

Oy (ouy) + div (our @) + Op=0;
Oy (oug) + div (oua @) + Oep = 0 (2.2)
O (ousz) + div (oug ) + O5p = 09 .

Here we have used the short notations :

0 0

2 0= — fori=1,2,3.

TR 0 oz, or i 3

The reader can look in the first pages of the book by P.L. Lions [Li| for the
way to get these equations from the principles of conservation of mass (for
the first line of (2.1)) and of momentum (for the second line of (2.1)).

@:

This system models the so-called Rayleigh-Taylor instability, which occurs
when a heavy fluid is above a light fluid in a gravity field directed from the
heavy to the light fluid. We refer to Chapter X in Chandrasekhar’s book
[Cha] for a presentation of the theory. Here we intend to study the linear
growth rate of this instability in a situation where there is a mixing region.
This linear growth rate will corresponds to 7 in (2.16) below.

We would like to analyze the linearized problem around a stationary solution
(i.e. t-independent) :

o=p", G=u0=0,p=7p", (2.3)

where p' is assumed to depend only on x5 and p° and p° are related, as
imposed by the second line in (2.1), by :

vp? =07 . (2.4)
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divii=0. (2.5)

The linearized system takes the form :

0up+ (p°) s = 0 ; (2.6)
P’ +01p=0; (2.7)
p°0ytiy + Oop =0 ; (2.8)
P Byiis + Osp = gp . (2.9)

In order to analyze (at least formally this system) we extract from the system
an equation involving only 43 (by eliminating the other unknowns). This is
done along the following lines.

We first differentiate with respect to ¢t Equation (2.9). This leads to :

X . 0p
PO ity + 0dp = g (2.10)
We now use (2.6) in order to eliminate % and get :
P’ 0%tz + 0,05 + g(p°) (w3)l13 = 0 . (2.11)

We now differentiate (2.7) and (2.8) respectively with respect to z; and xs.
This gives :

P20ty + 07p =0, (2.12)
and
p°0:0atiy + 05 = 0. (2.13)
Differentiating (2.5) with respect to ¢ and using (2.12) and (2.13), we get :
A1,2]3 = poﬁtﬁgﬁg ) (2-14)

where Ajy is the Laplacian with respect to the two first variables (xy, z5) :
Ay =07+ 05 .
It remains to eliminate p between (2.11) and (2.14) :
A1 (,003?@3 + (,00)'9123) + 03p°050%13 = 0 . (2.15)
We now look for a solution 3 in the form :
R? x R 3 (x,t) > (w1, 20, 23, ) = v(x3) exp(yt + ik + ikexs) , (2.16)

where :



e v is an unknown real function in L?(R),
e 7 is a real parameter,

e and (ky, k») is in R? and corresponds to the momentum variables dual
to (x1, z2).

This is what is called in the physical literature the analysis in normal modes.
The reader can for example look in the introductory chapter of [Cha] for a
more heuristic explanation. This leads to an ordinary differential equation
(in the xs-variable) for v :

d d
. ]{32 ]{32 0.2 0\/ 2 = 0 7 :0 ) 217
(kT + k) (v v+ (p7) gv) + ol (2.17)

Replacing x3 by x (z € R) and dividing by y?k? with

k2——k%+k§,
weget:
1 d Od 0 0/9
_ -+ - = . 2.1
k2 :L‘p I_—}-p (p)[}/2 v 0 ( 8)

So we are interested in analyzing for which value of (v, k) (with 7 > 0) there
exists v satisfying (2.17).

The choice of v > 0 corresponds to our interest for instability. Actually, we
could have started by looking at possibly complex v’s but one immediately
get as a necessary condition that 72 should be real and the pure imaginary
~’s are not interesting for the problem.

2.2 Rayleigh-Taylor mathematically
In the case of the Rayleigh-Taylor model, as we have seen in (2.18), the main

point is to analyze as a function of § € R the kernel in L*(R) of :

P(h,8) = ~h*o(a) -+ ofa) + 50/ (x) (2.19)

Here h > 0 and o(z) € C*(R) satisfies :

lim, . o0(z) =p_ >0,

lim, 100 0(7) =py >0, (220

o(x) >0,V eR, (2.21)

7



p— F Py s (2:22)
lim o'(x)=0. (2.23)

|| =00

We look at h — 0 (see! [HelLaf1] for the case h — +o0c). The problem comes
from the analysis of the Euler equations in a gravity field. The physical
parameters are the intensity g of the gravity, a wave number £ > 0 and a
parameter 7 which measures the large time behavior of the solution. The
mathematical problem is to determine a pair (u,~y) such that

1 g

This means that the link between the physical parameters (g, k,~) and the
mathematical parameters is :

1
5:%,h:E. (2.24)

The physical situation leads to analyze the case dg > 0. This implies v2 > 0,

and we choose v > 0.

Note that the instability is only analyzed when

P+ # P
This implies that ¢'(z) is not identically 0.

The most physical case corresponds to :

p—>p+, 9>0,

so 0 is positive and ¢’ is negative somewhere.

Generally o is assumed monotone but the semi-classical techniques are not
limited to this case.

2.3 Elementary spectral theory

First we observe that there is no problem for defining the selfadjoint extension
of P(h,d) in L*(R) (which is unique starting from C§°(R)) and it is immediate
that P(h,0) is injective. More precisely, the bottom of its spectrum is strictly
positive.

n this case the limiting model corresponds to p = p_ for < 0 and p = p, for z > 0.



Definition 2.1
We call generalized spectrum of the family P(h, ) the set of the 6’s in R such
that P(h,d) is non injective.

The standard analysis of the solution at oo for ordinary differential equations
shows that, for all 0, the dimension of ker P(h,d) is zero or one.

The next result is relatively well known (connected to the Birman-Schwinger
principle [Sil]).

Proposition 2.2

Under the previous assumptions and assuming in addition that o' is not iden-
tically 0, then the generalized spectrum P(h,d) is the union of two sequences
(possibly empty or finite) & et o, s.t :

0<éf <6,

lim, 400 0,7 = 400, (2.25)
0< 8, <011,
lim,, 400, = —00. (2.26)
Proof.
If we observe that :
1
ker P(h,d) # {0} iff ker(K(h) — 5) # {0}, (2.27)
where ) )
K(h) =—=P(h,0)" 20 (z)P(h,0)"2 . (2.28)

the proof is immediately reduced to the standard result for K(h), which is a
compact selfadjoint operator.

For the compactness of K(h), we can for example observe that the operator
P(h,0)"2 belongs to £(L2(R); H(R)) and that, under Assumption (2.23),
the operator of multiplication by p’ is compact from H*(R) in L*(R).

Note that when ¢’ < 0, which is the simplest natural physical case, the op-
erator K (h) is positive.

Let us also mention an a priori “universal” estimate of [CCLaRa|. If u is, for
some § # 0, in the kernel of P(h,d), we get by taking the scalar product in
L? by u :

S22 oh?u (@) + u(@)?) de - = =0 [13 o (x)u(w)? d

=24 fj;o ou(x)u'(x) dx . (2.29)

9



Using Cauchy-Schwarz, we get :

o)

This implies

ker P(h,d) = {0}, V6 €] — h,h[.

Universal upper bound.
We could have started from the operator :

1d od o ¢ (x)
—h?0 T p—0 T+ 146
0 P la? T o(x)’

which shows more clearly the role of the function ¢’/ p.
One way is to change of functions introducing

u=p(z) v .
This shows also that if :
J(z)
o(z)

then ¢ is not in the generalized spectrum.

1+0

>0, VreR,

Remark 2.3

| e - Ehwer s uewpyas <o,

(2.30)

(2.31)

(2.32)

The theory can be extended to the cases py = 0 or p— = 0, under Condition

(2.34).

2.4 A crash course on h-pseudodifferential operators

At least if the profil g is regular, the h-pseudodifferential calculus gives an
easy way for getting the extremal eigenvalues of K'(h) in the semi-classical

limit. Let us briefly describe this tool.

A family (h €]0, ho]) of h-pseudodifferential operators
Ah - Oph(a) )

associated to a symbol (z,&) — a(z,&; h) is defined for u € S(R™) by :

(Opy(a)u)(z) =

(27h) ™™ [m g €XP(5(z — ) - €) a(*F2, & h) u(y) dydg .

10
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The function a is called the Weyl symbol (or h-Weyl symbol if we want to
recall the dependence on h) of A;. We refer to the book of D. Robert [Rob]
for a course on this theory which is specifically semi-classical (and to the
course of N. Lerner [Le] in this volume?) and the assumptions which can be
done on the symbols.

Here it is enough to consider as symbols C*° (with respect to the variables
(z,€) € R" x R™) functions a s.t., for some given p, p’, ¢ and hy > 0, there
exists, for all & and # in N, constants C, s s.t., for all h €]0, hy,

|D2DZaw, & h)| < Cog h? (x)r~ 1ol (g)r =11

When the symbol satisfies this condition, we write simply a € S@P#) and
the corresponding operator Op ,(a) is said to belong to Op,S@P).

This class is an algebra by composition and the composition is just a multipli-
cation for the principal symbols. Typically, if a € S@P?) and b € Slarrrri)
then there exists ¢ in S@taPPL'+p1) gt

Opp(a) o Op,(b) = Op,(c),

and
c—abe S(q+q1+1,p+prLp’+p’1*1,) ]

This leads to the natural definition of “ principal symbol”.
In the current situation, the symbol a € S%”?" has more properties. It admits
the formal expansion :

a(,&h) ~ WY Way(x,8)
Jj=0

with :
a;(z,§) € S*777

and one has, for any N > 0, a good control of the remainders
PN (@, & h) = az, & h) — bt Y Wa(x,€)
0<j<N

in Sa-NNN),

The symbol ag(x,&) is called the principal symbol. The symbol a;(x,§) is

2N. Lerner has a slightly different convention for the quantization. But taking h = %
in (2.33) leads to this convention.

11



called the subprincipal symbol. We note that the principal symbol is inde-
pendent of the quantization (this is not the case for the subprincipal symbol).

We have natural continuity theorems (based on the Calderon-Vaillancourt
Theorem) in H*(R™), where moreover the constants are controlled with re-
spect to h.

In addition compact operators on L*(R™) can be recognized as the operators
whose symbol in S0 tends to 0 as |z| + [£] — +o0.

Typically, an operator in Op S (@) with p < 0 and p’ < 0 is compact. The
role of ¢ is to give the size of the norm of the operator with respect to h.
Finally, let us briefly discuss invertibility. As the principal symbol of an
operator (sat in Op,(S%%°, is invertible (=elliptic), one can inverse the
operator for h small enough. This is indeed very simple. If B, is the operator
of h-Weyl symbol é, then the calculus gives that :

B, Ay, =1+ hRy,

with R, € Op,(SO~1=D).

Then the uniform control in £(L?) of Ry, gives the invertibility of (I + hRy)
in £(L?) and hence the invertibility of Aj.

For the invertibility, modulo O(h*), one can also inverse (I + hR;,) by using
the Neumann series :

(1 +hR) ™ ~ S (~1) W (R,

>0
2.5 Application for Rayleigh-Taylor : Semi-classical
analysis for K (h).

Under strong assumptions on p, one can use the previous h- pseudodifferential
calculus. We assume :

| D2 o(x)| < Caola){z) . (2.34)
This assumption permits to see that :
d d 1 d 1
K(h)=— h 30 h2 -3 2.
(h) = —(=h"——0= +0) 20 (2)(=h"——0o= + 0) (2.35)

is an h-pseudodifferential operator. More precisely it belongs to Op ;S0
The operator K (h) appears indeed as the composition of three h-pseudo-

differential operators (—h*-Lp-L 4 p)~ 2, —p/(x) and again (—h2-L dpd 4p)a.

12



So the h-pseudodifferential calculus gives that it is an A-pseudodifferential
operator.
The principal symbol of K (h) is

/

— = — (&2 -12 (:E) . .

(2,6) = pla.€) = ~(€ + )7 T (236
For the analysis of the extremal eigenvalues, we have first to determine the
extrema of this symbol. If these extrema are non degenerate then we can
apply the harmonic approximation as in [HelSjl]. The tunneling effect to-
gether with the decay of the eigenfunctions can also be analyzed (see[BrHe],
[HePal]). There is indeed a natural extension of Agmon Estimates for h-
pseudodifferential operators whose symbol admit an holomorphic extension
in suitable bands [Im | < R in the £ variable.
This leads to the following computations. We get

(r,6) =2A5HE+1)77,
%®(2,8) =—(0"(z)o(z) — o'(2)?)(o(z)) 22+ 1)~ .

The condition ¢'(z) = 0 should be excluded because it does not correspond
to an extremum of p(z, ). So we get :

§=0; d'"(@)o(x) — d(x)* =0.

This corresponds to the condition that zy is a critical point of the map
x> —d(z)/o(x).

It remains to verify that the extrema are non degenerate. We obtain at a
critical point (xg,0) :

22 (w0,0) = +20/(x0)/0(wo)

264 (10,0) =0
N R

It is then easy to determine if (z¢,0) corresponds to :

e a minimum of p,
if o'(z0)/0(0) >0
and 0" (wo)o(x0) — 0'(20)0" (%)) <0,

e a maximum of p,
if o'(z0)/0(w0) <0
and 0" (xo)o(xo) — 0'(x0)0" (x0) > 0.

13



When p’ < 0 and p > 0, then the maxima of the symbol correspond to £ =0
and to the x’s such that —% is maximal.

We recall that the simplest physical situation corresponds to ¢'(z) < 0. In
this case we have only maxima, which actually are the points of interest if
looking for largest eigenvalue.

2.6 Harmonic approximation

If we are interested in the largest eigenvalue of K(h) a very general theory
has been developed (of course for Schrodinger, but also for more general h-
pseudodifferential operators.

We just sketch what corresponds to the first approximation.
We have just to consider the following harmonic operator associated to a

point (g, 0) corresponding to a maximum of p, and to consider the spectrum

of
182]) 2 1 82]) 9
2.0g ("0 OPu 5, (0. O ) + hp(2,0)

where p; is the subprincipal Weyl symbol of K (h), which actually is 0.

p(xo,0) + h(

This operator is consequently

o' (o) 5 0" (wo)o(wo) — 0'(20) 0" (0) »
o(zo (1=hDy)=h 20(0)? Y

The largest eigenvalue of this operator (which is semi-bounded from above !)
is explicitly known and gives the existence of an eigenvalue for K (h) (with

some error O(h2)).

If there are more than one critical maximum point for p, the largest eigenvalue
of K(h) is well approximated by the largest (over the maxima of p) of the
largest eigenvalue of the approximating harmonic oscillators.

2.7 Instability of Rayleigh-Taylor: an elementary ap-
proach via WKB constructions

We present here what simple constructions of WKB solutions can give for
the model of Rayleigh-Taylor. A very detailed analysis have been given in
[HelLaf1] extending previous works by Cherfils, Lafitte, Raviart [CCLaRa].

14



Here we present a simpler analysis but this will only give conditions under
which one can construct approximate solutions in the kernel of P(h,d).

In the semi-classical situation, we look for a solution in the form

¢(z)

: (2.37)

u(z, h) = a(z, h)exp —
near some point g (to be determined!) with

a(x, h) ~ Z Waj(z) , (2.38)

Jj=20

S(h) ~ Y W5, (2.39)
J
such that
exp% - P(h,0(h))-u(h) ~0. (2.40)
Here “~ 0” means that the right hand side should be O(h>).

Concretely, we expand exp %5 -P(h,0(h))-u(h) in powers of h and express the
cancellation of each coefficient of h7.

We get as first eikonal equation
—o(2)¢'(x)? + o(x) + dog' (x) = 0 . (2.41)

In order to have an (exponentially) localized (as h — 0) in a neighborhood
of xq, it is natural to impose the condition that ¢ admits a minimum at xg.
So the first condition is :

& (20) = 0. (2.42)

Ths leads as a first necessary condition to

o(xg) + 090 () =0 . (2.43)

A second necessary condition is obtained by differentiating the eikonal equa-
tion :
—d ()¢ (2)? — 20(x)¢ (2)¢" (x) + ¢ () + 0" () = 0 .
This gives at xg :
o' (z0) + 000" (29) =0 . (2.44)

15



We are asking for a non-degenerate minimum of ¢ at zg.
Differentiating two times the eikonal equation, we obtain :

—20(20)(¢"(20))* + 0" (o) + 00" (x0) = 0 (2.45)
which implies
" (x0) + 000" (w9) > 0. (2.46)

We recover the condition obtained in the previous analysis.

Till now, we just looked for a phase. The next step is to determine the
amplitude. The coefficient d; will be determined by looking at the first
transport equation :

20(z)¢' (x)ay(x) + o (x)d' (z)ag(x)
+o(x)¢" (x)ao(x) + 610 (x)ag(z) =0 . (2.47)

If we impose the condition?®
CL()(I'()) =1 s

a necessary (and actually sufficient) condition for solving is :

o(x0)¢" (o) + 10" (x0) = 0. (2.48)

We then obtain ag by simple integration :

ag(w)/ao(x) = (¢'(x)¢ (x) + 0¢"(x) + 610 (7)) / (2e(x)¢'(x)) -

The condition (2.48) permits indeed to extend the right hand side as a C*
function and we get explicitly :

T
afa) =exp [ (@(7)6(1) + 06 (1) + 816() [ (20(r)6 (7)) dr . (249
xo
It is then not difficult to iterate at any order the construction : At each step
the cancellation of the coefficient of 1/ in the expansion of exp % -P(h,0(h)) -
u(h) permits to determine J; and to find a;_1(x), with, for j > 2, the initial
condition
CLj_l(ZE()) =0.

We have now constructed a formal solution. Let us recall now how one
can associate to this formal expansion an explicit realization. The first

3This condition corresponds to the idea that we look for the ground state, hence non
vanishing
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idea is to consider a finite sum. We let 6V (h) = Z;V:O d;h/ and introduce
a(x,h) = Z;.V:O ha;(x) which is well defined in the neighborhood of .

We then introduce a cut-off x which localizes in a neighborhood of z,. We
then let

) (. h) = x(@)a (. h) exp — (6(x)/h)
Computing P(h, 6" (h))uy (x, h), we find :

P(h, 6" (h))uy (x, h)

= (xh¥rn(z,h) + x(2)bo(, h)) exp _@ ’ (2.50)

where y is C'*°, with a support disjoint of xy. Here it is important to observe
that exp —@ is exponentially small on the support of x¥ (Here we have used
that ¢ has a local minimum at x).

What can we deduce from this construction ? Under the previous assump-
tions, P(h,d) is selfadjoint and we can deduce that, in an interval | —
ChN, +Ch¥[, the spectrum of P(h,é"(h)) is not empty for h small enough.
Assumption (2.20) permits also to say that near 0 the spectrum is discrete.

This is not the complete answer to our question. But this strongly suggests
the existence, close to 6% (h)) (modulo O(hY)) of an effective d(h) such that
P(h,d(h) has a non zero kernel. Note that the answer to this last question
is easier when p is stricly monotone. Note that the question is more delicate
as for example p_ = 0. The essential spectrum of P(h,d) contains indeed 0.
The previous analysis (see [HelLafl]) based on the h-pseudodifferential cal-
culus avoids this difficulty (finally artificial) if % — 0 at oo and if p is regular.

Three remarks for ending this first lecture.

e One can take N = +oo by using a summation procedure a la Borel.
The Borel Lemma says that for a given sequence of reals a,, (n € N))
one can always find a C* function h — f(h) admitting > «a,h" as
Taylor expansion at 0.

Here we need a version with parameters, but we can define some re-
(e}

alizations of Y°°°d;h/ and Y 77 h'a;(x), permitting to replace the
remainder O(hY) by O(h*).
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e With more work, one can also hope a result in the analytic category
by using the notion of analytic symbol introduced by J. Sjostrand.

We should assume in this case that the function x — o(z) is analytic.

We warn the reader that this does not mean that the above formal
sums become convergent. This simply means that one can prove that,
in a fixed complex neighborhood of g, |a;(z)| is bounded by C7*1j!
and that we have similar estimates for the sequence (0;);en (cf the
works by J. Sjostrand [Sj1], Helffer-Sjostrand [HelSj1], Klein-Schwarz
[K1Sc90]).

This simply means that, by a “finite” tricky summation (N(h) = %
depending on h), one gets the existence of ¢y > 0, such that :
P(h, 6N(h)(h))uiv(a:, h) = O(exp —%0) exp —@ . (2.51)

Here we have used the self-adjointness property for getting information
on the spectrum. We will now see in the next lecture that for more
complicate models the selfadjoint character of the problem disappears.
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3 Lecture 2 : Towards non self-adjoint mod-
els

3.1 Imnstability for Kelvin-Helmoltz I : Physical origin

As a motivation, we will start with a generalization of the Kelvin-Helmoltz
model. We refer to Chapter XI in Chandrasekhar’s book [Cha] for a complete
exposition of the origin of the model. This is a generalization [CCLa| of the
classical Kelvin-Helmholtz instability which appears when two fluids move
with different parallel velocities on each side of an interface.

When linearizing along the stationary solution (gg, %, po) for a given density
0o and a given (this time not zero) velocity ug (see (2.3)), where ug is the
first component of ug, and following what we have done for Rayleigh-Taylor,
we get the following one dimensional question.

Can we analyze in function of the parameters (ki,ks,g,7,k) with
k* = k? + k2, if the operator

PKH(V: kla k27 g) =
_%QO%(V + tkyuo(z))? + k2 00(x) (v + ikiug(x))?
—iky (7 + ikyuo(x)) 2 oouh () + gk* o ()

is approximately injective (say for large values of k).

Like in Rayleigh-Taylor which corresponds to k; = 0 (or actually to uy = 0),
our semi-classical parameter will be h = % The parameter v = I'g + ¢I'; is
not necessarily real but we are interested in approximate null solutions for
which Ty is as large as possible (or complementarily) to show that I’y should
necessarily remain bounded in the regime £ large.

So we divide by k% in the equation above and meet the following semi-classical
operator :

Pi(x,hD,) = —hLooh-L(y+ ikiug(z))?

+Q0(I’)(’Y + ikﬂto(l‘))Q
—ihky (v + ikiuo(z)) h-: ogup ()
+900() -

So in our regime ky is fixed such that |k| < k = %, this last inequality will

not be a restriction in the semi-classical regime.

Semi-classically, the principal symbol is given by

pol, €) = 0o(1 4+ %) (7 + ikyuo(2))* + gop() - (3.1)
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This symbol is not real, hence the associated operator is clearly not sym-
metric and cannot be extended as a selfadjoint operator. Our aim is to
describe a rather systematic strategy for constructing approximate null so-
lutions or to decide that we can not construct such solutions. This question
is naturally related the notion of pseudo-spectra for families (depending in
particular on h but also on other parameters) and adapted to the analysis
of h-pseudodifferential operators. This is what we will explain now before to
treat the various physical examples including this one.

3.2 Around the e-pseudo-spectrum

Definition 3.1
If A is a closed operator with dense domain D(A) in an Hilbert space H, the
e-pseudospectrum o.(A) of A is defined by

0(A) = {z € C | [I(zT ~ 47| = ).

We take the convention that ||(z] — A)7!|| = o0 if z € o(A), where o(A)
denotes the spectrum of A, so it is clear that we always have :

o(A) Co(A).

When A is selfadjoint (or more generally normal), o.(A) satisfies, by the
Spectral Theorem

0 (A)={z€C|d(z,0(A)) <¢€}.

So this is only in the case of non self-adjoint operators that this new concept
(first appearing in numerical analysis, see Trefethen [Tref]) becomes interest-
ing.

Although formulated in a rather abstract way, the following result by Roch-
Silbermann [RoSi|] explains rather well to what corresponds the pseudo-
spectrum

o (A) = U o(A+A).
{6AeL(H) S. t. |I6All £ <e}

In other words, z is in the e-pseudo-spectrum of A if z is in the spectrum of
some perturbation A+90A of A with ||§A|| < e. This is indeed a natural notion
thinking of the fact that the models we are analyzing are only approximations
of the real problem and of the fact that the numerical analysis of the model
goes through the analysis of explicitly computable approximated problems.
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3.3 Around the h-family-pseudospectrum

We are mainly interested in the semiclassical version of this concept attached
to a family (indexed by h €]0, ho]) of operators Aj,. Here we are inspired by
various presentations of the subject including [Sj2], [DeSjZw| and [Pra3],
without to necessary follow their terminology.

For a given p > 0, the h-family-pseudospectrum of index p of a family A,
(indexed by h €]0, hol) (of closed operators with a dense domain D(A) in a
fixed Hilbert Space H) is defined by

0, ((An))
= {2 € C|VC > 0,Yho > 0s.t.3h €]0, hy), (3.2)
|(An = 2)7 Y[ = Chr}

We can then define

Voo (An)) = [) Wul(An)) - (3.3)

>0

May be it is easier to understand the quantifiers by observing that the h-
family pseudoresolvent set corresponds to the z such that 3C' > 0 and hy > 0
such that Vh €]0, ho

1Ay — 2 < Ch.

If one thinks of applications to Physics, these concepts are more stable by
perturbation than the corresponding notion of spectrum and they are for
this reason particularly relevant in the non self-adjoint case. Practically, one
will exhibit the existence of this h-family-pseudo-spectrum by constructing
quasimodes or approximate solutions. This leads to another natural defini-
tion.

For a given pu > 0, the h-family-quasispectrum of index p of the family Ay, is
defined by

Uu((An))
:={2€ C|VC > 0,Yhg > 0s.t.3h €]0, hy],

Juy, € D(Ap) \ {0} s.t
1(An = 2)un|| < Ch*[Junl[} .

(3.4)

We can then define

Yoo ((An)) = () ¥((An)) - (3.5)

>0
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The main point is then that

bu((An)) C W ((An)) -

Note that the converse is not true (see the discussion in [Pra3]) in general.
We will particularly interested in using these tools when A, is ac-
tually an h-pseudodifferential operator.

The elliptic theory (with suitable conditions at o) for h-pseudodifferential
operators says for example that

Proposition 3.2 (see the book of D. Robert)
If = & X(p), where

E(p) = {)‘ eC ) ‘ El(xmfn) StA= nEToop(xna fn)} ) (36)

then z & ¥, ( Op,(p)).

This will actually also be true for any A, = Op,(pr), for which the principal
symbol of Ay, is p.

The proof is very easy once an h-pseudodifferential calculus has been con-
structed. It is enough to use Op,((p — 2)~') as first approximate inverse
and then to use a Neumann series. The reader can look at the end of Sub-
section 2.4 for more details.

So the first natural thing to do when analyzing the h-pseudospectrum of the
family is to analyze the numerical range ¥(p) of its principal symbol.

3.4 The Davies example by hand

We present a variant of the proof of the generalization, by Pravda-Starov
[Pral], of the Davies result on the h-family pseudo-spectrum for the Schrodinger

operator
2

d
o 2

This proof is inspired by similar proofs in [HelLaf2, Mar].

Remark 3.3
Davies treats a particular case by hand. Then Zworsk: observes that it can be
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interpreted as a semi-classical version of a result for operators of principal
type (Hormander [Hol], [Ho2/, Duistermaat-Sjostrand [DuSj]). This was
pushed further by Dencker-Sjostrand-Zworski [DeSjZw/, N. Lerner (together
with collaborators) (see in [Le] and references therein), Pravda-Starov [Pral].

One should of course compare with the selfadjoint result at the bottom of
the well but here what is crucial is the non-selfadjointness !!

Theorem 3.4 (Davies-Pravda)
Let us assume that there exist xq and z such that

z—V(xg) € RT, (3.7)
and such that, for an even k > 0,
ImVW(z0) =0,Vj <k, (3.8)

and
ImVED () £ 0. (3.9)

Then z € s ((Ap))-

Some elementary proof by a WKB construction.
The crucial point is that there exists £, > 0 such that

In other words, there exists (xo, &) such that p(zg,&y) = z . Hence, z € ¥(p)
as defined in (3.6) and we are not at the boundary of X(p).

Following the construction described in the first Lecture (see (2.37)-(2.40)),
we look for a solution in the form

u(z, h) = a(z, h) exp —%ﬂj) (3.10)

near xo with '
a(z, h) ~ Zhjaj(x) ; (3.11)
j=0
such that

exp %(Ah —z0)u(+;h) ~0. (3.12)

Let us emphasize that (conversely to what was done in the analysis of the
Rayleigh-Taylor model) we keep 2, fixed and did not look for an expansion
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z(h) ~ ijo zih?.

Expanding in powers of h and expressing the cancellation of each coefficient
of h*, we first get an eikonal equation. The phase ¢ (appearing in (3.10))
should satisfy (we can after a change of notations assume that z =0 :

—¢' () +V(z) =0, (3.13)
where V' satisfies by assumption Re V' (xy) < 0,
(3.8) and (3.9).
The existence of p(z), with ¢(x¢) = 0 and ¢'(zg) = & is evident. So the
important point, in order to have an approximate eigenfunction which is

localized at zg, is to verify that Rey has actually a local minimum at z,.
Taking the real and imaginary parts in (3.13), we get

—Re¢/(z)? +Im¢'(z)* + ReV(z) =0, (3.14)
and
—2Re ¢ (z) - Im¢'(z) + ImV(z) =0, (3.15)

in a neighborhood of ;.
In particular, this implies at z

Red'(79) =0, & = Im ¢/(z9)* = —Re V(zy) .

What we now need is to verify that the first non zero derivative of Re ¢ at
X is even and strictly positive.
We start from IV (2)
mV(z
Rey'(r) = —-—~ .
#() 2Im ¢/ (z)

But it is immediate from the assumptions that
RepW(z0) =0, forj <k+1,

and

Im V O+ (1)
Re o+ +2) N e U
) = e )

We can now choose the sign of & in order to have

Re * 2 (2) > 0 .

Due to the fact that (0ep)(xo,&) = & # 0, the solution of the transport
equations does not create problems like in the case of Rayleigh-Taylor and
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we can construct a solution u, = a(z,h)exp —@

Zo-.
Let us briefly show how to treat the cancellation of the coefficient of h which
leads to the so-called first transport equation. This equation reads

in the neighborhood of

20 (z)ag(x) + ¢"(x)ag(x) =0, (3.16)
with as initial condition
CL()(I'()) =1.

But ¢'(zg) = i€ # 0, so it is immediate to find in a neighborhood of zy the
main amplitude ag by

-} ([ 530)

The next equation has the same structure as in (3.16) except that there is a
r.h.s. This equation reads

2¢ (z)ai (z) + ¢"(z)ar (z) = ag(x) (3.17)

with as initial condition
aq (1’0) = O s
and has again a unique explicite solution.
More generally all the succcessive equations read

26 (x)a(z) + " (w)a;(x) = aj_(x) , (3.18)

with as initial condition
a; (1’0) =0 5

and can be solve by recursion for j > 2.

Remark 3.5
K. Pravda-Starov constructs a solution in the form exp—@ with
p(z;h) ~ >, hi@;(x) but this is not really different when working with a

groundstate which is supposed to have no zero.

Remark 3.6
Note that if z & X(p), then the elliptic theory says that it is impossible to
construct an approrimate solution, so it leaves open only the points at the

boundary of ¥(p).
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3.5 Kelvin-Helmoltz II : mathematical analysis

We now come back to our motivating model and see if the ideas behind the
treatment of Davies example are efficient.

Note also that our question is a little different and could be reformulated as :
For which values of the parameters is 0 in the h-family pseudospec-
trum of the family (with h = 3)?

So we have to analyze if 0 belongs to X(pg), where py was defined in (3.1).
We just do the local analysis (the analysis of the ellipticity at oo should be
interesting to do). According to (3.1), we have :

Repo(w,8) = 0o(2)(§* + 1)(T5 — (kruo(x) +T1)%) + goh(w)

(3.19)
Im po(z,€) = 200(2)(§ + 1)To(kyug(x) +T1) .
Assuming that
I'y#0, (3.20)
and that
oo(z) >0, Vr €R, (3.21)
we observe that
Impo(x,f) =0 iff k1UQ([L') -+ Fl =0.
When this condition is satisfied, we get
Repo(2, &) = 0o(2)(€% + DIT + goh(w) -
If
0 <0, onR, (3.22)

then we see (g > 0), that, if

0o()
00()

I'; > gmax — ,
T

then the principal symbol is elliptic.

Hence no local approximate null solution can be constructed. 0 does not
belong to the h-family-pseudospectrum of the operator.
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We also observe that this condition is the same as for Rayleigh-Taylor (see
for example (2.32), with in mind (2.24)) !

Conversely, when

/
I3 < gmaX—QO(m) ,
= oo(x)
one can, for any x( such that
/
_ QO(xO) > F(Q) ,
00(o)
find some &y # 0 such that
26 (o)

L1+ = o)

We are now looking on the condition under which the operator Aj,, which is
not elliptic at (xg, &) which determines the parameter I'; by,

Fl = —]{31U0(I’0) s

is not subelliptic at this point (we will explain later in the next lecture (The-
orem 4.1) what we can do in this case).
The computation of the bracket of Re pg and Im pg gives

{Repo, Im po } (0, &) = 4/€1€0QO($0)2U6(550)F8 . (3.23)

So it is immediate by playing with the sign of k; (or of &) to get the condi-
tion (4.1) satisfied if ug(zo) # 0.

A detailed analysis of what is going on for v = I'g 4+ ¢I'; with I'y close to fo
with /

% ()
0o0()

should surely be interesting. The techniques presented at the end of the last
lecture will be helful.

[ = gmax —
x

Here the simplest toy model should be

W2D? + ik |
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the complex Airy operator, which is for k; # 0 a particular case of Davies
example and can be also analyzed close to 0 by Dencker-Sjostrand-Zworski
result.

Let us explain more in detail how we guess this model. We do not try
to be rigorous. For convenience we assume that ¢ is strictly negative so

the associated K (h) (see (2.28)) appearing in the treatment of the Rayleigh-
o' (z)
o(x)
can (this is an interesting exercise in semi-classical analysis) modulo O(h™)
rewrite our problem of research of approximate null solutions in looking for

which values of 7, the operator

Taylor model is positive. At least locally near a maximum of x +— — one

K(h) - /Lklul(x) + h’pl(x7 h’Dxa ha kla 7)) -
has approximate null solutions.

There is a technique (functional calculus of Helffer-Robert ([Rob] and refer-
ences therein) or direct approach for the square root) for recognizing f(K(h))
as an h-pseudodifferential operator if f is regular. In our case, one can use a
C™-positive function coinciding with v/ on [2¢, +0o[ and equal to a strictly
positive constant for ¢ €] — 0o, €.

If we forget the dependence on v in p;, we are facing a very standard question
of h-family-pseudospectrum.
The question becomes simply :

Is v in the pseudospectrum of
K(h) - Zklul(‘r) + hpl(x7 hD:L‘: h7 kla ’7)) ?

Taking the harmonic approximation of 1/ K (h) at a point where the principal

symbol of /K (h) (which is the square root of the principal symbol of K (h))
and the linear approximation of u; at xy leads (up to the constants) to the
toy model.

3.6 Other Toy models

Other toy models have been analyzed in detail. Let us mention

h*>D2 +ihD, + 2%,
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whose symbol is p(z, &) = €2 + i€ + 2% (See [DeSjZw], p. 3).

The spectrum is easy to determine as given by the sequence i +(2n+ 1)h
(n € N), the corresponding eigenfunctions being directly related with the
hermite functions and which permit to diagonalize the operator BUT in a
non othonormal basis.

The h-family pseudospectrum is given by the numerical range of the principal
symbol of the operator :

Y(p) ={z€C||Imz|* <Rez}.

More generally the h-family pseudospectrum of the Schrodinger operators
—h?*A + V(x), with V quadratic has been analyzed in great detail in the
PHD thesis of Pravda-Starov [Pra3].

Other models appear in connection with the analysis of the resolvent of the
Fokker-Planck operator (see Risken (for the quadratic case, [Ris], Hérau-Nier
[HerNi|, Helffer-Nier [HelNi], Hérau-Sjostrand-Stolk [HerSjSt]) or for other
models (See Hager [Ha] and works in progress from Hager-Sjostrand).
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4 Lecture 3 : On semi-classical subellipticity

4.1 Introduction

The references for this lecture are papers by Davies [Da2], Zworski [Zw],
Dencker-Sjostrand-Zworski [DeSjZw], Lerner [Le] (and references therein).
We would like to show how the microlocal techniques (suitably adapted to
the semi-classical context) permit to recover or complete the previous results.
We will see in the last lecture how one can also analyze the transition between
the elliptic region and the non elliptic one. We have already seen that many
results of non-existence of approximate null solutions are just the consequence
of “elliptic” semi-classical results. As a second step, we can look if, at non-
elliptic points, some subellipticity condition is satisfied, starting by %-semi—
classical subellipticity. This would again imply the same type of results.
Conversely, if the operator is not subelliptic, one can try to construct directly
WKB solutions in the form a(z, h) exp —@ with ¢ admitting a minimum at
some point zy or to apply more general theorems in semi-classical analysis.
We start in the next subsection by a typical result of the last alternative.

4.2 Non subellipticity : generic result

The main relevant theorem in our context can be stated in the following way
(see [DeSjZwl]). One considers an h-pseudodifferential Ay, := a(z, hD,) with
principal symbol ay and one is looking for a simple criterion underwhich 0
belongs to the A family pseudospectrum of Ay,.

Theorem 4.1
Let us assume that at a point (xo,&), we have

CL()(ZE(),&)) =0, {R@ g, Im (10}(1'0,50) <0. (4].)

Then there exists an L?- normalized solution wy,, whose h-wave front is
(x0,&0), and such that (xq, &) is not in the h-wave front of Apuy,.

We recall that, for a bounded family of L? functions vy, we say that a point
(y,7n) is not in the h-wave front set*; if there exists a C§° function y equal to
1 in the neighborhood of y, such that (Fj,xv,)(€) := h™2xv(£/h) = O(h™)
in a neighborhood ofy.

4Another terminology used for example in [Rob] is to speak of frequency set.
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Another (equivalent) definition is to use the Fourier-Bros-lagolnitzer (which
will be familiar to the users of the Gabor transform) as intensively developed
by J. Sjostrand [DiSj].

We say that (xg, &) is not in the h-Wave front set of a bounded family wu, in
L? if the function

- N2
(x,8) — hT /exp%(x —y)-& exp—% up(y) dy ,

is O(h™) in some (h-independent) neighborhood of (zg, &).

Applications.

Let us see what this theorem say for the two examples we have already met :
the Davies example and the Kelvin-Helmoltz example.

In the first case, we have

Reag(r,&) =&+ ReV(x) — Rezy , Imag(z,€&) = ImV(z) —Imz . (4.2)
The Poisson Bracket at (zg, &) is
{Reag, Im ag } (20, o) = 26oIm V' (z0) , (4.3)

and we recall that & # 0 with & determined. So if Im V'(zg) # 0, (which
corresponds to k£ = 0 in Davies-Pravda theorem), the non-sub-elliptic theo-
rem applies for the right choice of the sign xg.

In the second case, we send back the reader to Formula (3.23).

4.3 Link with the standard non-hypoellipticity results
for operators of principal type

In the theory of Partial Differential Equations, Theorem 4.1 corresponds
to a result of non-hypoellipticity. The basic simplest model is D, + ix Dy,
which is known to be non hypelliptic microlocally at (0,0) in the direction
(0, —1). Hence it is not hypoelliptic. But one should keep in mind that the
link between the two problems is microlocal. As already explained in the
lectures by N. Lerner [Le] (see also [Trev]), the link between the two theories
is through the partial Fourier transform in the t-variable. For an operator
in the form D, + ib(x)D;, we first get the family in 7, D, + ib(z)7, that we
have to analyze for |7| large. With h = ﬁ, we get two semi-classical families
of operators to analyze hD, %+ ib(x), each one corresponding to a microlocal
analysis in the direction (0,1) or (0, —1).
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4.4 Elementary proof for the non-subelliptic model

We give an elementary proof (cf [Mar]) under the additional assumption that
ap(r,i€) €R | VY(z,€) € R? (4.4)

which appears to be satisfied for the two last physical models, which will be
analyzed in the next section, but is not satisfied for the Davies example and
the Kelvin-Helmoltz model.

In this case, we define the real symbol

qo(x,f) = CL()(ZL‘,ZE) ) V(I',f) € RQ )

and we look for a point (zg,0) such that

QO(foaO) =0 ;

and for a non negative real phase ¢ defined in a neighborhood of xy such
that ¢(zp) = 0 admitting at z( a local minimum and solution of

qo(, ¢'(x)) = 0. (4.5)

Under the condition that dgqo(zo, 0) it is immediate to find ¢ by the implicit
function theorem.
The first natural condition for having a minimum is then to see under which
condition one has

¢©"(x) > 0.

Differentiating the eiconal equation (4.5), we obtain

(0oq0) (2, ¢'(2)) + (Oeqo) (w, ¢ (2)) " (x) = 0,
hence
_a$q0(x07 0)
9eqo(x0,0) -
So we are done if the r.h.s. is strictly positive :

. a$q0 (‘7;07 0)
0t qo (o, 0)

Let us now control that this condition can be recognized as the condition of
the theorem.
From the relations

a$QO(x7§) = a$a0($,if) ) aEQO(xag) - ia£a0(x7i£) )

90// (xo) —

> 0. (4.6)
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we get at any point (z,0) :
O Imay(z,0) =0, JeReap(z,0) =0
O-Reag(x,0 = 0,q0(x,0), Ocdmag(x,0) = —0qo(z,0) .
So this gives the relarion :
{Reag, Imag }(x,0) = 0,qo(z0, 0)0eqo(xo, 0) ,

and the result becomes clear.

The second step is to construct a quasimode in the form

up, := b(x, h) exp —@ ,

with
b(a,h) ~ Y bj(x)hi .
Jj=0
The equation for by reads
" (z)

O @)+ (Z52 @) 0) + (o ) ) o) =0,

where ¢; is the “subprincipal” symbol. One can always solve this equation
with by(z) = 1 (see (3.16)).

Remark 4.2

When the first Poisson bracket of ag and ag is 0 (which is equivalent to
0:q0(x,0) =0), one can find a criterion involving higher order brackets. See
[Pra3], [Mar] and the standard results on subelliptic operators obtained in the
seventie’s.

We are in a particular case of the following more general situation. We look
for solutions of a(x,hD,)u, = O(h™®) which are localized in a neighborhood
of a point (xg,&) such that

ao(z0,80) —2 =0, (O¢ao)(xo,60) # 0 .

In addition, we have

—i(adag)"* ({ao, @})(z0,&) =0,
for k < ko and

—i(adag)™ ({ao, @0 })(x0, &) > 0 ,

where adp s the operator of commutation

(adp)q = {p,q} -

This time we have to take a complex phase.
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4.5 % semi-classical subellipticity

When the principal symbol is not elliptic, the best we can hope is a sub-
elliptic result. The next theorem corresponds to the first (and the most
generic) result of this type.

Theorem 4.3 ( 3 -subellipticity) .
If (Uh)he]o,ho} is an L? normalized solution in the domain of A, such that

Apup, = O(h™), then if for some (x¢,&y) we have

aO(x07§0) =0 ’ {R@ Qo, Im aO}(x(bgO) >0 )

then (o, &) does not belong to the h-wave front set of the family uy,.

Remark 4.4

In PDE theory this corresponds to the simplest result of microlocal hypoellip-
ticity. The basic simplest model vs D +ix Dy, which is known to be hypoelliptic
(with loss of 5 derivatives microlocally at (0,0) in the direction (0,1)).

We will come back later in the last lecture to high order subellipticity.

Remark 4.5

Note that the elliptic theory simply says that if z & Y(p), then z is not in
the pseudospectrum of —h?*A 4+ V. So what remains is simply a more precise
analysis at 0% (p).

About the proof
We refer to the lectures of N. Lerner [Le|. Let us just sketch the semi-classical

proof. If we write
Ay, = B, +1iC),

with By, and C, selfadjoint respectively of principal symbol Re ag and Im aq,
the basic point is that

At Ay = B + C? +i[By, Ch)]

and to observe that %[Bh, C}] is positive elliptic at the points where Ay, is
not elliptic.

We can use rather weak forms of the Garding inequality, We refer to the Lec-
tures of N. Lerner ([Le]) for discussions around this point and the Fefferman-
Phong inequality.
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Remarks 4.6

e Here we gave the impression that everything is done globally but let us
now emphasize that one has to do very often the argument microlocally.

e Note that we do not really need this result. In the case of the symbol
appearing in Kelvin-Helmoltz model the sign of the Poisson bracket at
(x0,&0) 1s opposite to the sign at (zo, —&p)-

This will not be the case for the two next models for which we will have
&0 = 0 at the non-elliptic points.
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5 Lecture 4 : Other non self-adjoint models
coming from Hydrodynamics

5.1 Introduction

The two next models are deduced from the mass conservation and the mo-
mentum conservation equation of the Euler equation, and differ through the
modelling of the energy equation. For simplicity the systems are written in
RZ ; x R, (instead of R% ;. x Ry).

x?y7z

The density of the fluid satisfies, for some strictly positive constant p, > 0,
p(Z,9) — pa when T — 400,

and the velocity of the fluid satisfies, for some V, > 0,

—

U:=(u,v) — (=V,,0) when Z — +00 .

pq is the density of the ablated fluid and V, the modulus of the velocity of
the ablated fluid.

The Rayleigh model with convection assumes that the perturbation of
the velocity is incompressible. This means that there exists a function Uy(Z),
called the convective velocity, such that

div (ﬁ—ﬁo)zo
The system will be denoted by (RC) and writes

dp + Oz (pu) + 95(pv) =0,
(RC)

where the unknowns are the density p, the velocity (u,v) and the pressure
D.
The ablation front model uses an energy equation with heat conduction.
The enthalpy is defined by

h=C,T, (5.1)
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With T'(t, Z,7) denoting the temperature of the fluid (at a point z,7 and a
time ¢) and C), being a constant characterizing the calorific capacity of the
fluid, the enthalpy satisfies the equation :

p(B+ U -V)h— (8, + U -V)p = —div J, (5.2)

Here J; is the heat flux given by the Fourier conduction law

In this law, \(T') is proportional to a power of the temperature, that is
satisfying, for some constants k > 0 and v > 0,

XNT) = kT .

Note that these formulas assume that 7" > 0 and consequently, with p related
with T as below in (5.3) to the condition p > 0. The parameter v is called
the conduction index.

We now write the perfect gas relation

p=pT(C,—Ch), (5-3)

where C, is the calorific capacity at constant volume. C,/C, is 5/3. Starting
from (5.2) and then using (5.1) , (5.3) and the first equation in (RC), we
get :

CpopT'div U +Cy(0,+U-V)pT +div J,=0. (5.4)

We shall not analyze this model, in particular because this model has no
stationary solution. So the physicists use other models for which we can just
explain (without being in any way rigorous) how they can be obtained.

5.2 Quasi-isobaric model (Kull and Anisimov) [KullA]

The starting point consists in replacing the perfect gas relation by the rela-
tion :
T =Dy, (5.5)

where Dy is a constant.
Implementing (5.5) in (5.4) gives :

DoC,divU + divJ, =0.
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This constant is identified through the hypothesis that T" — T,, T, > 0,
when 7 goes to 400 (temperature of the ablated fluid).

Hence
Pala
e
For a derivation of this model, see [Go, Mas, La3]. A similar model arises
alos in the Low Mach approximation (see [Li]).
The system of equations writes

Dy =p, I, and T =

Op + 0z(pu) + O5(pv) =0,
(K A) Iy (pu) + 95 (pu® + p) + 95(puv) = —pg ,
de(pv) + 9z (puv) + J(pv* +p) =0,
div (U — 5T ()" Vee) =0,

CPPa a

where the unknowns are the functions

(t, 2,9) — (p,u,v,p).

Of course we can recover T' by the equation pT = p,T, , but in this approxi-
mation, we will no more impose that the perfect gas relation is satisfied when
pursuing the analysis. So the solution of (K A) will not be satisfied with p
constant as we could have thought by combining previous equations.

5.3 Stationary laminar solution

Both systems are studied around a stationary laminar (independent of ¢ and
t) solution of the equations.

For the system (RC), we are given an arbitrary convective velocity UB, and
for the system (KKA) it is deduced from the energy equation. In both cases a
reference length Ly plays an important role (for defining in which asymptotic
regime we are).

For the system of Rayleigh with convection,

ﬁo([i’) = (aO(j%O) )

with B
(%) = uo(7-)
0 0 T
For the ablation front model,
Tu+1
LO - a .
CppdV-



We use the rescaled variable

T
T

The stationary laminar solution is given by

(j7 g) = (ﬁO(j)v aO(j>7 OaﬁO(i‘))
with

po(Z) = po(£), Po(Z) = po(£) -
Here pg, ug, po are functions on R

{ po()uo(r) = —paVa ,

iz (po(@) uo(2)* + po(x)) = —po(x)gLo -
Note that pg is determined modulo a constant Cy by :

po(x) uo(x)2 + po(z) = —gLO/ po(t)dt + Cy .
0
function

Finally, we introduce the adimensionalized density profile o(x) which is the

5.4 From the physical parameters to the relevant math-
ematical parameters

Following [CCLaRal, we can now associate with the physical parameters,
g, Lo, V,, k, the parameters

o — vV gkLg

k
:Va )
e 5ot

and the relevant constants of this study (the constant o. stands for the

Rayleigh with convection model and the constant o, is characteristic of the
ablation front model)

1 1 3 h2
=T 7 =5 0c=—/, 0q
kL 0657 5

These constants are linked to the reduced wave number

€:]€L0,
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and the Froude number,

V2
F.=—=.
gLo
They are linked to o and 3 through
F, = p ,e=af
!

and y
The growth rate v is the growth rate generally used in the classical Rayleigh-

Taylor analysis,

and the growth rate I' is the one relevant in the semiclassical regime, that
we study here.

As a conclusion, Semi-classical analysis can be applied when the
Froude Number is small enough.

5.5 The convection velocity model

In our rescaled variable z, the linearized system writes (with g4 = r40 —q1) :

Y 1 ay(0*rs — oq1) — aBogs =0,

LRC % +ayq + afgs + %(Q2T4 — QCI1) =0,
( ) %—aﬂ(q +2Q1+Q4)_a —0

diB 2 0 7@‘]3 9

% —afqs=0.

Here (q1, g2, g3, q4) correspond to infinitesimal variation of the new unknowns
(pu, pu® + p, puv, u).

This system rewrites, with dj, = h-%

dz’
@ Lo 0 — T\ (¢
Q %
G2 —% 0 1 el 7))
d + i B =0.
"| @ -1 -1 T -1 as
T4 0 0 —1 0 T4



The main point is now that we can reduce the analysis of the system to the
analysis of one equation.

Proposition 5.1
The C*-valued function (qi,qo,q3,74) is a solution of the linearized system
if and only if q4 :== r40 — q1 belongs to the kernel of the operator (ELRC),

P.(z, %h%, h,o.,T)
= dp[(d, — T0)(dn(F(dy — T0))) — 2(dn — To) + 4]
020+ dy( L (dy — T0) + T(%(dy — To) — h)
Here the interesting point is that we have only two effective parameters (h, o,.)
which will make the discussion about various asymptotic regimes easier. The
semi-classical regime will correspond to fix . > 0 and to analyze the ques-
tion when h — 0.

The semi-classical principal symbol is

(2,€) o Pz, €) 1= —é(zs o€+ 1) + 00 (5.7)

Assumption 1
The profil p satisfies :

1. o€ C*(R;]0,1]),

2. lim, ., 0(x) =0- >0,

3. lim, 1 0(x) =04y =1,

4. o >0,

Remark 5.2

The reader should be aware that, in comaprison with the two first models, we
have changed the convention in order to be coherent to the reference [HelLaf2]
in which the reader can find additional details.
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Assumption 2
. Q, . . .
The maximum of 5 is attained at a unique x4, :

/

0< %(xm) = (9mae)?

and the map = — % is strictly increasing over | — 00, ynq. [ and then strictly

decreasing over |Z,,q., +00] .

Local ellipticity condition
The imaginary part of the symbol is

ImPB(x,f) =—
Y

It is non zero except for

E=0.
Looking at the real part restricted to & = 0, we obtain that
2
0*() 2
ReP?(x,0) = —T* +o(x)o; .
(3,0) = ~T* &+ o)

This leads us to the following local ellipticity condition :

E ~ maz
O. ¢

5.6 The model for the ablation regime
Similarly, the linearization of the system (KA) leads to the following system

(LKA)  dng+ Mo(o(x))q =0,

where

Y
I

Q

w
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and the matrix is

00 o hI'g"*? 0
r o -1 £ 0
Mo(p) = % 1 —T'e ho” 0
% 0 ho" -1
00 1 -1 0

Proposition 5.3
The C®-valued function ¢ is a solution of (LKA) if and only if its fourth
component py is in the kernel of the operator (ELKA) :

Pa(aja %dha ha Oa, F) =
[di(dn — To)dy, — (dn — To) ] x
x & [dn(dn+ he") =1~ hl'o"*]
+h(dn (dn —To) (dn(dy + he*) — 1))
Fh(d} — 1) + 0, 0"2.

The principal symbol (in the semi-classical sense) is

o(x)
o (x)

The analysis of the zeroes of the symbol is similar to the other model. We
have :

Px,€,0,4,T) = (i€ —To(x))(E2 + 1)? + o,0(x) 2. (5.8)

Re P2, €00, T) = S0 (~Tole))(€ + 17 + oa0(o) .
and ()
Nz, &0 = B (g2 2.
m Pz &0 1) = S+ 1

The zero set of ImP? is in {£ =0} and :

o(z)
?(x)

which leads to the analysis of the solutions of :

og.0(x) ¢ (x) =T

Re Pg(x, 0,0,,T) = (—To(x)) + Uag(x)”+2 ,

oa0(x)” (1 - o(x)) =T
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Hence we have first to analyze the variation of the function :

[0,1] 2t 0(t) := (1 — )t
If v > 0, 6 is an application from |0, 1] onto |0, ¥7'**], with

(2V—|— 1)21/+1
© (Qu4 22

mar __

0 <™ <1,

and the maximum in ]0, 1] is obtained at

max_21/+1
@942

For L €]0,97**[, two solutions of 0(t) = L, satisfying :
0<t_ (L)<t <ty(L).
x +— p(x) is a bijection of R onto |0, 1].
For any L €]0, 97|, there exist two points x4 (L) such that

o(z+(L)) = t+(L),

and consequently
0(o(z+(L))) = L.
We note also that, when & = 0,

(@P2/06)(w.0) =152 0.

which shows that P? is also of principal type.

(5.9)

(5.10)

Finally when % > U s satisfied, one gets the local ellipticity of the

symbol P?.

5.7 Semi-classical regimes for the ablation models

Let us emphasize at this stage the analogies between the three last physical
models. As in the case of the Kelvin-Helmoltz model, two different “effec-
tive” parameters have been exhibited corresponding to each situation of the
convective velocity problem (parameter denoted by o.) and in the ablation
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front problem (parameter denoted by o,), together with h. Both problems
lead to a h—differential equation on one of the unknowns, and consist in
finding a function u(zx, h) such that
1. d
Pp(l’, ;h%, h, Op, F)U =0 s
where P, is a fifth or fourth order h—differential operator. The main results
will take the following form :

Under suitable relations on the reference density profile at * — +oo, then, if
I €]0,9,0,[,

then 0 belongs to the h-family-pseudospectrum of

1. d
PP(I, ;h%, h, 0'p, F) .

More precisely there exists x,(I',0,) such that there exists a WKB solution

of
Pou = O(h™)

localized in the neighborhood of the point z,(T', 0,).

Note that in the three models there is no quantization of I'. The result is
with this respect quite different from the solution of the problem linked with
pure Rayleigh-Taylor instability.

The assumptions are essentially optimal in this semi-classical regime :
Under the same assumptions on the density profile, and, for I' > 0o, , no
approzimate (in the WKB sense) bounded solution can be constructed, if h
15 small enough.

This was a consequence of the ellipticity of the operator for this regime of
operators. Let us now look at what is obtained by application of Theorem 4.1.

5.7.1 Application to the (ELRC) model.

We start from ag = QY :
ap(x, &) = (£ +iT0)*(€* +1) + oot .
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We obtain
Reag(z, &) = (€2 —=T?0°) (€ + 1) + 0007,
and
Imag(z,§) = 2T (€2 +1) .

Let us compute the Poisson bracket at (z.,0)

{Re agp, Im ag }(z., 0)
- _QFQ(*IC)[_ZFQQ((L‘C)Q/((EC) + UCQ(QQ/)/(xc)] )

which is effectively strictly negative and Theorem 4.1 can be applied.

5.7.2 Application to the (ELKA) model.

The principal symbol is here :

PRa6) = SN - Do)+ 1P+ 0. G)

Because we are interested in null solutions, it is equivalent to apply the
criterion for

ag(z,€) = (i€ — To(x))(€* + 1)* + ga0(x) (1 = o(z)) .
We get

Re ag = —To(z) (&% +1)* + ga0(x)* (1 - o(2)) ,
and
Im ag = &£(E2+1)2.
A point in ay'(0) should satisfy & = 0, and for the real part :
—To(wg) + 0ao(r0)™ (1 — o(x0)) = 0.

Let us compute the Poisson bracket at (zo,0) :

{Re ag,Im ap}(xo,&) = Lo (x)
—0,(2v + 2) 0 (z0) 0* ™ (o)
+0,(2v + 3) 0 (w0) 0* T (x0) -

Dividing by ¢'(zo) (which is positive), we get that this bracket is negative if :

% < (2v+2)0* T (xg) — (2v+ 3)0* (o)
= 0* (o) ((2v +2) — (2v + 3)o(x0)) .

Hence Theorem 4.1 can be applied if this last condition is verified.

(5.12)
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5.8 Subellipticity II : at the boundary of ¥(ay).

In the case of our example the neighborhood of the maximal I', for which one
can construct quasimodes can be analyzed by analyzing the iterated brack-
ets. One can then apply the results, which were recalled in [DeSjZw| which
are related to the much older theory of the subelliptic operators (see [Ho3]
and references therein). More recent work have been performed by N. Lerner
(See his lectures in this conference) and by K. Pravda-Starov in his quite
recent PHD [Pra2].

The theorem in [DeSjZw] reads :

Theorem 5.4

We assume that ag is a C* bounded function together with all its derivatives
and that our operator is an h-pseudodifferential operator with principal sym-
bol (x,&) — ag(x,&). Then if zg € 0%(ag) is of finite type for ag of order
k > 1, then k is even and there exists C' > 0 such that, for h small enough,

1(A(h) = 2) Y| < Chm (5.13)

Here Y(ag) is the closure of the numerical range of a.

The condition that aq is of finite type for the value 2, is that ag is of principal
type (i.e. Vyeao(z,§&) # 0) at any point (z,§) such that ag(x, &) = 2 and
that at these points there is at least one non zero (possibly iterated) bracket
of Reag and Im ayg.

Remarks 5.5

e The authors in [DeSjZw] mention that one can reduce more general
cases to this one by use of the functional calculus. This can be verified
more directly in our case.

e [n the case of (ELRC), it is enough to compose on the left by (I —
h*A)72. In the second case, the situation is a little more delicate. See

[HelLaf2].

Let us show how this theorem can be applied in this case, with k£ = 2.
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Application to (ELRC) model.
Coming back to this model, we first observe that

{Reag, Imag}(x, &) = —2To[—2T 00’ + 02(00')] + O(€?) (5.14)

When
'=T.:=9"%q,, (5.15)

we can verify that
aog(xe,0) =0, {Reag, Imag}(x.,0) =0,

and that, under the additional assumption that the point x. is a non degen-
erate maximum of %,

{Im ag, {Reag, Imag}}(xp,0) # 0. (5.16)

This implies that the operator is of type 2.

Application to the (ELKA) model.
We consider, after a small change, as principal symbol the function :

(2,6) = —To(x) + oao(@)™ (1 — o(2))(1 + &%) 7% + i€ . (5.17)

Here we choose I'/o, = 97" where 97" is defined in (5.10). The Pois-

son bracket {Reag,Imag} vanishes at (xg,0), where zq is the point such as

o(zg) = gllj i; Now the computation of the first iterated bracket gives

{Imag, {Imag, Reag}}(zo,0)
= (2v+1)¢ (x0)*0(x0)* #0 .

As in the case of the ellipticity zone, one can eliminate the problem at oco.

(5.18)

Remark 5.6

The Dencker-Sjostrand-Zworski Theorem shows that there exists C' > 0 and
ho such that, when I' belongs to |I', — C’hg,Fp] and h €]0, ho|, then no ap-
proxzimate solution in the kernel of Py(x, 1 dy, h,0,,T) ezists.
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