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Abstract

In this paper, we prove that the Strong Novikov Conjecture for a
residually finite group is essentially equivalent to the Coarse Geomet-
ric Novikov Conjecture for a certain metric space associated to the
group. As an application, we obtain the Coarse Geometric Novikov

Conjecture for a large class of sequences of expanders.

1. Introduction

Let T' be a finitely generated residually finite group, let {I",}°°; be a se-
quence of finite index normal subgroups of I' such that I', © I',4; and
Mo, T = {e}. The purpose of this paper is to prove that the Strong
Novikov Conjecture for I" and {I',}°° , is essentially equivalent to the Coarse
Geometric Novikov Conjecture for the box metric space | |~ I'/T", (Theorem
5.2). As an application, we obtain the Coarse Geometric Novikov Conjecture

for a large class of sequences of expanders.
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The Coarse Geometric Novikov Conjecture holds for bounded geometry
metric spaces which are coarsely embeddable into Hilbert space [27]. More
generally, Kasparov and Yu proved the Coarse Geometric Novikov Conjec-
ture for bounded geometry metric spaces which are coarsely embeddable into
uniformly convex Banach spaces [16]. Recall that if I' is an infinite group
with property T, then the box metric space is a sequence of expanders and
therefore does not admit a coarse embedding into Hilbert space [18, 23].
Lafforgue has constructed residually finite property T groups whose associ-
ated sequences of expanders are not coarsely embeddable into any uniformly
convex Banach space [17]. The Strong Novikov Conjecture holds for many
infinite groups with property T [5, 6, 9, 10, 14, 15, 24, 26, 27|. As a conse-
quence, our main result implies the Coarse Geometric Novikov Conjecture for
a large class of sequences of expanders. In particular, we obtain the Coarse
Geometric Novikov Conjecture for Lafforgue’s sequences of expanders in [17],
which are not coarsely embeddable into any uniformly convex Banach space.

2. Rips complex and its K-homology

In this section, we review the concept of Rips complex and prove a useful
result about equivariant K-homology of Rips complexes.

2.1. Let I' be a finitely generated discrete group with a finite generating
set S. We assume that S = S™!, that is, g € S if and only if g~! € S. Define
the word length metric d on I" by

d(l’,y) = mln{k | xily = 09192 Gk, Gi S Sa 1= 1727"'ak}'

In this paper, we use |I'| to denote the underlining metric space of a
finitely generated group I' endowed with the word length metric. The left
multiplication of I' gives an isometric I'-action on (|T'|, d).

2.2. In this paper, all the discrete metric spaces X are assumed to
have bounded geometry, i.e., for any r > 0, there exists N > 0, such that



#B,(x) < N, where B,(x) = {y € X : d(y,z) < r}. Note that if X = ||,
the underlying metric space of a finitely generated discrete group I', then X
has bounded geometry.

2.3. Definition (Rips Complex). For any d > 0, the Rips complex
P;(X) is the finite dimensional simplicial polyhedron defined as follows:

(1) the vertex set of Py(X) is X.

(2) any g+ 1 vertices xg, x1, - - -, x, span a simplex of P;(X) if and only if

d(.Ti,[L'j) S d, VZ,] € {07 1727 o 7Q}

Since X has bounded geometry, for each fixed d, P;(X) is a locally finite
simplicial complex, that is, each vertex belongs to finitely many simplices.

2.4. Endow P;(X) with the spherical metric. Recall that on each path
connected component of P;(X), the spherical metric is the maximal metric
whose restriction to each simplex {Y7_, t;x;[t; > 0,> 7 t; = 1} is the metric
obtained by identifying the simplex with S% via the map

q
to t t,
;tziﬂz'—}( q tga q tza"'? q t2)

=0 "1 =0 "1 =0 "1

where S? := {(so, 81, -+,8,) € RIt1 s; > 0,37 s, = 1} is endowed with
the standard Riemannian metric. If yq,y; belong to two different connected
components Yy, Y7 of Py(X), we define

d(yo, y1) = min{d(yo, xo) + dx(zo, 1) + d(z1,71)|x0 € X N Yy, 21 € X N Y1}

The topology induced by the above metric is the same as the weak topology
of the simplicial complex: a subset S C P,(X) is closed if and only if the
intersection of S with each simplex is closed.

If d < d', then Py(X) is a subcomplex of Py (X). Denote the inclusion of
Py(X) into Py(X) by ig.q. Let Po(X) = s, Pa(X), with the topology of
simplicial complex, that is, a set A C P (X) is closed if and only if ANP;(X)
is closed for each d > 0. Also, denote the embedding from P,(X) to Py (X)
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by icoq. Note that P (X) is not a locally finite simplicial complex unless X
is a finite set.

2.5. If I' is a finitely generated discrete group, then there is a natural
action of I on P, (I):

g(toxo + t1xy + - - - + tywy) = togro + trgry + - - - + t,9x,.

This I'-action is proper, and P (T") is a model of the universal space ET" of
proper I-actions. We also have g(P;(I")) C Py(T") for any g € I" and d > 0.
Note that the topology introduced in [3] is a little different from the above
topology. However, up to weak I'-homotopy, they are the same.

Note that for any compact subspace C' C P (I")/T, there is a d > 0 such
that C' C Py(T)/T.

2.6. Let Z be a universal space for proper I'-actions, with the quotient
map 7 : Z — Z/I'. One can define

KN (Z) = lim Kl (77Y(0)).

CCcZ/T, C compact

It is straight forward to check that

KE(Po(1)) = lim K¥(R(T)).
If I is a normal subgroup of I with I' /T finite, then P, (T") with I-action

can also be regarded as a classifying space of proper I actions (see 1.9 of
[3]). Furthermore,

K. (Px(T) = lim K (Py(T)).

d—o0
The following proposition will be used in the proof of our main theorem.
Proposition 2.7. If the classifying space for proper I'-actions has finite
homotopy type, i.e., there is a model Z of locally finite CW complex with

universal proper I'-action such that Z/I' is a compact CW complex, then
for any r > 0, there is R > 0 such that the following is true: for any
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two elements x,y € KT (P.(I')), where I" is a subgroup of I with finite
index, if (ico,)«(2) = (ioo;)(y) in K (Poo(T)), then (ir,)«(2) = (irs)«(y)
in K[ (Pg(T)).

Proof. By the universal property of Z and P, (I'), there are I'-equivariant
map ¢ : Po(I') = Z and ¢ : Z — P, (') such that ¢ ot ~}, idz and
o ¢ ~y, idp, (1), where the homotopy is within I'-equivariant maps.

Since Z/T" is a compact CW complex, there is dy such that ¢(Z) C Py, ().
Let " = max{r,do} and ¢’ = ¢|p ). Then o ¢’ : Pu(I') — Py () is I'-
homotopy equivalent to the inclusion map iy . Let F' : P.(I') x [0,1] —
P (T") be the I'-homotopy path between 1o¢’ and in . Since P./(I')x[0,1]/T
is compact, there is an R > 0 such that F(P.(I") x [0,1]) C Pgr(T"). Obvi-
ously, R > " = max{r, dy}. Note that I'-equivariance implies I"-equivariance
for any subgroup I". We will prove that R satisfies the requirement. If
(foo,r) () = (fooyr)«(y) in K}:/(POO(F))? then @. o (ioor)«(7) = @i 0 (ico,r)«(y)
in KI'(Z), and 1, 0 ¢, 0 (ise )« (T) = 14 004 0 (i)« (y) in KT (Py, (). Since
R> dO? (iR,do)*O¢*O¢*O(ioo,7’)*(x) = (iR,do)*O¢*O¢*O(ioo,r)*(y) in Kf/(PR(F))'
Note that, (ig.dy )0V 0040 (loor)s = (irdy 0 0P 04y ), and ipg g, 000 0l
is I'"-homotopic to ig, within Pg(I'). Hence, (ir,)«(x) = (ir,)«(y) in
KI'(PR(T)), as desired. O

3. Maximal Roe algebras and quasi-representations

In this section, we introduce the concepts of maximal Roe algebras and quasi-
representations. We also discuss the relationship between equivariant Roe
algebras and group C*-algebras.

3.1. Let X be a discrete metric space with bounded geometry. Let IC(H)
be the algebra of all compact operator on a separable infinite dimensional
Hilbert space. The algebra Cj; (X) is defined as follows [21]. An element
a € Cy,(X)is a function a : X x X — K(H) with the following properties:

(1) (finite propagation) there exists an r > 0 such that a,, = 0if d(x,y) >
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r (the smallest such r is defined to be the propagation of a);
(2) there is a constant ¢ such that ||a, | < ¢ for all z,y € X, where the
norm is the operator norm in K(H).

One can define the multiplication by

(@-b)yy = Z Qg s sy
zeX
Since X has bounded geometry, the above sum is a finite sum for each pair
(x,y) and it is easy to check that a-b is in the algebra. Define (a*),, = (a,.)*.
Then Cy;,(X) is a *-algebra.

3.2. Let ¢ : C% (X) — B({*(X, H)) be the faithful *-representation:

lg

(D(@)€)e =D sy, VEE (X, H).

yeX

It is easy to check that, for each a € Cy (X), ¢(a) is a bounded operator.
Define C}(X) to be the closure of C7; (X) under operator norm [20]. C}(X)

is called the reduced Roe algebra.
3.3. We need some preparations to define the maximal Roe algebra.

All the diagonal elements a € C;,(X) (i.e., azy = 0 if © # y) together
form the C*-algebra C,(X,IC(H)) of all bounded, compact operator valued
functions on X. For any s-representation ¢ : Cy(X,IC(H)) — B(H'), where
H' is a Hilbert space, we have ||¢(a)|| < sup,cx ||| To define the maxi-

mum Roe algebra, we need the following lemma.

Lemma 3.4. For each element a € Cj; (X), there is a non-negative
number ¢, such that if ¢ : Cy (X) — B(H') is a *-representation, then
lo(a)]| < cq for any a € gy (X).

alg

Proof. Let r be a positive number larger than the propagation of a. That
is, ay, = 0 for all x,y with d(x,y) > r. Since X has bounded geometry,
there is an N such that for any x € X, #By.(z) < N. One can write
X =X, UXyU---UXpyy such that X; N X; = 0 for ¢ # j, and that
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d(x,y) > 2r if x,y € X; for the same i. This can be done in the following
way.

Consider X7, Xy, -+, Xy11 as N+1 boxes and we will put each element of
X into those boxes. At the beginning, the boxes are empty. First, list all the
elements of X as x1,x9, -+, Ty, . Put z; in X;. Once each of x1, 2o, -+, 2}
has been put into one of the boxes X, the element x;,; should be put into
box X, for the smallest ¢ such that

d(xpyr, XiNA{wy, 2, 21 }) > 21

Here, we use the convention d(z,0)) = co. Such ¢ exists, since there are at
most N elements in By, (Tg11).

Let £ = {(x,y) : d(z,y) < r}. Then supp(a) C E, where supp(a) :=
{(z,y) € X x X 1 a,, # 0}. Let E;, = EN(X; x X), and let z € X,.
Then there are at most N elements yi, s, --,yny such that (z,y;) € E;
for any j € {1,2,---,N}. So one can write E; = Uj-vzlEij such that, if
Y1 # Ya, then (z,y1) and (z,y2) of E; will be in different set E;;. That is, if
(z,11), (z,y2) € Ejj then y; = yo. Rename E;j as G;, 1 <i < (N +1)N, we

write
N+1

(N+1)N
E= |J &
i=1

with the following property: if two different elements (x,y) and (2/,y) are
in Gy, then d(z,2’) > 2r, and consequently, y # v'.

For any a € C;, (X), let a; be defined by

az 4, if (z,y) € G,
(ai)x,y = { Y )

0, otherwise.
Then a = a;, and
(a:ai)w,y

* . o
Zz: (2,2)€G; CLZ’:B * Oz oz ifx = Y,
0, otherwise.



Furthermore, for each z, there is at most one z such that (z,z) € G;. Hence,
afa; is a diagonal element such that each entry has norm at most C?, where
C'is a number satisfying ||a,,|| < C for all z,y € X. From 3.3, we know
that for each *-representation ¢ : Cy, (X) — B(H'),

lo(@) < S5 (6]
< Y v+ lp(asay)||'?
< C- N(N+1)
as desired. 0

3.5. For each a € C; (X), define

@]l max := supg{llé(a)ll : ¢ : Chy(X) — B(H'), a *-representation}.

We define the maximal Roe algebra C;, (X) to be the completion of Cy; (X))

with respect to the maximum norm.

3.6. Next we introduce the concept of quasi-representations and study
its properties. For any [ > 0, let C7;, ;,(X) denote the subset of Cy; (X)
consisting of those elements whose propagation is at most [, that is, a €
Cug (X)) if and only if a,, = 0 for all (z,y) with d(z,y) > [. Obviously,
(Cag, (X)) = Cgyg, 1(X) and (CFyq 1, (X)) - (Carg, 1,(X)) € Ty, 1, 41,(X). In
particular, Cy;, o(X) = Cy(X, K(H)) is a subalgebra of C; (X).

An [-quasi-representation of Cj;,
B(H') such that

(1) if a € Cgyy (X)), then ¢(a”) = ¢(a)*;

(2) ifa,b,a-be Cy, (X), then ¢(a-b) = ¢(a) - p(b).

We list the following trivial facts of [-quasi-representations:

(X) is a linear map ¢ : Cy, (X) —

(a) If I’ > [, then any [’-quasi-representation is also an [-quasi-representation.
(b) A 0-quasi-representation is a *-representation of the subalgebra Cy,(X, K(H)),
the algebra of diagonal elements in Cj; (X).

(c) A x-representation of C%_(X) is an [-quasi-representation for any /.

alg

Lemma 3.7. For any a € C, ,(X), there is a number ¢, such that

alg, 1
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if ¢ Chym
lp(a)]| < ca-
Proof. Since X has bounded geometry, a can be decomposed as a =

Zf\;(lNH) a; as in the proof of Lemma 3.4. Note that ||¢(a;)||* = ||¢(a})d(a)]|
|p(ata;)||, the Lemma follows from the fact that a}a; has propagation 0. O

(X) — B(H’) is an m-quasi-representation with m > [, then

3.8. For any element a € C;‘lg,l

(X) and m > [, define
|allm = supy{|l¢(a)|| : ¢ m-quasi-representation}.

By 3.7, ||a||l < oo for all m > I. By 3.6, ||a|m > ||a]lm if m < m/. Define

|lalloo = limyy, oo ||@]|m. Then ||a||« is well defined and is finite for all element
a € CZZQ(X ).

Lemma 3.9. [|a]lc = [|a]lmax for all a € C, (X).

Proof. By 3.6(c), ||a]|lmax < ||a|lm for any m. Hence, [|a]|max < [|@]|co-
On the other hand, it is straight forward to check that || - || satisfies the
following conditions:

(1) lla +blloo < flafloo + [[blloc and [[Aafloc = |A] - [[a]loc for any A € C.

(ii) fla - blloo < [lalloo - [1]]oo-

(1) [|all3, = [la*allo-

Hence, the completion of Cy (X) with respect to the norm || - [/ is a
C*-algebra, denoted by A. Let ¢ : A — B(H') be a faithful representation.
Then |lalleo = [[¥(a)]] < [|a][max for all @ € Cy;,(X), as desired. O

3.10. In the rest of this section, we discuss the connection between
equivariant Roe algebras and group C*-algebras.

Let I' be a finitely generated discrete group. There are two natural unitary
representations L, R : I' — B(¢*(")) by (L,&)(z) = &(y'z) and (R,§)(z) =
§().

Recall that the group algebra C7, g(F) is the set of all functions a : I' — C
with finite support. The product and involution are defined by (a - b), =

Y ser Asbs—1, and (a*), = @,-1. We will regard C;

alg

(") as a subalgebra of
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B(¢*(T)) by the right s-representation defined by (a - &), = Y scr aséys for
any & € (2(T).
The above representation also induces a representation of Cy (I') @ K(H)

on (2(T', H) = ¢*(T') ® H by the same formula. But this time, as is a compact
operator on H and &5 is an element in H.

3.11. We identify Cy (|T|) with a *-subalgebra of B(¢*(T")) through its
natural faithful representation in 3.2. The natural left unitary representa-
tion of T on (*(T', H), still denoted by L, induces a I'-action on the algebra

Cag(IT]) by ¥(T) = LyoT o Ly for all T € C; (|T']). The entries of v(T')
are given by
(V(T))ay = Th104-1y-
Let C7,(IT|)" be the fixed point algebra of I-action on Cj (|[), that is,
a € Cy,(IT)" if and only if a,y = ay-1,,-1y for any v € T'. If I” is a normal
subgroup of I with I'/T” finite, then any I" action induces a I"" action. Denote
by alg(\f‘|)F the algebra of fixed points of the I' action on Cy; (|T').

3.12. Regard both Cy (II')" and Cj (') ® K(H) as subalgebras of

B(¢*(T,H)). It is clear that C}; (|T|)" = Cy,(T') ® K(H). The correspon-
dence a € C (0) @ K(H) — a € Cy,(|T))" is given by

Uy = Qg—1y.
The propagation of a is
max{length(7y) : a, # 0},

where the length is the word length of the group I' with the given finite
generating set.

3.13. Define the reduced equivariant Roe algebra C;p(|I'|) to be the
closure of Cy (IT'|)" as a subalgebra of B(¢*(T', H)). We have C;(|T|) =
Cr() @ K(H).

3.14. Recall that the maximum norm on Cj, (|T])" is defined to be

||| maz = sup¢{||¢>(a)]| ¢ x-representation of C (|F|) }.
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The completion of C, (IT'|)" under this maximum norm will be called the
maximal equivariant Roe algebra and denoted by Cj .. (|T']). The C*-
algebra Cy,, +(|T']) is isomorphic to C}, (I') ® K(H), where C  (T') is the
maximal group C* -algebra. Similarly, one can define C},, 1 (|T'|) for a nor-

mal subgroup F/ C I’ with T'/T” finite (see 3.11). It is easy to see that
Chiasr (IT]) = Cro () © K(H).

We caution that the restriction of the maximum norm of Cy; (|I']) to its

subalgebra C7, (|T'[)" might not be the maximum norm of CJ; (|T'])".

3.15. Similar to 3.6, for any I > 0, let Cj ,(|T[)" be the subset of
Ca(IT N consisting of elements with propagation at most [. Furthermore,
the I-quasi-representations of Cy;, ;(|T])" can be defined in a way similar to
the corresponding case in 3.6. The following lemma is similar to Lemma 3.4
and Lemma 3.9, but the proof is much easier.

Lemma 3.16. For any a € C ([T))" = Cj,(T') ® K(H) with prop-
agation [, there is a constant C|, such that for any m-quasi-representation
¢:C )Y — B(H') with m > 1, it is true that ||¢(a)| < C.,.

alg, m(

Proof. Note that a € 7 (I') ® K(H) has finite support, and if v €
supp(a), then length(v) < I. We write a = Zv a, where a, is supported
only on a single point v € I'. Then aa. is supported on the unit e € I'. So
a’a, corresponds to an element in Cy(|['[, (H)). In fact, it corresponds to
a constant function in C,(|I'|, C(H)). Hence,

¢(af1a7) < H@:%H>
where || - || is the operator norm in IC(H). O

3.17. One can define a norm || - ||, for any element a € C, (|T|)" and
m > 1 by ||all, = sup,{[[¢(a)||}, where the sup is taken over all m-quasi-
representations ¢ of C (|T|)". Evidently, [|allm > |la|m if m < m’. Define
lalloec = limy,—oo ||@|lm- The proof of the following lemma is similar to the
proof of Lemma 3.9 and will be omitted.

Lemma 3.18. [|a|lmax = ||a]le for any a € CJ (IT[)".
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Note that we use the same notations || - ||,, and || - ||« for the norms on
both C¥%, (X) and C¥

alg alg
will be using.

(JT)Y. It will be clear from the context which one we

4. The Coarse Geometric Novikov Conjecture

and the Strong Novikov Conjecture

In this section, we formulate a version of the Coarse Geometric Novikov
Conjecture and recall two versions of the Strong Novikov Conjecture.

4.1. Let X be a locally compact metric space. An X-module Hy is
a separable Hilbert space equipped with a faithful and non-degenerate -
representation 7 of Cy(X) whose range contains no nonzero compact opera-
tors. When Hy is an X-module, for each f € Cy(X) and h € Hx, we denote

(m(f))h by fh.

Definition 4.2. ([20]) (1) The support of a bounded linear operator
T : Hy — Hy is defined to be the complement of the set of all points
(x,y) € X x X for which there exist g,¢" € Cy(X) such that ¢'T'g = 0 but
g(x) #0, ¢'(y) # 0. (2) A bounded operator T': Hy — Hx is said to have
finite propagation if

sup{d(z,y) : (z,y) € supp(T)} < oc.

And this number is called the propagation of 7. (3) A bounded operator
T : Hx — Hx is said to be locally compact if the operators ¢g7" and T'g are
compact for all g € Cp(X).

4.3. Denote the algebra of all locally compact, finite propagation op-
erators by Cy (X). It is easy to check that the definition of C} (X) is
independent of the choice of the X-module Hyx. If X is a discrete metric
(X) is the
same as the definition given in subsection 3.1. One can see this by choos-

space with bounded geometry, then the above definition of Cj;,
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ing X-module Hx = (*(X) ® H, where H is a separable Hilbert space, and
Co(X) acts on £*(X) ® H by multiplications on ¢*(X).

4.4. Let Y be a discrete subspace of X such that there are € and r such
that d(z,y) > € for any z,y € Y, and d(z,Y) < r for any x € X. Then
(Y') is isomorphic to Cp, (X). Let us
describe a precise isomorphism between these two algebras. Take a regular

Y is coarsely equivalent to X and Cj,
measure p on X such that for any compact set A C X, p(A) is finite and for
any non empty open set U C X, p(U) > 0. Choose Hy = L*(X, u) ® H to
be the X-module in the definition of C; (X). One can construct a partition
X = U,y Ay, where each A, is a Borel subset of X with nonzero measure
such that for any z € A, d(y,z) < rand A,NA, =0if y #y. We
have Hx = @,y L*(Ay, 1) ® H. We choose the Y-module in the definition
of Cy,(Y) to be Hy = £*(Y) ® H', where H' is a separable Hilbert space.
Choose a unitary U : Hx — Hy by identifying each L?(A,, u) ® H with H’
via a unitary. Note that the unitary U intertwines the representations of the
algebras C; (Y) and C} (X) on Hy and Hy, ie., T € Cy (X) C B(Hx) if

alg alg
and only if UTU~! € C%, (Y) C B(Hy).

alg

4.5. Let X be a locally compact metric space. An element in Ky(X)
can be described by a triple (Hyx,w,T) such that Hx is a Hilbert space
with a x-representation 7 of Cy(X) and 7" € B(H), T*T — [ and TT* — 1
are locally compact, and w(f)T" — Tw(f) are compact for all f € Cy(X).
We can always choose Hx to be an X-module. In this case, we use the
pair (Hx,T) to denote the triple (Hx,m, T). In particular, we can assume
Hx = L*(X, ;) ® H, where p is a measure on X and H is a separable Hilbert
space. (Note that each X-module Hy can be embedded into L?(X, u) ® H,
so that one can write L?(X, u) ® H = Hx ® Hx, where Hx is the orthogonal
complement of Hy in L*(X,u) @ H. Let T = T & Iyyr. Then (Hx,T) is
equivalent to (L*(X,p) ® H,T"). )

4.6. The assembly maps

fimaz + Ko(X) = Ko(Crax (X)),
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Hred * KO(X) - KO(O:(X))

are defined as below. Let (Hx,T') represent a cycle in Ko(X). Let {U;};
be a locally finite, uniformly bounded open cover of X and {¢;}; be a
continuous partition of unity subordinate to the open cover {U;};. Define
F=> gf)i% Tqbi%, where the sum converges in the strong topology. It is not
hard to see that (Hx,T) and (Hy, F') are equivalent in Ky(X). Note that F
has finite propagation, and F*F — I, and FF* — I are in C*_(X). Let

alg

I F I 0 I F 0 —I
WZ(O ])(—F* ])(0 I)(I 0 >€B(HX@HX)'

Then
I 0 I 0
W Wl — Cr (X C
(O 0) (O 0>€ alg( )®M2( )a

since both W and W~! have finite propagation. Hence

)G
00 0 0

defines an element in Ko(Cy, (X)) by considering Cy; (X) as a subalgebra
of Cf..(X), denoted by pimas([(Hx,T)]) € Ko(Cf(X)). One can also de-
fine an element ji,cq([(Hx,T)]) € Ko(Cy(X)) by considering Cy (X) as a
subalgebra of C*(X). Hence, we obtain two assembly maps fima : Ko(X) —
Ko(C L (X)) and pireq = Ko(X) — Ko(C#(X)). Similarly, we can define

a1 (X) = Ky(Con (X)) and pired : K (X) — Ky(CHX)).

max

4.7. Let Y be a locally finite simplicial complex of finite dimension.
There is a naturally defined Connes-Chern map

ch: Ko(Y) — @D Hai (Y, R)
=0

where the homology group is the locally finite homology group. In partic-
ular, if Y is compact, then the Connes-Chern map is an isomorphism after
tensoring with R. We remark that this is not true when Y is noncompact.
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Let X be a locally finite discrete metric space with bounded geometry,
then by passing to inductive limit, we have a Connes-Chern map

ch : dll_}I{.lo Ko(Py(X)) — (}LIEOQ%HQi(Pd(X),R).

Similarly, we have a Connes-Chern map

ch: lim Ki(Py(X)) — lim Q?H%H(Pd(x),ﬂaa).

4.8. For any locally finite discrete metric space X of bounded geometry,
we know that C7: . (Py(X)) is isomorphic to C, (X)) for any d > 0, since X is
a discrete subspace of P,(X) and is coarsely equivalent to the latter (see 4.4).
Passing to inductive limit, the assembly map: Ko(Pa(X)) — Ko(C} (X))

defines a map
Hmaz - dlggo KO(Pd(X)) - KO(C;ax(X))

We can similarly define
frma - 10 G (Pa(X)) — K3 (G (X))
The Coarse Geometric Novikov Conjecture:

For any z in limg_.. K.(Pa(X)), if ttmaz(2) = 0 in K.(C;

max (X)), then
ch(z) =0 in limg oo @;°y Hoirs (Pa(X), R).

4.9. Let us recall some facts about the Connes-Chern map. Assume
that Y is a countable union of mutually disjoint path connected components
{Yj};, namely, Y = | |2, V; and let us assume that all Y; are compact. Then

KO(Y) = HKO(Yj)a
Hy(Y,R) = ﬁH2z‘(Yj>R)

15



and the Connes-Chern map

o0

ch: Ko(Y —>@H22Y]R H(@HQZ )

=0 7=1 =0

where m = [dim(Y")/2], satisfies
ch(xy, g, -+, x4, ) = (ch(xy), ch(xg), - - -, ch(z;),- ).

Recall that if Y is compact, then a cycle in Ky(Y') is represented by (Hy,T)
such that T*T'—1I, TT*—1I and [f, T] are compact operators for all f € C(Y).
The map 7 : Y — {pt} induces a map =, : Ko(Y) — Ko({pt}) = Z, which is
given by

7. (Hy,T) = ind(T),

where ind(7") is the Fredholm index of 7. Let Y =Y, U Yo U--- LY, -,
where each Y; is a path connected compact space. Suppose that

((HY17T1)7(HY27T2)7‘.‘7(HY"7‘77})?‘.‘)
represents (1, s, -, 24, --) € Ko(Y) = H] 1 Ko(Y;), then

Cho([[’l, T, -, [L’j, . ) = (1nd(T1), il’ld(Tg), Tty md(T]), . )
c[[zc][rR=]]H(;.R
Jj=1 J=1 J=1

4.10. Let Y7,Y5,---,Y;, -+ - be a sequence of discrete metric spaces, each
of which consists of finitely many elements. Let us assume that the metric
d on Y; satisfies the following conditions: d(y,%’) is an integer and there
is a sequence y = Yo, Y1,Y2," "+, Ym = y' such that d(y;,y;11) = 1 for any
two points y,y" € Y;. In particular, P,(Y;) are path connected if d > 1.
Furthermore, let us assume that for » > 0, there is an N > 0 such that for
any Y; and y € Y]

#{zeY,:dy,z) <r} <N.

One can endow a metric d on Y = u;?olY such that (i) d|y; is the metric on
Vi, and (i2) 1imi oo iz (Y3, Y5) =

16



It is straight forward to check that for any two metrics d; and ds satisfying
the conditions (¢) and (i7), (Y,d;) and (Y, ds) are coarsely equivalent, and
the coarse equivalence is implemented by idy. Without loss of generality, we
assume that d satisfies the following conditions

d(}/w Yn) > d(Yma Yn)a d()/“ Yn) > d()/“ Ym)a d(Ym Yn+1) > d(Yma Ym+1)

provided that n > m > 4. Then for any d > 1, there is an integer n(d) € Z,
such that d(Yna 1, Yo@) < d and d(Yoay, Yo@s1) > d. Let YO = | PPy,
then Py(Y) = Py(Y?) U |_|Z.:n(d)Jrl Py(Y;), where each P;(Y?) and Py(Y;),
i > n(d) + 1, is path connected and compact. Let m = n(d) + 1, and let
x € Ko(Py(Y)). Then z can be written as x = (2°, 2, Ty 1, - - -), where 2° €

Ko(Py(Y?)) and z; € Ko(Py(Y;)) for i > m. Assume that z is represented by

(de(yo) b @HPd(Yi)? TO s @T’Z) .

Then
cho(z) = (ind(T?),ind(T},), ind(Tpy1),- - +)

€ ZollZ,Z

C RoJ[Z,.R

= Ho(Py(Y°),R) @ [[;%,, Ho(Pa(Y), R).
If d > d, let n(d') be the largest integer such that d(Y,a-1, Yn@)) < d'.
Let m' = n(d')+ 1, Y? = |_|Z.:1 Y;. Recall that the 1nclu51on iaa: Pa(Y) —
Py (Y) induces the map (ig.q)s : Ko(Py(Y)) — Ko(Py(Y)). It is clear that
(i@ q)«(x) can be written as (Z°, Ty, Ty 11, - - +), Where

70 = (ig.a)s(2° + T + Tpy1 + 0+ T 1)
and
Ty = (ig ) (:)
for all 4+ > m/. In particular,
cho((iwa)s(w) = (nd(T0)+ S0, ind(Ty), ind(T,), ind(Toan), =)
VA | by

= Ho(Py(Y?),R) @ II2,. Ho(Pr(Y:),R).

N m
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Lemma 4.11. Let Y be as in 4.10, and let = € limg_,o Ko(Pu(Y)). If
fmaz () = 0 in Ko(CF L (Y)), then cho(z) = 0 in limg oo Ho(Py(Y),R).

max

Proof. For each Y}, choose a point w; € Y;. Let W = {wy,wa, -, wj, - - -}.
Let i : W — Y be the inclusion and 7 : Y — W be the map taking every
point in Y; to w;. Then both ¢ and 7 are proper, and 7 o ¢ = idy,. The
lemma follows from the Coarse Baum-Connes Conjecture for W and the
isomorphism

lim Ho(Py(Y),R) = lim Ho(Pa(W),R).

d—o00
(Note that W has asymptotic dimension zero, hence the coarse Baum-Connes
conjecture holds for W [26].) O

4.12. Let X be a locally compact metric space with proper I'-action.
Recall that CF (X) C B(L*(X) ® H) consists of locally compact, finite

alg

propagation operators. I" acts on L*(X) ® H by

(Y)(x) = £(y'a), Yy el

Similar to the discrete case in 3.11, there is a natural action of I' on Cy;,(X)
by

VT)=~-T-y7"
(X)" the algebra of all T-invariant elements in Cy, (X). Simi-
(X) to be the completion

(X)) with respect to the maximum norm. To prove the existence of the

Denote by C7,

lar to the discrete case again, one can define C} . -
*

of Cyy,

maximum norm, first choose a I'-invariant discrete subset Y which is coarsely

(X)" = Cay().

equivalent to X. Then Y has bounded geometry and C; alg
The existence of the maximum norm follows from the following lemma.

alg

Lemma 4.13. For any a € C}; (Y)", there exists C, > 0 such that for

any x-representation ¢ : C;‘lg(Y)F — B(H'), one has [|¢(a)|| < C,.

Proof. The proof is similar to the proof of Lemma 3.4. The only differ-
ence is that we need to write a as the sum of I'-invariant elements a; such

that afa;, € Cyo(Y,K(H)). O
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4.14. Let I' be a finitely generated discrete group. Let X be a locally
compact space with a proper I'-action. In this subsection, we define the
Baum-Connes map [1, 3, 22]

o K (X) = K (Chgp p(X))-

Recall that an equivariant K-cycle in K} (X) is described by a triple
(Hx,m,T), where

(1) Hx is a Hilbert space endowed with a unitary representation of T

(2) 7 is a covariant representation of Cy(X) on Hy, i.e., m: Co(X) —
B(Hx) is a *-homomorphism such that

m(y(f)) =ym(f)y~!, Yy el, feCyX).

(3) T € B(Hx) such that [T, 7(f)], 7(f)(T*T — I),n(f)(TT* — I) and
w(f)[y,T] are compact operators on Hx for any f € Co(X) and v € T.

The Hilbert space Hx can always be chosen to be an X-module. In this
case, we denote the triple (Hx,m, T') by the pair (Hx,T). Since the I'-action
is proper, one can assume that [y,7] = 0. As in 4.5, one can also assume
that Hx = L*(X, u) ® H, where p is a T-invariant measure, H is a separable
Hilbert space, and v € ' acts on Hx by

(VE@h)(z)=E(v'e)@h, YE@he XX, n) @ H,

and, furthermore, Cy(X) acts on Hy by multiplications on L?(X, ). We can
choose a locally finite and uniformly bounded open cover {U;}; such that,
for each v € I' and each 14, there exists j satisfying yU; = U;. Let {¢;}; be a
continuous partition of unity subordinate to {U;}; such that, for each v € T’
and each 7, there exists j satisfying v(¢;) = ¢;. We define F' = )", gf)i%Tgf)i%,
where the sum converges in the strong topology. Note that F has finite
propagation and is I-invariant. It is easy to see that [(Hx,T)] = [(Hx, F)]
in KT(X). Let

DD
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Then W has finite propagation, and

I I
W OV - 0 € Cu (X)h
00 0 0

Define the Baum-Connes map

(1) = [W<é 8>W]_[<é 8>]

€ KO(C:;laX,F(X))'
Similarly, we can define

p K (X) = Ki(Chap p(X)).

4.15. In this paper, we will use two versions of the Strong Novikov
Conjecture [3, 14]. The first version is as follows.

The Strong Novikov Conjecture (I):

The Baum-Connes map

Wﬁﬂﬂamywmmw*

max,[
d—oo ?

(Pa(1)) = K.(Chu(I))

max

is rationally injective, i.e., if v € KL (Py(T)) such that p(x) = 0 in K. (C%,.(T)),
then there are d > d and n € N such that nz =0 in K. (Py(T)).

Note that |I'| and Py(I") are coarsely equivalent. Therefore,

4.16. The second version of the Strong Novikov Conjecture involves
classifying space for free actions. Throughout this paper, all free actions are
assumed to be proper. Namely, an action of I' on X is said to be free if for
any x € X there is a neighborhood U C X of = such that 4, U N~U = () for

any 1,72 € I' with v1 # ..

Let ET with a free I'-action be a universal space for free actions, and let
BT = ET/T be the classifying space. One can choose BI" to be a simplicial
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complex (not necessarily finite) and then ET is a I'-simplicial complex. Let
By C B, C B3 C --- be a sequence of finite sub-simplicial complex of BT’
with BT = (J,2, By. Let E,I' = 71 (By) C ET. Then

E.'ckEl'Cc---CEI'C---

is a sequence of locally finite simplicial complexes. One can endow each E,I'
with a ['-invariant metric so that each EjI" is a locally compact metric space
with free I'-action. By definition, we have

KI(ET) = Jim K (ET).

The Strong Novikov Conjecture (II):

The Baum-Connes map

o kh—{EO Kf(EkF) - kh—>nolo K*(O;lax,f‘

(Exl) = K (Crax(T)))
15 rationally injective.

Since the I'-action is free, F;I is coarsely equivalent to I'. Therefore,
Craer (Exl') = Cho p(IT]) = CLa(T) © K(H).
Since a free action is also a proper action, there is a map
®: lim K (ET) — lim K, (Py(I"))
such that the following diagram commutes
limy, oo KL (ELT) limg oo KL (Py(T)) .

x/

K.(Chax(T))

P

It is well known that the map & is rationally injective [1, 3]. Hence, the
Strong Novikov Conjecture (I) implies the Strong Novikov conjecture (II).

4.17. If T is a normal subgroup of T" with T'/T” finite, then E,I'/T" is a
finite cover over F;I'/T". Hence, the map

KY(ET) — K (B,

is rationally injective.
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5. The Main Theorem

In this section, we state and prove the main result of this paper.

5.1. Let I' be a finitely generated residually finite group. We can assume
that there is a sequence of normal subgroups of finite index

Lol 201 2+

such that -
i=1

Endow T'/T'; with the quotient metric, that is,
d(al;,bT;) = min{d(avy1,by) : 71,72 € T}

Let X(I') = |J;2,T'/T; be the disjoint union of I'/T;. We endow a metric
on X(I') such that its restriction to each I'/T’; is the quotient metric defined

above and
lim d(r/T,,T'/T,,) = cc.

n+m—oo, n#m

The metric space X (I") is called the box metric space [23].
The main theorem of this paper is the following

Theorem 5.2. Let I' be a finitely generated residually finite group and
let X(I') be the space associated to I' as in 5.1. Then the following state-
ments hold:

(1) The Coarse Geometric Novikov Conjecture for X (I') implies the Strong
Novikov Conjecture (IT) for I" and all subgroups I'y,, n =1,2,-- .

(2) If the classifying space (|-, P4(I"))/I" for proper I'-actions has ho-
motopy type of a compact CW complex, then the Strong Novikov Conjecture
(I) for I and all subgroups I';, (n = 1,2,3,--+) implies the Coarse Geometric
Novikov Conjecture for X (I').

(3) If the classifying space ET'/T" for free I'-actions has homotopy type
of a compact CW complex, then the Strong Novikov Conjecture (II) for T’
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and all subgroups I, (n = 1,2,3,--) implies the Coarse Geometric Novikov
Conjecture for X (T').

Lafforgue has constructed residually finite property T groups whose as-
sociated sequences of expanders are not coarsely embeddable into any uni-
formly convex Banach space [17]. Lafforgue’s groups satisfy condition (2)
of Theorem 5.2. By Theorem 5.2, we obtain the Coarse Geometric Novikov
Conjecture for Lafforgue’s sequences of expanders in [17].

Remark 5.3. (a) From Theorem 5.2 (1) and (3), we know that if ET'/T’
has homotopy type of a compact CW complex, then the Strong Novikov
Conjecture (II) for I" and all T',, (n = 1,2,3,--+) is equivalent to the Coarse
Geometric Novikov Conjecture for X (I'). This gives a geometrization of the
Strong Novikov Conjecture for these groups.

(b) In part (2) of Theorem 5.2, we assume that the Strong Novikov Con-
jecture (I) holds not only for ', but also for all its subgroups I';,. We remark
that, for all the known examples of groups satisfying the Strong Novikov
Conjecture (I), their subgroups also satisfy the Strong Novikov Conjecture

().

(c) Note that if ET'/I" has homotpy type of a compact CW complex, then
I" is torsion free. In this case, the Strong Novikov Conjecture (I) and (II) are
equivalent. Hence, statement (2) implies statement (3), and we need only to
prove (1) and (2).

5.4. We need some preparations to prove Theorem 5.2. We shall prove
Theorem 5.2 for the even case, i.e., when * = 0. The odd case can be proved

in a similar way by a suspension argument.

For convenience, we also assume that, if n > m > 1, then
ar/r,,r/r,) >dr/Tr,,r/T,),
a(r/r,,r/r,) > dT/r,,,T/T),

d(T/T,,T/T 1) > d(T /T, T/T ).
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The proof will occupy the rest of this section. In what follows, we will
denote X(I') by X. Let an element 0 € Ky(P;(X)) be represented by the
pair

(L*(Py(X)) ® H, T),
where T' € B(L*(Py(X)) ® H) is an operator with finite propagation, and
(T*T = I)f, (TT*—I)f and Tf — fT are compact for all f € Cy(X). We
will denote its class in Ko(Py(X)) by [T7.

We assume that the propagation of 71" is [. Let n be large enough such
that
dr(v,e) > 2l +2d, VvyeT,,

and
dx(T/T,,T/T 1) > 20 + 2d.

Let Y = |2 T'/T; C X. Note that P,(Y) is a closed and open subset of X.
Furthermore, Py(Y) = | |2 Py(T')/T;. We have

T‘LQ(Pd(Y))(@H = dlag{Tﬂ? Tn+1> o '}7

where T; € B(L*(P4(T)/T;) ® H). The local compactness of the operator
(T*T — I) is equivalent to the fact that the operators (T;T; — I) for i > n

7

and
(T*T - I)‘L2(Pd(u?=_11F/Fi)®H)

are all compact.

We shall lift each operator T; € B(L*(Py(T'/T;)) ® H) to a I'-invariant
operator S; € B(L*(Py(T')) ® H). Let B be the fundamental domain of
Py(T') in the sense that Py(I') = U er vB and v, B N2 B has measure zero if

M # el

Such a fundamental domain can be obtained in the following way by using
the barycentric subdivision of P,;(T"). Let B be the union of all simplices of
the barycentric subdivision of Py(T") with the identity e € T' C Py(T") as a
vertex. If v # e, then any point x € vyB N B will be in a proper face of a
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simplex, which has e as a vertex and therefore has lower dimension. If we

choose the measure careful enough, then such a set has measure zero.

Now we identify L?(P,(T")/T) with H; := L?(B). Similarly, L*(P,(T")/T;)
is identified with ¢*(T'/T;) ® Hy, and L*(Py(T)) is identified with ¢*(T") ® H;.
To define S; in

B(L*(Py(I)) @ H) = B(((*(I) @ Hy) ® H) = B(®yer(Hy @ H)),

one needs only to specify each entry S;,, € B(H; ® H) for z,y € I'. For
each z € ', let [z] = aI'; € I'/T'; be the coset corresponding to x. We define

o _ ] Tya, ifdlzy) <1,
e 0, otherwise,

where, for [z], [y] € I'/T;, the operator T}, € B(Hy ® H) is the ([z], [y])-
entry in the matrix form of T; € B(¢*(T'/T;) ® H; ® H). Tt is straightforward
to verify that S; is [';-invariant, with propagation at most [, and locally
compact. Therefore, S; defines an element in K (Py(I")). (Another way to
view S; is to identify L?(P,(T")) with ¢*(T;) ® L?(P4(T")/T;) since T'; acts on
Py(T") freely for i > n, and let S; = Ipr,) ® T;.)
Note that I'; acts freely on Py(I") for ¢ > n. Therefore,
Ky (Pa(T)) 2 Ko(Py(T)/T).

This isomorphism takes [T;] € Ko(Py(T)/T;) to [Si] € Ky*(Py(T)). Hence,
[T;] = 0 if and only if [S;] = 0. The lifting defines a map

@ s Ko(Pu(X)) — [T K§"(P(D) | @ K§*(Pu(D)).

Lemma 5.5. The map « in 5.4 satisfies the following condition:
Given dy > 0, for any [T] € Ko(Pyy (X)), let {[Si]}isn € TI2, Ko (Pay (1))
represent «([T]). If [S;] are torsion elements except for finitely many 4, then
there is d > dy such that ch;((iqq,)«([T])) € Haj(Ps(X),R) are zero for all
Jj=1
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We remark that cho([T]) may be different from zero.

Proof. Suppose that [S;] is a torsion element for every i > n. Without
loss of generality, we can assume that n satisfies the conditions in 5.4, that
is, dr(y,e) > 2l + 2d for v € Ty, and dx(I'/T,,,I'/Tpy1) > 20 + 2d for
S; as defined in 5.4. Let Z = [ [/-'T/Ty, and let [T°] € Ko(Py,(Z)) and
[Ti] € Ko(Pyy(I')/I;) for ¢ > n be induced by [T] € Ko(Pai(X)). Then [T}]
are torsion elements for ¢ > n. Hence,

ch([Ti]) = 0 € Heven(Pay (1) /T, R). (+)

Of course, it will be zero, considered as an element in Heye,(Py(T) /T, R)
for any d > dy. Choose d large enough such that diameter(Z) < d. Then
the map Py, (Z) — Py(X) is homotopic to a map P;(Z) — {z}, where
x € Py(X) is any chosen point. Hence,

ch((ia.do)«([T°])) € Heven(Pa(X), R)

factors through Hepen({pt},R) = Ho({pt}, R). This implies ch;((igq,)([T°])) =
0 for 7 > 0. Combining this with (%), we obtain the lemma. O

5.6. Next we shall define a homomorphism

¢ max —>H max,I’; ‘F|/® max,I’; ‘F’

(IT[) is the completion of the algebra CJ; (|T'|)'* of all T'; invari-

ant elements in O

Here, C*

max,[';

(IT']), with respect to the maximum norm (see 3.14).

Let T € C%,,(X) C B(£*(X)® H). Suppose that T" has finite propagation
. Let n be the smallest positive integer such that d(v,e) > 2[ for v € T,
and dx(T/T, T/Ty1) > 2. Let Z = [/-'T/Ts, Y = | [, T/T;. Evidently,
T induces operators T° € B((*(Z) @ H) and T; € B(¢*(T'/T;) ® H) for i > n.
Let S; € B(¢*(T') ® H) be defined by

S.. — ﬂ?[ﬂ:},[yb if d([E,y) < l7
R 0, otherwise,
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where, for z,y € I', S;.,, denotes the (z, y)-entry of the matrix form of S; and,
for [x], [y] € I'/I;, the operator Tj, ) € B(H) is the ([z], [y])-entry in the
matrix form of T; € B(¢*(I'/T;) ® H). Then S; € Cy, (IT)" € Crior, (IT)),
and the correspondence T+ {S;};>, defines a map

¢l : :zklg l - H max,I'; |F‘

which satisfies
(TN < IT'[]1,

(X) is defined as in 3.6 and ||7T']|; is defined as in 3.8. Hence, by
Lemma 3.9, let [ go to infinity, one obtains a *-homomorphism

X)HHO;aX,F ‘F| /@ m
i=1

and [|¢(T)]| < [|T|loo = |7 ||max, where we used the fact that

where C*

alg,l

1(s1y St ) = Lo [ 5

for an element in

represented by (S, Spy1, - - ) Hence, ¢ can be extended to a x-homomorphism

d) max ma.x F

Note that Cy . (IT']) = C; . (T:) ® K(H). So ¢ is a homomorphism from
C;;lax( ) tO

(H Crax(T) © /C(H)> / <@ Crax(l') ® K(H)) .

5.7. Since every element = € Ko(C?, () ® K(H)) can be realized as

max

a formal difference of projections [p] — [¢] with p,q € C¥ . () @ K(H), we
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have

Ko(TIZ (Crax(Ti) @ K(H))) = TIZ) Ko(Chax(Ti) @ K(H))
= T2 Ko(Chax(T).

Consequently,
KO(H {Cin(T0) @ K(H)) [ B (ChnlT) @ K(H>))
(12 Kol Cntr >>) / (@2 5ol max<r>>).

Hence, ¢ induces a map

d) KO max - HKO /@KO max

112

5.8. The proof of (2) of Theorem 5.2.
From 5.4, 5.6 and 5.7, there is a commuting diagram
Ko(Py(X))  — ( ?ilKgf(Pdo(r»)/( Z K(?"’(Pdo(r»)
fmae [152,

. e
Ko(Ch (X)) — (Hfil Ko(C;axm))) / (eafil Ko(C;Iax(m))),

where f; denotes the Baum-Connes map for I';. Let z € Ky(Py, (X)) and
assume that

Mma:c( ) =0¢€ KO(O;;ax( ))
We need to prove that there is a d > 0 such that

h((ld do =0e€ @HQZ Pd
Let

o) = [y )] € [T K3 (P (D)) / @ K (P (D)
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The assumption ([];°, p;)(e(x)) = 0 implies that there is a positive integer n
such that p;(y;) = 0 for all i > n. By the Strong Novikov Conjecture (I) for
I' and that for the subgroups I'; (this is the condition Theorem 5.2(2)), for
each i > n, there is R; > dj such that y; is a torsion element in Kj°(Pg,(T')).
By Proposition 2.7, one can choose R; independent of i, denoted by R. By
Lemma 5.5 applied to (igrq,)«(x), there is d > R such that

chj((iad)«(z)) =0

for all j > 1. From Lemma 4.11, and the fact piq.(z) = 0, by increasing d,
we also have
cho((ia.dy)«(x)) =0 € Ho(Py(X),R),
so we have -
ch((iqa,)+(x)) = 0 € @D Hai(Pa(X), R)
i=0

as desired. 0

5.9. Let ET be the classifying space of free I'-actions. As in 4.16, we can
write BT = U2, B I', where EiI' are locally finite I'-subsimplicial complex
of ET'. Recall that EI' = (J~, P4(I") is the classifying space of proper I'-
actions. In particular, a free action is proper. For each EiI', there is d(k)
depending on k, and a I'-equivariant map tqu) . : ExI' — Pygy(I'). This map
induces a map

(ta) )+ = Ko (BxD) — Ko (Pagey (1))

Passing to inductive limit, we obtain a map
t: lim K} (E,)) — lim K& (Py(T))

which relates to the two Baum-Connes maps as follows

limy oo KX (ERD) ! limg_,o0 K5 (Py(T))

T

Ko(Chax (1)

max
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The map E,I' — Py, (I") also induces a sequence of maps
Ko (BxL) — Ko (P (1)),

n=1,2,3,--, which give a homomorphism 7 from

Jim <ﬁ Ky (BT / é Ky" <Ekr>>
n=1 n=1
to

: I’n I‘n
o (T st/ @ e ).

n=1
Lemma 5.10. 7 is an isomorphism.

Proof. We shall construct a commutative diagram:

(ikg,kq )*

1%, KD (B, T) /ea°° KD (,,T)

(tdl,kl)*l ____..--(Skg,dl)*"""""" o, l
I KU (P, () 7, K0 Py )
where k; < ky < ---and dy < dy < --- will be chosen in the next paragraph,
Ikoky © B I — Ei, I and ig, 4, @ Py, (I') — Pa,(I") are the standard embed-
dings, and t4, k, : Ep, ' — Py (') is given in 5.9 as t4u) . In the following,
we shall construct s, 4, : Py, (I') — Ej,I" which will be I';-equivariant for n
large enough.

Let k; =1 and d; = d(k1) as in 5.9. In such a way, we obtain (fg4, x, )« as
in the diagram. For such d;, choose n; such that

d(v,e) >2dy, Vyel,,.

Then I',,, acts freely on Py, (I'). Also, ET' = U2 | EiI" can be regarded as the
classifying space for free I';, -actions. Therefore, there is a k) > ky and a I',,
equivariant map

Skpdy Py () — By T
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Consider two I'y, equivariant maps iy, and s 4, © tq, . Since ET' =
Upe BT is also the classifying space for free I'),,-actions, by universality,
there exists ky > k) such that, after composition with i, 4, the above two
maps are I',,-homotopic to each other. Let sy, 4, = i, 1, © Siya,, We obtain
the following commuting diagram:

(Thg kg )+
e

Ko (Ex,T) Ky (Ep,D)

t *
S

Ky (Py, (1))

for each i > n,. Hence, we obtain the first piece of the desired diagram by
passing to direct product. Let dj = d(k;) and consider the maps ¢, k, © Sk,.4,
and i g, © Py, (I') — Py (). Again UZ, Py(T") is the classifying space for
proper I',,,-actions. By universality, there is dy > d, such that Tdy,d) © Ldy by ©
Skady a0d igy gy O Tay 4, = dyd, are I'y, homotopic to each other. Let

by ky = Udy,dly © Lt ko
We have the following diagram:
Ky (Bp,D)

l(tdQ,kQ)*
Ky (Pa,(T))

(SkQ,dl)*

Ky (P (D) s,
for © > ny;. Passing to direct product, we obtain the second piece of the
desired diagram. Let ny be such that d(vy,e) > 2ds for all v € T',,,. Then
[, acts freely on Py, (I'), and we can repeat the above procedure with ny in
the place of n; to obtain the next two diagrams. The whole diagram can be
constructed inductively. The fact that 7 is an isomorphism follows from the
commuting diagram. 0

5.11. The forgetful map f; : K} (EpT) — Ky (EpI) and f; : Kb (Py(T)) —
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K1 (Py(T)) give rise to the following commutative diagram

limy o KT (BD) 55 Timg o <Hfil KoFi(EkF)/@& Kgi(EkF)>

l I

limgo K (Pa(D)) "5t (TIZ, K5 (PUD)) /@52, K5 (Pa(I)) )

5.12. One can define a x-homomorphism

U Crax() @ K(H) — € (X)

max

as below. First, note that C*

(D) C B(£*(T)) is generated by the translations

v€(x) = £(y'x), where v € T is considered as an element in C (T'). For
any v € I, we also define a translation on @;°, ¢*(I'/T;) by:

(yn)([z]) = @m([flx]),

where n = @2, € @io, A(T'/T;), and [x] € /T, is a coset. We obtain
a map Cp (I') @ K(H) — C;,(X) C C;

alg * ax(X), which gives rise to a *-

homomorphism:

b2 (D) @ K(H) — C,

max

(X)

5.13. Let § € K (PyT)). Then 6 can be represented by
(L*(Py(T)) ® H,T), where T is a [-invariant operator of finite propagation.
Suppose the propagation of T is [. Let n = n(d, 1) be the integer (depending
on d and [) such that d(v,e) > 20 4 2d for v € Ty, and dx(I'/T,,,T'/T 1) >
20 + 2d. Then for each i > n, one can define S; € B(L*(Py(T)/T;) @ H) by

Tyy, if d(z,y) <1, z€lz], yelyl
(Sl = .
0, otherwise.

Then
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defines an element in Ko(Py(U2, T'/T;)) C Ko(Py(X)). Let us denote this
element by ¥(0) € Ko(P;(X)). Obviously, the map ¢ — ¥(#) depends on
the choice of the integer n. However, the composition

aow: Kj(PT) — [] K5 (PuD) /@ K3 (Pu())

does not depend on the choice of n, and oo U = [[2, fi, where
fi: Ky (Pa(T)) — Ky (Pa(T))
is as in 5.11.

5.14. Note that K(®2,(*(T/T;) ® H) is an ideal of C*_ (X). Let

max

Hy = @, 0*(T)T;) ® H. We have the following short exact sequence

0—K(H) —C: . (X)—Cr (X)/K(H) — 0.

max max

We shall prove that i, : Ko(K(Hy)) — Ko(Cf .. (X)) is injective. Let Z =
L2, I'/T;. Then

K(((Z)® H) C K(&Z,0(T/Ty) @ H) € Cfuu(X).

Let i: K((*(Z)® H) — C*_ (X). We have the following lemma.

max

Lemma 5.15. i, : Ko(K((*(Z) ® H)) — Ko(Cs:

max

(X)) is injective.

Proof. Let 7 : C¥,.(X) — C*(X) be the quotient map. We only need
to prove that

T 0yt Ko(B((2)) @ K(H)) — Ko(CF(X))

is injective. Note that B(¢*(Z)) @ K(H) = K(¢*(Z) ® H) since Z is a finite
set. Let py,p1 be two projections in B(¢*(Z)) @ K(H). Then py,p; can be

considered as projections in

wg(X) € CHX) € B(AA(X) ® H).
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We have 7, 04, ([po]) = mw 0 iu([p1]) € Ko(C(X)). This implies that py ~p, p
in C*(X). Let p(t) be the homotopy path of projections with p(0) = py and
p(1) = p1. Choose

O=th<ti <ta<---<t,, =1

such that ||p(t) — p(s)|| < 155 if ¢, 5 € [tr_1, tx].

There exist self adjoint elements ¢(t;) € Cy, (X) such that ¢(0) = p(0)
and ¢(1) = p(1) and

la(t) — p(ts)| < —=, Vi€ {01, m}.

100’

Define

t—tr_ t — 1

q(t) = #Q(tk) + > q(te—1), Vie—1 <t <ty.

ty — tp—1 ty — tp—1

Then
t)—pt)| < — Yo <t<1.
lq(t) = p@) < 100" <t<

Each ¢()) has finite propagation, so there is [ > 0 such that all ¢(¢;) have
propagation at most [. Hence, all ¢(¢) have propagation at most [, since they
are linear combinations of elements of propagation at most [. Let m be the
least integer such that

A(T /T, T /T 1) > 2L

Let W = U™ 'T/Ty and Y = 1, T'/T;. Then d(W,Y) > 2I. Hence, 2(W)®
H and (*(Y) ® H are reducing subspaces for each ¢(t), that is,

a(t) € (BEw)) @ k() €D (BIA(Y) @ H) N C, (X)),

Note that the spectrum of ¢(t) is contained in [—5/100,5/100]U[1—5/100, 1+
5/100]. Let

X : [=5/100,5/100] U [1 — 5/100, 1 + 5/100] — {0, 1}
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be the function sending [—5/100,5/100] to 0 and [1 —5/100,1+ 5/100] to 1.
Then p'(t) = x(q(t)) € B(*(W)) ® K(H) and p'(t) is a path of projections
connecting py and p;. Hence, [po] = [p1] € Ko(B(¢*(W)) ® K(H)). Note that
Z CW; Z and W are finite. Therefore,

Ko(B(*(2) ® K(H))) = Ko(B(&(W)) ® K(H)) = Z,

and the isomorphism is induced by the inclusion B(¢*(Z)) — B(¢*(W)). So
[po] = [p1] € Ko(B(*(Z2)) @ K(H)) as desired. 0

5.16. From 5.14 and 5.15, we have the following exact sequence

0 — Ko(K(Hy)) — Ko(Crax(X)) — Ko(Cy

max

(X)/K(H)) = 0.

Denote the above quotient map by 7. Recall that e, @ Ko(Py(X)) —
Ko(Cf (X)) is the assembly map defined in §4. Again the map 6 —

max

tmaz (P (0)) depends on the choice of n in 5.13. However, the homomorphism
70 fmaz © W+ Ko (Pa(T)) — Ko(Craux(X) /K (H))
does not depend on the choice of n. Furthermore, we have

WOMmaxO\IJZWOw*OM7

where 1@ KJ(Py(T)) — Ko(C#,.(T) @ K(H)) is the Baum-Connes map and

Ut Ko(CF L (D) @ K(H)) — Ko(C L. (X)) is induced by ¢ defined in 5.12.

5.17. Since I' acts on EiI' freely and I',, are normal subgroups of T,
E,I'/T,, is a finite cover over E,I'/T". Therefore,

fu: K§ (BRT) — K (BT

is rationally injective. In particular, for any 8 € K{ (E.L), if f,(6) is a torsion
element, then 6 is a torsion element.

5.18. Proof of (1) of Theorem 5.2.

Note that for every subgroup I', (n = 1,2,--) the box metric space
X(T,) = 12,1 T/ is coarsely equivalent to X (T') = ||;2, T'/T;. Hence,

i=n-+1
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the Coarse Geometric Novikov Conjecture for the box metric space X (I')
implies the Coarse Geometric Novikov Conjecture for the box metric space
X(T',). So, it suffices to prove that the Coarse Geometric Novikov Conjecture
for X(T") implies that

poc Jim KN (B — Ko(C,, ()

max
is rationally injective.

In this proof, X (T') will be denoted by X. Let € K} (E,I') be such that
u(0) = 0. We need to prove that 6 is a torsion element in limy, o, K (EiT).
Let 0" = t(0) € K} (Py(T)) for certain d, where ¢ is defined as in 5.9. Then
w(0) = p(0) =0in Ko(CF . (T)). Let n = U (0') € Ko(Py(X)). Then

70 fimaa(n) = 70 . 0 p(8) = 0

in Ko(C}L,.(X)/KC(H)). One can choose an element 1" € Ky(P,(I'/T"1)) such
that fimaz(14(0)) = pmaz(n), where i, : Ko(Py(T'/T)) — Ko(X) is induced
by the embedding i : Py(I'/T'1) — Py(X). Hence, pima:(n — i.(n')) = 0. By
the coarse geometric Novikov conjecture for X, there is d; > d such that

Ch(ﬁ - i*(rr]/)) =0¢€ @ HQi(Pdl (X)vR)v

where we use the same notation for n and (i4 4,)«(n). We assume that
n —i.(n") € Ko(Py (X)) is represented by an operator with propagation [,
and let m be the integer satisfying

d(y,e) > 21+ 2dy, Vyel/T,

and
dx (T /T, T /T i) > 20 + 2d;.
Then n — i.(n') defines 9, Ny, -+, where n; € Ko(Py, (T')/T';) and
ch(n;) = 0 € @D Hai( Py, (T) /T3, R),
i=0
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for every i > m. Hence, 7; is a torsion element. Let 6; € K{*(Py (I))
be the corresponding element of 7; € Ky(Py, (I')/I";) under the isomorphism
K1 (Py,(T) =2 Ko(Py, (T')/T;) (note that T'; acts freely on Py, (T) for i > m).
Then

[(07"'7070m7‘9m+17"')] = a((07"'70777m777m+17"'))
e 12 Ko (PaD)/ @72, Ko (Pa(D)).

Note that a(i.(n")) = 0. So
a®) =[(0,,0,0m, 01, )]

Hence,

(H;.L fz)(e) = [(07 Ty 0, eﬂ% 6m+1> e )]
€ [T Ko (Pul)/ @72, Ko (Pu(l))

with each 6; being a torsion element. By using the following commutative

diagram

limg oo K3 (BD) "5 iy oo (T132) K3 (BAT) /@52, K3 (BAT))

l I

limgoe K§ (Pa(D) "= limoe (TI2, K54 (Pa(D) /@B, K5 (Pa(T)) ).

and the isomorphism of 7w, we know that for k; large enough and n large
enough, f,(#) is a torsion element in K}"(E,I'). By 5.17., 6 is a torsion
element in K} (Ey,T'). This completes the proof. O
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