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Abstract: An index theory for uniformly locally finite (ULF) graphs is developed based on the adjacency
operator A acting on the space of bounded sequences defined on the vertices. It turns out that the char-
acterization by upper and lower nonnegative eigenvectors is an appropriate tool to overcome the difficulties
imposed by the ¢*°-setting. A distinctive property of the spectral radius ro,(A) in £ is the identity

Too =sup{A > 0|3z € (), 2 >0 : Az > Iz} =:1,
while the ¢2-spectral radius o of the adjacency operator satisfies

rg =inf{\ > 0|3z € (*(T), z >0 : Ar < \z}.

The index I, as well as other order indices, can serve in classifying ULF graphs and enables connections with
various graph invariants. E.g., the chromatic number can be estimated from above by 1 + ro,. Moreover,
results on the index I in the periodic case, the regular one and for graphs having only finitely many essential
ramification nodes are presented.
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1 Introduction

The index of a finite graph, i.e. the spectral radius of its adjacency matrix, plays an important
role within graph theory, cf. e.g. [1, 7, 10, 11]. Tt is closely related to the chromatic
number, the complexity, and other combinatorial invariants of the graph. For infinite graphs,



especially in the context of random walks on graphs, cf. e.g. [16, 20], the spectral radius ry
of the adjacency operator A in the ¢?>-setting has been considered in the uniformly locally
finite (ULF) case, where A becomes a selfadjoint operator in £(T"). Nevertheless, the point
spectrum of the adjacency operator in the ¢?-setting can be rather poor when compared to
the (*—case, realizing that, in general, the determination of the eigenvalues can be quite
delicate.

In the present context, we define the index of a ULF graph by the spectral radius r., of
the adjacency operator A acting in the space ¢*°(I") of bounded sequences defined on the
vertex set V(I'), using the order properties of the adjacency operator as a positive operator
in the Banach lattice £*°(I"). One of the key tools is the characterization of the spectral
radius r., by means of nonnegative upper eigenvectors:

(1) Too =sup{A > 0|3z € (*(T), 2 >0 : Az > Az} = L
Moreover, its lower counterpart I is shown to satisfy
(2) ro =inf{A > 0[Jx € ('), 2 >0 : Az < Iz} =1,

see Theorems 4.9 and 4.12. Both entities reflect certain combinatorial properties of the
graph, but are different in general. Here we mention only the fact that, if I" is regular of
valency d, then d = I(T"), see Corollary 4.15, while 7 < d is possible in that case, e.g. for
the 3-regular tree.

The present paper is organized as follows: After Section 2 with some notations, basic
assumptions and preliminaries from graph theory and from operator theory, some general
spectral properties of the adjacency operator A in the spaces ¢(I") are investigated in Section
3. In Section 4 the order indices I;t are introduced and compared to the corresponding
spectral radii of A in ¢P(I"). The identity (2) is part of the following general result, see
Theorem 4.9:

L¥pelloo] : I <m, & IF <y
2.Vpel,2] - If =Lt =r, <L) <Ij.
3. Vpe 200 i I =1, =rp <TF <IL & TF<I for +.=1

The identity (1) is based in addition on the fact that r., belongs to the approximate spectrum
and on the positivity properties of A, see Theorem 4.12. For periodic graphs or generalized
lattices it is shown in Section 5 that the periodic index introduced in [2, 9] coincides with I
and I . In Section 6 Wilf’s theorem on the chromatic number is extended to ULF graphs, see
Theorem 6.2 while a characterization of vertex bipartition being valid for finite and periodic
graphs is shown not to hold in the ULF case. Section 7 is devoted to the characterization of
the regular case by means of the index I. Finally, in Section 8 conditions are presented under
which I (T") = I(T"). Beyond the finite and periodic case, infinite graphs with finitely many
essential ramification nodes are shown to fulfill this identity, see Theorem 8.2. Moreover,
the index of these graphs is shown to satisfy a characteristic equation of the form

det(A(S)—i-(g— %2—1) (% 8>—p1n):(),

where S is a finite subgraph containing all essential ramification nodes of the graph.



2 Preliminaries

For any graph I' = (V| E, €), the vertex set is denoted by V = V(I'), the edge set by
E = E(I") and the incidence relation by €C V' x E. The valency of each vertex v is denoted
by v(v) = card{e € E|v € e}. We distinguish the boundary vertices V,, = {v € V|~v(v) = 1}
from the ramification nodes V,, = {v € V|vy(v) > 2}, especially, we define the essential
ramification nodes by Vess = {v € V| v(v) > 3}. Set

Ymin = min{y(v)|v € V}.

For a subgraph A <T'let A = V(A) = (V(A), K(A), G) denote the subgraph of I' spanned
by the vertices in A with E(A) = {e|e € E(T'), enV(I') C V(A)}. The subgraph A is called

induced if A = A. The distance between two vertices v; and vy is defined as the minimal
number of edges of all paths joining v; and vs.

Unless otherwise stated, all graphs considered in this paper are assumed to be nonempty,
i.e. V £ 0, simple, i.e. I contains no loops, and at most one edge can join two vertices in T,
countable, i.e. V(I') is countable, and uniformly locally finite (ULF), i.e.

3 = Ypax < 00.
(3) vren%)v(v) Ymax < OO

For further graph theoretical terminology we refer to [21], for the algebraic graph theory to
[7] and [10], and for the theory of positive operators to [17].

A vector, a sequence or a matrix z is called positive (x > 0) if all its entries satisfy x; > 0,
and nonnegative (z > 0) if all z; > 0. Moreover, > 0 denotes = > 0 and x # 0. Sequences
or vectors with constant entries equal to 1 are denoted by e, while e, := (6pi),c, for k € J.
With respect to the above order, the positive part and the negative part of x are defined as
2t =sup{x,0} and z= = sup {—=z, 0} respectively such that z = ™ — z~. Throughout we
shall use the following notations.

Definition 2.1

Ty = »#(V(D)) for p € [1,00]

|-, = (P-norm
|T'|, = operator norm of an endomorphism 7" : ¥ — (P
o(T,B) = spectrum of the endomorphism 7" in the Banach space B
opt(T,B) = point spectrum of the endomorphism 7" in B
oapt(T', B) = approximate point spectrum of the endomorphism 7" in B
r(T,B) = sup{|A|\ € o(T,B)} = spectral radius of T'in B
r(A) = spectral radius of a finite matrix A
I = identity matrix

I, = n x n-identity matrix



3 The adjacency operator

For a given numbering of the vertices V(I') = {v;|7 € J} with J C N set v; = v(v;) and
define the adjacency matriz or adjacency operator by
(4) AT) = (ei)ipes RV — RV
where

1 if v; and vy, are adjacent in I’

ih =

0 else
The operator A(T") is symmetric with respect to the usual £?>~scalar product. Due to a result
by Mohar [15], for an arbitrary locally finite graph T, the closure in ¢2(T") of A(T"), defined on
the sequences of finite support, is bounded iff T' is ULF, and then, of course, D(A) = ¢*(T)

and A(T) is self-adjoint. Moreover, A : (*(T') — ¢*(T) is compact iff T is finite. For ULF
graphs I', we mention the following properties of the adjacency operator.

Theorem 3.1 Suppose p € [1,00]. Then A(I") : (P(I') — ¢*(T') is a continuous endomor-
phism, more precisely,

(5) Ve € (°(L) : | Az|y < Ymax|2lp,

(6) meaX(F) = |A(F)|oo - |A<F)|1

and

(7) Vnax (D)YP < |A) ], < Ymax(I')  for all p e (1,00).
Moreover

(@) o (A; ()] C [0, Ymax]

(b) T is connected iff A(T') is indecomposable, i.e. A(I') possesses no closed invariant order
ideal other than the zero ideal and ¢*(T).

(c) AT)>0,ie z<y = Al)x < Ay, and A(T") > 0 if E(T") # 0.

(d) The ih-th element of the matriz A(T)* is equal to the mumber of walks of length k
between v; and vy, in T
Proof. Inequality (5) is plain for p = 1 and p = oo, while for p € (1,00) and % + 1% =1, the
finite Holder inequality applies at each vertex v; and yields

p
|Az[) < Z (Zeih|$h|> < Z%? Zeih|xh|p

ic€J \heJ 1€J heJ

IN

z 1+
Ymax Z%|$h|p < Ymax |TD.
het

This shows also [A(I')]|, < Ymax(I'). The remaining inequalities in (6) and (7) follow easily
by applying A to the vectors ey.

Assertion (a) follows immediately from (5), while the remaining assertions are easily
derived as in the finite case. n



Definition 3.2 r, = r,(I') = r(A(); (I')) = lim /| A(I)¥],

k—o00

It is well-known by the theory of positive linear operators that r, belongs to the spectrum
of A, see e.g. [17], more precisely

(8) rp(I) € oapy (A(L); (1))
since the boundary of the spectrum belongs to the approximate point spectrum. Moreover,
since the adjoint of A(T') : £P(T') — ¢7(I) is just A(T) : ##(I') — ¢*'(T"), we conclude that
1 1
9) mp(I') =ry(') for pell,oo) and -~ + — = 1.
p p

But, in general, r,(I') is not an eigenvalue as will be shown by Example 4.17. As in the finite
case,

(10) Vp € [1,00] 1 (') < Yanax;
and
(11> Ymin < TOO(F)

The latter inequality follows from Theorem 4.12 or, more directly, from the fact that th—th
element egl,? of the matrix A(I")* is bounded from below by 7%, and that the operator norm

|A(T)*| ., is bounded from below by sup{eg,’z) li,h € J}. Especially
(12) I regular of valency d = r(I') =d = |A(l')] .

But, in general, (11) does not hold for finite p.

In fact, the eigenvalues of the adjacency operator are real.
Lemma 3.3 o (A(I"), (') C R.

Proof. We can follow the idea of the proof of [6, Lemma 5.2], but for the reader’s convenience
we repeat the arguments here. Without restriction, assume that I is connected. Choose some
node vy and introduce for kK € N

By ={v € V|dist(vg,v) < k} and Sy = {v € V|dist(vy,v) = k}.
Let ¢ € £* be an eigensequence belonging to the eigenvalue u € C of A: Ap = pp and set

Sk = Z o>, b= Z loil” .

v; €Sy, v, EBy

Then

phe = @ (ieuwz) = > i@m@z im (Z W)

v, €By =0 v, €BE =0 v, €By

=fbk— Y Y enein,

v, €Sy UhESk+1



and by the eigenvalue relation

- Z Z CihPiPh = —HSk + Z Z €ihPiPh-

v; ES) UhESk+1 v, ESEL VL EBy,

Thus, for any k € N,

(13) 203 () = i <—ﬂ5k + Z Z 6ih%@)

v; ESE VL EBy,
and by Young’s Inequality, we obtain

1 _
(14) VkeN: 2|S(0)] < (Iul+ 1 Al) 2+ S 1AL
by 2 br—1
If ¢ € 2, then clearly u(p,®)e = (A0, @)r = (0, A @)r = Hu(p,?)e and u € R. Thus we
can assume that

k—o00

If the sequence (sg) ey contains a bounded Subsequence(sa(k)) with injection o : N — N,

then

keN

lim 2 — g
k—oo boc(k)

implying that () = 0. Thus we can assume that

liminf s, = oo.
k—o0
If by = bxy1 = bpao for some k € N, then ¢ would vanish on two consecutive spheres Si.1
and Siio and, thereby, it would vanish everywhere by connectedness of I'. Thus, at most two
consecutive values by, and by can be identical, and the sequence (by) ren contains a strictly
increasing subsequence that is again denoted by (by),.cy-

If limy oo 221 = o € R exists, then by Stolz’s Theorem ( 2 is convergent to
Sk y bk keN

. Sk .. Sk — Sk-1
15 lm — = lim ———— =
(15) k—oo by k—oo by — bp_y
Observe that ¢ > 1 is excluded and that ¢ = 1 yields lim;_, Z—’; = 0. The case 0 < 1 is
impossible, since on the one side (s;),y converges to 0 and thereby limy_... Z—: = 0, while on

the other the latter limit is positive by (15). Thus S(u) = 0 if limy_ S’;‘: = o € R exists.

Sk—1

The same argument is valid if ( ) contains a convergent subsequence.
keN

It only remains the case in which (Sk—*l>

5k / keN
Theorem would imply that limy_, Z—: < 0 which is absurd. |

tends to infinity. But then again Stolz’s



Corollary 3.4 Vp e [1,00] : op (A(D), (') C R.
Example 3.5 Let Ty denote the regular tree of valency d > 3. Then
Opt (A(Td)> €OO> = [_d> d]?

and each eigenvalue A is of infinite multiplicity in ¢>°(T,), see [5]. This holds especially for
A = d = 1(T,), showing that Ty is not a Liouville space, see [4]. For d > 3 the (*-spectral
radius differs from the above one, namely

r (.A(']I‘d),EQ(’]I‘d)) = 2\/ d—1

due to result by P. Cartier 1972 e.a., see e.g. [16]. This case furnishes also an example for an
ULF graph satisfying vy > 1, for p € [1,00). For d = 2, the situation is different, the 2~
and (*—spectra coincide and all eigenvalues in £*°(T,) are of multiplicity 2 or 1, see Example
4.18.

4 Order indices

We introduce the order indices L7 (I") and I (I") that are based on the order properties of
each real Banach lattice ¢7(T"), as follows: For p € [1, 00| introduce

oy (M) ={A>0[3zeT),z>0: Az > \z},
o, (I)={A>0|3z € ’(I'), x>0 : Az < \z}.

p

Both sets are never empty due to the following
Lemma 4.1  (r,(I'),00) C o, (I') and {r(AA))IA LT, A finite } C of ().

Proof. Choose p € (rp(I'),00). Then, by a well known result for positive operators, see e.g.
[17], the resolvent is positive in ¢7(T'):

(16) (,OIzp(r) - .A(F))_l > 0.

For any y € (') with y > 0 this yields z :== (pI —A) "y > 0, ie. (pI—A)z=y>0.
For the second assertion, choose some finite subgraph A with positive eigenvector v
satisfying A(A)v = r(A(A))v. Since A(A) is smaller or equal than a principal minor of A(T),
the zero extension o of v to V/(I') satisfies r(A(A))0 < A(A)0 and shows 7(A(A)) € o (I).
]

Moreover, o, (I') and o, (I') are intervals of the positive real half line. Now we can define
the indices

Definition 4.2

[X(T') = supo, (I)

P

L (T') =info, (T)



Let us collect the basic properties of these indices in the following lemmata.
Lemma 4.3 If T is finite, then I (I") = r(A(I")) = L¥(I').

Proof. Without restriction we can assume that I' is connected. Then there exists x > 0
with Az = rz, r = 7(A) and by definition, I7(I') < r < IX(I"). Next, for Ay > Ay > 0,
y >0 and for 0 < Az < puz, z > 0 we conclude r > X\ and r < p since

r(z,y) = (Az,y) = (z, Ay) > AMz,y) > 0 < r(z,z) = (Az, 2) = (v, Az) < u(x, 2).

Connectedness and adjacency imply immediately
Lemma 4.4 IfT" is connected and x > 0 a node vector with Ax < Az then x > 0.

An important property is the monotonicity of the indices.
Lemma 4.5 If A is any subgraph of T' then LT (A) < LX(T) and L7 (A) < 17(T).

Proof. Without restriction we can assume that I' is connected. The matrix A(A) is smaller
or equal than a principal minor of A(T') and its zero extension A(A) to V(T')? satisfies

A(A) < A(T). For A(A)y > Ay with P(A) > y > 0 and its zero extension x to V(I') we
conclude A(I)z > A(A)z > Ax.

For A(T")z < Az with (A) > z > 0 (Lemma 4.4) and its restriction v to V(A) we
conclude v > 0 and A(A)v < . ]
Corollary 4.6 R :=sup{r(A(A))|A T, A finite } <L (T'), LF(T")

Lemma 4.7 [F(T) < 7y(I)

Proof. For A € of(T') it readily follows that A < {/[A(I")*], for all k € N. ]
By duality it follows from Definition 4.2

Lemma 4.8 I7(I') <I(T) and I/(T) > L(T) for - + . =1 and p > 2.

Clearly, I; is increasing with p, while I is decreasing in p. Combining this with Lemmata
4.1-4.8 and with a result by B. Mohar 1982 or E. Seneta 1981, see [16], that states

(17) ro(I') = R,
we can resume the relations between the different indices in the following
Theorem 4.9

(a) Vp € [1,00] : I7(I') < rp(T).

(b) ¥p € [1,00] : R LHT) <rp().

(c) Vpe[1,2] : R=1I{(I) =L}(I) = r(T") < (') <I; (T).

8



(d) Vp € [2,00] : R=1I(I') =1 (') = r(I') < L} (I") < IL,(I).
(e) ¥p € [2,00] : TH(T) < I (T) and I} (T) = L(T) for -+ ¢ = 1.
Corollary 4.10 I (I)=R=ro(") =1 (T) <IL(T) <[ (T) < roo(T) = r1(T)

All indices and spectral radii are bounded from above by Ypax(I'), but only I (T') is bounded
from below by min(I') as follows from Ae > yyne. In general, this is false for finite p or for
I=(T).

Lemma 4.11 7, (1) < TL(T) < Ymax (D).
A key result of this section is the following
Theorem 4.12 7 (TI") = I (T)

Proof. By Lemma 4.7, it remains to show r := r(I') < IT (T'). Let (:E(k))keN denote a
sequence of nonzero vectors in £>°(I') and (Ag), oy @ scalar sequence with

lim Ay =7 and  lim |AD)z® — N 2® | =o0.

k—oo

Since r is a real number, we can assume w.l.o.g. that the vectors £ real and that all
A>0 and A r as k — oo.

Set
e®) = AM)z® — A 2®

and get by hypothesis that limy . ‘e(k)|oo = 0. For each k£ € N we find
Azt >\ 2Bt 4 c®) >, a0+ _ k)
—Ax® = < A a4 2B < B R
Introduce y*) = ‘x(k)‘ > 0 and get
(18) VE e N : Ay® > A g% — ‘e(k)} .
Fix N € N. Since (A),y is increasing,
k>N = Ay® > Ay y® — }z—:(k)| .
Thus, the vector

2V = gup y®) = <sz )) with 2" = sup y
ieJ

k>N k>N
satisfies z") > 0 and for each i € J,

(AZ(N))i > Ay ygk) — ’ggk)‘ forall k>N

and
(.Az(N))‘ > sup {)\N yz(k) - 5§k)‘} = A\y zZ.(N).
YT >N
This shows Az > Ay 2™ and that Ay € 0% (T), and permits to conclude that r =
sup {An| N € N} <TI% (D). ]



In view of the above properties and results it seems reasonable to mark with distinction the
(>*—case. Let us define the index of an ULF graph as follows.

Definition 4.13 The index (') of an ULF graph I' is defined by

[(T) =TI (T) =sup{A>0|Fz € ¢>*(T), z >0 : Az > \z}.
Moreover we set

I'([) =1_(T) =inf {A > 0|3z € (), 2 >0 : Az < A\z}.

Corollary 4.14 () <KI') and

IT)= sup  infY et = r(A); (),

o2(D)32>0 €737 T
Tp

IT(T)= _inf sup ) ep— =r(A(T); A(T)).

=(D)2w30 ey £ ;
Corollary 4.15
(@) Yin(I) < IUT) < Ymax(T)
(b) If T is reqular of valency d, then d = 1(T).
(c) Vp e [l,00] : I(T') < [A(I)],
(d) If A is any subgraph of T, then 1(A) < I(T).

Note that the above results yield also a proof of the monotonicity of the spectral radius of A
in the corresponding ¢*°—spaces. Moreover, the index I~ (I") is always attained by a bounded
nonzero nonnegative sequence:

Lemma 4.16 IfT" is connected, then 17 (T') is attained by a positive sequence belonging to
>>(T).

Proof. Choose a decreasing real sequence (Ag), oy with A, \, I7(I") as k — oo, and a sequence
(x(k))keN of positive vectors in £°°(T") such that

AM)z® < A, z®  for all k€N,
Since each z® > 0, we can assume furthermore that
(19) x(()k) =1 forall keN.
For N € N set

yWN) = gup z¥) = ( z(N)) with Z/z(N) = Sup xgk)'
k>N icJ k>N

By the decreasing character of (A),cy and by (19), it follows that
A(F)y(N) < Ay y(N) and y(()N) =1 forall N e&N.

10



Since (y(k)) is decreasing, for each ¢ € J the limit

keN

- Nooo Ui Nen i

exists. Thus, z := infyeny™ = (2;),., is a bounded sequence satisfying
z>0 and zy=1.
Moreover, for each ¢ € J and for all N € N,
(Az);, < Ay yz(N)

and, thereby,

This shows Az <I_(T") z and Lemma 4.4 permits to conclude that z > 0. n

Note that, in general, ry is not an eigenvalue in the ¢?>-setting, despite Lemma 4.16. For the
regular tree T, of valency d > 3, the value ry(T;) = 2v/d — 1 = I7(T) possesses a positive
bounded lower eigenvector that has to take arbitrarily small values in view of Lemma 8.1.
An analogous construction for the index I(T") fails, since here (19) cannot be fulfilled in
general. In fact, I(I") needs not to be attained as will be well displayed by the next example.

Example 4.17 Let I'y denote the one-sided unbounded path with vertex set V(I'y) = N and
edges {{i,k}||i — k| = 1}. A recurrence argument based on the eigenvector equation shows
that opy (A(Lp); £°(Ty)) = (—2,2). Suppose that 0 < z € (*°(N), A > 2 and A(Ly)x > Az.
Then z is increasing and z; > Axy and

Vk € N*: Tpy1 = AT — Tp—q > ()\ — 1):Bk.

This imposes A = 2. But still the difference sequence (7441 — 74), oy is increasing, which
enforces that x is constant. Since this is excluded, I(I'y) = 2 is not attained. Moreover,
[7(T'g) = 2 by Lemma 4.5, since the index 2 cos — of any finite path with n vertices is a
lower bound for I7(T'g). It is well attained by the constant sequence e.

[ L L L L L L L L L —
0 1 2 3 4 k k+1

Figure 1: The one-sided unbounded path I'y

Example 4.18 Let I'; denote the two-sided unbounded path, i.e. the connected 2 - regular
graph with V(I'y) = Z and edges {{i,k}||i — k| = 1}. The eigenvectors obey the difference
equations

Tpr1 = A\rp — 21 for all k € Z,

that lead to the characteristic roots

A [ A2 A A2
(20) &1()\) = 5 + Z — 1, a2<>\) = 5 — Z — 1.

11



Then the boundedness condition implies oy (A(I'1); €°(I'1)) = [—2,2]. By Corollary 4.15,
or more directly as in Example 4.17, we conclude I(I'y) = 2 = I7(I';) and both of the indices
are attained by the constant sequence e.

We close this section with some general lower bounds for both of the indices.

Corollary 4.19 Let I" be an infinite and connected graph. Then

(a) T°(T) = 2

(b) I-(T") > V2 + /5 = 2.058171.., if T is not a tree.

(c) I-(T') > \% = 2.121320.., if I contains a periodic graph of rank at least 2.
Proof. By hypothesis, I" contains a subgraph isomorphic to I'y. Thus, (a) follows by Lemma
4.5. Tt applies also for (b) in connection with the corresponding result for finite graphs

containing proper circuits due to A. J. Hoffman [12] and for (c) in connection with the lower
bound found in [2, Theorem 8.1]. ]

5 Periodic graphs

A periodic graph, see [2], [9] or generalized lattice, see [20] is a ULF graph whose automor-
phism group contains a transitive subgroup G isomorphic to some Z™. In detail:

Definition 5.1 A ULF graph T is called periodic of rank m with translation group G =
M, Zb; < Aut(I'), with kernel N and with cell F, if the following conditions hold:

(a) T"is connected.

(b) N and F' are finite connected subgraphs of T'.

)
(c) V(N)¥ =V(D),
(d) F=NUU", N¥% and E(F)¢ = E(T),
)
)

C

(e) Vg, heG: g#h = V(NI)NV(N") =0,
(

f) rank G = m.

Classical examples are given by the graphs of the Keplerian plane tilings, as e.g. the tiling
with regular triangles and dodecagons in Fig. 2, where a kernel is given by any pair of
adjacent triangles. To the periodic graph I we associate the finite nuclear matriz A(N,T")
as follows. The vertices of the kernel Pi,..., P, decompose V(I') into n disjoint classes
Py, ..., P,. Then A(N,T') = (a),,, is the weighted adjacency matrix between these equiv-
alence classes, i.e. a;;, is the number of vertices in I' of the class P, that are adjacent to any
vertex of class P;. The conditions 5.1 ensure that A(N,T") is a symmetric, nonnegative and
indecomposable matrix. Moreover, the spectral radii of all nuclear matrices of I' coincide
and, thereby, the “periodic” index of I' is well-defined:

12



Figure 2: Kepler’s plane tiling with regular triangles and dodecagons

Definition 5.2 I, (I') = r(A(N,I))

For this and more details we refer to [2]. In fact, the periodic index coincides with the indices
from Definition 4.13.

Theorem 5.3  If I is a periodic graph, then L., (I') =17 (') = [(T').
Proof. Set p = I, (I'). The periodic graph I' possesses a periodic vector p > 0 such that
A(I)p = pp, which shows I~ (I') < p < I(I).

Suppose A(T')y > Ay with ¢*(I') 3 y > 0. Find a scalar &« > 0 with ap > y and
ap; = y; > 0 for some j. Then pap = A(l')ap > A(I')y > Ay and 0 < (p — A)ap;, which
implies A < p. Thus p > I(T").

In order to show p < 17(I"), observe that for any 0 < x € ¢*°(I") with Az < Az and for
any kernel N, the restriction z, of x to V(N) satisfies A(N;T")z < Az. Thus

{AMIx>0: Ar < Xz} C{A|Jz>0: AN; )z < Az}.

Since for the finite matrix A(N,I") the infimum of the r.h.s. amounts to p, the assertion is
shown. m

Combining this result with Theorem 4.9 we are lead to the

Corollary 5.4  For a periodic graph I' all the indices Iljt and corresponding spectral radii
cotncide:

Vp e [1,00] & L () = R=1, () = L (") = r, (D).

13



The last result generalizises the characterization of the periodic index in [3] and applies
especially to the 2m-regular infinite m-dimensional grid I",, in R™ with V(T',,) = Z™ and
the edges generated by the adjacency

m
ey =1 <= Z\zj—wj|:1.
=1

It includes as a special case m = 2 the regular graph K; belonging to the Keplerian plane
tiling with squares. Thus, r,(Z™) = 2m for all p € [1,00]. It has been shown in [2] that

o (A(Z™); 0(2™)) = opi (A(Z™); £7(2™)) = [=2m, 2m]

with the aid of the mapping (z1,...,2mn) = 2. 4+..12, that induces a spectral embedding
A= mA from oy (A(T); €°(T')) onto o (A(Z™); £>°(Z™)) using eigenvectors z on I'y. The
same technique applies to the corresponding resolvent sets and yields

Vp e [1,00] : o (A(Z™); P(Z™)) = [—2m, 2m)].

Note that in general the /*°—point spectrum is not connected. The graph in Fig. 2 bears
that property, see [5, 3, 14], a more simple example is given by the infinite comb Z; from [5,

Example 8.2] with o, (A(Z1); 62(Z1)) = [-vV2 — 1,1 = V2] U[V2 — 1,1 ++/2].

6 Vertex colourings

Recall that the chromatic number v(I') of the graph I' is defined as the minimal number
of colours necessary to partition V(I') such that no class contains two adjacent vertices. A
classical result by H. W. Wilf [19] relates v(I") to the graph index in the finite case as follows.

Theorem 6.1 If T is a finite graph then v(T') < 1+ r(A(T)).

The same formula holds for ULF graphs.
Theorem 6.2 v(I') <1+17(I') <14II).

Proof. A fundamental result by N. G. de Bruijn and P. Erdds [8] states that, if for an
arbitrary infinite graph G there exists N € N such that for all finite subgraphs A < G their
chromatic numbers satisfy v(A) < N, then v(G) is bounded from above by N too. In the
ULF case, we find a sufficiently large finite subgraph A <T' with v(A) = v(I"). Then

v(l)=v(A) <14+r(AA) <1+17(T)

by Wilf’s Theorem 6.1 and Lemma 4.5. |

By Theorem 4.9 the chromatic number is also a lower bound for all [ (T"), IF(I") and ,,(T").
The periodic example given in [2, Example 5.5] shows that the estimate in Theorem 6.2 is
optimal. In the bipartite case, the £>-spectrum is symmetric with respect to the origin, see
[15]. This remains true in ¢>°(T"):

14



Lemma 6.3 Suppose I' is bipartite. Then o(A(I'); £>°(T")) is symmetric with respect to the
origin and
dimpg ker(AI — A(I")) = dimg ker(—AI — A(T)).

Proof. Choose a 2—colouring ¢ : V(I') — {0, 1} and define the diagonal matrix C = (cin), ¢
by ci = (—1)°*). Then

and by putting y = Cz,
pr — Al)r =b <= —py — A(l')y = —Cb.

This shows that p—.A is a bounded automorphism of /*°(I")) with bounded inverse iff —p—.A
has the same properties. Thus the resolvent set is symmetric with respect to the origin and
so does o(A(T"); ¢>°(I")). Moreover, the multiplicity formula follows readily by C being an
automorphism of ¢>(I"). n

In the finite or periodic case, index and bipartite character are closely related by the

Theorem 6.4 ([1],/2]) Suppose that T" is a finite or periodic graph. Then ' is bipartite iff
~I(T") € o(T).

For general infinite ULF graphs, it has been shown in [18] that, if 75(T") is an eigenvalue with
eigenvector belonging to ¢*(T'), then T is bipartite iff —I7(T") = —ro(T") € oy (A(T); £2(T)).
But for the index I(I"), this is no longer true as the following example shows.

Example 6.5 Take a 3-regular tree in which one node is replaced by a triangle such that
the resulting graph © remains 3-regular, see Fig. 3 Then © is not bipartite, but —I(I") is an
eigenvalue of A(T") in £°°(I") of infinite multiplicity, as follows readily with the constructions
in [4, Section 5] or [5, Section §].

Figure 3: A non bipartite graph with —I(I") € o (A(L); £°(T))

15



7 Maximal regular subgraphs

For finite or periodic graphs all conditions in Theorem 7.1 are equivalent. But in the ULF
case the situation is more complicated. Let us first note the implications in this context that
are plain.

Theorem 7.1 The following implications hold
(a) <= (c) = (d) & (¢) = (f) = (b),

where

(@) Ymax = I(T),

(b) Ymin = L(T),

(c) T is regular of valency r(I),

(d) e is eigenvector of T,

(e) Ae > Ymaxe,

(f) Ae < v e.

In general, Ymax = I(I') does not imply that I' is regular. Any easy example is furnished
by the one-sided unbounded path I'y in Example 4.17. The invalidity of (b) = (¢) in the
general ULF case is more complicated and will be shown by Example 7.4. Let us first note
the following

Lemma 7.2 [fT is infinite and satisfies Ymim = I(I') =: d, then I does not contain any finite
subgraph A such that Ymin(A) = Ymin(L'), and any d-regular subgraph is infinite. Moreover,
I’ contains a mazimal d—regular infinite subgraph A.

Proof. Without restriction we can assume that I' is connected. By hypothesis, d =17 (T") =
I(T") and T" contains d-regular subgraphs. If a connected finite subgraph A < T would satisfy
Ymin(A) = Ymin(I'), then there would exist a connected finite subgraph AT containing
A properly and satisfying d = r(A) < r(A) < r(I') = d by the strict monotonicity of the
spectral radius in the class of indecomposable nonnegative finite matrices and by Lemma
4.5. Thus Ymin(A) < Ymin(I'). Especially, T' cannot contain d-regular finite subgraphs, and
d-regular subgraphs must be infinite. Since any two of those are vertex and edge disjoint,

the union of all of them is maximal with the regularity property and defines A as desired. m

At least for d = 2, A =T, as will be shown next.

Corollary 7.3 IfT" is infinite with 2 = Ypn = [(I'), then I is 2-regular.
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Figure 5: T

Proof. Suppose that I' is not 2-regular. Then I' contains either an infinite subgraph = as
depicted in Fig. 4 in the case V(A) = V(I'), or an infinite subgraph T as depicted in Fig. 5

in the case V(A) # V(I'). In the first case Corollary 4.19 yields I(Z) > v/2 + /5, while in

the second one V2 + /5 < I(T'), as will be shown next. Thus, both cases are impossible,
since by Lemma 4.5, 2 = I(I") dominates the subgraph indices.
It remains to estimate I(T). Set Ao = v/2+ v/5. Let vy denote the vertex of valency

3 and b the boundary vertex. Number the remaining vertices of T by Z correspondingly.
Then, using the function as(\) from (20), p € £*(T) with

1 ifk=0
P =14 ax(\)*  ifO£keEZ
% at b
satisfies A(T)p = A\op. Thus, I(T") > Ao. ]

In fact, it can be shown that I(7") = A using the functions in (20) and comparison arguments.

The arguments in both proofs show also that if the maximal d-regular infinite subgraph
A is induced and such that adding an adjacent vertex v; outside A increases strictly the
index of the graph (V(A)U {v1}, K(A)U{vg,v1},€), then I' is regular. But, in general,
Ymin = L(I') =: d does not imply that I is d-regular, as will be illustrated by the

Example 7.4 Let T denote the backwards genealogical tree as depicted in Fig. 6. Connect
four copies of Ty by identifying their four boundary vertices with one ramification node vy,
and get the tree T as displayed in Fig 7 that is not regular. All the vertices are of valency 3
except the vertex vy of valency 4.

Claim : Ymin(T) = UT) = 3 < Ymax(T) = 4.
Proof. First, observe that p = (pi),cy With

1 1

5—1—%, keN

P =

satisfies 0 < p € °(T) and A(T)p = 3p.
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[k—1] [Kk] [k+1]

Figure 6: The tree T

xv/ |
o A\

Figure 7: The non regular tree satisfying v, = (") in 7.4

Next, suppose (2x),cny = « € £7°(T) is an eigenvector with A(T)z = Az. If the sum of the
four neighboring values of vy vanishes, then either the value x(y at vy vanishes or A = 0. In
both cases, A € o, (A(Tp); (1)) and |A| < 3. Thus we can assume that zo = 1, and, by
symmetry, that in the k—th generation [k] of all of the four T} the values of x coincide, still
denoted by x. Then, for the reduced vector x, the initial condition and the recursion read

Mg = A =4z, 2x41 = A\xp — v for k> 1.

For A > 3, the characteristic equation and the boundedness requirement lead to the solution

i ()\—\/)\2—8)k
k — - )
1

especially 71 = 3 = 2=YA=8 'which is absurd. Thus oy (A(T); ¢ ( ) ﬂ( ) = (), and the
bipartite character of 7" guarantees that oy (A(T); 0>°(T")) N (—o0, —3) = m

Question 7.5 Let I' be an infinite graph satisfying ymm = I(I') =: d. Let A denote the
mazximal infinite d—reqular subgraph of ' from Lemma 7.2. Do the conditions d > 3 and
V(A) =V(T) imply that T is d—regular?

It is clear that a counterexample must have minimal valency at least 3. The following
example seems to confirm the implication in Question 7.5.
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Figure 8: The periodic band A

Figure 9: The graph Il for k =3

Example 7.6 Let A denote the 3-regular periodic band depicted in Fig. 8. Add periodi-
cally diagonal edges to each m—th square while leaving out £k = m — 1 squares and get the
graph II; depicted in Fig. 9. Then

1
The index remains strictly greater than 3 if we add only one edge as depicted in Fig. 10. The

resulting graph I satisfies V(A) = V(I') and contains the finite subgraph with 30 vertices
depicted in Fig. 11 that has an index bounded from below by 3.053'. Thus

I(A) =3 = i < 3.053 < I(T).

Figure 10: The graph I’

Figure 11: A finite subgraph with I > 3.053

8 When do [ (I') and [(I") coincide?

As pointed out already above, in general, I~ (I") < I(T"), but for finite or periodic graphs I (I")
and I(I") coincide. For each connected graph in both of these classes, there exists a positive
eigensequence belonging to I(T"). Moreover, if I' possesses a {!~Perron—vector p, i.e. a positive
sequence p belonging to ¢'(T') and satisfying A(T')p = I(T) p, then I"(T') = ro(T") = I(T).
This suggests the following generalizations.

IThis value has been calculated with the aid of mathematica. The author is indebted to his colleague
Shalom Eliahou for the help in calculating this value.
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Lemma 8.1 Fach of the following conditions implies that I~ (I") = I(T"):
(@) Ipel!(T):p>0 & IT)p < AD)p.
(b)) Ipe () :p>0 & AT)p<I"(I)p.
(¢c)Ipel*):p>e & Al)p <1 (I)p.

Proof. In order to show the first case, suppose z € ¢>*(I'), z > 0 and Az < Az. Then
(pizi);c,; € C*(T') and, by symmetry and boundedness of A,

(21) I(T)(z,p)e < (2, Ap)e = (Az,p)pz < A(z,p)e and I(I') < A

The case (b) is shown analogously. Under (c¢) we conclude for z € ¢*°(V), x > 0 and
Ax > Az, that there exists @ > 0 such that p > ax and p;, = ax;, for some iy € J or
lim, oo (ps, — ax;,) = 0 for some subsequence (i,),.y. In both cases I"(I')p > Ap >
Aax > Az leads to I7(I') > . ]

In the next result we construct a £!~Perron—vector in a special class of infinite graphs.

Theorem 8.2 If I is an infinite connected graph with finitely many essential ramification
nodes, then

I(T) = I(T).

More precisely: By hypothesis, I' consists in a finite connected graph S with n vertices,
among them t distinguished vertices vy, ...,v;, and in t one—sided disjoint unbounded paths
Iy, ..., II;, each isomorphic to I'y. Fach of the paths 11; is linked with S at the node v; such
that v(vi, T') > 2 and (v, 11;) = 1. All the other vertices of each 11; have valency 2 in T'.
Then

I[(T) > max {2,7(S)},

and if I' # Ty, I(I") is attained and is equal to the mazximal zero p of the equation

(22) d(p) := det <A(S) + (g - 'OZZ— 1) ( % g > —pIn> =0,

especially

(23) I(T) <r(S)+

r(S)

with equality iff ' =Ty or I' = T'y. Moreover, [(I') =2 iff T =Ty, ' =Ty or S is a path of
length 2 and t = 1.

Proof. By Lemma 4.5, I(I') > 2. On each II;, each positive vector p satisfying Ap < up
decays geometrically and leads to a sequence belonging to ¢!(II;). Then the conclusion (21)
remains valid for any p > 0 with pz < Az instead of I. Thus, I"(I") = I(T").

Next suppose that I' # T'g and r(S) > 2, and choose p > I(S). In fact, we shall determine
a ('-Perron—vector p belonging to I(T'). Set A = A(S) and denote the vertices of each II,
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in the canonical order, i.e. by U,(f) with £ € N endowed with the adjacency e;, = 01 i_p. For

each vector b = Z:i:l b; e(()i) with by,...,b; > 0 we obtain on S

z:=(pI, —A)"'b>0 and pr=Az+b.
On each II; any eigensequence belonging to ¢>°(I") satisfies necessarily
(24) w,(:) = x(()i) as(p)® for k>1

where we have used the function as from (20). Thus the vector x defined on S can be
extended to an eigenvector on the whole graph if on each II; (24) is satisfied and if

as(p) m(()i) =0 for t=1,...,t.

With this choice we are lead to the equation

I, 0
px:Ax+a2(p)< 6 O)x

for z defined on S. As x > 0, the characteristic equation (22) is shown, since ¢ always has
zeros in [2,00) for r(S) > 2: The function

s =r(ava (50 ))

decays strictly on [2,00) to r(A). But at p = 2, f takes a value that is strictly greater than
r(A), in particular, f(2) > 2. Thus f possesses a unique fixed point py € (2,00) that is the
principal eigenvalue of the matrix A + as(po) ( % 8 ) and, thereby, a zero of 0. We note
in passing, that this argument cannot hold for I' = I'y, since here f(p) < %5 uniformly
and 6 > 0 in [2,00). Moreover, since

, (A(S) +as(p) ( oo )) < 7 (A(S) + az(p)L)

and since the latter spectral radius is determined by the equation I(S) = a;(p) and amounts
to the r.h.s. in (23), Inequality (23) is shown.

If I' = Ty, then I(I") = 2 without being attained according to Example 4.17. Thus, 2
cannot be a zero of § in this case. If I' = I'y, then I(I') = 2 with eigenvector e according
to Example 4.18, but 2 is also the maximal zero of d, where S is the single edge graph. If
t > 2 and I' # I'y, then I" contains a subgraph T as in the proof of Corollary 7.3 and as in
Fig. 5 with I(T") > 2, which enforces I(I') > 2 by Lemma 4.5. If [(I') = 2, then t = 1, and S
is a path, since a tree with at least 2 essential ramification nodes contains a finite subgraph
of index 2. But then S can have at most 3 vertices, since the graph ¥ depicted in Fig. 12
possesses a positive eigenvector x € (W) associated to p = 2 + % defined by z_3 = 1,

T g =2x_1 = %, zo =3 and z;, = 3 (%)k for K > 1. If S is a path with 3 vertices, and if
I" has one vertex of valency 3, then I(I') = 2 with associated positive eigenvector p € ¢>°(T")
coinciding with e on II; and being % at the two boundary vertices. Moreover, in this case,

2 is the only positive zero of §, which accomplishes the proof. |
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Figure 12: The graph ¥

Note that it is no restriction to assume that a vertex v; is incident only with one II;, since
otherwise we can enlarge S in order to achieve this situation. Moreover, the estimate (23)
is optimal: If each vertex of S is adjacent to an infinite path, i.e. ¢ = n, then p = [(T') is
governed by the equation 7(S) = ay(p) that leads to

Example 8.3 Let A; denote the infinite star graph with essential ramification node vy of
valency ¢ > 3 and with one-sided infinite paths IIy, . .., II; with vy as boundary vertex. Then
Theorem 8.2 permits to conclude that

t

[ (4) = 1(4) = —— =i

by calculating the zeros of 8(p) = (aa(p) — p)' =" (p? — pas(p) — t) according to (22). Note
further that A; admits the eigenvector p € ¢}(T") associated to r and satisfying on each II;

k
, 2
pk:p2:<g— %—1) for ke N.

Figure 13: The infinite star graph
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