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Abstract

Plasma waves in two-dimensional electron channels, with a non-trivial geometry and govern-
ing electrodes, are described by the hydro-dynamical equations, combined with the Poisson
equation for the self - consistent electric potential. If the amplitudes of the oscillations of
the velocity, the concentration and the potential, are much smaller than the stationary val-
ues of these variables, then the hydrodynamical equation for oscillations can be linearized -
transformed to the wave equation on a two-dimensional network. We consider the scattering
problem for the wave equation and develop a semi-analytic method for calculation of trans-
mission coefficients through the junction. The formulae have resonance character and may
be used for manipulation of plasma waves in 2D networks of electron channels.

PACS numbers: 52.75.-d, 02.90.+p
Keywords: Two dimensional electron channel, Dirichlet-to-Neumenn map,scattering

1 Introduction: basic equations

The hydrodynamical analogy was suggested for plasma waves in [1, 2] and was intensely used
for analysis for plasma waves in two-dimensional (2D) electron channel, with no governing
electrodes, see for instance recent paper [3]. In [4] the hydrodynamic electron transport
model is used for description of plazma oscillations in gated 2D channel in high electron
mobility transistor (HEMT). Analysis of the spectrum of plasma waves, in particular is
applicable also to other HEMT-based teraherz devices, in particular those operating in the
tera-herz (THZ) rank of frequencies, see [5, 6].

In particular, for the device constructed of basic electrodes I'’, forming a 2D electron
channel or even a network on the horizontal plane S = {z = 0}, and few governing electrodes
'Y situated in the lower or upper half-spaces, the calculation of the plasma current is reduced
to the self-consistent calculation of the electric potential, concentration and velocity from
the system of three basic equations (1,2,3) below.

1. The three-dimensional Poisson equation, for the electric potential, with the corre-
sponding dielectric constant s
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and the appropriate boundary conditions ¢ = V? on the basic electrodes. This

I

T
equation connects the potential ¢ with the non-zero concentration d (2)2(x,y,0,t) localized
on a 2D electron channel I" situated on the horizontal plane S : {z = 0} between the basic
electrodes I'® € S. Here the function X. is the indicator of the channel on S : X.(z,y) = 1,
if (z,y) € T, otherwise X.(z,y) = 0.

2. The continuity equation connects the concentration ¥ and the velocity u of electrons
on the 2D electron channel:

s

0%
a5 T div,Xu =0, (z,y) €. (2)
3. Euler equation for the velocity u on the 2D electron channel:
0
S+ (wV)u= Vo —vu, (vy) €T, (3)

Representing the concentration, the potential and the velocity in the form of a sum of the
stationary value and a harmonic wave process with frequency-dependent amplitudes:

o(x,2,t) = p,(z,y, 2) + /goT(ac, v, Z)ede,

Y(z,y,0,t) =X, (z,y) + /ZT(x,y)e_de,

U(.ZE, Y, 07 t) = Uo([lf, Y, O) + /uT(-I'a y)ei‘rth’

we linearize the initial basic equations, reducing them to the search of solutions of the non-
linear stationary equations

) e 4dre
legEQUO = 0, <U0, VQ>U0 = %VQ%OO — VU, Ag(ﬂo = 7205(2)%{*, (4)

with appropriate boundary conditions, and linear equations for the amplitudes of the har-
MONIC Wave Processes Uy, 1y, Yo'

_isz(x) + div? [Zo(l‘, y)uT + Uo(l', y)ZT] - 07

4me . e
Asp, = T Y 5(2) Ar, (V + 27’)11,7 = %V%O'ra (5)
with zero boundary conditions on the electrodes. According to the Poisson equation the jump
of the normal derivatives of the stationary potential ¢y and the corresponding amplitude ¢,

on the 2D electron channel is calculated as [%} = % Yo, [%“ﬂ = 4—26 X

Under natural assumptions the linear system (5) may be simplified and, eventually, re-
duced to the wave equation for the spectral component ¢, on the 2D electron channel with
zero boundary conditions. For instance, under assumption that the concentration and the
speed are slowly varying along the streamlines of the stationary speed wug, the jump of the
normal derivative of the harmonic component of the potential was calculated in [7] as

0,
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4 €
with 2 = - 7T —. Generally the expression in the left side of (6) is represented as a
T drmek(v+iT)

combination of Dirichlet-to-Neumann maps on the 2D electron channel [%} =—-A_—A,
where the normal in the jump is directed upward on the 2D electron channel and the DN-
maps are defined in a standard way based on the outward normal.

Hereafter we consider the case of the planar basic electrodes I'2 C S, where S = (2 = 0).
The governing electrodes I'Y are also situated on the planes Sy parallel to S, dist (54, 5) =
W, so that the structure of the system of planes §., .5 constitutes a flat condensator. Then,
for the potential o, (x,y, z) vanishing on Si the jump of the normal derivative on the 2D
electron channel is usualy substtuted, see [?, 4], with a negligible error, by the value of the

potential ¢, (z,y,0)
&

. ] = —p,(z,y,0) (W;l + W:l)

Then the equation for the amplitude ¢, (z,y,0) of the harmonic component of the potential
on the 2D electron channel is presented in form:

(Wit +w) %m:c, Y, 0) + div, S, (2, y) V, 07 (2,9, 0). (7)

The expression
(W;l N W__l) % _ (W;l N W__l) itmek (v +ir

is a symbol of the differential operator

47 e

mek

4r e’ %4_1/&

wot+wt [82 61

In case of trivial geometry of the channel, when the concentration ¥ is constant, the coef-
ficient 4w 62(m k)T Wit + W2 = af plays a role of the square of velocity of plasma
waves in the device. In general case we also interpret the ratio

A e’ So(z, y)
mr(Wit+ Wt

;=@ (z,9)

as a square of the local speed a?(z,y) of plasma waves in the device and rewrite the equation
for the potential on the 2D electron channel

Sp(xaya Zat) - (po(mayaz) o = /pr(xaya())e”dT = @F(x,y)

as

2
aa? + Va;f = div,a®(z,y)V,r = =Ly ¢r, T,y €T (8)
with zero boundary conditions on the boundary of the 2D electron channel. Generally we
may assume that the 2D electron channel is just a network 2 of straight plasma channels -
the leads w™ - and vertex domains €2, on the plane Sy squeezed between the edges of few basic

electrodes I'?, see for instance (1) We assume that the equilibrium values of concentration,




Figure 1: A network of plasma channels

the velocity and the potential are obtained via solution of the system (5). We guess that
the local velocity of plasma waves on the leads w™ is constant, a(x,y) = ag, on the vertex
domains €2 the velocity is a positive continuous function a(z,y) = as(z,y), and all leads have
the same width §. Then essential transport properties of the network €2 can be recovered from
the solution of the corresponding scattering problem and represented in form of a table of
transmission coefficients across the star-shaped elements- junctions, each of them consisting
of a vertex domain and few semi-infinite leads attached to it, see (2). We will develop a
semi-analytic method for calculation of scattering matrix of the junction for plasma waves
described by (8). In particular, we will calculate the resonances and the resonance states
which can be interpreted as trapped modes on the junction, see for instance the recent paper
([8]) and references therein. In this paper we focus on the computational aspects of the
scattering problem.

2 Scattering of plasma waves by the junction

Consider a junction = §2;,; Uw of 2D electron channels constructed of a 2-dim compact
vertex domain €2;,; on a plane Sy and several channels - leads w = U,,,w™ separated from the
junction by imaginable orthogonal bottom sections 75, Usys = 7. We assume that all leads
have the same width . On the junction 2 := €;,; Uw we consider the wave-equation for the

potential ¢r := @| :
r

0? 0 .
8;0; + I/% = legCLz(,ﬁE, y)Vaor. (9)




Figure 2: A junction

We assume that the speed a(x,y) is constant on w, a(zx,y) = ag if x > 0. Transport properties
of the junction €2 are essentially described by the solutions of the scattering problem for the
stationary wave equation

Loy =0y = Ao, (10)
The temporal part of the non-stationary wave equation (9) contains the first derivative
with a positive coefficient v which defines dissipation. The spectral parameter p? of (10) is
connected to the frequency 7 by the dispersion relation i7(i7 + v) + p? = 0, or 7 = 7(p),

T(p) = iv/2 + \/p? + V2 /4.

Spectrum of the above problem (10) consists of absolutely continuous branches o, and con-
tains a countable number of positive embedded eigenvalues \; accumulating at infinity. If all
leads have the same width 4, the branches are [aZ72(?/§%, 00), | = 1,2,..., with multiplicity
equal to the n umber of leads attached to the vertex domain €2;,; of the junction.
Transport properties of the junction are essentially defined by resonances - the complex
poles of the corresponding scattering matrix, see next section, and by the shape of the
corresponding resonance states- non-square integrable solutions ¢, of the stationary equation
(10) with complex p, Ip < 0. The resonances will be found in section 4 as zeros of the
scattering matrix of the junction. Physically the resonance states can be interpreted as a
result of breeding of the standing waves in the vertex domain €2;,; with the running waves in
the leads w. Search of resonances is a difficult problem of the spectral analysis, which can’t
be solved by methods of the self-adjoint theory. We will discuss this problem in details in
section 3. Resonance solutions of the non-stationary wave-equation are represented as

eiT(p)tSDp _ 6_V/2t e:l:i\/pQ—l/2/4 Pp,
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are exponentially growing in the leads and exponentially decresing on the vertex domain when
t — infty, with the rate depending on the position of the resonance and the magnitude of
v.

We proceed with spectral analysis of the self-adjoint problem (10), assuming that the
equilibrium velocity a(x,y) is already obtained by straightforward computing. The com-
puted stationary speed a(x,y) tends rapidly to the constant ag in the leads, so that choosing
the bottom sections properly, we may assume a(x,y = ap in w and is positive and contin-
uous everywhere. We describe the transport properties of the junction via solution of the
scattering problem for the wave equation

Lip = p*) (11)

with zero boundary condition on the whole boundary of the junction. On the non-perturbed
parts of the 2D electron channel- on the leads - the corresponding spectral problem admits
separation of variables, based on the cross-section eigenfunctions e; = \/2/75 sinmlyd~!. The
scattered waves of the above stationary wave equation ( 10) in the leads are combined of
exponential modes

i 2122 g25—2
6:tz p?—m?1%agd a:el . Xl 7 p2 7T2 l2 aOS 2 > 0’
/7212 —2_,2
6:‘: 12306 pxel :—Zl,p2—7T2l2CL[)(3 2<0. (12)

For any positive p > ao7/0 there exist a finite number of oscillating modes which correspond
to open spectral canals on the leads p* — 721? a26~2 > 0, and an infinite number of exponen-
tially decreasing (growing) modes p? — w2 1% a20~2 < 0 associated with closed spectral canals.
The scattering Ansatz

(@) = { X (z) + Ynzr2ss2x Spy X (1) + D 212 2/825 ) siy €L (), v € wWn
: PPRER a2/s2<\ Slr’::jnxT— (l’) + D2 a2/52>\ Sz;mgi (‘T)’ rew',n 7é m.

(13)
is bounded and satisfies the stationary equation (10) on the exterior part w = U,,w™ of the
junction. Matching the scattering Ansatz 1; to the solution of the stationary wave equation
Linstb = p*1) on the vertex domain €2;,,;, we are able , in principle, to define all coefficients of
the Ansatz, SJ., s}, see for instance [9]. This infinite linear system can be solved, if the Green
- function G,,; of the Schrodinger equation on €2;,; with zero boundary condition on 0€;,;
is constructed. Really, according to general theory of the second order linear equations, see
[10], on the bottom sections the solution u and the boundary current %Z of the boundary

problem with data u

N
Pint(x,7y) = _%w :

= wu, is represented by the integral map with the Poisson kernel

u(z) = /V Pint (2, 7)uq () d, gZ

62Gmt<l‘, ’Y) L
X = — /y WUW(V)CZ’Y = DNintU/fy.

Y

The integral operator DN, is called “Dirichlet-to-Neumann map”, see [11, 12]. It depends
on A = p? and is analytic with poles at the eigenvalues of the Schrodinger operator Ly,
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on the inner part of the network, with zero boundary conditions on 0¢2;,;. The coefficients
of the scattering Ansatz can be, in principle, found from the infinite linear system which
obtained by substitution of the scattering Ansatz into

O

Y

(14)

”
To derive the formula for the scattering matrix in terms of DN, for given value A = p? of
the spectral parameter, we introduce the entrance suspaces of the open and closed canals.

E+ - \/ 61, Ef - \/ el)

p2—n212a26-2>0 p2—n212a26—2<0

and denote by Py the corresponding projections, P, + P_ = I, B, & E_ = E := Ly(I).
Represent the restriction of the DN-map of L;,; by 2x2 operator matrix with matrix elements
DNy = PLDN P

Then, denoting by K., K_ the exponents of the modes in (12) in E, E_
K+(p) = Z \/]?2 — 722 a%5*2el) <€l,
p2—m212a26-2>0
K.(p):= Y rPais?—pe) (e,
p?—m212a252<0
and by M the aggregat (to be interpreted later),
I
M()\) = DN++ - DN+7mDN7+, (16)
we obtain the scattering matrix of the pair (£, I*) in a form of ratio:
S(p) = [iK+(p) + M) [iK4(p) = MV, (17)

see [13, 14].

3 Scattering matrix via Intermediate DN map

The above standard method of calculation of the scattering matrix gives not only the scat-
tering matrix S, but also excessive information on coefficients s in front of the evanescent
modes. In fact only the information on asymptotic behavior of the oscillating part of the
scattered waves, encoded in the scattering matrix, defines the transport propertis of the
junction. Bot the standard method is unable to produce the scattering matrix separately
from coefficients in front of evanescent modes. Neccessity to calculate the coefficients in
front of these modes makes the problem much more difficult. In [13] a modified approach



to calculation of the scattering matrix was proposed, which permits to eliminate evanescent
waves due to chosing the unperturbed operator in different way.

Indeed, the classical choice of the unperturbed operator as a splitting {L;,, & [“} de-
fined by “ the solid wall ” on « (zero boundary conditions ) involves additional difficulties
because, firstly, this perturbation is infinite-dimensional and, secondly, because of infinite
number embedded eigenvalues of L;,, sitting on the absolutely-continuous spectrum of [“.
When we remove the solid wall, replacing the zero boundary conditions by the matching con-
dition, we introduce very strong perturbation, which causes breeding of the running waves
in the open canals of w with the standing waves on the vertex domain €2;,; of the junction.
This breeding transforms embedded eigenvalues of L;,; into resonances. Classical methods
of the selfadjoint perturbation theory are unable to describe this transformation for infinite-
dimensional perturbations. But we are able to modify the analytic perturbation technique,
see for instance [13, 14], choosing another unperturbed operator so that the perturbation
becomes finte-dimensional. Then the transformation of the embedded eigenvalues into reso-
nances can be treated by finite-dimensional technique and the calculation of the scattering
matrix is reduced to solution of an algebraic equation.

We are able to fulfil the described program restricting our analysis onto selected essential
spectral interval A centered at some spectral point Ag:

A:[AO—& A0+€]7

with no spectral thresholds on A, hence with constant multiplicity of the continuous spectrum
of [“. The essential spectral interval can be interpreted as a sensitivity range of the device
which is used in course of observation of the scattering of waves in the 2D channel.

We consider the decomposition of Ly(y) into the orthogonal sum of the entrance subspaces
of the open and closed canals, with respect to Ag:

LQ(’}/) = \/ e &® \/ € =: ES_ D EE
n2a212 20212

620 <Ag 520 >Ag

Denote by P the corresponding orthogonal projections P{+P° = I. The exponential modes
of the wave equation in the 2D channel, spanned by the elements e; from the subspace EY,
are oscillating on A, and ones spanned by elements e; from E°, are evanescent modes. We
separate them by introducing “the partial zero boundary condition”

PPu| =0, (18)

v

which is a softer perturbation, that the solid wall. By imposing the additional boundary
condition (18) the operator L is split into an orthogonal sum of the unperturbed operator °
on the leads EY x Ly(0,00) = H"

0 d’ 272 2

l© = —WP+ + Opge;l[ﬂ_ l 205 ]€l> <€l,

and a selfadjoint operator L° in the orthogonal complement Lo(Q U w) & H, :
L—L=1"®L"



The continuous spectrum of £ is split accordingly: the “open” branches o, =
[WQSZ(%IQ,OO), T :;2012 < Ay are inherited by (°, and the “closed” branches o; =
[WQSZ(Q)IQ,OO), T ggol > Ay are inherited by LY. The “softer” - finite-dimensional- perturbation
defined by (18) was suggested in [13, 15]. It appeared, see [14], that it gives a geometrical
interpretation of the phenomenological Datta condition at the junction of a one-dimensional
network, [16, 17, 18].

The boundary condition (18) defines a semi-transparent wall at v which neither admits
to ;¢ the waves from the open spectral canals in the leads, nor releases the waves from
Qint, shaped on v to fit open spectral canals, to exit from €2 to w. We refrain here from
a discussion of a physical realization of this boundary condition, but we remark, that, due
to the finite dimension of E, the perturbation in £ introduced by the additional bound-
ary condition (18) is finite-dimensional. The operator L° has a finite number of eigenval-
ues below Anin = Ming2a2i2 /5250, T 2a21? /6% and probably a countable number of embedded
eigenvalues accumulatmg at infinity. The eigenvalues situated below the lower thresold

Amin =: m2al%, 672 play an important role in scattering peocesses, [15]. When the semi-

min

transparent wall is removed, they are transformed to resonances, which define the transport
properties of the junction.

The operator L° plays hereafter a role of the intermediate Hamiltonian. We are able to
obtain the Green function G° of L%, for A < A\min, and other spectral characteristics on that
interval, via modified analytic perturbation procedure from the corresponding characteristics
of L. Once the Green function G is known, we are able to construct the corresponding
Poisson map solving the intermediate boundary problem with data u., € EY:

U,Y(l') = /ypo(xafy)uw(f)/)d’ya T e Qint7
with the kernel P°(x,~) = —%, and the corresponding DN-map:
ou D*GO(x,~)
_P0/7> dy| =:DN° ur.
*on =), aman, )| = PN ur

The use of DN° simphﬁes the problem of matching, because all matrix coefficients s™" in
front of the evanescent modes are taken into account automatically by the solution of the
intermediate boundary problem. But even more: if we introduce into (17) the exponentials
K9 corresponding to the decomposition F = Eg @ E°, then the cumbersome aggregat M
which appeared in the above expression (17) for the scattering matrix just consides with
DN®. Thus the formula (17) for the scattering matrix can be represented as

S(p) = [iK%(p) + D] [iK2(p) — DN (19)

PO

DN-map DN?()) of the intermediate Hamiltonian L° is a sophisticated object: it contains
a sum over the eigenvalues of L% and an integral over it’s continuous spectrum, see [15, 14].
But the structure of it on the essential iterval of the spectral parameter A situated below
the lower threshold \,,;, of the continuous spectrum, is simpler: it can be represented as a
sum of polar terms over the eigenvalues of the intermediate operator on A:

P 892 P ¢?
Z +9 >< ;‘877, — DNO
Noea )\ AY




and a regular function K on a complex neighborhood Qn:
DN? = DN + KX.

If the leads w are thin, and the essential spectral interval A is selected in the mid-
dle of the interval (Anaz, Amin) between the upper threshold of the open channels
MAX2422 /52 pg T 01 /0% = Apmaa =2 M0, /0 and the lower threshold of the closed chan-
nels, then K?r ~ VAo — Mpaz R Taglmaz0 ! is large and can even dominate the error K° of
the above rational approximation on the essential spectral interval:

(K2 >> max K3, A € Qa. (20)

Then the expression (19) for the scattering matrix can be replaced on Qs by the simpler
expression:

S(p) % Supproa(p) = [K2(p) — DAR] " [K(p) + DAR]. (21)

where the correcting term K is neglected. For thin networks the exact scattering matrix
can be obtained from Sgpperor by the geometrically convergent analytic perturbation series,
see [13]. The approximate scattering matrix of the junction can be interpreted, see [20]
as the scattering matrix of an explicitly solvable model of the junction, represented as a a
star-shaped graph with an inner space V) ca s =: E? attached to the node and supplied
with an ”inner Hamiltonian” -

La = > Aeg) (¢4,

AeA

which is just a part of the intermediate Hamiltonian in E®. The boundary conditions
at the node are defined, see [20], such that the scattering matrix of the model coincides
on the essential spectral interval, with a good prezision with the approximate scattering
matrix, so that the constructed model is fitted. The resonances of the solvable model situated
near the continuous spectrum ( in Qa) can be found as solutions of the algebraic equation
[K9(p) + DN'A(N)]ex = 0. For thin junctions they are sutuates close to the resonances
of the original operator L, see [21], and thus define the resonance character of transport
properties of the junction, in particular, the speed of transition properties when the junction
is manipulated by an exterior electric field, arising from additional potentials on the governing
electrodes I'Y, or by changing details of the geometry of the junction.

It follows from the above arguments, that the intermediate Hamiltonian plays an impor-
tant role in the developed theory: it essentially defines the transport prperties of the junction
on the essential spectral interval, see an extended discussion in [22]. That’s why calculation
of the spectral characteristics of the intermediate Hamiltonian is important. Unfortunately,
the corresponding spectral problem is not a standard problem of spectral analysis, so there
is no standard software for computing eigenfunctions and eigenvalues of it. In [19] a special
perturbation technique is developed to calculate the Dirichlet-to-Neumann map of the the
intermediate Hamiltonian L° based on spectral characteristics of the spectral data of the
corresponding operator L;,; on the vertex domain €);,;. It appeared that, essentially, the
spectral characteristics of L? can be substituted, for thin junctions, by the spectral charac-
teristics of l;,;, More precize, the result achieved in [19] can be represented in the following
form.
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Represent the DN-map DN of L;,; on the essential spectral interval as a sum
DN = DN2 +K (22)

of the rational expression constituted by the polar terms with singularities at the eigenvalues
As € A of the operator L;,; and an analytic operator-function on the complex neighborhood
Ga. We will use also operators obtained from DN via framing it by the projections Py, for
instance

P,DNP_ = P,DN*P_ + P,KP_:=DN>_+K,_.
Due to the spectral representation of the DA/, we have

P‘*‘%ilsxp—% (23)
A— A ’

DNL_ = Y

AsEAT

where ¢, are the eigenfunctions of L;,; on A. We introduce also the linear hull B2 = \/, {ps}
- an invariant subspace of L;,; corresponding to the essential spectral interval A and the part
LA =% aeA As@s) (s of Liy, in the invariant subspace EA. To calculate the intermediate
DN-map

1
DN__+K_

in terms of the standard DN - map of L;,; we have to solve the equation:

[DN__ + K_]U, = DN_+9

DNg=DN,.,g—DN,_ DN _.g (24)

on the essential spectral interval Ap. We are able to do that if K_ can play a role of a large
parameter, so that the operator

K-+ K ]! (25)

exists on A. Using the large parameter K _, we are able to develop an analytic perturbation
procedure for the denominator in the Krein formula. Denote by 7 the map

dps
T= Y edg.

ASEAT

and introduce

I + .
TmT = Q()\)EAT — EAT,

and

1

The perturbation procedure permits to observe the compensation of singularities in Krein
formula for DA inherited from L;,; and represent the formula for it in more convenient
form.

Theorem on compensation of singularities [19]If the condition (25) is fulfilled on
the essential spectral interval A then the intermediate DN-map can be represented, by a finite
matriz dim Ey x dim E, on the essential spectral inteval A as

DNO - ,C++—
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I !
K+ K M — LA +Q(\)
We call the above representation (26) the modified Krein formula for the intermediate DN-
map.
I%‘or thin junctions the first addendum of the intermediate DN-map
1
K__+ K_

IC7+ + P+jT+> <TJ+P+, E+ — E+ (26)

Ky =Ky K-+

in the formula (19) can be neglected, compared with K, so that we obtain a modified
expression for the approximate scattering matrix with the polar term only

I
A — LA+ Q(N)

Sapproz(p) = [1K5 + MA]_I[iK+ - MA]- (27)

Then the thin junction of 2D electron channels can be substituted, for theoretical analysis,
by the corresponding solvable model, based on results of [19]. The aim of this paper is:
search for an adequate computing for spectral quantinies of an arbitrary junction and for the
DN-map of the intermediate Hamiltonian.

PLJTT) (TT P, = M*:

4 Direct computing for the Intermediate Hamiltonian

Calculation of eigenvalues and eigenfunctions of the intermediate hamiltonian is a non-
standard problem of computational spectral analysis. Up to now, we did not have any stan-
dard programs to compute the spectral quantities of the intermediate Hamiltonian. That’s
why in [14, 22] analysis is based on a special analytic perturbation techniques.

In this section we suggest a semi-analytic method for calculation transport propertirs of
the junction, based on straightforward computing for spectral quantities of the intermediate
operator. Note in this connection the recent paper [23], where an efficient computational
technique is developed for junctions based on classical ideas. The objects considered in [23]
are infinite-dimensional. The method suggested by the authors of [23] proves to be efficient

due to use of an additional boundary condition u‘ 1L FE, at the final stage of computation.

This condition in fact coincides with our condition imposed onto the eigenfunctions of the
intermediate Hamiltonian, see section 2 above, and our papers [13, 14].

In this section we suggest our version of the direct computing for the junction, based
on the intermedate Hamiltonian. Our version of computing for the scattering matrix and
for resonances deals mainly with finite matrices dim E, x dim E,, because the evaneschent
modes are eliminated via introduction of the Intermediate Hamiltonian. Complete spectral
pecture of the intermediate Hamiltonian for thin junction is developed in [22], but we know
numerous publications where detail of this picture are described, see [24, 25, 7, 27, 28]. The
main original part of our result in [22] is the proof of existence of the intermediate Poisson
map, which requires extension of the Schwartz theorem on the integral representation of
the resolvent, see [29] for the intermediate Hamiltonian, and the connection between the
intermediate DN-map and the classical DN-map of the Schrodinger operator in €2;,,;.
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4.1 Eigenvalues of the intermediate Hamiltonian

Note, first of all, that the eigenvalues of the intermediate Hamiltonian for the thin junction
can be found as vector zeros of the re-normalized denominator

I LA +Q\)]e" =0, (28)
or, in the original form, for an arbitrary junction:
DN+ K°|e=0. (29)

To solve this equation effectively, we should calculate the DN-map of L;,;.

Let {¢stoo,, {¥s}oe, be orthogonal bases in Ly(0€,). Following [?], consider two
boundary problems for the original differential equation Lu — Au = 0, with the Dirichlet and
Neumann boundary conditions on 9€2;,;:

0
= o, and au

Uu
8Qint an

= s (30)

aQint

respectively, assuming that A is not an eigenvalue of the corresponding homogeneous prob-
lems. Denote solutions of this equations by ®2, WY respectively. Then the integration by
parts gives the following formulae :

_ 0P,
/Q Vo®sa(z,y)Ve®idrdy — NPy, O;) = ag/ %@tdo = a%(D./\/gos, ©t)s (31)

8Qint

int

_ v, -
/Q Vo, (2, y) VU, dedy = aq /a oM@y, ) = ad{ihs, N'D). (32)

Here N'D is the Neumann-to-Dirichlet map of £ in the domain Q;,;, ND x DN = I in the
appropriate Sobolev space W23 / 2((3th). Since the eigenvalues of the Dirichlet and Neumann
problems never coinside, at least one of the above boundary problems has a solution, for
given A, hence either the matrix of DN, or the matrix of N'D can be found. Then due to
ND DN = I the DN-map map can be calculated near to the eigenvalue of the Dirichlet
preoblem, as the inverse of the ND-map.

The suggested algorithm is practical, see [23] when reducing the above expression for
matrix elements of DN and ND maps to the finite matrices 1 < s,¢t < N, if the distance
between the eigenvalues of the Dirichlet and neumann problems are not too small. Then the
approximate DN and ND maps are obtained as N X N matrices. We can use this obser-
vation when calculating the intermediate DN-map based on modified analytic perturbation
procedure, see [19].

4.2 Search for eigenfunctions/eigenvalues
of the intermediate Hamiltonian

Note, first of all, that the spectral problem on discrete spectrum of the intermediate Hamil-
tonian can be substituted, below the lower threshold ming,seqm?l2a2d=2 of its continuous
spectrum by the “non standard” spectral problem

—Vaa*(x,y)Vap, = p*0p, P, L 0. (33)
'Yﬂ'?’ x
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for the Schrodinger operator restricted onto the orthogonal complement Lo(€2) © H, of the
open canals E; X Ly(0,00) =: H}. Note that the projection I — Pyo generally spoils the
continuity of the functions from the domain of £ on the bottom section v := (x = 0). Hence
we are not able to rewrite the above spectral problem (33) with P° := PHo+ and P+ =1 @PH(i
in Ly(Q) as a problem for the singular “operator” PLLPL := L+ in Ly(Q) ©H,. But after
the reduction of the operator £ to a finite matrix Ly, respecting the invariant subspace
‘H. of the splitting, we obtain a bounded operator, hence the multiplication of it by the
projection P+ on the left or on the right (or on both sides) is legal. Thus the intermediate
spectral problem is reduced, in matrix form, to the selfadjoint spectral problem

PLLNPo = Ay, (34)

where ¢ is an N-component vector. Note that the projection factor P+ the right (or left)
side may be omitted, if we develop an iteration process for the eigenvectors, restoring the
orthogonality to H, on each step. A convenient procedure for calculation of the eigenvector

at the lower eigenvalue A\ of Ly may be based on the corresponding heat equation % =

dt
+ N J_ua
P-LNP | R
e TRTEN Ry [pL(l _ TR*LN)} e Mo — (o, 1)1,

for large N, R.

In fact, when calculating the scattering matrix of an asymmetric T-junction below, we
used slightly modified iteration suggested in [31]. First of all, we do not make use of the
basis respecting the invariant subspaces of the intermediate operator, so that each step of
iteration may give in a result, which is not orthogonal to the subspace H,. Secondly, instead
of iteration of the aggregat arising from the heat equation, we consider, for the fixed grid,
see [30], the discretized operator £V =: H and select the value A of the spectral parameter
equal to the maximal eigenvalue of H. Then, following [31] and using the corresponding
notations, we iterate the operator M(\A — H), applying the projection M = I — P+ onto
the orthogonal complement of H, in Ly(y) on each step, because the non-respecting of the
invariant subspaces of £ by the basis selected gives, generally, a non-orthogonal to H, result
on each step of the iteration. After arranging the iterations in form of a product, we see,
that the factors M may be attached, equivalently, to each factor on the right, as (A — H)M
or on both sides as M(\A — H)M, because M? = M.

4.3 Search for the DN-map of the
intermediate Hamiltonian

To find the DN-map of the intermediate Hamiltonian, we should solve the corresponding
intermediate boundary problems:

—Va*VuP = P,

PP =d, e E,, Pu” =0, (35)

yint Yz, >0
, for u” smoosthly extended from €2;,,; to w in closed canals. Similar problem for ND-map is

—Va*vVu = b,
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aN
P+(;LT :n—\/EE_i_, P+UN

Yint

=0, (36)

Yz, >0

also for ¥ smoothly extended to w in closed canals. The corresponding intermediate DN
and ND maps are introduced as :

ouP

DNO:d7—>P+—n , ND°:n, — P

Yint

Yint

Via integraion by parts in the boundary form

D N
/ [8“ P — PP ] dy =0
o' on

we derive N'D° x DNV = P, = Ig,. Hence, similarly to the classical situation,see the su-
section 4.1, we can search for one of maps N'D°, DN, and find another one as it’s inverse.

We substitute the above non-standard boundary problem for DN® by the standard
boundary problem on €2;,;. Separate the basis ¢, into two parts o= € Fx, B, @ E_ = E,
and construct solutions of the corresponding boundary problems:

—Va*VoE = AT,

Pio7| = (37)

Yint

The solution of the standard boundary peoblem
~Va*Vu = \u, u‘ =Y uiel +> ulp; =ul 4 u]
oQ s t

is represented in €2;,; as
u=> uiPr+> u oy = u"+u. (38)
S t

Consider the matrix of the classical DN- map with respect to the decompositions F =
E, ® E_, with elements P,DN'P_ =DN,_,...

( DN_, DN ) = DN,

and denote by 1, p,, the columns combined of (uj, u>) and the corresponding normal

derivatives (ng, 8{;2). We also denote by M the diagonal matrix [DNo, —K_|. Then,

due to smooth continuation of u to w in closed canals we have the equation for DN

DN 4, = p, = M ,. (39)
Solving this equation we obtain the representation of DN as a Shur complement

I

DNo=DN .y = DNy pr

DN _,.

15



Note that matrix elements of each detail of the formula can be obtained based on the bi-linear
formula 31.

Similar construction gives the intermediate ND-map in terms of matrix elements of the
decomposition

ND,, ND,_\
( ND_, nD__ ) NP
of the classical ND - map with respect to £, & E_:
I
NDo = NP = NP NP

Note that zeros of the intermediate ND-map are the poles of the intermediate DN map and
coincide with eigenvalues of the intermediate Hamiltonian. Once intermediate map N Dy is
calculated, the formula N'Dy x DNy = I can be used to find another. Numerilal realization
is stable if the eigenvalues of the corresponding intermediate Dirichlet and Neumann spectral
problems are well separated.

4.4  Straightforward computing for the scattering matrix

The above non-spectral approach to the calculations of DN and ND maps permits to calculate
the polar terms of the DN-map near and thus gives a possibility to describe the resonance
behavior of the scattering matrix near the eigenvalue of the intermediate hamiltonian without
formal solution of the spectral problem. The idea of the following calculation belongs to V.
Adamyan. We do it here only in the case when the zero \; of the Hermitian matrix N'Dy
is simple and one-dimensional: N'Dy(\;)@Q1 = 0 , with Q1 = €;) {e1, and QTN Dy(\)Q1 =:
ND* is invertible. Then the matrix NDy()\) is represented near to \; in the orthogonal
basis e;, B as
di(N— ) (A= \)ND;,
NDo = ( (A\—A)ND,,  ANDL, > ! (40)

with analytic near A\; functions dy, Dy, D11, di(A1) # 0 and N'D,()) calculated by sym-

metry principle as N'D +1; (\). Then DN is also represented, see [32], near \; in form

(AT A=) DN @
DNo = ( ND+, DN, | 4 A— )\

with analytic bounded matrix elements DN, DN || uniquelly defined near A\; by di()\;)
and the matrices N'D,,, N D, | . Hence the scattering matrix near the zero \; of the ND-map
is represented as

+D, (41)

: di " (A\)Q oI di ' (N)@s
S\ = iK —+D(\ K, —————-D\)].
0= firce + BRD oy i - B -y
For thin networks the resonances of the full scattering matrix can be calculated approx-
imately with use of the operator-valued Rouche theorem, [21], based on the approximate

scattering matrix

-1 -1 1
Sapproz(A) = [z‘lﬁ + dl)\(_/\;)lQl + D(Al)] [z‘lg — W — D(/\l)] )
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One more straightforward possibility of using the ND-map is just based on the formula:
S\ =[iNDyK, —I"" iNDyK, +1], (42)

which is equivalent to (17), since M := DNy = N'D;'. Choice one of formuls (42, 17) may
be more convenient for calculaton of resonances of a junction, than another.

5 Example

Consider an example of a network, studied by modified analytic technique in [14]. Now we
demonstrate the direct computational technique based on the same example. This permits
to estimate the efficiency of the direct computing and to confirm the validity of the modified
analytic perturbation technique, see [19].

Let © be a simplest asymmetric T-junction of three straight leads width 7 /2 attached
to the quantum well - the square $2;,; on &-plane : 0 < &, < 7, 0 < &, < m. Assume that
the first wire w; = {—o00 < ¢, <0, 1/2 <, < 7} is attached orthogonally to the left side of
0NonTy ={§=0,7/2 <& <7}, the second wire w, = {0 <& <7/2, m < & < 00} is
attached in the middle of the upper side, and the third wire w, = {mr <, < o0, 0 < ¢, < 7}
is attached to the middle of the right side of £2;,;. On the constructed quantum network

w,

Figure 3: Simplest asymmetric T-junction

Q = Qe Uwi Uwse Uws consider the scattering problem for Laplacian with homogeneous
Dirichlet boundary condition at the boundary. The cross-section eigenfunctions in the first
spectral channel in the wires wl, w — 2, w3 are :

) 2
el = —=sin2&, €?| = —=cos 2,
™

Iy \/_ I's \/7_T
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3

2
e = —cos2&

T's ﬁ

The Dirichlet Laplacian on §2;,; has on the first spectral band A; = [4, 16] the eigenvalues
A, =9 ,A1 =8, A, =10 and A\, = 13 with eigenfunctions @, ¢, Po.P3, &y = %sin& sin 2&s.
The boundary currents of ®( are

0P 2 . N 4
TR0 fgpog,. 0 — 2
an Ir, 7T5111 &2, on Ir, sin &1,
0P 2
% =Zgin 2&,.
onlr, =

Assume that the Fermi level of the material is situated between the first and the second
thresholds of the network 4 < E,. < 16 close to the eigenvalue \g = 5 em ~, \F' = 4.33 em ™2,
The electrons are supplied to the network in the first spectral band from the second wire
across the bottom section I's and exit across I'1, I's. Due to orthogonality of the cross-section
eigenfunction of the open spectral channel to the boundary currents of the eigenfunctions
Of, @} the corresponding modes are not excited. An essential link to the closed spectral
channels is supplied only by ®¢, the contribution from other eigenfunctions either vanish or
are suppressed due to the factors (A\g—As) in the denominator. Then the normalized vector of
the boundary current is ey = (—0.8, 0.6, 0), and the boundary conditions at the junction for
low temperatures are represented by the formulae (27) with Py = eg) (e,, which is different
from the condition for a symmetric junction suggested in [16] for symmetric T-junction. For
the higher temperatures the boundary condition is energy dependent and can be represented
in form (44), with the approximate scattering matrix

iVA—4P, —0.15:5 (13)

Sappr(P) = ’
pp (p) Zmp+ + 0.15)\_110‘33

and Py = eg){eo.

It is interesting to notice, that accurate computing done as described above, section 4,
gives the same results for the sscattering matrix, as a crude approximate calculation done in
[14], on the first step of the analytic perturbation procedure. This confirms the validity our
approach to the calculation of transport properties of the junction .

6 Manipulation of the transmission across
the junction and trapped modes

The explicit expression for the scattering matrix of the junction may be derived from a solv-
able model of the junction in form of a quantum graph, with a one- dimensional Schrodinger
equation " + p*1) = 0, with p> = X\ — 4, and the boundary condition at the junction, de-
fined such that the scattering matrix of the graph coincides with the scattering matrix if the
junction

Zp[l - Sapprox()‘)]qv; = [] + Sapprox(/\)]@/;/‘ (44)
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Here 15, 1/7’ are vectors of the boundary values of ¢ at the vertex. The polar terms in
the numerator and in the denominator of (43) can be represented via the relevant one-
dimensional orthogonal projection P, := &,) (¢, with &, := (e}, 2, ¢3) = ¢, | &, := o~ '¢,.
Then (EO) (50 = onPO. Denoting by POl the complementary projection [ — POL in Ly(T), we

0oy
.

Figure 4: 1-d model of T-junction

obtain ' ,
Sl ) = P 4 | IO (45)
=P +O(\)P,
The factor _ -
o — z.p ~ X
W+ 55

is close to —1 on the essential spectral interval Ar. Then, in first approximation, the
energy-dependent boundary condition (44) is reduced on Az to iPi-) — Py’ ~ 0, or, due
to orthogonality of Py, Py, to POJ‘Q/_; ~ 0; POJ’ ~ 0, see [?]. This condition correlates with
some rescription of Datta condition,[16]. But our analysis in [14] reveals the meaning of the
projection Fy: it coincides with the projection onto the one-dimensional subspace defined by
the vector ¢y of boundary values of the normal derivatives of the resonance eigenfunction,
projected onto E, .

It is clear that the shape of the vertex domain and the coefficient a(z,y) on it can be
chosen, based on the formula (43) to optimize the transport properties of the junction.

The approximate formula (43) may be also used to calculate approximately the
resonances- the zeros of the scattering scattering matrix. Once the zero A\, = p?, Sp, < 0 is
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found, S(As)es = 0, we are able to obtain the corresponding solution of the stationary wave
equation with the no-square integrable component in w:

U(ps) = e+, e, € B
Then the corresponding mode of the non-stationary wave equation is

e TPt iRz, S(ps)es =0

where i7(i7 + v) + p?, w(p) = iv/2 + \/—v?/4+p?]. If v << p, we have /—1v2/4 + p?] ~
ps — v?/8ps. Then for v << |p,| we have the following expression on the leads w for the
exponentially dissipating on the junction trapped mode associated with the resonance p,.
The corresponding formal solution of the homogeneous stationary equation tends ¢ — oo on
the wires. It can be interpreted in terms of Lax-Phillips scattering for corresponding solvable
model.
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