CONVERGENCE OF A TWO-GRID ALGORITHM FOR THE CONTROL
OF THE WAVE EQUATION

LIVIU I. IGNAT AND ENRIQUE ZUAZUA

ABSTRACT. We analyze the problem of boundary observability of the finite-difference space
semi-discretizations of the 2-d wave equation in the square. We prove the uniform (with
respect to the mesh size) boundary observability for the solutions obtained by the two-grid
preconditioner introduced by Glowinski [6]. Our method uses previously known uniform
observability inequalities for low frequency solutions and a dyadic spectral time decomposi-
tion. As a consequence we prove the convergence of the two-grid algorithm for computing
the boundary controls for the wave equation. The method can be applied in any space
dimension, for more general domains and other discretization schemes.

1. INTRODUCTION

Let us consider the wave equation
y' — Ay =0 in Q x (0,7),
(1.1) y =vlp,(z) onI' x (0,7),
y(0,2) = y°(2), ¥'(0,2) = y'(z) inQ,

where (2 is the unit square = (0,1) x (0,1) of R? and its boundary I' is decomposed as
I'=TyuUTI' with

To={(x1,1): 1€ (0,1)}U{(1,22): x2 € (0,1)},
Fl = {(1'1,0) DX € (0, 1)} U {(0,1‘2) D X9 € (0, 1)}

In equation (1.1), y = y(t,x) is the state, ' is the time derivative and v is a control

function which acts on the system through the boundary I'y. Classical results of existence
and uniqueness for solutions of nonhomogeneous evolution equations (see for instance [16])
show that for any v € L?((0,T) x I'g) and (y%,y') € L*(Q) x H1(Q) equation (1.1) has a
unique weak solution (y,y') € C([0,T], L%(Q) x H~1(Q)).

Concerning the controllability of the above system the following exact controllability result
is well known (see Lions [15]): Given T > 2v/2 and (y°,y') € L2(Q) x H™1(Q) there exists a
control function v € L*((0,T) x Tg) such that the solution y = y(t,z) of (1.1) satisfies

(1.2) y(T,-) =y'(T,-) =0.
In fact, given (y°,y') € L?(Q) x H~1(Q) a control function v of minimal L?((0,7T) x I'y)-norm

may be obtained by the so-called Hilbert Uniqueness Method (HUM, see [15]). It reduces the
exact controllability problem to an equivalent observability property for the adjoint problem:

u —Au=0 in Q x (0,7),
(1.3) u=0 onI'x (0,7),
u(0,2) = u%(z), ut(0,7) = ul(x) in Q.
1
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.

FIcURE 1. Boundary of the domain 2 under consideration. I'y is the subset
where the control acts while I'; is the one that remains uncontrolled.

More precisely, the equivalent observability property is the following: For any T > 2v/2 there
exists C(T) > 0 such that

1.4 USRTE: <om [ [ |2
(1. ) H(U , U )HH&(Q)XLQ(Q) < C( ) o Jr on
0

for any (u®,u') € HL(Q) x L2(Q) where u is the solution of (1.3) with initial data (u®,ut).
Note that, rigorously speaking, the adjoint system should take the initial data at ¢t = 7T". But,
the wave equation being time reversible, this is irrelevant in what concerns the observability
inequality (1.4).

The lower bound 2v/2 on the observability time 7" is due to the fact that, in this model, the
velocity of propagation of waves is one and then, in order for (1.4) to be true, any perturbation
of the initial data needs some time to reach the observation zone. The minimal time for this
geometric configuration, 2v/2, is twice the diameter of the domain, which is the largest travel
time along the diagonal that needs a wave to get into the control region after bouncing on
the opposite vertex.

The main objective of this paper is to prove the convergence of a numerical approximation
algorithm for computing the control function v of equation (1.1). This issue has been the
object of intensive research in the past years. It is by now well known that the control of
a stable numerical approximation scheme for (1.1) may diverge when the mesh-size tends to
zero. This is due to the unstabilizing effect of the high frequency numerical solutions [29].
Several techniques have been introduced as possible remedies to the instabilities produced
by the high frequency spurious oscillations: Tychonoff regularization [6], filtering of the high
frequencies [11], [28], [29], mixed finite elements [7], [4], [5] and the two-grid algorithm [22],
[17].

Possibly the one which is more systematic and convenient for practical implementations
is the two-grid algorithm proposed by Glowinski in [6]. The method consists in relaxing
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the controllability requirement on numerical solutions by considering only its projection over
a coarser grid. In what concerns the observability inequality (1.4) the method consists in
analyzing the discrete or semidiscrete version of (1.4) for the solutions of the numerical
approximation scheme, but only for initial data obtained through a two-grid preconditioning.
To be more precise, the two-grid method consists in using a coarse and a fine grid, and
interpolating the initial data for the numerical approximation of (1.3) from the coarse G,
grid to the fine one Gy. This method attenuates the short wave-length components of the
initial data, which are responsable for the spurious high frequency oscillations.

The main goal of the paper is to rigorously prove the convergence of this algorithm in the
context of the semidiscrete finite-difference approximation scheme for the wave equation in
the square. The key ingredient of the proof is the obtention of an inequality similar to (1.4) at
the semidiscrete level, independent of the mesh-size, for the two-grid data mentioned above.

Through the paper we deal with the two-dimensional case but all the arguments we present
here work in any space dimension and can be also applied to other numerical schemes both
semi-discrete and fully discrete ones.

Our main contribution is to develop a dyadic decomposition argument that allows reducing
the problem to considering classes of solutions in which the high frequency components have
been filtered, a situation that was already dealt with in the literature.

To fix the ideas let us consider the finite-difference semi-discretization of (1.3). Given
N eNweset h=1/(N+1),Q, = QNhZ* and T, = [ NhZ>. In the same manner we define
[on and T'yp,. The finite-difference semi-discretization of system (1.1)) is as follows:

Yy — Apyn =0 in Qp, x (0,7),
(1.5) Yy = 'Uh]-FOh on I'y, x (O,T),

yn(0) = y5, y,(0) =y; in Qp,

where the initial data (yg, y,ll) are approximations of (y°,y!) and Ay, is the five-point approx-
imation of the laplacian:

(M) = Uj—1k — 2Ujk + Ujt1k A 2uj g + Uj k1
ru 5k = h2 h2 .

For the homogeneous wave equation (1.3) we consider the following numerical scheme:

up — Apup, =0 in Qp, x [0,7T),
(1.6) up =0, on I'y, x (0,7)
up(0) = ul), uf(0) =up in Q.

To simplify the presentation, whenever it is not strictly necessary, we will avoid the subscript
h in the notation of the solution wuy.
Let us now introduce the discrete energy associated with system (1.6):

R e (e ®) = k@ g () = wg() 2]
(1.7) Enlt) =5 MZ:O [|uj,,€(t) + - ’ + - ‘ .

It is easy to see that the energy remains constant in time, i.e.
(1.8) En(t) =&,(0), VO<t<T

for every solution of (1.6).



4 L. I. IGNAT AND E. ZUAZUA

Following [1], the discrete version of the energy observed on the boundary Ty is given by:

T T al uj N |2 Y lung 2
(1.9) /0 /F dadt:/ hZ’ . ’ +h2‘ . ’ dt.
0 0 j=1 k=1

In the following for any j =1,..., N and k =1, ..., N, we denote

ou|?

on

UjN UN K Uj,1 Uik
(Opu)jn1 = === (D) Nk = =, (Opu)jo = ===, (Ohu)ok = ——>.
h h h h
Also, in order to simplify the presentation, we shall use integrals to denote discrete sums,
i.e.
/ udQy =h* Y uj, / udlp = h Y uj.
O jhey, Th jhery,
and
ANTINE a2
1.10 O dTon := b > |2 4 B Y| SR
(1.10) . i, LIRS

The discrete version of (1.4) is then an inequality of the form

T
(1.11) gh(O)gch(T)// |0 u|?dD gy, dt.
0 JTlon

System (1.6) being finite dimensional, it is easy to see that the so-called Kalman rank
condition is satisfied and, consequently, for all ' > 0 and h > 0 there exists a constant C,(7T')
such that inequality (1.11) holds for all the solutions of equation (1.3). But, as it was proved
n [28], for all T' > 0 the best constant C} (1) necessarily blows-up as h — 0. The blow-up of
the observability constant is due to two main reasons. First, the discrete version of the normal
derivative in (1.9) is too weak to capture the energy of the high frequency monochromatic
waves. This fact could be compensated by making stronger boundary measurements, but this
would not suffice due to the fact that the numerical scheme develops high frequency wave
packets whose group velocity is of the order of h. These high frequency solutions are such
that the energy concentrated on the boundary I'gy is asymptotically smaller than the total
one. This phenomenon was already observed by R. Glowinski et al. in [6], [8] and [9]. Using
a wave-packet construction is can be shown that the observability constant Cj,(7T") blows-up
exponentially as h — 0. We refer to Micu [19] for a detailed proof in the 1-d case based on
explicit estimates of biorthogonal families to the complex exponentials entering in the Fourier
development of solutions.

As proved in [28], inequality (1.11) holds uniformly in a class of low frequency solutions
(initial data where the spurious high frequency modes have been filtered) provided the time
T is large enough depending on the frequencies under consideration. In Section 2| we will
make this concept precise and recall this result. The main result of this paper, stated in
Section 2, guarantees that, once (1.11) holds uniformly for a class of low frequency solutions,
it also holds for all solutions in an extended class of initial data whose energy is controlled
by their projection on the previous low frequency components. As we shall see, the class
of initial data for (1.6) obtained through the two-grid approach fulfills these requirements.
Accordingly, we shall deduce that for T" > 0 large enough inequality (1.11) holds uniformly
(i.e. with a constant Cj(7) which is independent of h) in this class of two-grid data. As a
consequence of this, we will conclude that system (1.5) is uniformly controllable in the sense
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that the projections of the states onto the coarse grid are controllable with controls that
remain bounded as h — 0. Furthermore these controls converge to those of (1.1) as the mesh
size h — 0.

In the one-dimensional case, the two-grid method was analyzed by Negreanu and Zuazua
in [22] with a discrete multiplier approach. The authors considered two meshes with quotient
1/2 and proved the convergence of the method as h — 0 for T > 4. The same two-grid
method has been considered in a more recent work by Loreti and Mehrenberer [17], where
the authors use a fine extension of Ingham’s inequality to obtain a sharp time of uniform
observability, namely 7 > 2v/2. However, as far as we know, there is no proof of the uniform
observability in the two-dimensional case. The main goal of this paper is to give the first
complete proof of convergence of the method in the multidimensional setting.

In contrast with the strategy adopted in [22] we choose two grids with the quotient of their
sizes to be 1/3. This is done for merely technical reasons, that we shall describe in the last
section, and one may expect the same result to hold when the ratio of the grids is 1/2. The
problem is open in the multidimensional case for the mesh-ratio 1/2.

Our method, which consists in using the already well known observability inequality for a
class of low frequency data and a dyadic time spectral decomposition of the solutions, works
in any space dimension and for other discretization schemes.

The two-grid method has also been used in other contexts to filter the unwanted effect of
high-frequency numerical solutions. For instance, in [10], it was employed with two meshes
of mesh-ratio 1/4 when proving dispersive estimates for conservative semi-discrete approxi-
mation schemes of the Schrodinger equation. There, using the mesh-ratio 1/4 was necessary.
Here, as mentioned above, the result might well hold for 1/2 as in 1-d but here, for technical
reasons, we prove it only for 1/3. Our techniques allow also showing the convergence of the
method for meshes with mutual ratio 1/p for any p > 3. We present here the case 1/3 since
it is the one in which the amount of filtering is minimal.

Indeed, when diminishing the ratio between grids, the attenuation that the two-grid algo-
rithm introduce on the high frequency component of the solutions is enhanced and the energy
is then concentrated on lower frequencies for which the velocity of propagation becomes closer
to that of the continuous wave equation. It is therefore natural to expect that proving the
uniform observability will be easier for smaller grid ratios. When doing that one may also
expect that the time of control will get closer to the optimal one of the continuous wave
equation. Both facts will be explicitly established through our analysis.

The rest of the paper is organized as follows. In section [2 we introduce the spaces K ,{LVI (7)
consisting in all the discrete functions (¢, 1) such that their norm is controlled by the one of
its projection on a suitable low frequency component and state the core result of this paper:
the uniform observability inequality for data that belong to these spaces. In Section 3| we
will introduce the space V" of functions defined on the fine grid G as linear interpolation
of functions defined on the coarse one G3". We prove that (1.11) holds uniformly for all
T > 4v/2, in the class of two-grid initial data V" x V. Section 4lis devoted to the proof of
the main result of this paper, namely Theorem 2.1, using the dyadic decomposition argument.
The last sections are devoted to prove the convergence of controls. More precisely, in Section 5
we construct semi-discrete control functions vy, for (1.5) that approximate the control function
v in (1.1). Section 6/ contains convergence results for the uncontrolled problem that will be
used in Section (7 to prove the convergence in L2((0,T) x I'g) of functions vy, constructed
before, towards the continuous one v. In the last section we comment on the main result
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of the paper, about how it can be used or improved, what are its limitations and we also
formulate a number of open problems. The paper also has two appendices containing some
technical lemmas and the Fourier analysis of the discrete functions obtained by a two-grid
algorithm.

2. THE OBSERVABILITY PROBLEM

To make our statements precise, let us consider the eigenvalue problem associated to (1.6):

{ —Apon = Ay inQp,

(2.1) op =20 onl'y,.

Denoting Ay := [1, N]2 N Z2, the eigenvalues and eigenvectors of system (2.1) are
4 h jorh
(2.2) Aj(h) = 72 [Sin2 <]1;r > + sin? (JQ;T )] , 3= (J1,72) € An

and

@ (k) = 2sin(j1kimh) sin(jakamh), k = (k1 ko) € [0, N + 112N Z2%, j = (j1,j2) € An.

The vectors {‘P’]h}Je Ay form a basis for the discrete functions ¢, defined on G' = Q,UT), and
vanishing on its boundary, allowing us to write, for any discrete function ¢y,

on = Z ah(j)wll.m

JEAN
where gb = (¢, ap'}l ny (-,-)n being the inner product in 12(Q):
(w,0)n =h* > u®)o(k).
kheQy,

In view of this representation, for every s € R, we will denote by H; (€25) the space of all
functions defined on the grid G", endowed with the norm

( Z )\25 )1/2.

JEAN

Let us consider {ﬂ%(j)}je{\N and {4}, (j)}jea, the coefficients of the initial data (uf),u} ) of
system (1.6) in the basis {¢] }jea,. Then the solution uy, is given by

(2.3) up (t) = 1 Z {eitwj(h) 4 eitwi () Gh } ‘Pjha

2.
JEAN
where wj(h) = y/A;(h) and
1
oh 0 /s uh(_])
=u + 2=
Uj+ = h(J) i >\j ( h)
Using the above notations, the energy of the system introduced in (1.7) is conserved in

time and satisfies

Enlun) = Y wim)(af | + @ ).

jeAN
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FI1GURE 2. The three dashed corners contain solutions whose group velocity
is of order of h

Let us introduce the class of filtered solutions of (1.6) in which the high frequencies have
been truncated or filtered. More precisely, for any 0 < v < 2v/2 we set

(2.4) In(y) = {uh D up = Z ajhgth with ﬂjh € C}.
ws(h) < /h

The class Ip(v) has been intensively used for control problems ([12], [2], [13]) and the
dispersive properties of PDE’s ([3]). For any solution uy, of equation (1.6) we denote by IT) uy,
its projection on the space Ij (), which consists simply in restricting the Fourier expansion
(2.3) to the class of indices entering in Ij(vy) for which wj(h) < v/h.

The uniform observability in the class I}, (y) has been analyzed in [28] by the multiplier
technique. In that article it is shown that for any 0 < v < 2 and

8v2

2.5 T>T() = Y2
(25 0=
there exists C(v,T) > 0 such that
T
(2.6) Enlun) < C(7,T) / / (0w () 2dDopdt
0 JTop

holds for every solution u of (1.6) in the class I;(7y) and A > 0. This observability result will
be systematically used along the paper. The choice of the filtering parameter v < 2 in [2§] is
sharp. More precisely, for v = 2 and any 7' > 0 it was shown that there is no constant C(T)
(see [28]) such that (2.6) holds for all solutions uj, of (1.6), uniformly on h:

&L(Uh)
sup T
up€IL(2) / / |8Zuh(t)’2dl_‘0hdt
0 Jlop

This is a consequence of the presence of solutions which have group velocity of order h and
spend a time of order 1/h to reach the boundary. In Figure 2 we can see the areas of the
spectrum in which these solutions with group velocity of order h can occur and in Figure
3 we illustrate how, some of them, enter in the class of filtered solutions I;(vy) for v = 2.

— 00, h — 0.
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(N+1)/2

\N

(N+1)12 Nat 1T

FIGURE 3. The dashed area below the diagonal of the square represents the
frequencies involved in Ij,(2). The two circles on the corners correspond to

frequencies with group velocity of order h that enter in the class Ij,(2) but
that are exluded for filtering parameter v < 2.

The classes Ij,(y) make sense for all 0 < v < 2v/2 in view of the obvious spectral bound
Aj(h) < 8/h? that immediately holds as a consequence of the explicit expression (2.2). But,
obviously, the observability estimate (2.6) fails to be uniform in I; () for all 2 < v < 2v/2
because it actually fails for v = 2.

The main goal of this paper is to extend this uniform observability inequality to a more
general class of initial data obtained through the two-grid filtering strategy. In this class the
high frequency components do not vanish but a careful analysis shows that their energy is
dominated by the low frequency ones.

To be more precise, let HZ be the orthogonal projection of discrete functions over the
subspace Ij,(y). Let us now fix M > 0. For any 0 < v < 2v/2 we define K}Jl‘/[('y) as the
subspace of M}, () x HY () consisting in all the discrete functions (¢, 1)) such that their
square norm is controlled by the one of its projection on I;(y) by a factor of M:

(2.7) Ky () = (e, 0) : llollf  + 105 0 < MA@l 5 + TG0 )}

We point out that the conservation of energy (1.8) guarantees that the solutions of equation
(1.6) with initial data (ul,u}) € KM (y) satisfy

(2.8) Sh(uh) < MEh(HZuh).

Therefore KM (v) is stable under the flow and (up(t),u},(t)) € KM (v) for any ¢ > 0.

The main result of this section is given by the following theorem.

Theorem 2.1. Let v > 0 and M > 0 be given. Assume the existence of a time T(vy) such

that for all T > T(v) there exists a positive constant C = C(~,T), independent of h, such
that

T
(2.9) Enlun) < C / / 0P (£)[2dTdt
0 JTon
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holds for all (ul),u}) € In(y). Then for all T > T(v) there exists a positive constant C' =
Ci(v, T, M), such that (2.9) holds for all the solutions uy, of problem (1.6) with initial data
(ul,ut) € KM(y) and h > 0.

Remark 2.1. According to Theorem 2.1 the uniform observability inequality can be automat-
ically transferred from Iy () to K,]l\/[(’y) Let us briefly explain the main difficulty of the proof
of Theorem [2.1. Inequalities (2.8) and (2.9) show that the uniform boundary observability
inequality

T
Suw) <C(@) [ [ johmunParyde
0 JTon

holds in the class K}]y(v) as well. But, unfortunately, the right side term cannot be estimated
directly in terms of the energy of the solution up measured at the boundary Loy :

T
/ / |0y, |2dT gt
0 Jlon

A careful analysis is required to show that estimate. The essential contribution of this article
s to show how this may be done by means of a dyadic decomposition.

Remark 2.2. In the proof of the above theorem we use that the so-called “direct inequality”
holds. In fact it is well known that (see [28]) for any T > 0 there exists a constant C(T),
independent of h, such that

T
(2.10) /’/ O un2dCondt < C(T)En(up).
0 JTon

for all solutions u of the semi-discrete system (1.6) and for all h > 0.

Remark 2.3. The same result holds if the two-grid filtered initial data are taken at any time
to € [0,T]. In this sense our method of proof is more robust that that in [17] that makes a
distinction between observability in the interval [0,T] or [-1/2,T/2] that our arguments show
18 nmot necessary.

Since the proof of Theorem 2.1 is quite laborious it will be postponed until Section 4.

3. A Two-GRID METHOD

In this section we describe a two-grid method that naturally produces classes of initial
data of the form KM (v). In view of Theorem 2.1/ this will allow to show immediately uniform
observability estimates for these classes of two-grid data.

The two-grid algorithm we propose is the following: Let N be such that N = 2 (mod 3)
and h = 1/(N + 1). We introduce a coarse grid of mesh-size 3h:

N +1]?
G- x5, x5 = 3jh, j € [0, ;} VA

and a fine one of size h:
Gy, y5=jh, §€[0,N +1>NZ2%

We consider the space V" of all functions ¢ defined on the fine grid G” as a linear interpo-
lation of the functions v defined on the coarse grid G3". To be more precise let us consider
the spaces Gj, and Gsj, of all the functions defined on the fine and coarse grids G" and G3"
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FIGURE 4. The dashed line is the original discrete function u. From left to
write the new functions H%hu, H%hu, H%hu respectively.

respectively. We also introduce the extension operator H%h which associates to any function
1 € Gsp, a new function Hf’lhw € Gy, obtained by an interpolation process:

(IT); = (P, 0)(h), § € 72,

where Péhw is the piecewise multi-linear interpolator of ¢ € Gs,. We then define V* =
H%h(ggh), the image of operator H%h . Obviously this constitutes a subspace of slowly oscil-
lating discrete functions defined on the fine grid G". Examples of this interpolation process
are given in Figure 4.

We define now another class of filtered functions, better adapted to the spectral analysis of
the two-grid ones. In the sequel we denote for any j = (ji,j2) € Z?, its maximal component
by [ljllcc = max{ji,j2}. For any 0 <n <1 we set

(3.1) Jn(n) = up : up = Z iZJhath with ﬁjh eCy,,
llilloo <n(N-+1)

and for any solution uy, of (1.6) we denote by Y7} uy, its projection on the space Jj,(7).

The class of filtered solutions I,(h), introduced in Section 2, is obtained through a filtering
process along the level curves of wj(h). The second one, leading to the space J;(n), consists in
filtering the range of indices j to a square with length side n(N+1). Observe that, in dimension
one there exists a one-to-one correspondence between the two classes. In dimension two,
excepting the case v = 2v/2, that corresponds to 1 = 1, there is no one-to-one correspondence.
However the two classes can be easily compared with each other by analyzing the shape of
the level curves of wj(h). In Figure |5/ we can see the support of the discrete functions in
the frequency domain for the classes Jj,(1/3) and I;,(v/2) that occur in the analysis of our
two-grid method.

The second class of filtered data Jy(n) is better adapted to analyze the two-grid discrete
functions. In fact we will prove that the total energy of a solution uy of (1.6) with initial data
in the space V" x V" is bounded above by the energy of its projection on the space .Jj,(1/3):

(3.2) En(un) < MELT) Pup),

for some positive constant M, independent of h. We point out that it is sufficient to prove this
bound for t = 0, i.e. for the initial data, and use that the space J;(1/3) remains invariant
under the semidiscrete flow to deduce that (3.2) holds for all ¢ > 0. More precisely, it is
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(N+1)/3 (N+1)/3

0 (N+1)/3 Na1

it 0 (N+1)/3 N+1 I

FIGURE 5. On the left, the dashed area represents the frequencies wj(h), j €
A(n+1)/3; On the right, the dashed area represents the frequencies involved in

In(V2).
sufficient to show that, for (u),u}) € V* x VI
1/3
(3.3) 12, < M3
and
1/3
(3.4) Wb 13 o < MU Pub 13

Observe that any wj(h) with [|j||cc < (IV 4 1)/3 satisfies

wj(h) < <:2 sin? (g))lﬂ < vz

and thus, in view of (3.2), the energy of uy is bounded above by the energy of its projection
on the space Ij,(v/2):

(3.5) Enlun) < ME(T) up) < ME,(TTYup),

ie. (up,uj) € KM(y) with v = /2.

h )

The following theorem gives us the property of uniform boundary observability for the
solutions wuy, of system (1.6) with initial data (u?,u}) € V* x V. This theorem is in fact a
consequence of Theorem 2.1, estimate (3.5) and the well-known results for observability in
classes of the form Ij,(vy) from [28] mentioned above.

Theorem 3.1. Let T > 4+/2. There exists a constant C(T) such that

T
(36) Sh(uh) S C(T)/ / |8Zuh|2dl“0hdt
0 JTon

holds for all solutions uy, of (1.6) with (u),u}) € VP x VI uniformly on h > 0, V! being the
class of the two-grid data obtained with grids of mesh-size ratio 1/3.
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(N+1)/2

0 (N+1)/2 Net N1 0 N+t 2

FIGURE 6. On the left, the black area represents the frequencies involved in
Jn(1/2); On the right the dashed area represents the the frequencies involved
in I (2).

Remark 3.1. The time T > 4v/2 is the one corresponding to the class of solutions belonging
to Iy(\/2), the smallest class Iy, that contains Jy(1/3), as obtained in [28]. Indeed, in view of
(2.5) the known observability time for the above class of solutions is given by T(\/2) = 4v/2.

In fact, Theorem 3.1 would hold for all T > T*, T* being the optimal time for uniform
observability in the class I(v/2). Very likely the estimate T* = 4v/2 given in [28] is not
optimal. An analysis of the velocity of propagation of the associated bicharacteristic rays
shows that, according to [29], the expected minimal time T™ should be

(3.7) peo 2V2_AV2
cos(m/6) /3

Although the uniform observability inequality in the class I,(v/2) for all T > T* with T* as

in (3.7) is very likely to hold, as far as we know, it has not been rigourously proved so far.

Thus, improving the optimal time in Theorem 3.1 from T > 4v/2 to T > T* as in (3.7) is an

open problem. This improvement would automatically lead to an improvement of the minimal

time in Theorem 3.1l too.

Remark 3.2. We could apply the same two-grid algorithm with grids of mesh sizes ratio 1/2,
i.e. GP and G*'. In this case we would get, for some constant C, independent of h,

é’h(uh) S Cgh(T}l/Quh) S CEh(H?Luh)

for all solutions uy, obtained by this two-grid method. Indeed, the smallest v such that Ip(7y)
contains all the frequencies wj(h) with [jllcc < (N +1)/2 is v = 2. Unfortunately, as we
pointed before, inequality (2.9) does not hold in the class I (2). This is why we have chosen
the ratio between the fine and coarse grids in the two-grid method to be 1/3. This will guarantee

that the two hypotheses (2.8) and (2.9) are verified.

Remark 3.3. The method also works for size meshes ratio 1/p with p > 3. In this case,

Jh<;> c (2\/§sin (27;)>
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and thus the observability time given by Theorem 3.1 is

T <2\/§sin (”)) __ 2

2)) = cos(n/p)
Remark 3.4. The two-grid method proposed here has always a mesh-ratio of the form 1/p.
The same two-grid algorithm makes sense for ratios m/n with m < n. One could expect the
uniform observability to hold in 1-d for any mesh-ratio m/n < 1, in the multidimensional
case, when m/n < 1/2. But, by now, these are open problems. As we shall see, the only

difficulty for doing that is to prove the following estimate for the functions u% belonging to
Hz/mhgh:

[ llsn < C(m/n, )| X7 uQlsn, s € {0,1}.

Proof of Theorem 3.1l As we shall see Theorem [3.1/ is an easy consequence of Theorem 2.1l
Let uj, be the solution of system (1.6) with initial data (u),u}) € V" x V. Using that
Jn(1/3) C I,(v/2) we obtain that

En(03 Pup) < E,(TTY2up).

To apply Theorem 2.1/ with v = /2 it remains to prove (3.2), i.e. (3.3) and (3.4).
We make use of the following lemma, which will be proved in Appendix Bl

Lemma 3.1. Letp > 2 and V"' = Hﬁh(gph). For any s € [0, 2] there exists a positive constant
C(p, s) such that the following

(3.8) [ollsn < Co )T, lln, 0< s <2.
holds for any v € V.

Applying this Lemma with p = 3 to u% € VP and u}L € V" we get the existence of a positive
constant M = max{C(3,0),C(3,1)}? such that

1/3 1/3
lfl3, < MITY2003,  and b)), < MY Pu

This proves (3.2)) and finishes the proof of Theorem 3.1.

up 6 -

4. PROOF OF THEOREM 2.1

First of all we introduce the projectors P, that we shall use. Let us consider a function
P € C®°(R) and ¢ > 1. For any function f € L'(R) and k > 0 we define the projector Py f as
follows:

(4.1) (Pf)(t / P(c 1) f(s)e T dsdr, t € R,
r JRg

In view (2.6), for any T' > T'(y) there exist two positive constants ¢ and e such that

T—-26
(4.2) Sh(vh) < C(T,’)/, €, 5)/ / |8Z'Uh|2drohdt
26 Ton

for all vy, € In(y + €). More precisely, using the continuity of the map v — T'(v) we obtain
the existence of a small constant e such that 7" > T'(y 4 €). We then choose a positive § such
that T'—40 > T'(y +€). Then, the invariance by time translation guarantees that (4.2)) holds.
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With e verifying (4.2) let us choose positive constants a, b, ¢ and p satisfying

h—
£ and b <2 + ‘.
a+pu a—+ y
Let F' € C°(R) be supported in (a,b), 0 < F < 1 such that F =1 in [a + u,b — u]. Set
P(7) = F(1) + F(—7) and then consider P as in (4.1).
In view of (2.3) the Fourier transform of wy, in the ¢ variable, reads

an(r) = 3 [60r — eyl + 3 + ()] ¢

JEAN

(4.3) l<e<

Therefore, the projector Pyuy is given by
) () = c s eitwi(Mgh 4 o—itwi()gh |
4.4 P, F th 2t (h)jl,+ t(h)jl )
JEAN
and its energy satisfies
(4.5) En(Prun) = Y F2(e Fwj(h))wi (W) ([ > + [ ).
JEAN

Conditions (4.3) guarantee the existence of an index kj, such that {Pkuh}’,zh: o covers all
the frequencies occurring in the representation of quh and all these projections belong to
In(y +e).

Step I. Sketch of the main steps. We first give the main ideas of the proof. We choose

ky, as above and kg < kj,, ko independent of h, such that {Pkuh}zhz ko COvers, except possibly

for a finite number, all the frequencies occurring in IT)uy, the projection of up on the space
Ip(7y) defined in (2.4):

M =5 3 [0l + b ] g,
2wj(h)§7/h

The precise value of kg and kj, will be specified later.
Our hypothesis on the initial data (u),u}) € K fYL(M ) guarantees (see (2.7) for the definition

of the spaces K,’YZ(M )) that the total energy wuy, is controlled by the energy of IT) up:

(4.6) En(up) < MEL(IT)up).
Firstly we will prove that
kn,
(4.7) En(Mup) < Y En(Peuy) + LOT
k=ko

where LOT is a lower order term involving only a fixed number of Fourier components. In
particular this LOT will be compact when passing to the limit A — 0.

Next we use that each projection Pyup, ko < k < kj, belongs to the class Iy (y + €) and,
consequently, according to (4.2)), satisfies the observability inequality:

T-26
(4.8) Eh(Pkuh) < C(T, v, (5, 6) / / \62Pkuh|2dl“0hdt.
26 Ton
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Thus, combining (4.7) and (4.8) we obtain the following estimate:

kn T-25
(4.9) En(Iuy) < C(T, 7, 6,€) Z / / |01 Pyup|?dDopdt + LOT.
k=k 20 l_‘Oh

Using ideas previously developed in [12] and [2] the right hand side sum can be estimated
in terms of the energy of up measured on I'g,. More precisely, we will prove the existence of
constants C(P, c) and C(e, d,T') such that

T-25 T C(e,0,T)
(4,10) E / / |82Pkuh‘2df‘hdt < C(P, C) / / ]E)Zuhl2d1“hdt + #
k>ko V20 Iy 0 JTon “r

En(up)
holds for any ky > 0 and wy, solution of (1.6), uniformly on A > 0. Then combining (4.6),
(4.9) and (4.10) the following holds:

C(e, 8, T)
ok

T
(4.11) Ep(up) < C’(T,P,'y,é,e,c)/ / \8ﬁuh\2dl“0hdt+ En(up) + LOT.
0 JTlon

Choosing h small and kg sufficiently large, but still independent of h, the energy term from
the right side may be absorbed and then we obtain

T
(4.12) En(up) < C(T, P,v,d,¢,c) / / |0"up|2dlopdt + LOT.
0 JTlon

Finally, classical arguments of compactness-uniqueness allow us to get rid of the lower order
term. For a complete development of this argument we refer to [2§].

In the following we give the details of the proofs of the above steps.

Step II. Upper bounds of &,(IT)u) in terms of {&,(Pyup) }i>o-
Let us choose a positive integer kj such that

(4.13) r(a+p) < y/h < a4 ).

The choice of kj is always possible for small enough h. Also let us fix a positive integer
ko < kp, independent of h. Its precise value will be chosen later on in the proof. Using that
c< (b—p)/(a+ u) (see (4.3)) we obtain that the following inequality holds:

(a4 p) <v/h < (a4 p) < P (b — p).

Then any frequency wj(h) belonging to [(a + u)c*0,~/h] is contained in at least one interval
of the form [c*(a 4 p), (b — u)] with kg < k < kj, where the function F(c™*.) = 1. Thus for
any frequency wj(h) € [(a + u)c*0, v/h] we have

(4.14) 1< > Fe Fwy(h)?.

In view of (4.5) and (4.14) the energy of IT) uj, excepting a lower order term involving a finite
number of Fourier components only, can be bounded from above by the energy of all the
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projections (Pkuh)Z’;kO:

(4.15)  E(Mu) < o(a+ p)? (1 2 + 1)
wj(h)<(a+p)cko

303 P )i ) ([af 12 + (@) )

kp
= Clakow) > (@ P+IER) + D enPuun).

wj(h)<(a+p)cko k=ko

Step III. Observability inequalities for the projections Pyuy, k < ky,.

The next step is to apply the observability inequality (4.2)) to each projection Pyup, k < k.
We show that each of them belongs to the class I (y + €) where (4.2) holds. We remark that
the projector Pyuy, contains only the frequencies wj(h) € (c*a,cfb). In view of (4.13) any
frequency wj(h) involved in the decomposition of Pyuyp, k < ky,, satisfies

b v+e
(h) < ckrp < 7
wj(h) <c _h(a—l—,u)< L

which shows that Pyup € I (v 4 €). Then for any k < kj, the following holds:

T—26
(4.16) En(Prup) < C(T,0,¢€,7) / / |6Z(Pkuh) |2dF0hdt.
26 Ton

Using (4.15) and the above inequalities we obtain that

kp T—25
(4.17) E(u) < CTrd9 Y [ [ 1okPanParyde
o J26 Ton

+Ca ko) Y [l a2
wj(h)<(a+p)cko

It remains to prove (4.10). Once this inequality holds then (4.11) and (4.12) hold as well,
which finishes the proof.
The key point is the following lemma which will be proved in Appendix (Al

Lemma 4.1. Let p be a Borel measure, ) a p-measurable set such that u(Q) < oo, P €

CPR),c>1and1l <p<oco. Weset X =LP(Q,du) and Py as in (4.1). For any positive T

and § < T'/4 there are positive constants C(P,c) and C(6,T, P) such that the following holds
T—26 T

C(5,T, P

(4.18) ) / IRl C(Pe) / il dt + (C%O :

2
sup [[wll 22 (1,411, x)
F>ko lez

for all positive integer ko and w € L? (R, X).

loc

We now apply Lemma 4.1 with X = 1?(T'gy) and w = 0uy. Using that Py(0luy) =
Ol (Pyuy,), we obtain the existence of a constant C(6, T, P) such that
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T—26 T
> / / |08 Peup, (t)|2dDopdt < C(P,c) / / |8, (t)|2dDopdt
k>ko 20 Ton 0 Ton

C 5, T,P (+n1T
+% Sup/ / |0y, (1) [2dT g dt.
c=ro 1€z it Ton

At this point we apply the so-called “direct inequality” (2.10), which holds for all solutions
up, of system (1.6). Thus, a translation in time in (2.10) together with the conservation of
energy shows that

(+1)T
(4.19) sup/ / |67’§uh(t)\2dl“0hdt < C(T)gh(uh)
leZ JIT Ton

and then (4.10) holds.

5. CONSTRUCTION OF THE CONTROL

In this section we introduce a numerical approximation for the HUM control v of the
continuous wave equation (1.1) based on the two-grid method.

First, we define a restriction operator which carries any function of Gy to Gs;. The most
natural way is to define it as the formal adjoint of the H%h operator:

(W, I"3), = (TL*¢, @)an, ¥ 6 € Gap.

To obtain the control v in (1.5) that is intended to approximate the control of (1.1),
it would be rather natural to approximate the initial data (y° y') by (y?,+) and take the
corresponding controls v,. But this has to be done carefully taking into account the high
frequency pathologies. In fact not all the approximation of the initial data has to be done
carefully but also the final requirement (1.2) has to be relaxed conveniently. To do this we

shall consider controls vy for which Hih’*yh, the projection of solutions over the coarse grid
G*", vanishes at the time ¢ = T.

The following holds:

Theorem 5.1. Let be T > 4v/2. There exists a constant C(T) such that for any h > 0 and
(v, yl), there exists a function vy, satisfying

(5.1) lonlZaoyeron < CO)AIE L+ IwhI2 1 0)

such that the solution up, of system (1.5) with (y9,y}) as initial data and " acting as control
satisfies:

(5.2) IT" yy(T) =TIy, (T) = 0.

In order to construct the function vy, we need some notations and preliminary results. We
define the duality product between L*(Q) x H~1(Q) and Hg(Q) x L*(Q2) by

<(9007 (:01)’ (u07u1)> = (¢1’u0)_171 - (Soovul)'

Also for the discrete spaces HY () x H;, ' (Qp,) and H} (24) x HY(24) we introduce a similar
duality product

<(9003901)a (uovul»h = (Solauo)h - (onaul)h-
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Let us introduce the adjoint discrete problem:

— Ahuh =0 in Qh X (O,T),
(5.3) up(t) =0 on I'y, x (0,7),
up(T) = ul), Syup(T) = uj, in Q.

Note that the system (5.3) can be transformed into (1.6) by reversing the sense of time
(t = T —t). Thus, all the previous estimates on (1.6) apply to (5.3)) too.

Following the same steps as in the continuous case, i.e. multiplying the control problem
(1.5) by solutions of the adjoint problem (5.3) and integrating (summing) by parts we obtain
the following result for the solutions of system (1.5)):

Lemma 5.1. Let y, be a solution of system (1.5). Then

(5.4) / /F 00w ()T 1ndt + (s 1), (s 1)) : —0

for all solutions uy, of the adjoint problem (5.3).

Proof of Lemma|5.1. Multiplying (1.5) and (5.3) by uy, respectively vy, integrating on [0, 7]
and summing on 2, yields

T T
(5.5) / / (ypun — upyn)dQpdt = / [(Aryn)un — (Apup)ys]dQpdt.
0 Qh 0 Qh

Integration by parts in the left hand side term gives us

r /! " / T / T / / T
6.6) [ [ o~ oamdtaon = | (shun], = uian ) = onsh). Qs
Qp J0 Qp 0 0 0

For the second term of (5.5) we have:

T
(5.7) A [ [ — (Aun)ndsts

N
= > i1+ virr)uig — (i 1j + i) ]
ij=1
N
+ O (Wit + vigr)uig — (wigo1 + wigi1)yig]
ij=1
N N
= (Wojur + yn+15ung) + > (Yiotin + YiN+1UiN)
j=1 i=1

||M2

YN+1,5UN,; + Zyl N+1Ui,N = / / vh(t)aguh(t)dtdFlh.
Ton

Identities (5.6) and ( 7)) prove (5.4). O

Proof of Theorem 5.1. Step 1. Construction of v,. First, using variational methods we
will prove the existence of a function vy, such that

T
(5.8) / A o ()0un (£)dTondt + (52, ub), (un (0, 1 (0)))n = 0
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for all solutions uy, of the adjoint problem (5.3) with final state (u),u}) € V" x V. This is
equivalent to (5.2) in view of (5.4)).
To do this we consider the space Fj, = V" x V" endowed with the norm

1/2
1, ) 7, = (lahl12 s + lupl2 )"

and the functional J}, : F;, — R defined by

(5.9) Tn((f ul)) / / O 2dTondt + (4, u1). (un (0), 1, (0)))

where uy, is the solution of the adjoint problem (5.3) with final state (u9,u}). To construct
the control vy, satisfying the relaxed controllability condition (5.8) for all (u),u}) € V! x V"
it is sufficient to minimize J over Fj.

In order to apply the fundamental theorem of the calculus of variations, guaranteeing the
existence of a minimizer for J,, we prove that the functional 7}, restricted to Fj which is
convex, it is also continuous and uniformly coercive (with respect to the parameter h).

The linear term in the right side of (5.9) satisfies

(ks yn)s (un(0),wh (00))a] < (lynll-1n + Iy lon) I (un(0), u; (0)) |17,
Using the direct inequality (2.10) and the conservation of the energy & (up) we get
| Tn((aps )] < (g wi) 7, (O )7, + Iynll=1n + yhllon)
which proves the continuity of the functional 7.
In view of the observability inequality (3.6), for any T > 44/2, the functional 7, is uniformly
(with respect to h) coercive on Fp:
| Tn((up,up))l = N (uh, wi) i, (CO (py wp)llz, = lynll-10 = lRllon)

for all (u),u}) € Fp, where C(T) is a constant obtained in (3.6).
Applying the fundamental theorem of the calculus of variations we obtain the existence of
a minimizer (UZ ,uh *) € Fp, such that

T uo*,ul* = min TIn((up, u
R ) = i Tl )

This implies that 7}, the Gateaux derivative of Jj, satisfies

T ™)) (uh uh) = 0

for all (u)),u}) € Fp and that uj, solution of (5.3) with final state (uh ,uy”), satisfies

/ g (Opuy)Olu(t)dLondt + (45, yp), (un(0), u;,(0)))n = 0

for all uy, solution of the adjoint problem (5.3) with final state (u),ul) € Fp,.
We set
on(t) = i (1), t € [0,7)
and then (5.8)) holds.

Step II. Proof of property (5.2). In view of Lemma 5.1, the solution y, of system (1.5)
with the above function vy, acting as control on Iy, satisfies

(y;l(T)’ u%)h - (yh(T)vu}lz)h =0
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for all function (uf,u}) € V* x V", Using that V" = II3"(G3") we obtain
(yn(T), I w)p, = (y4(T), T w)y, = 0
for all functions w € G3*. Then
(T yn(T), w)ap = (T, "y (T), )z = 0
for all w € G3" and obviously (5.2) holds.

Step III. Proof of estimate (5.1). Using that (ug’*, (;5,11*) is a minimizer of J;, we have

Jh((ug’*, u}ll*)) < Jn((0p,0p)), where 0y, is the function vanishing identically on the mesh Gy,.
Consequently

T
/ / P 2dTondt < (| on + [l
0 Ton

Applying the observability inequality (3.6) to the solution uj we get

0, 1,
0.0) (e [l p + [l

0,h)-

T
0,% 1, h  x
212, + (12, < C(T) /0 / 0 PdTondr.
Oh

We then find that

T
ol 07y xron) = /0 /F 9uj 2dTondt < C(T) (Il + 9 lo.)?
Oh

where the constant C(T") is independent of h.
The proof is now complete. O

6. CONVERGENCE OF THE UNCONTROLLED PROBLEM

In this section, for the sake of completness, we prove the convergence of the solutions of
the uncontrolled problem (1.6). We also analyze the convergence of their normal derivatives
towards the continuous one. First we introduce the interpolators needed in our analysis.

6.1. Interpolators. We denote by P,ll the piecewise multi-linear and continuous interpolator
on . We also consider the operators Pj defined for any u € Hj(£2) by

(6.1) Phuy, = (~A)~ O~ D2(Ph (=)D ),

that, for any s € R, they continuously map Hj (25) to H*().
In the sequel we will denote by V; the following operator

Ujp1k — Ujk Ujk+1 — Ujk
(Vi w)jh = (F=—=, =),
The representation of the operator P?L in the Fourier space shows that this operator is
exactly the piecewise constant interpolator:

PYup(2) = ujp, © € (( — 1/2)h, (G + 1/2)h) x ((k — 1/2)h, (k + 1/2)h).
Concerning the operator Pgl, it satisfies

1Py unll 1) = IPL(=A0) " unll o) = IV (=A%) unllo @)

= |’uhHH;1(Qh)
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Also for any pair of functions uy, and wy, defined on G and vanishing on T, the following
holds:

/PguhP(i)zwh = / ththhZ/ (—AR)(—AR)  upwydQy,
Q Qp Qp,

= Vh((—Ah)iluh) - Vywpd) = / V(P}L(—Ah)fluh) . V(P}zwh)
Qn Q

= (P, un, Phwp) 11
Lemma 6.1. The following holds for all h > 0 and all sequences uy,:
(6.2) 1P — Phunl 1) < hllun

0,h-
Proof. By the definition of the operators P;l and P(,)Z we get
(—A)7PPhuy = Pl (—Ay) " Puy,
and
P, luy = (—A)PPY(=A) " Puy,
Thus we have
1Py un — Phunllg-10) = 1(=A)2Ph (=) 2wy, — Phuplg-1(q)
= P (=An) T 2up — (=A) PP up| 12
= |[P(=AR) " ?up — P(—2p) " 2un| 120y
Using that the two interpolators PY) and P} satisfy (see [24], Th. 3.4.1, p. 88)
PR un — Phunll 20y < hllunllyg @
we obtain
1P}, un — Phupl| 1) < hH(—Ah)flﬂuhHH}l(Qh) = hllunliz(@,),

which finishes the proof. ([l

6.2. Convergence of the solutions. The following propositions describe how a uniformly
bounded family of solutions of (1.6) weakly converges (up to a subsequence) as h — 0 to a
solution of finite energy of the continuous wave equation (1.3).

Let us consider the family {up,}n>0 of solutions of (1.6) and let us denote by P} uy their
piecewise linear interpolator, that belongs to HE(Q) for all 0 < ¢ < T as the solution of the
continuous problem does.

Proposition 6.1. Let {up}nr~o be a family of solutions of (5.3) depending on the parameter
h — 0, whose energies are uniformly bounded, i.e.

(6.3) En(0) < C,Vh>0.

Then there exists a solution u € C([0,T], Hi(Q)) N CL([0,T],L*(Q)) of problem (1.3) such
that, by extracting a suitable subsequence h — 0, we may guarantee that

(6.4) P up — u in L*([0, T, HY (Q)),
(6.5) POu), — o' in L*([0,T), L*(2)).
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Moreover, if the family {up}p>o is such that P}up(0) — u® in H}(Q) and POu} (0) — u'
in L?(Q) for some (u®,ul) € HY(Q) x L?(Q) then all the above convergences hold in the
corresponding strong topologies.

Proof of Proposition 6.1. Step I. Weak convergence. In view of the uniform bound (6.3)
and the conservation of energy we deduce that

P}y, is uniformly bounded in W°((0,T'), L*(Q2)),
(6.6)
PY%uy, is uniformly bounded in W1°°((0,T), L*(R)).

Using that

h—0
IPhun — Phunllz(o,0), L2()) < hllunll 2.0, 73 (@) — O

we obtain the existence of a function u € W1°°((0,T), L?(2)) such that, up to subsequences,
Pjuj, = u in H'((0,T), L*(2)),

(6.7)
PYu) — u'in L2((0,T), L*(%2)).

Also, by (6.3) we get that {P}up,}, is uniformly bounded in C([0, T, Hj(©2)). Using the clas-
sical Aubin-Lions’s compactness result (see for instance [27]) we deduce that {Piup}y is
relatively compact in C([0,T], L?(Q2)). Thus we obtain that

(6.8) P}y — win H'((0,T), L*(Q)) N L2((0,T), Hi(2)),
and
(6.9) P} u, — w in C([0,T], L*(2)).
Also we prove that
(6.10) (P%}) is uniformly bounded in L((0,T), H ().

For any function function ¢ € L%((0,T), H}(Q)) and ¢ € (0,T) we have
N jh+h/2  pkhth/2
@010 = [ Phie=3 [ [ At

i1 Jin=n/2 Jkn—n/2

N jh+h/2  pkh+h/2 N N

= (Ahuh)jk(t)/ / o= > (Anup)k(t) B,
= jh—h/2 Jkh—h/2 =
N
= =1 3 (Vi)Y R = | VPR (VP
j,k=0
S IPRun® oy loll 2 -
Thus we obtain (6.10). Using (6.10), (6.7) and the compactness result mentioned above we

deduce that
(6.11) PYu) — o' inC([0,T], L*(Q)).
Observe that, according to the bounds (6.6), the subsequences may be extracted so that

P} up(0) =« in HY(Q) and PYu},(0) — u! in L*(Q)
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for some (ug,u1) € HE(Q) x L*(Q). Note that, in view of (6.9) and (6.11), u(0) = u° and
u/'(0) = ut.

Step II. Equation solved by the limit. We prove that u solves the wave equation (1.3)
with initial data (ug,u1).
Let us choose w € C%([0,T],C2(12)). Using the following identity

T T N
/ / (Ahuh)wth = —/ h2 Z V;uh . VZw,
0 Qp

0 k=0

integrating (1.5) on [0, 7] and summing on €}, we get

T T N T
/ ny (uh)jwjf’dwr/ WY Vi - Viw = <(uh,ug),(w,w’)>‘ .
0

JheQmn 0 k=0 0
Thus
T T T
©012) [ [ Phuhe’+ [ [ V(@) V(Phw) = (Phun Phuy), (P PR |
0 Q 0 Q

Using that
Plw” — w” in L2((0,T), L*(Q)),
V(Plw) — Vw in L2((0,7), L%(Q?)),
(Phw, Phu’)(0) — (w(0),w'(0)  inL3(Q) x L),
| (PQw, PYw')(T) — (w(T),w'(T))  inL3(Q) x L3(Q)
and
( POup, —u in L2((0,T), L*(Q)),
V(Piup) = Vu in L2((0,T), L*(Q?)),

(Pun, Puf)(0) = (u(0),w/(0))  in L2(Q) x LA(Q),
(Pup PYuf ) (T) — (u(T)./(T))  inL2(Q) x LA(Q)

\

we obtain that the limit u satisfies

(6.13) /OT/Quw"—I—/OT/QVu-Vw: <(u,u’),(w,w')>z

for any function w € C?([0,T], H}(2)). This shows that u is a solution of the homogenous
wave equation on €.

Under the assumption of strong convergence of the initial data (u%, u}l), this together with
the conservation of the energy, gives us that

[

Thus all the above weak convergences hold in the strong topology as well. (|

T
Phun(®)3 0y + IPRh 0320y |t — /0 [18)1243 ) + 0 (8) 32y .
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6.3. Convergence of the normal derivatives. In this subsection we prove that the in-
terpolated discrete normal derivatives Pgr(@f{uh) converge to the continuous one 9,,u, where

P&F is the piecewise constant interpolator on the boundary I',.

Proposition 6.2. Let {up(t)}n be a family of solutions of (5.3) satisfying (6.3). Let u be
any solution of (1.6) obtained as limit when h — 0 as in the statement of Proposition [6.1.
Then

(6.14) ng(ahuh) — Opu weakly in L*((0,T) x T).

Moreover, if the family {Uh}h>0 is such that Plupn(0) — u® in HY(Q) and PYu} (0) — ul
in L*(Q) for some (u®,u') € H'(Q) x L2(Q) then the above convergences hold in the strong
topologies.

Proof. For any functions u € G such that U, = 0 and w € G", explicit computations give
us
N

(6.15) / (Apw)wdQy +h* > (Viu)je(Viiw) e =
Qp, j, k=0
.]7
N N
= h? Z Ah,u jk;wjk + h? Z VJF Jk(v+ )]k -
Jk=1 k=0
N N
= = (ungWni1k + Y1rwor) — (U NW N1 + Uj1wj )
k=1 J=1
= [ (8"u)wdl,.
'y

Let us choose w € C%([0,7] x Q). Applying identity (6.15) to the solution uj, of equation
(5.3) and w|g, we find that

N

/0 /Q a0t + 12 S (V) (Vi) = (), (w0, )|

7,k=0

T

0

+/ (0" up)wdly,.
I

Rewriting the above identity in terms of the interpolators P% and P,l1 we get

T T T
[ [ PruPhu+ [ [ 9@l V@hw) = (Phun P, (PR Phu) |
T
- / / Pl 0 (00uy,)P( pwdldt.
r

Using that solution u of problem (1.3) satisfies

T T
/ /uw”d:vdt+/ /Vu Vw = ((u,u), (w, w)>‘0 +/ /3nuwdfdt
0 T

for all w € L%((0,T), H(Q)) with w” € L?((0,T), L*(2)), and the convergences for PYuy,
P}Luh and P? wup, given by Proposition 6.1, we obtain that

(6.16) / /P (O, wdth—>/ /8 uwdl'dt.



CONVERGENCE OF A TWO-GRID ALGORITHM 25

This shows that
P&F(@guh) — O,u weakly on L*((0,T) x I).
The proof of the strong convergence is more subtle. For any ¢ > 0 we can choose smooth
functions (a°,a') € H2(Q) x H'(Q)) such that ||a° — UOHHI(Q) <eand ||a' — u1||L2(Q) <e.
We denote by (@, ) the approximations of (@, @!). In this case the discrete solutions
(@n,uy,) of equation (5.3) are smooth enough to guarantee that P&F(agﬁh) is compact in
L?((0,T) x T), and thus

(6.17) PO (Okiy) — Opt in L2((0,T) x I).

Denoting @ = u — @, @, = up, — G5, and using that the energy on the boundary is controlled
by the total energy both in the discrete and continuous setting we have

(6.18) IPo.0 (00|l L2 ((0.m)xr) < C(T)E (in) < C(T)e
and
(6.19) 10nill 1207y x) < C(T)E(H) < C(T)e.

Using now (6.17), (6.18) and (6.19) we obtain the strong convergence of Pg (0% uy,) towards
Opu in L*((0,T) x T). O

7. CONVERGENCE OF THE CONTROLLED PROBLEM

Concerning the convergence of the semidiscrete control of (1.5) we prove the following
result.

Theorem 7.1. Let (y°,y') € L3(Q) x H~Y() and (v}, y}) be such that
(7.1) PYy) — o0 in L*(Q), P,:ly,ll — gyt in H7H(Q).
Then for any T > 4 the solution (yn,y;,) and its partial controls vy, given by Theorem 5.1
satisfy
Phyn =y in L((0,T), L*(Q)), (Phyn) =y in L=(0,T], H™'(2))
and
P pop — v in L*([0,T), L*(T)),
where (y,y;) solves (1.1), with the limit control v, and satisfies (1.2). The limit control v is
given by
v = 0yu” on Iy,
where u* is solution of the adjoint system
u—Au=0 in 2 x (0,7),
(7.2) u=0 onI'x (0,7),
U(T7 I’) = ’UJO(.%‘), ut(T7$) = ul(l‘) in Qa
with data (u%*,ul*) € HE(Q) x L?() minimizing the functional
1

T
(7.3 Ty =5 [ [ ol (). ()

in HE(Q) x L*(1).
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Proof. Step I. Weak convergence of v;,. Theorem 5.1 gives us the function v, = 8211;: (1),
that depends on (y)),y}) and satisfies (5.1). Recall that uj solves (5.3) with final state
(ug*, u}b*) € V" x V" minimizing the function Jj.

Moreover, as a consequence of the observability inequality (3.6), we have

w Mo < COOus N L20.1yxr0) < CT)(Nyhllon + w2l -10) < C(T).

In these conditions, Proposition 6.1 guarantees the existence of a function u* that solves (1.3))
and, in addition,

P&th(t) = P&F(@Zu}i) — 9pu* weakly in L2((0,T) x T'g) as h — 0.

0,%
||Uh

Step II. Weak convergence of y;. Let us now consider equation (1.5) with initial data
(y9,yi) and vy, as above. Then for any solution uy, of the adjoint problem (5.3), the following
holds for all 0 < s < T

(7.4) / /F 00 (dDont + ((yn,31), (i)} = 0.

Thus, in view of the direct inequality (2.10) and the conservation of the energy applied to
up, we get, for any s < T', that

[{(yn (), yn (), (s up dnl < (s ) (wn(0), u, (0)nl
ol L2 (0.7 x o) |08t | L2 (0.7 x P
< C(T)(Ilyhllon + llynll—1n) Nlunlln + lugllon)-
This means that for any 0 < s < T the following holds:
(7.5) 1yn(s)llon + [lyn(s) -1, < C.
Using this estimate we claim the existence of a positive constant such that

IPYynll Lo 0,1, 22(02)) < C,

(7.6)
PPyl oo 0,17, H-1(02)) < C
and
1P ynll oo (0.1, 2(0)) < C
(7.7) 1P il e 0.2, -1 (2)) < C

1P, 2oy, m-2(0)) < C-

The first four properties follow by the definition of the interpolators and property (7.5).
The last estimate follows by using that y; solves the discrete wave equation:

I(=2)P)(=An) " il 20,77, H-2(0)

1P, il 2o (0,7, H-2(9)
I(=An) " Yill 207, 2202

lyrll 20,1, L2(02)) + lynllL2o,m), L2(rp))
C + [lvnllz2jo,m, £2(ron)) < 2C.

(VAN VARRVAN

Lemma 6.1 gives us that

IPhyn — Py wnll 2oy, -10)) < W lynllon — 0
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as h — 0. Using estimates (7.6) and (7.7) we obtain the existence of a function y €
Wheo((0,T), H 1(Q)) such that, up to a subsequence,

ngh —y in H1(07T),H_1(Q))7
(7.8)
P, 'y, =y in L%*0,T), H-Y(Q)).

Estimates (7.6) show that (see [27], Corollary 1), up to a subsequence, PYy, — y in
C([0,T), H1(2)). In particular Py (0) — y(0) in H~1(). Using that P9y (0) is uniformly
bounded in L%(2) we get Py, (0) — y(0)in L*(Q2) and, by (7.1), we obtain y(0) = y°.

The last two estimates of (7.7) show that (see [27], Corollary 1), up to a subsequence,
P, 'y, — y strongly in C([0,T], H~2(R)). In particular P; 'y} (0) — ¥/(0) in H%(Q)).
Using that P} 'y} (0) is uniformly bounded in H—(Q2) we get P, 'y} (0) — v'(0)in H~1(Q)
and, by (7.1), we obtain ¢/(0) = y'.

Let us choose (u®,ul) € HE(Q) x L?(2) as final state in the adjoint equation (7.2). We
choose (ul),u}) in the adjoint discrete system (5.3) such that Pju) — u® in H}(Q) and
P%u}L — u! in L?(Q). In view of Proposition 6.1 we have the following strong convergence
properties

)
)

where u is the solution of equation (1.3) with final states (u°,u!).
We write (7.4) as follows

* P" 0r PP (8"u Ydod Pour P=Yu/) (Plur PO/ s
o Jr 0,r'Vh o,r( up)dodt + (Pryn, h Yn)s (Prun, Pruy)) 0—0-
0

7o) Plup —u in L%([0,T], H (),
' POul, — ' in  L2([0,T], L*(Q)),

Using that P%yh — gy weakly in L2((0,T), L*(Q)) and P;lyg — ¢/ weakly in L2((0,T), H~1(Q2))
and letting h — 0 we obtain

/ Opu* Opudadt + ((y, ), (u,u'))p, Z =0,Vs<T,
0 JI'g

where u is solution of problem (7.2) with final state (u®,u!). Thus y is a solution by trans-
position of (1.1) with control v = 9, u*.

Step III. Final time control requirement. We prove that (1.2) holds. We consider the
case of y(T') the other case being similar. Since (yx(T),wp,)n = 0 for all functions wy, € V*
we obtain that

/ Pyn(T)PYwydx = 0 for all h > 0.
Q

Using that Py, (T) — y(T) strongly in L?(2) and that P) (V") is dense in L?(Q2) we get

(Awnwm:o

for all functions w € L?(€2). Thus y(T) = 0.

Finally, using the uniqueness results for problem (1.1) we obtain that the control v obtained
before satisfies v = 0,,u* where u* is the solution of problem (7.2) with final state (u*9, u*?!)
minimizing functional (7.3)).

0
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8. CONCLUDING REMARKS

In this article we have developed a quite systematic approach to prove the convergence of the
controls obtained by two-grid methods. The key ingredient is to use the dyadic decomposition
argument to reduce the problem of observability to that of dealing with low frequency solutions
in which the high frequency components have been filtered. The method we propose works
on regular meshes, both for finite differences and finite elements and can be also adapted to
fully discrete approximation schemes.

In the following we comment about how it can be used or improved and what are its
limitations.

e Other models. The proof of the observability for filtered solutions has been the ob-
ject of several works, not only for the wave equation [11], [28], but also for Schrodinger
equations [18] and beam equations [14], among others. The method we have used here
can be applied to these conservative systems too.

e Other control mechanisms. This article has been devoted to the problem of bound-
ary observability. But, in fact, the method we develop applies in a much more general
context, and, in particular, in the problem of internal observability for which the
measurement on solutions is done in an open subset w of the domain 2.

e Control of nonlinear wave equations. In the case of nonlinear problems in dimen-
sion one, in [30] the convergence of the two-grid algorithm was proved for semilinear
wave equations with globally Lipschitz nonlinearities. The combination of the meth-
ods of this paper and [30] yield the same result in the multidimensional case too.

e Fully discrete schemes. In this article we have analyzed semidiscrete models but
the same analysis of uniform observability could be performed on fully discrete dis-
cretizations of the wave equation. In the one dimensional case these models have been
studied in [21] under a special assumption on the time and space steps At = Az and
in [23] for general meshes using discrete versions of Ingham’s inequalities. Combin-
ing our techniques with those of [23] the same results of the convergence of two-grid
methods can be proved for fully discrete approximation schemes.

e More general meshes. However, the method presented here has its limitations.
We used intensively Fourier analysis techniques, which is not available for irregular
meshes, that require of further developments.

e Meshes with ratio m/n. The two-grid method we proposed here had a mesh-ratio
of the form 1/p. One could expect the uniform observability to hold in 1-d for any
mesh-ratio m/n < 1, in the multidimensional case, when m/n < 1/2. The only
difficulty for doing that is to prove a result similar to Lemma 3.1 for all the functions
in the image of HZ/ thh. As far as we know, these are open problems.

e Other boundary conditions. In the proof we use the so-called direct inequality
whose analogue fails for other closely related problems, as the boundary control of the
wave equation with Neumann boundary conditions.

e Spectral conditions for observability. In recent works Tucsnak [25], Miller [20]
(see also Russell and Weiss [26]), the authors give a spectral condition which guar-
antees the observability for infinite dimensional conservative systems. This type of
condition generalize the Hautus test for finite dimensional systems to infinitely dimen-
sional ones. It would be interesting to see if these spectral methods can be adapted in
order to guarantee uniform observability results for numerical methods based on the
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two-grid method. The main difficulty in applying these results is due to the fact that
the space V" of two-grid data is not invariant under the semidiscrete wave flow.

APPENDIX A. PROOF OF LEMMA 4.1

In this Appendix we prove Lemma/4.1. The main ingredient is the following lemma inspired
in ideas of [12], [2] and adapted to our context. In the sequel X denotes the space LP (2, du),
where 1 is a Borel measure and p(€) < oo.

Lemma A.1. Let be ¢ > 1, T > 0, P € C*(R) and (Py)r>o as in (4.1). Also let ¢ €
C3°(0,T) and 1p € L>®(R) be satisfying v = 1 on (0,T). There exists a positive constant
C=C(T,p,, P) such that

(A1) / () Pa(aw) () [t < 2 / () PLw) Ot + e sup [l

holds for all w € L} (R, X) and for all k > 0.

Proof of Lemma!A.1. We denote I; = [IT, (I +1)T) and w; = 1;,w. We claim the existence of
a positive constant C'(P) such that for all ¢ € C§°(R) and | € Z with dist(f;, supp(p)) > 0
the following holds:

1/2,.~k
(A.2) sup [lo(t) Pe(wn)x < 2T

X< [l Lo () sup lwi | L2 r x)
t€[0,7) dist(1;, supp(y))? leZ L2(R,X)

uniformly for all £ > 0.
Using estimate (A.2)) we will prove the existence of a positive constant C = C(T, ¢, v, P)
such that

(A.3) sup | (t) (Pr(w) — Pr(yw))(t)llx < Cc™" sup |lwil| L2, x)-
t€[0,T] l€Z

Then, (A.1) will be a consequence of Minkowsky’s and Cauchy’s inequality:

/ () Pu(uw) (8) 3t < 2 / lp(t) P (o) () e + 2 / o) P (w0 — ) ()t

<9 / () Pu(w) (8) [3cdt + 2T sup [|o(t)(Pelw — ) (8) 1%
R te[0,7

<9 /R () Pelin) Ot + O™ sup [ Fae, .
S

Step I. Proof of (A.2). The definition of the projector Py and integration by parts give
us

PO Puwn)(t) = / / 7= P(c ) () (s)dsdr

[ [ ertope e O
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Thus, for any t in the support of ¢ we have dist(supp(¢),f;) > 0 and by Minkowsky’s
inequality yields

eOP Ol < Hlelem [ @RI nar [ L,

ol oo m)
(dist(supp(¢p), I))? /RT (@-P)(rldr /11 lron(s)llxcds.

T2e* ||| poo () 1/2
i 9zP)( dT< wi(s)|3 ds) :
(dist(supp(¢), I;))? /RT |(07P)(7)| f [Jwi(s) I

Step IL. Proof of (A.3). Observe that on Iy, w = wy. This yields the following
decomposition of the difference Py(w) — Py (yw):

(A4) Py(w) — Pe(w) = > Pr(w; — = Pby),
li>1 11>1

with b; = w; — (Yw);. Let us choose 6 > 0 such that ¢ is supported on (3,7 — §). Thus
for all |I] > 2, the function b; satisfies dist(supp(y¢),l;) > T(|l|] — 1). Also, for || =
dist(supp(p), I;) > J. By (A.2) we obtain

ma ’” 2 2)

(A.5) sup [lo(t) Pe(b) ()| x < C(PYT"2c™¥[|ip|| ooy sup [[bul r2r, x)
teR leZ 5%1 ’” — 1.

By (A.4) and (A.5) we obtain the existence of a constant C' = C (T, ¢, ¢, P) such that for
any t € [0,7] the following holds

() [Pr(w) — Pe(gw)]llx < D () Pe(br) |l x < Cc™ SUPHblHL?(Rx
l[>1

< Cc " sup |Jwl| p2(r, x)-
lez

The proof is now complete. U

Proof of Lemma 4.1. Let us choose a function ¢ € C§°(0,T) such that |p| <1 and ¢ =1 on
[20, T — 24]. Applying Lemma A.1/ to the function w and 1 = 1(¢ 1y, we obtain the existence
of a positive constant C'(0,T, P) such that

T—26
/2 Pl < /R | Pu(uw) |3t

C(0,T,P)
< 2/R<p2\Pk(W)H%<dt t—= sup HwH%%(lT,(H—l)T),X)'

Summing all these inequalities we get

T2 ( P)
Z/ | Prwl|5cdt < 2 Z /@ [P (ypw) |13 dt + ——5—= SugHWH%%(ZT,(ZH)T),X)-

k>ko k>ko

In the following we prove the existence of a positive constant C(P, ¢) such that

T
> [ FIPwn)iar < cpe) [ o)

k>0
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Observe that any real number 7 belongs either to a finite number of intervals of the form
(+ac®, £bc¥) or to none of them. Then there is a positive constant C(P, c) such that

(A.6) sup Z PY(c*r) < C(P,c).
TER k>0

Applying Plancherel’s identity in the time variable we obtain

Z/ )| Pe(pw) (1) 5 dt < 1@l F ooz Z/ 1P () (2) |kt

k>0 k>0

= el Y- [ P D0 (r) e

k>0

< Iplfeqay sup 3 PP /R |G| %dr

TE k>0

T
< C(P,0) @) /R (W) (1) 3t = C(P, )02 / ()| .

APPENDIX B. SPECTRAL ANALYSIS OF V-FUNCTIONS

In this Section we analyze the H;j (€5)-norms of the functions belonging to VI ie. the
space of functions defined on the fine grid as a linear interpolation of the functions defined
on the coarse one, and we prove Lemma 3.1. We will consider periodic discrete functions
defined on the grid xg = 0,21 = h, -+ = zoy4+1 = (2N + 1)h = 2 instead of vanishing at the
boundary, but all the results also apply to this case.

We first obtain in the following Lemma a description of the Fourier coefficients v(j) of a
periodic function v € V" and then prove Lemma 3.1.

Lemma B.1. Let p > 2, N, N positive integers such that 2N = pN, h = 2/(2N +1) and the
discrete function v(pk), k € Ag. Then the discrete function u(k), k € Aoy, obtained from
the linear interpolation of v, u = P,llv, has the Fourier coefficients satisfying

d p—1
) = 0 T (ot 52 Y B0, 5 = )
1 k=0

=

In particular for any j

—ipmjrh _ 1|2
(B.1) [aG)l =~ p~[0(j)

—m—gT

Proof. We will analyze the one-dimensional case. Iterating the same argument in each space
direction the same holds in several space dimensions. In this case, we write in an explicit
manner the function wu:

= Jolkp) +jolk T Vp) o § 10, p—1.
p

u(kp+j) =
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1 T 1

0.9r 1 0.9r

0.81 1 08r

0.7r 1 071

0.61 1 06

0.51 4 0.5

0.4r 1 04r

0.31 1 03r

0.21 1 02p

0.1r 1 0.1F
0 : 0 !
-N 0 N -N —2N/3 0 2N/3 N
1 T T T 1

0.9r 1 0.9r

0.81 1 0.8r

0.7r 1 07r

0.61 1 0.6

0.51 4 0.5r

0.4r 1 04r

0.31 4 03r

0.21 1 02p

0.1r 1 01r
0 : 0 !
-N -N/2 0 N/2 N -N —2N/3 -N/3 0 N/3 2N/3 N

FiGURE 7. The multiplicative factors generated by the two-grid algorithm
with mesh-sizes ratio 1/2, 1/3, 1/4, 1/6 respectively.

The k-th Fourier coefficient of u is given by

2N
U(j)=hY uje ™M p=—-N
k=0

Explicit computation give us:

N 1

2
—
I
—

"?
L

p

aG) =h > ey 4y o—inilkpryn (P = 1)V (kp) + ru((k + 1)p)
k=0 r=0 k=0 r=0 P
b N-1 p—1 p—l
_n e—iwjkphv(kp) < Z e—2i7rj'rh(p B ’I") + Z eiﬂj(P—T)hT>
p k=0 r=0 r=0
pml
=m0 (p 3o e
r=0
In particular
e*ipjﬂ'h -1 2

[a(5)| = p~?5(5)]

e—imjh _ 1
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Proof of Lemma|3.1. Using that for anyj with [|j|eo S N/p we have
—ipmjrh _ 1
72d H

~y
e—imirh _ 1 ~ 1

we get

1 /.
1T Pulde =~ Y AFEEG)
We split the Hj norm of u as follows:

lullf, = Z A (h *“H

13l

d
<p ST EmREGLPr Y W]

exp —zpﬂ']?«h) —1/

P

exp(—imj.h) — 1

ex ( ipmjrh) — 1*

9(3)[>
lilleo<N/p N/p< il <N o | exp(=imjrh) —1
d
PN —2s eXp mer)—l .
N SRR D SRS | e el R
lllc<N/p N/p<|ljlloo <N r=1 r

< c(p,d)(L1 + I2).
We prove that for any j with N/p < ||j|lcc < N the following holds:

Il

r=1

4 d

<> |exp(—ipmjph) — 117,
r=1

exp(—ipmjrh) — 1
exp(—imj.h) — 1

Let us suppose that j1 = ||j|jcc > N/p. Thus |exp(—imjih) — 1| > ¢y > 0 with ¢y independent
of h. Using that the following inequality

e” P 1
e~ —1

<
holds for any & € (—m, ), we obtain that

exp(—ipmjih) — 1
exp(—imjih) — 1

d . . 4
I eXp(—merh)—l‘ < i

4
< d —ipmjrh) — 1|
exp(—imj,h) — 1 ‘ < c(p, d)| exp(—ipmjih) — 1|

r=1
C(p7 da S)| exp(_ipﬂ-jlh) - 1|28
provided that s < 2.
Then, using the periodicity of the coefficients v(j) and of exp( iprjrh), we get

I < C(p)da S) Z ’6(.]”22

exp(—ipmj.h) — 17

N/p<|ljllcc <N r=1 h
d . . 2s
— - Delpds) Y Y[R
lilloo <N/p r=1
d .. 2s
pds) S PEES[ERETEN LT 0 ST ARG
lillcc <N/p r=1 [lillco <N/p
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The proof is now complete. ]
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