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DANIEL GRIESER

ABSTRACT. Let (Ge)e>o0 be a family of ’e-thin’ Riemannian manifolds modeled
on a finite metric graph G, for example, the e-neighborhood of an embedding
of G in some Euclidean space with straight edges. We study the asymptotic
behavior of the spectrum of the Laplace-Beltrami operator on G as € — 0, for
various boundary conditions. We obtain complete asymptotic expansions for
the kth eigenvalue and the eigenfunctions, uniformly for k < Ce~!, in terms of
scattering data on a non-compact limit space. We then use this to determine
the quantum graph which is to be regarded as the limit object, in a spectral
sense, of the family (G¢).

Our method is a direct construction of approximate eigenfunctions from
the scattering and graph data, and use of a priori estimates to show that all
eigenfunctions are obtained in this way.
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1. INTRODUCTION

Consider a graph G with a finite number of vertices and edges embedded in R™
with straight edges. For € > 0 let G. be the set of points of distance at most ¢ from
G. For small ¢, G. 'looks almost like’ GG; in other words, the one-dimensional object
G should be considered as a good model for G, and so one expects many physical
and analytical properties of G¢ to be understandable, in an approximate sense,
by corresponding properties of G. The property we analyze in this light here is
the spectrum of the Laplacian, under various boundary conditions. For motivation
from physics, see for example [13].

This problem has received some attention in the last decade. The case of Neu-
mann boundary conditions was analyzed at various levels of generality in [4], [6],
[15], [21], [B], where it was shown that for each k& € N the kth eigenvalue of the
Neumann Laplacian on G, converges, as ¢ — 0, to the kth eigenvalue of the second
derivative operator on the union of the edges of G, where at the vertices so-called
Kirchhoff boundary conditions are imposed. The question of what the correspond-
ing limiting behavior is for other, for example Dirichlet, boundary conditions was
characterized as 'very difficult’ in [5] and remained open until some partial progress
was made recently, see Section [[4]

In this paper we solve this problem for a general mixed boundary problem,
where we impose Dirichlet boundary conditions on one part of the boundary and
Neumann conditions on the rest. Other boundary conditions, for example Robin,
are also possible. Instead of the setting of an embedded graph described above,
we consider the more general, and mathematically more natural, situation of a
shrinking family of Riemannian manifolds modeled on the graph: We now consider
G as an abstract metric graph, that is, for each edge e a positive number [, (to
be thought of as half the edge length) is given. In addition, we have geometric
data: For each edge e an (n — 1)-dimensional Riemannian manifold Ye, and for
each edge v an n-dimensional Riemannian manifold X,; all these manifolds are
compact and may have a piecewise smooth boundary; also, for each edge e incident
to a vertex v (denoted e ~ v), we are given an identification (gluing map) of Y,
with a subset of the boundary of X,, without overlaps. Then G. is defined by
gluing cylinders of length 2, and cross section €Y. (the factor denotes a rescaling
of the metric) to X, for all pairs e ~ v. Also given are subsets D and N of the
boundaries of each X, and Y., which yield corresponding subsets of G¢ (or, for
Robin conditions, similar data). We investigate the Laplace-Beltrami operator on
G, where Dirichlet boundary conditions are imposed on D and Neumann conditions
on N. We suppose sufficient regularity of the boundary and the D/N decomposition
so that this problem has discrete spectrum.

Besides the e-neighborhoods mentioned before this manifold setting includes the
case of the boundary of the e-neighborhood of G (in this case, G itself has no
boundary). Our results imply the following theorem.

Theorem 1. Let p1(e) < pa(e) < ... be the eigenvalues of the Laplacian on G,
with the given boundary conditions, repeated according to their multiplicity.

For each edge e, let ve be the smallest eigenvalue of —A on Y., with the given
boundary conditions, and let v = min, v,.



SPECTRA OF GRAPH NEIGHBORHOODS AND SCATTERING 3

There are numbers D € Ng, 0 < 11 < < ...<1mp <vand 0 < b < by <
- — 00 So that fore — 0

(1) px(e) = e, + O(e™/9), k=1,....,D
(2) pr(e) = e v +by_p + O(e), k> D

In fact, we obtain much more precise information: complete asymptotics up to
errors of the form O(e~%¢) also in the case k& > D, uniform estimates not only for
fixed k but also for k£ on the order of e~! as well as detailed information on the
eigenfunctions, see the theorems below.

For Theorem [ to be meaningful it is essential to identify the numbers 75 and by,
in terms of the given data. We do this in two steps: First, we give general formulas
identifying these numbers in terms of scattering data of an associated non-compact
n-dimensional limiting problem. Second, we analyze how this scattering data can
be obtained from the given data. It turns out that in this second step the situation
of general boundary conditions carries some essential new features compared to
Neumann boundary conditions: while in this case one has D = 0 and the by are
determined by the graph and the edge lengths alone (that is, independent of the
manifolds X, Y ), in general D > 0 and the 75, and by, depend also on transcendental
analytic information involving the manifolds X, and Y: The 74 are L?-eigenvalues
in the afore-mentioned limit problem, and the by are eigenvalues of a quantum
graph whose vertex boundary conditions involve the scattering matrix of that limit
problem, see Theorems [2 and [3

1.1. Main results. We now state our results more precisely. Because of the diver-
gence in (), (@) it is more convenient, and for a proper understanding it turns out
to be essential, to rescale the problem: We multiply all lengths by e~!. We denote

N:=c1 XF:=¢'G.

This rescales the eigenvalues by the factor e2. In XJ, the vertex manifolds and

the cross sections of the edges are independent of N while the lengths of the edges
are 2N, and we are interested in the limit N — oco. Central to the analysis is the
limit object, to be thought of as limy 0o X&,

(3) X>*:=| )X (disjoint union)

where the ’star’ X$° of a vertex v of G is obtained by attaching a half infinite
cylinder [0,00) X Y. to the vertex manifold X,, for each edge e incident to v, see
Figure [l Denote by Y the cross-section for X°, i.e. the disjoint union of the Y,
each one appearing twice (once for each endpoint). The graph structure is encoded
by amap o : Y — Y which toggles the two copies of Y, for each edge e. See Section
for precise definitions.

Since X is a non-compact space, the spectrum of the Laplacian —Axe (with
corresponding boundary conditions) is no longer discrete. Its spectral theory is
obtained via scattering theory, that is, one considers it as compact perturbation of
[0,00) x Y, the disjoint union of the edge cylinders. Let v < v1 be the smallest
and second smallest eigenvalue of the Laplacian of Y and let V' be the eigenspace
corresponding to v. The absolutely continuous spectrum of —Axo is [v,00). To
each A = v+ a? € [v,11) is associated the scattering matrix S(a), a linear map
V' — V depending holomorphically on «, and to each ¢ € V a scattering solution
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FiGure 1. The setup: Xév and X°

(generalized eigenfunction) F, ,. These are the main objects of scattering theory.
In addition, —Axe may have discrete spectrum (L2-eigenvalues).

We also have linear maps L,o : V — V where L encodes the edge lengths (it
equals [.Id on the subspace of V' corresponding to the edge e) and o is induced
by the graph structure map above. The maps ¢ and S(0) are involutions on V, so
they have only the eigenvalues +1.

We need the following data derived from the spectral data of —A xe:

e The L2-eigenvalues 7{ < 74 < ... < 7 < 11 of —Ax«, with eigenspaces
E,...,&4 C Lz(XOO);

e the space Py := Ker(Id — o) N Ker(Id — S(0)) C V.

e the spaces P, := Ker(Id — ¢**?£58(0)) C V for z > 0. This is non-zero for
a discrete set

(4) 0<2z <2 <... thezeroesof f(z) = det(Id — e**?*£5.5(0))
e for each i € N, pairwise different holomorphic functions Z/ (), p=1,...,1;
with r; € N, defined on C\ {a € R: |a| > 11} and with
(5) Zf(O) = Zi
for each p, and holomorphically varying subspaces P C V with @;;1 PL(0) =
P..,.

The Z! and P! arise from a bifurcation analysis of Ker(Id — e***L0S(a)), see
Theorem [TH

Theorem 2 (Main Theorem). Denote by —Axx the Laplace-Beltrami operator
on Xév, with the given boundary conditions. For any Amax < v1 there are ¢, Nog > 0
such that for N > Ny the spectrum of —Axy in [0, Amax] consists of (counting
multiplicities)

a) dim &, many eigenvalues of the form 7, + O(e™N), forp=1,....d,

b) dim Py many eigenvalues of the form v 4+ O(e= V),

¢) dim P’ many eigenvalues of the form

(6) v+ 32 with B = %Z{’(%) +O(e™N)

for each i €N and p=1,...,r; for which v+ 3% < Anax-
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The constants ¢, Ng and the constants in the big O only depend on the spectral data
of Axee. In particular, the asymptotics are uniform for eigenvalues < Amax.

In terms of e = N~! (@) gives an eigenvalue u = v + &2z + O(¢?) by (@), so
this implies Theorem [I} take D = Zﬁ;l dim &, with d' = max{p : 7, < v}; the
Tk are the TZ/) repeated dim &, times; and the by are 0 repeated dim Py times, and
the numbers 2?7 repeated dim P; many times. The 7, with p > d’ are invisible in
Theorem [I] since there k is fixed as ¢ — 0.

Theorem [2] also describes eigenvalue pg with & — 0o as € — 0. We determine
the permitted range of k. From ux = v + 5221-2 + 0(53) < Amax One obtains £z; <
VAmax — v + O(g), and the Weyl asymptotics for the z;, see Proposition [[3] show
that this is equivalent to

(7) k< 54%\/)\111% —v+0(1).

See Theorem [16] for a more explicit description of eigenvalues with § close to some
Bo > 0.

We can also describe the eigenfunctions in terms of the scattering solutions and
of the eigenfunctions in &,, with exponentially small errors, see Theorems 21]
and 24] and Corollary 23] for precise statements.

The restriction Ayax < 1 is made to keep the exposition at a reasonable length.
Our methods are such that a generalization to higher eigenvalues, taking into ac-
count several thresholds, should be fairly straightforward.

To identify the numbers by, in Theorem [Il in terms of the data, we recall that a
quantum graph is given by a metric graph (G with the edge lengths 2l.) together
with a self-adjoint realization of the operator —d?/d¢? acting on functions defined
on the disjoint union of the edges, where £ is a variable along each edge, measuring
length; such a self-adjoint extension is given by boundary conditions at the vertices.
We state the boundary conditions obtained in our setting. Denote by

N := ker(Ay, +v)

the eigenspace for v of the Laplacian on the cross section for an edge e. For
each vertex v let V, = @,_, Ne, then clearly V = @, V, corresponding to the
decomposition [B]). Also, the scattering matrix S(«a) is the direct sum of scattering
matrices S, (a) : V,, = V,,. For each vertex v, S,(0) is an involution on V,,. Denote
by u. the restriction of a function on G to the edge e, and by 9, u.(v) its inward
normal derivative at the endpoint v of e.

Theorem 3. The numbers by, in @) are the eigenvalues of the operator —d?/d&>
on the metric graph G with edge lengths 2l., defined on the space of functions u
which on each edge e are smooth and take values in N, and which at each vertex v
satisfy the boundary conditions

(8) (e(0))emn € (+1)  eigenspace of 5, (0)
(9) (anue(v))efvv € (_1) - eigenspace Of SU(O)
Remarks.

(1) If, for some edge e, the lowest eigenvalue on Y. is bigger than v, then
N. = {0}, so u. has to be identically zero, which means that the edge e
may be omitted from G. In other words, only the ’thickest’ edges contribute
substantially to the eigenvalue g (g), for small €.
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(2) If Y. is connected then N, is one-dimensional, so it can be identified with
C. But in general there is no canonical eigenfunction, so this identification
is not canonical. However, if all Y. are the same connected Riemannian
manifold (for example, in the case of an e-neighborhood of an embedded
graph, where they are balls) one may choose the same basis element in each
N, so one may think of u as a complex valued function and V, = CIe&(®)
where deg(v) is the degree of v.

(8) Two special cases deserve to be mentioned:

e Dirichlet conditions at the vertex v correspond to S,(0) = —Id. In
particular, if S(0) = —Id then the limit quantum graph is completely
decoupled (Dirichlet boundary value problem on each edge separately,
without interaction between edges).

e If all N, are identified with C and S,(0) has (+1)-eigenspace spanned
by the vector (1,1,...,1) then @) says that u is continuous at v and
@) (which is equivalent to (Opue(v))emy L (1,...,1)) that the sum of
normal derivatives of the ue vanishes at v. This is often called the
’Kirchhoff boundary condition’.

(4) Theorems[l and[3 show clearly the two ingredients that determine the lead-
ing behavior of eigenvalues:

o The determination of S(0) and of the L*-eigenvalues Ty is a tran-
scendental problem, depending on the vertex and edge manifolds (for
example, in the situation of the e-neighborhood of an embedding, the
angle at which edges meet).

e Given S(0), the by are determined solely by the combinatorics of the
underlying metric graph.

In the special case of pure Neumann boundary conditions and of Dirichlet
conditions with ’small’ vertex manifolds the leading behavior of eigenvalues
is determined by the metric graph alone, see Theorem [23. That is, it is
independent of the manifolds X,,Y.. This may be seen as reason why the
general case is harder to analyze. These cases were known previously, see
[15], 210, [5] and [20].

It is known that 'usually’ (for example in the embedded situation) there
are L?-eigenvalues T < v, so they can not be neglected. See, for example,
221, 2.

Using Theorem Bl one can show that for generic geometric data (for example, an
open dense set of Riemannian metrics on the vertex and edge manifolds) one has
S(0) = —Id, that is decoupled Dirichlet conditions for the quantum graph at all
vertices. This will be pursued in a separate paper.

1.2. Outline of the proof of the Main Theorem. We now give an outline of
the proof of Theorem 2] where for simplicity we assume that all [, = 1: Let = be a
coordinate on the cylindrical part of X* and of X%, measuring length along the
cylinder axis (going from 0 to N from both ends of the cylinder axis).

The proof consists of two steps: First, we use the spectral data on X°° to con-
struct approximate eigenfunctions on X g for large N and conclude the existence of
eigenvalues and eigenfunctions as claimed. Second, we show that all eigenfunctions
on X% are obtained this way.

For clarity we assume in this outline that all multiplicities (i.e. dimensions of &,
and P,) are equal to one and that 7, < v for all p (no embedded eigenvalues). We



SPECTRA OF GRAPH NEIGHBORHOODS AND SCATTERING 7

will call a quantity 'very small’ if it is exponentially small as N — oo, i.e. O(e™N)
for some ¢ > 0.

Throughout, eigenvalues on Xg will be denoted p, with u = v+ 2 if p > v,
and spectral values for X by A\, with A =v +a? if A > v.

Case I: Eigenvalues u < v — ¢: Here, everything is quite straightforward.

First step: If U is an eigenfunction on X*° with eigenvalue A = 7, < v
then U decreases exponentially in . So if we simply cut off U smoothly
near x = NN, making it zero near x = N, then we get a function on Xév
which satisfies the eigenfunction equation up to a very small error. A
simple spectral approximation lemma, Lemma [l shows that —A XX has
an eigenvalue very close to A. A spectral gap argument gives a similar
approximation for the eigenfunction.

Second step: This procedure can be reversed: If u is an eigenfunction on X g
with eigenvalue p < v — ¢ then it decreases exponentially in z, so cutting
it off near z = N yields a function on X which satisfies the eigenfunction
equation up to a very small error. Since —Ax« has purely discrete spec-
trum near pu, it follows by the spectral approximation lemma that it has
an eigenvalue very close to u. Therefore, there can be no eigenfunctions on
Xév in addition to those constructed in the first step.

Case II: Eigenvalues p € (v + e N Apax]: A basic observation is that any
eigenfunction u on X% or generalized eigenfunction on X°° with eigenvalue A €
(v,v1) can on the cylindrical part be written as ITu + II+u, where Iu, called the
leading part, is the first mode in the Y-direction. ITu is of the form

(10)

Hu=e 4%, o eV, a=vVA-v

and ITtw is exponentially decreasing in x.

First step: The scattering solutions £ = F, , have leading part of the
form (I0) with ¢» = S(a)p. Since IIE is not decaying as © — oo, we should
only cut off II+E near z = N, in order to obtain a small error term when
constructing an approximate eigenfunction on Xév from E. Therefore, we
must require I1E, , to satisfy matching conditions at x = N that make it a
smooth function on the cylindrical part of X&. A short calculation shows
that this is equivalent to the equation

M(a, ) =0, where M(a,¢) = [Id — "N oS(a)] p € V.

Perturbation theory gives functions Z/ and spaces P! so that the solutions
of this equation are o = +Z(+) and ¢ € P(%). So for these a, ¢ the
function obtained from E = E, , by cutting of [T+ E near x = N satisfies
the eigenvalue equation on Xg with a very small error. Therefore, one gets
eigenvalues as in (6.

Second step: It remains to show that for large N all eigenvalues p € (v +
e, Amax] on X g are obtained in this way. This is the theoretically most
demanding part of the proof. Let u be an eigenfunction of —Axg with

eigenvalue = v + 32,8 > e~ N/2. An argument directly analogous to
the case p < v won’t work since it only yields that —A x« has nonempty
spectrum near g, which we know anyway. Rather, we need to show that
u is very close to some E = E,, with (a,¢) satisfying (II) and with
a very close to 8. The closeness of u, £ would follow from closeness of
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the leading parts Ilu, IIE since they control the full function, and this is
proved in two steps: First, we prove an elliptic estimate which reflects the
essentials of scattering theory in a compact elliptic problem and implies
that eigensolutions whose IT+ part decays exponentially for z < N (as ITtu
does) are close to scattering solutions (whose I+ part decays exponentially
for x — o0) with the same eigenvalue, see Lemmas [I8 and This is a
stable version of the existence and uniqueness of scattering solutions on
X, So we obtain some Eg ,, very close to u. In a second step it is shown
that (8, ¢o) must be very close to a solution of ([Il): Since u satisfies the
matching conditions at x = N and u — E is very small, E almost satisfies
these conditions, so M (3, ¢) is very small; therefore, all that is needed is a
stable version of the analysis of (1)) (which, however, is quite non-trivial).

Case III: Eigenvalues p € [v — ¢, v + e~ “N]: While the first step (construction
of approximate eigenfunction) presents no new difficulties, the second step (proof
that all eigenfunctions are obtained) is quite delicate. Onme difficulty is that the
representation (I0) is not valid at & = 0 (it does not give all scattering solutions).
There is a straight-forward replacement, however. More serious is showing that any
eigenvalue ;1 € [V — ¢,v) must actually be in (v — e~ “N,v). This again requires a
delicate stability analysis of the matching condition.

Special care needs to be taken when the multiplicities are not equal to one, since
it is not enough just to construct eigenvalues, one also needs sufficiently many. A
useful tool here is the notion of distance between subspaces of a vector space which
we recall in Section B4

If one is only interested in the case of fixed k as in Theorem [I] then some of the
proofs can be simplified considerably since the functions Z! remain separated for
different ¢ then. See, for example, Corollary 23l In particular the proof of Lemma
simplifies considerably in this case, and Theorem 29 is not needed.

1.3. Outline of the paper. In Section [2] we introduce the setup precisely and
some notation. Section [ introduces the basic analytic tools, most importantly
separation of variables and distance between subspaces, as well as a basic spectral
approximation lemma. In Section ] we recall the facts from scattering theory that
we need. In Section [}l we analyze which scattering solutions satisfy the matching
conditions, in particular, equation (II]). The basic elliptic estimate and some con-
sequences are proven in Section [0l Theorem [2] and improvements of it are proven
in Section[7, and Theorem [Blin Section [§] where we also discuss some special cases.

In the Appendix we collect some basic results on one-parameter families of uni-
tary operators which are needed in the analysis of [II]). Their proofs can be found
in [7].

1.4. Related work. As already mentioned, the Neumann problem was treated in
[, [6], [15], [21], [5]. For Dirichlet boundary conditions, Post [20] derived the first
two terms of (2) in the case of ’small’ vertex neighborhoods, see Theorem In
the recent preprint [I7] Molchanov and Vainberg study the Dirichlet problem and
show that, in the context of Theorem [ the uy () — e~2v converge to eigenvalues
of the quantum graph described in Theorem B} this was conjectured in [I6], where
also some results on the scattering theory on non-compact graphs are obtained.
However, their statements are unclear as to whether the multiplicities coincide; also,
they do not consider the effect of L? eigenvalues on X or uniform asymptotics for
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large k. In [I] a related model is considered. The method in the previously cited
papers is to compare quadratic forms or to show resolvent convergence of some sort,
and in all cases only the leading asymptotic behavior is obtained.

Problems of the same basic analytic structure (cylindrical neck stretching to in-
finity, attached to fixed compact ends; usually with G consisting of one edge only)
were studied by various authors in the context of global analysis, where they occur
in a method to prove gluing formulas for spectral invariants. In their study of an-
alytic torsion (related to the determinant of the Laplacian), Hassell, Mazzeo and
Melrose [10] gave a very precise description of the resolvent (in the case of closed
manifolds, i.e. no boundary, but admitting edge neighborhoods which are not pre-
cisely cylindrical, just asymptotically), including its full asymptotic behavior as
€ — 0, using ideas of R. Melrose’s ’b-calculus’, a refined version of the pseudodif-
ferential calculus. More direct approaches were used by Cappell, Lee and Miller [3]
and by Miiller [I8] in the study of the n-invariant (for the Dirac operator instead
of the Laplacian) and by Park and Wojciechowski [19]. The author and Jerison [8]
prove a special case of Theorem [2] (where Xév is a plane domain obtained by at-
taching a long rectangle to a fixed domain, which is required to have width at most
the width of the rectangle) by a different method (matched asymptotic expansions)
and use it to prove a result about nodal lines of eigenfunctions; for this, one needs
to know the asymptotic behavior to second order (i.e. one order more than written
explicitly in ([2])).

In the context of this literature, the main purpose of the present paper is to give
a mathematically rigorous yet straightforward derivation of the limiting problem
on the graph, allowing various boundary conditions, in a way that admits general-
ization to similar problems. For example, there are straightforward generalizations
to higher order operators, systems and Schrodinger operators with potential, as
long as one has a product type structure along the edges. We use existence of the
scattering matrix for manifolds with cylindrical ends as a ’black box’. The main
technical problem is the proof that all eigenfunctions are obtained by the given
construction; here the neighborhood of the threshold v requires a special effort
(this is sometimes referred to as the problem with ’very small eigenvalues’ since the
eigenvalues are exponentially close to v).

Notation: As usual constants ¢,C > 0 may have different values at each oc-
curence (unless otherwise stated). They depend on the data (the graph, the edge
lengths, the compact manifolds), but not on N. The L? scalar product on a space
X is denoted by (u,v)x = [y u¥ and the L? norm by || - ||x.

2. THE SETUP: COMBINATORIAL AND GEOMETRIC DATA

The following data are given:

e Combinatorial data:

A finite graph G = (V, E), with vertex set V = V(G), edge set £ =
E(G). Loops and multiple edges are allowed. Thus, E may be thought of
as a multiset of unordered pairs of vertices. If the vertex v is adjacent to
an edge e, we write v ~ e. A half-edge is a pair (v,e) with v ~ e, and we
denote by E the set of half edges, except that for a loop e at a vertex v
the element (v,e) appears twice in E (so formally E is really a multiset).
Sometimes we denote a half-edge by e if it arises from the edge e. The
neighborhood of a vertex v is the (multi-)set of half-edges incident to it.
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It will be useful to think of G as the disjoint union of the vertex neigh-
borhoods, with the ’ends’ of the half-edges glued together appropriately.
The glueing may be encoded by a map o, where

(12) c:E—FE
(13) (v1,€) = (v2,€)

if the edge e connects v1 and vy (for a loop e, o maps one copy of (v,e) to

the other). o is an involution, that is 0> = Id, and has no fixed points.
We also assume that a positive number I, is given for each edge e, to be

thought of as half the length of e. Denote the shortest half edge length by

lmin = min ..
€

e Geometric data:

— To each vertex v a compact Riemannian manifold (X,, gx,) with piece-
wise smooth boundaryll, of dimension n

— to each edge e a compact Riemannian manifold (Yz, gy,) with smooth
boundary, of dimension n — 1; for a half edge € corresponding to an
edge e, we set Yz :=Y,;

— to each half-edge (v,e) an isometry h, . (gluing map) from Y. to a
subset of the boundary of X,,; we assume that (X, gx, ) is of product
type near h, .(Ye), see below; also, for each v the sets h,(Ye) are
assumed to be disjoint (no overlaps of different edges);

— partitions of the boundary of each Y. and of the part of the boundary

of each X, which is not in the image of any of these isometries, into
two pieces denoted by indices D and N (for Dirichlet and Neumann
boundary conditions); we assume sufficient regularity of this decompo-
sition so that the boundary value problems formulated below (before
([16)) are well-posed.
More generally, one may give a pair of non-negative functions a,b (of
sufficient regularity to make the problem below well-posed) on the
boundary of each X, (outside the gluing part) and each Y., with a,b
never vanishing simultaneously, to define Robin boundary conditions,
see below. The D/N decomposition corresponds to a,b being charac-
teristic functions of a partition of these boundaries into two parts.

From this data, we define Riemannian manifolds X%V, 0 < N < oo, with piecewise
smooth boundary, as follows: First, for each half-edge € = (v, e) we attach a cylinder
with cross section Yz,

ZN =[0,N) x Y
to X,, using the isometry h,.. Thus, for each vertex v we get a manifold with
piecewise smooth boundary

XN .= [XUU U 2y

e e~v

/{hv,e}vrve

where the quotient means that each {0} x Yz is identified isometrically with a subset
of the boundary of X,.

Lfor an exact definition of this, see for example [11]; for our purposes one may assume that the
data are such that the spaces X defined below are smooth manifolds with boundary.



SPECTRA OF GRAPH NEIGHBORHOODS AND SCATTERING 11

On ZY we put the cylindrical Riemannian metric
(14) 9zy =12 da® + gy,.

By assumption, (X, gx,) is of product type near YZ := h, ((Ye), which means that
a neighborhood of Y/ in X, is isometric to (0,¢) x Y/ with the product metric,
for some ¢ > 0. This ensures that the metrics on X, and Z2 define a smooth
Riemannian metric on XV (it also fixes the smooth structure on X2).

Let
xN=J xY
veV
(disjoint union) and denote by
V=Y 2ZVi=[0o,N)xy=|]2ZF
ecE ecE

the cross section resp. the cylindrical part of XV,

For finite N the pieces XV are now glued together as prescribed by the graph
G to give the N-neighborhood, X%, of G. More precisely, o : E — E induces
bijections, also denoted o, Yz — Y, () (since both of these cross sections are just
copies of the same Y.), and therefore {N} x Yz — {N} X Y, (¢ for each € € E, and
then

(15) XY :=XN/o

where XV is analogous to XV, except that 2 < N is replaced by x < N. In other
words, X% is the union of the X, and cylinders [0,2N] x Y, for each edge e of
G, glued together according to the structure of G. (But our x coordinate will run
between 0 and N from both ends of the interval.) We also write

zy =7ZN/o.

Clearly, the D/N decomposition of the boundaries of each X, and of each Y,
gives a corresponding decomposition of the boundary of each X%, of Xév and Y,
and ZV. The Riemannian metrics define Laplace operators Ax~, A XN Ay, Az~
on these spaces, for which we impose Dirichlet boundary conditions on the D part of
the boundary and Neumann boundary conditions on the N part (but no boundary
condition at the boundary piece {0} x Y of Z¥). More generally, one may consider
Robin boundary conditions, au + bd,u = 0, where the functions a,b on 0X (etc.)

are induced by those on the boundaries of X, Y., by making them independent of
the cylinder coordinate x.

By ([14),

Remark. The Riemannian metric (I4)) expresses the fact that the cylindrical part
ZYN has length Nl.. Instead, one could use the coordinate & = zl., then one would
get the more standard form

62
= 8_52
and 0 < & < I.N on ZN. The ¢-coordinate is more convenient for some calcula-

tions, but in the x-coordinate ZY is given by the same range of v, 0 < z < N, for
all'e. We switch between these coordinates as is convenient.

(17) gZéV = d§2 + gy, AZéV + AYeu 5 = .’I]le,
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3. BASICS OF THE ANALYSIS

3.1. Notation. Since Y is compact, the Laplacian Ay has compact resolvent and
therefore discrete spectrum. Let vy < 17 < ... be the eigenvalues of —Ay, with
finite dimensional eigenspaces Vp, V7, .... We also write

vV =1, V.= VQ.

Let II be the orthogonal projection to V in L?(Y), and I+ = Idz2(yy —IL
Let N € (0,00]. We decompose any u € L2 _(X%) in its "vertical’ I and II+
components, over the cylindrical part ZV:

ujzy = Hu+ Itu

where (ITu)(z) := H(u(z,-)) and similarly for II+. Here and throughout the paper
we identify functions on Z%V with functions on [0, N) whose values are functions on
Y. In particular,

Mu:[0,N)—V, IItwu:[0,N)— V™t

Since Y = UéeE Yz and Ay acts on each Yz separately, we have

(18) r’yY)=Priy), v= VEi=ke(Ay +v).
ecE ecE

We write elements ¢ € L*(Y) as ¢ = (¢z)zcp With gz € L*(Yz). If ¢ € V then
Ve € Vg Ve.

The data define two important linear maps L, o : L2(Y) — L?(Y') which restrict
to linear maps L,0: V — V:

The map L is diagonal with respect to the splitting (I8]) and encodes the edge
lengths

(19) A A } (pe) = (epe).

The map o is defined by the involution o : E — E encoding the graph structure:

o: L*2Y) —L*(Y
(20) A
We denote
(21) V*:= the + 1 eigenspace of o.

Since ¢ is a self-adjoint involution, the decomposition V = V+ @V~ is orthogonal.
For ¢ € V we denote the corresponding decomposition ¢ = p+ + ™.

By (I6) and (), we have

(22) Ayn = L—27 + Ay

o0 d2 oo d2
— -2 — - _
(23) = Nt (L ) Vk) N (d§2 I/k)
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3.2. Matching conditions at z = N. We regard functions on X&' as functions
on XN satisfying suitable matching conditions at z = N. For solutions of the
eigenfunction equation we get:

Lemma 4. Let u be an eigenfunction of —Ax~ with eigenvalue A.
Then u defines an eigenfunction of —AXJGV if and only if u extends smoothly to
x =N and

(24) u” =0, (deuw)™ =0, atax=N.
The upper + refer to the o-decomposition (21]).

For o > 0 let
(25) MCq (1) == Tu__y + én(agu);:N ev.

Then MC,(u) = 0 if and only if ITu satisfies the matching conditions at = N.
The particular scaling in (25]) is motivated by the calculation (G3)).

Proof. This is just the fact that the solution to a second order elliptic partial
differential equation can be continued across a hypersurface, as a solution, if and
only if at the hypersurface it is continuous and its normal derivatives match. Set
P =uy—n, ¥ = (0cu)z—n. Then @~ = (¢ — 0®) and ¥ = (¥ + o), so [24)
means ®z = P;5), Ve = —V, ) for all €, that is, continuity of v and of dcu at
=N in X g . (|

For a function on X%, when we write u,—y we always assume that u extends
smoothly to x = N.

3.3. Separation of variables. The following simple lemma is basic to all the
analysis.

Lemma 5. Let 0 < N < co. Let u € C%*(ZN) satisfy (Azn + N)u = 0.
(a) The leading part of u has the form

(26) My = e V'™ Mp 4 VP28 if A < v,
(27) Mu = e " + %) iFAX> v, A=v+a?
(28) Hu = ¢ + &Y if A=,

with @, € V. (Replace & by xL to express this in terms of x.)
(b) If A < vy then

(29) Mhu =Y e VMo 4+ Vg g gy € Vi
k=1
() o, in (a) and i, in (b) are uniquely determined by w. If N = oo and
u is polynomially bounded as & — oo then ¥ = 0 in [26) and ¥y = 0 for all
(d) Assume N < oo and u extends to a solution on ZY, or N = 0o and u is
polynomially bounded. Then there is a constant C' such that for all M < N
we have

(30) lua=nlly + [|(@cw)a=ntlly < Ce™ M |lu 2
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if A < v, where ¢c =V — Alpin, and
(31) I wpmnrlly + | Oew) p=rr ||y < Ce™ M [T ul| 21
if A < vy, where c =+/v1 — Alpin-

e) If N < 0o and u is an eigenfunction on ZY then, for the representation in
g G

@9,
(32) 1D @)Y o = Melly < Ce* NI upolly

k=1
if A<y for any ¢ < v/v1 — Mmin-

Proof. For k € Ny let I : L?(Y) — Vi be the projection and let ux = Ixu :
[0, N) — Vi. By ([23), us satisfies the differential equation

2
(33) (67—52+/\—uk)uk =0,
and this has the solutions given by the formulas in (a) and by the summands in (b).
Clearly, uj, and therefore p, ¥, i, ¥y are determined by w, and if w is polynomially
bounded then so is u, = IIyu for each k, so (c) follows. This immediately gives
(d) in the case N = oco. If N < oo and u extends to a solution on ZJ then u may
be regarded as function [0,2N] — L?*(Y). We now use the coordinate z € [0,2N].
If v, > X then one can express the solution of ([B3) by its values at a,b, for any
0<a<b<2N: Write 8y =y — AL, then

sinh(z — a) 0k sinh(b — ) B
k() = sinh((b — a))ﬁk ur(b) + sinhEb — aiﬁk k().
For any a € (0,1) and b € (2N — 1,2N) one obtains easily at x = M < N:
lur(M) v, < Ce™ V= Amnt (|lug(a) vy, + [lur(®)llv) -

Summing over kK = 0,1,2,... in the case A < v yields the estimate on u,—js in
(B0). The estimate on the derivative and estimate (BI]) are obtained similarly.

(e) follows similarly to (d), using [+ u,—¢ = Sk e, Mt ug—ony = >, eV vk=AN o 4
eV~ AN and Ug—on = TUz—o. O

It is clear from the proof that the behavior of solutions is different for A > v;.
For the purpose of this paper, we will always consider A < v1. Define Apax, Qmax
by
(34) Amax =V + 02, Amax € (v,11) arbitrary,
then the estimates will always be uniform for A < Ajax.

We define the ’boundary data’ of a function u on ZV as
(35) u® = Mup—g, u' = TI(0cu)—0-

Clearly, if u is an eigenfunction then (u°,u') determine ITu uniquely: Instead of

the representation (20)), 7)), [28)) for the leading part of an eigenfunction we use
the basis

cosVAI—vE (A>v) % (A>v)
Cr(§) =41 (A=v), S(=1¢ A=)
coshvr — A (A <v) sinh Vi —A¢ (A <)

v—A
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of solutions to (df + X\ — v)v = 0. This is more useful than the exponential basis
for A\ near v since it depends analytically on A even at A = v. For a solution u of
(Azn + A)u =0 we have

(36) u = Cyu® + Syu'.

3.4. Distance between subspaces and spectral approximation. It will be
convenient to use the notion of distance between subspaces. Although it is standard,
we recall its definition and basic properties here.

If V, W are closed subspaces of a Hilbert space H then define

dist(u, W)

dist(V, W) :=
ist(V, W) wenoy ||y

where dist(u, W) = inf{|ju — w|| : w € W}. dist is not a distance function since it
is asymmetric (it does satisfy the triangle inequality, however).
It is elementary to check the following properties (see [12], for example):

Lemma 6. a) dist(V,W) = ||Pw Py — Py| where Py, Py are the orthogonal pro-
jections to V, W, respectively.
b) dist(V, W) <1, and <1 iff Hyy : V — W is injective.
Here, Iy |y is the restriction of Pw to V. In particular dimV < dim W if
dist(V, W) < 1.
c) If dist(V, W) < 1 and dist(W,V') < 1 then Pyyw : V — W is an isomorphism
and dist(V, W) = dist(W, V). In this case we write

distsymm (V, W) := dist(V, W) = dist(W, V).
d) IfV;, i € I, are pairwise orthogonal then

(37) dist(@ Vi, W) <) dist(V;, W).

e) If ui, i = 1,...,K are pairwise orthogonal and dist(span{u;},W) < (1 +
dim W)~ for each i then K < dim W.

(Proof of (e), for example: Let K/ = dim W. If K > K’ then dist(span{u1,...,ux/41}, W) <
(K'+1)/(K'+1)=1,s0 K' +1 < K’ by (d) and(b), a contradiction.)

We will use the following standard spectral approximation lemma. We include
a proof for completeness.

Lemma 7 (Spectral Approximation Lemma). Let A be a selfadjoint operator in a
Hilbert space H. For an interval I C R let Eig;(A) be the spectral subspace of A
corresponding to the spectral interval I.

Let A\ €R, €, > 0. If W C Dom(A) is a linear subspace satisfying

(38) [(A=Xo)ull <ellull YueW
then

. . e
(39) dist (W, Bigx, —s,x0+6)(4)) < 5

In particular, if € < & then dim Eig\_s \,44)(4) > dim W.

An important consequence is that existence of spectral gaps implies good ap-
proximation of eigenfunctions: If A has no spectrum in {A: e < |A— Ag| < ¢} then
W is e/d-close to Eig(y,_. rg+e)(4)-
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Proof. We may assume Ao = 0. Let A = [AdE\ be the spectral resolution of A.
Let Ps be the the projection to Eig(_s 5 (A). If u € Dom(A) is arbitrary then

(40) 0*[lu = Poull* < || Aul]?

since §2 fl>\\25 d(u, Ex(u)) < [ 3155 N d(u, Ex(u)) < [i A2d(u, Ex(u)). Therefore, if
w € W then ||lw — Psw|| < %|lwl||, which was to be shown. The last claim follows
from Lemma [6b). O

4. SCATTERING THEORY BACKGROUND

Here we collect the facts from scattering theory that we need. A good reference
for this material is [9] (this may not be the earliest source).

Scattering theory is the spectral theory of an elliptic operator on a non-compact
space which has a ’simple’ structure at infinity, that is, is asymptotically equal to an
operator on a space for which the spectral decomposition may be written down fairly
explicitly. Among the central goals of scattering theory are the determination of
the absolutely continuous spectrum and of generalized eigenfunctions correponding
to it.

We will need fairly explicit spectral information on the operator —Ax. Since
X is cylindrical at infinity (that is, outside a compact subset), we take as explicit
model —A’,.., where the prime means that we impose Neumann boundary condi-
tions at # = 0 (Dirichlet would be equally possible), in addition to the boundary
conditions coming from the D/N decomposition (resp. Robin data) of Y, in order
to make the operator essentially self-adjoint. The spectral theory of —A’, . is easy
to obtain, using separation of variables, i.e. ([23]). We use the ¢-coordinate on [0, c0)
for simplicity. It will be replaced by xL at the end.

Since —dd—; on [0, 00), with Neumann condition at £ = 0, has absolutely contin-
uous spectrum [0,00), with generalized eigenfunctions cos a& corresponding to the
spectral parameter o?, a > 0, the decomposition (23] shows that the absolutely
continuous spectrum of the model is

Specabs(_A/Z“’) = U [Vkvoo) = [V07OO) = [V,OO),
k>0

and that the functions

cos(v/A— v &) for k, @ satisfying vy <\, p € Vg
span the generalized eigenfunctions of —A’,.. with eigenvalue A. That is, each such
function U satisfies —A%..U = AU and is polynomially bounded as £ — oo, and
any function with these properties is in the linear span of these functions.

The scattering theory for spaces with cylindrical ends shows that this picture
carries over to —A x o, except for the possible appearance of discrete spectrum, and
a 'phase shift” and exponentially decaying error term in the generalized eigenfunc-
tions.

First, we have the description of the spectrum:

Theorem 8. ([9]) The operator —Ax is essentially self-adjoint on C§°(X°). Its
unique self-adjoint extension (still denoted —Axe ) has the following properties:
a) The pure point spectrum is a discrete subset of [0, 00).

b) The singularly continuous spectrum is empty.

c) The absolutely continuous spectrum is [v, 00).
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Discreteness includes finite multiplicity.
We now discuss the generalized eigenfunctions (or ’scattering solutions’) E,

(41) —Ax<~E=\E, A=v+d°

for spectral values A € [v,11). One could also consider values v > vy, this would
mean using higher scattering matrices.

By Lemma [§, E|z~ = IIE + II*E where E has the explicit form 27) or (28)
and II1 F is a sum of exponentially decreasing and exponentially increasing terms.
By polynomial boundedness, the latter must vanish.

Theorem 9 ([9]).

a) (A > v) Assume that X\ € (v,11) is not an L*-eigenvalue of —Ax. For each
@ € V there is a unique bounded solution E = E, , of ) satisfying (with
a=vVA—-v)

(42) NE,, =e¢ g +e@y  for some ¢ €V.

b) (Scattering matriz) This defines a linear map

Sla): V=V, ¢,
called the scattering matrix. S(a) € End(Vy) is holomorphic in o and extends
meromorphically to « € C\{a € R: |a|] > /v1 — v}, holomorphic for real o.
Furthermore:
i) S(«) is unitary for a real.
ii) S(a)S(—a) =1 for all a.
iii) S(0) 4s an involution, and S’(0) commutes with S(0).

c) (A\=v) The space So = {FEa,, : ¢ € V} depends holomorphically on o for a as

in a) and extends holomorphically as in b). For o =0 it is described as follows:
Let Vi be the 1 eigenspaces of S(0). For all @ € Vi, V_ € V_ there is a
unique generalized eigenfunction B = Eg s, w_ € So satisfying

(43) HBpo, . =®+EV_, & =04+ S(0)V,
Here, £5'(0)¥_ € V_.

The functions in (a) and (c) are all the generalized eigenfunctions, up to addition
of possible L?-eigenfunctions.

Note that if v + o? is an L?-eigenvalue, the function E, , resp. Ep o, w_ is
not uniquely determined by fixing its leading part, since the leading part of an
L?-eigenfunction is zero. However, it is determined by the additional requirements
that it lie in S, and that this space depends continuously on « (for a # 0 this
means that & — E, , depends continuously on «).

Proof. This is mostly standard. Note that b)iii) follows from ii) by setting o = 0,

and from differentiating ii) at o = 0, which gives S’(0)S(0) — S(0)S’(0) = 0. This

implies that S’(0) preserves Vi, and therefore the last claim in ¢). Equation (@3]

will be explained below. ([
In our context, we use the variable z, where £ = L. Therefore

(44) HEO&-AP _ e*iazL%) + eiang(Q)(p

(45) NEoe, v = (O + %s’(o)qf_) +aL_,
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respectively.

Theorem [9 can be reformulated in terms of ’scattering subspaces’; we will use
this since it allows a more uniform treatment of the cases a # 0 and o = 0:

Recall the notation u° = Huy—g, u' = 110z uz—p. Define the 'scattering subspace’
for @ € [—Amax;, ¥max] DY

(46) Lo :={(E°,E"): (Ax~+v+a®)E =0, E polynomially bounded} C V' x V.

Since IIE determines and is determined by (E°, E'), part a) of Theorem [0 may be
reformulated as follows:
(47)
Lo ={((IT+S(a))p,—ia(I —S(a))p): ¢ €V} for a#0not an L?—cigenvalue,
and to each (E°, E') € L, there is a unique scattering solution E with eigenvalue
v+ o2

In particular, £, is a dim V-dimensional subspace of V' x V for these «; since
L, = IIS, it extends analytically to all |a| < /11 —v. However, in general the
continuation to o = 0 cannot be obtained by setting o = 0 on the right of (7))
since this yields V; x {0}, a space of lower dimension (unless S(0) = Id), so this
cannot be Ly. In other words, the parametrization of £, by ¢ does not extend
uniformly to o = 0. Therefore, we will also need another parametrization which
works (and is analytic) also at a = 0:

Lemma 10. For a > 0,
Lo ={(E°EY): E°=py + 55 (0)p- + aR’()p
(48) E'=p_ —1a8'(0)p- + >R (a)p,
peV}

for certain families R°(a), R'(a) of endomorphisms of V, depending analytically
on a for |a| < amax.
If S(a) = S(0) for all o then Lo = {(p4,p-) : p €V} for all a.

Proof. Write S(a) = S(0) + oT + o?R(«), T := S’(0), by Taylor’s formula. By
@), (E°, EY) € V x Vis in L, (for a > 0) iff, for some p € V,

E°=(I+S(a))yp =2p4 +aTp_ +aTp; +a?R(a)p

E' = —ia(I — S(a))p = 2iap_ +ia*To_ +ia?Tp, +ia®R(a)p.
Here we used S(0)p = ¢4+ — p_ and (Tp)x = Tpy. Write
(49) Py =204, po = —2icp_,
then this becomes ([@8]), with suitable R®, R!. The last statement is clear from this
derivation. (|

In particular,
i
(50) Lo={(p++ §SI(0)P—,P—) tpe Vi,
and this explains ([@3).

5. SCATTERING SOLUTIONS AND MATCHING CONDITIONS

In this section we analyze for which scattering solutions E the leading part IIE
satisfies the matching condition at x = V.
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5.1. The case \ = v.

Lemma 11. Let &y e Vi, V_e V_. If N > ﬁHS'(O)H then 1Ey ¢, w_, given
by @), satisfies the matching conditions 24)) iff

(51) O'(I)J,_ = (I)+, v_=0.
Proof. The matching conditions [24) for IIEy ¢, w_ are

(52) (I = o)(®s + %s'(ow_ FNLU ) =0, (I+0)0_ =0,

This is clearly satisfied if (51I) holds. Conversely, if (52) holds then @ +£5’(0)¥_+
NLV_ and ¥_ are orthogonal, so

(53) 0= (D, + %S’(O)\L FNLU_ W) = <%S’(0)\11,, U_)+ N(LU_,T_),
and Cauchy-Schwarz gives
i 1
155" %[ - %] < 51I5"O)] - e |2

Since lyin|[¥_||?> < (LW_,¥_), this and (E3) imply ¥_ =0 if N > ﬁHS’(O)H,
and then (B2)) gives c®, = ®,. O

5.2. The case A > v. First, we express the matching conditions in terms of the
scattering matrix.

Lemma 12. Leta >0, ¢ € V. Then IIE, ,, given by @), satisfies the matching
conditions @24)) iff
(54) (I —eN2LgS(a))p = 0.

Proof. Let 1p = S(a)¢. Then by (25)
MCo(Eq,,) = [emeLgo + emNLdJr + é[_memeLsp + memNLw]Jr
(55) _ o—iaNL ([90+€2MNL¢]7 Flp— eziaNL¢]+)
— efiaNL(g) _ eQiaNLU¢)'

Here we used that oL = Lo. (This reflects the fact that two half-edges corre-
sponding to the same edge have the same length.) IIE, , satisfies the matching
conditions iff MCy (Eq,,) = 0, so the claim follows. O

We now analyze the solutions («,¢) of equation (B4)), and in particular their
asymptotic behavior as N — oco. It is convenient to introduce the rescaled variable

z = aN.
Let
U(z,a) =e*gS(a)
for z > 0, where « € [0, max]. We need to study the zero set
(56) Z ={(z,a) € (0,00) x [0, amax] : det(] —U(z,)) =0}

and to each (z, ) € Z the eigenspace ker(I —U(z, «)). Intersecting Z with the line
z = aN then gives the solutions of (&4)).
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The U(z,«) are unitary operators on V. Essential for the sequel is the 'mono-
tonicity’ in z:
10U
iz
We begin with the case @ = 0, which should be regarded as the limit N — oo.

(57) U'=2L>0.

Proposition 13. The set of z for which (z,0) € Z consists of a sequence 0 < z1 <
29 < -+ — 00. If P,, denotes the kernel of I — U(2;,0) then

tr L
(58) Y dimP., = A+ 0(1), A oo
. T
iz <A
This is obvious in the case L = 1, i.e. if all edges of the graph have equal lengths,
since then P, is just the eigenspace of ¢.5(0) with eigenvalue e~**2.

Proof. By monotonicity, equation (7)), we can apply Lemma [28] to the unitary
family z +— U(z,0) with D(z) = 2L, and this gives the result. O

The structure of Z and the eigenspaces is then given as follows.

Proposition 14. Let z1,22,... be as in the previous proposition. For each i € N
there are r; € N and pairwise different real analytic functions zf, p = 1,...,7,
defined on [0, max], such that

(59) 20(0) =2; for each i,p

3

and

(60) 7 = U{(zf(a),a) : € [0, amax] }-

There is a constant Cy such that

(61) )| < Co  foralli,p,a.

|%Z
Furthermore, for each i, p there is a real analytic family of orthogonal projections
PP(a) on'V, a € [0, umax], such that for each (z,a) € Z

(62) Z PP(a) = the projection to ker(I — U(z,a)).
i,p:28 (o) =z
Thus, Z is the union of graphs of functions of a with bounded derivatives, see
Figure 2 The 'non-linear eigenvalues’ z; at & = 0 may bifurcate into various z/ as
« increases. The sum in (62) is over the various branches that meet at (z, «), so for
almost all (z, «) it has only one term (in particular P/ is uniquely determined).

Proof. Theorem 9 shows that Z is everywhere locally a union of graphs of analytic
functions, and these can be patched to functions on all of [0, max]. The theorem
gives also the projections. Applying the theorem at (z;,0) gives (B9).

It remains to prove (GI). If z(a) = 2/(«) and ¢(o) € Ran P/(«) is normal-
ized and chosen analytic in « then differentiating U(z(a), a)p(a) = ¢(a) gives
2(0.U)p + (0,U)p + Up' = ¢'. Taking the scalar product with ¢ one obtains,
since (Uy', p) = (¢, U p) = (¢, ), that 2/((8.U)p, ) + ((8al)p, p) = 0 and
hence, using ¢ = U1y and (51),

(2308 (@), 9)

Z=— ,
2Ly, o)
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FIGURE 2. The solutions of det(I — U(z,a)) =0

which is uniformly bounded as claimed. (I

We now study the solutions of (B4 and for this the intersection of Z with the
line z = aN, for fixed N. The following is quite obvious from Figure [2

Theorem 15. (a) Fiz arbitrary i,p. Then there is a unique point

(63) (af 5,20 5) = intersection point of z = z{(a) and z = aN

whenever N > No; 1= Co + 52— with Co from ©1).

Oma
Furthermore, 2{ \ is real analytic in +, i.e. 2N = ZL(%) for a function
Z! which is real analytic on [0, (No;)~1]. Also, Z£(0) = 2;.

(b) The pairs (o, ¢), 0 < o < umax, for which IIE, , satisfies the matching
conditions [24)) are given by

(64) a:aZN:NzﬁN
(65) pEPan:= O RanP’(e)

ool —
6P o y=a

fori=1,2,... satisfying N > No,; and p=1,...,7;. The P! are defined
in Proposition [I7)
Proof. (a) Fix i,p. The z-coordinates of the intersection points (63]) are the so-
lutions of z = 2/(tz), where ¢t = ., that is, the zeroes of the function d(z) =
z — 20(tz). We have d(0) = —z < 0 and d(9=2x) = Qmax — 2P(0y,,) > 0 for
t < tmax = (No,;)~! since 2! (qmax) < 2 + Coamax by integration of the bound
(©TI). Therefore, d has a zero z for each t < tpax. The zero z is unique since
d'(z) =1—=t(2)(tz) > 0 for t < 1/Cy (which is satisfied for ¢t < tyax). Clearly,
for t = 0 the solution is z = z; by (&9)), and the inverse function theorem gives the
analytic dependence on t.
(b) By Lemma [I2] IIE, , satisfies the matching conditions iff (54]) is satisfied.
The claim then follows from Proposition [14l O
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A more precise analysis yields the uniform behavior of the functions Z? with
respect to i — oo: ZI(t) = z; + h?(tz;) for functions h? which vanish at zero and
have bounds on their derivatives independent of i. We will omit the proof since
we don’t need it. Instead, we prove the following slightly weaker consequence of
Theorem [T5 about special regimes of solutions:

Theorem 16. Given oy € [0, umax] and 6 > 0, C > 0, the values of o in ([©4) in
the interval |a — ap| < ON 79 satisfy

% 1

(66) a =+ +0(515)

P(ap), that is, b =b! are the solutions of

(67) det(I — e"*L5S(ag)) = 0,

and only the range |b — Nay| < ON'=? is considered. The constant implied in
[66) is uniform in i,p, N and 0.

where b = z

In particular, for ag = 0, 6 = 1 we get: The solutions « with o < C'/N are of
the form

(68) a=%+0(

This is already clear from Theorem [[5h).

1
)

Proof. Let t = 1/N. If a = of (t) satisfies |a — ag| < Ct° then |2/ (a) — 2/ (a0)| <
CoCt? by (@I). From a = tz/(a) it then follows that |a — tb}| < CoCt°*1, that is,
[6). Finally, this estimate and |a — ap| < Ct imply [th? — ag| < Ct°(1 + Cot),
and this yields the restricted range for b7. O

We will also need the following stable version of Theorem [T5b).

Theorem 17. Let N > 0. Assume a € (0, amax) and ¢ € V are such that IIE,,,
satisfies the matching conditions up to an error

(69) [ MCo(Eap)llv < dllellv,

for some § > 0.
a) Then there is i, p with

2 0
70 —aof ] < —.
( ) |Oé aZ,N| — lmin N
b) Furthermore, there is C > 0 such that, if § < C~! and N > C, then the sum
Pas.N = @g Ps.n, with B ranging over |a— B| < N=1V4, is direct and, if P is
the projection to Pu,s,n, then

(71) lp = Pelly < 8/EH28m Y jply,

Proof. By (B5) we have e *NEMCy(Ea,,) = (I — e “N?E5S(a)) ¢, so (69) implies
|(I = e *N2LgS(a))e|| < d]/¢l|. Write 2 = aN and

72 U(z) = e oS(=

(72 (:) = ¢*05( %),

then this reads

(73) (I =U(z)ell <dlell.
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Now z — U(z) is a monotone unitary family in the sense of (I30)), (I31]) since, with
a prime denoting derivative in z,

1 1
“UUT =20+ —USTISU!
7 iN

where U is evaluated at z and S at z/N, and for N sufficiently large and o = z/N
bounded this is positive with bounds as in (I31), where dp;, can be taken as lpyin.
Therefore, we can apply Lemma 28 with ¢ = §. ([Q) follows from (I35) (remem-

ber a = z/N) and (1)) from (I34)). O
6. ELLIPTIC ESTIMATES

We first state some fairly standard elliptic estimates on the 'compact part’

xX0:={Jx
veV
of X°°. Since we consider the scattering theory results in Section ] as a black
box in this article, we derive them from those results. In a more thorough and
systematic treatment, they could be derived directly from the theory of elliptic
boundary value problems and then used to derive the scattering theory results.
However, the boundary value problem is slightly non-standard since it involves a
non-local (pseudo-differential) boundary operator.

The boundary 0X° splits in two parts: The part where the cylinders ZV are
attached, which we may identify with Y (which we sometimes also call {z = 0}),
and the complement X\ Y. At the latter, we have boundary conditions given by
the D/N decomposition (resp. Robin data). At Y we will now impose boundary
conditions motivated from the scattering theory.

For u € C*°(X°%) and A < vy let

BL(/\)U = Hlag’l”y - Q()\)(HL’UJD/),
where for ¢ € Vi, k € N,

QN wr) == Vv — dex,
k=1 k=1

if the sums converge. Q() is the II* part of the Dirichlet to Neumann operator for
exponentially decreasing solutions of (Aze + A)u = 0, see (29). Thus, By (A)u =0
iff 1'% has no exponentially increasing part, where 7 is the unique function on Z>
satisfying (Az~ + A)& = 0 and having the same value and normal derivative at
r=0asuaty.

Consider the operator A xo with domain Dom(Axo) C H?(X?) defined by the
D/N boundary conditions (resp. Robin data) at 9X°\ Y. In order to obtain a
selfadjoint extension of Ayo we need in addition to impose boundary conditions
at Y. In addition to the condition B (A)u = 0 we need a condition involving
ud = Muyy, ul = O¢ujy. It is well-known and easy to check that selfadjoint
boundary conditions correspond to subspaces £ C V x V which are Lagrangian, i.e.
such that dim £ = dim V' and

(u®,ul), (00, v € L= (u® v') — (0% u') = 0.
Thus, for £ Lagrangian and any A the operator Ayo is selfadjoint on the domain
{u € Dom(Axo : By (A\) =0, (u’,ul) € £}.
We have the following elliptic estimates.
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Lemma 18. Let o € [0, amax|. Assume X = v + o2 is not an L? eigenvalue of
—Axo. Let L, be the scattering subspace [@Q), and let L., be a Lagrangian subspace
of V. XV such that Lo N L, = {0}. Also, let P, r1 : V XV — L be the projection
along L!,. There is a constant C so that if u € C*°(X°) satisfies the D/N (resp.
Robin) boundary conditions at 0X°\'Y and

A+Nu=f inX°
(74) Bi(Mu=g atY
Pr, o (w0 ut)=h
then
(75) ullgz(xoy < CCNFllLzxoy + gl mrrzeyy + [Rllvsy ).

If a is varied and the L., depend continuously on o then the constant C can be
chosen independent of .

See Section [Z4] for a replacement in case v + o2 is an L2-eigenvalue.

Proof. If u is a solution of the homogeneous problem, i.e. f =0, g =0, h =0, then
g = 0 implies that u extends to a solution of (A + A)u = 0 on X*° with bounded
[T+ part and hence that u is a scattering solution. Then (u°, u') € L, by definition
of L,. h =0 implies (u®,u') € £/, hence (u®,u') = 0 since L, N L], = {0} and
therefore v = 0 by uniqueness of scattering solutions.

Therefore, the map u — ((A + A)u, B (N)u, Pz, 2 (u°,u')), Dom(Axo) —
L*(X%) x HY2(Y) x (V x V) is injective. It is also surjective, since for g = 0, h = 0
one has a solution u for any f by the Fredholm alternative (since the operator A yo+
A is selfadjoint on the domain which consists of those u satisfying homogeneous
boundary conditions, has closed range and is injective), and arbitrary g, h can be
removed by replacing u by u — v, where v is any function in Dom(A xo) satisfying
Bi(Mv = g, Pr,rr (v°,0') = h. v exists by standard arguments, since X° is
of product type near Y by assumption. Since Dom(Axo) is complete with the
H?-norm the open mapping theorem gives (75).

To show that C' can be chosen independent of « it suffices to show that it can
be chosen locally uniformly with respect to a. This can be proved as follows: Fix
ap and let Cy be the constant for o = ag. Suppose u satisfies (74)) for some a near
ap. This can be rewritten (A 4+ Xg)u = f + (Ao — Nu, B (Ag)u =g+ (BL( M) —
Br(N)u, Pr .z, (u® ut) = h + (Prog.c, — P o) (u®,ut). Estimate (75) with
these data yields |lullg2(xo) < Co( |[fllz2x0) + gl mrzyy + llull g2 (xoy), where
e — 0 as @ — «p (independently of u), since all operators on the right in (74)
depend continuously on a. For e < 1/2C) the last term can be absorbed into the
left hand side, and the claim follows. O

Using (78) with u = F a scattering solution we get
(76) B r2(x0) < C|(E°, E")|lvxy  for any scattering solution E.

When applying Lemma [I8 we will need the following estimate which shows that
the exponentially increasing part, B (A\)u, of an eigenfunction on XJ is very small.

Lemma 19. Let (Ayy +p)u=0, p <v1. Then

(77) 1BL()ull iy < Ce™ N [lull 2 (xo).
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Proof. If II'*u = 220:1 e~ VYR THE o - eVVET RSy with o, Yr, € Vi then B (pu)u =
o Uk — gy Since Ay is an elliptic operator of order 2, with eigenvalues vy,
k=1 H g

it follows that || B (p)ullgirzyvy < || S (W)Y v = b || 22 (v, and then (B2)
together with the trace theorem gives the claim. ([

We will need that scattering solutions for different spectral values whose leading
parts satisfy the matching conditions are almost orthogonal on X*:

Lemma 20. Let a,a/ € Ax and ¢ € Pan,¢ € Paun. If a # o then the
restrictions of E = Eg p, B' = B o to X are almost orthogonal, i.e.

(B, E") x~| < Ce™N||E| x~ || E|| x~.
Proof. With A = v + a2, N = v+ (a/)? we have by Green’s formula
A=NWE,E'Yxn = (AE,E")x~n — (E,NE')x~v = —(AE,E'Yx~ + (E,AE") x~
= (Er=nN, % Ep_n)y — (0cEz=n, Eyn)y

Since IIE, IIE’ satisfy the matching conditions at x = N, the II part of the lat-
ter scalar products vanishes, and only the II* part remains. Writing [I*E =
S e Ve ALz o o € Vi, and similarly for IIHE, we get

(A= XUE, Eyxn = 3 (Vo = X = v/ = N){e™ VI EN g o VIeNLN o
k=1
= (V=) (Vo A+ Vo = W) T VRN g RN N
k=1

and since the latter sum is bounded by

CQCN\/Z ||sak|2\/2 loil2 = Cem NI Bamolly 11" Ejo v

k k

and since || Ey—o|| < C||E||xo by elliptic regularity, the claim follows. O

7. PROOF OF THE MAIN THEOREM

In this section we prove the main theorems. We treat separately the following
cases: Eigenvalues on X g arising from L?—eigenvalues on X > below the essential
spectrum; eigenvalues on Xév arising from the continuous spectrum on X but
away from the threshold, i.e. bigger than v + e~V for suitable ¢ > 0; eigenvalues
on X% arising from the threshold.

In each case, the proof proceeds in two steps: In Step 1, we construct the eigen-
values on X% from approximate eigenfunctions constructed from the (generalized)
eigenfunctions on X°°. In Step 2 we show that in this way all eigenfunctions are
obtained.

We assume at first there —A x~ has no L2-eigenvalues in [, Amax]. The modifi-
cations needed in case there are such eigenvalues are described in Section [4

We use the following notation: For a selfadjoint operator A and I C R let
Eig;(A) be the spectral subspace for the spectral interval I. If A has only discrete
spectrum in I, this is the span of the eigenfunctions of A with eigenvalues in I.
Also, let

Eig; n = Eig;(—=Axy).



26 DANIEL GRIESER

We will construct approximate spectral subspaces Eig7"y, defined in each case sep-

arately, using a cutoff function defined as follows. Choose x € C*°(R) satisfying
x(z) =1for z < —1 and x(z) =0 for > —1 and set

(78) xn(z) = x(z — N).

Thus, if u is a function on X* then xnu equals u for z < N — 1 and is identically
zero for x > N — %

Note that one could not hope to approximate individual eigenfunctions on Xév
by approximate eigenfunctions if the eigenvalues lie very close together.

7.1. Eigenvalues arising from L? eigenvalues on X>. For I C (0,v) let
(79) Eigi"y = span{xnu : u € Eig;(-~Ax=)}.
Theorem 21. For any co > 0 there is Ny > 0 such that for N > Ny the eigenvalues
uw<v—cy of —AXg lie within Ce~°N of the L?-eigenvalues of —Axo .
For each L*-eigenvalue \ < v of —Axe we have

(80) distsymm (Eigy v, Eigi}) y) < Ce™N, I= (A= CeM XA+ Ce™Y).

Here ¢ = vV — Amax where Apax 18 the largest eigenvalue of —Axoo less than v.

Proof. Step 1: Show that the approximate eigenfunctions are actually such:
(81) dist(Eig"{Li?N,EigLN) < 1.

In particular, —A XN has at least dim Eig?gﬁf y Mmany eigenvalues in I.

Proof: Let W = Eigg’? ~- For w = xyu € W one has

Aw = xn(Au) + 2VxnVu + (Axn)u = —Axnu + 2L 2y 0w + L2 u,
and since X'y, X are supported in (N —1, N), one obtains from (30), applied with
M € (N —1,N), that
(82) [(Axy +Nwllxy < Ce™ N |wl|xa-

Since W C Dom(AXg) we may apply the Spectral Approximation Lemma[7 to the
operator A = —AXg, with A\g = A and e = Ce™ N, § = 2¢, and this gives (8I)).

Step 2: Show that any eigenvalue p of —A y is in some [ = (A=CeN A\+Ce=cN)
and that

(83) dist(Eig; v, Big}} y) < Ce .

Proof: Let u be an eigenfunction of —A XN with eigenvalue y < v — . Then
w = xnu € Dom(Axe) satisfies (with ¢; = /7)

I(Axe 4wl xee < CeN [ xee.

This follows from exponential decay of w and is proved in the same way as (82). This
implies [|u — A| < Ce™ ¥ for some A € spec(—Ax) (in particular, ¢; may be re-
placed by ¢). Since u < v—+, A must be an L? eigenvalue of —A x~. Now apply the
Spectral Approximation Lemma[fto A = —Axe, W = span{w}, with A\g = u and
g = Ce N § = dist(y,spec(—Axe)\{\}). Since the interval (1u—d, u+3) intersects
the spectrum of —Axe only in A, we get dist(span{w}, Eig(y; (—~Axe)) < Ce™,
and this implies (using exponential decay again)

(84) dist(span{u}, Eig}} ) < Ce M.
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Finally, applying this to an orthonormal basis of eigenfunctions of —A XX with
eigenvalues in I, we get (83) from (37).

End of proof: The first statement of the theorem is contained in Step 2, and (&1
and (83) together imply (80) by Lemma [6k). O

7.2. Eigenvalues arising from the interior of the continuous spectrum. To
define the approximate eigenspaces, recall Theorem Let

A ={afy:i=1,2,..5p=1,...,7 ] y € (0, max]}, Ay = {v+a®: a € Ay}

Recall that a € Ay iff IIE, , satisfies the matching conditions for some ¢ # 0. The
corresponding space of ¢ is P, n from (G3]). Therefore, the function

- FE, on X°
(85) Ea,ap = v 1 N
IE., +xnII-Ey, onZ

is smooth on X% and in the domain of Axy.
For I C R let

Eig?f’l{’, =span{Ey ,, v+a® €I, a € Ax, ¢ € Pan}
Also, if I = (A, B) and 6 > 0 then let
Is :=(A—-46,B+9).
We call dim P,y the multiplicity of a resp. of A = v + a?.

Theorem 22. Assume —Axe has no L?-eigenvalues in [V, Amax|- The numbers
A € Ay are the approzimate eigenvalues of—AXva, with approrimate eigenfunctions
linear combinations of Ea,@, © € Pa.n. The errors are of order e=°N.

More precisely, given a sufficiently small cog > 0 there are constants C,c > 0
such that:

a) Let u; be the eigenvalues bigger than v-+e~2¢0N

of—AXév , arranged in increasing
order and counted with multiplicity. Also, let \; be the elements of An, arranged
in increasing order and counted with multiplicity. Then, for all i,

(86) I\ — pi| < Ce <N,
b) Let I C (v + Ce N Amax]. If there is no A € Ay in Iyge—en \ I then
(87) disteymm (Bigy n, Bigi™h) < Ce™ N, I' = Ige-en.

See Section [74] for the modifications needed in case there are L2-eigenvalues in
[V7 )\max]-

The statement in b) is complicated due to the possible crossings of the branches
z? for different ¢ in Figure 2 These do not occur on the line z = aN for bounded
i (corresponding to fixed k as in Theorem [II), and one obtains:

Corollary 23. The eigenvalues of —AXg form clusters of width Ce=°N around
the A € Any. For any Cy > 0 there are ¢ > 0, Ny such that for N > Ny the clusters
around the A < v + CoN~2 are disjoint and the span of eigenfunctions of —AXJGV

corresponding to the \-cluster has distance less than e~°N from
span{Eq., : p € P(a)}
where A = v + a?, P(a) = ker(I — e*N2LgS(a)).
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Proof. The first statement is just (B6]). There are only a bounded number of A € Ay
satisfying A < v + CoN~2 by the Weyl asymptotics (58). They are polynomially
separated, i.e. there are K € N, ¢ > 0 (depending on Cp) so that |\ — X| > cN—K
for any two different such values, by Theorem and the fact that the Z” are
different analytic functions. This implies the disjointness of clusters for large NV
and that the separation condition in Theorem [22b) is satisfied for I = {A}, and
this gives the last claim. (|

Proof of Theorem[Z2. As always, we write A = v + 2.
Step 1: Show that the approximate eigenfunctions are actually such: For any
intervals as in the theorem we have, for C sufficiently large,

(88) dist(Eig}"y, Eigp v) < 1.

Proof: Let A € Ay and let Wy = Eig??‘; ~- For w = E, , € W) one has

Aw = - w + 2L 2O, Ey y + L2 B, 0,

and since xy, X are supported in (N — 1, N), one obtains from (BIl), applied to
= Eq, with M € (N — 1, N), that

(89) I(Axy +Nwllxy < Ce™Nlwllxy-

Since W) C Dom(A chv) we may apply the Spectral Approximation Lemma [1 to

the operator A = —Axg, with Ao = A and e = Ce™*Y and § > 0 to be chosen, and
this gives

(90) dist(EigE{”;};yN,Eig()\757)\+5)7N) < Ce N/s.

If 6 = 2Ce~“N then this is (B8] with I = {\}.

To obtain (B]]) for arbitrary I, first observe that (@0) implies dist(Eigf{”i? o Eigy ) <
Ce=°N/§ for any interval J containing (A — §, A + ). Next, use Lemma 20 to-
gether with a version of (B7) for almost orthogonal subspaces to conclude that

dist(Eigi'y, Eigy, n) < AGIZQDA (dist (EigR} y,I5) + Ce™N). Since Ay has at most
N
O(N) elements, the left hand side is bounded by NCe~“N /5. Hence, choosing

§ =2NCe N (or e=¢N with ¢ smaller than ¢ and N large) one obtains (8S).

Step 2: Show that each eigenvalue p > v +e 2%V of —A XN is exponentially close

to some A € Ay and that, under the assumptions of the theorem,
(91) dist(Eig;, v, Bigi™h) < Ce™ N,

Proof: Let (Axg +uu=0,p=v+3 s03>e N For E=E,, recall the
notation (E?, E') = (I1E,—o, 110 E,—) € V x V. For @ € Ay denote

(92) Fan={(E°EY): E=E,,, ¢ € Pan}.
Step 2a: (u®, u') is close to L5 by the elliptic estimate:
(93) dist(span{(u®, u')}, L) < Ce V.

Proof: Apply the basic elliptic estimate, Lemma [I8 as follows: Let (E°, E1)
be the orthogonal projection of (u®,u') to £Lz. This corresponds to a scattering
solution F for spectral value p. Let v =u — E. From (A+ p)E =0, By (u)E =0
it follows that v satisfies ([d) with f = 0, g = Bi(p)u, L = the orthogonal
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complement of L5 and h = 0. From Lemma it follows that ||9||H1/2(Y) <
067CN||UJ||H2(X0), and then (78) gives

(94) [Vl zr2(x0) < Ce™Nlullprzx0), v =u~—E.

This implies |[u| g2(x0)y < C||E| g2 (x0), and with ([6) we get

(95) [ull 2 (x0) < CI(E®, BY)lvxv-

Next, the trace theorem implies [|(v°, v!)|lvxv < C|lv| m2(x0y, and so [@4) gives
(96) [, o)) [lvxy < Ce™ N (B, EY)|lvxv,

which after writing £ = v — v and absorbing the v term into the left hand side
gives ||(v0, v1) ||y xy < Ce™N||(u®, ub)||v v, that is [@3).

Step 2b: Use the matching conditions to show: ([@3]) implies
(97) dist(8, An) < Ce™ N

(98) dist (span{ (u®, u")}, @ Fan) < Ce™ N,
a€AN:|a—pB|<Ce=cN

The Fo n are defined in (@2]).
Proof: Since (A x~+u)v = 0 one obtains from ([B6), using | cos 3N| < 1, |3~ L sin(BN)| <
N, that

1
IMCa(v)lv < @Ol + (N + [y < e MI@" vy
From MCg(u) = 0 we have MCg(E) = — MCg(v), and then (96) gives

(99) IMC3(E)|lv = | MCp(v)llv < Ce™N||(E%, EY)llvxv-

where ¢; = ¢ — ¢g. If E = Ejg, then clearly ||[(E°, EY)|lvxv < C|¢|lv, so we can
apply the Stability Theorem [[7] with § = Ce~“*" and obtain [@7) with ¢ = ¢, as
well as dist(span{p}, D, Por,n) < Ce 2N where co = ¢1/(2+2dimV) and the
sum is over o’ € Ay satisfying |o —a/| < Ce~°1NV/2, This implies that (E°, E') and
hence, by (@), (u°, u') has distance at most Ce=°2" from @, Fo’ N, and hence
©8), with ¢ = ca.

End of proof of Step 2: The estimate ||v||x~y < CN||(v°,v!)|v«v for eigensolu-
tions on X which are a difference of a scattering solution and an eigenfunction on
XY (use (BI) and a modification of the derivation of (76)) shows that ([@8]) implies

100 dist({u},Eig®2) < Ce™ N, J=(u—Ce N, p+ Ce N).
JN

Finally, we apply this to an orthonormal set of eigenfunctions u with eigenvalues
in I'. Lemma B) gives dist(Eigy y, Eigyi'y) < Ce™N with I" = (I')ge-en =
Iyce-e~v and hence ([@T), since by assumption any A € I N Ay must already lie in
1.

End of proof of Theorem ([BY) and (@) give part b) of the Theorem by
Lemma [6b). Part a) then follows easily: Since Ax has O(N) elements, we may
cover it by intervals I, of length at most CNe Y satisfying the hypothesis of b)
(note that any A € Ay is at least v + ¢N~2 by (B9),[64) since z; > 0). The p;
must then be in the Ce~*N-neighborhoods of the I;, by b), and this implies a), with
slightly smaller c. (I
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7.3. Eigenvalues close to the threshold v. Recall from Lemmal[[Ilthat IIEy ¢ w_
satisfies the matching conditions at x = N iff &4 = &, and ¥_ = 0. Denote

Vf =V, NVt <I>i = the projection to Vf of e V.

Note that, since o and S(0) do not commute in general, some care is needed with
this notation. For example, usually & # <I>I + @, (with @7 defined analogously).
For @ € V_:' let

(101) Boao = {EO"I’*O . o X]OV
HEoe0+xnII-Eoso onZ
and
(102) Eigl’h = {Eoe0: ® € V).
Here we prove the following;:

Theorem 24. Suppose v is not an L*-eigenvalue of —Axe. There are ¢y > 0 and
¢,C >0 such that all eigenvalues of —Axx in the interval (v —co, v+ e 20N) qre

actually in I := (v —e~N v +e~N), and
(103) disteymm (Big; y, Bighty) < Ce V.

See Section [74 esp. ([I23), for the modification needed in case v is an L*-
eigenvalue.

Proof. Step 1: Show that the approximate eigenvalues are actually such:
(104) distsymm(Eigf’Js,EigLN) <1.
Proof: This is proved in exactly the same way as [B8) (with I = {A}).

Step 2: Show that each eigenvalue p € (v — ¢, v + e~2¢0N) of —Axx isin I and
that

(105) dist(Eig; v, Eig)"h) < Ce V.
Proof: Define
(106) Fon ={(E°,E"): E=Eys,0, €V}

analogous to ([@2)). Let u be an eigenfunction of —A Xy, with eigenvalue z1. Let
6=|v—p

Since there are no scattering solutions with u < v we compare u with a scattering
solution for A = v.
Step 2a: (u’,u') is close to Lo by the elliptic estimate:

(107) dist(span{(u®,u")}, Lo) < C¥', & =5 +e V.
Proof: Denote
=u’, V=u', E=Eyo,v_.
We apply the elliptic estimate, Lemma [I8 to the difference v = v — E, with
A=vand £j = {(v,v}) : ()4 = 0,(v})- = 0}. By (D), this is transver-
sal to Lo. v satisfies (A +v)v = (A 4+ v)u = (v — p)u and Pr, o (v°,0") = 0
(since (v°,v') € L} by construction). Also, B, (v)v = By (v)u = By(u)u +
(BL(v) — Bi(p))u, and (D) gives || By (p)ullgirziyy < Ce Nul|g2(xoy while
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clearly [[(BL(v) — Bi(p)ullgr/2yy < Clv — pf - ||lul| g2(x0y. The elliptic estimate
(@) now gives

(108) ”'UHH?(XU) < C5'||u||H2(X0), § i=6+e N,

For ¢ sufficiently small, this implies [|u[|g2(x0) < C|[E|[g2(x0). Using (ZG) and
(0%, oY) [lvxy < Cllvllg2(xo) from the trace theorem we get [|(v%,v!)|lvxy <
CélH(EO,El)HVXv, that iS, (m

Step 2b: Use the matching conditions to show: ([07) implies that there is a
constant ¢y > 0 so that for u > v — ¢

(109) | —v| < Ce N
(110) dist(span{ (u®, u')}, Fo.n) < Ce N,

Proof: First, note that E® = &, + TV_ (with T := £5'(0)), E' = ¥_ and
W=u—E'=&_ —TV_ v! =y — E' = ¥, imply that ([I07) is equivalent to

(111) [@- = TU_|| + [Ty || < C(|D4 | + [T-])-

Using (®,U) = (P, V) + (P_, U_) one gets from this

(112) (@, )| < C¥'[|@|* + C|| 2>

Note that this estimate does not involve the Vi splitting. This is essential for the
argument.

We now consider the cases p < v and p > v separately.

The case p <v
For the sake of clarity we assume for the following argument that L = I. The
case of general L requires only adjusting the constants.
Let a = v/§ and t = tanh aN. The matching conditions (24 for ITu = ® cosh ax+
\Ijsinh ar 416
a

(113) O +a MU =0

(114) at®t + ¥t =0.

This implies (@, ¥) = (®F, UF) + (&=, V™) = —at||®F||> — a~'¢[| ¥~ ||? and so
(115) (@, 0)] = at||®F|* +a” ¢ @[

(116) 102 = &+|2 + a2 w2

(117) 19 = a®¢)| 7[> + 2|2

Now (II2) implies that at least one of the following inequalities must hold:
(118) at < C§' + Ca*t?

(119) a 't < C8a*? 4 C.

Multiply the second inequality by a?, plug in ¢’ = a® + e N and use 0 < t < 1
to see that the second inequality implies the first. So ([I8)) holds. We claim that
there is ag > 0 so that a < ag implies a < Ce™N. To see this, first observe that
the Ca®t? term on the right may be absorbed into the left for sufficiently small a,
since t < 1. So we get at < Ca? + Ce™ V. Now for ¢ > N~ we have t > tanh 1,
so the a? term may be absorbed into the left, which yields a < Ce~¢Y, while for
a < N~ we have t > c/aN for some constant ¢/ > 0, and this gives a < Ce—<N/2,
We have shown that a® = |v — u| < Ce™ N if a < ag, that is, ([09).
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In particular, a=!t ~ N. Now use (II2) again in conjunction with (II5)-(17),
where we keep only the ¥~ term on the left hand side, to obtain N|¥~||? <
Ce N (||®T||2+ N2|[[ @~ ||*)+ C||¥~||%. For large N the U~ terms on the right may
be absorbed, and one obtains |~ || < Ce=N||®T||. Together with (T3] this gives

(120) |97 < Ce=N|@]].
Also, since ([I4)) gives ||[¥] < Ce V|| ®*||, we obtain
(121) [l < e <@

Now (1)) implies

(122) lo—|| < e |2l

Finally, (I20) and (I22)) imply by an elementary argument |[® — ®L|| < Ce= V|||
Therefore, [|(®, ¥) — (®L,0)[| < Ce=N||(®@, V)|, that is, (TI0).

The case p > v: Let again a = v/, but now ¢t = tanaN, with a='t := N
if a = 0. Since we assume a < Ce N for this case, we may argue as in the
last part of the argument for p < v (starting with the paragraph before (I20)).
Observe that now (II4) is replaced by —at®* + ¥+ = 0, which yields [(®, ¥)| =
lat||®F]|? — a=1t|[¥~||?| instead of (IIH) (so (II2)) gives only weaker conclusions
than before), but the conclusions are still valid since at||®*||? < Ce=<V|®*||%.

End of proof of Step 2: Exactly as in the proof of Theorem 22| it follows from
Step 2b that dist(span{u}, Eiggf}'}) < Ce°N; applying this to an orthonormal basis
of Eig; n and using Lemma [6d),e) we get the claim.

End of proof of Theorem The claim follows directly from Steps 1 and 2,
using Lemma [Bb). O

7.4. The case of embedded L2-eigenvalues. Here we sketch the modifications
necessary in the arguments to deal with the case that —Ax~ has L2-eigenvalues
embedded in the essential spectrum. For simplicity we will restrict to the analysis
of eigenvalues near v, in case that v is an eigenvalue of —Axe. The case of L2-
eigenvalues bigger than v is treated similarly.

Let H = {u € L?*(X*°) : (Axe~ +v)u = 0}. If H # 0, Theorem 24] holds with
the definition of Eig?’} replaced by

(123) Eigi™% := {Eoe0:® € Vi"} + {xyu: u € H}.

Also, Theorem [22] continues to hold as stated (if there are embedded eigenvalues
A > v then its statement has to be modified in a straightforward way).

To prove this, we have to first modify the elliptic estimate, Lemma I8 We are
interested in « near 0. Let Hy be the space of restrictions of elements of H to
X0 and ‘Hg its orthogonal complement in L?(X?). Then the elliptic estimate as
stated cannot hold since the homogeneous problem (i.e., f = g = h = 0 in ([4)
has solution space Hy. However, the same argument as given there shows that the
same estimate holds if v € Hg, and this gives

(124) llu = Poull 2 (x0y < CC I fllz2(x0y + gl mrzry + [hllvxv )

where Py : L?(X") — Hp denotes the orthogonal projection.
Next, we have the following almost orthogonality statement analogous to Lemma
201
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If u is an eigenfunction of —A XN with eigenvalue p # v, then

ech
(125) [ Poull pr2(x0y < C [l xo.
= =]
For the proof it suffices to show the same estimate for the L?(X°) norm of Pyu by

e~ N
[u—v]
for all u’ € Hy, with scalar product and norms in L#(X?). For this, do the analogous
calculation as at the start of the proof of Lemma 20, then use that ITu’ = 0 and
that |[ul_ylly < Ce N |u/||, [Tt uz=n|ly < Ce *N||ul, with the same estimate
for the &-derivatives.

Now the proof of Theorem 22] goes through as before since for y > v + Ce™
([I25) shows that ([I24]) reduces to the ’old’ elliptic estimate (75).

For the proof of Theorem [24] we first observe that Step 1 may be proved simply
by a combination of the proofs of the Steps 1 in Theorems 2] and Next, for
Step 2 we may assume right away that |pu — v| < Ce™°N since otherwise the ’old’
elliptic estimate holds (see the previous paragraph) and the proof does not need to
be modified. Now for an eigenfunction v of —A XN let ug € H be the eigenfunction

standard elliptic regularity, and for this we need to show |{u,u')| < C [lee]] - {2

C()N

of —Axeo restricting to Pou, and let % = u—wug. Then, since @) xo = (I — Fp)(u)x0),
([@24)) is just the ’old’ elliptic estimate for @, so the proofs of Steps 2a and 2b go
through for @ instead of u as before (with minor modifications when using (77), and
the matching conditions only satisfied up to an exponentially small error because
of the wg term, which is inessential for the resulting estimate), and this gives that
4 is exponentially close to an Eo)q>70 and hence that u = ug + @ is exponentially
close to Eig,'y.

7.5. Proof of Theorem [2l First, choose ¢y > 0 so that the conclusion of Theorem
holds. Since Py = V', ([03) gives the eigenvalues in Theorem 2b), by Lemma
[6b) (and actually precise information on the eigenfunctions). Next, with this ¢g
apply Theorem [21] then (80) gives the eigenvalues a) (for 7, < v), and Theorem
22 then (8O) gives the eigenvalues in ¢). The eigenvalues close to those 7, which
are > v are obtained using the argument in the preceding subsection. The cited
theorems also give that there are no other eigenvalues.

8. IDENTIFYING THE QUANTUM GRAPH; SPECIAL CASES

Proof of Theorem[d. We first discuss how to obtain the eigenvalues of a quantum
graph. The metric graph (G,2L) (that is, the graph G with given edge lengths
2l., considered as a one-dimensional simplicial complex, i.e. as a union of intervals
glued at the vertices) is just the space Xé defined in (IH), with vertex and edge
manifolds all equal to a point. Here we disregard the dimension requirement on
the vertex and edge manifolds; but since the dimension requirement was never
used (except implicitly in the validity of the theorems of scattering theory) we
may use all previous results except those on scattering theory. Scattering theory
is replaced as follows. A boundary condition at the vertices of GG corresponds to a
scattering matrix Sg(«), defined for o # 0 by the requirement that the function
e % pg + e Se(a)pe on X! satisfy the boundary condition for each pg € Vg.
By Lemma [I2 this function satisfies the matching condition at x = 1, i.e. extends
to a smooth function on the metric graph, iff

(126) (I —e?L5S5(a))pa = 0.
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Since vg = 0, this means that the positive eigenvalues of this quantum graph are the
squares of those a for which (I26]) has a solution ¢ # 0 (counted with multiplicity,
defined as dimension of the space of those p¢).

On the other hand, from (@) and (B9) we have that the positive by in Theorem [I]
are precisely the squares of those z > 0 for which (I — e**?£5.9(0))¢ has a solution
@ # 0, counted with multiplicity.

It follows that we should choose boundary conditions for the quantum graph
such that

(127) Sa(a) = S(0) for all a.

In particular, we should take Vg = V, which leads us to consider functions which
on the edge e take values in N,; Lemma [0 shows that (I27) yields the boundary
conditions (&), [@). Finally, Lemma [Tl shows that also the zero eigenvalues of the
quantum graph correspond to the by = 0. O

Note that the proof also gives a correspondence of the leading parts of eigen-
functions (since they are determined by pg and ).

We recover previously known results easily. The operator on the quantum graph
in Theorem [3 is sometimes called the limit operator. For the following statement,
see the remarks after that theorem, and for the notation the beginning of Section
(§

Theorem 25. Suppose all vertex and edge manifolds are connected. Let Ao be the
smallest eigenvalue of —Axo xr, where N means that, in addition to the D/N (resp.
Robin) boundary conditions at 0X°\'Y, we impose Neumann boundary conditions
atY. Then —Axo has no L?-eigenvalues < Ao, and:

a) If A > v then we have Dirichlet conditions, i.e. decoupling, in the limit operator.
b) If \ = v =0 then we have Kirchhoff boundary conditions in the limit operator.

In particular, for Neumann boundary conditions on all of X% one has Kirchhoff
boundary conditions, as proved in [5].

Proof. We prove the following stronger statement: If A < Ay then the equation
(Axs + A)u = 0 can have no bounded solution, and if A = Ay = 0 the only
bounded solutions are constant on each X2°.

By Theorem [B] with Remark 3 following it, this implies the theorem since L2-
solutions are bounded and since elements in the (+1)-eigenspace of S(0) correspond
to bounded solutions by Theorem [@k).

First, by Lemma [l for a bounded solution u with A < v we must have ¢ =

0,9 = 0Vk in (26]) resp. (28) and (29), and this implies
(uz=0, (Ocu)z=0)y < 0.

The same is true for an L?-solution for any A. Green’s theorem implies
(128) )\/ |u|? :/ U(—AT) = —(Up=0, (O¢t)z=0)y —I—/ |Vu|?
X0 X0 X0
(129) > [ 1w,
X0

2
o) % < MNif ujxo # 0. Since ujxo may be taken as test function in the

variational characterization of g, this implies A\g < A and hence the first claim. If
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A= X = 0 then it implies Vu = 0, so u is constant on X0 (since X? is connected)
and hence on X3° by unique continuation. Note that for ¥ = 0 connectedness of Y,
implies that N, = C canonically (the constant functions). O

9. APPENDIX: MONOTONE UNITARY FAMILIES

In this appendix we collect some results on analytic one-parameter families of
unitary operators which we need. Discussion and proofs can be found in [7].

Let U(x) be a family of unitary operators on a Hermitian vector space V', of
dimension M < oo, depending real analytically on z € R. Then

(130) D(z) == %U’(x)U(:v)fl

is symmetric, where U’(z) is the derivative with respect to . Assume that U is
monotone, i.e. D(x) is positive for all z, and more precisely that there are constants
dmin7 dmax; d2 >0 such that

(131) dmin] < D(2) < dmaxI, |U"(z)|]| <d2 for all x.

Denote
W(z) =Ker(I —U(z)) and Z ={z: W(x)# {0}}.
Thus z € Z iff U(z) has eigenvalue one.

A special case of this setup is U(x) = e Uy for a unitary Uy. Then Z is discrete
and 2m-periodic, and W (x) is the eigenspace of Uy with eigenvalue e~*. The
following statements generalize this and well-known facts about eigenspaces to our
more general situation.

Lemma 26. Z C R is a discrete subset, and more precisely for all A < B

B
(132) > dimW(x)—2—/ tr D(z) dz| < M(:= dim V)

1
™
r:A<ax<B A

The following lemma mimics the independence of the eigenspaces.

Lemma 27. Let I be an interval of length at most %' Then the spaces W (x),
x € I, are independent, i.e.

(133) If o € W(z) for each x € INZ and Zg@m =0 then ¢, =0 Vz.

The following lemma gives a stable version of almost orthogonality.

Lemma 28. Assume ¢ € V '\ 0 satisfies

(134) (1 = U(zo))ell <ellell-
Then
(135) dist(zo, Z) < —22

min
Furthermore, there is a constant C only depending on dmin, dmag, d2, M such that
if e < O~ then, with Py denoting the projection to @‘1*10|<\/E W(z),

(136) lo = Pl < Ce 2D .

We also need a fact about 2-parameter perturbations.
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Theorem 29. Let U(x,y) be a unitary operator in a finite-dimensional Hermitian
vector space depending real analytically on x,y € R. Assume

(137) %%U_l >0 at (zo,yo)-

Then the set {(z,y) : U(z,y) has eigenvalue one} is, in a neighborhood of (xo,yo),
a union of real analytic curves x = x;(y). The corresponding projections P;(y)
to the eigenspace of U(x;(y),y) with eigenvalue one are also analytic functions
of y # vo, extending analytically to y = yo, and > ; Pj(yo) is the projection to
ker(I — U(zo,y0))-
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