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Abstract

We prove the Law of Large Numbers and the Central Limit Theorem for analogs of U- and V-
(von Mises) statistics of eigenvalues of random matrices as their size tends to infinity. We show
first that for a certain class of test functions (kernels), determining the statistics, the validity
of these limiting laws reduces to the validity of analogous facts for certain linear eigenvalue
statistics. We then check the conditions of the reduction statements for several most known
ensembles of random matrices, The reduction phenomenon is well known in statistics, dealing
with i.i.d. random variables. It is of interest that an analogous phenomenon is also the case for
random matrices, whose eigenvalues are strongly dependent even if the entries of matrices are
independent.

1 Introduction

In recent decades there has been a considerable activity in studying asymptotic properties of linear
eigenvalue statistics

Nalel = 3 o™ (1.1)
=1

for various classes of random symmetric or hermitian matrices. We denote in (1.1) {)\l(n)}l”:l eigen-
values of n X m random matrix M, assuming that they are indexed in the non-decreasing order,
and ¢ : R — R a function, called often the test function (or the kernel of statistic). It has been
proved that for a rather broad class of random matrix ensembles and any bounded and continuous
test function n TN, [p] converges either in probability or with probability 1 to a non-random limit

/R (AN (dN), (1.2)

where N is a probability measure known as the Integrated Density of States of the ensemble. In
other words, if for any A C R

Na(A) =AM e A 1=1,...,n}/n, (1.3)

i.e., Ny is the Normalized Counting Measure of eigenvalues of M, then N, converges either in
probability or with probability 1 to a non-random measure N (see |2, 11, 10, 22, 24| for results and
references).

This can be viewed as an analog of the Law of Large Numbers for linear eigenvalue statistics.
Note that the eigenvalues of random matrices are strongly dependent random variables even in the
case, when the entries of matrices are independent (modulo the symmetry condition of course).
Nevertheless, the analogs of the Central Limit Theorem (CLT) for linear eigenvalue statistics have
also been found in various instances (see e.g. [1, 3, 6, 8, 9, 12, 13, 14, 15, 25, 26]) although the



situation with CLT in the random matrix theory is more subtle up to certain cases, where other
limiting laws of fluctuations emerge (see e.g. [23]). The reason is that due to mention above strong
dependence of eigenvalues the variance of linear eigenvalue statistics of many random matrices does
not grow with n, and the mathematical mechanism of the limiting Gaussian law is more subtle than
just the "collective effect" of large number of small random and independent random variables.

Note now that the linear statistic (1.1) is an analog of an additive observable of statistical
mechanics and condensed matter theory, where the binary, ternary, etc. observables are also of
considerable interest. Their analogs exist also in statistics and known as U-statistics. Thus, it
is natural to consider similar objects for eigenvalues of random matrices, defined via a bounded
symmetric ¢ : RP - R p > 1 as

Unlel = > e (WD) (14)

1<l <ly..<lp<n

One can also consider a bit different object that we call the multilinear statistic and that is known
in statistic as V- or von-Mises statistics

Nopnlip] = Z © (/\l(f), ...,/\l(:)) , (1.5)

Iyelp=1
that can also can be written as the function of the pth tensor power of M:
Nonlep] = Tr(M®P) (1.6)

As was mentioned above, the eigenvalues of random matrices are strongly dependent random vari-
ables. Thus, the methods, developed in statistics for the analysis of U-statistics and von-Mises
statistics (analogs of (1.4) and (1.5) with i.i.d. random variables instead of {)\l(n)}}lzl) and based
mainly on the martingale theory ideas [16, 17], are not applicable for random matrices. Neverthe-
less, we show below that the analysis of multilinear statistics essentially reduces to that of linear
statistics, similarly to the situation in statistics. This allows us to use the known results for linear
eigenvalue statistics to prove analogs of the Law of Large Numbers and the Central Limit Theorem
for multilinear statistics of several important classes of random matrices.

The paper is organized as follows. In Section 2 we study the analogs of the Law of Large
Numbers and in Section 3 the analogs of the Central Limit Theorem. In both cases we prove first
a general statement, allowing us to reduce the case p > 2 in (1.5) to the case p = 1, and than we
check the validity of the hypotheses of the reduction statements for various random matrices.

2 Law of Large Numbers for Multilinear Statistics

We give here the assertions, corresponding to the Strong Law of Large Numbers (convergence with
probability 1) and the Weak Law of Large Numbers (convergence in probability). The results are
rather simple consequences of those for linear statistics.

Theorem 2.1 Lel M be an n X n real symmelric or hermitian random matriz. We have:

(i) if the Normalized Counting Measure of eigenvalues of M (see (1.8)) converges weakly with
probability 1 to a non-random probability measure N :

lim N, = N, (2.1)

n—oo
then for any bounded, continuous, and symmetric ¢ : RP — R the normalized statistics
NP N [] and nPUpy (], where Npn and Upy, are given by (1.5) and (1.4), converge with
probability 1 to the non-random limait:

Hm 1P Npy[g] = p! Lim 0Pl (o] = Lyy], (2.2)

n—oo n—oo



where

Lolel = [ @0 )N (aN)-N (@) (23)
P
(1) if for any A C R
lim E{|N,(A) - N(A)|} =0, (2.4)
then for any bounded, continuous, and symmetric ¢ : RP — R
Jim E{|n"PNpn[p] = Lplell} = lim E{[n " Upn[e] — ()7 Lyl0]1} = 0. (2.5)

Proof. (i) It is known that if a sequence of measures {m,} on R converges weakly to a
probability measure m on R, then the sequence of p-fold product measures {m%p } on RP converges
weakly to the p-fold product m®? of the measures m (see e.g. [4], Theorem 3.2). This fact and the
hypothesis of assertion (i) imply its validity for Npy,. To prove the assertion for U, we note that
since ¢ is symmetric in its arguments

n"P((p!) " Nopnle] — Upn[ep])

is the finite number (depending only on p) sums of the type (1.5) but having at least two coinciding
indices. Since the summands are bounded by n~!supycps [¢(A)| and their number in every sum is
nP~! at most, we obtain the bound

n P (p) T Npnle] — Upnl]| < Cpn™' sup (V)]
AERP

where C), depends only on p. The bound and the validity of assertion (i) for N, imply its validity
tor Upy,.

(ii) To prove the assertion we first choose € > 0 and a cube C4 C RP, centered in the origin,
having the side length A, and such that N(R\[—A, A]) < . Let now

be a partition of C'4 in which C,’s are so small that the variation of ¢ in every Cy does not exceed
€. Then we have

v

nPNon[0] <D (9(Aa) + E)NFP(Ca) + sup (V) INZP(R\Ca)

a=1

and
14

nPNple] = ) (p(Aa) — ) NZP(Ca) — sup (V)N (R\Ca).
a=1 ERP

Writing analogous inequalities for £,[¢] and subtracting them from the above, we obtain that

E{n"PNpn[p] — Lplp]} < 2¢ Z E{N?(Ca) — N¥P(Cy)}
a=1

+ sup [ (VBN (R\C)) + NP (R\C))

Passing subsequently in this bound to the limits n — oo and A — oo and taking into account (2.1),
we obtain assertion (ii) of the theorem, concerning Np,. An analogous assertion for Uy, follows
from the argument similar to that used in the proof of assertion (i). m



We will list now several classes of random matrices for which the hypotheses of Theorem 2.1 are
known to be valid:

(i). Classical Ensembles: GOE, GUE, Wishart, Laguerre, etc. (see e.g. [19, 10] for their
definitions and properties), as well as their deformed versions H ©) + M, where H® is non-random
(or random but independent of M) and such that its Normalized Counting Measure converges
weakly to a probability measure of compact support. For these ensembles the limiting relation (2.1)
is known since long time (see e.g. [2, 11, 22] and references therein). In particular, for H(® = 0 the
limiting measure is absolutely continuous (under certain conditions for the Wishart and Laguerre),

and the corresponding density is
(27T)_1 \/4—)\21{‘)\|§2}, (26)

and

270) "'V (ay = M)A = a-)Lxefaas} (2.7)

where ¢ > 1, ay+ = (14 /c)%
(ii). Wigner Ensembles, where M = n~2W, W = {Wik} k=1, Wjr = Wi; in the real sym-
metric case, W, = Wy, in the hermitian case, and {Wji}1<j<k<oco is the infinite collection of i.i.d.

random variables of zero mean and variance 1, as well as their "deformed" versions. The limiting
measure exists and is the same as for the Gaussian Ensembles.

(iii). The sample covariance matrices M = n~*X* X, as well as their "deformed" versions, where
"1 denotes the matrix transposition in the real symmetric case and the hermitian conjugation in
the hermitian case, and X = {Xo;}, 2, is the m x n random matrix whose entries are taken from
the infinite collection {Xq;}5°;—; of i.i.d. (real or complex) random variables, and lim, oo m/n =
¢ € [0,00). The limiting measure coincides with that for the Wishart and Laguerre Ensembles. For
the validity of (2.1) in these cases see again [2, 11] and references therein.

(iv). The "triangular array" versions of the Wigner and the sample covariance random matrices,
where W = {Wj(,?) Mhep and X = {Xg;)}gjnzl, i.e., the entries are independent (modulo symmetry)
random variables, whose probability law depends now on j, k, and n, and we do not assume that
the entries for all n are defined on the same probability space. In these cases one has to use
the convergence in probability (or its a bit stronger version (2.4)), and for its validity we refer to
[20, 21, 2, 11] and references therein.

(v). Real symmetric and hermitian matrices, whose probability law is

Z,gexp{—nBTeV(M)/2}dsgM, (2.8)

where 3 = 1 for real symmetric matrices, § = 2 for hermitian matrices, V : R — R is locally
Lipshitz function with the power o € (0,1) in the corresponding inequality,

V(A) 2 (2+¢)log(1+[A]), [A =L (2.9)

for some € > 0 and L < oo, Z,z3 is the normalization constant, and
M= [ dMjy, doM=]]dM;; T[] dRMpdSMy. (2.10)

1<j<k<n j=1 1<j<k<n

In this case the validity of (2.4) is proved in [5, 13, 24]. The corresponding limiting measure N is a
unique minimizer of a certain variational problem and has a compact support.



3 Fluctuations of Multilinear Statistics

In this section we study analogs of the CLT for statistics (1.4) and (1.5) of eigenvalues of random
matrices. The following proposition establishes the stochastic equivalence of centered multilinear
statistics and certain linear statistics.

Proposition 3.1 Let M be an n X n real symmetric or hermitian random matriz. Assume that

(i) the measure N,, = E{N,}, where N,, is defined in (1.3), converges weakly to a probability
measure N :

lim N, = N, (3.1)
(i) for
Un(t) = Tret™M = n/ NN (dN), (3.2)
R
we have
Var{u,(t)} < C(t), (3.3)

where C(t) is a n-independent polynomial in |t| with positive coefficients.
Then for any symmetric and integrable p : RP — R, p > 2, such that its Fourier transform

1 .
0l = —’L(I,t) /4
20 = G [ I eta)a (34)
satisfies the condition
CY2(t1)CY2(t2)|3(t)|dPt < oo, (3.5)

RP
we have uniformly in x € R, varying in any finite interval

nlggo (E{eixn—pﬂx\f;n[go]} _ E{ez’x/\/{’n[%]}) =0, (3.6)
and
Tim (E{emnfpﬂugn[q:}} _ E{eifon[(p!)*lso;]D —0, (3.7)
where

Nopnle] = Nonle] = E{Npnlel},  Upnlpl = Upn[ip] — E{Upn[e]},
and ¢, : R — R is

aey :p/Rpl (A A2y s )N (dD). . N(dN,), p > 1. (3.8)

Proof. It follows from the inequality |e® — e®| < |a — b|, a,b € R that
‘E{ez‘m*wwsn [#l} — B{eiNialol) ‘
< [l B{[n YN L] = N[l (3.9)

Thus it suffices to prove that the expectation on the right vanishes as n — oo.
We have from (1.5) and (3.4):

Nonlid = [ 20 [Tuntt) s, (3.10)
P =1



where u,, is defined in (3.2). Writing
Up = Uy + Uy, Up = E{uy,},
and using the symmetry of ¢, we present (3.10) as
P
Nonlel =32 (2] [ GO 00) 0 )t .1)
q=0

Applying to the identity the operation of expectation and subtracting the result from (3.11), we
obtain that

N2l = p / Bty (t) [ [ wntg)at
q=2

RP
+ qu; (Z) /R @(t)(f[luz(m — E{ 12[1 u;;(t,.)}) Tllu"(tr)dpt' (3.12)

Denoting
Un(t) ="t (t) = n Tre™ ) 7,(t) = n7 1, (1),

and taking in account the inequalities
@ <1, [P <1, VEER, (3.13)

following from the unitarity of ™ in (3.2), we obtain from (3.12)

e A R O [Toutee]}

RP 02
z p
<) 2 (q) BOIB{up (1) (12) P, (3.14)
q=2 Ry

and then (3.3) and the Schwarz inequality imply
p
B{[o P aG e - [ o) [t}
RP
q=2

<30~ [ |3(1)|CY2(t)CM 2 (ty)dPt. (3.15)
RP

Denote v the Fourier transform of N of (3.1). It follows from (3.1) that

lim ©,(t) = v(t)

n—oo

uniformly in ¢ on any compact set of R. Thus [[}_, Un(ty) converges to []h_, v(t,) uniformly on
any compact set of RP~1 and taking into account (3.3) and (3.5), we conclude that the error of
replacing in (3.15) [[0_, Tn(ty) by [1h—y v(ty) vanishes as n — oo.

Note now that according to (3.2) and the spectral theorem

/R p p@(t)u;m)gv(tq)dpt - /R Bt (11 )diy

_ /]R PN (AA) = N3 [0,



where ¢, is the inverse Fourier transform of

@p(tl):p/ ) P(t, ta, .., tp Hv )dta..dty,.
RpP—

It follows from (3.5) that ¢}, coincides with the r.h.s. of (3.8). This proves (3.6). As for (3.7) we
consider the simplest case p = 2, containing already the essence of general case of an arbitrary p.
We have from (1.4) and (1.5) that

n ol = (20) Mol = ) [ AN
Now an argument similar to that in the proof of (3.15) yields
E{|[n 15,10 - M52 5| } < 27 B [ Nal] - Minlii]|}

)t [ 1Bt ta) B (1 + t2) b
R

In view of (3.5) the second term on the right is bounded by
(2n)—1/ CUY2(ty + t2)|B(t1, ta) |dty dts.
R2

Since C'is a polynomial in |¢t| with positive coefficients, it admits the bound C'(t1 +t2) < A(C(t1) +
C(t2)), where A depends only on the degree of C. This, (3.6), and (3.5) imply (3.7). =

Remark 3.2 The same argument can be used to prove the CLT for multilinear (U- and V-) statis-
tics of i.i.d. random variables {};>1. In this case (3.1) is just the weak Law of Large Numbers
for sums of i.i.d. random variables and (3.3) is valid with C(t) = const. Thus, Proposition 3.1 im-
plies the stochastic equivalence of centered multilinear statistics for i.i.d. random variables and test
functions with integrable Fourier transform and the centered linear statistics for the same random
variables and test functions ¢} of (3.8). Since ¢, is bounded in this case and since the CLT for
linear statistics is valid for such test functions, we conclude that the CLT for multilinear eigenvalue
statistics of i.i.d. random variables is valid for test functions with integrable Fourier transform. One
can then extend the CLT for wider classes of test functions, up to those, satisfying the condition
Var{y;(§1)} € (0,00), usual in statistics and resulting form the martingale techniques (see e.g.
[17], Section 3.1). The extensions can be obtained by a standard approximation procedure (see e.g.
its version in item (i) below, treating the Gaussian Ensembles).

We discuss now random matrices for which the hypotheses of the proposition are true, giving
also the form of the corresponding variance and the class of test functions.

(i). Gaussian Ensembles (GOE and GUE), see e.g. [19] for their definitions and properties.
The measure N is here the Wigner semicircle law (2.6). The CLT for linear statistics with C test
functions of compact support is proved in several papers (see e.g. [12] and references therein), and
the corresponding variance is

()’ 4% — A
Vislel = g5 / dA/ ( —p > \/42—A2\/42—M2dﬂ’ (3.16)

where 3 =1 for the GOE and § = 2 for the GUE. Besides, it follows from the Poincaré inequality
for Gaussian matrices |7, 22| that the polynomial C in (3.5) is 2¢t2/3. Thus, assuming that ¢ of
(1.5) is a smooth enough function decaying sufficiently fast at infinity to have

| mllelizie: < . 3.17)

7



we find from Proposition 3.1 that the CLT for (1.5) is valid and the corresponding variance is

Vosle] = Vigley), (3.18)

provided that ¢ is not identically constant in [—2,2]. It is natural to view the last condition as
that describing the "generic" situation. We do not consider here in detail non-generic situations
that may lead to different normalizations and limiting laws.

Here is a simple example. Let p = 2 and (A1, A2) = ¥(A1)¥(X2), where 9 is a bounded C!
function that is not identical constant for |A| < 2 and

/2 (NI = N2dA = 0. (3.19)
)

Hence, ¢35 = 0 and Vag),) = 0. Note however that we have here

Nanlp] = (fjw(v“)) — (Malv)*.
=1

Since E{N1,[¢¥]} = 0 in view of (3.19) and since the CLT is valid for linear eigenvalue statistics
of the GOE and the GUE matrices with bounded C! test function, we conclude that in this case
Nap ] converges in distribution to the square of the Gaussian random variable with zero mean and
the variance V(¢

Analogous results are valid for (1.4).

Let us show now that the CLT for (1.4) and (1.5) is valid with the same variance (3.18) for
bounded functions in R? such that d¢/0A; is bounded in RP and is continuous on any compact set
of RP. To this end we introduce the cube C'4 C RP centered in the origin and of the side length A
for any A > 2, and write

= pa+1a, (3.20)

where supp g4 C C4 and dp4/0A; is continuous in Cy, and supp ¥4 C RP\ C4—1 and dp4/0\
is bounded (and locally continuous).
Representation (1.6) and the Poincaré inequality for Gaussian matrices |7, 22] imply that

Var{n " Npu[p]} < 2E{n P Trp1 (M)} (M)}

P
_ 2/ o2 T] Nadry), (3.21)
Rp
qg=1
where p1(A) = dp/0A1. Let {¢k} be sequence of sufficiently smooth functions whose support is in
C4 (hence the CLT for (1.5) is valid for every ¢y by Proposition 3.1) and such that

. dpa  Opg
lim ( su A — (V)| + su ———’ —0. 3.22
Jm (s a0 = enN)] + sup | T2 - S (3.22)

We have from (3.20) and (3.21)

_ dpa Ok 12 11 —
p+1 _ < = _rrw
Var{n Npnlo — i]} < /CA O 3)\1‘ qlzllan(d/\q)

ﬁ No(dAg) (3.23)




The second term on the r.h.s. is bounded by

Cy N, (dN). (3.24)
[A[>A-1
Denote
Zn = E{ eXp{ixn_p—i_lN;n[sO]}}a an = E{ exp{ixn_p+1/\/;n [@k]}}

and
Zk — e_xQVpBWk}/Q 7 = e_x2vp5[50]/2_

?

Then by using an analog of (3.9) and the Schwarz inequality we have:

Z — Zn| < |Zn — Zyk| + | Znk — Zk| + |2 — Z|
< |z|Var2{n PN [0 — i} + | Zok — Zi| + |21 — Z). (3.25)

The limit n — oo in this bound replaces by zero the second term on the right (recall that the CLT
valid for every ) and replaces N,, by N in the bound (3.23) — (3.24) of the first term (recall that
N,, converges weakly to V). The subsequent limit k — oo replaces by zero the third term of (3.25)
(Vpg of (3.18) and (3.16) is continuous in the metric, determined by the expression under the "lim"
sign in (3.22)), and replaces by 0 the first term on the right of (3.23) (in view of (3.22)). Finally,
the limit A — oo replaces by zero the r.h.s. of (3.24) with N,, replaced by N.

We obtain that the characteristic function Z,, of n*pH./\/;n [¢] converges to Z, the characteristic
function of the Gaussian law with mean zero and variance Vjglp], where ¢ : RP — R is bounded
symmetric, Op/0A; is bounded in R?, and such that ¢, is not identically constant in [—2, 2] (generic
situation for the CLT).

Analogous result is valid for Uy, [p] of (1.4).

(ii). The Wishart and the Laguerre Ensembles (see [10] for their definitions and properties). Here
similar results can be obtained by using an argument similar to that for the Gaussian Ensembles,
however the variance of the corresponding GLT for linear statistics is

L N e A O E o (DA de — (N — am) (1 — am)
27T2,8 /a d)\/a < \— > \/46— ()‘_am)Q\/ZlC— (M—am)Q du, (326)

where at = (1 £+/¢)?, ay, =c+ 1, ¢ = lim, oo m/n € [1,00).
(iii). Wigner Ensembles (see (ii) of previous section). Here (3.1) is known since the long time
(see [21, 2, 11]). Relation (3.3) is also valid if

. (n)\6
sup élzénE{(ij )’} < o0

with C(t) = A(1 + [t[?)2, and the CLT for linear statistics is valid for test functions, satisfying
JEARECITRE
and with the variance ) ) 2

where Vi is defined in (3.16) and k4 is the fourth cumulant of Wj(: ) , assumed to be independent

of j,k, and n [18]. Thus, Proposition 3.1 implies the validity of the CLT for multilinear statistics
with test functions, satisfying

/R (L4 1) (1 + |62 (B0t < oo,

9



(iv). Sample covariance matrices. By using [18], it is possible to prove results, analogous to those
for the Wigner matrices, given in (iii).

(v). Hermitian matrix models, given by (2.8) - (2.10) with b = 2. The corresponding limiting
measure N is a unique minimizer of a certain variational problem and has a compact support (see
e.g. Theorem 2.1 of [24]). Condition (3.1) follows from Proposition 2.1 and Theorem 2.1 (ii) of [24].
To prove (3.3) we use the formula

1

Var{Nalel) = 5 /R (oY) — () K20 mydAd (3.27)

for the variance of linear statistics (1.1) of hermitian matrix models. The formula is an easy conse-
quence of the determinant formulas for the marginals of the joint probability law of these random
matrices (see e.g. [19], Section 6.2), where K, is the reproduce kernel of orthogonal polynomials

with respect to the weight e Y. The case of (3.2) corresponds to p(A) = e in (3.27), hence

2
Var{N,[¢]} < Z/RQ(A — WK (N, p)dAdp.
Now, Lemma 3.1 of [24] implies that the integral on the r.h.s. is uniformly bounded in n, hence
the polynomial C in (3.3) is At? with a n-independent A. The CLT for linear eigenvalue statistics
of the hermitian matrix model was proved in [13] for polynomial V in (2.8), such that the support
of the limiting measure IV is a connected interval and the variance of the limiting Gaussian law is
(3.16) (see also [23] for more general cases). It follows then from Proposition 3.1 that the CLT for

multilinear statistics is valid for test function, satisfying (3.17) and with variance (3.18), where ¢,
of (3.8).

Acknowledgement L.P. would like to thank the [saac Newton Institute for Mathematical Sciences
for the kind hospitality in the framework of the programme "Mathematics and Physics of Anderson
Localization: 50 years later", where the paper was written.

References

[1] Anderson GW, Zeitouni O (2006) CLT for a band matrix model. Probability Theory and
Related Fields 134: 283-338

[2] Bai ZD (1999) Methodologies in spectral analysis of large dimensional random matrices:a re-
view. Statistica Sinica 9: 611-677

[3] Bai ZD, Silverstein JW (2004) CLT for linear spectral statistics of large dimensional sample
covariance matrices. Ann. Prob. 32: 553-605

[4] Billingsley P (1968) Convergence of Probability Measures, J. Wiley, NY

[5] A. Boutet de Monvel, L. Pastur, M. Shcherbina (1995) On the statistical mechanics approach
to the random matrix theory: the integrated density of states, J. Stat. Phys. 79: 585-611.

[6] Cabanal-Duvillard T (2001) Fluctuations de la loi empirique de grandes matrices aléatoires.
Annales Inst Henri Poincaré, Probab. Stat. 37: 373-402

[7] Chatterjee S, Bose A (2004) A new method for bounding rates of convergence of empirical
spectral distributions. J. Theoret. Probab. 17: 1003-1019

[8] Costin O, Lebowitz JL (1995) Gaussian fluctuations in random matrices. Phys. Rev. Lett. 75:
69-72

10



[9] Diaconis P, Evans S (2001) Linear functionals of eigenvalues of random matrices. Trans. of
AMS 353: 2615-2633

[10] Forrester ~ P (2000) Log - gas and Random  Matrices, available  at
http://www.ms.unimelb.edu.au/ matpjf/matpjf.html

[11] Girko V (2001) Theory of Stochastic Canonical Equations, vols. I, II. Kluwer, Dordrecht

[12] Guionnet A (2002) Large deviations, upper bounds, and central limit theorems for non-
commutative functionals of Gaussian large random matrices. Annales Inst Henri Poincaré,

Probab. Stat. 38: 341-384

[13] Johansson K (1998) On fluctuations of eigenvalues of random hermitian matrices. Duke Math.
J. 91: 151-204

[14] Jonsson D (1982) Some limit theorems for the eigenvalues of a sample covariance matrix.
J.Multivariate Anal. 12: 1-38

[15] Khoruzhenko B, Khorunzhy A, Pastur L (1995) 1/n-corrections to the Green functions of
random matrices with independent entries. J. of Physics A: Math. and General 28: L31-L.35

[16] Koroljuk VS, Borovskch YV (1993) Theory of U-statistics. Kluwer, Dordrecht
[17] Lee AJ (1990) U-statistics. Marcel Dekker, NY

[18] Lytova A, Pastur L (2008) Central Limit Theorem for Linear Eigenvalue Statistics
of Random Matrices with Independent Entries (in preparation)

[19] Mehta L (1991) Random Matrices. Academic Press, NY

[20] Marchenko VA, Pastur LA (1967) The eigenvalue distribution in some ensembles of random
matrices. Math. USSR Sbornik 1: 457-483

[21] Pastur L (1972) On the spectrum of random matrices. Teor. Math. Phys. 10: 67-74

[22] Pastur L (2005) A simple approach to the global regime of Gaussian Ensembles of random
matrices. Ukrainian Math. J. 57: 936-966

[23] Pastur L (2006) Limiting laws of linear eigenvalue statistics for unitary invariant matrix models.
J. Math. Phys. 47: 103303

[24] Pastur L, Shcherbina M (2008) Bulk universality and related properties of hermitian matrix
models. J. Stat. Phys. 130: 205—250

[25] Sinai Ya, Soshnikov A (1998) Central limit theorem for traces of large random symmetric
matrices with independent matrix elements. Bol. Soc. Brasil. Mat. (N.S.) 29: 1-24

[26] Soshnikov A (2000) The central limit theorem for local linear statistics in classical compact
groups and related combinatorial identities. Ann. Probab. 28, 1353-1370

[27] Spohn H (1987) Interacting Brownian particles: a study of Dyson’s model. In: Papanicolaou
G (ed.) Hydrodynamic Behavior and Interacting Particle Systems. Springer, NY, pp. 151-179

11



