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ABSTRACT. We consider the evolution of a tight binding wave packet propagating in a time
dependent potential. If the potential evolves according to a stationary Markov process, we
show that the square amplitude of the wave packet converges, after diffusive rescaling, to a
solution of a heat equation.

1. INTRODUCTION

It is generally expected that over long times the amplitude of a wave propagating in a
weakly disordered background will be well described by a diffusion, at least in dimension
d > 3. This expectation stems from a picture of wave propagation as a multiple scattering
process. Scattering off the disordered background results in random phases, and the build up
of these phases over multiple scattering events leads eventually to a loss of coherence in the
wave. Decoherent propagation of the wave may be understood as a classical superposition of
reflections from random obstacles. As long as recurrence does not dominate the evolution,
the central limit theorem suggests that the amplitude is given in the long run by a diffusion.

So far it has not been possible to turn this heuristic argument into mathematical analysis
without restricting the time scale over which the wave evolution is followed as in [2| 3], 4].
One major obstacle is a lack of control over recurrence: the wave packet may return often
to regions visited previously, denying us the independence needed to carry out the central
limit argument. Indeed, the phenomenon of Anderson localization indicates that under
appropriate conditions recurrence can dominate and cause complete localization of the wave
packet. (It is worth noting that, since random walks are highly recurrent in dimensions d = 1
and 2, the above heuristic analysis does not support diffusion in d = 1 or 2, dimensions in
which localization is proved (d = 1) and expected (d = 2) to dominate at any disorder
strength.)

A natural way to avoid recurrence difficulties is to bring a time dependence into the
disordered background — we suppose that the environment evolves as the packet propagates.
Here we consider a stochastic environment evolving independently of the wave packet. A
natural assumption in this context is that the background changes in time according to a
stationary Markov process. Such evolution equations have been proposed as an effective
model for the propagation of wave packets in optical fibers [6].
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We consider here the simplest example of such a wave equation, namely the tight binding
Markov-Schrodinger equation

10p(w) = Tohe(x) + Avg(w(t))Pe(),
(1) {@bo € 2(27).

where T is a translation invariant hopping operator on %(Z%), w(t) is a Markov process
on a measure space ) and v, : 2 — R are measurable functions on 2. An elementary, but
important, observation is that, so long as the time dependent generator H, = T+ v, (w(t))
is uniformly bounded in time, the non-autonomous problem (II]) has a unique solution
for any initial condition vy € £2(Z%), given for instance by the norm convergent series

(1.2) Yo = Yo+ > ()" | Hugy) -+ Hoythodrs - - dry,

n=1 In(t)
with T',(t) = {(r1,---,m) @ 0<r, <--- <r; <t}. The evolution is easily seen to
be unitary, ||¢¢]| = ||1o]|. Thus a sufficient condition for solutions to (LII) to exist is that

|T|| < oo and sup,, sup,, |v.(w)| < co.

We examine diffusion of the wave packet by considering the mean square amplitude
E (J¢:()|?) , where E () denotes averaging with respect to the random paths of the Markov
process and also an initial distribution for w(0). Diffusion is characterized by changes in
position that scale as the square root of the elapsed time. Thus it is natural to look at the
mean square amplitude in the scaling ¢ — 7t, z — /72 for a large parameter 7. Since x
is a discrete variable, to accomplish this rescaling we need to convolve E (|¢;(z)|?) with a
function on R?. That is, we look at

(1.3) Az) = > ulz = OE (Jtu(9))
cezd

with u a fixed “bump function” centered at 0. Let us suppose u > 0 and [ udx = 1, so that
Ay(z) > 0 and [ Ai(z)dz = |[¢oo]]>. We interpret diffusion for the mean square amplitude
as weak convergence of A;(z) under diffusive scaling to a solution of a heat equation. That
is, for suitable test functions ¢,

(1.4 [ srtaraas == il [ o)

1 _l=?
—e” Didx
(mDt)2
with D > 0. A sufficient condition for (IL4]), which requires no choice of a bump function, is
obtained by a Fourier transform:

—iLk- T—00 _
(1.5) > TR (Jn(O)) T [lwolPe P, vk e RY
¢ezd
Following is a brief history of related studies. Ovchinnikov and Erikman obtained diffusion
for a Gaussian Markov (“white noise”) potential [7]. Pillet obtained results on transience of

the wave in related models and derived a Feynman-Kac representation which we use below
[8]. The evolution (II) was considered by Tchermentchansev [9, [10], who used Pillet’s



Feynman-Kac formula to show that position moments such as ) |z[PE (|¢t(:c)|2) exhibit
diffusive scaling, up to logarithmic corrections. More precisely, he obtained upper and lower
bounds of the form

p 1 . )
z(lnt)’/* 5 Z|x‘pE (Wt(x)\2) ,S tz(hlt) +t, 1 — o0.

(1.6) ¢

In the present paper we obtain diffusion (LH) and show that (6] holds for p = 2 with v, =
v_ = (0. While completing this manuscript, we learned of recent work of De Roeck, Frohlich
and Pizzo on diffusion for a quantum particle weakly coupled to an array of independent
free quantum fields [11].

In the next section we state technical conditions which allow us to derive (L5). These
conditions are quite general and cover a large number of models of the form (L1I). However,
it may be useful to have at least one example in mind. So, to guide the reader, we close
this introduction with a simple example of a potential for which we can derive diffusion. We
call this the “flip process.” The state space € of the Markov potential is just {—1, 1}Zd, and
v,(w) = evaluation of the z'" coordinate. So at any time ¢, the potential v, (w(t)) takes only
the values +1. Now suppose the process w(t) is obtained by allowing each coordinate v, (w)
to flip sign at the times ¢ (z) < t3(x) < - of a Poisson process, with independent, identical
Poisson processes at each site x. For this potential, our result implies diffusion (L.H) of the
wave amplitude.

2. STATEMENT OF THE MAIN RESULT: DIFFUSION OF THE AMPLITUDE

2.1. Assumptions. We make the following assumptions:

(1) (Existence of the Markov process and invariant measure): We are given a topological
space {2, a Borel probability measure p, and a collection {P, : « € Q} of probability
measures on the path space P = Q%) taken with the o-algebra generated by Borel-
cylinder sets, such that

(a) (Paths are right continuous and start at «): For each o € €2, with P, probability
one, every path w(-) is right continuous and satisfies w(0) = a.
(b) (The Markov property holds): For any measurable A C P we have

/LnaxﬂaAJdPaau«>>=:Pa<s:1a4>>

where S; is the backward shift on P, Siw(-) = w(- + 1), so
ST A) = {w() : w(-+1t) e A}

(¢) (Invariance of u): For any measurable A C €2,
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Let E,(-) denote expectation with respect to P,

(2.1) Eo (F(w() = /PF(W(-))dIP’a(W(-)),

and similarly
(2.2) E() = jgma<odu«m,

which is expectation with respect to the probability measure P(A) = [, Po(A)du(a) on P.
By the invariance of p under the Markov process we have

(2.3) EUW@»=Lﬂ@M@)

for any ¢ and any f € L'(Q).
The Markov property, invariance of p, and right continuity of paths show that

(2.4) Sef(a) = Ea (f(w(t)))
defines a strongly continuous contraction semi-group on L?(Q) (also on LP(Q) for any 1 <

p < 00). Indeed, the Markov property clearly shows this is a semi-group, and from the
definition we have

(2.5) (f;519) 2 = E(f(w(0))g(w(®))),
so by Cauchy Schwartz and (2.3])
(2.6) [(f, Stg) 2] < ||f||L2(Q) ||9||L2(Q)

from which it follows that ||S¢||;._ ;> < 1. The right continuity of the paths under P, now
shows that S; is strongly continuous, since any f € L*(€2) may be approximated by bounded
continuous functions and for bounded continuous f : 2 — R we have

(27) ||Stf - f“iQ(Q) =E (‘f(w(t» - f(w(o))‘z) — 0

by dominated convergence.
The adjoint Sj of S; is also a strongly continuous contraction semi-group, given formally
by

(2.8) Sif(a) = E(f(w(0)|w(t) = a),
where the r.h.s. is a conditional expectation. Of particular importance to us is the generator
B of S defined by

1
2.9 By = lim (v - 5fv)
(2.9) (0 t_l)r(% : (G X
on the domain D(B) consisting of ¢ such that the limit on the r.h.s. converges in L? norm.
The generator B is mazimally dissipative, meaning Re(y, By) > 0 for ¢ € D(B) and no
extension of B has this property. It follows that the spectrum of B is contained in the closed

right half plane {z : Rez > 0}. The adjoint BT of B is the generator for S;.



Note that both S; and S satisfy
(2.10) Sl = Shi=1,
where 1 denotes the function equal to one everywhere on Q. It follows that 1 € D(B) and
1 € D(BT) and that
(2.11) Bl =B'1=0.

The orthogonal complement of 1 is the space of mean zero functions,
(2.12) L2(Q) = {f c I2(Q) : / Fl@)dpu(a) = 0} |
Q

From (2.I1)) it follows that L3(f2) is an invariant subspace for B and B. We require that B
is strictly dissipative on this space:

(2) (Gap condition and sectoriality of the generator): There is T > 0 such that if f €
D(B) and [, f(e)dpu(e) = 0, then

1
Relf, B} o) 2 7 [ |(@)]* dula),
Q
In addition, we require that B is sectorial, namely there is v < oo such that

Im(f, Bf)r20)| < vRe(f, Bf)120)
for all f € D(B).
One consequence of the sectorial condition on the generator is that a precise meaning can be
given to the formal relation S} = e~ using the Riesz functional calculus — see [T, Chapter
II, Section 4].
Finally, we require translation invariance for the hopping operator T', the Markov process,
and the potential v, («a):
(3) (Translation invariance of the hopping terms): T is a translation invariant hopping
operator on (%(Z4),

To(x) = > bz —y)b(y),

with h a function such that
(a) (Self adjointness of T') For every x, h(—x) = h(z)*.
(b) (Non-degeneracy of T) For each non-zero vector k € R%, there is some z € Z4
such that h(z) # 0 and k - = # 0.
(¢) (Smoothness of the symbol) >~ _|z|* |h(x)| < oc.
It follows from (c) that A(k) = 3, e *%h(z) is a C2 function on the torus T In
particular, 7' is a bounded operator with [|T'[|,2(zay 2 (ze) = maxi Ih(K)|.
(4) (Translation invariance of the process and invariant measure): There are y-measure
preserving maps o, : Q — Q, x € Z%, such that

O3 00y = Opiy,



and
Po.(0)(T:(A)) = Pa(A),
where 7, : P — P is the map 7, (w)(:) = o, (w(-)).
(5) (Translation covariance, boundedness and non-degeneracy of the potential): The func-
tions v, : 2 — R are bounded, translation covariant

Vg = Vg © O,
mean zero
[ ve(@duta) =0,
Q
and there is y > 0 such that for all z,y € Z%, x # v,
-1
(2.13) B~ (v, — vy)HLz(m > .

Since the Markov process is translation invariant, B commutes with the translations 7, f () =
foz) of L?(Q). Thus (ZI3) is equivalent to

(2.14) [B7H (v = v0) [ 12y = X-

for all z € Z%, x # 0.

The condition [wv,du = 0 can always be obtained by putting the mean of v, into the
diagonal part of the hopping term. Likewise, by absorbing the normalization into the disorder
strength A, we may assume that [|vg|[;2q) = 1.

A very general class of models, which includes the flip model described above, is obtained
by taking 2 = SZ for some set S C R and supposing that each coordinate w(x) of w € Q
undergoes an independent Markov process, with the processes at different sites identically
distributed. We then set v,(w) = w(z). In this case, the generator B is the sum of the
individual generators for the processes at each site — more precisely the Friedrichs extension
of that sum defined on the domain of functions depending on only finitely many coordinates.
The above conditions are easily translated into conditions on the individual generator of
the Markov process on S for each coordinate w(x). For these models, the condition (213
is trivial since, by the independence of different coordinates and translation invariance, we
have

(215) [ B (v, — Uy)”izm) - HB_lvaiQ(Q) + HB_lvyHiZ(Q) =2 HB_I?foHiz(m’ z#Y.

2.2. Main result. The wave function 1 satisfies a linear equation, but the square amplitude
1v|? is quadratic in ¢. To obtain a linear equation for the evolution of [)|*, we consider the
density matrix

(2.16) pe(x,y) = vi(@)Pu(y)”,
which satisfies the evolution equation
(2.17)

Ope(x,y) = —i>_h(Q) [pelx = Cy) = pula,y + O] — X (va(w(t)) — vy (w (1)) pe(, y).
¢



Note that [y (z)]> = pi(x, x).

More generally, we may consider the evolution equation (2.I7) to be the basic dynamical
problem, with an arbitrary initial condition po(x,y). The natural setting is for py to be a
density matriz, namely

(2.18) po € DM = {p 7% x 7% — C : p is the kernel of a non-negative definite,
trace class operator on (*(Z%)} .

By virtue of the unitarity of the evolution (L.1]), the space DM is preserved by the evolution

([2.17), as is the trace trpg =Y po(z, x).
Under the assumptions outlined in the previous subsection, we have the following

Theorem 1. Any solution to (2I7) with initial condition py € DM satisfies

(2.19) lim Y e VTR (pro(w, 7)) = [tr polet s Pl

with D; ; = D, ;(\) a positive definite matriz. Near X = 0, D;;j(\) has an asymptotic
exrpansion

(2.20) D, ;(\) = D), +0(N).

1
L
If furthermore ) l2|? po(x, z) < oo, then

(2.21) lim%Z|x|2E(pt(1’,z)) = [trpo]ZDi,i.

t—o00

Remark. As the proof will show, (ZI9) holds also for an initial condition py which is the
kernel of a non-positive definite trace class operator.

3. AUGMENTED SPACE ANALYSIS

3.1. Augmented space and Pillet’s Feynman-Kac formula. The starting point of our
analysis is a “Feynman-Kac” formula due to Pillet [§] which expresses E (p;(x, z)) as a matrix
element of a contraction semigroup on an augmented Hilbert space,

(3.1) H = L*Z% x 7% x Q),

where Z9% x 7% x Q) is taken with the measure M
(32) JECE e Z/fxy, Jn(w).

We think of a vector ¥ € ‘H as a “random density matrix,” at least if W(-,-,w) is the kernel
of a non-negative definite trace class operator for p almost every w. We also think of H as
the tensor products (2(Z4) ® (*(Z%) @ L*(Q) or (*(Z* x Z%) @ L*(Q), using the notations

(3-3) W@ ¢® fl(z.y.w) =d(@)o(y) fw), o ée(Z), fel*Q),



and

(3.4) [p® fl(w,y,w) = pz,y) f(w), pe (L <L), feL*Q).
The Feynman-Kac-Pillet formula basic to our work is
(3.5) E(pi(x,y)) = (0, ® 6, ® 1, e "FKHAVED 5y @ 1),
where
(3.6) K¥(z,y,w) = Y AW - y,w) = U(ry+(w)],
¢
(3.7) VU(z,y,w) = (0z(w) = vy(w)) ¥(z,5,0),

and the Markov generator B acts on H as a multiplication operator with respect to the first
two coordinates, that is

(3.8) Blp® f] = p@(Bf), peP(Zx 7%, feIXQ).
In particular, we have
(3.9) E(pi(,2)) = (6, ® 0, @ 1,6 pg @ 1),

where L = iK + i\V + B. This equation relates the mean square amplitude of the time
dependent dynamics (217 to spectral properties of the non-self adjoint operator L.

3.2. Fourier Transform. To perform a spectral analysis of L, it is useful to note that L
commutes with a group of translations on H — a fact which encodes the distributional
invariance of (LI]) under translations. Specifically, if we let S¢ denote a simultaneous shift
of position and disorder,

Sg‘l’(fﬁ, y7w) = ‘;[l(;];‘ - 573/ - é-v O'g(x)),
then we have

Proposition 2.
SgK = KSg, ng = VSg, and SgB = BSg

Proof. The first two identities follow directly from the definitions of K and V'; the last follows
from the assumed translation invariance of the measure . U

As K,V and B commute with a representation of the additive group Z¢, we may simul-
taneously partially diagonalize them by a Fourier transform. In the present context a useful
transformation is the following unitary map:

(3.10) ¥(x,w, k) Ze_’k555 (,0,w Ze_ik'g\lf(at — ¢, =€, oew),

o X7 x Q) — LX(Z x Q x Ty)



where T, = [0,27)? is the d torus. One may easily compute that

A~ A~

(3.11) KV(z,w,k) = K\If (r,w, k) Zh [ (x — C,w, k) — e ® U (z — ¢, ocw, k)] ,

(312) V¥(z,wk) = VI(z,wk) = <vx<w> — vo(w))¥(z,w, k) |

and

(3.13) BY(z,w,k) = BU(z,w, k),

where B is understood to act as a multiplication operator with respect to z € Z% and k € T<.

The operators K , V and B act fiberwise over the torus T¢ — i.e., they act as multiplication
operators with respect to the coordinate k. Thus, eq. (8.5) may be transformed into

(3.14) E(pi(z,y)) = /d e kv, , ®1, e_tfkﬁo;k ® 1) p2(zaxq)dl(k),
T

where ¢ denotes normalized Lebesgue measure on the torus T¢,

(3.15) Poac(x Ze Yoz — y, —y),
and
(3.16) Ly = iKy+i\V + B

with Vé(z,w) = (vs(w) — vo(w))é(z,w) and

(3.17) Ko (z,w) Z h(¢) [p(z — ¢ w) — e ™P(x — (,ocw)] .

In particular,

(3.18) > e R (py(x, ) = (50 ® L e P Pox @ 1) 12zaxe).

This equation is the starting point for our proof of Theorem [ It indicates that the diffusive

limit on the Lh.s. of (2.I9)) can be studied via a spectral analysis of the semi-group eIk for
k in a neighborhood of 0.

4. SPECTRAL ANALYSIS OF Ly AND THE PROOF OF THEOREM [I]

In this section inner products and norms are taken in the space L?(Z%x Q) unless otherwise
indicated.



4.1. Spectral analysis of EO. To begin, let us consider Zk with k = 0. A preliminary
observation is that

(4.1) Lodbo®1 = 0.

Ultimately, this identity is a consequence of the fact that ) E (trp,) is constant in time.
Let Py denote orthogonal projection of L*(Z? x Q) onto the space Hy = (?(Z%) @ {1} of
“non-random” functions,

(4.2) PU(x) = /Q\If(x,w)du(w).

Then P;t = (1 — B) is the projection onto mean zero functions
(4.3) Hy = {\If(:)s,w) : / U(z,w)dp(w) = O} :
Q

The block decomposition of EO with respect to the direct sum Hy @ Hg is of the form

(4.4) Lo = <mgpo iKo + L;)\f ?KPOHA/POL) '
Indeed, it follows from the definition of K, o that

(4.5) KoPy = PyKo =0,

and we have seen in §2] that

(4.6) PyB =BPF,=0.

(The identity PyB = 0 follows since BT Py = 0.) Thus, ran P;- = Hg is an invariant subspace
for i[A(O + B and i[A(O + B vanishes on ran Py = H,. Since the potentials v, (w) are mean zero,
POYA/PO =0 and (4.4)) follows.

Using the block decomposition (4.4]) we now prove the following

Lemma 3. For each A > 0 there is 0y > 0, with 6y > c\? for X\ small, such that
(4.7) o(Lo) = {0}UD,

where

(1) 0 is a non-degenerate eigenvalue, and
(2) ¥y C{z : Rez>0,}.

Proof. First note that Re Zo = ReB > 0 in the sense of quadratic forms. Thus by the
sectoriality of B

(4.8) )1m<<1>,20q>>‘ < HI?O+M7H+|Im<q>,B<I>>| < Bl + 2) + 7 Re(®, Lo®),

10



if |®|| = 1. It follows that the numerical range of Lo, Num(Lg) = {(@,ZO(I)) s @) = 1}

i1s contained in

(4.9) N, = {z . Rez>0and |Im 2| < ||?L||OO+2)\—|—7Rez}.

Since o(Lo) € Num(Lg), we may restrict our attention to z € N
Now fix z € N, and consider the equation

o () - (i )08 - (8.
for (p @ 1,®) € Ho ® Hy given (¢ ® 1,¥) € Hy & Hy. By the gap condition on B,
(4.11) Re P LoP;t = Re(iKo + B+iABVP)) > %POL,

so the second of the two equations (4.10) may be solved provided Re z < % to give

(4.12) O = (PiLoPt — 2! [xy —iNVe®1].

Thus the first equation of ([AI0) reduces to

(4.13) T(z)—z¢®1 = v @1 — PV (P LoPy — )"0,
with
(4.14) I'(z) = NPV(PLLoPy — 2) VR,

Thus Lo — = is boundedly invertible, for Re z < 1, if and only if z € o(I'(2)). However,

(4.15) Re(p®1,T(2)p @ 1)
= N {p®1,V(PLiP —2*)" (Re B — Rez) (B LoPy- — 2) " 'Wo ® 1)

2

1 ~ -1
> )2 (? —Rez) H(POLLOPOl —z) Voo 1

1 2

~ -1 ~
= )2 (T - Rez) H <B_1P0L(L0 - z)POL) B We¢®1

)

where the inverse of B is well defined since Vo @ 1 € Hy = ran Py-. Furthermore B~! is
bounded on ‘Hg, with ||B'FPi-|| < T. Thus B~'Py- (Lo — 2) Py" is bounded,

(4.16) HB—lpoL(EO - z)PoiH <147 (||ﬁ||oo et |z|> ,

11



and it follows that

(4.17)
Re(6 @ 1,T(2)6 ® L)y > X2 (% _ Re z) !
[1 4T (HhHoo 2N+ m)]

> a2y (% ~ Re ) ! S o)
|:1 +T (HhHOO + 2\ + |Z|>} x#0

|

where we have made use of the non-degeneracy assumption on the potential.
For 2 € Ny N{Rez < £} we have

- ~ 1
(4.18) 17lloo +2A + [2] < 2[[Alloc +4A + (14 7) 7.
Thus
2
1-T
(4.19) ReD(z) > Rez A (1—1I,),
T 2+ v+ 2T ||h|oo + 4T A

with Il the projection of Hy onto dy. It follows that

(1) T(0) is invertible off the range of ITy, so 0 is a non-degenerate eigenvalue of Lo,
(2) T'(z) — z is invertible if z € Ny, z # 0,

2
AX

2+~ + 27|[h]| oo + AT\

1—r

T

(4.20) Rez < %, and Rez <

for some r € (0,1).

Optimizing the choice of r gives the following explicit expression for dy:
1 >\2 2

(4.21) 0= 7 X _ . O

(2 + 7+ 2T||hl o + 4T)\> + A2y2

The spectral gap 0, has consequences for the dynamics of the semi-group:

Lemma 4. Let Qqy = orthogonal projection onto 6o @1 in L?(Z4x Q). Then e_tio(l — Qo) 18
a contraction semi-group on ran(l — Qq), and for all sufficiently small € > 0 there is C. > 0
such that

(4.22) He—tfou - QO)H < CLet®r=9
Proof. That e_ti"(l — (o) is a semi-group on ran(1 — Qo) with generator E(()O) = E0|ran(1_Q0)

is clear. Since o(Lo) C {Rez > 4y}, it is known that a sufficient condition for [@22) to hold
is for e7"20(1 — Qp) to be an analytic semi-group (see [I, Chapter IV Corollary 3.12]). A

12



necessary and sufficient condition for e~tLo (1—Qo) to be analytic, given that Lo is maximally
dissipative, is that the following estimate

1
(- Ly

holds for all ¢ € C with Re{ < 0. (See [I, Chapter II Theorem 4.6].)
For any invertible closed operator A, we have ||A7|| < 1/inf{|z|: 2 € Num(A)}, with

Num(A) the numerical range of A. Since Num(LY)) C N, , with A as in (@), we have

(4.23) <

ran(1—Qo)

[ Tm (]|

1 1
(0)
C= L0 |angmgy  BSEGA)
It follows that (£.23]) holds for all  outside a rectangle of the form R = [—a, 0] +i[—M, M ]

On the other hand, by Lemma [3] this rectangle R is contained in the resolvent set of L
Since R is compact, we have

1
(425) sup 7/\(0) < o0,
CER C o LO ran(1—Qo)
which is stronger than (£23)) for ¢ € R. O

4.2. Analytlc perturbation theory for Lk Now that we have estabhshed a strict spectral

gap for Lo, it follows that the gap persists in the spectrum of Lk for k sufficiently small.
Indeed,

(4.26) [Lx — Lo)¢ Z h(C)(1 — e *Yp(x — ¢, ocw),
SO
(4.27) Hik - ZOH < ck|.

Thus, an immediately corollary of Lemma [3 is

Lemma 5. If |Kk| is sufficiently small, the spectrum of Ly consists of:

(1) A non-degenerate eigenvalue E(k) contained in Hy = {z : |z| < c|k|}.
(2) The rest of the spectrum is contained in the half plane Hy = {z : Rez > J\ — c|k|}
such that Hy N Hy = 0.

Furthermore, E(k) is C? in a neighborhood of 0,
(4.28) E(0)=0, VE()=0,

13



and

(4.29) 8,0,E(0) = 2Re(d;Kody ® 1, [Lo)~'0; K06 ® 1)

= 2Re Y zy;h(x)h(y) (0, ® 1,[0(0)] "6, @ 1),
x,yeZd
with
(4.30) I'(0) = NPV (P LoPy) 'V R

as in the proof of Lemmal[3. In particular, 0;0; E(0) is positive definite.

Proof. These are all standard facts from analytic perturbation theory — see for instance
[5]. A sketch of the proof is as follows. First, it is a general fact that the spectrum moves
no further than the norm of the perturbation, so

(4.31) o(Ly) C{z : 2| <ck]}U{z : Rez> 6\ — c|k|}.

For sufficiently small k the two sets on the r.h.s. are disjoint and we may fit a contour C
which winds around the origin between them. The (non-Hermitian) Riesz projection

1 1
4.32 = — —d
( ) O 21 Jeo 2 — Ly :

is rank one at k = 0 and continuous as a function of k. It follows that @)y is rank one as
long as a(Lk) does not intersect the contour C. Thus for small k the only spectrum of Ly
in a neighborhood of zero is a non-degenerate eigenvalue, with associated eigenvector in the
one-dimensional range of Q)y.

Let us call the eigenvalue F(k), and the associated normalized eigenvector ®y. Clearly
E(0) =0 and ®y = § ® 1. Since

(4.33) LQx = E(k)Qx

we may compute the derivatives of E(k) by differentiating Ek and the projection. In partic-
ular, VE(k) is given by the so-called Feynman-Hellman formula

(4.34) VE(k) = (x, VP,
from which it follows that VE(0) = 0 since VL = iV Ky is off-diagonal in the position basis
on Hy. Similarly, we have
(4.35) 8,0,E(k) = (P, 8:0;LicPi) + (0 L@y, (1 — Qi) Li ' (1 — Q1) 9; Ly Pyc)
+ (0 LicPu, (1 — Q) Li ' (1 — Qi) 0; LDy

The first term on the r.h.s. vanishes at k = 0 and the other two combine to give the identities
claimed in the Lemma. Since [['(0)]! is positive definite, it follows from the non-degeneracy
condition (3b) that 0;0;F(0) is positive definite as well. O

Again, we obtain dynamical information about the semi-group etk
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Lemma 6. If € is sufficiently small, then there is C, < oo such that
(4.36) He—tfku - Qk)H < (e tBr—e—clk)
for all sufficiently small k.

Proof. Since Num(Ly) C N, with AV, as in (@3) in the proof of Lemma [3, this is essentially
identical to the proof of Lemma [l For k in a compact neighborhood of the origin, we can
choose the bound C, uniform in k. ]

4.3. Proof of Theorem [Il. A first observation is that it suffices to prove diffusion (Z.19)
under the assumption that the initial density matrix p, satisfies

(4.37) S ool y)] < oc.

To see this, it is useful to note:

(1) The evolution (2.I7) preserves the trace norm of py.
(2) Any p € DM may be approximated, to arbitrary precision, by an operator py € DM

satisfying (L37).

In more detail, recall that the trace norm of an operator A is
(4.38) |All; = sup{[tr AB| : B is finite rank and || B|| < 1}.

Since the evolution ([2I7) is given by p; = UpoUT, with U = U(t,0) the unitary propagator
of (L)), we see that ||ps||. = [[poll7;- On the other hand, given py of trace class and e > 0
we can find py satisfying (£37) and such that [|pg — pol|;, < €. Indeed, we may take

_ po(w,y) it fzf, |yl < L
4.39 o=
(4.39) po(,y) {O if |z] = Lor [y =L

with L sufficiently large. Then,

(4.40)

Z e—ikva (pt(xv SL’) - ﬁt(xv SL’))

< ZE (Ipe(z, ) = pol, 2)]) < E (llpe — ill) < e
If diffusion (2.I9) holds for any py satisfying (£3T) we learn that

(4.41) lim sup

T—00

Ze_i%k'“’E (pre(, ) — (tr po) € 2 Diikiki | < 9¢.

which gives diffusion for py in the limit € — 0.
Turning now to po which satisfies (£37) we see that

(4.42) Pox(zr) = Z po(x +y,y)e?
Yy

15



defines a function that is uniformly bounded in ¢2(Z%) as k varies through the torus,

(4.43) [ZI/M(SE)F] <) lpo(@)] <D lpolwy)| =M < 0.

x7y
By ([BI8) we have

—1ikx —T T -~
(4.44) Ze VIR (pr(x, ) = (g ® 1,e th/ﬁpO;\%k ®1).
Letting (Qx denote the Riesz projection onto the eigenvector of Ek near zero — see (£.32)
in the proof of Lemma [Bl — , we have

(145) 3B paloa)) = G 9 LQ g i1

+ <50 ®1, e_Tth/ﬁ(l - Q%k)ﬁo;%k ® 1>7

for 7 sufficiently large. By Lemma [0, the second term in (4.45)) is exponentially small in the
large 7 limit,

(446) [(d0® 1, (1 - Qe ™ vepy 1, @1)

< H(l—QLk)e_ L

< MO.e—mHor—e—ckI/VF) _, )
' <

Regarding the first term in (£.45]), we have by Taylor’s formula,
1
4.47 k — 0,0; E(0)k;k;
(4.47) FOVA) = g S a00) +o(3).
since £(0) = VE(0) = 0. Thus
(4.48) e~ THEK/VT) e_t%Zi,j 8:0; E(O)kik; o(1).
Putting together (448)) and (4.40]) yields
(4.49) Ze_lf "E (pre(z, x)) = etz %0iEOkks (50 1 Po. 1 ® 1) +0(1)
— ot 8i8jE(0)kikjﬁ0;%k(O) +0(1) — e 3 20 8i8jE(0)kikjﬁ0;0(0)

since QL&O ®1— 6y ®1 as k — 0 and pox(0) is continuous as a function of k.

Eq. (£49) completes the proof of diffusion (2I9]), with the diffusion matrix given by

D;; = 39;0;E(0). From the explicit expression ([@29) for 9;0;F(0) in Lemma [, we see that
the asymptotic form (2.20) holds, with

~ ~ ~ ST
(4.50) D, = Re (Koo @1, [POVPOL (iKo + B) POLVPO} 0 Koy @1).
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To derive (2.21)), diffusive scaling for > E (Jz[*p(x, x)), note that by (3.I8)

1 1 4Ty~
(4.51) n szE (pe(z,x)) = _ZAk (60 @ 1,6 " ppic ® 1>’k:0
Expanding the r.h.s. we obtain

1 7 ~
(4.52) Z$2E pi(r, 7)) = —¥<50 ® 1,67 Ay posi|i—o ® 1)

-~

I

d
2 I N
+ Z (o ® 1,0, e~ o 0; Poxly—o © 1)

7

H—

g

II

1 7 ~
——<(50 ® 1, Ak e_th
t k=0

II1

The first term is negligible as t — oo,
1 tTon ~ 1 9 1
(4.53) L= ——(0@Le ™ Apoachemo ©1) = —- > @Ppo(a,x) = O[5,

since e b8, @1 = 6, @ 1.
To proceed, we need to recall the formula for differentiating a semi-group,

~ t R
0

Thus the second term on the r.h.s. of (£52)) is equal to

2 [t - R
(4.55) I = —;/ E (0;Lodo ® 1,e"(1 — Q0)d;po;0 @ 1)ds,
0 =1

where we have recalled that
~ 17 ~
(1) [0.x| = -oilx,

(2) e_SEOAQO = (), and

By Lemma [l we see that II is negligible in the large ¢ limit:

1 [~ 1
(4.56) | < - / e *r=9qs = 0(—).
t Jo t
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It remains to compute the third term III, for which we have

1 [ ~ > .
(4.57) III = —;/ (AseLilk=000 ® 1,677 (1 — Qo) oo ® 1)ds
0

-~

'

IIIa

t s d
+ %/ / 0L050 ®1,e " Lo °(1 — Q)0 Loe™ ’"Lo(l — Qo)po.o ® 1)drds
o Jo i

J/

~
IITb

/ / Z BiLodo ® 1,601 — Q)3 LoQo Poro ® 1)drds

J/

~
IIIc

Similar to what we had for II, we find that Illa = O (%), and also that

(4.58) IITb| < 1 / / e*=9drds = 0(3).
tJo Jo t

Finally, for ITIc we have

d
- - o 1
(459) IIIC = Z<82L050 ® ]_, Lal(l — Qo)aiLoQo po;o ® ].> + O (g) s

i=1

d
~ ~ ~ 1
= tI‘p(] Z 8K050®1,L6182K050®1> +O (?) y
i=1

since VLy = iVKy. Comparing with the expression ([@29) for 0,0;E(0) yields (221). O
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