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Abstract. We present a Lagrangian for the bilinear discrete KP (or Hirota-
Miwa) equation. Furthermore, we show that this Lagrangian can be extended to
a Lagrangian 3-form when embedded in a higher dimensional lattice, obeying a
closure relation. Thus we establish the multiform structure as proposed in [8] in
a higher dimensional case.

1. Introduction

In [8] the idea was put forward that lattice systems which are integrable in the sense
of multidimensional consistency [13, 3] should have a Lagrangian structure which
reflects this property. That is, rather than the Lagrangian being a scalar object (or
equivalently a volume form), it should be a discrete multiform from which, through
the Euler-Lagrange equations, copies of the relevant equation in all possible lattice
directions can be derived. These copies of the same equation, albeit with different
parameters associated with different lattice directions, coexist on an extended lattice in
view of the multidimensional consistency, and should consequently be viewed as parts
of one single “integrable” infinite-dimensional system. Examples from a particular
class of quadrilateral lattice systems in 1+1 dimensions (those classified in [1]) were
studied in [8], namely equations of the form

Q(u, ws, uj, uij; o, a5) = 0, (1.1)

where u = wu(n;,n;) depends on two discrete variables n;,n;, shifts of u in the n,-
direction are denoted by wu; (so that for example u; = u(n; + 1,n;)), and the a;
are lattice parameters associated with the n;-direction. Although actions for these
equations were given in [1], it was shown in [8] that all cases admit a special choice
of 3-point Lagrangians, which subsequently can be interpreted as Lagrangian 2-forms.
This was based on the surprising observation that such Lagrangians obey the following
closure relation

AL+ ALy + ALy =0, (1.2)

which implies they are closed 2-forms on a multidimensional lattice. Here the
difference operator A; acts on functions f of u = wu(n;,n;j,ng) by the formula
Aif(u) = f(u;) — f(u), and on a function g of u and its shifts by the formula
Aig(u, uj,ug) = g(ui, wij, uix) — g(u,uj,ur). On the basis of the relation (1.2) a
new variational principle was proposed for integrable (in the sense of multidimensional



Lagrangian multiform structure for the lattice KP system 2

consistency) lattice equations which involves the geometry of the space of independent
variables.

Whereas in the previous paper the focus was on integrable lattice equations in
141 dimensions, here we want to study the case of 3-dimensional integrable systems,
the prime example being the lattice Kadomtsev-Petviashvili (KP) system. Discrete
equations of KP type have been studied extensively since the early 1980s (cf for
example [4, 11]), following on from the famous “discrete analogue of a generalized
Toda equation” (DAGTE) introduced by Hirota in [6] which is a bilinear form for
the lattice KP equationi. Other related KP-type lattice equations were introduced
in [11]. The equation we will refer to as the bilinear discrete KP equation, in order
to distinguish it from equations that actually lead to the original KP equation in a
continuum limit, is taken in the following form

AjkTiTjk + AkiTkai + AikaTij =0. (14)

Here A;; = —Aj; are constants, 7 = 7(n;,n;, ng) is the dependent variable depending
on three discrete independent variables n;,n;,n; corresponding to lattice directions,
and subscripts of 7, e.g. as in 7;, denote shifts in the n;-direction so that for example
7, = 7(n; + 1,n4,n%) and 75 = 7(n;,n; — 1,n,). The constants can be removed by a
gauge transformation, but we find it more instructive to retain them. Miwa gave the
connection between the KP hierarchy and Hirota’s difference equation in [10], showing
how solutions to the KP hierarchy can be transformed into solutions to (1.4), hence
it is often called the Hirota-Miwa equation.

The main results of this paper are twofold: first to give a Lagrangian for the
bilinear discrete KP system associated with (1.4) (in fact, whereas the continuous
KP equation admits an obvious Lagrangian structure, it has to our knowledge never
been established for any KP-type equation on the 3-dimensional lattice), second to
establish the Lagrangian multiform structure, in the sense of [8], based on a higher
dimensional analogue of (1.2), and show that the relevant Lagrangian obeys a 4-
dimensional closure relation.

2. Lagrangian structure

2.1. Scalar Lagrangian

It is a common feature of Lagrangians for equations of Korteweg-de Vries (KdV)
and KP type (already in the continuous case) that those equations emerge as Euler-
Lagrange equations by varying the action with respect to a dependent variable which
obeys a potential (i.e. integrated) version of the equation. Hence, the variational
equation is typically a “derived form” of the equation obeyed by this canonical variable,
with respect to which the action is minimized. The same holds true in the case of a
Lagrangian structure for the lattice KP system, where we will use the 7-function as

1 Hirota introduced his difference equation in a form equivalent to
atiT; + BTy + YTy, = 0, (1.3)

where the notation is explained in the text, and where «, 3, are constants satisfying o+ 8+~ = 0.
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the canonical variable. Thus, fixing three directions i, j, k, we introduce the following
Lagrangian

LT3, 75, Ty Tijs Tikes Thas Aigs Ajie, Aki)

g A P
_ 1n(7'k7'zy> hl(— sz]> — Liy (_M) =: Ljjk, (2.5)
TjThi AjkTi ApiTjThi

where Lis denotes the dilogarithm function defined by

Lis(2) = _/Oz =2, (2.6)

z

The Lagrangian (2.5) produces the following discrete Euler-Lagrange equation
0L _ {ln (_ AkiTj]}Ti + AijTTi]‘]q) n ln(— A]“'TjkT; + AijTT”k>

or AjkTiRTj AjrTikTj
B 1n<_ AkiTTi]‘k + AijT]—kTi> I (_ Aki’T’Tiij + AijTjk;Tz> }1
A TisTe ATy T
=0 (2.7)

which is a consequence of (1.4) through the fact that it is a combination of 4 copies
of the equation shifted in appropriate lattice directions.
Consequently the following functional of the lattice fields 7(n;, nj, ng)

Slrl =Y L(7i Ty Ths Tigs Tiko This Ao Aji, Ai) (2.8)

iy, Mk

with L given by (2.5) can be considered to constitute an action for the lattice equation
(2.7) as a derived equation of the bilinear discrete KP equation. However, we want
to go further and take into account that the bilinear KP equation is part of a
multidimensionally consistent system of equations, as has been recognized in recent
years, cf e.g. [16, 2, 14]. In order to incorporate this multidimensionally consistent
system of equations into a single Lagrangian framework we will now proceed to define
the Lagrangian multiform structure for the lattice KP system.

2.2. Lagrangian 3-form

The first step is to introduce a Lagrangian 3-form L£;;;, where 4, j, k denote any three
distinct directions in a multidimensional lattice A, whose vertices are labelled by
integer vectors n = (n;);c; where I is an arbitrary set of labels, 4, j, k taking values in
I. The lattice 3-form £, ;i is based on the form of the Lagrangian (2.5), but we require
it to be skewsymmetric (i.e. antisymmetric with respect to the swapping of any two
indices) and we associate with it an elementary oriented cube o;;, spanned by unit
vectors e; which are associated with the corresponding lattice direction labelled by
in the multidimensional lattice A. This leads us to define the following Lagrangian
3-form

1
3 (Lijk + Ljki + Lrij — Likj — Ljit — Liji)

which when written out explicitly and simplified is

Lijr =



Lagrangian multiform structure for the lattice KP system 4

Azg TkTij
L12
Akﬂ'g Tki

(e )m(-22) - )
+m<::;1';>m<—m> ()
(2 )m(-2m) -2

Ak TiTki
L12< AkiTjTki
]szT]k

(ln(Tjk))2 + (In(m))” = (n(7:))” = (in(73))” — (n(m))*
— ln(nj) In Tjk) - ln(Tjk) 1n(7'ki) — 111(7']“‘) ln('rij) + ln('ri) ln(Tj)

+1In(7;) In(7x) + In(7) In(7) + (In(Ai;))* + (In(Ajx))* + (In(Axs))?

2

— IH(AU) ln(Ajk) — ln(Ajk) IH(AM) — IH(AM) IH(AU) + ?), (29)
where the constant terms arise from dilogarithm identities which will be elucidated in
the proof below.

This Lagrangian is antisymmetric by construction. Considered as a usual scalar
Lagrangian defined in the 3-dimensional sublattice of the directions ¢, j, k the Euler-

Lagrange equations of the corresponding action would yield an equation combining 12
shifted copies of the original bilinear equation (1.4), namely

OLijk _ {ln(— ApiTjRTi + AijTTijk) 4 ln <_ ATt + AijTTEjk>

oT AjrTiET; AjrTanT;
1I1< Ak’LTTl]k‘ + AZ]T]kT’L> B 111( Akl ik + AU jkTZ>
ijTZ]Tk} kaleTk
+1n z]TszJ + AJkTTij) +1n Al] TikTy T AJkT )
Ak}’LT’L]Tk) AleZ]Tk
—In A ]k + AJ]C ikTj “In Az T Tk + A]szkT]
Akz ]k'rz Ak"LTjk‘T’L
T1n AJkT”Tk; + A]”TT”k; +1n jkT’L]Tk + Ak}l
Angjsz 1] jkTi
—In 7k7—7—z_]k: + AszuTk —In AJkT i7k + Ak?lTlJTk: 1
ATk T; AijTirT T
0 (2.10)

Equation (2.10) is actually a 19-point equation existing on a cube as in Figure
1. Tt comprises the 12 shifted copies of (1.4) as illustrated in Figure 2, where to each
configuration of 6 points on an elementary cube correspond 2 copies of (1.4).

The main observation which allows the establishment of the multiform structure
is that the Lagrangian 3-form defined in (2.9) is a closed form on the solution space
of the original bilinear equation (1.4). In fact we have the following closure property

Proposition: The Lagrangian defined by (2.9) satisfies the following closure relation
on solutions to the equation (1.4) when embedded in a 4-dimensional lattice.

AL — DL + A j Ly — ALy =0, (2.11)
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Figure 2. Copies of the 6-point equation.

where the difference operator A; acts on functions f of T = 7(n;,nj,nk,ny) by the
formula A;f (1) = f(7:) — f(7), and on a function g of T and its shifts by the formula
Aig(T, 74, Ty T1) = 9(Tis Tigs Titey Tir) — 9(T, T Ths T1).-

Proof: By explicit computation. The closure relation (2.11) holds on solutions of the

original equation, so we need to make use of (1.4) and its shifted versions. If we add
in a fourth lattice direction, we get the equations

AjreTiTik + AkiTjTei + AiyTimi; = 0, (2.12a)
Aprimie — Apmemji + Ajrmimie = 0, (2.12b)
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AT — AkimiTki + At = 0, (2.12c¢)
AijTlTZ‘j + Aleile + Ah‘TjTli =0. (2.12d)
When shifted, equations (2.12a) through (2.12d) become

AjTiiTir + AriTjiTir + Aij Tty = 0, (2.12e)
ATt — AjTeiTiig + AjemaTigr = 0, (2.12f)
ApTieTij — AriTjTige + AriTij T = 0, (2.12g)
AiiTaTige + AjuTeiTin + AuTieTeis = 0. (2.12h)

We also need the following two key identities for the dilogarithm function

Lia(2) + Lia(y) = Lig(ay) — Liy (f”x‘_ y) i (y - y)

1 y—1
_;<1n<f;:i>)2 (2.13a)
Lis(z) + LiQ(i) = — %(hﬁ(—x))Q - %2 (2.13b)

The latter equation holds for all z, a proof of which can be found in [7], where many
dilogarithm identities are collected. Equation (2.13a) is a combination of other such
identities from [7], and it can be proved by simple differentiation. It is valid up
to imaginary terms which can be chosen to cancel out in the course of the closure
relation computation. We will split the computation into two parts, considering the
dilogarithm terms separately. Let

D'=ALijr — ANiLjr + Aj Ly — ALy (2.14)

with £, given by (2.9) and let I' = T’y + I's, where I'y is the part of I' omitting
dilogarithm terms from the Lagrangian, and I's consists of only the dilogarithm terms.
We have

Iy = = ((n(ri;0)* — (In(750))° + (In(715))* — (n(75))?

+ (In(73))* — (In(7))? + (In(7))* — (In(7))?)
— In(7k) In(7p1s) + In(7j80) In(7y35) — In(7;) In(7x) + In(7;) In(7y)

N |

Ai'A'kalTli A'lAkiT'lTki
In(7i5) 1 _ W RIR T 1 o) o [ =R R
+ In(rige) n( Ap A ) n{rsw) In AjrApiTij Tii
A AuTij Tik Aji AriTjiThi
+ In (7414 1n(—” + In(7; el (KL
( klz) AlekileTki ( l”) AnglzT]kal
A A
+In(n 1n< kAlejkal) +In(7)) ( lAszlekZ>
]l kiTj1Tki kl 1iTkLTlq
A A A
+ In(7%) In Lig 2aTig Tl +In(m) ]l biTjUThi
Aj A TjiThi Aij AT
Ay Aj
+ In(7;; ln( Alk> + In(7;) In ( Ak ) +ln(Tkl)ln< Ajlk>
J 1
Az Az A Akl A i1q 7
+In(m;) 1n< J) n(TJ> ( J gk kLT Tk ThTL ) (2.15)
A Thi AZALTATE
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Now we consider the dilogarithm terms. The dilogarithm terms from I' are

1 1

Y AT \ ' 1. AijTiTij v (AT T

Ty =|1— Lip [~ 295 ) 1y g, (- AuTT ) |1 g, (SRTTkL ) |
L\ Awmatri ) Apiimii ) | |- -\ AriTaTije /|

r—-—=—=-=,/-7-"-7-7773X 1
AjetiTije N 0 . (AjRTiTiE ) AT
Arom ) Liz Aarra )T Liz ApiTiThi
JITkiTlij NAumeTin /| ki TU Thi

AuTixThii \ | Autimi | . A Tij Tt
+L12< zTykaz)Li2< lTJTl) +L12< lekal>

+ Lip

Aumiimim ) T\ AumTi AjLTiTijk
[ N | [ |
Lo AimiTin N . AirmiTin \| | . AT\
— Lig [ — 1+ Lig | — i — Lig | — I
L\ AijTiiTij ) | Aijmetiy ) |\ AT /|
T T T T T T AT T T T TN | [ " N |
| AuTieTig o .. AT - ApiTjiTri \
— Lig [ — i+ Lig| ——— — Lig[ ——————— |
L\ AwTiTik ) | Awriti ) | |0 T\ AjrmiTine ) |
r= - =" =7/ T3~ " 77X 1
) AijTriTije \ AijTiTii \ AT Thi
4 Lis( — | Liy( — | + Lig (= £kiTTke
AlTieTrts ) ! At ) AjuTiTjk

(AT N (AaTeTi . U Thi Tkl
4 Lig (20 TeiTig N g (ARTRTR g (0 ATk
ApTij Thii ! ! Aij TriTijh

=== -====< r 1
L kiTiiTijk \ | AT T ‘ . AjmiTic )
— L1g —— | 4+ Lig| —— i — Lig [ —————= |
] AlTjrTiig ) AT ! AijmiTij )

=

(2.16)
Using (2.13b) on the terms in the dotted boxes, followed by (2.13a) on the terms

in the solid boxes gives a large expression which we reproduce in the Appendix and
show to be equal to —I'1, verifying the closure relation. H

The establishment of the closure property enables us to propose a novel variational
principle for the multidimensionally consistent system of bilinear KP equations,
along the same line as in [8]. Choosing a 3-dimensional hypersurface o within
a multidimensional lattice of dimension higher than 3, consisting of a connected
configuration of elementary cubes 0,1, we can define an action .S on this hypersurface
by summing the contributions L;;; from each of the cubes as follows

S[rio] = Z Lijk, (2.17)

OijkE0

taking into consideration the orientation of each elementary cube contributing to the
surface. The antisymmetry of L;;, guarantees that there is no ambiguity in how
each discrete Lagrangian 3-form will contribute to the action §. Furthermore, the
closure relation (2.11) allows us to impose the independence of the action on local
variations of the surface away from any boundary that the surface ¢ may possess.
Thus, whilst keeping the boundary fixed we may locally deform o in any way we
choose, allowing us in particular to render it locally flat away from the boundary, such

§ Note that we do not use the abstract notation of difference forms as proposed in [9], as we prefer
to work with the explicit expressions for the integrated forms as described here, which allows for a
direct verification of the main result.
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that we can specify a 3-dimensional hypersurface described in terms of three local
coordinates n;,n;,ng. There we can then apply the usual variational principle, taking
the variational derivative with respect to 7, leading to the Euler-Lagrange equations
(2.10). These equations of the motion are a consequence of the Hirota-Miwa equation
(1.4), as are the closure relations that guarantee the surface independence of the action
under local deformations. This interlinked scheme of variations with respect to the
dependent variables as well as to the geometry of the independent variables is what
constitutes the Lagrangian multiform structure of the lattice KP system.

3. Discussion

We have shown that the ideas of [8] for 2-dimensional integrable (in the sense of
multidimensional consistency) equations are also applicable to the 3-dimensional
example of the bilinear discrete KP equation. There are several remarks we would like
to make at this point.

First, one has to qualify what it means for a Lagrangian to be associated with a
given equation, since as we have noted earlier the Euler-Lagrange equations rather than
yielding the original bilinear KP equation only yield a derived equation comprising
a combination of various copies of the original equation. Nevertheless we have taken
the point of view that since the canonical variable is the 7-function we consider this
Lagrangian structure to be associated with the bilinear KP equation.

Second, the closure relation which is central to the Lagrangian multiform structure
relies on the bilinear KP equation rather than on the Euler-Lagrange equations. It is
not clear at this stage to what extent the closure property remains to be verified on
all solutions of the Euler-Lagrange equations or only on a subvariety of solutions that
obey the multidimensional systems of bilinear equations.

Third, we consider the Lagrangian multiform structure as a hallmark of
multidimensional consistency on the level of the variational principle. As such, it is as
much a principle that selects “admissable Lagrangians” as well as field configurations
obeying the variational equations. It would be a challenge to see whether this principle
can be used as a criterion to classify the admissable Lagrangians to which it can be
applied, which then necessarily would coincide with the integrable cases.

As far as KP-type systems are concerned, in some recent works in combinatorics 3-
dimensional 6-point recurrence schemes have been studied from the point of view of the
geometry of the octahedral lattice, cf e.g.[15, 5]. A classification of multidimensionally
consistent 6-point equations has recently been done in [2], but this does not seem to
yield any novel lattice equations (e.g. in comparison with the list in [12]). It would
be of interest to see whether Lagrangian multiform structures can be established for
all those equations, and whether these structures can be adapted to the octahedral
lattice picture. Alternatively one can consider 3-dimensional lattice equations of BKP
type, i.e. equations of the form

Q(T, Tis Tjs Thos Tijs Tjks Thi> Tijk) = 0 (3.18)
but so far Lagrangian structures for such equations remain to be established.
Appendix A. Closure relation computation

After using the dilogarithm identities on the boxed terms of equation (2.16) as
described above, we obtain the following expression. Here we have also made use
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of the equations (2.12a) through (2.12h).

TkTij T Tkl . TiTjkTj1Tkli . TkTijTli Tkl
Iy = + Li ( ijTj Z) —L12<W) —L12<””)
TjTklTkiTlij TiTliTki Tkl TiTjkTklTlij
(TlezTngzgk> CLi (TkalTliTijk> CLi (Tm-mzml)
TITikTkiTlij TITijTikTkli TiTkiTkiTlij
r
<7—17—kl7—]l7_1]k> Li < iJ ) i
- 2 - 2
TITij ThiTjkl ij .
e m
TiTikTil Tkl \1 .
< IR : > — ng <
TiTliTkiTjkl ‘L 777777777777777
(TzT]kalTl'LJ> Li (
- 2
TkTijTiiTikl /) \TkTijTjlTkli
TITijTikTkli ‘ .
Lip ( \ — Lip
TiTklITliTigk b NG TRITRTLG )
TkTijT1iT kL .
TiTjkTklTlij
R
TiTklTli T
( kLTl ’ij})_L12<
TITijTikThii /| \TiTijTkiTjkl /
TiTliTkiTjkl . TETigTIi Tkl . TiTRITEiTlig
Lig [ ———— Lig[ ———
TiTjk Tl Tkli TiTjkTklTlij TkTij Tl Tkli
TkalTk'LTl’LJ . TITikTkiTlij . TiTEITIi Tijk
— Lig{ ————— ) — Lig[ ———
ThTij Til Thii TRTUTjiTijh TUTii Tk Thii
<TlT]kT]€ZTl’LJ > Li (TiTjkalley ) Li (TlTikaiTjkl)
—Lip [ 2>~ — Liy [ —22%
TkTIi Tl Tijk TkTij Tl Tjkl TiTkITjLTijk
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TiTkITj1Tijk TiTjkTj1Tkli TkalTliTijk
2 2
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2 A ThiTlij 2 leTjk ARiTii Tin
2 2
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1 Ale1]Tjkl 1 AlszTlv jkThT]kl
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1 <ln<Asz]7—ll7—szjkl>> 1 ( ( A]leTl]Tjkalz)>
2 Al]TlTjkalTllj 2 A]lTka‘lTk’LTll]
2
1 (hl( A TlT]kaiTlm )) 1 ( n(AllT]Tlelszk ))
2 AR ThTi T Tkl 2 AjTiTi Thi Tk
2 2
1(1n<A1]Tk)TZ]leTklZ>) 1( (Ak:lTka:lTszlz] )) (A 1)
2 kT TLThi Tjkl 2 AR ThTI T Tijk
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Using (2.13b) on all the terms in the dotted boxes, all the dilogarithm terms
cancel out leaving only these logarithm terms
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This simplifies to

[y = %(*(ln(ﬂ‘jk))Q + (In(5:2))* = (In(734))? + (In(7335))
— (In(7))* + (In(75))? — (In(7))* + (In(7))?)
+ In(7 %) In(7ri) — In(7ja0) In(7y55) + In(m) In(7y) — In(7;) In(7y)
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+ ln(Tk)ln<AﬂAkile7—ki> ( JkTwTJk>
Aij AuTiiTi JlA;ﬂT]m—;ﬂ

+1n(nj)1n<—i) +1n(m)1n(

Ui

Ay
+ In(7;) In
kl) (7i) ( Ajk)

Ap Thi AijA; ‘kAklAliTijTjkalTli
+ In(ns) 111( Ay > o (le ) hl( A2 1AL JlTk:'L ' (44

The reader can easily check that adding (A.4) to I’y from (2.15) gives zero, verifying
the closure relation.
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