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ABSTRACT. Let | be a prime number. In the present paper, we
prove that the isomorphism class of an I-monodromically full hy-
perbolic curve of genus zero over a finitely generated extension of
the field of rational numbers is completely determined by the ker-
nel of the natural pro-I outer Galois representation associated to
the hyperbolic curve. This result can be regarded as a genus zero
analogue of a result due to S. Mochizuki which asserts that the iso-
morphism class of an elliptic curve which does not admit complex
multiplication over a number field is completely determined by the
kernels of the natural Galois representations on the various finite
quotients of its Tate module.
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INTRODUCTION

Throughout the present paper, let k be a field of characteristic zero,

k an algebraic closure of k, and G}, o Gal(k/k). In the present paper,
we prove that if [ is a prime number, then the isomorphism class of
an [-monodromically full hyperbolic curve of genus zero over a finitely
generated extension of the field of rational numbers is completely deter-
mined by the kernel of the associated pro-I outer Galois representation.

In [14], §1, S. Mochizuki proved the following theorem (cf. [14],
Theorem 1.1):

Let (E1,01 € Ey(k)), (Ea, 00 € E5(k)) be elliptic curves
over k which do not admit complex multiplication over
k. Suppose that k is a number field — i.e., a finite
extension of the field of rational numbers. Then the
following conditions are equivalent:
(i) (E1,01) is isomorphic to (Es, 09) over k.
(ii) Fori =1, 2, write T'(E;, 0;) for the full Tate module
of (E;,0;) and

) s G — Aut (T(Ei, 0;) ®5 (Z/nZ))

for the natural Galois representation on T'(E;, 0;)®s5

(Z/nZ). Then Ker(ﬂg,m)/k) = Ker(ﬂé%)z,m)/k) for

any positive integer n.
In the present paper, we prove a genus zero analogue of the above

result of Mochizuki. The main theorem of the present paper is as
follows (cf. Theorem 6.1):

Theorem A (Galois-theoretic characterization of isomorphism
classes of monodromically full hyperbolic curves of genus zero).
Let | be a prime number; k a finitely generated field of charac-
teristic zero, i.e., a finitely generated extension of the field of ratio-
nal numbers; X1 = (Cl,Dl Q C1>, X2 = (CQ,DQ Q Cg) hyperbolic
curves (cf. Definition 1.1, (ii)) of genus zero over k which are l-
monodromically full (¢f. Definition 2.2, (i)). Suppose that the fol-
lowing condition (1)P"™® is satisfied:

(f)Prime . There exists a finite Galois extension k' C k of

k of extension degree prime to [ such that X, @ k' and

Xy ®y k' are split (cf. Definition 1.5, (i)).
(For example, if one of the following conditions is satisfied, then the
above condition (1)P"™C is satisfied:

e X, and X, are split.

o [fwe write r; for the number of the cusps of X; — i.e., if X; is of
type (0,7;) — then | is prime to ! and ry! — or, equivalently,
r1, To < l)
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Then the following conditions are equivalent:

(i) X, is isomorphic to X, over k.
(ii) Fori =1, 2, write

o s G — Out(m ((Ci\ D) @ H)?)

for the natural pro-l outer Galois representation associated to
1 !
X;. Then Ker(pl! ) = Ker(p{ ).

The term “I-monodromically full’ is a term introduced in the present
paper, but the corresponding notion was studied by M. Matsumoto and
A. Tamagawa in [11]. It is known (cf. [11], Theorem 1.2, as well as
Corollary 2.6 of the present paper) that many hyperbolic curves are [-
monodromically full. This property of being [-monodromically full may
be regarded as an analogue for hyperbolic curves of the property of
not admitting complex multiplication for elliptic curves. In fact, if a
hyperbolic curve X of type (g,r) over a finitely generated extension
k of the field of rational numbers is [-monodromically full, then the
following hold:

e X has no special symmetry (i.e., roughly speaking, the auto-
morphism group of X over k is isomorphic to the automorphism
group of a general hyperbolic curve of type (g,7) over k — cf.
Definition 3.3, Proposition 3.4).

o X is of {l}-AlJ-type (i.e., roughly speaking, the [-adic Tate
module of the Jacobian variety of the compactification of X is,
as a Galois module, absolutely irreducible — cf. Definition 3.5,
Proposition 3.6).

e X does not have a JCM-component (i.e., roughly speaking,
there is no subabelian variety with complex multiplication over
k of the Jacobian variety of the compactification of X — cf.
Definition 3.7, Proposition 3.8).

In the present paper, as an example, we consider hyperbolic curves
of type (0,4) and obtain results concerning sufficient conditions for
such a hyperbolic curve to be monodromically full (cf. Theorem 7.8,
Corollaries 7.10, 7.11, 8.2). These results, together with Theorem A,
imply the following result (cf. Corollaries 7.12, 8.3):

Theorem B (Galois-theoretic characterization of isomorphism
classes of certain hyperbolic curves of type (0,4)). Let k be
a finitely generated field of characteristic zero, i.e., a finitely
generated extension of the field of rational numbers; X1 = (Cy, Dy C
C4), Xo = (Cy, Dy C C3) hyperbolic curves (cf. Definition 1.1, (ii))
of type (0,4) over k. Suppose that one of the following conditions is
satisfied:
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o The field k is a number field, i.e., a finite extension of the field
of rational numbers, and, moreover, if we write og for the ring of
integers of k, then my, Nor = mx,Nox = 0 (cf. Definition 7.9).

e The hyperbolic curves X; and X5 are not NF-isotrivial (cf.
Definition 8.1).

Then the following conditions are equivalent:

(i) X; is isomorphic to X, over k.
(ii) There exists an infinite set ¥ of prime numbers such that, for
any l € X, if we write

Pi}/ki G — Out (m((CZ- \ D;) ®y E)(l))

for the natural pro-l outer Galois representation associated to
l !
X, then Ker(p;i/k) = Ker(p;i/k).

On the other hand, one may also take the point of view that The-
orems A and B serve to highlight the difference between the profinite
and pro-l outer Galois representations associated to a hyperbolic curve.
In [11], Matsumoto and Tamagawa compared the profinite and pro-l
outer Galois representations associated to hyperbolic curves. One re-
sult obtained in [11] which shows the difference between the profinite
and pro-l outer Galois representations is the following:

The image of the profinite outer Galois representation
associated to any hyperbolic curve of type (g,r) over a
number field £ has trivial intersection with the image
of the outer profinite geometric universal monodromy
representation of 7 (M., ®; k) (cf. [11], Theorem 1.1
and [8], Corollary 6.4). On the other hand, there ex-
ist many hyperbolic curves of type (g,r) over number
fields k for which the image of the associated pro-l outer
Galois representation contains the image of the outer

pro-l geometric universal monodromy representation of

m (Mg, @ k) (cf. [11], Theorem 1.2).

By Theorems A, B (cf. also Theorem C below), one obtains another
result which highlights the difference between the profinite and pro-l
outer Galois representations:

The kernel of the profinite outer Galois representation
associated to any hyperbolic curve over a number field
is always trivial, namely, the kernel does not depend on
the given hyperbolic curve (cf. [8], Theorem C). On
the other hand, the kernel of the pro-l outer Galois
representation associated to a hyperbolic curve over a
number field depends strongly on the given hyperbolic
curve (cf. Theorems A, B, also Theorem C below).
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Finally, in the Appendix, we prove the following finiteness result,
which is related to the main result of the present paper (cf. Corollary
A4):

Theorem C (Finiteness of the set of isomorphism classes of
certain hyperbolic curves). Let [ be a prime number, k a number
field, i.e., a finite extension of the field of rational numbers, (g,7) a
pair of nonnegative integers such that 29 — 2 +r > 0, and N C Gy,
a normal closed subgroup of Gy. Then there are only finitely many
isomorphism classes over k of hyperbolic curves X of type (g,r) over
k for which the kernel of the natural pro-l outer Galois representation
associated to X coincides with N.

This result follows immediately from various well-known finiteness
theorems in number theory and arithmetic geometry, together with the
criterion of Oda-Tamagawa for good reduction of hyperbolic curves. It
seems to the author that this result is likely to be well-known. Since,
however, this result could not be found in the literature, the author
decided to give a proof of it in the Appendix of the present paper.

The present paper is organized as follows: In §1, we review some gen-
eralities concerning outer monodromy representations arising from hy-
perbolic curves. In §2, we define the notion of a X-monodromically full
hyperbolic curve, as well as the related notion of a Y-monodromically
full point. In §3, we consider the relationship between monodromic
fullness and certain properties of hyperbolic curves. In §4, we con-
sider the moduli stacks of hyperbolic curves of genus zero. In §5, we
prove a Grothendieck conjecture-type lemma for certain images of the
universal monodromy. In §6, we derive Theorem A from the results
obtained in §4 and §5. In §7 and §8, we consider the monodromic
fullness of hyperbolic curves of type (0,4). In particular, we obtain re-
sults concerning sufficient conditions for such a hyperbolic curve to be
monodromically full and prove Theorem B. In the Appendix, we derive
Theorem C as a consequence of various well-known finiteness theorems
in number theory and arithmetic geometry, together with the criterion
of Oda-Tamagawa for good reduction of hyperbolic curves.
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0. NOTATIONS AND CONVENTIONS

Numbers: A finite extension (respectively, finitely generated exten-
sion) of the field of rational numbers will be referred to as a number
field (respectively, finitely generated field of characteristic zero). If p is
a prime number, then a field which may be embedded as a subfield of a
finitely generated extension of the field of fractions of the ring of Witt
vectors with coefficients in an algebraic closure of the finite field of p
elements will be referred to as a generalized sub-p-adic field (cf. [14],
Definition 4.11).

Topological groups: Let G be a topological group and P a property
for a topological group (e.g., “abelian” or “pro-I” for some prime num-
ber [). Then we shall say that G is almost P if there exists an open
subgroup of G that is P.

If G is a topological group, then we shall write G* for the abelian-
1zation of GG, i.e., the quotient of G' by the closure of the commutator
subgroup of G.

If G is a topological group, and H C G is a closed subgroup of G,
then we shall write Zg(H) for the centralizer of H in G, i.e.,

def

Zo(H)= {geG|lghgt=hforanyhe H} C G,
Z8°(H) for the local centralizer of H in G, i.e.,

def lim Zg(H') C G

H'CH

Zi(H)

— where H' C H ranges over the open subgroups of H — Z(G) o

Zo(G) for the center of G, and Z'°¢(G) o Z8°(Q) for the local center of

G. It is immediate from the various definitions involved that Zg(H) C
Z8°(H) and that if H;, Hy C G are closed subgroups of G such that
Hy, C H, (respectively, Hy C Hy; Hy N Hy is open in Hy and Hy),
then Zg(Hs) C Zg(H,) (vespectively, Z9(Hy) C Z8°(H,); Z5¢(H,) =
Z8°(Hy)).

We shall say that a topological group G is center-free (respectively,
slim) if Z(G) = {1} (respectively, Z'°(G) = {1}). Note that it follows
from [15], Remark 0.1.3, that a profinite group G is slim if and only if
every open subgroup of G has trivial center.

If G is a profinite group, then we shall denote the group of auto-
morphisms of G by Aut(G) and the group of inner automorphisms of
G by Inn(G) C Aut(G). Conjugation by elements of G determines a
surjection G — Inn(G). Thus, we have a homomorphism G — Aut(G)
whose image is Inn(G) C Aut(G). We shall denote by Out(G) the quo-
tient of Aut(G) by the normal subgroup Inn(G) C Aut(G) and refer
to an element of Out(G) as an outomorphism of G. In particular, if
G is center-free, then the natural homomorphism G — Inn(G) is an
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isomorphism; thus, we have an exact sequence of groups
1 — G — Aut(G) — Out(G) — 1.

If, moreover, GG is topologically finitely generated, then one verifies eas-
ily that the topology of G admits a basis of characteristic open sub-
groups, which thus induces a profinite topology on the groups Aut(G)
and Out(G) with respect to which the above exact sequence deter-
mines an exact sequence of profinite groups. If J is a profinite group,
and p: J — Out(G) is a continuous homomorphism, then we shall de-

out
note by G % J the profinite group obtained by pulling back the above
exact sequence of profinite groups via p. Thus, we have a natural exact
sequence of profinite groups

out

1—G —GxJ—J—1.

1. OUTER MONODROMY REPRESENTATIONS

Throughout the present paper, let k be a field of characteristic zero

and k an algebraic closure of k. If &' C k is a(n) (possibly infinite)

algebraic extension of k, then we shall write Gy & Gal(k/K').

In the present §, we review some generalities concerning outer mon-
odromy representations arising from hyperbolic curves. In the present
§, let (g,r) be a pair of nonnegative integers such that 2g — 2 +r > 0
and X a nonempty set of prime numbers.

Definition 1.1. Let S be a scheme.

(i) Let C be a scheme over S and s;: S — C a section of the
structure morphism of C' — where ¢ = 1,--- ;r. Then we shall
say that (C, (s1, -+ ,s,)) is an r-pointed smooth curve of genus
g over S whose marked points are equipped with an ordering if
C is smooth and proper over S, any geometric fiber of C' — S
is a (necessarily smooth and proper) connected curve of genus
g, and the image of s; does not intersect the image of s; if 7 # j.

(ii) Let C be a scheme over S and D C C' a closed subscheme of C'.
Then we shall say that (C, D C C) is a hyperbolic curve of type
(g,7) over S if C'is smooth and proper over S, any geometric
fiber of C'— S is a (necessarily smooth and proper) connected
curve of genus ¢, and the composite D — C — S is a finite
étale covering over S of degree r.

Definition 1.2.

(i) We shall denote by M, — Speck the moduli stack (cf. [5],
[10]) of r-pointed smooth curves of genus g over k whose marked
points are equipped with orderings (cf. Definition 1.1, (i)) and
by (Cyr — My, (s, -+, sM)) the universal curve over M.

»er
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(ii) We shall denote by M, [, — Speck the moduli stack of hyper-
bolic curves of type (g,r) over k (cf. Definition 1.1, (ii)) and by

(Cor) — Mg, Dgﬂfr] C Cy,yj) the universal curve over My 1.

It follows from the various definitions involved that we have a com-
mutative diagram

Cor \Ui_, Im(sM) —=— Cp, —— M,,

! ! !

C
Comi \Dyly  — Cop) —— My

such that the two squares in this diagram are cartesian; moreover, as is
well-known, in this commutative diagram, the right-hand vertical arrow
My, — My is a finite étale Galois covering whose Galois group is
isomorphic to the symmetric group on r letters &,. In particular, we
obtain a commutative diagram

1 1 1

|

1 — N, — m(Cyr \Ui_, Im(sM)) —— m(M,,) — 1

I —— Nyp — mCu\Dpfy)  —— mMypy) — 1
1 — 1 — 67« — 67« — 1
1 1 1

— where N, is the kernel of the surjection m(C,,. \ U_, Im(sM)) —

m (My,), and the vertical and horizontal sequences are ezact. (See [20]
for the fundamental groups of stacks.)

Definition 1.3.
(i) We shall write
b
Ay,
for the maximal pro-X quotient of the kernel Ny, of the sur-
jection 71 (Cy, \ Ui—; Im(sM)) — m(M,,) (cf. Remark 1.3.1

below).
(ii) We shall write

Py, (respectively, s pr™ 5 pr ™)
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for the natural homomorphism determined by the above com-
mutative diagram

m(My,) — Out(Air)
(respectively, (Mg ) — Out(AY));
m(My, @1 k) — Out(Air) :
7T1(Mg7[r] Rk E) — Out(A?r)) .
(iii) Let S be a scheme that is connected and of finite type over k,

and X = (C,D C C) a hyperbolic curve of type (g,r) over S.
Then the classifying morphism S — M, ;) of X determines —

up to m (Mg,[r] ®y, k)-inner automorphism — a section sx/s of
the natural exact sequence

1 — m (Mg @k k) — (M) X, m(S) — m(S) — 1.
Thus, by considering the composite of sx,g5 and pi[r], we obtain
a homomorphism

Pxss: m(S) — Out(Ag,)

3-geom

o] )-inner automorphism.

which is determined up to Im(p

Remark 1.3.1. If follows immediately from, for example, [11], Lemma
2.1, that Air is naturally isomorphic to the mazximal pro-% quotient of
the fundamental group of the geometric fiber of the universal curve
Cor \Ui_, Im(sM) — M, at a geometric point of M, . In particular,
it follows immediately from, for example, [17], Corollary 1.3.4, that
A, is slim (cf. the discussion entitled “Topological groups” in §0);
moreover, there exists a natural bijection between the following two

sets:

e The set of the cusps of the geometric fiber of the universal curve
Cyr \Ui_, Im(sM) — M, at a geometric point of M.

e The set of the conjugacy classes of the cuspidal inertia sub-
groups of A;T associated to the cusps of the geometric fiber of
the universal curve C,, \ J_, Im(sM) — M, at a geometric
point of M,,.

Lemma 1.4 (Kernels of the universal outer monodromy rep-
resentations).

(i) The action of m(Myg) on the set of the conjugacy classes of
the cuspidal inertia subgroups of Air induced by pi[r] factors
through the quotient (Mg ) = T (Mg ) /m(Mg,) ~ &,
and the resulting action of &, on the set of the conjugacy classes
of the cuspidal inertia subgroups of Air 1s faithful.

(ii) The kernel of pi[r] is contained in m(M,,) and coincides

with the kernel of p,.
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Proof. Assertion (i) follows immediately from the various definitions in-
volved, together with Remark 1.3.1. Assertion (ii) follows immediately
from assertion (i), together with Remark 1.3.1. O

Definition 1.5. Let S be a scheme and X = (C, D C (') a hyperbolic
curve of type (g,r) over S.

(i) We shall say that the hyperbolic curve X is split if the finite
étale covering obtained as the composite D — C — S (cf.
Definition 1.1, (ii)) is trivial, i.e., D is isomorphic to the disjoint
union of r copies of S over S.

(ii) Let Xo = (Co, Dy C Cp) be a hyperbolic curve over S. Then
we shall say that X is a hyperbolic partial compactification of
X if there exists an open immersion C'\ D — Cj \ D, over S.

(iii) Suppose that g > 2. Then it is immediate that the pair (C, 0 C
() is a hyperbolic partial compactification of the hyperbolic

curve X. We shall write Xt = (C,D C C)* & (C, 9 C ©)
and refer to as the compactification of X.

Remark 1.5.1. Let S be a scheme that is connected and of finite type
over k, and X a hyperbolic curve of type (g, r) over S.

(i) It follows immediately from Lemma 1.4, (i), that the hyperbolic
curve X is split if and only if the image Im(p% /s) is contained
in the image Im(p;,).

(ii) Let Xy be a hyperbolic partial compactification of X. Then it
follows immediately from the various definitions involved that
the homomorphism pio /s factors through the homomorphism
O /55 thus, we obtain natural surjections

m(S) - Im(ﬂ?{/s) - Im(ﬂ?@/s)-

In particular, if g > 2, then we obtain natural surjections
™ (S) = Im(ﬂ?{/s) - Im(P)E(cpt/s) :

Lemma 1.6 (Universal pro-l outer monodromy representa-
tions). Suppose that ¥ is of cardinality one. Then the following
hold:

(i) The natural surjection m(M,,) - Gi = m(Moygs) induces a
surjection Ker(p;,) — Ker(pys). In particular, we obtain a
commutative diagram

I —— m(My, ®rk) —— m(My,) — G —— 1

- =
p?ﬁgcoml ng,'rJ/ Jpo,a

L () Im(pS,) —— In(pfy) —— 1

— where the horizontal sequences are exact.
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(i) The natural surjection m(Mgp) — G = m(Mos) induces a
surjection Ker(p} ) — Ker(py). In particular, we obtain a
commutative diagram

I —— mMyp @ k) — mMgp) — G —— 1

3 -geom >
pg»[gf"] J/ pg,[r']J/ J/pgig

E—goom>

I — Im(pgm

—— Im(p;,) —— Im(pg;) —— 1

7]
— where the horizontal sequences are exact.
(iii) The commutative diagram

Mg,r ®k E I Mg,[r] ®k E

| J

My, —— My

induces a commutative diagram

3 -geom > -geom
g, g[r]

! l H

1 —— Im(p ) —— Im(p ) — 6, — 1

— where the horizontal sequences are exact, and the vertical
arrows are injective.

Proof. Assertion (i) is a consequence of a result concerning Oda’s prob-
lem: If r # 0, then the desired surjectivity was proven in [9], Corollary
4.2.2; on the other hand, if » = 0, then the desired surjectivity fol-
lows from [9], Theorem 3B, together with [8], Theorem C, or a result
obtained in [24].

Assertion (ii) follows immediately from assertion (i), together with
Lemma 1.4, (ii). Assertion (iii) follows immediately from Lemma 1.4,
(ii). O

In the rest of the present §, we consider the almost slimness (cf. the
discussion entitled “Topological groups” in §0) of the images of outer
monodromy representations.

Proposition 1.7 (Almost slimness of the images of outer mon-
odromy representations). Let H C Im(pi[r]) be a closed subgroup

of the image Im(pim). Then the following hold:

(i) If ¥ consists of exactly one prime number [, then H is almost
pro-l (cf. the discussion entitled “Topological groups” in §0).

(ii) Suppose that k is a generalized sub-l-adic field (cf. the dis-
cussion entitled “Numbers” in §0) for some | € ¥ and that
there exists a hyperbolic curve X of type (g,r) over a finite ex-
tension k' C k of k such that H contains the image Im(p_?(/k,).
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Then H is almost slim (cf. the discussion entitled “Topologi-
cal groups” in §0). In particular, the images Im(py,), Im(p,,),
and Im(p_?(/k,) — where X is a hyperbolic curve of type (g,r)

over a finite extension k' C k of k — are almost slim.

Proof. First, we consider assertion (i). It follows from [2], Corollary 7,
together with the fact that Air is topologically finitely generated (cf.
Remark 1.3.1) and pro-l, that the image Im(pi[r]) is almost pro-l. Thus,
H is almost pro-l, as desired. This completes the proof of assertion (i).

Next, we consider assertion (ii). Suppose that there exists a hyper-
bolic curve X of type (g,7) over a finite extension k' C k of k such
that H contains the image Im(p% /k,). Then since A?T is center-free

(cf. Remark 1.3.1), it follows from [14], Theorem 4.12, together with
[17], Corollary 1.5.7, that there exists a natural bijection

Auty(X ®p k) — ZIO()St(AET)(Im(p_?(/k’))

(cf. the discussion entitled “Topological groups” in §0); in particular,

Zggt(Ag;m)(Im(pi/k,)) is finite. On the other hand, since Im(pi/k,) CH,

it follows that Zg’ﬁt(Agm)(H) C Zggt(Ag;m)(Im(pi/k,)) (cf. the discussion

entitled “Topological groups” in §0) is finite. Therefore, it follows from
Lemma 1.8 below that H is almost slim. This completes the proof of
assertion (ii). O

Lemma 1.8 (Almost slimness and the finiteness of local cen-
ter). Let G be a profinite group. Then the following conditions are
equivalent:

(i) G is almost slim (cf. the discussion entitled “Topological
groups” in §0).
(i) The local centre Z'°°(G) (cf. the discussion entitled “Topological
groups” in §0) is finite.
Proof. First, to prove the implication
(i) = (i),
suppose that condition (i) is satisfied, i.e., there exists an open subgroup
H C G of GG that is slim. By replacing H by a suitable open subgroup
of H, we may assume without loss of generality that H is normal in
G. Now since H is slim, it follows that Z'°¢(H) = Z'°(G) N H = {1}.
Thus, the composite Z'°°(G) — G — G/H is injective; in particular,
Z°¢(@) is finite. This completes the proof of the above implication.
Finally, to prove the implication

(i) = (1),
suppose that condition (ii) is satisfied. Since Z°¢(G) C G is finite,

there exists an open subgroup H C G of G such that Z°¢(G) N H =
{1}. On the other hand, since Z'°¢(H) = Z"°¢(G) N H, it follows that
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Z%¢(H) = {1}, i.e., H is slim. This completes the proof of the above
implication. [l

2. MONODROMICALLY FULL POINTS AND CURVES

In the present §, we define the notion of a X-monodromically full
hyperbolic curve (cf. Definition 2.2 below), as well as the related notion
of a X-monodromically full point (cf. Definition 2.1 below). In the
present §, let (g, r) be a pair of nonnegative integers such that 2g — 2+
r > 0 and ¥ a nonempty set of prime numbers.

First, we define the notion of a ¥-monodromically full, strictly -
monodromically full, and quasi-¥-monodromically full point.

Definition 2.1. Let S be a scheme that is connected and of finite type
over k, X = (C, D C C) a hyperbolic curve of type (g,r) over S, and
s € S a closed point of S. Write X for the hyperbolic curve over the
residue field k(s) of S at s obtained as the fiber of X — S at s € 5,

ie., Xy = (C xg5Speck(s),D xg Speck(s)).
(i) We shall say that s € S is a X-monodromically full point with
respect to X /S if, for any [ € 3, the closed subgroup Im(,agg/k(s))

of Im(p%s) — here, Im(pég Jh(s)) and Im(p%}s) are determined

up to Im(pgg’;}gmm)—conjugation — contains Im(pﬁgs) N Im(pgi).

(ii) We shall say that s € S is a strictly 3X-monodromically full
point with respect to X /S if, for any | € X, the closed subgroup

! ! 1 I
Im(pﬁ(i/k(s)) of Im(p%s) — here, Im(pﬁ(i/k(s)) and Im(pgs) are
determined up to Im(pil%;]goom)—conjugation — coincides with

!
Im(p)s).
(iii) We shall say that s € S is a quasi-X-monodromically full point

with respect to X/S if, for any [ € X, the closed subgroup

! ! ! I
Im(p&i/k(s)) of Im(pgs) — here, Im(p&i/k(s)) and Im(pg(}s) are

{l}-geom

0.r] )-conjugation — is an open sub-

determined up to Im(p

!
group of Im(p;} )

If [ is a prime number, then for simplicity, we write [-monodromically
full (respectively, strictly I-monodromically full; quasi-l-monodromically
full) instead of {/}-monodromically full (respectively, strictly {l/}-mono-
dromically full; quasi-{/}-monodromically full).

Remark 2.1.1. Let S be a scheme that is connected and of finite type
over k, X a hyperbolic curve over S, and s € S a closed point of S.
Consider the following conditions:

(i) s € S is strictly X-monodromically full with respect to X/S.
(ii) s € S is ¥-monodromically full with respect to X/S.
(ili) s € S is quasi-X-monodromically full with respect to X/S.
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Then, as the terminologies suggest, it follows immediately from the
various definitions involved that the implications

(i) = (i) = (iii)
hold.

Next, we define the notion of a ¥-monodromically full, strictly -
monodromically full, and quasi->-monodromically full hyperbolic curve.
Roughly speaking, a -monodromically full (respectively, strictly -
monodromically full; quasi-3-monodromically full) hyperbolic curve is
a hyperbolic curve corresponding to a Y-monodromically full (respec-
tively, strictly -monodromically full; quasi->-monodromically full)
point of the moduli stack with respect to the universal curve.

Definition 2.2. Let X be a hyperbolic curve of type (g, r) over k.
(i) We shall say that X is X-monodromically full if, for any | € X,

the closed subgroup Im(p:ggk) — which is determined up to
Im(pg%;]geom)-conjugation — of Im(péf%’r]) contains Im(pi?).

(ii)) We shall say that X is strictly X-monodromically full if, for
any [ € %, the closed subgroup Im(p:ggk) — which is deter-

mined up to Im(pg{’fgr']geom)—conjugation — of Im(pgﬁr]) contains
Im(pg%’;]goom), or, equivalently, the closed subgroup Im(pggk) of
Im(pgf’r]) coincides with Im(pg%;]).

(iii) We shall say that X is quasi-X-monodromically full if, for any
[ € X, the closed subgroup Im(,oégk) — which is determined up
to Im(pgﬁ;]gcom)—conjugation — of Im(pgf’r]) is an open subgroup

I
of Im(pgfr]).

If [ is a prime number, then for simplicity, we write [-monodromically
full (respectively, strictly l-monodromically full; quasi-l-monodromically
full) instead of {/}-monodromically full (respectively, strictly {l/}-mono-
dromically full; quasi-{/}-monodromically full).

Remark 2.2.1. Let X be a hyperbolic curve over k. Consider the
following conditions:

(i) X is strictly X-monodromically full.
(il) X is X-monodromically full.
(i) X is quasi-X-monodromically full.

Then, as the terminologies suggest, it follows immediately from the
various definitions involved that the implications

(i) = (i) = (iii)
hold.
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Remark 2.2.2. Let X be a hyperbolic curve over k and X1, > nonempty
sets of prime numbers. Suppose that ¥ C 3;. Consider the following
conditions:
(i) X is Xq-monodromically full (respectively, strictly 31 -monodromi-
cally full, quasi-3,-monodromically full).
(il) X is Xg-monodromically full (respectively, strictly Yo-monodromi-
cally full, quasi-Xqo-monodromically full).
Then it follows immediately from the various definitions involved that
the implication
(i) = (ii)
holds.

Remark 2.2.3. Let X be a hyperbolic curve of type (g,r) over k.
Suppose that » < 1. Consider the following conditions:
(i) X is X-monodromically full.
(ii) X is strictly X-monodromically full.
Then it follows immediately from the various definitions involved that
the equivalence
(i) <= (ii)
holds.
Remark 2.2.4. Let X be a hyperbolic curve of type (g,7) over k.
Suppose that » > 2. Consider the following conditions:
(i) X is strictly X-monodromically full.
(ii) X is not split (cf. Definition 1.5, (i)).
Then it follows immediately from Remark 1.5.1, (i), that the implica-
tion
(i) = (ii)
holds.

Remark 2.2.5. Let X; be a hyperbolic curve over k and X5 a hyper-
bolic partial compactification of X; (cf. Definition 1.5, (ii)). Consider
the following conditions:

(i) X; is X-monodromically full (respectively, strictly X-monodromi-
cally full, quasi-X-monodromically full).
(il) Xy is X-monodromically full (respectively, strictly X-monodromi-
cally full; quasi->-monodromically full).
Then it follows immediately from Remark 1.5.1, (ii), that the implica-
tion
(i) = (ii)
holds.

Remark 2.2.6. Let X be a hyperbolic curve over k, and k' C k a
finite extension of k. Consider the following conditions:

(i) X is a quasi-X-monodromically full hyperbolic curve over k.
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(il) X ®y k' is a quasi-X-monodromically full hyperbolic curve over
k'
Then it follows immediately from the various definitions involved that
the equivalence
(i) < (i)
holds.

Remark 2.2.7. Let X be a hyperbolic curve of type (g,r) over k.
Consider the following conditions:

(i) X is split and X-monodromically full.

(ii) For any [ € ¥, the closed subgroup Im(p%}k) — which is deter-

{1}-geom {1y

o] o) Coincides

mined up to Im(p )-conjugation — of Im(p

with Tm( pgl;l)

Then it follows immediately from Remark 1.5.1, (i), together with the
various definition involved, that the equivalence

(i) <= (i)
holds.

Remark 2.2.8. Let S be a scheme that is connected and of finite type
over k, X a hyperbolic curve over S, and s € S a closed point of S.
Write k(s) for the residue field of S at s and X for the hyperbolic curve
over k(s) obtained as the fiber of X — S at s € S (cf. Definition 2.1).
Consider the following conditions:

(i) X isa X-monodromically full (respectively, strictly ¥2-monodro-
mically full,; quasi-YX-monodromically full) hyperbolic curve over
k(s).

(i) s € S is a X-monodromically full (respectively, strictly -mono-

dromically full; quasi-X-monodromically full) point with respect
to X/S.

Then it follows immediately from the various definitions involved that
the implication

(i) = (ii)
holds.

The following result is a result essentially obtained in [11] (cf. [11],
Theorem 1.2). Note that in [11], the following theorem in the case
where X is of cardinality one, and k is a number field was proven.
However, by a similar argument used in the proof of [11], Theorem 1.2,
one may prove the following theorem.

Theorem 2.3 (Existence of many monodromically full points).
Let k be a finitely generated field of characteristic zero (cf. the

discussion entitled “Numbers” in §0); k an algebraic closure of k; S a
scheme that is connected, regular, of finite type, and separated
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over k; X a hyperbolic curve over S (cf. Definition 1.1, (ii)); ¥ a
nonempty finite set of prime numbers; SMF C S(k) the subset of S(k)
consisting of closed points of S which are strictly ¥-monodromically
full with respect to X/S (cf. Definition 2.1, (ii)). Fizx an inclusion
k — C; in particular, we obtain an inclusion S(k) < S(C). Then the
subset SM¥ C (S(k) C) S(C) is dense with respect to the complex
topology of S(C). If, moreover, S is rational (i.e., there exists an
open subscheme of S which is isomorphic to an open subscheme of P}
for some positive integer n), then the complement S(k) \ (S(k) N SMF)
in S(k) of S(k)NSMF forms a thin set in S(k) in the sense of Hilbert’s
wrreducibility theorem.

Proof. This follows from the fact that a finitely generated field of char-
acteristic zero is Hilbertian, together with a similar argument to the
argument used in the proof of [11], Theorem 1.2, by replacing [11],
Lemma 3.1 (respectively, [11], Lemma 3.3) by Lemma 2.4 (respectively,
Lemma 2.5) below. O

Lemma 2.4 (Existence of a certain open subgroup). Let G be
a profinite group, > a nonempty finite set of prime numbers, and for
each | € ¥, G — Q; a quotient of G which is topologically finitely
generated and almost pro-l (cf. the discussion entitled “Topological
groups” in §0). Then there exists a normal open subgroup N C G of G
satisfying the following condition: If H is a profinite group and H — G
1s a continuous homomorphism such that the composite H — G —»
G/N is surjective, then the composite H — G — @ is surjective
for each | € X..

Proof. 1If ¥ is of cardinality one, then Lemma 2.4 follows from [11],
Lemma 3.1; in particular, for each [ € ¥, there exists a normal open
subgroup N; C G satisfying the following condition: If H is a profinite
group and H — G is a continuous homomorphism such that the com-
posite H — G — G/N, is surjective, then the composite H — G — @,

is surjective. Now write N dof ﬂlez N; C . Then it is immediate
that this normal open subgroup N of G satisfies the condition in the
statement of Lemma 2.4. This completes the proof of Lemma 2.4. [

Lemma 2.5 (Finitely generatedness of the images of outer
monodromy representations). Let k be a finitely generated field
of characteristic zero (cf. the discussion entitled “Numbers” in §0),
S a scheme that is connected and of finite type over k, X a hyperbolic
curve over S, and l a prime number. Suppose that S is regular and
separated over k. Then the quotient Im(pggs) of m(S) is topologi-
cally finitely generated.

Proof. To verify Lemma 2.5, it is immediate that by replacing k by a
finite extension of k, we may assume without loss of generality that
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S is geometrically connected over k and that S has a k-rational point
s € S(k). Then we have an exact sequence

1 —m(S®k) — m(S) — G — 1.

Since 71 (S @y k) is topologically finitely generated (cf. [7], Exposé 11,
Théoreme 2.3.1), to verify Lemma 2.5, it suffices to show that the image
of the composite

{1}
Gr — m(9) Px/s Out(Agi)

— where the first arrow is the homomorphism (which is determined
up to (S @ k)-inner automorphism) induced by s € S(k), and (g, 7)
is the type of the hyperbolic curve X over S — is topologically finitely
generated; in particular, since the above composite coincides with the

pro-l outer monodromy representation pg} Ik associated to the hyper-

bolic curve X over k obtained as the fiber of X — S at s € S(k), to
verify Lemma 2.5 — by replacing X by Xy — we may assume without
loss of generality that S = Spec k.

Since k is finitely generated field of characteristic zero, there exist a
finite extension &’ C k of k, a subfield ky C &’ of k', and a scheme V}
over kg satisfying the following conditions:

(i) ko is a number field (cf. the discussion entitled “Numbers” in
§0).
(ii) Vp is regular, separated, geometrically connected, and of finite
type over k.
(iii) Vo has a kg-rational point v € Vj(ko).
(iv) The function field of Vj is isomorphic to &'
(v) The hyperbolic curve X ®; k' over k' extends to a hyperbolic
curve Xy over Vj.
Now since the natural homomorphism 7 (Spec k') — m(Vp) (cf. (iv))
is surjective (cf. (ii)), and the pro-I outer monodromy representation
p%gkk, s factors through pﬁg v, (cf (v)), to verify Lemma 2.5, it suf-

fices to show that the image Im(p:gg /Vo) is topologically finitely gener-

ated. Moreover, by the existence of the exact sequence (cf. (ii))
1 — 7 (Vo @, ko) — m (Vo) — Gal(ko/ko) — 1

— where kj is the algebraic closure of ky determined by k — together
with the fact that m (Vo ®g, ko) is topologically finitely generated (cf.
[7], Exposé 11, Théoreme 2.3.1), to verify Lemma 2.5, it suffices to show
that the image of the composite
0
Gal(Fo ko) — m (Vo) 2 Out(Alh

— where the _ﬁrst arrow is the homomorphism (which is determined up
to m1 (Vo ®g, ko)-inner automorphism) induced by v € Vy(ko) (cf. (iii))
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— is topologically finitely generated. On the other hand, since kq is a
number field (cf. (1)), it follows from [11], Lemma 3.1, that the image of
the above composite is topologically finitely generated, as desired. This
completes the proof of Lemma 2.5. 0

By Theorem 2.3, we obtain the following result.

Corollary 2.6 (Existence of many monodromically full hyper-
bolic curves). Let k be a finitely generated field of characteristic
zero (cf. the discussion entitled “Numbers” in §0), k an algebraic clo-
sure of k, (g,r) a pair of nonnegative integers such that 2g—2+1r > 0,
Mg the moduli stack of hyperbolic curves of type (g,r) over k (cf.
Definition 1.2, (ii)), My, the coarse moduli space associated to Mg,
and ¥ a nonempty finite set of prime numbers. Fix an inclusion
k — C. Then the subset of M, ,1(C) of C-valued points s € M, ,;(C)
satisfying the following condition ()M is dense with respect to the
complex topology of M, ,(C):

(x)M¥ . There exists a subfield k' C k (C C) containing k

and a morphism s : Speck’ — Mgy such that the hy-

perbolic curve corresponding to sy is a X-monodromically

full hyperbolic curve over k' (cf. Definition 2.2, (i)),
and, moreover, s: SpecC — M, factors through

the composite Spec k' 2% Mg — My .

3. RELATIONSHIP BETWEEN MONODROMIC FULLNESS AND CERTAIN
PROPERTIES OF HYPERBOLIC CURVES

In the present §, we consider the relationship between monodromic
fullness and certain properties of hyperbolic curves (cf. Propositions
3.4, 3.6, 3.8 below). In the present §, let (g, 7) be a pair of nonnegative
integers such that 2g — 2 +r > 0.

Definition 3.1. We shall write

{1} (if 29 —2+7 > 3)

o 2/2Z  (if (g,r) = (1,1), (1,2), or (2,0))
g Z/2Z x L/2Z (if (g.7) = (0,4))
s (if (g,7) = (0,3)).

It seems to the author that the following proposition is likely to be
well-known.

Proposition 3.2 (Automorphisms of general hyperbolic curves).
Suppose that k is algebraically closed. Then the following hold:
(i) If X = (C,D C C) is a hyperbolic curve of type (g,r) over k,
then G, is isomorphic to a subgroup of the group Auty(X)
of automorphisms of X over k.
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(ii) There exists a hyperbolic curve X = (C,D C C) of type (g,7)
over k such that the group Autg(X) of automorphisms of X
over k is isomorphic to G, .

Proof. First, we verify assertion (i). If 29 — 2 4+ r > 3, then assertion
(i) is immediate. If (g,7) = (0,3) or (0,4), then assertion (i) may be
verified by the fact that Auty(C) — note that C is isomorphic to P}
over k — is isomorphic to PGLy(k), together with a straightforward
calculation. (Note that if (¢g,7) = (0,4), ie., X = (C,D C C) is
isomorphic to (P}, {0,1,00,2} C P}) for some = € k\ {0,1}, then the
following two automorphisms generate a subgroup of Aut(X) which
is isomorphic to Goy4 = Z/27Z x Z/27Z:

~

C~ P — P, ~C

t/s +— szt ’
C~ P — P} ~C )
t/s +— x(t—s)/(t — sz) '

Next, suppose that (g,7) = (1,1) or (1,2). If (g,r) = (1,1) (respec-
tively, (1,2)), then write {0} (respectively, {o,z}) C C(k) for the set
of the marked divisor “D” of the hyperbolic curve X = (C,D C C).
Then since g = 1, by regarding the marked k-rational point o of C' as
an origin, one may regard C' as an abelian group scheme over k whose
identity section is the section determined by the k-rational point o.
Thus, we have an automorphism

Cot——-teC (fr=1)

Cot—ao—teC (ifr=2)

over k of order 2 that preserves D = {o} (respectively, = {o,z}) C C;

in particular, Gy, = Z/27Z is isomorphic to a subgroup of Auty(X).

Next, suppose that (g,7) = (2,0). Then since the proper curve C' is

hyperelliptic, we have an automorphism of C' of order 2; in particular,

Gao = Z/2Z is isomorphic to a subgroup of Autg(X) = Aut,(C). This
completes the proof of assertion (i).

Finally, we verify assertion (ii). If 29 — 2+ r > 3, then assertion (ii)
follows immediately from [12], Theorem C. If (g,r) = (0,3) or (0,4),
then assertion (ii) may be verified by the fact that Aut,(C) — note
that C' is isomorphic to P} over k — is isomorphic to PGLy(k), together
with a straightforward calculation. Next, suppose that (g,7) = (1,1)
or (1,2). Then since ¢ = 1, one may regard C' as an abelian group
scheme over k. Moreover, as is well-known, there exists a hyperbolic
curve X = (C, D C C) of type (1,1) (respectively, (1,2)) over k such
that Autg(C) is isomorphic to C'(k) x {£1} — where the action of
{£1} on C(k) is the natural action of {£1} on an abelian group C(k).
Now assertion (ii) in the case where (g,r) = (1,1) or (1,2) follows
from this fact that Autg(C) is isomorphic to C(k) x {£1}, together
with a straightforward calculation. Next, suppose that (g,7) = (2,0).
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Then the assertion follows from, for example, [21], Theorem 1. This
completes the proof of assertion (ii). O

Definition 3.3. Let X be a hyperbolic curve of type (g, r) over k. Then

we shall say that X has no special symmetry if the group Auty (X ®y k)
of automorphisms of X ®;, k over k is isomorphic to G ,.

Proposition 3.4 (Quasi-monodromic fullness and automorphisms
of hyperbolic curves). Let X be a hyperbolic curve of type (g,r) over
k. Suppose that X is quasi-X-monodromically full for a nonempty
set of prime numbers X and that k is a generalized sub-l-adic field
(cf. the discussion entitled “Numbers” in §0) for some l € ¥. Then X
has no special symmetry.

Proof. Let Xy be a hyperbolic curve of type (g,r) over a finite exten-
sion kg C k of k such that Autz(Xy ®k, k) =~ G, (cf. Lemma 3.2,
(ii)). Then since AY is center-free (cf. Remark 1.3.1), it follows from
[14], Theorem 4.12, together with [17], Corollary 1.5.7, that there exist
natural bijections

Autp(X @y k) — Zgﬁt(agr)(lm(ﬂ)zf/k)) ;

Ggﬂ" ;) AutE(XO ®k; E) L) Zlool'it(AgE’r)(Im(p?(o/ko)) :

On the other hand, since X is quasi-X-monodromically full, it follows
immediately from the definition of the term “quasi-¥-monodromically

full” that
Zggt(Ag’r,)(Im(pi/k)) = Zlooﬁt(Agm)(Im(pi[r]))

(cf. the discussion entitled “Topological groups” in §0). Thus, since
Im(p%, x,) € Im(py ), we obtain that

Autg(X @y k) — Zgﬁt(agm)(lm(/)i/k)) = Zgﬁt(agr)(lm@i[r]))

c Zg)St(AE,T.)(Im(p?(o/ko)) = GQW

(cf. the discussion entitled “Topological groups” in §0); in particular,
it follows immediately from Lemma 3.2, (i), that X has no special
symmetry. This completes the proof of Proposition 3.4. Il

Definition 3.5. Let X be a hyperbolic curve of type (g, ) over k and ¥
a nonempty set of prime numbers. Suppose that g # 0. Then we shall
say that X is of ¥-AlJ-type (where the “AlJ” stands for “absolutely
irreducible Jacobian”) if the following condition is satisfied: For any
prime number [ € ¥ and finite extension k' C k of k such that X (k') #
(), the l-adic Tate module of the Jacobian variety of the compactification
of the hyperbolic curve X ®;. k" is irreducible as a Gp-module.
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Remark 3.5.1. It follows immediately from the definition of the term
“of AlJ-type” that if a hyperbolic curve X over k is of ¥-AlJ-type for
some nonempty set of prime numbers Y, then the Jacobian variety of
the compactification of the hyperbolic curve X @ k is simple.

Proposition 3.6 (Quasi-monodromic fullness and the absolute
irreducibility of Jacobian variety). Let X be a hyperbolic curve of
type (g,r) over k and X a nonempty set of prime numbers. Suppose
that k is finitely generated field of characteristic zero (cf. the
discussion entitled “Numbers” in §0), that g # 0, and that X is quasi-
Y.-monodromically full. Then X is of X-AlJ-type. In particular,
the Jacobian variety of the compactification of the hyperbolic curve X &y,
k is simple (cf. Remark 3.5.1).

Proof. To prove Proposition 3.6, it follows from the definition of the
term “of AlJ-type” that we may assume without loss of generality
that X is of cardinality one. Write H g%r for the abelian quotient of
A?T by the normal closed subgroup generated by the cuspidal inertia
subgroups of Air and the closure of the commutator subgroup of Air.
(Thus, if g > 2, then H, is naturally isomorphic to (A})*.) Now it
follows from a similar argument to the argument used in Remark 1.5.1,
(ii), that the pro-X outer representation p'(;: m1(Myg,) — Out(A7,)
induces a pro-3 representation p: m (M) — Aut(H,,). Moreover,
as is well-known, the following holds (cf. also Remark 1.3.1):

Let &' C k be a finite extension of k such that X (k') # 0.
Then there exists an isomorphism of H gEJ with the -
adic Tate module of the Jacobian variety of the com-
pactification of X ®; &’ such that, under this isomor-
phism, the action of Gy on H gzw determined by p, sx/
(cf. Definition 1.3, (iii)) and the natural action of Gy

on the pro-¥ Tate module coincide.

Therefore, Proposition 3.6 follows from the definition of the term “quasi-
monodromically full”, together with the existence of a hyperbolic curve
of X2-AlJ-type over a number field (cf. e.g., [4], the proof of Proposition
4, also [4], Remark 5, (iv), (v)). O

Definition 3.7. Let X be a hyperbolic curve of type (g,r) over k.
Suppose that g # 0. Then we shall say that X has a JCM-component
(where the “JCM” stands for “Jacobian complex multiplication”) if
there exist a nontrivial simple abelian variety A over k such that
Endy(A) ®@z Q is isomorphic to a number field of degree 2dim(A) and
a nontrivial morphism over k from A to the Jacobian variety of the

compactification of the hyperbolic curve X ®y k.

Remark 3.7.1. Let X be a hyperbolic curve of type (1, 1) over k. Then
it follows from the various definitions involved that X has a JCM-
component if and only if the elliptic curve determined by X admits
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complex multiplication over k — i.e., the ring of endomorphisms of the
elliptic curve determined by X over k is isomorphic to an order of an
imaginary quadratic field.

Proposition 3.8 (Quasi-monodromic fullness and complex mul-
tiplication). Let X be a hyperbolic curve of type (g,r) over k. Sup-
pose that k is finitely generated field of characteristic zero (cf.
the discussion entitled “Numbers” in §0), that g # 0, and that X is
quasi-YX-monodromically full for a nonempty set of prime numbers
Y. Then X does not have a JCM-component.

Proof. This follows immediately from Proposition 3.6, together with
23], Corollary 2 to Theorem 5. O

4. MODULI STACKS OF HYPERBOLIC CURVES OF GENUS ZERO

In the present §, we consider the moduli stacks of hyperbolic curves
of genus zero. In the present §, let » > 3 be an integer and [ a prime
number.

Lemma 4.1 (Moduli stacks of hyperbolic curves of genus zero).

(i) The moduli stack M, is isomorphic to the (r — 3)-rd con-
figuration space of P; \ {0,1,00} over k, i.e., the open sub-
scheme of the fiber product over k of r—3 copies of PL\{0, 1, 00}
obtained as the complement of the various diagonal divisors.

(i) The natural homomorphism &, — Auty(M,,) determined by
the &,-covering My, — My, is surjective. In particular,
any automorphism ¢ of My, over k is an automorphism
over M, i.e., there exists a commutative diagram

— where the vertical arrows are natural morphisms, and the
lower horizontal arrow is the identity automorphism of Mg .

Proof. Assertions (i), (ii) are well-known. (Concerning assertion (ii),
see [17], discussion following Theorem A in §0.) O

Lemma 4.2 (Universal geometric monodromy outer represen-
tations of genus zero).

(i) The quotient m (Mo, Q4 k) — Im(PE{)ﬁ_geom) of m (Mo, @ k)

coincides with the maximal pro-l quotient of m; (M, ®

k). In particular, there exists a natural homomorphism

Autg, (M1 (Mo,)) — Auty, o, (Im(p)))
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(cf. Lemma 1.6, (1)).
(i) The abelianization of Im(pé{i_gmm) is a free Z;-module of rank

(r—2)(r+1)/2.

Proof. Assertion (i) follows from [3], Remark following the proof of
Theorem 1, together with Lemma 4.1, (i). Assertion (ii) follows imme-
diately from [18], Corollary 2.5, together with Lemma 4.1, (i). (In-
deed, it follows [18], Corollary 2.5, together with Lemma 4.1, (i),
that rankz, (Im(p{T5")) = S0, ranks, ((Af)®) = ¥, — 1) =
(r—2)(r+1)/2.) O

Lemma 4.3 (Universal monodromy outer representations of
genus zero). Suppose that k is a finitely generated field of char-
acteristic zero (cf. the discussion entitled “Numbers” in §0). Then
the following hold:
(i) The image Im(pé{i‘geom) is pro-l and slim.
(ii) The image Im(péﬁ) is slim. If, moreover, k contains a primi-
tive I-th root of unity, then the image Im(péf,]:) is pro-1l.
(iii) The composite of natural homomorphisms

Autk(./\/lo,r) — Autgk (71'1 (MQ,,«))/IHH(Wl(MOW ®k E))

— Autlm(p({)lg)(Im(p({)f}:))/Il’ln(]:m(péf;-gcom))

(cf. Lemma 4.2, (1)) is bijective (c¢f. Remark 4.3.1).
(iv) The composite of natural maps

Mo, (k) — Homg, (Gy, m1(My.,.))/Inn(m (Mo, @ k))

— Hom_ Gy, Im(péﬁ))/Inn(Im(p({)ﬁ—geOm))

it
(cf. Lemma 4.2, (1)) is injective.
(v) The composite of natural maps

Mo (k) — Homg, (G, m1(Mo,))/Inn(m (Mo, @k k)

l [}-geom
i Gl ) o)

(cf. Lemma 4.2, (1)) is injective.

— Hom
Im

Proof. Assertion (i) follows from [16], Proposition 2.2, (ii), together
with Lemmas 4.1, (i); 4.2, (i).
Next, we verify assertion (ii). Since we have an exact sequence

[}-geom ! l
1 — Im(pf ™) — Tm(py,) — Im(pf3) — 1

(cf. Lemma 1.6, (i)), it follows from assertion (i) that to verify the
fact that Im(péﬁ ) is slim (respectively, pro-l), it suffices to show that
Im(pég) is slim (respectively, pro-l). Now we prove the fact that

Im(pég) is slim. It follows from a similar argument to the argument
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used in the proof of Proposition 1.7, (ii), together with Lemma 4.1, (i),
that we obtain a natural bijection

~ oc l
Auty(P;\ {0,1,00}) == 22y (Im(p(13)) .
Out(AO,S)

Therefore, by comparing the natural actions of Auty(P; \ {0,1,00})

and Im(pég) on the set of the conjugacy classes of the cuspidal inertia

subgroups of Aég (cf. Remark 1.3.1), it follows that the intersection
oc l l
Zie s Im(pfd) N Im(p53)

is trivial; in particular, the local center ZlOC(Im(pég)) of Im(pég) is

trivial. This completes the proof of the fact that Im(pég) is slim. On

the other hand, it follows immediately from [1], Theorems A, B, that
if k contains a primitive [-th root of unity, then Im(pég) is pro-l. This
completes the proof of assertion (ii).

Next, we prove assertion (iii). By considering the action of Autyg(Mo,)
on the set of the conjugacy classes of the cuspidal inertia subgroups of
Im(p({]f,}l_goom), the injectivity of the composite in question follows imme-
diately from Lemmas 4.1, (i), (ii); 4.2, (i), together with Remark 1.3.1.
Now we verify the surjectivity of the composite in question by induc-
tion onr. If r = 3, 4, then the surjectivity of the composite in question
follows from [14], Theorem 4.12, together with Lemmas 4.1, (i); 4.2, (i).
Suppose that » > 5 and that the composite of natural homomorphisms

Autk(/\/lom_l) E— Allt(;k (7'['1 (Mom_l))/lnn(ﬂl (MO,T—l ®k k’))

l [}-geom
— Auty, o (Im(pgy ) /In(Im(pg 5™))

is bijective. Let o be an automorphism of Im(pé?ﬂ) over Im(pég). Then

it follows immediately from [17], Theorem 3.1.13 (note that [17], The-
orem 3.1.13, is valid for a finitely generated field of characteristic zero,

even though in [17], this result for a number field is only stated), that

— by compositing a suitable automorphism of Im(pé{i ) over Im(p({]g)

arising from an element of Auty(M,) — we may assume without loss
of generality that « preserves the kernel Aé{i_l C Im(péﬁ'geom) of the

natural surjection Im(péf}:) —» Im(pé?j_l) (cf. Lemmas 4.1, (i); 4.2, (i)).

Moreover, it follows immediately from the above induction hypothe-
sis that — again by compositing a suitable automorphism of Im(p({]f,]ﬁ)

over Im(pég) arising from an element of Auty(Moy,) — we may as-

sume without loss of generality that the automorphism of Im(pé?ﬁ_l)

induced by « is the identity automorphism of Im(pégj_l), i.e., we obtain
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a commutative diagram

I —— A —— Tm(pgy) —— Im(pg} ) — 1

| | H

1 —— AV —— () —— () — 1

— where the horizontal sequences are exact, and the right-hand vertical
arrow is the identity automorphism. Therefore, it follows immediately
from [14], Theorem 4.12, together with Lemma 4.4, (ii), below, that «
arises from an automorphism of M, over k. This completes the proof
of assertion (iii).

Assertion (iv) follows immediately from [13], Theorem C, together
with Lemmas 4.1, (i); 4.2, (i). Assertion (v) follows from [14], Remark
following Theorem 4.12 (cf. also the proof of [13], Theorem C). O

Remark 4.3.1. In [17], Theorem A, the bijectivity of the composite of
natural homomorphisms

Auty (Mo, ) — Autg, (m1(Mo,))/Inn(m (Mo, @k E))
— Autlm(p({)l%) (Im(pégl ) /Inn(Im(pgf}:—gmm))
in the case where p is odd was proven.

Lemma 4.4. Let S be a connected normal scheme and ng — S the
generic point of S. Then the following hold:

(i) Let T — S be a scheme that is finite over S. Then the natural
morphism Homg(S,T) — Homg(ns,T) is bijective.
(i) Let Xy, Xa be hyperbolic curves over S. Then the natural mor-
phism
Isomg(X7, Xs) — Isom, (X7 xgns, X2 Xg1s)
is bijective.
Proof. First, we consider assertion (i). The injectivity of the morphism
in question follows immediately from the fact that the natural mor-
phism ng — S is scheme-theoretically dense. To verify the surjectivity
of the morphism in question, let ¢: ng — T be a morphism over S.
Write F' C T for the scheme-theoretic image of ¢. Then it follows im-
mediately from the various definitions involved that F' is integral, and
the composite F' — T — S is birational and finite. Thus, since S is
normal, it follows from Zariski’s main theorem (cf. [6], Corollaire 4.4.9)
that the composite F' — T — S is an isomorphism; in particular, ¢
extends to a morphism S — T over S.

Finally, we consider assertion (ii). It follows from, for example,
[5], Theorem 1.11, that the functor Isomg (X, X3) is represented by
a scheme that is finite and unramified over S. Thus, assertion (ii)
follows from assertion (i). O
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5. A GROTHENDIECK CONJECTURE-TYPE LEMMA FOR CERTAIN
IMAGES OF THE UNIVERSAL MONODROMY

In the present §, we prove a Grothendieck conjecture-type lemma for
certain images of the universal monodromy (cf. Lemma 5.2 below). In
the present §, let r > 3 be an integer and [ a prime number. Suppose,
moreover, that k is a finitely generated field of characteristic zero (cf.
the discussion entitled “Numbers” in §0). Let us fix an isomorphism

Im(,o0 ,«])/Im(Por) — &, (cf. Lemma 1.6, (iii)).
Fori =1, 2, let
H; C Im(p({]l}T])

be an open subgroup of Im(p({]} ) that contains the normal open sub-

1
group Im(pf}) € Im(p'},).

(H; —) Q;
{

the image of the composite H; — Im(poj;]) —» Im(p({ﬁr])/lm(péli) ~ &,

and
HigCOm g H

the kernel of the composite H; — Im(pé E]) — Im(p({]lg) ie., HEom

Hiﬂlm(pél[}r]goom) (cf. Lemma 1.6, (ii)). Thus, H; fits into the following
exact sequences:

1 — HF™ — H; — Im(p({]l%) —1;
1 — Im(p§}) — H; — Qi(C &,) —

(Here, the surjectivity of H; — Im(po 3) follows from Lemma 1.6,

)-)
}

(i
{1
o))

By the various definitions involved, this open subgroup H; C Im(p
corresponds to the intermediate connected finite étale covering

(Mo, /Qi] — Mo,

of the &,-covering My, — [Mg,/&,] = M) — where “[Mg,/(—)]"
is the quotient of M, by “(—)” in the sense of stacks. Now we shall
write
Autgl’Q2 <M07r)

for the set of automorphisms of M, , over k which is compatible with
the respective actions @1 — &, — Auty(M,,) and Qy — &, —
Auty, (M) relative to an isomorphism @, — Q9 of finite groups, i.e.,
the subset of Aut;(M,,) consisting of automorphisms ¢ of My, over
k which fit into a commutative diagram

MO,T L) MO,T

| |

(Mo, /Q1] —— [Mo,/Q2]
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— where the vertical arrows are natural morphisms, and the horizontal
arrows are isomorphisms over k. Then we define a map

@: Autgl’Qz (M()ﬂn) — Isomlm(pg’g)(Hla H2)/Inn(H2geom)

as follows: Let ¢ € Aut®"“?(M,,.). Then it follows from the definition
of Aut?“*(M,,) that ¢ induces a diagram

7T1(Mo,r) EE— T (Mo,r)

| |
T ([Moy/Cn]) —— mi([Mo,/Q2])

— where the top horizontal arrow is the m (M, ®;, k)-conjugacy class
of the automorphism of 7 (M, ,.) induced by ¢, and this diagram com-
mutes up to m([Mo,/Q2] @ k)-inner automorphism. Thus, by con-
sidering the H$*™-conjugacy class of the isomorphism

H, = m([Mo,/Qi])/Ker(p)) —= m1([Mo,/Qa]) /Ker(pf)) = Ha

induced by the lower horizontal arrow in the above diagram (note
that by Lemma 4.2, (i), the top horizontal arrow in the above dia-
gram preserves Ker(péﬁ) C m(My,)), we obtain an element ®(¢) of

Isomlm(p{l})(Hl, Hy)/Inn(HE*™), as desired.
0,3
The purpose of the present § is to prove the surjectivity of this map
® under the assumption that
(x)Prime: [is prime to the orders of Q; and Q.

In the rest of the present §, suppose that the above condition (x)Prime
is satisfies.

Lemma 5.1 (Preserving the M, -parts). Let ¢: H = Hy be an
isomorphism over Im(pég). Then gb(Im(pég'geom)) = Im(pgi_geom). I,
moreover, k contains a primitive l-th root of unity, then ng(Im(péf?}j))
T o

m(pO,r)'

Proof. It follows immediately from Lemma 4.3, (i), together with the
assumption that the condition (x)P"™¢ is satisfied (cf. the discussion

preceding Lemma 5.1), that Im(pég'geom) C HE™ is the maximal pro-l

closed subgroup of HE*™™; therefore, it follows that qS(Im(péf,}:'gcom)) =

Im(péf}fgoom). If, moreover, k contains a primitive I-th root of unity,
then it follows from Lemma 4.3, (ii), together with the assumption
that the condition (x)P™¢ is satisfied (cf. the discussion preceding
Lemma 5.1), that Im(pg,. )" C H; is the mazimal pro-l closed subgroup

of H;; therefore, it follows that gb(Im(pg,]ﬁ)) = Im(pgi). O
Next, we shall write

d: Aut? P (M,,) — Isom, Hy, H2)/Inn(1m(pé£'goom))

o)
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for the map defined as follows: Let ¢ € Autgl’%(/\/lom). Then ¢ deter-

mines an Im(pé{i“geom)—conjugacy class of an automorphism of Im(p({]f,}l)

over Im(pég). Moreover, by the definition of Aut®““*(M,,), this

Im(p({]f,]fgeom)—conjugacy class is compatible with the respective outer

actions of @; and Q)5 on Im(péf}: ) relative to an isomorphism Q; — Q.

Therefore, since Im(pé{i) is center-free (cf. Lemma 4.3, (ii)), we obtain

an Im(p({]f,}:'gcom)—conjugacy class ®@1:%2(¢) of an isomorphism

{l} out ~ {l} out
Hy~Im(pg,) @ Q1 — Im(pg;) X Q2> Hy
(cf. the discussion entitled “Topological groups” in §0) over Im(pég).
Note that by the various definitions involved, the diagram

Autgl,QZ (Mo,r) _® ISOInIm H, Hz)/lnn(lm(pi{)ﬁ—geom))

| J

Autgl’Qz (Mo, T Isomlm(pég) (Hy, Ha)/Inn(H5*™)

e

— where the right-hand vertical arrow is the natural surjection —
commutes.

Lemma 5.2 (A Grothendieck conjecture-type lemma for cer-
tain images of the universal monodromy). In the above diagram,

the following hold:
(i) ® is injective.
(ii) @ is surjective.
(iii) ® is surjective. Moreover, for ¢, ¢’ € Autgl’Q2 (M), it holds
that ®(¢) = ®(¢') if and only if ¢’ o ="' € Autp(Mo,) is an
element of the image of the composite Qy — &, — Aut(M,,).

Proof. First, we consider assertion (i). To prove the injectivity of & —
by replacing k by a finite extension of & — we may assume without
loss of generality that k contains a primitive I-th root of unity (cf.
Remark 5.2.1 below). Now we have a commutative diagram

AutgLQQ(MO,r) _®, Isomlm(pglg)(HlaH2)/IHH(Im(péf7}:'g°°m))

l !

Autk(MO,r) —_— Autlm(pél%)(Im(pg}:))/Inn(lm(péfi—geom))

— where the left-hand vertical arrow is the natural inclusion, the right-

hand vertical arrow is the map obtained by restricting elements of

Isomlm(p{z})(Hl, HQ)/Inn(Im(p({]li_geom)) to Im(péli) C H; (cf. Lemma5.1),
0,3 ’ ’

and the lower horizontal arrow is the homomorphism obtained in Lemma 4.2,
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(i). Thus, since the lower horizontal arrow is injective (cf. Lemma 4.3,
(iii)), it follows that ® is injective. This completes the proof of assertion
i).
Next, we consider assertion (ii). To prove the surjectivity of @, it
follows from assertion (i), together with Galois descent, by replacing
k by a finite extension of k, we may assume without loss of generality
that k contains a primitive [-th root of unity (cf. Remark 5.2.1 below).
Let ¢: H, = H, be an isomorphism over Im(pég). Then it follows
from Lemma 5.1 that we obtain a commutative diagram

1 —— Im(p;) H,y @1 1
L
1 —— Im(p;) Hy Q2 1

— where the horizontal sequences are exact, and the vertical arrows

are isomorphisms. Now it follows from Lemma 4.3, (iii), that the
Im(p({]f,]fgeom)—conjugacy class of the left-hand vertical arrow arises from
an automorphism ¢ of My, over k; moreover, since the above diagram

commutes, it follows from assertion (i) that this automorphism ¢ is
compatible with the respective actions Q; — &, — Autg(M,,) and
Q2 — 6, — Auti(M,,) relative to the isomorphism ¢: Q; = Qo,
i.e., ¢ is an element of Autgl’Qz(Movr). This completes the proof of
assertion (ii). Assertion (iii) follows immediately from assertions (i),
(i), together with the various definitions involved. O

Remark 5.2.1. Let (; € k be a primitive I-th root of unity. Then it
follows from [1], Theorems A, B, that Ker(G; — Im(pég)) C G-
Therefore, if we write

1 l
(Hk) = Hi 0 pyl} (w1 (Mop @5 k(G))) € Tm(pf})

and

eom def eom
(Hi)i(gl) = (Hi)k(Cl) N HF™,

then (H;)jy = H7™"; in particular, (H;)x(, fits into similar exact
sequences

com com !
L — (H)E (= HE™) — (Hi)re) — pos(m(Mos®ik(G))) — 1;

L — poy(m (Mo, @1 k(Q)) — (Hing) — Qi (€ 6,) — 1
to the exact sequences

L HE™ — H; — Im(pg) — 1

I

1 — Im(py)) — Hi — Q; (€ &,) — 1.
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6. PROOF OF THE MAIN RESULT

In the present §, we prove that the isomorphism class of an [-monodro-
mically full hyperbolic curve of genus zero over a finitely generated field
of characteristic zero is completely determined by the kernel of the as-
sociated pro-I outer Galois representation (cf. Theorem 6.1 below).

Theorem 6.1 (Galois-theoretic characterization of isomorphism
classes of monodromically full hyperbolic curves of genus zero).
Let 1 be a prime number; k a finitely generated field of character-

istic zero (cf. the discussion entitled “Numbers” in §0); k an algebraic
closure of k; G, < Gal(k/k); X1 = (C1,D; C ), Xo = (Cy, Dy C
Cy) hyperbolic curves (cf. Definition 1.1, (ii)) of genus zero over k
which are l-monodromically full (c¢f. Definition 2.2, (i)). Suppose

that the following condition (1)P"™¢ is satisfied:

(f)Prime . There exists a finite Galois extension k' C k of
k of extension degree is prime to [ such that X; ®; k'
and Xy @y k' are split (c¢f. Definition 1.5, (i)).
(For example, if one of the following conditions is satisfied, then the
above condition (1)P"™¢ is satisfied:
e X, and X, are split.
o [fwe writer; for the number of the cusps of X; — i.e., if X; is of
type (0,7;) — then | is prime to ! and ry! — or, equivalently,
T, Ty < l)
Then the following conditions are equivalent:
(i) X; is isomorphic to X, over k.
(ii) Fori =1, 2, write

P G — Out(m (G \ D) @ H)0)

for the pro-l outer Galois representation associated to X;. Then

l !
Ker(p{{ ) = Ker(pl! ).

Proof. The implication

(i) = (ii)
is immediate; thus, to verify Theorem 6.1, it suffices to show the im-
plication

(il) = (i)

Suppose that condition (ii) is satisfied. Let us write N o Ker(pgg ) =

Ker(pg 1) € Gy (cf. condition (ii)) and r; for the number of the cusps
of the hyperbolic curve X, i.e., X; is a hyperbolic curve of type (0, 1;).
Now it follows immediately that the bijection of sets ¢: Im(pﬁé}l’ /k) —

Im(pgg /k) obtained as the composite

l ~ ~ l
m(pl ) <= Gi/N == Im(p )
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— where the “&” and “=” are natural isomorphisms — is an isomor-
phism of profinite groups, moreover, it follows from Lemma 1.6, (ii),
that this isomorphism ¢ is an isomorphism over Im(pég). Thus, since
X, and X, are I-monodromically full, and the condition (1)P"™¢ is sat-
isfied, it follows from a similar argument to the argument used in the
proof of Lemma 5.1 (cf. the condition (*)P"™¢ in the discussion preced-

ing Lemma 5.1) that ¢ maps Im(pgi;geom) C Im(pﬁg/k) bijectively onto

Im(p({]f,};goom) C Im(pgg /). In particular, it follows immediately from
Lemma 4.2, (ii), that r; = .

Write r def r1 = T, (; for the image of the composite Im(pgf /k) N

Im(p({]fg;]) —» Im(péf[}r])/lm(péfi) (~ &, — cf. Lemma 1.6, (iii)), and
(Mo /Qi] — Moy for the intermediate connected finite étale covering
of the &,-covering My, — [My,/6,] = My corresponding to the
image Im(pgg ) € Im(p({ﬁr]). Then it follows from Lemma 5.2, (iii),
together with the assumption that the condition ()P"™¢ is satisfied (cf.

the condition (*)P"™ in the discussion preceding Lemma 5.1), that the
isomorphism obtained as the composite

1 (Mo, / Qi) /Ker(p}) = Tm(p )

¢
~ ! !
5 Im(p ) = m([Mo,/Qa]) /Ker(pg))
arises from the lower horizontal arrow in a commutative diagram

Mo, —— My,

! !

[MO,T/Ql] - [Mo,r/Qz]
— where the vertical arrows are natural morphisms, and the horizontal
arrows are isomorphisms over k. Therefore, it follows from Lemma 4.1,
(ii), together with the various definitions involved, that if we write
sx, € Mo (k) for the classifying morphism of X;, then the elements
of

! [}-geom
Homy,, o) (G, Im(pfi}))/In(Im(pf 7))

determined by sx, and sx,, respectively, coincide. Thus, it follows from
Lemma 4.3, (v), that X; is isomorphic to Xs over k, as desired. This
completes the proof of the above implication. O

7. EXAMPLE I: HYPERBOLIC CURVES OF TYPE (0,4) OVER
NUMBER FIELDS

In the present §, we consider the monodromic fullness of hyperbolic
curves of type (0,4) over number fields. In particular, we obtain suffi-
cient conditions for such a hyperbolic curve to be monodromically full
(cf. Theorem 7.8 and Corollaries 7.10, 7.11 below). Moreover, as an
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application of these sufficient conditions, we obtain a Galois-theoretic
characterization of the isomorphism classes of certain hyperbolic curves
of type (0,4) over number fields (cf. Corollary 7.12 below). In the
present §, suppose that k is a number field (cf. the discussion entitled
“Numbers” in §0), and let 0, C k be the ring of integers of k and
A € k\ {0,1} an element of k£ \ {0,1}. Moreover, in the present §,
if k' C k is a finite extension of k, and p is a prime number, then
write P(&'; p) for the set of nonarchimedean primes of £’ whose residue
characteristic are p.

Definition 7.1. Let [ be an odd prime number and ¢; € k a primitive
[-th root of unity.

(i) We shall write k; C k for the finite Galois extension of k((;)
corresponding to the quotient

1 l a
Gy = P4 (Criey) = P53(Crie))™ @2, Ty

(cf. Lemma 7.2, (i), below).
(ii) We shall write m1(Py ., \ {0,1,00}) = @ for the quotient of

™ (IP’}C(Q) \ {0, 1, 00}) obtained as the composite
1 (Phey \ {0,1,00}) = w1 (Mo @4 k(G)) = pid(mi (Mo @k k(G)))

= pha(m (Mo @4 k(0)™ @2, Ty
— where the first arrow is the isomorphism obtained by an
isomorphism P \ {0, 1, 00} ~ M, 4 over k (cf. Lemma 4.1, (i)).
(iii) We shall write X; — P;\ {0, 1, 00} for the connected finite étale
covering of P \ {0, 1,00} corresponding to the open subgroup
(cf. Lemma 7.2, (ii), below) obtained as the kernel of m (Pi(cl) \
{0, 1, OO}) - Ql.
(iv) We shall write

Y, ¥ Spec ks, 51 /(s + £ — 1)
— Speck[u™!,1/(u —1)] = P; \ {0,1, 00}

— where s, t, and u are indeterminates — for the connected
finite étale covering of P; \ {0, 1, 00} determined by the homo-
morphism of algebras over k

klutt, 1/(u—1)] — k[sTtF/ (st + ¢ = 1)

u — Sl.

Lemma 7.2 (Properties of certain extensions and étale cover-

ings). Let | be an odd prime number and ¢; € k a primitive I-th root
of unity. Then the following hold:

(i) k; is a finite abelian extension of k((;) of degree a power of ;
moreover, the extension k; of k is unramified outside P(k;1).
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(ii) The closed subgroup of w1 (Py\{0,1,00}) obtained as the kernel
of the surjection m (Py ) \ {0,1,00}) - @, is open.

(iii) The finite étale covering Y; — Pi \ {0, 1,00} factors through
the finite étale covering X; — P} \ {0,1,00}, i.e., we have a
sequence Yy — X; — P\ {0,1, 00},

Proof. First, we verify assertion (i). It follows from Lemma 2.5 (re-
spectively, Lemma 4.3, (ii)) that the quotient

l
Gy — Ps(Gricy)

is topologically finitely generated (respectively, pro-l). Moreover, it fol-
lows from [1], Theorems A, B, that the algebraic extension of k((;)
corresponding to the above quotient is unramified outside B(k((;);1).
Therefore, assertion (i) follows immediately from the fact that the ex-
tension k((;) of k is unramified outside P(k;1). This completes the
proof of assertion (i).

Next, we verify assertion (ii). It follows from Lemma 2.5 that the
quotient

1 (Priey \ {0,1,00}) = 1 (Mo @k k(G)) — pp, S (m1 (Mo @1 k(Q)))

— where the first arrow is the isomorphism obtained by an isomorphism
P\ {0,1,00} =~ Mg, over k (cf. Lemma 4.1, (i)) — is topologically
finitely generated. Therefore, the quotient @); is finite. This completes
the proof of assertion (ii).

Finally, we verify assertion (iii). It follows immediately from the
definition of the connected finite étale covering Y; — ]P)II'C(CZ) \ {0, 1,00},
together with Lemma 4.2, (i), that this covering is Galois, and the
quotient by the normal open subgroup m(Y;) C m (P,lﬁ(cl) \ {0,1,00})
fits into an ezact sequence

1 — Im(p§ 5™ @z, Fy — m(Phy \ {0, 1, 00})/mi(¥7)

— pod(Gal(k/k(G)))™ @z, Fi (= Gal(ky/k(()) — 1.
Therefore, it follows immediately from the definition of the connected
finite étale covering X; — IP’}C(Q) \ {0,1,00} that the natural surjec-
tion 71 (Py.,y \ {0, 1,00}) = Qi factors through m (P, \ {0, 1, 00}) —
Wl(Pllg(Cl) \ {0,1,00})/m(Y;). This completes the proof of assertion
(ii). 0
Lemma 7.3 (Fibers and monodromic fullness). Let [ be an odd
prime number and (; € k a primitive I-th root of unity. Consider the
following four conditions:

(i) The fiber of X; — P\ {0,1,00} at the (image of the) k-rational

point of PL\{0,1, 00} corresponding to the element A € k\{0,1}

s connected.
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(ii) The composite
Gal(k/k(()) — m (P \ {0,1,00}) — Qi

— where the first arrow is the homomorphism (which is deter-
mined up to m (PL\ {0, 1, 0o})-inner automorphism) induced by
the k(¢;)-rational point of Pi(cl) \ {0,1, 00} corresponding to the
element A € k\ {0,1} C k() \ {0,1} — is surjective.

(iii) The composite

Gy — m(PL\ {0, 1,00}) = m (M) — Im(p{"})

— where the first arrow is the homomorphism (which is deter-
mined up to m (PL\ {0, 1, 00})-inner automorphism) induced by
the k-rational point of P} \ {0,1,00} corresponding to the ele-
ment A € k\ {0,1}, and the second arrow is the isomorphism
over Gy, obtained by an isomorphism P} \ {0,1,00}) ~ Mg
over k (cf. Lemma 4.1, (1)) — is surjective.
(iv) The hyperbolic curve (P}, {0,1,\,00} C P}) of type (0,4) over
k is l-monodromically full.
Then the following implication and equivalences hold:

(i) «— (ii) = (iii) <= (iv)
Proof. The equivalences

(i) <= (ii) ; (iil) <= (iv)
follow immediately from the various definitions involved. Thus, to
verify Lemma 7.3, it suffices to show the implication

(ii) = (ii) .
Suppose that condition (ii) is satisfied. It follows from the fact that
Ker(pég) C G (cf. Remark 5.2.1) that to verify condition (iii) —
by replacing k by k((;) — we may assume without loss of generality
that (; € k. Then it follows from Lemma 2.5 (respectively, Lemma 4.3,
(ii)) that Im(p({]ﬁ) is topologically finitely generated (respectively, pro-1).
Therefore, it follows from [22], Lemma 2.8.7, (c); [22], Corollary 2.8.5,

together with the definition of the quotient @, that condition (iii) is
satisfied. This completes the proof of the above implication. O

Definition 7.4.

(i) If p is a nonarchimedean prime of k, then we shall write v,,: k —
Z for the p-adic valuation such that if p is the residue charac-
teristic of p, then v,(p) coincides with the absolute ramification
index of the completion of k at p.

(ii) If a is an element of k*, then we shall write [a]s (respectively,
la]y; [a]-) for the (necessarily finite) set of nonarchimedean
primes p of k such that v,(a) # 0 (respectively, vy(a) > 0;
vp(a) < 0).
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Lemma 7.5 (Zeros and poles of certain divisors).
(i) F\% N [[A]_ is] empty.
A= Al s cmpty.
R%%@ [1—MNy #0 if and only if [N+ € [1 =Nz, [1—-A+ &€

(v) Suppose that

{A,l—A,)\/(A—l)}ﬁo}Z:@.

Then there exists an element N of

{A,l/)\,l—)\,l/(l—)\),)\/()\— 1),(\— 1)/)\}
such that [N+ € [1 — Nt and [1 — N1 € [N]+.

Proof. Assertion (i) follows from the definitions of “[—].” and “[—]_".
Assertions (ii) and (iii) follow immediately from a straightforward cal-
culation. Assertion (iv) follows immediately from assertions (i), (ii),
and (iii). Finally, we verify assertion (v). Suppose that any element of

OV T = A 1/(1 = A), A /(A= 1), (A — 1)/A} does not satisty
the desired condltlon Now since my N o} = 0, any element X' € m,
satisfies either [N, # 0 or [1/N], # (; thus, it follows from assertion
(iv) that — by replacing A by an element of m) — we may assume
without loss of generality that

Ay =05 [1/Ae 205 [A=1)/A]4 =05
]

NA=DI#05 /A =N =05 1A #0.
Therefore, it follows that 1/A, A/(A —1), 1 — X\ € og; in particular, we
obtain that A\/(A — 1) € o} — in contradiction to the assumption that
my No; = (. This completes the proof of assertion (v). O

(ii) [A
(iii)
)

(iv

Definition 7.6. Let [ be an odd prime number. Then we shall say that
[ satisfies the condition (f,;) if there exist nonarchimedean primes p,
and qo of k satisfying the following conditions:

(1) po & P(k;1), po € [Alx, po & [1 — Alx, and [ is prime to vy, (A).

(ii) q0 & P(k; 1), g0 & [M+, g0 € [L—A]x, and L is prime to vg,(1—N).
Remark 7.6.1. Tt is easily verified that if [A]+ & [1—A]+ and [1-\]+ &
[A]+, then there exists a cofinite set ¥ of prime numbers — i.e., a
(necessarily infinite) set of prime numbers obtained as the complement

of a finite set of prime numbers in the set of all prime numbers — such
that if [ € X, then [ satisfies the condition (f,¢;)-

Lemma 7.7 (Connectedness of a fiber). Let | be an odd prime
number, (; € k a primitive I-th root of unity, and oy € k (respectively,
By € k) a solution of ' — X (respectively, t* — (1 — X)) — where t is an
indeterminate. Suppose that the prime number | satisfies the condition
(trer)- Then the following hold:
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(i) The finite extension k((;, oy) (respectively, k((;, (1)) of k is ram-
ified at po (respectively, qo) — cf. Definition 7.6 — and un-
ramified at qo (respectively, po).

(i) The extension ki(ay, 3;) of k; is of degree 2.

(iii) The fiber of Y; — PL\ {0,1,00} at the (image of the) k-rational
point of PL\{0,1, 00} corresponding to the element A € k\{0,1}
is connected. In particular, condition (i) of Lemma 7.3 is
satisfied.

Proof. Assertion (i) follows from the definition of the condition (f,¢;),
together with, for example, [19], Chapter V, Lemma 3.3. Assertion
(ii) follows immediately from Lemma 7.2, (i), together with assertion
(). Assertion (iii) follows from assertion (ii), together with Lemma 7.2,
(ii). O
Theorem 7.8 (Monodromic fullness of certain split hyperbolic
curves of type (0,4) over number fields). Let [ be an odd prime
number, k o number field (cf. the discussion entitled “Numbers” in
§0), and A € k\ {0,1}. Suppose that | satisfies the condition (T,c;)
(¢f. Definition 7.6). Then the hyperbolic curve (P}, {0,1,\,00} C P})
of type (0,4) over k is l-monodromically full (c¢f. Definition 2.2,

(1))-

Proof. This follows from Lemma 7.3, together with Lemma 7.7, (iii).
O

Definition 7.9. Let X be a hyperbolic curve of type (0, 4) over k. Then
it follows immediately that there exists an element Ax € k\ {0, 1} such
that the hyperbolic curve X @4k is isomorphic over k to the hyperbolic
curve

(]P)E? {07 17 /\X’ OO} - PE)
of type (0,4) over k. Now we shall write

mx = x, 1/ Ax, 1= Ax, 1/(1=Ax), Ax/(Ax — 1), Ox —1)/Ax} CE.
Note that, as is well-known, mx depends only on (and completely de-
Eermines!) the isomorphism class of the hyperbolic curve X ®;, k over

k.

Corollary 7.10 (Monodromic fullness of certain hyperbolic curves
of type (0,4) over number fields). Let k be a number field (cf.
the discussion entitled “Numbers” in §0), k an algebraic closure of k, oz
the ring of integers of k, and X a hyperbolic curve (cf. Definition 1.1,
(ii)) of type (0,4) over k. Ifmx Moy =0 (cf. Definition 7.9), then
there exists a cofinite set 3 of prime numbers — i.e., a (necessarily
infinite) set of prime numbers obtained as the complement of a finite
set of prime numbers in the set of all prime numbers — such that the
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hyperbolic curve X over k is 3-monodromically full (c¢f. Defini-
tion 2.2, (i)).

In particular, if o), C k is the ring of integers of k, and X € k\{0,1}
is an element of k\ {0,1} such that

{A,l—A,)\/(A—l)}ﬁo}Z:@,

then there exists a cofinite set ¥ of prime numbers such that the
hyperbolic curve (P}, {0,1,\,00} C Pi) of type (0,4) over k is -
monodromically full.

Proof. This follows from Theorem 7.8 together with Lemma 7.5, (v);
Remark 7.6.1. O

Corollary 7.11 (Monodromic fullness of split hyperbolic curves
of type (0,4) over the field of rational numbers or certain
imaginary quadratic fields). Let d be a square-free positive integer
such that d # 1, 3. Write k for the field of rational numbers Q or
the imaginary quadratic field Q(v/—d). If A € k, then the following
conditions are equivalent :

(i) The hyperbolic curve (Pi,{0,1,\, 00} C PL) — of type (0,3)
or (0,4) — over k is not isomorphic to the hyperbolic curve
(P},{0,1,—1,00} C P}) of type (0,4) over k.

(ii) A is not equal to —1, 2, 1/2.

(iii) There ezists a cofinite set X of prime numbers — i.e., a (nece-
ssarily infinite) set of prime numbers obtained as the comple-
ment of a finite set of prime numbers in the set of all prime
numbers — such that the hyperbolic curve (Pi,{0,1,\,00} C
P}) — of type (0,3) or (0,4) — over k is X-monodromically
full (¢f. Definition 2.2, (i)).

(iv) There exists a prime number | such that the hyperbolic curve
(P}, {0,1,\,00} C P}) — of type (0,3) or (0,4) — over k is
l-monodromically full.

Proof. The implication

(i) = (i)
is immediate. The implication

(i) = (iii)

follows from Theorem 7.10, together with the fact that o} = {£1}.
The implication

(iii) = (iv)
is immediate. Finally, we verify the implication

(iv) = (i).
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It is easily verified that P(b \ {0,1,—1,00} has some special symmetry
— ie., Autg(Py \ {0,1,—1,00}) is not isomorphic to G4 (cf. Def-
inition 3.1). Therefore, the above implication follows from Proposi-
tion 3.4. [

Corollary 7.12 (Galois-theoretic characterization of isomor-
phism classes of certain hyperbolic curves of type (0,4) over
number fields). Let k be « number field (c¢f. the discussion entitled

“Numbers” in §0); k an algebraic closure of k; oy the ring of integers

OfE; Gk déf G&l(%/k’), X1 = (Cl, D1 Q C1>, X2 = (Cg, D2 Q Cg) hyp@?”—

bolic curves (cf. Definition 1.1, (ii)) of type (0,4) over k. Suppose
that mx, Moz =my, Noy =0 (cf. Definition 7.9). Then the following
conditions are equivalent :
(i) X, is isomorphic to X, over k.
(ii) There exists an infinite set X of prime numbers such that, for
any | € X, if we write

PN Gr — Out (=1 ((C:\ Dy) 2 )
for the pro-l outer Galois representation associated to X;, then
Ker(p ) = Ker(py! ,).
Proof. The implication
(i) = (ii)
is immediate; on the other hand, the implication
(i) = (1)
follows immediately from Theorem 6.1, together with Corollary 7.10.
O

8. EXAMPLE II: NONISOTRIVIAL HYPERBOLIC CURVES OF TYPE
(0,4)

In the present §, we consider the monodromic fullness of nonisotrivial
hyperbolic curves of type (0,4).

Definition 8.1. Let X be a hyperbolic curve over k. Then we shall say
that X is NF-isotrivial (where the “NF” stands for “number field”) if
there exist a finite extension &’ C k of k, a number field ky C &’ (cf. the
discussion entitled “Numbers” in §0) contained in &', and a hyperbolic
curve Xy over kg such that X ®; &’ is isomorphic to Xy ®g, k' over £’.
(cf. [26], Proposition 1.2, (i)).

Corollary 8.2 (Monodromic fullness of nonisotrivial hyperbolic
curves of type (0,4)). Let k be a finitely generated field of char-
acteristic zero (cf. the discussion entitled “Numbers” in §0) and X a
hyperbolic curve (cf. Definition 1.1, (ii)) of type (0,4) over k which is
not NF-isotrivial (c¢f. Definition 8.1). Then there erists a cofinite
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set 3 of prime numbers — i.e., a (necessarily infinite) set of prime
numbers obtained as the complement of a finite set of prime numbers
in the set of all prime numbers — such that the hyperbolic curve X
over k is ¥-monodromically full (c¢f. Definition 2.2, (i)).

Proof. 1t is immediate that to verify Corollary 8.2 — by replacing k
by a suitable finite extension of £k — we may assume without loss of
generality that X is split. Now since k is finitely generated field of
characteristic zero, there exist a subfield ky C k of k£ and a scheme V}
over kg satisfying the following conditions:

(i) ko is a number field (cf. the discussion entitled “Numbers” in
§0).
(ii) Vp is regular, separated, geometrically connected, and of finite
type over k.
(iii) The function field of V4 is isomorphic to k.
(iv) The split hyperbolic curve X over k extends to a split hyperbolic
curve Xg over Vj.

Now since the natural homomorphism 7 (Speck) — m(Vp) (cf. (iii))
is surjective (cf. (ii)), and the pro-3 outer monodromy representation
px,i, factors through p% v (cf. (iv)), it follows from the definition of
the term “monodromically full” that, to verify Corollary 8.2, it suffices
to show that there exists a closed point v € V of Vy such that the
hyperbolic curve (Xy), over the residue field at v € V; obtained as the
fiber of the hyperbolic curve Xy over Vj at v € Vj is X-monodromically
full for some cofinite set ¥ of prime numbers.

Write Sx, /v, : Vo — Py, \{0, 1, 00} for the classifying morphism of the
split hyperbolic curve Xg over Vg (cf. (iv), together with Lemma 4.1,
(i)). Then since X is not NF-isotrivial, and P \ {0,1,00} is of di-
mension one, it follows that the image of the morphism sy /v, is
open; in particular, there exists a closed point T of IP’}EO \ {0,1,00}
contained in the image of Sy, v, such that if A\ € kg \ {0,1} is an ele-
ment of ko \ {0, 1} naturally corresponding to 7 € P\ {0, 1,00}, then
{NIT=XMA(A=1)}nN 0y = () — where kg is an algebraic closure of

ko and og, is the ring of integers of ko (cf. (i)). Let v € V be a closed
point of Vi whose image via sx, /1, is U. Then it follows immediately
from Corollary 7.10 that the hyperbolic curve (Xg), over the residue
field at v € V} obtained as the fiber of the hyperbolic curve X, over
Vo at v € Vg is X-monodromically full for some cofinite set X of prime
numbers. This completes the proof of Corollary 8.2. O

Remark 8.2.1. It is immediate that Corollary 8.2 implies the following
assertion:

Let k be a finitely generated field of characteristic
zero (cf. the discussion entitled “Numbers” in §0) and
X a hyperbolic curve (cf. Definition 1.1, (ii)) of type
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(0,4) over k. Suppose that there exists an infinite set
33 of prime numbers such that if | € X, then X is not
l-monodromically full (c¢f. Definition 2.2, (i)). Then
X is NF-isotrivial (cf. Definition 8.1).
On the other hand, if, in the above assertion, one replaces “(0,4)”
by “(0,r)” for some r > 5, then the conclusion no longer holds in

general. A counter-example is as follows: Let kg be a number field,

s ¢ Pi, \ {0,1,—1,00}, and k the function field of S. Then the

natural open immersion
S — P\ {0,1,00}
and the composite
S — Specko — P} \ {0, 1,00}

— where the first arrow is the structure morphism of S, and the second
arrow is the ko-rational point corresponding to —1 € ko \ {0, 1} — de-
termine a morphism over k from S to the second configuration space of
P;, \ {0,1,00}; in particular, it follows immediately from Lemma 4.1,
(i), that we obtain a split hyperbolic curve X over k of type (0,5). Now
since X may be embedded as an open subscheme of P} \ {0,1, -1, 00},
it follows immediately from Proposition 3.4 (cf. also the argument
used in the proof of the implication (iv) = (i) in the proof of Corol-
lary 7.11), together with Remark 2.2.5, that, for any prime number [,
the hyperbolic curve X over k is not [-monodromically full. On the
other hand, it follows immediately from the definition of X that X is
not NF-isotrivial.

Corollary 8.3 (Galois-theoretic characterization of isomorphism
classes of nonisotrivial hyperbolic curves of type (0,4)). Let k

be a finitely generated field of characteristic zero (cf. the dis-

cussion entitled “Numbers” in §0); k an algebraic closure of k; G, o

Gal(k/k); X1 = (Cy, D, C C}), Xy = (Cy, Dy € Cy) hyperbolic curves
(c¢f. Definition 1.1, (ii)) of type (0,4) over k which are not NF-
isotrivial (c¢f. Definition 8.1). Then the following conditions are
equivalent:
(i) X; is isomorphic to X, over k.
(ii) There exists an infinite set ¥ of prime numbers such that, for
any l € X, if we write

o s G — Out(m ((C:\ D) @ H)?)

for the pro-l outer Galois representation associated to X;, then

! !
Ker(pg/k) = Ker(pﬁ(i/k).

Proof. The implication
(i) = (i)
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is immediate; on the other hand, the implication
(i) = (1)
follows immediately from Theorem 6.1, together with Corollary 8.2. [J

APPENDIX. RAMIFICATION OF OUTER (GALOIS REPRESENTATIONS
AND ISOMORPHISM CLASSES OF HYPERBOLIC CURVES

In the present §, we prove finiteness results, which are related to
the main result of the present paper (cf. Theorem A.3, Corollary A.4
below). It seems to the author that the results appearing in the present
§ are likely to be well-known; since, however, the results could not be
found in the literature, the author decided to give proofs of the results
in the present §. In the present §, let [ be a prime number, k a number
field (cf. the discussion entitled “Numbers” in §0), and (g, ) a pair of
nonnegative integers such that 2g — 2 +r > 0.

Definition A.1. Let N C GG), be a normal closed subgroup of G and
P a set of primes of k. Then we shall write

T, k,g,7, N) (respectively, T (1, k, g,7,B))

for the set of the isomorphism classes over k of hyperbolic curves X =
(C,D C C) of type (g,r) over k satisfying the following condition: If
we write

P G — Out (m((c \ D) &y, E)@)

for the pro-I outer Galois representation associated to X, then the ker-
nel of pﬁgk coincides with N C G, (respectively, then pggk is unramified

outside B).

Remark A.2. If N C GG}, is a normal closed subgroup of G}, obtained
as the kernel of the pro-l outer Galois representation associated to a

hyperbolic curve over k, then it is easily verified that there exists a finite
set P of primes of k such that ZG(1, k, g,r, N) C T (1, k, g, r,B).

The main purpose of the present § is to prove the following fact.

Theorem A.3. Let | be a prime number, k a number field (cf. the

discussion entitled “Numbers” in §0), k an algebraic closure of k, G o

Gal(k/k), (g,7) a pair of nonnegative integers such that 2g—2+r > 0,
and P a finite set of primes of k. Then the set "™ (I, k, g,r,B) (cf.
Definition A.1) is finite.

By Theorem A.3, together with Remark A.2; we obtain the following
corollary.

Corollary A.4. Let | be a prime number, k o number field (cf.
the discussion entitled “Numbers” in §0), k an algebraic closure of k,

G, ¥ Gal(k/k), (g,7) a pair of nonnegative integers such that 2g —
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24+7r >0, and N C Gy a normal closed subgroup of Gi. Then the set
TGN (1 k, g,7, N) (cf. Definition A.1) is finite.

The rest of the present § is devoted to prove Theorem A.3.

Lemma A.5. Let B be a finite set of primes of k and X = (C, D C
C) a hyperbolic curve over k whose isomorphism class over k is in
(1, k, g,7,B). Then there exists a finite extension k(I,k,r,B) C k
of k that depends only on [, k, r, and B such that the hyperbolic
curve X Qg k(1 k,r,B) over k(l,k,r,B) is split (cf. Definition 1.5,
(i).

Proof. To prove Lemma A.5 — by replacing ‘P by a finite set of primes
of k containing 8 and the set of the primes of £ whose residue char-
acteristic are | — we may assume without loss of generality that the
set of primes of k whose residue characteristic are [ is contained in 3.
Then it follows immediately from the criterion of Oda-Tamagawa for
good reduction of hyperbolic curves (cf. [25], Theorem 0.8) that any
irreducible component of D is isomorphic to the spectrum of a finite
extension of k which is unramified outside 8. On the other hand, it
follows immediately from a well-known theorem of Hermite-Minkowsk:
that there are only finitely many isomorphism classes of finite exten-
sions of k of extension degree < r which are unramified outside ‘.
Therefore, if we write k(l, k,r,B) for the composite field of all exten-
sion fields (in k) of extension degree < r which are unramified outside
B, then k(I k,r,P) satisfies the desired condition. This completes the
proof of Lemma A.5. O

Lemma A.6. Let k' be a finite extension of k and Y a hyperbolic
curve over k'. Then there are only finitely many isomorphism classes
over k of hyperbolic curves X over k satisfying the following condition:
X ®;. k' is isomorphic to Y over k'.

Proof. To verify Lemma A 6 — by replacing &’ by a finite extension of £’
— we may assume without loss of generality that the extension &’ of k is
Galois. Write D for the set of the isomorphism classes [X, ¢: X @pk' =
Y] of pairs (X,¢: X ®; k' = Y) of hyperbolic curves X over k and
isomorphisms ¢: X ®, k' = Y over k' — where we shall say that a pair
(X1, 01 X1@1k" = Y) is isomorphic to a pair (Xy, ¢o: Xo@pk' = Y) if
there exists an isomorphism v: X; — X, over k such that ¢, 01 = ¢1.
To verify Lemma A.6, it is immediate that it suffices to show that this
set D is finite. Moreover, to verify the finiteness of D, it is immediate
that we may assume without loss of generality that D is nonempty. Let
us fix an element [Xo, ¢g: Xo @i k' = Y] € D of D. Then we obtain a
map
D — ZY(Gal(k'/k), Auty (Y))

~

[X.¢: X@pk' = Y] = (9 ¢oglod  odgogody')
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— where the action of Gal(k’/k) on Auty (Y') is given by

Gal(k' /k) — Aut (Autk/ (Y))
g = (f'—>¢Oog_lo¢o_10fo¢oogo¢51)-

Moreover, by Galois descent, this map is injective. Therefore, the finite-
ness of D follows from the finiteness of Gal(k'/k) and Auty/(Y). O

Proof of Theorem A.3. To prove Theorem A.3 — by replacing B by a
finite set of primes of k£ containing P and the set of the primes of k
whose residue characteristic are [ — we may assume without loss of
generality that the set of primes of k£ whose residue characteristic are [
is contained in PB. Moreover, it follows from Lemma A.6 that to prove
Theorem A3, it suffices to verify that if we write Z; C 7" (I, k, g, 7,*B)
for

the subset of 7" (I, k, g, r,*B) consisting of the isomor-
phism classes over k of hyperbolic curves which are split,

then Z; is finite. Now if X = (C,D C () is a hyperbolic curve over
k whose isomorphism class over k is in Zj, then it follows from the
criterion of Oda-Tamagawa for good reduction of hyperbolic curves (cf.
[25], Theorem 0.8) that the proper curve C' admits good reduction at all
primes outside . Therefore, if g > 1 (respectively, if g = 0), then it
follows from a well-known theorem of Faltings-Shafarevich (respectively,
the fact that X is split) that

the set consisting of the isomorphism classes over k of
the proper curves “C” appearing in the elements of 7,

is finite. Thus, to prove Theorem A.3, it suffices to verify that for a
hyperbolic curve Xy = (Cy, Dy C Cp) over k whose isomorphism class
over k is in Zy, if we write Zy C 7, for

the subset of Z; consisting of the isomorphism classes
over k of hyperbolic curves X = (C,D C C) over k
whose isomorphism classes over k are in Z; such that
the proper curves C' are isomorphic to the proper curve
Cy over k,

then Z, is finite. On the other hand, this follows immediately from two
well-known theorems of Mahler-Siegel and Faltings-Mordell, together
with the criterion of Oda-Tamagawa for good reduction of hyperbolic
curves (cf. [25], Theorem 0.8). This completes the proof of Theorem
A3. O
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