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Abstract

A new proof of a pathwise uniqueness result of Krylov and Roéckner is given. It
concerns SDEs with drift having only certain integrability properties. In spite of the
poor regularity of the drift, pathwise continuous dependence on initial conditions may
be obtained, by means of this new proof. The proof is formulated in such a way to
show that the only major tool is a good regularity theory for the heat equation forced
by a function with the same regularity of the drift.

1 Introduction

Consider the stochastic differential equation in R¢
t
Xt::c+/ b(s, Xs)ds + Wy, te[0,7) (1)
0

where W is a d-dimensional Brownian motion on a filtered probability space (2, Fy, P),
z € R and b : [0,7] x RY — R? is a measurable vector field with components of class
LE(T) := L1(0,T; L? (R?)) for some p, q € (1,00) satisfying the condition

d 2

—+2< 2
e (2)

(known in fluid dynamics, with <, as the Prodi-Serrin condition). A measurable function
f:00,T] x R — Ris in L (T) if

1/q

T a/p
= ([ (s an) ") " <

A remarkable result of Krylov and Réckner [KRO5], which elaborates previous results of
many authors, including Zwonkin [Zv74], Veretennikov [Ve80], Portenko [Po82], states that
this equation has a unique strong solution, in the class of continuous processes such that

P(ATw@“&ﬂ%u<xn>—1. (3)
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They also remark that the solution depends continuously on x in probability. The result is
extended in [KRO5] to local L}-integrability conditions plus growth conditions; and there
are extensions to state-dependent diffusion coefficients and other regularity assumptions,
see [Zh05] and references therein.

The aim of this note is to give a new proof of the same result, based on a different
argument, essentially based only on regularity theory of the heat equation with forcing
equal to the drift or of the same class of regularity. We hope this new proof will look more
elementary. The new proof is somewhat more quantitative (see in particular proposition
9) and will allow us to show the a-Hélder continuous dependence on z, for every a < 1,
pathwise, in the spirit of stochastic flows. This result is new and somewhat surprising,
being b so rough. Precisely, we prove:

Theorem 1 Fquation (1), with b € L} (T) with p,q € (1,00) satisfying the condition (2),
for every x € R? has a unique strong solution XF such that (3) holds true. The random
field {Xf,t €0,T7],z € Rd} has a continuous modification, a-Hélder continuous in x, for
every o < 1.

As we said, the aim of this note is to show a new simple argument to deal with SDEs
with nonregular drift. In this spirit, we prefer to keep the exposition as simple as possible
and thus we limit ourselves to the two claims of the theorem (uniqueness and pathwise
Holder continuity in the initial conditions). However, with longer arguments, we have also
checked that an a-Holder continuous stochastic flow exists; and moreover the solution is
differentiable in x in an average sense, but not pathwise (we cannot get a differentiable
stochastic flow). These results, mostly included in [Fe09], will be published elsewhere.
Moreover, we do not stress the generality beyond the (already challenging) class L (T),
but it is clear that one can accept some form of local integrability plus suitable control of
the growth, at the expenses of several more details. And presumably the extension to other
regularity classes different from L (T') is possible, preserving at least the basic property
that Vu is bounded (see below).

It will be clear from the proof below that a sort of principle emerges. If we have a good
theory for the heat equation

?;: + %Au =¢pon [0,T], ulg=r =0 (4)
when @ has the same reqularity as the drift b, then we have the main tools to prove strong
uniqueness and possibly stochastic flows of Holder maps. The good theory must include
(at our present level of understanding) a uniform bound on the gradient Vu. This is the
main reason for the assumption b € L} (T) with p,q € (1,00) satisfying condition (2).
Other properties of u, of course, are used below but they look more flexible, not optimized.
It seems that this principle extends to infinite dimensional situations (replacing the heat
semigroup by the Ornstein-Uhlenbeck one) and other finite dimensional cases beyond the
one treated here.

Of course, this principle is just a reformulation of a known fact, because the non-trivial
results on Kolmogorov type equations needed in other proofs of pathwise uniqueness (like
those in the references mentioned above, see also [FGP10], [DF10]), are ultimately based



on a perturbative analysis of the heat equation, in spaces with regularity related to the one
of the drift. See also remark 3. But the presentation here is very direct and easily prompt
to generalizations.

The proof, indeed, becomes slightly shorter if we use a good regularity theory for the
backward Kolmogorov equation

%+%AU+(()'V)U:*Z)OD [O,T], Uq>|t:T:0.

This is the approach developed in [FGP10] for Hélder continuous drift (see also the infinite
dimensional generalization [DF10]), and in [Fe09] for L{-drift. The proof is shorter (and to
some extent more far reaching, if one wants to prove further properties like differentiability
in z), but at the price of a careful preliminary analysis of the Kolmogorov equation. Even
if ultimately the two approaches are equivalent, we think it is conceptually interesting to
realize that only heat equation estimates, with forcing of the same type as the drift, are
needed. For this reason we give a self-contained proof based only on (4).

2 First step of the proof

First, let us clarify that we prove only the strong uniqueness and pathwise dependence part
of the theorem. Indeed, we give for granted the weak existence proved in previous works
by means of Girsanov theorem (see [KR05] and proposition 15 in the appendix) and thus
the strong existence follows from weak existence and strong uniqueness by the classical
Yamada-Watanabe theorem, or by the construction given by Gyongy and Krylov [GK96].

Consider the backward heat equation (4) with ¢ € Lj (T). Denote by Hj  (T) the
space

Y, (T) =17 (0, T; W (R?) ) n W (0,75 17 (R?))

with norm ||.|| mg () given by the sum of the natural norms of L9 (0,T; W2? (R?)) and

Wha (0,T; LP (R?)). Denote by H'HLOO(T) the norm in the space L ([0, 7] x R?). All our
analysis will be based only on the following classical result (see Krylov [Kr01] and [KRO05,
lemma 10.2]). More is known (uniqueness, Holder continuity of Vu), but we insist that we
use only the following properties.

Theorem 2 For every p € L} (T), the backward heat equation (4) has at least a solution
u € Hy  (T), with

HDQUHL;I)(T) < C”SDHLZ(T)' (5)

Moreover, Vu € L* ([0,T] x RY) and

IVl oy < C (D) 19l 3 (6)
with
71}3100 (T)=0. (7)



Given a vector field @ : [0, 7] x R? — R?, we still write ® € L} (T') when all components
@ are of class L} (T). Denote by Us the Ri-valued field such that Ul solves the heat

equation above with ¢ = —®*; in vector notations
oU. 1
87:)+§AU¢;:—(I) on [O,T], U@’t:TZO.

We have U} € HéJ,p(T), i =1,..,d. As above, we write Up € Hg,p(T), for simplicity of
notations.
Moreover, denote by 7 : Lj (T) — L} (T) the map defined as

T (D) = (b- V) Us.

Using a generalization of 1t6 formula to Hy (T)-functions (see [KR05, theorem 3.7]),
if X is a solution to equation (1) we have

dUs (t, X;) = —® (£, X,) dt + (b (t, Xy) - V) Us (t, X¢) + VUs (t, X;) AW,

namely

/tq) (s,Xs)ds =Us (0,2) — Us (t, X¢) + /tT(QJ) (s, Xs)ds + /t VUs (s, Xs) dWs.
0 0 0

Hence, taking ® = b, we can rewrite equation (1) in the form
t t

X, = 2+ Uy (0,2) — Uy (£, X)) +/ T () (5, Xs) ds + / VU, (5, X,) AW, + W,
0 0

Let us make several comments on this reformulation of equation (1). The difficulty
in (1) is the non-regular field b, only of class L} (T). The terms Uy (0,z), U, (¢, X;)
and fg VU, (s, Xs)dW; of the new equation involve more regular fields: U, has even
Holder continuous gradient, while VU, has gradient in L} (T). On the contrary, the term
fg’T(b) (s, Xs)ds is not better than then original one, fg b(s,Xs)ds, from the regularity
viewpoint. But, if we take small T, the L} (T)-norm of (b-V)U, is small as we want
(because of (7)). So we have replaced the non-regular term in (1) by more regular ones
plus a term which has the same degree of regularity but is much smaller. Iterating this
procedure, namely replacing fot 7 (b) (s, Xs) ds by analogous terms, and so on n times, we
may keep the time interval [0, 7] small but given, and decrease arbitrarily the size of the
non-regular term. We shall see that the sum of the other term is under control.

To be more precise, we repeat what we have done above for fg b(s,Xs)ds and get

t t t
/ T (b) (5, X.) ds = Urgsy (0,2) Uz s (£, Xo)+ / T2 (b) (5, X,) ds+ / YUz (5, X.) AW,
0 0 0

We iterate this procedure, substitute in the original equation and get

n

n t
Xp=z+ Y Urrpy (0,2) = > Ugngyy (8, X1) + / T+ (b) (s, Xs) ds
k=0 k=0 0

t n
+ / < VUTk(b) (S,XS)> dWS + Wt.
0 \k=0



where we have set 79 (b) = b. We shall prove our results (uniqueness and pathwise contin-
uous dependence on initial conditions) for this equation.
To simplify a little the notations, let us set

U™ (t0) =Y Uregy (tx), bW =T (b).
k=0
The equation reads

t t
Xy =2+ U™ (0,2) - U™ (¢, X;) + / b™ (s, X,)ds + / (VU(”) (s, Xs) + I) - AW,
0 0

We discuss first the case when b is Holder continuous, both to see this equation at work
in an easier case, and to show two different ways to handle such an equation, in the C}'
and L] cases.

Remark 3 Intuitively speaking (it can be made rigorous), if we pass to the limit in the
previous identity we get

t
X = a4+ U(0.0) U (t.X0) + [ (VU (X)) +1)-dW,
0

where U is the solution of the backward Kolmogorov equation

1
E:;Ct]+2AU+(b-V)U:—b0n 0,77, Uspli=r =0

used in [FGP10] (for Hélder continuous drift). These two approaches are thus equivalent,
i principle, but for conceptual reasons and possibly for future extensions we would like to
give a proof explicitly based only on the heat equation.

3 The case when b is Holder continuous

For o € (0,1), denote by C}' (Rd) the space of all continuous f : R — R such that

[ulz) —uly)|

gy = sup @) +sup PGP < oo

r€R Ty
In this case we use the following well known result. In fact maximal regularity u €
C ([0, T] ;C’f “ (Rd)) is known, and uniqueness, but again we do not need it for our result
and strategy of proof.

Theorem 4 For all ¢ € C ([O,T] ; O (Rd)) there exists at least one solution u to the
backward heat equation (4) of class

uedC ([O,T} :C2 (Rd» net ([O,T] ; Cy (Rd))

with
2
D% u]| ooy < Cllellcary (8)
and
||VU||C;;(T) <C(T) HSOHC;;‘(T) with %i%C(T) = 0. (9)



Due to estimate (8), the proof of theorem 1 simplifies a lot. Let us remark that in this
case theorem 1 is known, see [FGP10], where it is proved that the equation has a stochastic
flow of diffeomorphisms.

Lemma 5 Set

T) = i HVUT’C(Z’)HLoo(T) , D, (T) := i HDQUT'“(Z’)HLOO(T)
k=0 k=0

Then there exists Ty and C > 0 such that for all T € (0,Tp] we have

1 . 1
Cn (T) < > Dy (T) < C, 177 )l o7y < 027

for every n € N.

Proof. Let

e = (4lellepeny)

(unless b = 0, when there is nothing to prove). Due to (9), we may choose Tp such that for
all T € (0,Tp] we have
IVUa o (1) < €1 ®llce )

Thus
HVUbHcg(T) <e¢ ”b”cg(T)
|7 (b)Hcg(T) < VUl oy 1l oo () < € HbHQc;;(T)

VU1 ) <& Hb||2qgv(T)

g
172 ®)llcpry < VU6l oy 1Bl ey < £ 1Bl )

and so on; by induction, one can see that

VU ’ < FHL k+1 <47(k+1)
[V0710)] gy = 4 100
ka O g, = = MW0E i) < 4 Wllcp
Thus C,, (T) < S5 4= *+D < 1/2 and |77 (b )HLq < C5k for some constant C' > 0.
Moreover, for some constants C’,C” > 0
T <y || ) <c"N 2k <o
GBI a0 Z

The proof is complete. m
Let Xt(l)7 i = 1,2, be two solutions, with initial conditions z(¥, i = 1,2. Given any
p > 2, let us estimate

sup ‘Xt(l) —x® p] . (10)



We have
Xt(l) — Xt(2) =a + bt + ¢ +dt

where
=l =2+ U (0,50) U (0,0)
be=U (1, x7) ~ U (0, %)

t t

o = / b (s, X)) ds - / b (5, X)) ds
0 0
t

dy = / vU®™ (5, X)) —vUu™ (5, x32))) . dw,.

i= ), (FU (sx0) (5 x))

We use the inequality
3
jas + b+ e+ dif” < 3 |oel” + Cp lar]” + Cp leaf” + Cp |- (11)

Let us take T" < Tp given by the lemma. With new values of C, when necessary, from the
estimates of the lemma we have

E | sup |ag|”

te[0,7]

<Gy ’x(l) — x(z)’p + C,CE (T) ’xﬂ) — x@)’p <, ‘x(l) _ x@)‘p

because

zn: U’Tk(b) (0, .T(l)) — zn: UTk(b) <O,l‘(2)>
k=0 k=0

< kz”:_o Uriy (0.6) = Uregy (0.2%)|

LTI
k=0
= C, (T) ‘x(l) - a:(Q)’ .

Similarly
E

1
sup |by|”| < - E
t€[0,7) 2p

sup ‘Xt(l) - Xt(Q)‘p] .
t€[0,T)

These are the first two terms which contribute to estimate from above the quantity (10).
The estimate of the third term |¢;|” is made by estimating the following two terms, i = 1, 2,

[ (sxo)al | <o ([ o (x0)| ) ]

< cpPo—(ntlp,
2 P/2
ds)

P
E | sup

te(0,7)

<E

Finally, the forth term is

T
sup (| <G || [
te[0,7 0

E

- 1) _ 2)
kZO(VUT’“@ (5, %) = YUz (5, X))




We have

n (VUTk(b) (s,X§1>) — VU (s,X§2>)>H

n

<y HVUTk <5,X§1>> — VUi <5,X§2>>H
k=0

k=0

3

> L B NI

|
sup ‘X(I) X(Z)’]
t€[0,7)

hence

E | sup

t€[0,T]

t n n
/ (Z vU’T’“(b) (5>X§1)> - ZVUTk(b) (S,XS@))) dW;
0 \k=0 k=0
T p/2
([ b=
0

Summarizing, using (11) we have proved

< C,E < C,T"*E

< Gylo® - 2" + <22p +C Tp/Q) sup X = xP|"| + crrra-ern,

te[0,7

Since this is true for every n, we have

E

sup ‘X b_ 75(2)‘1 .
t€[0,7]

o X Xt@)’plgcp’“( —at ’*(m*”p/z)

Then there exists 77 > 0 such that

E | sup

te[0,Th]

1 2)|P
X" - x|

<G, ’x(l) — x(Q)’p.

This implies uniqueness and the existence of the modification (by Kolmogorov regularity
theorem for fields with values in C ([0,7];R) and the arbitrariness of p > 2), as claimed
by the theorem, over the time interval [0,7}]. By classical arguments one can iterate the
result on successive intervals (their size does not change), so the result is true over [0, 7.
The proof in the Hélder case is complete.

Remark 6 One can work on the full initial interval [0,T] from the beginning, by means
of the following trick, developed in [FGP10]: one takes the heat equation with damping

1
— + -Au=Au+¢ on [0,T], ulp=r =0

and use the fact that for large \ the gradient of w is uniformly small (like )\*1/2).



4 General case

Let us now go back to the general case when b € L] (T). The main novelty is that d;
cannot be estimated as above, since D?U is not bounded. We use two tricks to overcome
this apparently very serious difficulty, used before in other works on uniqueness for certain
nonlinear equations: introduce a suitable increasing process A; related to D?U (see [Ve80])
and pre-multiply by e~4¢ (see [Sc97], [DD03]).

Let again Xt(l), i = 1,2, be two solutions with initial conditions z(?, i = 1,2. Given any
p > 2, we want to estimate (10). We follow a different route with respect to the previous
section. Set, for ¢ =1,2 and n € N,

v = x4 U (6 x(V),

bf’”) = b (t,Xp) , Jt(i’n) = vy (t,Xt(i)) .

We drop the index n in intermediate computations, when it is not essential to emphasize
the dependence on n. The equation reads now

) ) t t .
v =y 4 / bds + / (agwu) - dW.
0 0

Controlling ‘Xt(l) - Xt(g)‘ is the same as ‘Yt(lm) - Y;(Q’n)‘, for each n, for small 7" (this
reminds [KRO05, lemma 10.6], although the approach is different)

Lemma 7 Recall the notation Cy, (T) from lemma 5. There exists Ty such that for all
T € (0,Tp] we have

1 1

= (12)

It follows also

fort € [0,T] and

<C

HVU(”) L<
L3(T)

e

1
Leo(T) — 27

for some constant C > 0.

Proof. Using (6) instead of (9) one can prove (12) as in the case of lemma 5. The
modifications are that we use .
e = (410l 5m))

and we get the inequalities
IVUb|| poo 7y < € 101l 37

9



1T ®) gy < 1YV poe iy 18l gy < € 10030y

and so on by iteration. We do not rewrite all the details. Having proved (12), we have
(using a simple approximation argument to write the estimate with |[VUzx ) Lo (r))

T [l L
k=0

=[x = xP| + ca () XV - x| < g X - x|
and

)Xt(l)—XfQ)] < ‘th 2>‘+

ZUT’“ (8:2) = Uiy (8.27)

< |7 -v®|+ 3 (Xt - x|

vu™ HLOO(T)

and thus [ XD — X@| < 2|yY — v?|. Finally, < C, (T) and
t t t t

e ol LR RS B alCl

by (5), and the series converges by (12). The proof is complete. ®
By It6 formula we have

e

1 2)|P 1 2y |P—1
a[y -y <l -y

[y =y (v (o0~ o) )

ot

bV — b at

+ox v -y,

op —at H dt

o

for a suitable constant Cj. Following Veretennikov [Ve80], denote by Wl {Yt(l) 7£}/t(2)}

o

> when Y 7é Y ) and equal to zero other-

the non negative function equal to w
t t

wise. Set 2
S O
A= | R

(we write A; when n is not the main concern) which a priori may be infinite. We shall
prove below, lemma 10, that this is a finite, even exponentially integrable uniformly in n,

10



increasing non negative process. Then
* * -1
d <eprAt Yi(l) _ Y;(Q) ’p> < eprAtp )Y;(l) _ Y*t(z) ’p ‘bgl) _ b?)‘ dt

e Gy v @ (YO v ® (o o) -am)

—2
+ e~ CpAt c, 8 ‘

‘at(l) — 0152) H2 dt

1 2
Yt()—Yt()‘

_ C;e—C;At Y;(l) _ Yt(2) ‘p dA,.
Since
* -2 2 *
eprAtcz Yt(l) _ }/t(z) )p Hat(l) _ O'gz) H dt — CgeprAt }/t(l) _ Y;(Q) ’p ClAt =0

The inequality simplifies to
* * —1
d (e—CpAt Yt(l) _ Yt(Q)‘p> < e Gy ‘Yt(l) _ Yt(2)r ‘bgl) _ b§2)‘ dt

Fe Gy v @ (YO v ® (o o) -am).

The last term is a martingale: the processes at(i) are bounded (recall that VU is bounded),

e~ %4t is bounded by 1, and ‘Y;(l) — Y;(Q)‘ is integrable at any power, since it is smaller

than 3| X - x{*

(lemma 7) and we know that solutions of equation (1) are integrable

. . . . 1 2
to any power, see proposition 17 in the Appendix. Therefore, using also ’Yo( ) Yo( )’ <
3 ‘x(l) - :z:(2)‘ (lemma 7)
] ds.

Yt(l) _ thm <c, ‘mu) _ :1:(2)‘p+p/tE [
0
]ds.

(13)

E [e’czAt v -y

p—1
$ ‘

bgl,n) o bg2,n)

Using again lemma 7, both in the first and last term, we get

E[e*CSAE") X,fl)—Xt(z)‘p} <G, ‘a:(l)— x<2>‘p+cp / TE“XEED—Xf)‘p_l bl _ p(2m)
0

Lemma 8 For every o, > 1,

lim FE

n—oo

)]

Proof. We have

11



N

The first term is bounded since E [fOT ‘Xs(i) ds| < oo for each N > 0, i = 1,2, see

proposition 17 in the Appendix. Let us prove that the second term converges to zero. For

each ¢ = 1,2, we have
B T B
2 N (2
ds) (/ fn <3,X§’)>‘ ds> ]
0

T
y
fn — 2n+lTn+1 (b)

are equibounded in L} (T) by lemma 7. From Girsanov formula (24) of the Appendix we

([ 1nere)a) ]
(

This is equal to

E gn+1 bgz7n)

=F

where

E

=F

fn (s,m(i) + WS)

2 h T ; T ; 2
ds> e Jo bl +Wa) dWa—1/2 [ [b(s, 2+ Wo)|"ds |

[/ T B
5 |( [ 1fatsa s woas) efoT“WWsNWs—éfoT|b<w+Ws>l2dSe‘25”f°T'b(s’$+WS)l2dS]
0

- 29

<E </T\fn(s,x+WS)|2ds>
0

i T 46
<E (/ \fn(8,13+Ws)l2d8>
0

where we have used

1/2
e(21)f0Tb(s,x+WS)|2ds]

1/4

1/4
E [ o2 fOT\b(s,;v+Ws)\2ds]

B [efoT 2b(s,z+Ws)dWs*%foT\Qb(S’T'JFWS)FdS} =1

Both factors of the last inequality are bounded, by the exponential moment estimates of
corollary 14. Therefore we can find a constant Kz independent of n, such that

T .2 B
E (/ f (s,X&))‘ ds) < Ky (14)
0
Tlam?, )
which implies E <f0 bgz,n) d5> < KBW. The proof is complete. ®
From (13) and lemma 8 we get
limsup sup F [e*C;Aiw Xt(l) — Xt(mm <Cp ‘a:(l) — a:(Q)‘p.

n—oo  tel0,7]

12



But we have
2 n « g(n 2
B “Xt(l)—Xt@)‘p/} = B |G /2- G2 | (1) 75(2)‘p/:|

<E rec;AgnT/?E [ —cpAM X _ (2)’ }1/2

1/2

< B[4 7 0y a0 -2

« A(n)
From lemma 10, F [eCpAt } is uniformly bounded, so we include it into the constant and

get (renaming p)

2 2
limsup sup F UXt(l) - X,f2)‘p/ ] <G, ‘;U(l) — x@)‘p/ .
n—co 1€[0,1]

But now the left-hand-side is independent of n. We have proved the following result, of
independent interest. It is proved here for small T', but by iteration or by the trick described
in remark 6, it holds true on the original time interval [0, 7.

Proposition 9

sup E HXt(l) - XF)W <C, )x(l) — x(z))p. (15)
te€[0,7

Let us stress that, in our opinion, this proposition is a remarkable step forward with
respect to what was known before for equation (1) under Li-drift. In a sense, the rest are
more or less classical details. »

Let us improve the proposition to an estimate for E [SUPte[o,T] ‘Xt(l) - Xt(Q)’ } We
may use the inequality proved above

e~Cide |y _ )p % ‘ () _ x@)"’ +p / ! ’ys(l) _ Y;(z)”"l ‘bg) @] at
0
(2) ‘H <ys<1> _y®, (Ug) _ 0—9) . th>
square it
2 2 T 2
2034 |y (V) _ th’ <o ‘xu) _ x@)‘ P c, (/ Y - y<2>‘p ’bgl) _ b@)’ dt)
0

+C, (/ ’Y Y(2 <1g(1>—1g<2>,(ag1>—a§2>).th>>2

13



and apply Doob’s inequality, and lemma 7, to get

E| sup <6205A§"> Xt(l)_Xt(2)’2p>
te[0,T]
* A n 2
<9%E | sup <e 20;A™ v, _Yt(2)‘ p)
te[0,T

< Gy [ — 2 ‘2” + OB

T
O . ] ]

T
< / ‘y;(l,n) _yzm
0

<C,E

(/T ‘ysm v ""1 (bgn _ bgm( dt> 2]
0

Y _ y8<2>‘2(’"” ‘ Q)Hst} .

B p-1 ‘bg,n) _ p2m)

]

( / x - x@ " g - e
0

2
) ]
which converges to zero as n — oo, by lemma 8. On the other side, since by definition of

(@) ()

o, and inequality (12) we have |o

E [/T Y —Y@)‘Q(p*l) Haé” —0£2)H2ds} <CE [/T‘ys(l) z)f(p D S}
0 0

T 2(p—1
<CO'E [/ ‘XS)—X@)‘(" )ds}
0

2(p—1)

< %, one has the estimate

<c, ‘x( (2)‘

by means of (15). Summarizing and taking the limit as n — oo we have

e a(n 2 2 2(p—1
limsupE | sup (6_2CI°Ai ) Xt(l) — Xt(Q)) p) <C ‘1’(1) — x(z)‘ i +C, ‘x(l) _ (2)‘ (v )_
n—00 t€[0,T]
Moreover,
* n 2 * A 2
E e_chAgf) sup (‘Xt(l)—Xt(Q)‘ p) < E| sup (e 20p4 X(l) Xt(Z)) p)
t€[0,7T7] t€[0,T

and finally
E | sup (‘X(l) X(Q)’ ) — B 547 eG4 up (’X b_ t(Q)‘p)]

te[0,T) te[0,7]

IN

1/2 2 1/2

* n * n 7Y

E[eQCPA(T)} E[ 263487 qup <‘X§”—X§2)‘ )] :
t€[0,T)
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By lemma 10 below, the previous inequalities give us

sup (’Xt(l) _ Xlt(?)’P)] <Gy <’x(1) _ $(2))2p N ‘:c(l) B .73(2)‘2(1)_1))1/2‘
t€[0,T]

E

By Kolmogorov theorem, we deduce the pathwise properties of our main theorem. To
complete the proof we need the following exponential estimate. The L!-integrability of an

expression very similar to Agpn ) has been proved in [KRO5].
Lemma 10 For any k € R there is a constant C, > 0 such that
(n)
E [e’“‘T } e (16)

uniformly in n € N.

Proof: For Ys(l) #* YS(Z), we also have X 5(1) # X §2), by lemma 7 (and vice versa, so the
functions 1{Ys(1);éYs(2)} and 1{X§1)#X§2>} coincide), so we may also write

(1) (2)

0s " — Os

e (o) s ) 1) 5

‘X§1) _X§2)‘2 2

HVUW (s,X§1)) _vy® (s,X§2)> H2

o

v — }/5(2)‘

v _ YS(Q)‘

<2

where we have used again lemma 7. Thus it is sufficient to prove that

® (5, xO) = vu® (5, x2)|’
fow (e . (STngZgU%? ) BRI

where C} is a constant independent of n. Notice that VU™ are equibounded in
L (O, T, Wl’p(Rd)) by the last assertion of lemma 7. Thus, by the density of C'° ([0, T] x Rd)
in L4 (0, T, Whp (Rd)), it is sufficient to prove the following claim: for all smooth functions
fecxr ([O,T] X Rd) with HfHLq(O,T;WLP(Rd)) < R we have

ol () 1 (s x)[

E |exp | k 1 ds <C 17
A e |
where Cj, r depends only on k and R.

For smooth functions f we have
2
)f <S’X‘§1)) _f(S’XS(Q)N 1 ! v x4 (1 x@ 2d
< — .
E PRy § LG

15



Using the convexity of the exponential function, we obtain that the left—-hand side of (17)
is less than a constant times

/01 E [exp <k /OT |97 (57X + (1 = r)x @) H2 dsﬂ dr. (18)

With the notations

X0 =rxM 41 -r)x?, 2" = rz® 4 (1 =)z

s

b =rb (s, X(1)> +(1—r)b <5,X(2)>

S S

the process Xt(r) is given by

t
x" =z 4 / (") ds + W
0

We have

b{")

B[ RWT ] < g [ Eple ) oo EpoxE) o]

which is finite (by Holder inequality) using the exponential estimates on solutions of equa-
tion (1) proved in the Appendix, see (25). Hence Novikov condition is fulfilled; by Girsanov
theorem, Xt(r) is a Brownian motion from z("), on (Q, F, Q(T)) with

r T r 1 T r 2
= o) = exp —/ b\ -th—/ \bp dt) .
0 2 Jo

Therefore we obtain (we indicate by superscripts the measure used in the expected values)

EF [exp(k/OTHVf (s,XS(’“)) H2dsﬂ _EF [<p¥)>_l/g(p¥)>l/gxp<k/oTHVf (s, X§’”>> H2ds>]
< CE"? [pgf) exp <2k /T HVf <3,X§7")> H2 ds)} v
0

=52 foxo (21 [ s (e ) )]

This is bounded by a constant depending only on the L} norm of Vf, and on k, see
corollary 14 in the Appendix. The proof is complete.

Q)
dP

Fr

5 Appendix

We collect here known results, taken from the paper [KR05] and previous works, see for
instance [Po82], [Ve80]. They include weak existence of a solution X by Girsanov theorem,
a formula for the density of the law of the solution with respect to Wiener measure, weak
uniqueness and the exponential integrability of the process |f(t, X;)|* when f € L%(T)
with 44 2 < 1.

16



Lemma 11 Given p/, ¢’ € [1,00] such that
d 2

there exist two positive constants C and 3 (it is 23 = 2 —2/q' — d/p’) with the following
property: for every f € Lg, (T) and every t > s, t,s € [0,T],

t
swp £| [ 7+ W ar] £ €0 Wl (20)
z€R4 5 o

The proof is elementary (we write it only for p’, ¢’ € (1,00)): with %—Fl% =1, %—l—% =1,
since

_ 2
Rd

and 4d=p)d+2p _
2pq

1/¢' —plyl? 1/
E [/tf (ryx+ Wy_s) dr] < /t </ fp,(r7 Y) dy) ' </ (2n(r — s))—pd/2 32(TUS> dy> Z;11"
s s R4 R4

! 1/q
scwmﬂm(/@_ﬂmpwﬁw>
p’ s
= C||f||LqC(T) (t — S)l—l/q’_d/Qp/ .
p

(we denote by C' a generic constant) —2%, +1- % we have

Remark 12 As a consequence, if f € L} (T) with % —1—3 < 1 (condition (2)), then f* €
LY (T) with ¢ = q/2, p' = p/2 satisfying & +Z <2, and HfQIILZ;(T) < |fZs¢ry- Therefore

t
sup B [/ f2(rx+ Wr_s)dr} <C(t—s)° 1110 -
zeR s

Lemma 13 (Khas’minskii) Let f : R? — R be a positive Borel function such that

T
a:=sup F [/ f(s,z+ W) ds] <1 (21)
zER? 0

Then

sup E {efoT f(s,x—i-VVS)ds} PR
xR — 1 —a

See [Kh59] or [Sz98, Chapter 1, lemma 2.1].

Corollary 14 If f is a vector field of class Li (T) for some p, q € [1,00] such that (2)
holds, then there exists a constant Ky depending on | f||pg(r) such that

sup F [efoT\f(S,erWg)Fds < K;.
z€R

17



Moreover, all (positive and negative) moments of

T T
pT = exp </0 f(s,z +Ws) - dW;, — ;/0 |f(s,z+ Ws)|2 d3> (22)

are finite.

Proof. Since f € L} (T) with p, g satisfying (2), f? € Lgi (T) with p’ = p/2, ¢ = q/2
satisfying (19). Since (19) is a strict inequality, we may choose d > 0 such that |f|**° €

LZ: (T) for some new p/, ¢’ satisfying (19). Then we have inequality (20) with f replaced
by |f|*"°. Choose € > 0 such that

T
sup E [/ e|fIPTe (s,x—i—Ws)ds] <1
0

zcR4

Then, by Khas'minskii lemma,

sup E |:ef55|f|2+5(s,I+Ws)ds} < .
z€R4

From Young inequality, there exists a constant C. 5 > 0 such that f2 < e|f 1240 4 Ces.

Then
sup [efoT fz(s’ﬂws)ds} < sup E [efoT€\f|2+5(87x+Ws)d5] eCed <« 0.
r€R z€ER4

By inspection into the previous inequalities, we see that this bound depends only on

1 fllza(ry-
p
For the last claim, notice that, by Novikov condition, the process

pr = exp (fgf(s,x + W) - dW, — 3 fg |f(s,z+ Ws)\st) is an exponential martingale,
in particular with E [pr] = 1. Take any a > 0 and set f = 2af. This is again an element

of L} (T). Then we can define the corresponding exponential martingale p with b in place
of b, with E [pr] = 1. Then, for § such that /2a5 = 2q,

Elpr] = E [efOT of (s.at Wa)-dWs =2 [ (W) P o 20520 foT‘f(S733+Ws)\2d5}
1/2

<E |:6f0T 2af(s7;r+Ws)~dWs—% f0T|\/2a,8f(s,ac+Ws)‘2ds:| 1/2 E {ea(ﬂfl) fOT\f(s,x+Ws)|2ds}

which is finite since the first factor is E [ﬁT]I/ > = 1 and the second is finite by the first
claim of the corollary applied to v/|a (8 — 1)|f € L} (T). For a < 0 the computations are
similar. The proof is complete. =

By a classical application of Girsanov theorem (see [KR05, lemma 3.2] for details) we
have:

Proposition 15 Givenb € L} (T) with p, q satisfying (2) and x € R?, there exist processes
X, Wy defined fort € [0,T] on a filtered space (2, F, Fy, P) such that Wy is a d—dimensional

18



{F;}-Wiener process and X; is an {F}}—-adapted, continuous, d—dimensional process for
which

P (/OT lb(t, X)) > dt < oo) =1 (23)

and almost surely, for allt € [0,
t
Xy =x+ / b(s, Xs)ds + Wy
0

When both a solution X of equation (1) and the Brownian motion itself satisfy condition
(23), we may apply a result of absolutely continuous change of measures, see Liptser—
Shiryaev [LS77, theorems 7.7 and 7.9]. We know that Brownian motion satisfies this
condition, when b € L} (T), by remark 12. We have to impose by assumption the condition
(23) on solutions.

Corollary 16 Takeb € L} (T) for p,q such that (2) holds. Let (X, W) be a (weak) solution
of equation (1) in the sense of theorem 15, in particular with X satisfying condition (23).
Then, for any non negative Borel function ® defined on the space C ([O,T};Rd) we have

E[(I)(X)] - FE (I)(_r+ W) efoT b(s,a:+Ws).dWs—1/2fOT\b(s,a:+Ws)|2d5:| ) (24)

In particular, weak uniqueness holds for the equation (1), in the class of solutions satisfying
(23). Moreover, if f € L%(T) where p,q are such that d/p+2/G < 1, then, for any k € R
there exists a constant Cy depending on HfHL‘i(T) such that

p

E |:6kf0T|f(tuXt)‘2dt < Cy. (25)

The first part of the corollary depends on the above mentioned results of [LS77, theo-
rems 7.7 and 7.9]. To prove the exponential integrability of |f (¢, X;)|?, notice that by (24)
we have

E ekf0T|f(t,Xt)|2dt] — B [ elo b(s,x+W5)~dW5—1/2f0T|b(s,z+WS)\2ds+kf0T|f(t,z+Wt)|2dt]
and thus it is sufficient to repeat the estimates made above to prove that F [pf] was finite.
With the same proof, namely

E[|Xf"]=E [ |z + Wy |P o Jo blsa+Ws)-dWs—1/2 foT\b(S,erWS)l?ds]

followed by Holder inequality as in the proof made above to prove that E [p$] was finite,
we also have:

Proposition 17 Let (X, W) be a (weak) solution of equation (1). Then

sup E[|XiP] <
t€[0,T]

for every p > 1.
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