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Abstract

Stochastic partial differential equations whose solutions are probability-measure-
valued processes are considered. Measure-valued processes of this type arise naturally
as de Finetti measures of infinite exchangeable systems of particles and as the solutions
for filtering problems. In both these cases, the solution is the conditional distribution
of the solution of a stochastic differential equation. The main result states that, under
mild nondegeneracy conditions on the coefficients of the stochastic differential equa-
tion, the conditional distribution of its solution charges any open set. Under stronger
conditions we show that it is absolutely continuous with respect to Lebesgue measure
and its density is positive almost everywhere. As applications we show the existence of
a solution of a system of interacting diffusions and study the properties of the solution
of the nonlinear filtering equation within a framework that allows for the signal noise
and the observation noise to be correlated. The work was motivated by a model of
asset price determination in which the price is given as a quantile of the valuations of
infinitely many individual investors.
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1 Introduction

Let (Q,F, P) be a probability space and (E,r) a complete separable metric space. Let B
and W be d and d’-dimensional standard Brownian motions, and let V' be a cadlag E-valued
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process. We assume that B is independent of (W, V') and that W is compatible with V" in the
sense that for each ¢ > 0, W,.. — W, is independent of 7", where FV"Y = o(Ws, Vs, s < t).
Let X be a d-dimensional stochastic process satisfying the equation

t t t
Xt:Xo—I—/ f(XS,V;)dS—i—/ O(XS,V;)dWS—l—/ 7 (X, Vs) dBs. (1.1)
0 0 0

We assume that, given V), X is conditionally independent of W, V and B, that is,
B[f(Xo)|F""] = B[f(Xo)| Vo). (1.2)

For reasons that we will make clear below, we are interested in the P(R%)-valued process
m = {m, t > 0}, where 7, is the conditional distribution of X; given FY,

m () = B o (X) 17",

for any ¢ € B(R?), the bounded, Borel-measurable functions on R<.

The first result of the paper states that, under very general nondegeneracy and regularity
conditions (Assumption A1 below), for ¢t > 0, 7; charges any open set A C R? almost surely
(and the null set can be chosen independent of A). Further, under additional conditions on
the coefficients of (1.1), m; is absolutely continuous with respect to Lebesgue measure on
R? and, with probability one, its density is strictly positive.

Our primary interest in these results is to treat infinite systems of stochastic differential
equations

t t t
X;:Xg+/ fF(XLV) ds—i—/ o (XL, V) dWs+/ o (X5, Vi) dB, (1.3)
0 0 0

where the B’ are independent standard Brownian motions, { X/} is an exchangeable sequence
that is independent of W and {B'}, and

V= lim % Zléxg. (1.4)
We require the solution { X} to be exchangeable so that the limit in (1.4) exists by deFinetti’s
theorem. (See Theorem A.l.) In particular, if the solution of the system is weakly unique,
then {X'} must be exchangeable, so (1.4) must exist. Under a Lipschitz condition on the
first variable and a continuity condition on the second, weak existence of an exchangeable
solution can be shown for which the B* are independent of W and V. By exchangeability,

> w(XZ)mW’V]

i=1

m(¢) = Blp(X) 1A = 8




and since V; is measurable with respect to .7-}W’V it follows that

n

% 3 sO(XZ)|ftW’V] = m(p).

n—oo M n—oo 1
1=

1< .
Vi(p) = E | lim —Zg&(Xf)lftW’V] — lim E
=1

If strong uniqueness holds,
Vi(p) = B [p (Xo) |7 V a(Vo)] -

In (1.3), the process W is common to all diffusions, while the processes B, i > 1 are
mutually independent Brownian motions. Systems of this type have been considered by
Kurtz and Protter [5] and Kurtz and Xiong [6, 7] under the assumption that the coefficients
are Lipschitz functions of V' in the Wasserstein metric on P(R?). This assumption excludes
a variety of interesting examples. In particular, for d = 1, we are interested in equations
whose coefficients are functions of quantiles of V/,

V& = inf {z € R|V; (—o0,z| > a},

z€eR

and the results on m; play a central role in proving existence of solutions of a system in which
the coefficients are continuous functions of the quantiles.

A second application of the support results is to the solution of stochastic filtering prob-
lems. Let (X,Y") be the solution of

t t t
Xt - XO+/ f(XS7}/;)d3+/ U(XsaYs)dWs+/ 5-(XS7}/T9)dBS
0 0 0

t t
Y, = /h(XS,Ys)der/k(Ys)dWS.
0 0

Here Y plays the role of V, so B is not independent of (W,Y). Assuming that k(y) is
invertible and setting

. t
W, — Wi + / k(Y,) (X, Y,)ds,
0

we have
Xy = Xo+ /0 t (F(Xs, Ys) + 0 (X, Yo k(Ys) " h(X,, Y5)) ds
+/0to(Xs,Ys)dWs +/0t6(XS,YS) dB,
Y, = /tm@dﬁs,
0

and under modest assumptions on h(z,y)/k(y), a Girsanov change of measure gives an
equivalent probability measure under which B is independent of (W,Y"). In this framework
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we show that the conditional distribution of X; given F} charges any open set. Moreover,
under additional conditions, it is absolutely continuous with respect to Lebesgue measure
on R? and with probability one its density is strictly positive.

The main results are proved under the following conditions on the coefficients of (1.1).

Al f:R*xR™ R o:R*x R - RY x RY, 5 : R? x R™ — R% x R? are continuous
functions, uniformly Lipschitz in the first argument. That is, there exists a constant
c; such that
|f(z1,y) = [ (z1,9)| < a1 |z — o

for all 21,2, € R? and y € R™ with a similar inequality holding for ¢ and &.
0 is positive definite, i.e.,

£'5 (z,y)€>0
for any y € R™ and &,z € R? with & # 0.

For d > 1, almost surely, V' has paths with finite left limits. In other words, for all
t >0,
Vi € lim v,

s—t,s<t

exists and is finite.

A2 f o and & are continuously differentiable in the first component.

Theorem 1.1 Under assumption A1, there exists a set QerF of full measure such that for
every w € Q, ¥ charges every open set, i.e., m¢ (A) > 0 for every nonempty, open set A.

Theorem 1.2 Under assumptions A1+ A2, there erists a set QerF of full measure such
that for every w € Q), m¢ is absolutely continuous with respect to Lebesque measure. Moreover
if y — p¥ (y) is the density of w¢ with respect to Lebesque measure, py is strictly positive.

The additional condition in A1 required to treat the multi-dimensional case is not needed
when d = 1 because we are able to exploit the order structure of R. For d > 1, the integral
of a nonsingular, matrix-valued function may be singular, while for d = 1, the integral of a
non-zero real-valued function is always non-zero, provided it does not change sign.
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2 Proof of the properties of the conditional distribu-
tions

Let f be a function F : [0,00) x R? — R? with the following properties:

e For each z € R%, the function t — F (¢, z) is a measurable, locally-bounded function.

e For each ¢ € [0,00), the function z — F (¢, 2) is differentiable. F’ (¢, z) will denote the
matrix of partial derivatives

(F/ (tv z))z’j = aJ'Fi (t, Z) .
e For each z € R% the function t — F’ (¢, 2) is a measurable, locally-bounded function.

Now consider a new probability measure PZ, absolutely continuous with respect to P,

defined by
t 1 t
~ oxp (— [reaan -3 [ 2 |2ds) ,
Fi 0 2 0

where [ (s,2)" is the row vector (F (s,2),,F (5,2)y,..,F (5,2),). Then, by Girsanov’s
theorem, the process B* = {B},t > 0}

dpP*
dP

t
Bf:BHL/ F (s,2)ds
0

is a Brownian motion under P?, independent of W and V. Since (B*, W, V') has the same
law under P as (B, W, V') has under P, it follows that X (z) given by

dX,(z) = (2), Vi) dt + o (X, (2),V,) dW, + 5 (X (2), Vi) dB? (2.1)
t(

fx
f(Xe(2), Vi) dt+ o (X (2), V) AWy + 7 (X (2), Vi) dBy
+0 (Xt (Z) 7‘/;5) r (t7 Z) dt.
has the same law under P? as X has under P, and for ¢ € B(R?),
Ele(X)1FY] = B[ (X (NI A"Y]
= B (X, () My () |7 |

where M;(z) is defined as

M, (2) = exp <— /Otr(s,zf dB, —%/Ot F (s,2) y2ds> >0, (2.2)



In the following, we will use a Fubini argument for the function ¢, where

e—31aP
(2,w) = ¢ (X (2)) My (2) ——
(2m)’

is defined on the product space R? x Q. Consequently, we need to know that ¢ is B(R?) x
F"V -measurable. Measurability is not immediate as X, (z) is initially defined for each
z individually. However, one can prove the existence of a process X; (z) such that for each
z, X (z) and X (z) are indistinguishable and

(z,w) 5 X, (2)

is B(R?) x .EW’V—measurable. More precisely, we can assume that X is optional, that is, the
mapping B
(t,z,w) € [0,00) x RY x Q — X,(2)

is measurable with respect to the o-algebra generated by processes of the form

Z é-’if’i(z)]-[ti,tiqu)(t)?

where 0 =ty < t; < ---, f; € C(R?), and & is E?av—measurable. To avoid further measur-
ability complications, from now on, we will use this version of the solution of (2.1). Hence,
if ¢ : R? x Q — R is a non-negative, B(R?%) x F""V-measurable function, the conditional
version of Fubini’s theorem (for nonnegative functions) gives

1,T

Bl 1AY] = [ Blo(().) M) 1A"] (%)d

We treat the one-dimensional and the multi-dimensional cases separately.

2.1 The one-dimensional case

For ty > 0, let

| z for t €]0,%]
Ft2) = { 0 otherwise ’ (2.4)

where a > 0 is an arbitrary positive constant. In this case, (2.1) becomes

dXi(2) = [ (X¢ (2), V) dt + 0 (X; (2), V) dW; + 6 (X, (2),V;) dB; (2.5)
+0 (X; (2), Vi) 2104 (2)dt.

Since & is positive, with probability 1, the function z — X;(z) is a strictly increasing,
continuous function and lim, , ., X;(z) = —oo and lim, ,,, X;(z) = co. In particular, z —
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X;(z) is a continuous bijection, so if (3, 3) is a (non-empty) open interval, then X; (8, B) is
a non-empty open interval. In particular, Xt_l(g ,B) has positive Lebesgue measure. Hence,
if we choose ¢ in (2.3) to be the indicator function of an open interval (g3, B), then

P[xie@RIA™] - —=r

1 (B.B)

z (t+1
/ e—zB dZ|‘7:tWV
B

2By 22 (t41)

. _ z T4 o e -1 - N . _th_Z (t+1)
Since z — e 2 is positive on X, (8, 3), it follows that th—l(é“B) e 2

positive (with probability 1) as is its conditional expectation. This proves Theorem 1.1 in
the case d = 1.

Assuming that f, o and ¢ are differentiable, z — X,(z) is differentiable with probability
1. Its (positive) derivative is given by

Ji(2) % d)gfz(z) _ /0 5 (X, (2), V) exp (it (2)) ds, (2.6)

16 = [ (1Y - 3 (6 ) - 5 @ 0 ) V) s

t t t
+/ o (X, (2),Vs)dW, + / o (Xs(2),Vs)dBs + / 7 (X5 (2),Vs) azds.
Now, since z — X,(2) is a bijection, it is invertible, and we can define
_ X)) (41
€xp {_Xt ! (y) B, — W}

Ji (Xt_l (y))

Taking ¢ = 14, A € B(R), in (2.3) and using the change of variable y = X;(z),

P [Xt c A\f-th] - \/%E {Ayt(y)dy'ﬁmv} - \/%/ nyV] dy.

Hence, the conditional distribution of X; given ]—"tW’V is absolutely continuous with respect
to Lebesgue measure with density

vi(y) =

pe(y) = \/LQ—WE [vt(y)l ftW’V] :

Since v;(y) is strictly positive, by Lemma A.12, there exists a version of p;(y) such that with
probability one, p;(y) > 0 for all y € R and ¢t > 0. This proves Theorem 1.2 in the case
d=1.



Corollary 2.1 Under assumptions A1+ A2, there exists a random variable c(s,t, k) posi-
tive almost surely such that

inf pr(y) > c(s,t, k). (2.7)

(r,y)E[s,t] X [—k,k]

In particular, the set QerF of full measure appearing in the statement of Theorem 1.2 on
which ¢ 1s absolutely continuous with respect to Lebesque measure and the density of m¢
with respect to Lebesque measure is strictly positive can be chosen independent of the time
variable t € (0,00).

Proof. Using the independence properties of Xy, B, W, and V', we have
E[f(Xo, B)|FXY] = E[f(Xo, B)|Vo],
for any reasonable function f, hence there exists hy such that
E[f(Xo, B, Wops, Vo) | FlV] = he(Vo, Wont, Viar))-

Since 1;(y) is a function of Xy, B, W.,; and V., this implies that

) = <=E [nw)I 7] = <=8 ()| 7LV

Choose m to be an arbitrary positive constant. Since the function (¢,z) — min(v4(z), m) is
bounded, positive and jointly continuous in (¢, z) it follows that its conditional expectation

) = <= [min(vy(a), m)] P

V2r

has a version which is bounded, positive and jointly continuous in (¢,z). Hence, (2.7) holds
true with c(s, ¢, k) = inf(, ) e[sgx - k0 L1 (y) > 0. O

Lemma 2.2 Under condition A1+A2, the density function y — p; (y) is absolutely contin-
uwous. Moreover, it is differentiable almost everywhere and

C;—'Z (y) = \/%E {Z—IZ (y)‘ﬂw’v} : (28)

More generally, if f,o and ¢ are m-times continuously differentiable in the first component,
then the density function y — p; (y) is (m—1)-times continuously differentiable and m-times
differentiable almost everywhere. A similar formula to (2.8) holds for higher derivative of p;
as well.



Proof. The function y — 14 (y) is continuously differentiable under condition A1+A2 and

dvi(y) 1 2
T = )~ ida), 29)
where
1 (X' @) 1)
Ll(x) B exp {—Xt (y) Bt - D) } Bt . Xt_l <y) (t + 1)
e Ji (X (y) Ji (X7 (y)
o e{xwm st
Ly (37) = J, (X{l (y)) J, (Xtil (y) 2
We want to prove that
E {/R dy(;;y)’dy < 0.

In order to do that, we show that the property holds for both functions on the right hand
side of (2.9). We show how this is done for the first function. We have that

E{/R\Ltl(yﬂdy} _ B /Rexp{_zft(;@}]&—z(wrl)]dz (2.10)

Q=

= /H;e_zz(t?H)E [e_pZBtﬁ E[J () "|"E[|B,— z(t+1) |r]% dz (2.11)

22((t+1—pt)

_ /}RG(QQT(\Z\)iE [J; (z)‘QFdz, (2.12)

where p,q,r € (1,00) are chosen so that p < % and 1—17 + é + % = 1 and @, is a suitably
chosen polynomial so that E[|B; — z(t + 1) "] < Q.(|z|) for any z € R. To get (2.10), we
used the change of variable z = X, '(y) that and applied Holder’s inequality to obtain (2.11).
From (2.6) it follows that

Jy > tacs exp (—tcf,g,(—, —tc|z| — 2 sup |C’S|> : (2.13)

s€[0,t]

where C' is the martingale
C :/ o (Xs(2),Vy) dWs —l—/ 7 (Xs(2),V,)dBs, s€[0,t].
0 0

In (2.13) we used the fact that ¢ o inf, , o(x,y) > 0 and that

def 1 1

Ctos = sup|f'(z,y)— 50,($7y)2 — §5l($7y)2|
x,Y

def _
. = sup|d'(z,y)l
x,y



are finite quantities. This follows from conditions A14+A2. Hence, immediately,

E [J,(2)77] < kel (2.14)

exp | 2¢ sup |Cy| | |-
s€[0,t]

Note that k is finite as the running maximum of the martingale C' has exponential moments
of all orders. From (2.12) and (2.14) we deduce immediately the integrability of «}. The
integrability of (2 follows in a similar manner as all the terms involved as similar to those

appearing in ¢;. The only term that is different ‘“’f Explicitly de is given by

where

k = (tacs) Texp (¢tcsos) E

T = [ ol Ve (22 (7 06,V () + D)) ds

and one proves in a similar manner that

th 1z
E ||| < ke 2.15
5] < were (2.15)
where k' and &” are some suitably chosen constants. It follows that
1
p0) =p () = =B [n ) —n )| FE]

1 v d, AT
et _E — d fv
Var l/y ay W T ]

- / = {d”t )dy‘ftw’v} dy (2.16)

and we deduce from the above the absolute continuity of p; and, therefore, its differentiability
almost everywhere. We note that the last identity follows by the (conditional) Fubini’s
theorem as we have proved the integrability of % over the product space €2 x R. The
methodology to show that p; has higher derivatives is similar. Observe first that

exp 4 —X; ! _ (xw) e
dmy—t(y) _ p { X; (y) By 5 }
i T (X7 ()
xT(t, By, X; ' (y), — (X' () 7(2)30(; (X1 ())

where T'(t, B;, X; * (y) , 2 (X' (v)) et (X; " (y)))) is a random variable which has mo-

) dx dx™

ments of all order controlled by an upper bound of the type (2.15). One then shows the inte-

grability of d”—t) over the product space Q x R which implies the m-times differentiability
of Pt- O
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2.2 The multidimensional case

Fora >n!, n=1,2,..., define
Fo (s, 2) = l[a_%,a](s)z. (2.17)

Let X*"(z) = {X;"" (2),t > 0} be the solution of (2.1) with F replaced by F *", and let
J;"" () be its Jacobian

(Je" (2)i; = 05 (X); (2)
Then J*™ (2) = {J;"" (2),t > 0} is zero for t < a —n~!, and for t > a —n~!, J*" satisfies
the following stochastic differential equation

J (2 /fXa" L) JOM (2 ds+Z/ HXO™(2), VL) JO™ (2) AW

+Z / LXE™ (2) V) L1 o ()27 (2) ds

7 (X2 (2), Vi) 11 y(s)ds, (2.18)

a8

_|_
%\
:M—‘

where f: RY x R™ — R%9 is the matrix-valued function defined as

(f (z,v)); def %ﬂﬂ:v)l

and o}, i =1,...,d &, i = 1,...,m are functions defined in the same manner (o;, i = 1,...,d
gi, © = 1,...,m are the column vectors of o , respectively ¢, 0 = (01,09,...,04), G =
(61,02, ..., 0m)). Let ®*" (z2) = {®;"" (2),t >0} and T*"(2) = {Y{"" (z),t > 0} be the
solutions of the following matrix stochastic differential equations

¢
;" (2) = T+ /( w (2, X3 (2), Vi) @™ (2) ds

1
a—)At

mo
S A ONAL LI

i=1 J (a=gnt

s e e,V 8 () B

t
To () = I— /( TR (2) k (2, X" (2), Va) ds

11



S [ e ) v
Y[ a el @) v s

where

@ (2, X0 (2),Va) = fX"(2), Vo) + )01 (X" (2), V) Lax q(8)7°

r(2, X3 (2),Ve) = W(Z,X?’”(Z%Vs)—ZUQ(X?’"(Z),‘/%)2—foé(Xf"”(z),W)z-

It is easy to check that
d (17" (2) 2" (2)) = 0,
and since Yo" (2) @y (2) = I, it follows that Y;"" (2) ®;"" (z) = I, for all t > 0, i.e., ;" (2)
and Y;"" (z) are non-singular and inverse to each other. Then we can write the solution of
(2.18) explicitly as

alt

T (2) = 87 (2) / T (2) 7 (XO7 (2) , Vi) ds.

(a—%)/\t
Unlike the one-dimensional case, the Jacobian J;"" (z) may be singular. However, since
®;""(z) is non singular, J;"(z) is nonsingular for ¢t > « if and only if
() = [T ) o (X (2) Vo) ds
(a—3)
is nonsingular.
Write
1 «
D) = (XN Var) + [ (X" (), V)~ o (Xa" () Vo) ds
n

o—

3=

" / (i (T3 (2) = 1) o (X3 (2), Vi) ds.

Since X" (z) and Y™ (2) are jointly continuous in s and z, (z,v) — & (x,v) is continuous,
and lim,_,, V; = V,_, it follows that, for almost all w € Q and each compact K C R?,

lim sup|n / 5 (X" (2), Vi) — & (X0 (2), Vi) ds| = 0

n—oo zeK 1
n

lim sup n / (Y27 (2) — )5 (XO (2), V) ds| = 0.

n—o0 2eK
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Hence,

Qlim — {w € Q| lim sup [nJ;"" (2) — 7 (X4, Vi) | = 0 for each compact K}

n—oo zeK

has probability 1. Let K; C K, C --- be compact subsets of R? with R? = U, K}, and define
Qe = {w € Q| J"™ (2) is nonsingular for m > n,z € K;}.
Lemma 2.3
QU™ C Mg Uy Qien

and, in particular, P (Mg U, Q) = 1.

Proof. It is enough to prove that Q"™ C U,Qy , for each k. Let w € Q'™ but not in U, Q. .. It
follows that there exist (n;,z;), n; — 0o and z; € K}, such that, for this particular w, the
corresponding Jacobians J;" (z;) = J;" (2;) (w) are singular. Hence there exist corresponding

A\ € R4 with |\| =1 and

If X is a limit point of {\;}, the uniformity over compacts in the definition of Q'™ implies
6-(Xt7‘/;—) : )\ - 0

Since ¢ (X, V;—) is nonsingular, we have a contradiction. U

From (2.3) we get that, for any set A and anyk > [1]

T (A) = P[XteAmW’V}

= F / r"(2) dz|.7-"tW’V]
{zIX] ()€ A}

E 1an/ r”(z)dz|.7—"tmv ,
| Jzerd|xp(2)eA}

™ (2) % exp (—zT (Bt - Bt_%) - M) _

2n

v

where

@

Now for w € €y, the application z € K, — X;(z) is a continuous bijection. It is
injective since its Jacobian is always non-singular. The surjectivity follows by means of
the Inverse Function Theorem: Since lim|,,,oX;(z) = oo, the image of z — X (z) is a
closed set. However, the image of z — X, (z) is an open set, too. That is because any
z € R? has the property that it has an open neighborhood U, so that the function restricted
to U, is a (continuous) bijection from U, to Vy,(.) where Vy,(.) is an open neighborhood of
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X, (z). Hence for any z € R?, the open set Vy,(,) is in the image of z — X; (z). Since R¢
has no proper subset which is both closed and open, we get the surjectivity of z — X; (z).
So for any w € €}, and A an open set, the set {z e RYX; (2) € A} has positive Lebesgue

measure, thus
w— / r' (z) dz
{zeRri|X; ¥ (2)en}
is positive on Q. Let now QP = {w € Q|m; (A) > 0}. Then, for all k& > [%] ;
P(QP) > P ().

That is because P ((Q2\2*) N Q) = 0. If not

0=F [1Q\Qpﬂ't (A)} Z FE

]_(Q\Qp)ﬂﬂk / . ri (Z) dZ’ftW’V > 0.
{zeRreX;* (2)en}

Hence from the previous lemma we deduce that m; charges any open set A. Moreover the
null set can be chosen to be independent of the set A, since the topology R? has a countable
base.

Now if A is a set of Lebesgue measure 0, then

m(A) = P[XtEAU-}W’V}

1q, / ™ (z) dz| FPY
{zerdxp (2)ea}

1o, / ™ (2) dz|F"V | (2.19)
{zeRd\Xg(z)eA}

= K

+E

Since

w— [ r(2)dz
R4

is uniformly integrable, it follows that the second term in (2.19) converges to 0. Hence

Ty (A) = lim F ]_Qn/ r" (Z> dz ftW,V
n— 00 i {zeRd\X{’(z)eA}
_ 1
= lim F|1q, / (X)) (y) - dy| FVV
n—00 I A ( t ) det (Jtn ((Xf> 1 (y))) t

Since
1

det (J7 (X7)™" (1))

dy

[ e w)
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is always 0 (an integral over a null set), it follows that the conditional distribution of X; given
ftW’V is absolutely continuous with respect to the Lebesgue measure. This proves the first
part Theorem 2

For the second part of Theorem 2 let (as in the one-dimensional case) Ay be the following
random set

Ao ={z € Rlp (y) = 0}.
Then, from (2.19) we have that

0 = P[XterjffV’V}

> F lgn/ ™ (2) dz| FPY
{zGRﬂX?(z)EA}
1 -1 1 w,v
= 14, (y) —FE |1q, (y) " ((X}' Y — F. | dy
/]R 0()\/% Q() (( t) <>)det(J?((Xf> 1<y)>) t
> 0
Hence
[ 140 0) = |10, ) (X)) ) | Y ay =0
R V2r det (JP (X7)™ (9)))
and therefore for any w € @n, Ap is a set of Lebesgue measure 0 where (Qn) ., s the
n> T
following increasing sequence
~ _ 1 A%
Q,=qweQE |1q, (y) " (X]) ! (v)) - FU | > 0,y—ae. ;.
{ t det (J7 (X))~

Since P (ﬁn) > P (Q,) and P (lim{,) = 1 it follows that Ay is a set of Lebesgue measure

0 with probability 1. This proves the second part of Theorem 2 for the multidimensional
case.

3 Weak existence for SPDEs with coefficients depend-
ing on quantiles

As described in the introduction, we now consider an infinite system of (one-dimensional)
interacting diffusions

t t t
Xg:Xg+/ F(XLVo) ds+/ o (XL, V) dWs+/ o (X5, V) dB;,  (3.1)
0 0 0

15



where
V& =inf{z € R|v; (—o0, 2] > a}

and
1 Z’”
Vy = nllj){l)Q E - 5th (32)

We assume that {X{} is exchangeable and require the solution {X'} to be exchangeable so
that the limit in (3.2) exists by deFinetti’s theorem. (See Theorem A.1.)

As in Kurtz and Xiong [6], v; will be a solution of the stochastic partial differential
equation

(6,0(t)) = (6, 0(0)) + / (L(V(5)), v(s))ds + / (0 V() o(s) AW (33)

where (¢, v(t)) denotes
@(0) = [ (@t o)

and
1 d?>¢

L6 = 3 [, Vo) + 0l VoP] 25 + £ V)

dr’

In (3.1), the process W is common to all diffusions, while the processes B’, ¢ > 1 are
mutually independent Brownian motions. We will assume the following on the coefficients
of the equations.

Q f:RxR—=>R oc:RxR —=R,5:RxR — R are bounded, continuous func-
tions, uniformly Lipschitz in both arguments and continuously differentiable in the
first component and & is positive definite.

Then we have the following:

Theorem 3.1 There exists a weak solution for the system (3.1)+(3.2) and, hence, for the
stochastic partial differential equation (3.3).

Proof. Consider the Euler-type approximation of (3.1)+(3.2) defined as follows:

t

th',’n, — Xé,n +/

t t
f(XPVEr) ds + / o (XD, V) dW, + / g (X" V) dB:, (3.4)
0 0 0

where

Ve = int {o € Rlufy (—00,a]) < o

and v" is defined as in (3.2). The system (3.4) has a unique strong solution. The existence
and uniqueness of the solution is obtained progressively on intervals [%, %] . We note that,

on each such interval, the process V*" is constant and equal to the quantile of the empirical

16



measure of the system at the beginning of the interval. Existence and uniqueness of the
solution follows from the assumption that f, o, and & are Lipschitz in the first component.
We also have

_1., 7T,

/R o (X0 (2)) Mi™ (2) S da

v (0)= B o (Xi) 17 = B
?) =Bl (X") 17" )

ftW] ) (3.5)

where X" (2) is defined as in (2.1), and it follows that v]* charges every open set and, hence,
that
V" = inf {x € Rjv} (—o0,z] > a} =sup{z € R|v} (—o0,z)] < a}.

For each ¢, the boundedness of the coefficients implies the sequence {X*"}, ., is rela-
tively compact (in distribution) in Dg(]0, 00). This relative compactness together with the
continuity of the processes ensures relative compactness of {X"},~¢ in Dge ([0, 00). Taking
a subsequence, if necessary, we can assume that {X"},~¢ converges in distribution to a con-
tinuous process X = (X"),5,. By Lemma A.3 in the Appendix v™ converges in distribution
to v defined by -

n
. 1
vy = lim — E Oxi-
n—oo 1, 4 ; t
1=

To complete the proof, we need the following two lemmas. In the first one, we drop the
assumption that V™ be a quantile, allowing it to take values in a complete, separable metric
space E, and only require that the coefficients be bounded, Lipschitz continuous in the first
variable, and continuous in the second.

Lemma 3.2 Suppose {V"} are E-valued processes and X™(z) satisfies
dXy(z) = f(X{ (2), V") dt + o (X7 (2), V") dWe + 0 (X (2) , V") dBy + 7 (X, (2) , Vi") 2dt.

Define

t

(C % [0,4]) = | 1c(V'(s))ds, C € B(E),

T os—

Mg(p,t) = [ o(V"(s))dBs, ¢ € Cy(E),

S~

and ,
Miyle.t) = [ oV (s)aW., Gi(E).
0
Suppose that T™ = T, in L,,(E). (See Appendiz A.3.) Then for 0P, ... 08 oV ... oV €

Co(E), {(T", MB(¢P), .., M(oE), My (o), ..., M (ol¥ )} is relatively compact in Ly (E) x
Drgi+1[0,00), and a subsequence can be selected along which convergence holds for all choices

17



of ... B oV oV € Cy(E). For any limit point, Mg and My are orthogonal mar-
tingale random measures satisfying

(Ma(p1), Ma(ea)) = /E 21 (1) 02 ()T (dy x [0,4])

My (1), My (2)]: = /E 1 (42 (1) (dy % [0, 1)
(Mg (1), Mw (p2)]: = 0,

and X"(z) = X(z) satisfying

[ (Xs(2),v)T(dv x ds) + / o (X, (2),v) My (dv x ds)

Ex[0,t]

Xi(z) = Xo(z)—i-/

Ex[0,t]

+/E><[o,t} 0 (X (2),v) Mp(dv x ds) —i—/ 7 (X;(2),v)2[(dv x ds), (3.6)

Ex[0,t]

where the stochastic integrals are defined as in [5].

Proof. Relative compactness follows from the fact that

BI(Mp(ip.t + 1) = Mo, 0)157] = B[ oIy (6t + W)IZF] < lolPh
for each ¢ € Cy(E) and similarly for { M} }. Along any convergent subsequence, {I'", M3, My}, }
satisfies the convergence conditions in Theorem 4.2 of Kurtz and Protter [5]. (See Example
12.1 of [5].) Under the boundedness and Lipschitz conditions on f, o, and a, X"(z) con-
verges to the solution of (3.6) by Theorem 7.4 of Kurtz and Protter [5]. U

Lemma 3.3 Let {X,}be a sequence of uniformly integrable random variables converging
in distribution to a random variable X and {D,} be a sequence of o-fields defined on the
probability spaces where {X,,} reside. Let {Y,} be a sequence of S-valued random variables
such that

E [Xn|Dn] = G(Yn)a

where G : S — R is continuous. Suppose (X,,,Y,) = (X,Y). Then E[X|Y] =G(Y).
Proof. Since {X,,} is uniformly integrable, it follows by Jensen’s inequality that {G(Y,)}

is uniformly integrable. Then, employing the convergence in distribution and the uniform
integrability,

E[GY)g(Y)] = lim E[G(Ya)g(Yn)] = lim E[X,g(Y,)] = E[Xg(Y)],

n—oo n—o0

for every g € Cy(S), and the lemma follows. O
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We return now to the proof of Theorem 3.1. Let

1272

e 2

(2m)?

o () = / o (X0 (2)) M (2) S d.

From (3.5) and the definition of I'* and M}, for any test function ¢

E (o (@) 1] = B |5 (0) 1] = o (9).

Hence, letting I'™*, T'* and W' denote the restrictions of I'*, T, and W to the time interval
[0,t], (pf, v, T™E W) = (py, vy, [, W), where

_1.7T
3% 2

(o) = [ o (X @) )

By Lemma 3.3
E 0 () |FM | = v ().

As in the proof of Theorem 1.1, v; charges any open set, and by Lemma A.8, V%" converges
in distribution to V¢, where

V& =inf{z € R|v((—o0,z]) > a}.

In turn, it follows that My, and Mp satisfy

Ma(et) = | Co(Vo(s)dBy ¢ € Co(E),

and
Mg (p,t) = / p(V(s)dW,,  Cy(E).

Applying Theorem 7.4 of Kurtz and Protter [5], it follows that (X", V*™ v™) converges in
distribution to (X, V', v) which is a weak solution of (3.1). O

4 Quantile Process
Next, we find an equation for the quantile process
V& =inf{z € R, v((—o0,z]) > a}.
Recall that we considered an infinite system of (one-dimensional) interacting diffusions

t t t
X;':Xng/ F(XEve) ds+/ o (X1, V) dWs+/ g (X5, V) dB;,  (4.1)
0 0 0
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where
V& =inf{z € R|v; (—o0, 2] > a}

and

n—oo

1 n
vy = lim v’  where v} = — E dxi- (4.2)
n t
i=1

To prove the following result we choose a bounded, smooth, strictly positive function
¢ : R — R with bounded first and second derivative such that [, ¢ (z)dz =1 and

/
¢(z) < ool.

sup

@) (43)

Define the functions, v, vf, F{", Ff : R — R as follows

v (@) =2 X (@ = X)) K (2) = [° v (y)dy
vi (2) = Jpqe(@—y)u(dy) Fi(z)=[" vi(y)dy °

where ¢. : R = R, ¢ (z) = 1q (f) ,x € R. Then, the functions v, are uniformly bounded
smooth functions and, since lim,, o, v} = vy, it follows that v;"° converges pointwise to vf.
Hence the quantiles V;*™° of the probability measures with densities v;" with respect to the

Lebesgue measure uniquely defined by the formula
F™e (¢, V™) = «

converge to the quantiles V;* of the measure with density v with respect to the Lebesgue
measure, lim, o, V;*"™ = V. Moreover, since also the derivatives of the functions v,
converge to the derivatives of the functions v§ and are uniformly bounded, it follows that v,

n,e

converges to v§ uniformly on compacts. In particular this implies that lim,, ., v;"(V,*"™) =

vE(V,2). Similarly, lim,, . d”:;;(w) |pyone = %ix”w:‘/ta,e This two facts will be used in the

following proposition.

Proposition 4.1 Assuming that A14+A2 hold true and that f,o and ¢ are twice continu-
ously differentiable in the first component, then the quantiles V. satisfy the following evolu-
tion equation

t t
Ve = ves / FVE, VY + / o (VO V)W,
t 1 0
— - « . 4.4
[ wm v oo (4.4

for anyt > s> 0.

Tt suffices to choose ¢ such that g(z) = ¢, exp(—|z|) for |z| > 1, where ¢, is the normalization constant.
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Proof. First, note that, by the definition of the quantiles,
T (VA XL X)) =0,

where Y™ : R™1 5 R is the smooth function

YO (v, 21, ey Ty, Z/ g (y — ;) dy — a.
6'I‘an€

Since 5 (v, 1, ..., Tn) = %Z?:l ge (v —x;) > 0, by the implicit function theorem there
exists a countable set of balls B (z;,r;) € R" j > 1 such that {J,5, B (z;,7;) = R" and a
countable set of smooth functions Q*™7 : B (x;,r;) — R such that

‘/ta,n,e _ Qa,n,e,j (th, ’th) , if (th, ,th) €eB (xjvrj) .

In particular it follows that V,*™° is a semi-martingale. This fact allows us to deduce the
evolution equation for the semimartingales V,*™. By applying the generalized It6 formula
(see, for example, Kunita [3]) we have

0 = dYo™ (V"™ X/},..,X}")

8’ra,n,e n 8 a,n,e .
= Vo Xy s X7) dVS + Vo XY, XP) dXT

ov ( t t t ) t Z an ( t t t ) t

182Ta7”75 a,n,e n a,n,e 1 - a2’ra,n,e a,n,e n i
+§ o2 (Vo™ X, XT) d(V ™), + 52 92 (V™ X} o, X)) d(X),

j=1 J
- aTane a,m,e n a,mn,e )
W X ) V7,

which implies that

n

nye 1

0 = Ut (V;a,n,e) dv;a,n,e - ; Z f ()(g7 ‘/ta) g (V;a,n,e . Xt]) dt
j=1
i ZO- ng Va QE (VaTL,E — Xt]) th — %ZO‘ (ng V;a) qe (‘/ta,n,e . Xg) ng
j=1

S (X L (Vi X S () g (v )
Jj=1 j=1
1 - a,n,e j a,n,e 1 - a,n,e j 7 a a,mn,e
+%Zq2(vf’ = X7) Ve = =S g (V= X ) o (X, V) AW, Ve,

Jj=1

X 5 X 7 (KL A (e,
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From this identity it follows that

¢ 1
[ eunse _ /
< >t 0 U?76 (Vvsa,n,e>2

1
n
+/t; iZa—(Xf V) g (Ve — X9)? | ds
0 n,e (V;a’n’e)Q n2 ERE] s s

2
o (X9,VE) g, (Vame - Xg)> ds

t 1 1<
a,n,e _ - j « a,n,e j
<W, V >t - /(; 'U?’E (‘/;a,n,e> n p o (X V. ) (‘/; X )) d
<Bz‘ Va,n,e> _ /t 1 15_ (Xj Va) q (Va,n,e _ Xj) dS
) t 0 U;L,e (Vvsa,n,e>n ERAR] € S s
Therefore
an,e 1 En : J «a ane 3
d‘/; - ’I’L’U?’E (V;oz,n,e) — f (Xt ) V;& ) Qe (V; Xt) dt
IR SR o S oS ame _ yi
"‘nvf,e (V;oc,n,c) ]z:; a (Xt ) ‘/t- ) Qe (‘/t Xt) th
; - o~ -7 @ a,m,e _ J ]
i L ) 07— )
_ 1 - _2 J o4 2 J [e% ! «,M,€ _ j
2’/?,?}?’6 (V;a,n,E) ;:1 (0 (Xt ) V;f ) +o (Xt ) ‘/t ))QE (‘/t Xt) dt
1 - ! a,ne 3 a,n,e
Inu’e (V;a,n E) E q. (V; Xt) d<V >t

1 a,mn,e j 7 « a,mn,e
+ché (Ve = XY) o (X3, V) d(W, Vere),

Z (Vo — X)) o (XL, V) d (B, vene), (4.5)

Observe that the term W o f (th7 V) g (Vo™ — th) is bounded by [|f||uc, the

supremum norm of f, with similar bounds holding for the second and the third term in (4.5)
and for the terms appearing in the expression for (V*™€),, (W, V@), (B, V™€) = The

term
n

T — ";(x) D (@ (2, V) + 0 (2, V) d, (x — X7)

2nv,” ;
Jj=1

is uniformly bounded by 1(||5||*+||o||?) following property (4.3) of the function ¢. A similar
bound can be proved for all the remaining terms in (4.5) are uniformly bounded on compacts
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as inf,, inf,c[s 4 05 (x) is strictly positive on compacts (using the tightness of the sequence
v"™) and 7, 0, and ¢/ are bounded. Using these bounds, we take the limit in (4.5) as n tends
to infinity to obtain that

we 1 z, V2 g x
e = i ([ 1@V eV oy ) a

b ([ o @V a0 =y utan) ) aw,

o T ( @ @ V) + 0 @ Vo (v — ) (d@) it

_W (/R ¢ (Vo — 2) 0, (d:c))

1 2
e ( [ @ vma e —an (dx)) i
v (Vi)™ \Ur

+m (/R ¢ (V=)o (z, V) v (dx))

xm ( /R o (2, V) g (VE — 2) v, (dx)) dt (4.6)

Next since vy(x) = lime_, v{ (z) as € tends to 0, it follows that V,* = lim,_,o V™. Following
from Corollary 2.1 and the boundedness of both v,(z) and 8% [v.(z)] on sets of the form
[s,t] x [—k, k] , we can take the limit in (4.6) as € tends to 0 to obtain that

1 0

a a o « « d -

(@ (2, Vi) + o (2, Vi*))ui(w)]

=V
1 2 for a 9 O-(‘/ta7‘/;a) 0 fo"
2o v ViV gy o)) x:vtadt+ ot Ve) Bz 1 V)] x:Vtadt
which gives (4.4). O

Remark 4.2 See also [8] for the equation (4.4).
Remark 4.3 Under additional assumptions on the initial distribution of X (for example if

the distribution of Xy is absolutely continuous with respect to the Lebesgque measure and its
density is twice continuously differentiable) one can show that (4.4) holds true also for s = 0.

5 Application to nonlinear filtering

Let (2, F, P) be a probability space on which we have defined two independent d-dimensional,
respectively m -dimensional standard Brownian motions B = {(Bf)?zl ,t > 0} and W =
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{(W})",,t >0} Let (X,Y) be the solution of the following stochastic system
t t t
X = X0+/ f(Xs,Ys)dS—l—/ 5(X3,Y;)dWs+/ o (Xs,Ys) dBs
0 0 0

t t
Yo = [ heevodss [keoaw.
0 0

Let FY be o-field generated by the process Y and m; be the conditional distribution of
X; given the o-field generated by the process Y. We show that m, charges any open set.
Moreover, under additional conditions, we show that it is absolutely continuous with respect
to the Lebesgue measure on R? and has a positive density. Here are the required conditions:

F1 f:RIXxR™ R A:REXR™ 5 R™ 0:RIxR™ - R™ x R? and & : RY x R™ —
R?x R% are continuous functions, uniformly Lipschitz in the first argument. We assume
that &is positive definite, £ : R™ — R™ x R™ is invertible, k~! is bounded and
ck7'h : R x R™ — R? is a continuous functions, uniformly Lipschitz in the first
argument. The random variable X has finite second moment.

F2 f, ok7'h, o and & are continuously differentiable in the first component.

We have the following

Corollary 5.1 Under assumption F1, there exists a set QerF of full measure such that for
every w € Q, 7y charges any open set. Moreover under assumptions A1+A2, there exists
aset Qe F of full measure such that for every w € ﬁ, ¢ 1s absolutely continuous with
respect to the Lebesque measure and the density of mf with respect to the Lebesgue measure
18 positive almost everywhere.

Proof. Let Z = {Z;,t > 0} be defined as

Z, = exp (-/Ot (k7 (Ya) h (X, Y2)) " dW,

—%/0 (B (Ve h (X, V)| (K7 (Ya) h (X, Y2)) ds) :

Under condition F1, Z is a martingale. Consider the probability measure P absolutely
continuous with respect to P defined as

dP

il R
dP t

Fi

Then, by Girsanov’s theorem, the process W= {Wt,t > O} defined by
__ t
m:m—/kﬂmwxst

0
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for ¢+ > 0 is a Brownian motion under P independent of B and, by Kallianpur-Striebel’s
formula,

E [90 (Xt) |-7:tY] - E [SO(Xt) Ctlﬂy] ) (5.1)
where Ct = W and
t t A¢ t
X =Xp +/ (f + Uk_lh) (Xs,Ys)ds +/ o (Xs,Ys) dWs +/ 7 (X, Ys)dBs.

0 0 0

We note that, under 15, Y satisfies the SDE

t o~
n:/kmmm,
0

hence

__ t
msz*mMn
0

1.7,

and in particular F} = FtW’Y for all t > 0. From (5.1) we obtain that as in (2.3) that
e 2 v
@ (Xi(2)) My (2) —— | Fy | dz

m(o)= [ B =

where M,(z) is the martingale defined in (2.2). The analysis then proceeds in an identical
fashion to that in the proofs of Theorems 1.1 and 1.2. O

Remark 5.2 Note that we cannot apply the results of the Theorems 1.1 and 1.2 under the
original measure P as the Brownian motion B is not independent of Y under P.
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A Appendix

A.1 Convergence of sequences of exchangeable families.

Let S be a complete, separable metric space. A family of S-valued random variables
{&1,...,&n} is exchangeable if for every permutaion (o4, ...,0,) of (1,...,m), {&, ..., &}
has the same distribution as {&1,...,&n}. A sequence &, &, . . . is exchangeable if every finite
subfamily &;,...,&,, is exchangeable.

Theorem A.1 (deFinetti) Let &,&,... be an exchangeable sequence of S-valued random
variables. Then there is a P(S)-valued random variable Z such that

1 m
== lim — O,
m%oomzl &

1=

and, conditioned on Z, &1,&s, ... are iid with distribution Z, that is, for each f € B(S™),
m=12,...,

E[f(&, .-, &m)IE] = (f,E™).

We will refer to = as the deFinetti measure for &;,&s, . . ..
Proofs of the following lemmas can be found in the Appendix of [2].

Lemma A.2 Forn=1,2,..., let {{7,...,£}, } be exchangeable, S-valued random variables.
(We allow N, = 00.) Let Z" be the corresponding empirical measure,

1 Ny,
=n _ E "
- "~ N, O
=1

where if N,, = 0o, we mean

Assume that N, — oo and that for each m = 1,2,..., {&,...,&"%} = {&, ..., &m} in
S™. Then {&} is exchangeable and setting £ = so € S fori > N,, {=Z",&,&0 ...} =
{E,&,&,...} in P(S) x S, where = is the deFinetti measure for {&}. If for each m,
{60, ...,&" = {&, ..., &n} in probability in S™, then E" — = in probability in P(S).

The converse also holds in the sense that Z" = = implies {&}', ..., & = {&1, ..., &m}-

We are interested in applying the above lemma in the case S = Dg[0,00). In that
setting, in addition to the P(Dg|0, 00))-valued random variables =, it is natural to consider
the P(FE)-valued processes

1
=1

(where N,, may be infinite) which will have sample paths in Dp(g)[0, c0). Unlike Z,, conver-
gence of Z,, is not always assured.
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Lemma A.3 Forn=1,2,..., let X" = (X7,..., X} ) be exchangeable families of Dg[0, c0)-
valued random wvariables such that N, = oo and X™ = X in Dg[0,00)®°. Define E, =
N%L vaz"l oxn € P(Dgl0,00)), E = limy, 500 LN Ox,, Zy(t) = Nin vaz"l dxn) € P(E), and
Z(t) = limmﬁoo % ZZZI 5Xi(t)-

a) Let Dz = {t: E[={z : z(t) # =(t—)}] > 0}. Then forty,...,t; ¢ D=,
(Bny Zn(t1), ..., Zn(t) = (B, Z(t1), ..., Z(t1)).

b) If X" = X in Dg=[0,00), then (X", Z,) = (X, Z) in Dgeyxpm)[0,00). If X" = X in
probability in Dg=[0,00), then (X", Z,) — (X, Z) in probability in Dgepr)[0,00).

Remark A.4 a) The set Dz is at most countable.

b) If for i # j, with probability one, X; and X; have no simultaneous discontinuities,
then D= = () and convergence of X™ to X in Dg[0,00)> implies convergence in Dge|0,00).
In particular, this conclusion holds if the X; are continuous.

c) If {X™} is relatively compact in Dg=[0,00), then {(X™, Z,)} is relatively compact in
Do p(r)[0,00).

Lemma A.5 If X = (X1, Xy,...) is an exchangeable sequence in Dgl0,00), then Z is con-
tinuous if and only if for ¢ # j, with probability one X; and X; have no simultaneous
discontinuity.

A.2 Convergence of quantiles

For 0 < a < 1, and for p € P(R), define ¢,(u) = inf{z : p(—o0,z] > a}. Note that u is a
point of continuity for g, if and only if p(ga (), ga(p) +€) > 0 and p(ga (1) — €), (1)) >0
for every € > 0.

Lemma A.6 Let {Y,} be a sequence of P(R)-valued random variables such that Y, = Y.
Suppose that with probability 1, the measure Y charges every open set. Then qo(Y,) = ¢a(Y)
for each 0 < a < 1.

Proof. The lemma follows by the continuous mapping theorem. 0]
Lemma A.7 Suppose z € Dpw)[0,00) and for each t > 0, z(t) and z(t—) charge every open
set. Then if 0 < o <1 and z, — z in Dpw)[0,00), ¢a(2n) = ¢a(2) in Dgr[0,00).

Proof. The lemma follows by Proposition 3.6.5 of Ethier and Kurtz [1] and the continuity

properties of q,. O
The continuous mapping theorem gives the following.

Lemma A.8 Suppose {Z,} is a sequence of processes in Dpw)[0,00) such that Z, = Z.

If, with probability 1, Z(t) and Z(t—) charge every open set for all t, then for 0 < o < 1,
Ga(Zn) = qu(Z2).
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A.3 Convergence of random measures

The following results are from Kurtz [4]. Let £(S) be the space of measures p on [0,00) x S
such that 1([0,%] x §) < oo for each t > 0, and let £,,(S) C L(S) be the subspace on which
u([0,t] x S) =t. For p € L(S), let u* denote the restriction of u to [0,¢] x S. Let p; denote
the Prohorov metric on M([0,¢] x S), and define p on L(S) by

o) = [ e LAt )i
0
that is, {p,} converges in p if and only if {u!} converges weakly for almost every t.

Lemma A.9 A sequence of (L,,(S), p)-valued random variables {I',} is relatively compact
if and only if for each ¢ > 0 and each t > 0, there exists a compact K C S such that
inf,, E[[',([0,t] x K)] > (1 — €)t.

Lemma A.10 Let {(z, tn)} C Dg[0,00) x £(S), and (2, 1) — (z,1). Let h € C(E x S).
Define

un(t) = /[ M) wls x ), () = /[ Moy x

zn(t) = pa([0, 2] X 5), and z(t) = p([0,¢] x S).
a) If x is continuous on [0,t] and lim,,_, 2,(t) = 2(t), then lim, o u,(t) = u(t).

b) If (X, Zny pin) — (2,2, 1) in Dpyr[0,00) X L(S), then (x,, 2n, Un, pin) — (T, 2,u, 1) in
Dgy«rxr[0,00) x L(S). In particular, lim, . u,(t) = u(t) at all points of continuity of
z.

c) The continuity assumption on h can be replaced by the assumption that h is continuous
a.e. vy for each t, where v, € M(E x S) is the measure determined by vy(A x B) =
p{(s,y) 1 z(s) € A,;s <t,y € B}.

d) In both (a) and (b), the boundedness assumption on h can be replaced by the assumption
that there ezists a nonnegative convex function ¥ on [0,00) satisfying im, ., ¥(r)/r =
oo such that

sup / B(|h(n(5), 9)]iin(ds X dy) < o0 (A1)
[0,t]x.S

n

for each t > 0.
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A.4 Measurability and positivity of random functions given by
conditional expectations
Lemma A.11 Let (2, F, P) be a complete probability space, E a complete, separable metric

space, and {F,,x € E} a collection of complete sub-o-algebras of F. Suppose that for each
A € F, there exists a B(E) x F measurable process X 4 indexed by E such that for each x,

P(A|F,) = Xa(z) a.s.

Then for each bounded, B(E) x F-measurable process Y there exists another B(E) x F-
measurable process Y such that

E[Y(z)|F] =Y(z) a.s.

Proof. If Y (z) = 15(z)14 for B € B(E) and A € F, then Y (z) = 15(z) X () satisfies the
requirements of the lemma. Since {B x A: B € B(E), A € F} is closed under intersections
and generates B(E) x F and the collection of Y for which the conclusion of the lemma holds
is closed under bounded monotone increasing limits, the lemma follows by the monotone
class theorem for functions. (See Theorem 4.3 in the Appendix of Ethier and Kurtz [1].) O

Lemma A.12 Suppose that the conclusion of Lemma A.11 holds and that'Y is B(E) x F-
measurable and strictly positive. Then Y can be taken to be strictly positive.

Proof. Let A = {(z,w) : Y(z,w) > 1} and 4, = {(z,w) : 27" < V(z,w) < 270"V},
n=1,2.... Then UX A, = E x Q, and we can assume that F[14,|F,] > 0 for all (z,w).
Note that

1= HILIEOZ El|F:] as.
k=0
for all z. If necessary, we can replace E[14,|F,] by

n n—1
LAY E[la|F]—1AY E[ls]|F]

k=0 k=0
to ensure Y- E[14,|F,] <1 and then replace E[14,|F,] by
1= E[14,|F]
k=1

to ensure > oo, E[14,|F,] =1 for all (z,w). Then

D 2 E[14,|F) <Y (2) as.

n=0

and we can replace Y (z) by Y (z) V Yo 02 "E[14,|F,] to be assured that 17(:1:) > 0 for all
(z,w). O
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