In this paper we will consider a deterministic Navier-Stokes equation

(1.1)

ON QUANTIZED STOCHASTIC NAVIER-STOKES

EQUATIONS

R. MIKULEVICIUS AND B. L. ROZOVSKII

ABSTRACT. A random perturbation of a deterministic Navier-Stokes
equation is considered in the form of an SPDE with Wick type non-
linearity. The nonlinear term of the perturbation can be characterized
as the highest stochastic order approximation of the original nonlinear
term uVu. This perturbation is unbiased in that the expectation of a
solution of the perturbed/quantized equation solves the deterministic
Navier-Stokes equation. The perturbed equation is solved in the space
of generalized stochastic processes using the Cameron-Martin version
of the Wiener chaos expansion. The generalized solution can be ob-
tained as a limit or an inverse of solutions to corresponding quantized
equations. It is shown that the generalized solution is a Markov process.

1. INTRODUCTION

Orug (tv .%') = 0; (aij (tv .%') 8qu (ta l’)) -
fulg (t,z) Opug(t,x) + VP (t,x) + £ (t,x),

u (0,z) = w(z),div ug =0,

and its stochastic perturbations:

(1.2)

v (t,x) = 0; (a (t,x)05v (t,3)) —
VP (t,2) Opv(t,x) + VP (t,x) + £ (t,2) +
[oi(t, )0V (t,x) + g (t,2) — VP (t,2)]W,

v(0,z) =w(z),divv =0,
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and
O (t,z) = 0; (a (t,x) Oju(t, x)) —

ub (t,2) Oopu(t,z) + VP (t,z) + f (t,2) +
(1.3) ) .
[oi(t,x)0nu (t,x) + g (t,x) — VP (t,2)|W;,

u(0,z) =w(z),divu=0,

where 0 < t < T,z € Rd,d > 2, W, is a cylindrical Wiener process in a
separable Hilbert space Y, the coefficients a”/, ¢ and the functions f, g are
deterministic, o’ and ¢ are Y-valued, and u{v denotes the Wick product.
Technically, replacement of problem (1.2) by problem (1.3) amounts to re-
placement of products of random elements by stochastic convolutions, such
as Wick products/Skorokhod integrals ([24], [10], [14] and Section 2.2.1). In
the literature on quantum physics, procedures of this type are often called
stochastic quantization (see e.g. [21],[9],[3]). Equations subjected to the
stochastic quantization procedure are usually referred to as quantized.
The standard properties of the Wick product imply that

(1.4) E (uk (t,x) QOOku(t, m)) = Eu” (t,z) Op(Fu(t, z)).

Therefore, the expectation of a solution of (1.3) is a solution of the de-
terministic Navier Stokes equation (1.1). Thus, equation (1.2) is an unbi-
ased random perturbation of deterministic Navier-Stokes equation (1.1), in
that Fu(t,z) = ug (t,z). This important property does not hold for the
stochastic perturbation (1.2) or other standard stochastic perturbations of
Navier-Stokes equation.

Stochastic Navier-Stokes equation (1.2) is reasonably well understood and
there exists substantial literature on its analytical properties as well as its
derivation from the first principles (see e.g. [18], [19] and the references
therein). In this paper we will be focusing mostly on equation (1.3).

Burger’s equation with Wick product was considered in [5], [7], see also
references therein. The analysis in these papers was based on the Ito white
noise expansion and S-transform in the Kondratiev’s space S_; of general-
ized stochastic random variables. Wick type SDEs have been introduced in
[4], [10] (see [7] as well).

DaPrato and Debussche (see [2]) have investigated stochastic Navier-
Stokes equation in R? with another version of Wick product in the nonlinear
term. The version of the Wick product used in the aforementioned paper
was based on an associated invariant distribution. In the setting of [2],
the Wick-type nonlinear term differs from the classical one by an additive
constant.
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It was shown in [19] that under reasonable assumptions stochastic Navier-
Stokes equation (1.2) has a square integrable solution. Moreover, this solu-
tion can be formally written in the Wiener chaos expansion form:

v (t,x) = ZVO‘ (t,2)&aq,

where {&,, @ € J} is the Cameron-Martin basis generated by Wy, v, (t, ) =
E (vo (t,z) &), and J is the set of multiindices a« = {a, k > 1} such that
for every k, a, € N and |of =), a < oo.

It was shown in [19] that v, (t,x) := E (v(t,x) &, ) satisfy the propagator
equation:

(1.5) )
Ova (t,z) = 0; (a”ajva (t, l‘)) o

Zp Zoggga C(Oé, ﬁap) (Vﬁ-i-pa V) Va-l—P—ﬁ (ta 1:) - VPO! (t? :L‘) + f (tv :L‘) I{|a\:0}+

>k VRO OV (t ) — VP, (t,x)+ Ifja|=118]; div v = 0,

where a(k) = (a1, a2, ...ap—1,ap — 1, ag41,...) and

wmn=[() () ()]

One advantage of the Wiener chaos representation is that it provides
convenient formulae for computing statistical moments of the random field
u(t, x) (see [18], [19]). For example,

Eu'(t, ) = uj(t, =),
E (ui(t? x)uj (t, y)) = Z|a|<oo ué(t, :L')ué (ta y)v

E (ui(s, z)’ (t,y)u! (r, z)) =
S e Sopans (P! (@ = D)1 (B = p)) ™ ul, (s, )uly(t, y)udy, 5y, (r,2)

Now, let us consider equation (1.3). Equation (1.3) could be viewed as
an approximation of equation (1.2). Indeed, it is a standard fact (see [21],
[6], [7]) that

(1.6) 6085 = V(a + B alFleass

while

(1.7) £aép = £a083 + Z K&y
y<a+p8

where r, are constants. Therefore, £,0&3 is the highest stochastic order
approximation of {,{3 and, respectively, uOVu is the highest stochastic
order approximation of uVu.
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The coefficients of a formal WCE for a solution of equation (1.3) are given
by

Opuy (t,x) = [0; (aijajua (t,x)) —
(1.8)  Xocpca\/(5) (amp, V) ug (t,2) — VP (t,2) + £ (t,2) I{ja=0)

+ Zk ,/ak[ai&»ua(k) (t, l’) — Vpa (t, x) + I{|a|:1}g]; div u, = 0.

Clearly, this system of equations is much simpler than equation (1.5). If
a = 0, then uy(t,x) is a solution of deterministic Navier-Stokes equation
(1.1). The remaining components are governed by Stokes equations and
could be solved sequentially. From the computational point of view this is
a substantial advantage. Indeed, the propagator for equation (1.2) is a full
nonlinear system while for equation (1.3) is a bi-diagonal system and only
the first equation of this system is nonlinear.

It is not clear how, if at all, the quantized Navier-Stokes equation fits into
classical Fluid Mechanics. Nevertheless, equation (1.3) is ”physical” in that
it could be derived from the second Newton law (under appropriate assump-
tions on the velocity field), much the same way as the classical Navier-Stokes
equation (see Appendix II).

The main disadvantage of equation (1.3) is that (u* (t) 0d,u(t),u (25))L2 #
0.Therefore, one could not expect that a solution of (1.3) is square integrable.
This effect is not specific to stochastic Navier-Stokes equation. In fact, it is
common for a large class of stochastic bi-linear PDEs (see e.g. [12], [13]).

In this paper we consider the equation (1.3) in the class of formal Wiener
chaos expansions and show that a formal series

(1.9) u(t,z)= > us(tz)a

|a|<oo

solves (1.3) if and only if u, (t, z) are given by equation (1.8). To make this
solution square integrable we rescale it by ways of the procedure often called
second quantization (see Appendix I). We show that u(¢,z) is the limit of
square integrable solutions of the rescaled equations.

Convergence of this solution is determined by a system of positive weights
{ra}jaj<oo such that

110 k= 3D B fua (B0, e <

|| <00

In this paper we establish existence and uniqueness of a generalized so-
lution of equation (1.3) in Sobolev spaces Hy N H? for p > d. We also
demonstrate that the uniqueness holds under the same assumptions that
guarantee uniqueness for the deterministic version of this equation. In order
to show that u(t,x) belongs to the Kondratiev’s space S_; of generalized
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stochastic random variables, the Catalan numbers (see [22], [8]) are critical
for an appropriate choice of the weights r,, in (1.10).

Although &, in (1.9) are not (F}")-adapted, we prove that the generalized
solution is (F}V)-adapted and Markov. Also, it is established that the gen-
eralized solution does not depend on the choice of the basis in L([0,77],Y)
which is implicitly included in the WCE.

2. GENERALIZED RANDOM VARIABLES AND PROCESSES

2.1. Wiener Chaos. To begin with, we shall introduce some basic notation
and recall a few fundamental facts of infinite-dimensional stochastic calculus.
Let us fix a separable Hilbert spaces Y and H = Ly([0,7],Y). Let {¢;,i >
1} be a complete orthonormal basis (CONS) in Y and{m;,i > 1} be a
CONS in L2 (0,T). Denote by B the class of all CONS in H of the form
{ex = er(s) = my, (s)lk, } and such that for each k, supy<s<p |mi(s)| < oc.
Obviously, for each k, supg<s<r |ex(s)ly < oo. Let us fix a CONS b =
{ek,k21}66. o

Let (92, F,P) be a probability space with a filtration F of right continuous
o-algebras (F¢):>0. All the o-algebras are assumed to be P-completed. Let
W (t) be an F-adapted cylindrical Brownian motion in Y, i. e.,

W(t) = wi(t)l,
k=1

where {wy, (t),k > 1} is a sequence of independent standard one-dimensional
Brownian motions in (2, F,P). We write W (ex) = fOT er(t)dWy. For e, =
ex(s) = M, (5)lky,

T T
W(ex) = /0 ex(H)dW, = /0 g, (E)dwn, (2),

and
(2.1) W(t) = Z(/ er(s)ds)W(eg),0 <t <T.
k=1 70

Let a = {ag, k> 1} be a multiindex, ie. for every k, ap € N =
{0,1,2,...}. We shall consider only such « that |a| = Y, ar < oo, ie.,
only a finite number of oy, is non-zero, and we denote by J the set of all
such multiindices. For o, 8 € J, we define

a+B=(a+pr,a2+ fo,...), al= Hozk!.
k>1

By e}, we denote the multi-index a with o, = 1 and a;j = 0 for j # k. Write

(2.2) a(k)=oa—¢g

For each multi-index « of length n we relate a set K, whose elements are
positive integers k;,7 = 1,...,n, such that each k is represented there by
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ag-copies. To proceed further, we need a description of a multi-index o with
|a] = n > 0 based on its characteristic set K, that is, an ordered n-tuple
Ko ={k1,...,kn}, where k; < ky < ... <k, characterize the locations and
the values of the non-zero elements of . More precisely, k; is the index of
the first non-zero element of «, followed by max (0, ag, — 1) of entries with
the same value. The next entry after that is the index of the second non-zero
element of «, followed by max (0, ax, — 1) of entries with the same value,
and so on.

For an orthonormal basis {ex,k > 1} in Ly ([0,7],Y) and o € I with
Ko ={ki,...,ky}, we denote

(2.3) E, = Z Chyay @ - ® €k, ), xE 7,
oegn
where G" is a permutation group of {1,...,n}. The set

Eq
(2.4) {ea:\/m,ael}

is a CONS for the symmetric part of H®",

For a € J, write Mo = [[10 Ha, (W (ex)), where H,, is the n'* Hermite
polynomial defined by H,(z) = (-1)¥ (d”e_m2/2/d:c”) /2,

Write &, = Ho/Va!. For |a| = n,

(2.5) o = V]a[W (ea),

where

T Sn S92
(2.6) W(eq) = / / e / ea(Sty ..., 8n)dWs, ...dWs, .
0 0 0

If a = ¢, then

T
(2.7) W(ee,) = W (ex) = /O ex (H)dWV,

Theorem 1 (Cameron and Martin [1]). The set E = {{, = &q(b),a € T}
is an orthonormal basis in Lo (Q,P). If X is a Hilbert space and n €

Ly (Q,P;X) and 1o = E(néa), thenn =3 c 7 Naa and Enl? = > oweT n2.

The expansion 7 = 7o is often referred to as Wiener chaos ex-
pansion.

Remark 1. The basis &, € T, can be obtained by differentiating stochastic
exponent. Let Z be the set of all real-valued sequences z = (z) such that
only finite number of zj, is not zero. For o € J, denote 0% = I1;,0% / (Dzy)™*
and let
e, =ey(t) = szek(t),o <t<T,
k
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(2.8) pi(2) = pi(er) = pi(z,b) = exp {/0 e.(s)dWs — ;/0 \ez(s)%/ds} ,
p(z) =pr(z),z€ Z,0<t<T.

It is a standard fact (see, for example, [16]) that Ho = 02p(2)|2=0,&a =
Hao/Val. Since p(2) is analytic, it follows by (2.5),

(29 s =pb)= Y e 3o (e,

2.2. Generalized random variables and processes. Let b €5, and &, =
€a(b),a € Z. Let

«

D =D(b)= {v = Z Voo : Vo € R and only finite number of v, are not zero} .

Definition 1. A generalized D-random variable with values in a convex
topological vector space E with Borel o-algebra is a formal seriesu =), uaa,

where ug € E, &y = £a(b), andb = {ex, k > 1} € Bis a CONS in Lo([0,T],Y).

Denote the vector space of all generalized D-random variables by D' =
D'(b) = D/(b, E). The elements of D are the test random variables for D'.
We define the action of a generalized random variable u on the test random

variable v by
(u,v) = Zvaua.
(03

For a sequence u" € D' and u € D', we say that u"” — u, if for every
veD,
(u,v") = (u,v).
This implies that v =) uléy — u =), usé if and only if u) — u, as
n — oo for all a.

Remark 2. Obviously, ifu =", uséa € D'(b, E), F is a vector space and
f:E — F is a linear map, then

flu) =" f(ua)éa € D'(b, F).

Definition 2. a) An E-valued generalized D- process u(t) in [0,T] is a
D'(b, E)-valued function on [0,T] such that for each t € [0,T]

u(t) =3 ua(t)fn € D' (b, E);

and us(t) are deterministic measurable E-valued functions on [0,T]. We
denote the linear space of all such processes by D'([0,T],b, E).

Remark 3. If there is no room for confusion, we will often say D-process
(D-random variable) instead of generalized D-process (generalized D-random
variable).
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If F is a normed vector space, we denote
Li(D'([0,T],b, E))

T
~ {u(t) = Zua(t)ga e D/([0,7],b, E) : /0 o (8) et < o0, a € T}.

For u(t) = >, ua(t)éa € L1(D'([0,T],b, E)) we define fo s)ds,0 <t <T,
in D'([0,7],b, E) by

/Otu(s)ds = Z (/Ot ua(s)d5> €0, 0 <t <T.

[e7

If u(t) =Y, ua(t)éa and uy(t) are differentiable in ¢, then

Sty = it) = > (b

Example 1. A cylindrical Wiener process Wy, 0 < t < T, in a Hilbert
space Y, and its derivative dWy/dt = Wy are generalized Y -valued stochastic
processes. Indeed, by (2.1),

Wt Z/ dS€5k70<t<T
and
t .
Wt = / WSdS,
0
where

Wy = en(t), ,0<t <T.
k

2.2.1. Wick Product and Skorokhod Integral.
Definition 3. For {,, &g from Z, define the Wick product

(o + )
(2.10) §a0&p = < ol )€a+5'
In particular, taking in (2.10) a = ke; and § = ne; we get
(2.11) H(&)0Hn(&) = Hiyn (&)

For a Hilbert space E and arbitrary v = ) | vaéa and u = > uaéy in
D' (b, E), we define their Wick product as a D-generalized real valued random
variable given by

ol
(2.12) vOu = UB, Va—B)E\| Ay avyba € D'(b,R).
2 2 o)y iy
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Skorokhod integral assigns to v € Li(D/([0,7],b,Y)) a generalized ran-
dom variable 6(v) € D' (b, R) such that

T
) = [ v(s)aWs = 3D 50)ater
where
T
5(0) = Yo var [ (vag (b en(0), dt.
k 0

and «a(k) is given by (2.2). Let §;(v) be a process in D' ([0,7],b,Y) such
that

t
5,(v) = / V(5)AW, = 6 (1) = 3 0u(0)abar0 < < T,

0 (0%

where
t
0t(V)o = Z \/ak/o (va(k)(s), ek(s))y ds.
k

Since W; = 3, en(t)&.,, it follows by (2.12) that

v OWe =D > (Va (1), ex(t)y varka,
a  k

and

T t
d(v) = / v OWy dt and 6;(v) = / v(8)OWds.
0 0

Remark 4. Skorokhod integral is an extension of the Ité integral'.

Proof. Indeed, if u(t) = ), ua(t)éq is F-adapted Y-valued such that

T
E/ lu(t)|3dt < oo,
0
then v = fOT u(t)dW (t) = >, vaa is square integrable. By Ito formula for

the product of fg u(s)dW (s) and stochastic exponent p;(z) from Remark 1,
we obtain

T T
Eup(z) = E /0 w()dW (D)pp(z) = /0 Elpi(2)(u(t), e (£))y]dt

T
- /0 Elp(2)(u(t), e-(1))y)dt, z € Z.

lof course, this statement is well known. However, the proof given here is short and
straightforward.
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So,

ol o ool
0 Ep Zak / O Ep(eut), ex(t))y]dt and

Zoc(k

A Evp(2) T
%_Mm49gfkﬁ_ZAV@mM@ﬂ@Mﬁ
k

3. QUANTIZED NAVIER-STOKES EQUATION
For T > r > 0, let us consider the following Navier-Stokes equation:

o (t,z) = 0; (a (t,x) dyu(t,z)) + b'(t,z)0u(t, z)—

uf (t,2) O0pu(t,z) + VP (t,z) +f (t,2) +
(3.1)
[0 (t, 2)du (t, ) + g (t,z) — VP (t, )] OW;, divu =0,

u(r,z) =w(x).

The unknowns in the equation (3.1) are the functions u = (ul)1<l<d, P, P.
It is assumed that a¥, b, f = ( fi) ,W = (wl) are measurable deterministic
functions on [0, 00) x R%, and the matrix (aij ) is symmetric. Let us assume
also that o', g = (gz) be Y-valued measurable deterministic functions on
[0,00) x R4,
In addition, we will need the following assumptions.
A1l. For all t > 0,2 € RY,
KI\? > a X\ > 8|\
where K, ¢ are fixed strictly positive constants.
A2 Forallt>0,z,\ e RY,
2 .. . .
> (10%a | + 107 | + |07 o'y )| < K.
k=0
A3. The functions f(¢,z),p(z) and g(¢,x) are measurable deterministic,
p > d, and for all ¢t > 0,

t
/0 (£, + E()F 2 + I8 (r)I, + 18(r)[3 pldr < oo,
\w|172p + |w|172 < 00.
We will seek a solution to (3.1) in the form

=3 ua(t)éa € D/((0,T], bH), p > 2.
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In this case, denoting by P(v) the solenoidal projection of the vector field
v, we can rewrite (3.1) in the following equivalent form:

Opu (t,z) = Plo; (a¥ (t,x) Oju(t,x)) + b'(t,z)0u(t, z)—
uF (t,z) Opu(t, z) + £ (t, )]+

(3.2) .
Ploi(t,x)0u (t, ) + g (t,2)]OW;, divu =0,

u(r,z) =w(x).

Definition 4. Given w = (w') = Y wa(z)éa € D'(b,H2) and r < T, a
generalized D-process u(t) = Y, ua(t)a € D'([r,T),b,H2) is called D-H,
solution of equation (3.1) in [r,T], if for each o, uq(t) is strongly continuous
m t,

/ " faas)1, ds < oo,
and the equality
u(t) =w+ [' Pl (r) 00 (r) +
(3.3) 0i(ad (r)0ju (r) )+bi (¢, 2)dsu(t, ) + £(r)]dr+
[EPlo*(r)pu (1) + g(r)]OW,dr.

holds in D(b,HIZ)(Rd)) for every r <t < T. If an H-solution in [r,T] is
also Hy-solution in [r,T], we call it Hj N H-solution in [r, T].

Applying Remark 2 and definition of the Wick product we obtain the
following statement.

Lemma 1. Assume A1-A8 hold, p > 2. Then u(t) = >, ua(t)én €
D'([r, T],b,HIQ,) is an D—Hg solution in [r,T] if and only if for each a €
Ir<t<T,
(3.4)

Uy (t,2) = wo(x) + f:[@z (a’j (s, ) Ojuq (s,x)) +b'(s, 2)0un (s, )~

Y ca (:)ug_ﬂy (8,2) Opuy(s,2) + VP, (s,2) + £ (s,2) Lo—o|ds+
+ frt Zk \/@[(Up(sv x)v ek(s))Y 8pucv(k) (57 'T) + 1|a\:1g (37 x)

-V (Pa(k) (s,x) ,ek(s)>y]ds, div u =0,
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or, equivalently,

o () = Wa(z) + [ Pl0; (a7 (5,7) Ojua (s,2)) + b (s, 2)0ua(s, ) —
+2<a (’;‘)u’;_w (s,@) Opuy (s, ) + £ (s, 2) La=o]ds+

+ f: Zk \/OT]C,P[(UP(S? iL'), ek(s))Y apua(k) (87 x) + (g (57 {L‘) ) ek(s))Y 1|0¢|:1]d$7

div u, = 0.
Remark 5. a) If a = 0, the zero term uq(t,z) = uo(t,z) of an D-H

solution in [r,T)] satisﬁes Navier-Stokes equation:

u (t,x) = —}—f i (a9 (s, @) Ojug (s,2)) —
(3.5)
—uf (s,2) Opug(s, ) + VP (s,z) + f (s,7)]ds, divug =0,

For the remaining components we have to solve Stokes equations. For
example, denote €; the multiindex o such that oy = 1 and the remaining
components are zeros. Then for u.,,

Uy, (ta .T) =Wg, + frt[al (a’ij (va) ajuil (S,I‘)) -

—uf (s, ) Opug, (s,2) — uf (s,2) Opuo(s, ) + VP, (s, x)|ds+

+ [M(0P(s,2), e1(5))y puo (t,2) + (g (5, 2) , e1(s))y

V(P (s,2) els)) Jds,
div u,, =0,
and for |a| > 2,
u, (t,x) = )+ f i (' (s, ) Ojug (s, ) + b'(s, x)Ojua(s, x)—

—ub (s,2) Opun(s, ) +uk (s,2) Ouo(s, )
_ nga,lélvlﬁ\al—l (f:)u’;_7 (s,2) Oguy(s,x) + VP, (s,x)]ds+
+ frt Zk \/@[(O—p(& ‘T)v ek(s))Y apua(k) (Sv 1‘)

-V ( (k) (5, 7) ,ek(s)>y]ds, div u, =0,

b) Since for |a] > 1, Eu,(t, x)€q = 0, the equation (3.2) (or (3.3)) can be
regarded as a random perturbation of the deterministic Navier-Stokes equa-
tion (3.5).

c) If A1-A3 hold, then there is T1 > 0 and a unique H3 N ng-solution of
(8.5) in [0,T7).

First, we prove the existence and uniqueness of D-solutions.
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Lemma 2. Assume that A1-A8 hold, b € B,w =) Waa,

(Waltp 4 [Wal1,2 < 0o for all |a] > 1,

|Wol1,2p + [Wol1,2 < 00.

Then for each v < T < T\ there is a unique D-H2 N H3-solution of (8.1) in
[, T].

Proof. For aw = 0, the equation (3.5) is Navier-Stokes equation. According to
Theorem 3 in [18], there is Ty > 0 and a unique Hj, N H-solution ug(t),t <
T}, to (3.5) such that

t
me@m+/wmw%w<w,
0<s<t I

where [ = 2,2p. By Sobolev embedding theorem, for all » <t < T

t
sup |ug(r, x)| +/ sup |Oug (r, z)|*Pdr < oo.
z,r<t r T

Therefore,
Ji Ik (s, 2) Opug(s, @) [' + |95ub (s, 2) Bpuo(s, )|+
k

lug (s, ) Oijuo(s,xﬂl]dsdx < 00,

[ = 2,p. By Proposition 4.7 in [17],
t
(3.6) sup uo(r)fh; + [ 0% wo(r)lfdr < oc,
r<t r

I = 2,p, and by Sobolev embedding theorem, for all ¢t < 717,

L t
sup Z |0%ug(r, )| +/ sup |0%ug(r, z)|Pdr < oco.
z,r<t k=0 r

Assume that for |a| < n, the estimate

r

t
(37) sup o (1) + [ 10%a(r) fdr < .
r<t
I = 2,p, holds. By Sobolev embedding theorem, it implies that
1

t
sup Z |0%ug (r, )| —I—/ sup |0%ug (1, z)[Pdr < oo,
z,r<t k=0 r
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if |a| <mn,t <Ti. Then for |a| =n +1,
Uy (t,ZC) = Wa(.'E) + f:[al (aZJ (871‘) 8jua (va)) -

—uf (5,2) Opun(s, ) +uk (s,2) Opup(s, z)
~ Y canzhiglalot y/ () by (5.2) Oty (5,2) + VP (s, )]ds+
+ [}k VAEl(07 (s, 2), ex(5)y Dptia (¢, )

—V (P, (¢ ds, div u, =0,
V (Pagy (t.2) ex(s)), Jds, div u
and by Proposition 4.7 in [17], (3.7) holds for |a| = n + 1. O

Because of the uniqueness, the D-solution has a restarting property. More
specifically, the following statement holds:

Corollary 1. Assume that A1-A8 hold, b € B,w =), waa,

(Waltp 4 [Wal1,2 < 0o for all |a] > 1,

|Wol1,2p + |[Wol1,2 < o0.

Let u™v(t) be the solution to (3.1)in [r,T],T < Ty, andr < ' <t <T.
Then

Proof. Indeed for u(t) = u"%(t), and r <1’ <t < T, we have
u(t) =u(r’) + [2{9; (a¥ (s) 9u(s)) + b(s)du(s)—
—u¥ (5) O9pu(s) + VP (s) +f (s)

+[o%(s)du (s) + g (s) — VP (s)]OW,}ds, divu =0,

and the statement follows by Lemma 2. O

3.1. Quantization and approximation of the generalized solution.

To begin with, we will derive more precise estimates for D—HIQ, solutions of
equation (3.1). One could hardly expect that the D—]I-]If7 solution of quantized

Navier-Stokes equation has finite variance, i.e. ), lua(t)* < co. However,
in this subsection we will show that the solution could be obtained as the
limit of square integrable solutions of the equations rescaled in a special
way that originates in quantum physics and is usually referred to as second
quantization (see [21], and Appendix I).
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Lemma 3. Assume A1-A8 hold and supy, fo lex(s)[Pds < oo. Let u(t) =
Yo ta(t)ea € D'([0,T],b,H2 NH3) be H2 NH3-solution of equation (8.1) in
[0,T]. Denote

Lo = sup [ua(t) 2 + sup [ua ()], @ € T.
t<T t<T

Then there is a constant By such that
Lo <ValCly 4 (’QDB};‘"IK'“, lal > 2,
«

where K =1+ sup; Ee“ and

1 2(lal — 1
Cla-1 = _1< ( |_1)>7|0é|22

| Il

are the Catalan numbers (see e.g. [22], [8] ). Moreover, there is a number
q > 2 so that

ON)"9*L2
3 (2N)

< 00,
ol

67

e., the solution u belongs to the Kondratiev space of generalized random
functions S_y _q(H2 NH3).

Proof. By Proposition 4.7 in [17], Lo +sup; I:ei < 00, and there is a constant
C' independent of |a| > 2 such that

t
sup [ua(r)[b; + / 0P () dr
0

r<T

< C/ \ <a>u(’§_V (s,2) Opuy (s, )+

v<a, 1<|fy|<|a\ 1 "

+ 37 Var (07(s,2). en(s))y Fptage (5. 2) [y ds,
k

So, there is a constant By so that for la| = n > 2,0, =

I = 2,p. >

(a)™Y2L,, L., = L., we have

Ea < By Z -ia—q/i/'y + 10#0 Z f’a(k)lak;éo
k

<1<y <l -1
and denoting Lo = Lq if | > 1, Ly = 1 + Ly if |a| = 1 we have

Lo < By > Lo L,
<o, 1<]y|< a1
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and by [8]? for |a| > 2

o|l— (6% =t o
Lq < C|a\le(|) | 1<‘ |) H(l + Le,)™

X/
< Claj1 ('2')30‘)"_1K'a'~
So,
Lo < ValC| |1<’a‘>3|allK|a’
22 < aichy, () e e
and ~
TZL!g <y, <!z!> (2Nr)e g1 2lol

Therefore with r = (r;),r; = (2i)7%,q¢ > 2,

L2 2(n—1) 7-2n || @
S e c2 B VK™ 3 <a ) (2NT)
lo|=n ’ |a|=n

00 n
< C2_ By gngng-an (Z z‘q—1> .

=1

For large n, the Catalan numbers
4n—1
Vr(n —1)3/2

and there is a number ¢ > 2 such that

Cn—l ~

So, the solution u(t) belongs to Kondratiev's space S_1 _,(H2 N H3). O

For ¢ > 0 define a self-adjoint positive operator D. on H such that
D.ej, = 2 %%¢;, and a sequence of positive numbers Ken = e ", Let
C. =30 g kenDE™. Then

_ ® _ —ek _ —eN\ ¢
Ceea = :"<V€7|Oé‘l)E "ea = /€57|a‘ (HkQ & ak) Ca = Ea,\a| (2 & ) Co-

Let I'(C:) be the second quantization operator related for the operator C;
(see Appendix I).

2Kaligotla and Lototsky [8] used Catalan numbers for quantization of stochastic Burg-
ers equation.
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Proposition 1. Assume A1-A3 hold and supy, fo lex(s)[Pds < co. Letu(t) =
Yo Ua(t)éa € D'([0,T], b, HZNH3) be a generalized H2NHS3-solution of equa-
tion (3.1) in [0,T] and

Ue (t) Z KRemn Z )(2—5N)a€a7
laf=n
Then u.(t) is H3-valued square integrable process satisfying the equation

due (t,z) = 9; (a¥ (t,x) Oju. (t,2)) + b'(t,z)0puc(t,z)—

L(C)T(Co)~ Mk (t,2) OT(Ce)~topus(t, z) + VP (t,z) + £ (t,z) +
(3.8) TI(C.)o(t,z)[(C:) o, (t,7) + g (t,x) —

[(Ce) "'V P (t, 2)|0D(Ce) Wy,

divu, =0,u. (0,z) =w(x).

For the coefficients of u(t) =Y, Ue a(t)a we have
(3.9)
U, (t,2) = lo—ow(z) + fo i (@ (s,2) 0juc o (s,2)) + b'(s, 2)0iue,a (s, x)—

nyga (?{Z) efse\a\JreeMJrse\a—w\u];yai’y (S, .Z') 8]g11577(8, 1’)-1-
VP. . (s,x)+f(s,z)loa=o|ds+

fot Zk /ak6—66‘0|+66‘a|*12_5k0¢k [(O'p(s, l’), ek(s))y 8pu€’a(k) (57 x) +

Laj18 (5,2) = (Peagry (5:2) ,ex(5)) Jds, div e =0,

Moreover, uc(t) € ﬂpg/Sp’q/(Hz NH2),t € [0,7],u(t) = T(C.)"'uc(t) and
u.(t) - u(t) ase — 0 in S,L,q(HZ NH3), where q is a number in Lemma
3.

Proof. Let

Lo = sup [ua(t)]2p + sup [ua(t)|2,2,
t<T t<T

Leo = sup [uca(t)]2p + Sup [uza(t)|22.
t<T t<T

By Lemma 3, there is a number ¢ > 2 such that

2N) L2
3 (2N)

< 0.
ol

(67
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For every p > 0,q¢' > 0, there is a constant Cy = Cy(p, ¢’) so that for any a,
(a!)P(QN)Q'ae—ae“"' (2—5N)O‘ < (’ampe—ae‘o"2q’\a|Hi(iq’2—ai)ai
< (laftyreselatlel(§ ™ @'a<hlel < ¢ < o

)

So,
S ()P EN)TL2, = S ()P (2N e (27N L2
/ (2N) """ LG
<Co(p+1,q +Q>ZT

[0

< oQ.

So, u(t) € NpgSp.q (]HI]% NH3),t € [0,7]. In particular,

Elu. ()2 <) |ucalt)l3s < oot €[0,T].

«

Therefore u.(t) is H2-valued square integrable process and (3.8), (3.9) follow
by Remark 7. Obviously, u(t) = I'(C:) ~tu.(t). Also,

uc(t,z) —u(t,z) = Zueatflfﬁa Zuatw
= Zﬂg,m\ 2*6 “ug(t,z)€ Zua (t, )&
= Z — fieja (27 "ua(t )60,
and, obviously,

_ o
|u€(t) - u(t)|c2971,7q(H%ﬂH%) < Z |1 — Ke || (2 aN) |2

«

(2N) "L,

— 0
al

as € — 0 by Lebesgue’s dominated convergence theorem. ([

4. NON-ANTICIPATION AND MARKOV PROPERTY, INDEPENDENCE OF
BAsis

In this Section we will show that a generalized D-H2 N H3-solution of
equation (3.1) has the following properties: it is adapted with respect to the
filtration (.7-}W ) generated by the Wiener process Wy; it is independent of
the choice of the basis b, and it is a generalized Markov process.

4.1. Equivalent characterization of D-generalized solution. A more
convenient equivalent characterization of D-generalized solution to (1.2) is
based on an equivalent description of D(b). It allows to introduce the notion
of an adapted solution and extend D(b) to a space of test functions that is
independent of b € B.
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4.1.1. FEquivalent description of test function space. Often it is convenient
to use the exponents p(z),z € Z, defined in Remark 1 to describe the test
function space D(b).

According to (2.9),

p(z) =ple.) =p(z,b) = Z Z 2% MW(ea).

Recall that for |a| = n,

T Sn S92
W(eq) :/ / / ea(st, ..., sn)dWs, ...dWs,,
0o Jo 0

and &, = /|a|!W (e,). Denote

pn(z) = pn(ez) = Z \j%foc

|a|=n

T prsp—1 s2
(4.1) :/ / / ex(s1)...ex(sp)dWs, ...dWs, ,n>2,
0 0 0
T

pi(z) =pi(ez) = /0 ex(s1)dWs,,po(2) = po(e.) = 1.

Proposition 2. For b €B, let V =V(b) be the linear space of random vari-
ables that consists of all finite linear combinations of pp(z),z € Z,n > 0.
Then V(b) = D(b).

Proof. Obviously, V = V(b) C D = D(b). For o € Z, denote k(o) =
max {k : ay # 0}. Fix N,n and a = (o) € Z such that |a| = N, k(a) = n.
Consider a finite dimensional Hilbert space

G = Z Vaba tVa € R

lo|=N,x(a)<n
with inner product
(Z Vala, Z /Uéyé-Oé)G = Z /UOC/Uéy’
a a (6%

Consider a vector subspace G C G generated by pN(2),z2 = (z1,...,2n,0,...) €
Z. Tt is enough to show that G = G. Indeed, the subspace G is finite-
dimensional and obviously closed. Assume there is a vector ) v.én € G
which is orthogonal to G. So, for all z = (z1,...,2,,0,...) € Z,

(Z UagoupN(Z))G = Zva\j; =0

which implies that all v, = 0. Therefore G = G.This completes the proof.
O
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Due to Proposition 2, we can characterize convergence in D' = D'(b) by
test functions of the form p,, (z). Indeed, for z € Z, v € D, and m > 0, we
have

(4.2) (pm (2),v) = Z va\j:j.

lal=m

Therefore we have the following necessary and sufficient condition:

Corollary 2. A sequence v"* — v in D' if and only if for all z € Z and all
m >0

(P (2),0") = (pm (2) , 0) -

4.1.2. Action of a Skorokhod integral on pyr(z). Consider v(t) = > va(t)éa €
D’ (b;[0,T],Y) such that for all «, k,

T
/0 | (ta(5), ex(5))y ds < oo.

Recall that the Skorokhod integral assigns to such v a generalized random
process

t
d(v) = /0 v(s)dWs = 6 (vlpy) = Z&t(v)afa, 0<t<T,

with

¢
0t(V)a = Z ,/ak/o (va(k)(s), ek(s))y ds.
k
Remark 6. For py(z) € D(b),z € Z,M > 1,

(ot (=), 61(0)) = /U (a1 (2) ,0(8)) s ex(5))y ds.

Indeed,
(par (2), 0¢(v)) | %:M 6t(v)a\j;
- |a|§M; @/0 (var) (), ex(s))y ds\/a
- t 22k 2,
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4.1.3. Action of a Wick product on ppr(z). Recall that for a Hilbert space
E and arbitrary v =) vaéa and u = )" uaéa in D'(b, E), we define

ol
vQu = UGy Vo faeD’(b R).
D e

In particular,

!
§a08s = Eatp (aﬂ!z!ﬁ)-

The following statement holds.

Lemma 4. For a Hilbert space E, arbitrary elements v = ) vola and
u=>_, U from D'(b,E), and z € Z,M >0,

(par(2),v0u) = Y (pi(2),) {pr(2),u);

K+L=M
In particular,

<1,U<>U> = ((1,’0) ) <17u>)E
(the expected value of vQu is the product of expected values).

Proof. According to (4.2),

(vOU)q
(pr(2),v0u) = z%
" |a|¥M \/J

1
= 2 2 (usvap)ey | g

la|=M B<a

B La—8
] .aleé(W’ VA
- Z Z \ﬁ us; Z \ﬁ ty

K+L=M |B|=K ’ |v|=L

= ((p(2), v}, (p(2), W) -
(]

4.1.4. An equivalent characterization of the solution. Now, we will charac-
terize the solution of equation (3.1) by its action on test functions pys(2), z €
Z, M > 0. The following statement holds.

Proposition 3. Assume A1-A3 hold, p > 2w =) waa € D/(b,Hf,) and
u(t) = >, ual(t)éa € D'(Ir, T],b,Hg).Then u(t) is D-HZQ) solution of (3.1) in
[r, T] if and only if for all z € Z and M > 0,

uM’Z(t,x) = <ll(t, l‘),pM(Z» = | ZMua(t\/’ail)
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s an Hg—solution of equation
(4.3)
u® (t,x) = x) + [1[0; (a7 (s,2) D;uM* (s,2)) +

bi(s, x)0;uM* (s, ) — ZK+L MukK # (s,2) Opul* (s, )+

VPM2 (s,2) + 1pr=0f (s,2)]ds + f:[(ap(s,x), e-(s))y OpuM =12 (s, 2)+

Lai=a(8 (5,2) 2 (9)y = V (P (s,2) ex(s) ) Jds, div u= =,

where M > 0, wM*(z) = (w(x),pum(2)) = > lal=M we(2)2%/Va!, and
u= b (t,z) = 0.

If M > 1, equation (4.3) is Stokes equation; if M = 0, it is Navier-Stokes
equation.

Proof. If u(t) = >, ua(t)éa € D'([r, T],b,]HII%) is a D—H% solution, then we
obtain (4.3) by multiplying both sides of (3.4) by 2®/v/a! and adding. On the
other hand, u,(t, z) = 02u™M-*(¢, z) and if (4.3) holds, then using Proposition
4.7 in [17] and differentiating (4.3) in z we obtain (3.4) by induction. The
statement follows by Lemma 1. O

4.2. Adapted and independent of basis generalized processes. De-
note Lo, ([0,77,Y) the space of measurable Y-valued bounded functions on
[0,T]. For h € Lo ([0,7],Y), M > 0, we denote

pymi(h / / / (s1)...h(spr)dWs, ... dWs,,,0 <t <T.

By (4.1), pm(z) = pm(e:) = pM,T(EZ),Z € Z.

Lemma 5. (i) If {my,k > 1} is a CONS in Ly (0,T), and {{x,k > 1} is a
CONS inY,h € Lo ([0,T],Y), then for each n,n’ > 1, there is z € Z such
that

ZZ/ ). fi)mi()dstimi (1) = ex(1).

1=1 k=1
0<t<T. Obviously, ppr,r(hnn) € D(b), b= {er, =m; Lj,, k> 1},

hn,n’ — h in LQ([O,T], Y),
P, 1(Pnn) — prvr(h) in La(2,P),

as n,n’ — oo.

(it) Assume (m;) is trigonometric basis or unconditional Ly, ([0, T)-basis
(for example, Haar basis, see [15]), h € Loo([0,T],Y). Then there is a
sequence z2(n) € Z such that e,y — h in Ly ([0,T],Y) for all p > 2, as
n— 0.
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Proof. We prove the second part of the statement. Let

n

ha(s) =Y _(h(s), lx)y g, n > 1.
k=1

Then |hy,(s)]ly < |h(s)|y and for all p > 2,

T
| o) = hie)as =0

as n — oo. If (m;) is trigonometric basis or unconditional Ly, ([0, T7)-basis
(for example, Haar basis), then for each n

T
/ \hpn (8) — hp(s)|Pds — 0
0

as n’ — oo. So, there is a subsequence [,, such that

T
| 1o, (s) = wio)Pas =0
0
as n — oo, and 2. follows according to part 1. of this remark. U

Let T be the space of all linear combinations of pprr(h), h € Loo([0,7],Y),
M > 0. Obviously, UpegD(b) C 7, and 7 does not depend on any particular
b € B.

We say that h, — h in Lo ([0,7,Y) if hy, — h in Ly([0,7],Y") for all
p > 2. Denote 7'(b) = 7'(b,E) the set of all v € D'(b, E) such that for
each h € Ly ([0,7],Y) and any sequence e,y — h in L ([0,7],Y), the
limit limy, oo (par,7 (2(n)) , v) exists for all M > 0, and does not depend on
a particular sequence z(n) such that e,y — h in Loo([0,77],Y). We define

Py (h),0) = lim (par (2(n)) ,v) -

Let 7'(b;[0,T]) = T'(b;[0,T],E) be the space of all v € D'(b;[0,T], E)
such that v(t) € 7'(b,E),0 <t <T.
Definition 5. a) If we have two different CONSb ={ej, : k > 1},b'={e} : k > 1}
and v € T'(b), u € T'(b'), then we say v = u, if for all h € Loo([0,T],Y),
M >0,
(4.4) (prer (h),v) = (par (R) ;) -
Let T" = T'(E) = UpepT’ (b,E) be factorized by the equivalence relation
(4.4). If u € T'(E) we say that u is a generalized E-valued random variable.
We denote T'([0,T)) = T'([0,T], E) = UpepT’ (b;[0,T],E) factorized by the
equivalence relation
(P (h),0(t)) = (parr (h), u(t),0 <t <T.

Ifue T'([0,T], E), we say u is a generalized E-valued stochastic process.

b) If v € D'(b;[0,T], E),b={er : k> 1} € B, we say u € T'([0,T], E) is
an extension of v, if for every z € Z, M > 0,

(pm,7 (€2),v(t)) = (pm,7 (€2) ,u(t)) ,0 <t <T,
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where e, = ). 2 €.

Now, we introduce the notion of an adapted generalized process. Let
FV=0W,s<t),0<t<T, FV = (F"). Wesay v € T'(b;[0,T], E)
is F-adapted if for each h € Lo ([0,7],Y), M >0, and t < T,

(prr(h),v(t)) = (Pare(h), v(t)) -

Example 2. Let Wi be a cylindrical Wiener process in a Hilbert space Y
and Wy = %Wt. Then (see Example 1 as well) Wy and Wy are generalized
Y -valued adapted stochastic processes. For any h € Loo([0,T],Y),

Woparir () = [ h(s)ds = (Wa.pare(h).
<Wt,pM,T(h)> = h(t) = <Wt7pM,t(h)>
if M =1, and (W, py! (h)) = <Wt,p¥(h)> = 0 otherwise.

4.3. Independence of basis, non-anticipating and Markov property
of the solution. Proposition 3 suggests the following definition of a gen-
eralized solution to (3.1).

Definition 6. Given w = ) waéa € T’(b,HZ%),T > r, a generalized pro-
cess u(t) = Y ua(t)éa € T'([r,T],b,H2) is called H2-solution of equa-
tion (3.1) in [r,T], if for each h € L([0,T],Y),M > 0, the function
uh(t, 2) = (pyr(h),u(t, x)) is an H2-solution in [r,T] of Stokes (M > 1)
or Navier-Stokes (M = 0) equation
(4.5)

uMh (t, ) = wMh(z) + f;[@l (aij (s,2) ajquh (s,x)) +

b (s, )0uMh (s, 2) = 3 g PO (s, ) Opulh (s, 2)+
VPMR (s 2) + Lar—of (s,2)]ds + [*[(0P(s,2), h(s))y dpuM 1 (s, 2)+

Lar-1(8 (s,2)  A(s))y = V (PM* (s,2)  h(s)) Jds, div ut =0,

where M >0, wMh(z) = (pprr(h), w(z)), and u=bh(t, x) = 0.

Obviously, a generalized solution is a D-solution. Now we are in a position
to prove the main result:

Theorem 2. Assume that A1-A8 hold, p > d. Then for each T < T} there
is a unique HZ N H3-solution of (3.1) in [0,T]. Moreover, the solution is

Y = (]:tW)—adapted and it extends all D(b)-solutions, b € B.

Proof. Fix T' < T and choose a special CONS {my,k > 1} in Lo (0,7") such
that for each h € Loo([0,77],Y) there is a sequence z(N) € Z (see Lemma 5)
for which e,y — hin L, ([0,T],Y), for all p > 2, as N — oo (for example,
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(my) is trigonometric basis or unconditional Ly, ([0, T])-basis (Haar basis),
see [15]). According to Lemma 2, there is a unique D-H2 N H3-solution
u(t,z) = >, ua(t,z)€, of (3.1) in [0,T]. The coefficient functions u, (¢, z)
satisfy (3.4) and by Proposition 3, (4.3) holds for all M > 0,z € Z. Fix
h € L([0,T],Y) and consider an arbitrary e,y — h in L, ([0,T],Y), for
all p> 2, as N — oo.

Then for
uMF N (1 ) = (ut,2), par((N) = Y walt,z)z(N)*/Val,
oe|=M
we have

uM:=(N) (t,z) = wM-2(N) (z) + ft[al- (aij (s, ) 8juM,z(N) (Sw)) +

r

bi(s, z)0uM N (s, ) — + D KAL=M uFF2IN) (5 1) Opul# (N (s, )+
VPMAN) (s, 1) + 1p—of (s, 2)]ds+
f:[(ap('S’ 1’), €2(N) (5))y apuM_LZ(N) (Sa :E) + 1M:1(g (87 ':L‘) y €2(N) (S))Y_

\Y <PM’Z (s,x) ,eZ(N)(S))Y]ds, div uM*(N) = o,

By induction in M, Theorem 3 in [18] and Proposition 4.7 in [17], there is
a unique H2 N HZ-solution u™ (¢, ) of equation

uM (t,2) = wMh(z) + f:[@z (a® (s,z)0;uM (s,2)) + b'(s, z);uM (s, z)—
+ D kar— uF K (s,2) Opul (s, ) + VPM (5, 2) + 1pr—of (s, x)]ds+
+ frt[(o-p(sv x)v h(S))Y 8puM_1(5’ 1‘) + 1M=1(g (87 x) ; h(S))y

-V (PM (s, ) ,h(s))y]ds, div uM =0,

where u=1(t,z) = 0.
According to Proposition 4.7 in [17],

T
smﬂuMﬂNMw——uMun@+1/ PuM =N (1) — 9Pu (1)Lt
t<T r

T
SC[/I Yo @ () a0 (5) — u K () Bput(s)[f s

K+L=M,
1<K,L<M-—1

T
+/0 [ (07(5), )y Opu™ 12N (5) — (07 (s), €y () Dpu™ ™ ()] 1ds

T
+4Mo/\@@mmwy—@@L%m@m%ﬂ@
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Using induction in M and embedding theorems we obtain that

T
aup = (1) — w0 + [ 020 0) — 0 (0 it 0

t<T .
as N — oo for M > 0. Since h € Lo([0,7],Y) is arbitrary, u(t) =
Yo Ua(t)éa € T'([0,T], b, H2) is H2-solution of equation (3.1) in [0, 77, and

uM(t,2) = (prrr(h),u(t,z)) ,h € Loo([0,T],Y)

satisfies (4.5). Since for each CONS b’ = (e}) € B any linear combination
of €} belongs to Lo([0,T],Y), the generalized solution u(t) extends any
D-solution.

Now we will prove that the unique generalized ]I-]If7 NH3-solution of (3.1) in
[0,T] is FW-adapted. We fix t* € (0,T),r < t* and consider a special basis
m;(t) in L2((0,T)) so that each m; is supported either in [0,¢*] or in [t*, T
and such that for each h € Lo ([0,T7],Y) there is a sequence z(N) € Z (see
Lemma 5) for which e,(x)y — h in L, ([0,7],Y), for all p > 2, as N — o0
(for example, (my) is a combination of two trigonometric or unconditional
L, ([0, T])-basis (Haar basis) on (0,¢*) and (¢*,T)). Denote by &, a € J,
the corresponding orthonormal basis in Ly(F}Y). Then

a(t) = 3 ta(H)a

(with @4 (t) satisfying the system (3.4)) is a generalized H N H3-solution of
(3.1) in [0, 7).

Let J ={a € J : « has a non zero component corresponding to my
whose support is in (¢*,7)}. It follows by induction on |a| = n that for
t € (0,t%), un(t) =0 if « € J'. As a result,

u(t) = > Ga(t)ea = Y Ta(t)éa, t € [rt"].

aced agJ!
Obviously, &, are F}Y-measurable for « ¢ J'. Also, for any z € Z, M > 0,

24 =
z) = —&,
pum(2) Ea \@5
and for ¢t < t*,

(par(2)u() = 3 Galt)

agdJ’
= <pM(621(0’t*)), u(t)>

(note that e, = >, zxep, €1y = Zkng zper, where G is the set of all k
such that m;, in ey = m;,l;, has its support in (¢t*,7)). O

ZOL

= (pare(2), u(t))

8

The solution above has the restarting property as well. By the same
arguments as in Corollary 1 we have
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Corollary 3. Let w =), waéa € T'(b, H2 N H2),
(Walip + [Wali2 < 00 for all |a > 1,
[Wol1,2p + [Wol12 < 0.

Assume that A1-A3 hold, p > d. Let u™¥(t) be HZ NH3-solution to (8.1)in
[r, T, T <Ty, andr <r' <t <T. Then

(4.6) u" v (t) = u"u) (1),

Corollary 4. (Markov Property) Assume that the assumptions of Corollary
3 hold true, and, in addition, w is FYY —measurable, then u™¥(t) is (F}V)-
adapted. This together with (4.6) can be interpreted as Markov property.

5. APPENDIX I. QQUANTIZATION AND SECOND QUANTIZATION OF WIENER
CHAOS

Consider a generalized random variable u = ) uaéa = >, Uar/||!W(eq) €
D'(b),b = {ex, k > 1} € B, where

T Sn 592
W(eq) :/ / / ea(sty ..., 8n)dWs, ...dWs,,
o Jo 0

and n = |a|. Since

eq = Z €y @ - - Ehyi [V ]

oepPn

(P™ is the permutation group of the set {1,...,n}) is a CONS of the sym-
metric part H®" of H®" (recall H = Ly(0,T]) x Y'), we can interpret

U= Zuaﬁa = ZUQMW(%)

as a result of the noise W acting on
oo
U= Zua\/ lalleq € H = ZH®”
@ n=0

(here H®" = R):

W(a) =Y uay/|e|W(ea).

Let A = (Ay),~o be a self-adjoint positive operator on H (see above) such

that Apeq = A (@) eq, where || =n and A («), « € I, are positive numbers.
Definition 7. Quantization operator I'(A) : D'(b) — D'(b) is defined by
D(A)u=T(A)W (@) = W(Ad) = > uay/|a[W(Ae,)

=Y uaValM@)W(ea) = D uaA(@)Ea.
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Since M) > 0, we can define
(A u=T(A =Y uAa) .
o
Example 3. 1. (second quantization in space-time) Consider a self-adjoint
positive operator B on H such that Bey = A\pep. Let A = (B®"). Then
Aey = B¥"e, = A4, |a| = n,

where A = (\;) and A* = I\, We have
I'(Au = Z U A Eq .
«

2. (second quantization in space) Consider a self-adjoint positive operator
B on'Y such that the sequence of its eigenvectors (Ep)p>1 (Bl, = A\plyp, Ap >
0) is a CONS in Y. Let b = {eg, k> 1}, where ex(s) = my, (s)¢j,. We
extend B to H by

ket

Bek = B(mlkﬁjk) = mikajk = )\jkek

and quantize in space-time using A = (B®"™). For uw =Y, ua€s we have
I'Au = Z U AYEq,
(6%

where \* = Hk)\jo-‘k’“.
3. Consider a self-adjoint positive operator B on H such that Bey, = e,
and a sequence of positive numbers qn. Let A=Y >" q,B®". Then

Aeq = QnB®nea = Qn)\aeou ’O[’ =n,
where A = (\g) and A* = IpA*. We have
o0
T(Au=> gn Y uara.
n=0 |a|=n
For the Wick product we have the following obvious statement.

Remark 7. 1. Assume A = (Ay) is a self-adjoint positive operator on
H such that Aeq, = Apeq = A@)eq,|a| = n and Ma),a € I, are positive
numbers, u,v € S(b). Then, denoting T'(A)u = v, T'(A)v = v4, we have

T'(A)(uOv) = T(A) (T(A)'utoT(4) o)
= Z Calas

where
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In particular, if T'(A) is the second quantization in space-time, then
A«) e
AB)Ma—B)  Nora?

=1
and

L(A)(udv) = vt Qv
2. For the Skorokhod stochastic integral, we have

T .
(A) (5(u)) = T(A) / usOW,ds
0
T
_ / D(4) (P(A) ufoT(A) W) ds
0
T
_ / T(A) (D(A)~WAoW,) ds
0

for the coefficients

AM«)
(I°( Z/ a(k Aler)en(t ))Ydt\/@mﬁa
_ A@)
= zk:/o (uaA(k)(t)aek(t))Ydt\/OTkrwfa
Also,
- AMa)
(P (umow) = ;<v;“(k><t>7ek<t>>y i)
Indeed,
UtOWt ZZ a(k )Y\ﬁ)\( )
)

= Ea: ;(A(a(k))va(m (1), A(€k)€k(t))yﬂm£a-

6. APPENDIX II. DERIVATION OF QUANTIZED NAVIER-STOKES
EQUATION

29

To simplify discussion, we will consider a velocity field which depends
only on one standard Gaussian random variable n ~ N (0, 1), rather than
a trajectory of the Wiener process W;. An interested reader would have
little difficulties extending the arguments below to the setting with Wiener

process.
Consider a velocity field

u(t,x) = Zun (t,z) & (n) -

h=0
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Note that in our setting the Cameron-Martin expansion (see Theorem 1) is
indexed by integers rather than multi-indexes. Assume that for every n, u,
is analytic in x in that it could be written as

u, (t,z) = Z Cny (t) 7.
yeN©

Let Z = (Zi,...,Z4) be a F'-measurable. Then by substituting Z into u
we get

(6.1) u(t,z):=>y_ (Z oy (1) Z“’) & ().
n bl

Now, let us introduce the Wick-powers of Z :
70 = 7816..0Z0% v = (m,- - . ,7a) € N%

Next we will replace the standard algebra in (6.1) by the Wick algebra:
ul (t,7) = chm (t) Zz9
g

Consider now the following random field

u® (t,2) = Z ug (t, Z) O&n (1)

n>0

Remark 8. Note that Wick algebra on nonrandom elements reduces to the
standard deterministic algebra.

Let X; = (X},..., X{) be a solution of the following dynamic equation
Xt = l_,'l.<> (t, Xt) .
Then by the Wick chain rule

_ %uo (£, X)) = 9 (1, X)) + Vu® (£, X;) 0X,,

= 9yu® (t, X;) + u® (t, X;) VOu© (¢, X;) .

¢

If F = F(t,z) is an acting force, this yields quantized (Wick) Euler equation
ol (t,z) = —u® (t,2) VOu® (t,z) + F (t,z)

If there is no randomness, due to Remark 8, this equation reduces to the
standard Euler equation:

da(t,x) = —u(t,z) Vu(t,z) + F (¢, ).

Now, by taking F = Au — VP, where P stands for pressure, we get the
quantized Navier-Stokes equation

ol (t,z) = Au—u® (t,2) VOu® (t,2) — VP + F (t,z).
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