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Abstract

Invariant foliations are geometric structures for describing and un-
derstanding the qualitative behaviors of nonlinear dynamical systems.
For stochastic dynamical systems, however, these geometric structures
themselves are complicated random sets. Thus it is desirable to have
some techniques to approximate random invariant foliations. In this
paper, invariant foliations are approximated for dynamical systems
with small noisy perturbations, via asymptotic analysis. Namely, ran-
dom invariant foliations are represented as a perturbation of the de-

terministic invariant foliations, with deviation errors estimated.

Keywords: Stable and unstable foliations, fiber or leaf, random
dynamical systems, fluctuations, asymptotic expansion, SDEs, and

SPDEs

1 Introduction and motivation

Invariant foliations, as well as invariant manifolds, provide geometric
structures for understanding the qualitative behaviors of nonlinear dynami-
cal systems, and they have been extensively studied for deterministic systems
[9, 8, 2].

Invariant manifolds or foliations for finite dimensional stochastic systems
or stochastic differential equations (SDEs) were studied in [15, 1, 12, 5].
Recently, the existence of invariant manifolds and invariant foliations for
stochastic partial differential equations was investigated in [6, 7, 13, 4] and
[11], respectively. In [14], we estimated the impact of small noise on invari-
ant manifolds for nonlinear systems. Note that random center-like invari-
ant manifolds were approximated for some stochastic differential equations
(SPDEs) by Wang and Duan [16], and Blomker and Wang [3]. In this paper,

we consider a procedure to approximate invariant foliations for nonlinear
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systems perturbed by small noise. We compare invariant foliations for the
original deterministic dynamical systems and for the randomly perturbed
systems.

We consider the following nonlinear stochastic evolutionary equation

with a multiplicative noise, in a separable Hilbert space H with a scalar

product < -,- > and the induced norm || - || = /< -, - >:
d .
d—g:AUJrF(U)JrerW, (1)

[19)]

where A is a linear (bounded or unbounded) operator, “o” is in the sense
of Stratonovich stochastic calculus, W = W (t,w) is a scalar Brownian mo-
tion defined on a probability space (2, F,P), and € is a positive parameter
representing the intensity of the noise. This covers some SDEs and SPDEs.

Note that the Ito’s form of (1) is

d .
d—g:AU—i-e%—i-F(U)—i—eUW.

The nonlinearity F'(U) satisfies F'(0) = 0 and DF(0) = 0 and is Lipschitz

continuous on H
| F'(Ur) — F(Us)|| < Lpl|Uy — Us||,

where L is the positive Lipschitz constant and || -|| the norm in the Hilbert
space H. When the nonlinearity F'(U) is locally Lipschitz continuous, the
approximation result in this paper can be applied to the modified stochastic
equation where the nonlinearity is appropriately cut-off and thus obtain
approximation information for the local random invariant foliations. The
state space H is the Euclidean space R™ when the above equation is a SDE
or a function space if the above equation is a SPDE. When € = 0, Eq. (1)

reduces to a deterministic evolutionary equation:

U
—- = AU + F(U). 2)

We compare the invariant foliations for the original deterministic system (2)
and for the randomly perturbed system (1), and quantify their difference

when the noise intensity e is small.



This paper is organized as follows. In section 2, we review some basic
concepts of random dynamical systems, and recall the existence result for
random invariant foliations. The main result on asymptotic analysis for
random invariant foliations is described in section 3, and two illustrative

examples are presented in section 4.

2 Random invariant foliation

Following [7], we assume throughout the paper that the linear operator
A: D(A) — H generates a strongly continuous semigroup e on H, which
satisfies the pseudo exponential dichotomy with exponents @ > 0 > 8 and a

bound K > 0, i.e., there exists a continuous projection P* on H such that

(1) PueAt — eAtPu;

(ii) The restriction e4?| R(Pv), t > 0, is an isomorphism of the range R(P")

of P* onto itself, and we define e?* for ¢ < 0 as the inverse map;
(iii) The following estimates hold

| eMPiz | < Ke | x| t<0 (3)
| eMPsz | < KeP' | x| t>0
where P®* = I — P“. Denote H® = P*H, H* = P“H and hence

H=Hs@H"

2.1 Random dynamical systems

A measurable random dynamical system on Hilbert space (H,B) over a

driving system (0(t))ier with time 7' is a mapping
0:TxQx H—H,(t,w,z) — ¢(t,w,x),

with the following properties [1]:



(i) Measurability: ¢ is B(T) ® F ® B-measurable.

(ii) The mappings ¢(t,w) = ¢(t,w,) : H — H form a cocycle over 6(-),
ie. they satisfy ¢(0,w) = idx for all w € Q and (¢t + s,w) =
o(t,0(s)w) ¢(s,w) for all s,t € T and w € Q.

For SDEs and SPDEs [1], we identify w(t) = W (t,w), and define the driving
system 6(t) is the Wiener shift, i.e., Qw(7) = w(T +t) — w(t).

To facilitate random dynamical systems study of (1), we convert it into
an evolutionary equation with random coefficients, called a random evolu-
tionary equation. To this end, we introduce z(w) as the stationary solution

of the following Langevin equation
dz + zdt = edW.

Then z(w) = €Z(w), where Z(w) is the stationary solution of dZ(t) +

Z(t)dt = dW (t) and it can be expressed as
0

Z(w) = / e dW (7).

—0o0

Moreover,
t
Z(0w) = e ' Z(w) + et/ e" dW (T).
0

Define a transform

with its inverse transform
X =TYw,z)=ze*". (4)
Denote U(t,w, X) as the solution of (1) with initial value X. Introducing
u=TOw,U(t,w, X) = e_z(gtw)U(t,w, X),

then the new system state wu satisfies the following random evolutionary
equation [7]

% = Au+ z(w)u + G(Oiw,u), u(0) =z € H, (5)



where

r=Tw X)=e*WX

and
Glw,u) == e *WF (W), (6)

We often denote the solution of (5) to be u = ¢(¢t,w,z). The solution
mapping of (5), i.e. (t,w,z) — @(t,w,x), generates a random dynamical

system. Thus (see [7])
(t,w, X) = T (0w, p(t,w, T(w, X)) := U(t,w, X)

is also a random dynamical system. In fact, The relationship between solu-

tions of (1) and (5) is described by

Ult,w, X) =T 10w, o(t,w, T(w, X))

o(t,w, ) = T (0w, U(t,w, T~ w,x)).

2.2 Random invariant foliation

The concept of invariant foliation is about quantifying certain sets (called
leaves or fibers) in state space H, starting from all points in such a leaf the
dynamical orbits have similar asymptotic behaviors. These leaves are thus
building blocks for understanding dynamics.

Let us consider a leaf for random invariant foliation for the above random
dynamical system o(t,w,z). A leaf passing through a point ®° in the
state space H, denoted as W (®°,w), is a random set and is invariant in the

following special sense [1, 11]
o(t,w, W (D%, w)) € W(p(t,w,®°),0w) for t>0.

If we can represent @ as a graph of a C* (or Lipschitz) mapping, then
Q(®%,w) is called a C* (or Lipschitz) leaf for the random invariant foliation.

The existence of random invariant foliation for (5) is shown in [11]. To



facilitate our asymptotic analysis in the next section, we recall as follows.
We only consider stable leaves, still denoted as W (®°, w). Unstable leaves
may be considered similarly.

Define

b(t) = B(t) — D(t), (7)

where ®(t) = ¢(t,w,®") and ®(t) = p(t,w, ®°) are two solutions of (5)
starting at two initial states 0 and ", respectively. Also introduce the

following Banach space, for each 1, 5 < n < a,

C’;f ={p:]0,00) = H | ¢ is continuous and t S[Z;Lp ) e Jo Z(GT”)dTHap(t)H < oo}
€[0,00

with the norm

ot [t
el = sup e ™ JoZErimjp(p)].

te[0,00)
It is shown in ([11]) that ®° € W (®°, w) if and only if there exists a function
¥(-) € C;f with ¥(0) = ®° — ®° and

t
W(t) = eAt+f(fz(95w)ds€+/ eA(tfs)Jrfjz(&w)drpsAg(st,¢(t),@(t))d,g
0

t
+ / AU 20r)dr pUA G w0, (1), B(t))ds

(8)

where ¢ = P*(®0 — ®°), and AG(w,v,®) = G(w,1 + @) — G(w, ®). Under

the gap condition

K:CL( ! +;)<1,
a—-n n-—p

there exists an invariant foliation for (5) whose stable leaf is given by
W(@%w) = {€+1°(¢, % w) [ £ € H},

where ®° € H, (£,®° w) — 15(¢, @Y, w) is measurable and Lipschitz contin-

uous in £ and

o(t,w, W (D%, w)) € W(D(t,¢°,w), hiw).



Moreover
15(€,8% w) = PU®° + PU4p(0;¢ — P*®°, % w), €€ H, (9)
where

t t
PUy(t, €,8° w) = / A=)+ 20y dr pu (G o, (s, €, B, w) + B(s) — G(Osw, B(s)) ds.

o0

It also follows from (8) that (), as defined in (7), satisfies the following

equation

% = Au + z(@twﬁb + AG(Qtw, ¢(t)’ (I)(t)) (10)

3 Asymptotic analysis for random invariant folia-
tion

In this section, we propose an approach to approximate the random invariant

foliation by asymptotic analysis for e sufficiently small.

Consider the stable leaf of the invariant foliation for (5) (0 < € < 1),

passing through a point ®° € H,
W(@°,w) = {§ +1°(¢, 9°,w) | € H'). (1)
Let the deterministic leaf (i.e. € = 0) be represented as
{+19)|¢ e HY, (12)

where I°(-,w) : H® — H" and I(Y(.) : H® — H" are Lipschitz mappings.

We expand

ls(gv @va) - l(d) (5) + d(l) (57 @va) + 62l(2) (57 (I)Ov w) +ooet ekl(k) (57 CI)Ov w) +-
(13)

Write the solution of (10) in the form

w(t) =) + eV (t) + -+ @)+ (14)



with the initial condition
P(O0) =+ P(Ew) — 20 =¢ - 1D +aV(Ew) +--- . (15)
Similarly, write ®(t) = ¢(t,w, ®°) as
®(t) = dD(t) + edV () + -+ FdF(t) 4 - - (16)
with initial condition
®(0) = ¢° (17)

By the Taylor expansion, we obtain

& (Z(0:(w))*

¢?0eW) — Z20w)) — 1 4 eZ(0y(w)) + - + — 4+ (18)
and
ef: 2(0r(w)) dr _ eef: Z(0r(w)) dr
k
' ek ( 12 Z(0,(w)) dr>
:1+e/ 200 () dr + -« + i bl (19)

Suppose F(u) is sufficiently smooth with respect to w. With (18), it follows

from (6) that

GO, (1)) = e =) P (O Dy(p))

— 2O (eeZ(é’t(w))w(t))

= (1—eZOw) + ) F((1 4+ eZ(0(w)) +---) (zp(d) ) +epD(t) + - ) )

= F@ (1) + ¢ (=20 @) F@@®) + FL (000) + ZO()e@®) ) + -+,

(20)

(d)
where F ?® represents the first order Fréchet derivative [10] of the function
F(u) with respect to u and evaluated at ¥(9(t). In BEuclidean space, the

Fréchet derivative reduces to the classical derivative.



Substituting (13), (20) and (14) into (5), and equating the terms with

the same power of €, we get

W = A (0) + FWOD (1) + 2D (1) ~ F@O (),

(21)
PD(0) = ¢+ 1D(€) — 2,
and
WOW _ 44 P+ () + X
- [ERICESY )
P (0) =1 (€, w),
where

A= 2(00w) [0 D) + F@O () - FuD (1) + 2D(1) — £Vl (1)
+ B (00 0) + 2(00) (0D (1) + 2(1))

_ 2 (q><1>(t) + Z(0,0) @ (t)) . (23)
Solve for 1@ (t) and (1) (¢),

W0 = MO0 + [ A (RO + 20) — @) as,
0

(24)

(d) (s t (d)
(1) = A+ FY D) gs (h(l)(f,w) _/ oAty X )drj\ds) . (25)
0

Similarly, we have

(d)
AW — 4D (1) + F(B) (1)),

oD (0) = @O,

and

W0 = [a+ R oW(t) + B

(27)
dM(0) =0,

10



where
B =-Z(tiw)) -0 @) + F@D @) - FF oD @)] . (28)

Moreover, solve for ®@(t) and M (t),

t
3@ () = M@ (0) + / A=) p@W(s)) ds, (29)
0
L (R R e I § (30)
0

With (18), (19) and (20), the right hand side of (9) can be written as
P’ + / e=Ast); H0r @) dr puc(9,w, u(s)) ds = Iy + el; + Ry, (31)
0

where Ry represents the remainder term and the other two terms are,

Iy = P ®° + /0 e A p [F(@o(s) + 0 (s)) — F(<1>o(s))] ds,

[eS)

L :/:e*AS{(/: Z(é)r(w))der(Hs(w))) é} ds,

@}

= F(s) + 8 (s)) = F(@D)(s) + £ (6 (5) + @V (s) + Z(0) (6 + 2D)).

(32)

Substituting (13) and (31) into (9), and matching the powers in €, we
get

(D) = Iy = P'a° + / Cemepn [F(@o(s) + W D(s)) — F(®o(s))] ds,

oo

(33)

and

1V (¢, 0%, w) :/:e*“s {(/t Z(é)r(w))der(Hs(w))) é} ds.

As a summary, we obtain the following result about approximating in-
variant foliation for the random evolutionary equation (5), including some

random ordinary or partial differential equations.

11



Theorem 1 (Approximate invariant foliation for random evolutionary equa-
tions). Let W(®% w) = {& + I5(&,w, @) | € H*} represent a stable leaf,
passing through a point ®°, of the invariant foliation for the random evolu-

tionary equation Cfl—? = Au + z(w)u + G(biw,u). Assume that
(i) F(u) is twice continuously Fréchet differentiable with respect to u;

(ii) For somen (o >mn > f3), the following gap condition is satisfied

K L <ﬁ+ain)<1. (34)

Then for e sufficiently small, the leaf of the random invariant foliation can
be approximated as
W(@,w) = {§ +10() + (6, 2" w) + Rz | € € 'Y,

where || Ry < C(w)e? with C(w) < oo,  a.s.,

19 = Pua’ + /0 e~ p [F(@O(s) + 0@ (s)) - F(cbo(s))] ds, (35)

o0

and
Wiea%0) = [t ([ 20w dr - 20.0)) PFw)

x (F@D(s) + @ () = F@ ) () + B (50 (5) + 00(s) + Z(0:0) (0¥ + @) ) | ds.

(36)
4 Examples
Let us look at two examples.
Example 1
Consider a SDE system
X=-X+eXoW,
(37)

Y=Y+ X2+eV oW,

where € > 0 and W is a scalar Brownian motion. In this example, A =

—1 0 T
, H = R? (a finite dimensional Hilbert space), H® = ZTER,

0 1 0

12



0
and HY = g € R ». The transformed differential equations with

Y
random coefficients are

T =—x+eZ(Ow)x,
(38)

§ =y +eZ(Ow)y +e?)a?,
where Z(w) is the stationary solution of dZ+Zdt = dW ,i.e. Z(w) = fi]oo e"dW (1)

and Z(w) = et Z(w) + et OterW(T).
The stable leaf of the invariant foliation for (38), passing through a point

(z0,Y0), can be approximated as

W(fﬂo, Z/va) =

z 2 2 2 2 oo
‘y—yoz—m mO—Q—eZ(w) yo+gmg _ 2 o / e 3T dW, +O(62) zER.
) 3 3 3 )

Figure 1 compares a random stable leaf (two samples are shown here) for

(38) with the deterministic stable leaf, passing through the point zy = 0
and yo = 0.

Example 2
Consider the following SPDE

Up = (Upe + 10U) = U3 + €U o W,z € [0, 1],

U(0,t) =U(1,t) =0,
where € > 0 and W is a scalar Brownian motion. In this example, A = A+
10, H = L?(0,1), D(A) = H2(0,1), F(u) = u3. Note that the eigenvalues
of A are \, = 10 — (nm)?, and the corresponding normalized eigenfunctions
are e, = 2sin(nwr), n = 1, 2 ---. Here H* = Span{e;} and H" =

Spa/n {627637”' 3 Eny e }

The transformed random partial differential equation is
Ut = (Ugy + 10u) + Z(Osw)u — e220)y3 o € [0,1],
u(0,t) = u(1,t) =0.

Unlike Example 1, here we can not express /(1) (&, ®°, w) analytically, but

only estimate it via (36).
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Deterministic leaf
— — - Random leaf (sample 1)

— — — Random leaf (sample 2)

-2 -1.5 -1 -0.5 0 0.5 1 15 2

Figure 1: The random stable leave passing through the point (0,0) for Ex-
ample 1. Two samples of the random stable leaf are shown here, together

with the stable leaf for the corresponding deterministic system (e = 0)
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