MAXIMAL INEQUALITY OF STOCHASTIC CONVOLUTION DRIVEN BY
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ABSTRACT. Assume that F is an martingale type p Banach space with ¢-th, ¢ > p, power of the
norm is of C2-class. We consider the stochastic convolution

t ~
u(t) :/0 /ZS(t—s)f(s,z)N(ds,dz),

where S is a Cp-semigroup of contractions on E and N is a compensated Poisson random measure.
We derive a maximal inequality for a cadlag modification 4 of u

, ¢ <
E sup [a(s)|% scE(/O /Zws(syz)l%fvus,dz)) 7

0<s<t

for every 0 < ¢’ < oo and some constant C' > 0. Stochastic convolution and martingale type p
Banach space and Poisson random measure

1. INTRODUCTION

The maximal inequality for stochastic convolutions of a contraction Cpy-semigroup and right
continuous martingales in Hilbert spaces was studied by Ichikawa [10], see also Tubaro [15], for more
details see [14]). A submartingale type inequality for the stochastic convolutions of a contraction
Cy-semigroup and square integrable martingales, also in Hilbert spaces, were obtained by Kotelenez
[12]. Kotelenez also proved the existence of a cadlag version of the stochastic convolution processes
for square integrable cadlag martingales. In the paper by Brzezniak and Peszat [4], the authors
established a maximal inequality in a certain class of Banach spaces for stochastic convolution
processes driven by a Wiener process. It is of interest to know whether the maximal inequality holds
also for pure jump processes. Here we extend the results from [4] to the case where the stochastic
convolution is driven by a compensated Poisson random measure. We work in the framework of
stochastic integrals and convolutions driven by a compensated Poisson random measures recently
introduced by the first two named authours in [3].

Let us now briefly present the content of the paper. In the first section, i.e. section 2 we
set up notation and terminology and then summarize without proofs some of the standard facts
on stochastic integrals with values in martingale type p, p € (1,2], Banach spaces, driven by
compensated Poisson random measures. In the following section 3, we proceed with the study of
stochastic convolution process (u(t))o<t<r driven by a compensated Poisson random measure N

which is defined by the following formula

(1.1) u(t):/o /ZS(t—s)g(s,z)N(ds,dz), te 0,7,
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where S(t), t > 0 is a contraction Cp-semigroup on a martingale type p, p € (1, 2], Banach space E.
In particular, we show that there exists a predictable version of this stochastic convolution process
u. Under some suitable assumptions we show that the process u is a unique strong solution to the

following stochastic evolution equation

(12) du(t) = Au(t)dt +/Z£(t,z)N(dt,dz), t €10,T],

u(0) =0,
where A is the infinitesimal generator of the contraction Cyp- semigroup S(t), ¢ > 0. In the last
section 4 we present our main results. In particular, the maximal inequalities are stated and proved
when the ¢-th power, for some ¢, of some equivalent norm on E is of C? class. We first show these
inequalities for the exponent ¢’ > ¢. Then we adapt some ideas from the paper of Ichikawa [10], see
the proof of Theorem 1, and extend the maximal inequalities to the case of any ¢’ in (0, 00). Thus,
roughly speaking, we show that the process v has an E-valued cadlag modification @ which satisfies

the following maximal inequality, see Theorems 4.4 and 4.5,

’

(1.3) E sup |i(s)|% < C E (/Ot/z|£(s,z)|%N(ds,dz)>p, te[0,7).

0<s<t

In the last part of section 4 we formulate and prove a different version of the maximal inequality.

Remark 1.1. It is possible to derive inequality (1.1) by the same method as it has been applied to
get inequality (4) in [8] whose authours used Szekdfalvi-Nagy’s Theorem on wunitary dilations. The
latter result has recently been generalized to Banach space of finite cotype by Frohlich and Weis
[6]. Howewver, this method works only analytic semigroups of contraction type. The results from the
current paper are valid for all Cy semigroups of contraction type. To be more precise, assuming the
setting before and the additional assumption that A generates an analytic semigroup, by nearly the

same lines as in [8] it would follow

’
q

2 s il <O B ([ [ s Nsd)

0<s<t
2. STOCHASTIC INTEGRAL

Let (Q,F,F = (Fi)t>0,P) be a filtered probability space satisfying the usual hypothesis. Let
(S, 8S) be a measurable space. Let N = {0,1,2,---} and N = NU{oo}. Let Mg(S) denote the space
of all N-valued measures on (5,S). Let B(Mg(S)) be the smallest o-field on M (S) with respect to
which all the mapping ig : M(S) 3 u— u(B) € N, B € S are measurable.

Definition 2.1. A Poisson random measure on (S,S) over (Q, F,F,P) is a map N such that the
family {N(B) : B € 8} of random variables defined by N(B) := ig o N : Q — N satisfies the
following conditions

(1) for any B € S, N(B) is a random variable with Poisson distribution, i.e.

BTL
P(N(B):n):ein(B) ( |) ) n:0a1727"'a
n.

with n(B) = E(N(B)).
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(2) (independently scattered property) for any pairwise disjoint sets By, -+, B, € S, the random
variables

N(Bl)7 T N(Bn)

are independent.

Let (Z, Z) be a measurable space. A point function on (Z, Z) is a mapping « : D(«) C (0,00) —
Z, where the domain D(«) is a countable subset of (0, 00). Let II, be the set of all point functions
on Z. Let Q be the o-field on II,, generated by all mappings a — £{s € (0,¢t] N D(a) : a(s) € A},
AeZ t>0.

Definition 2.2. We call a function 7 : Q — Il a point process on Z if it is F/Q-measurable. A
point process m is said to be stationary if for every t > 0, m and 0,7 have the same probability law,
where (0;m)(s) = w(s+t), D(Oym) = {s € (0,00) : s+t € D(mw)}. For each point process w, we define
a counting measure Ny by
Ny(t,A):=t{s € (0,t] N D(w) : w(s) € A}, A€ Z, t>0.

A point process w is called a Poisson point process if the counting measure N, is a Poisson random
measure. Moreover, a Poisson point process is o-finite if there exists a sequence {Dp}nen C Z of
increasing sets such that U, D, = Z and EN,(t,D,) < oo for all0 <t <T and n € N. A Poisson

point process is stationary if and only if there exists a nonnegative o-finite measure on (Z, Z) such
that

EN,(t,A) = tv(A), t>0, AcZ.

From now on, we suppose that m is a o-finite stationary Poisson point process. For simplicity
of notation, we write N instead of N,. We employ the notation N(t, A) = N(t, A) — tv(A), t > 0,
A € Z to denote the compensated Poisson random measure associated with the Poisson point
process . Let E be a real separable Banach space of martingale type p, 1 < p < 2. That is
there is a constant K,(F) > 0 such that for all E-valued discrete martingale {M,, }2_ the following
inequality holds

N
sup E|M, [P < K,(E) Y E|M, — M,_,|"
n n=0
where we set M_; = 0 as usual. Note that all L? spaces, ¢ > p > 1 are of martingale type p.

Definition 2.3. Let us fit 0 < T < oco. Let P denote the o-field on [0,T] x  generated by all
left-continuous and Fi-adapted processes.
Let P denote the o-field on [0,T] x Q x Z generated all functions g : [0,T] x Q x Z — E satisfying
the following properties

(1) for every 0 <t < T, the mapping (w, z) — g(t,w, z) is Z @ F¢/B(E)-measurable,

(2) for every (w,z), the path t — g(t,w, z) is left-continuous.
We say that an E-valued process g = (g(t))o<i<r 15 predictable if the mapping [0,T] x Q 3 (t,w)
g(t,w) € E is P/B(E)-measurable.
We say that a function f : [0, T xQx Z — E is F-predictable if the mapping is P/B(E)-measurable.
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Proposition 2.4. P = P® Z. Furthermore they are both equal to the o-field generated by a family
R defined by

R={{0}x FxB,FeFy,Be Z}U{(s,{] x Fx B_F € Fs,B€ Z,0< s <t <T}.

Moreover, the family Risa Semiring.

Let MP([0,T] x Q x Z,P,\ x P x v; E) denote the linear space of all F-predictable functions

f:00,T) x Q@ x Z — E such that
/ /E|ftz v(dz)dt < co.

In this section, we shall define for all functions f in the class MP?([0,T] x Q x Z,75, AXPxuvE)

the integral
T ~
/ / F(t.2)N(dt, dz),
0o Jz

which we shall call the stochastic integral with respect to a compensated Poisson random measure.

Definition 2.5. A function f:[0,T] X Q x Z — E is a step function if there is a finite sequence
of numbers 0 =ty <t < --- < t, =T and disjoint sets A*_,, j=1,--- . n,k=1,---,m, in Z

with v(A%_)) < co such that

Jj—1

(2.1) f(tw,2) ZZ&} 1(@)L;25(t )1A;?_1(Z)7

j=1k=1
where 5;{1 is an E-valued p-integrable Fy,_,-measurable random variable, j = 1,---,n and k =
1,---,m. The class of all such step functions belonging to MP([0,T] x Q x Z, P, A x P x v; E) will
be denoted by M%,,,([0,T] x Q x Z; E).

Notice that a function of the form 170y (¢)&(t,w) with & € MP([0,T] x Qx Z,P® Z,Ax P x v; E)
is equivalent to the identically zero process with respect to the measure A x P X v, so it has zero
stochastic integral. Therefore, the inclusion or exclusion of the origin in the definition of step

function is irrelevant.

Definition 2.6. The stochastic integral of a step function f in M%,. ([0, T] xQx Z; E) of the form
(2.1) with respect to N is defined by, for 0 <t <T,

3 S N (o Aty A ] A
j=1k=1

Note that, for every f € M%,. ([0,T] x Q x Z; E), I;(f) does not depend on the representation
(2.1) of the step function f and the process I;(f), 0 < t < T is a cadlag martingale with mean 0.

Moreover, I;(f) is linear with respect to f and satisfies the following inequality

(2.2) E|L(f)[} < CE / /Z (5, 2)E(dz) ds,

where C', which is independent of the function f, is the same constant as the one in the martingale

type p property of the space E. Let us now extend the definition of stochastic integral to all
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functions f in MP([0,T] x Q x Z, P, A x P x v; E). Take f € MP([0,T] x Q x Z,P, A x P x v; E).
Then we can show that there exists a sequence f* € M?%,,,([0,T] x Q x Z; E) such that

T
B[ [ Itw.2) — w2 rldi =0, asn— o,
0 S

It follows from (2.2) that

E|Ir(f) - Ir(f™)2 < CE / / 17 (5,2) — F™(s. ) (dz) ds — 0,
0 7

as n,m — oo. In other words, {Ir(f™)}22, is a Cauchy sequence in LP(Q), E, Fr). Thus the
sequence {Ir(f™)}52, of random variables will converge in LP(2, E, Fr) to some particular random
variable which we shall denote by Ir(f). Moreover, such random variable is uniquely determined
up to a set of measure zero in the variable w. That is, it does not depend on the choice of the
approximating step functions. We usually call I7(f) the stochastic integral of f with respect to a
compensated Poisson random measure N. For 0 < a < b < T, B € Z and f € MP([0,T] x  x
Z,P,AxPx v; E), since 1(4 41 f is also in MP([0,T] x € x Z,PAXP X v E), so we can define
the stochastic integral from a to b of the function f € MP([0,T] x Q x Z, P, A x P x v; E) by

/ / f t Z dt dZ) = IT(l(a b]]-Bf)

For simplicity, we denote

/ /ft 2N (dt, dz) = I (10, f).

The following result was first proven in the case p = 2 in an important work [16] by Riidiger.

Theorem 2.7. ([3]) Let f € MP([0,T] x Q@ x Z,P,Ax P x v; E). Then I,(f), 0 <t < T is a
cadlag p-integrable martingale with mean 0. More precisely, I;(f) has a modification which has

P-a.s. cadlag trajectories. Moreover, it satisfies the followz'ng

<C]E//|ftz Lv(dz)ds.
E

From now on, while considering the stochastic process fot I f(s,z)N(ds,dz), 0<t<T, fe
MP([0,T] x Q x Z,P,A x P x v; E), it will be assumed that the process fg I, f(s,z)N(ds,dz),
0 <t <T, has P-a.s. cadlag trajectories.

(2.3) E|L(f)|% —E’/ / f(s,2)N(ds,dz)

3. STOCHASTIC CONVOLUTION

Let (S(t))i>0 be a contraction Cyp-semigroup on E. Suppose that A is the infinitesimal generator
of the Cyp-semigroup (S(t))t>0. If {Ax : A > 0} is the Yosida approximation of A, then for each
A, Ay is a bounded operator in E and |Ayz — Az|p converges to 0 as A\ — oo for all x € E, and
uniformly convergence on bounded intervals. Let R(\, A) = (A — A)~!. By the use of Hille-Yosida
Theorem (see [13]), it is easy to establish that limy_,oc AR(A, A)x = z and AR(X, A)z € D(A), for
all z € X.
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Let £ € MP([0,T] x Q x Z,P, A x P x v; E). We are going to consider the following stochastic

convolution process
t ~
(3.1) u(t) = / / S(t—s)&(s,z)N(ds,dz), 0 <t <T,
0 Jz

where N is a compensated Poisson random measure of the point process m = (m(t));>0.

We will first investigate the measurability of the process u.
Lemma 3.1. The process u(t), 0 <t < T given by (3.1) has a predictable version.

Proof. Let t € [0,T] be fixed. We first show that a process X defined by X(s) = 1¢4(s)S(t —
s)é(s,z), 0 < s < T is predictable. Define a function F' : [0,¢] x E > (s,x) — S(t — s)x € E. Since
S(t), t > 0 is a Cyp-semigroup, so for every x € E, F(-,x) is continuous on [0,t]. Also, for every

s >0, F(s,-) is continuous. Indeed, let us fix g € E. Then for every x € F, and 0 <t < T,
F(t,2) — F(t,20)| 2 = |S(t — 8)(x — 20)] < |v — w0l

as ||S(t)|lz(gy < 1. This part shows that the function F' is separably continuous. Since by assump-

tion the process ¢ is F-predictable, one can see that the mapping
(s,w, z) — (s,&(s,w, 2))

of [0,T] x 2 x Z into [0,T] x E is F-predictable. Moreover, since the process 1o is F-predictable

and we showed that the function F is separably continuous, so the composition mapping
(8, W, Z) = (57 5(57 w, Z)) = F(Sa §(8, w, Z)) = 1(0,15} (S)F(Sa 5(87 w, Z))

is F-predictable as well. Therefore, process X (s) = 1(g,4(s)F(s,&(s,2)), s € [0,T] is F-predictable.
On the other hand, since S(¢), t > 0 is a Cyp-semigroup of contractions and £ is in MP([0,T] x Q x
Z,PAxPx v; E), we have

T T
E/ 10,95t — 5)&(s, 2)|pr(dz) ds < IE/ 1€(s, 2)|'Hr(dz) ds < oo.
0 0

Therefore, the process 1(g.4S(t — 5)¢(s, 2) is of class MP([0,T] x Q x Z, P, A x P x v;E). Hence,

when the number ¢ is fixed, the integrals

/ ' / Lo, S(t — 5)&(s, 2)N(ds,dz), r € [0,T]
0 zZ

are well defined and by Theorem 2.7, this process is a martingale. In particular, for each r € [0, 7],
the integral [y [, 1(0.qS(t — $)&(s, 2)N(ds,dz) is F,-measurable. Take r = t. This gives that
fot [, L04S(t — 8)&(s,2)N(ds, dz) is F-measurable.

Now we show that the process w is continuous in p-mean. Observe that from the inequality

la+b|P < 2P|a|P + 2P|b|P, inequality (2.3) and the contraction property of the semigroup S(t), t > 0,
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we have, for 0 <r <t <T,

Elu(t) — t/ S(t — s)&(s, 2)N (ds, dz) / / S(r — 5)&(s, )N (ds, dZ):
<2pIE//St—s (s,2)N (ds,dz)
E
+2PE S(t —8) = S(r — s))g(s,z)N(ds,dz) ’
E

< C ]E/ / IS(t — )¢ (s, 2) B (dz) ds
+2°C ]E/ / S(t— s) S(r—s))g(s,z) Pu(dz)ds

< PO, / / €(s, 2) B v(dz) ds

+2”C]E// St~ ) — S(r — ))€(s, 2iw(d2) ds

= QPCPIE/O /Z Lir4)(8)1€(s, 2)[pr(dz) ds

+ 2PCLE /T/ 110, (S’(t —s)—S(r— s))ﬁ(s 2)|Bv(dz) ds.

Here we note that 1(,4(s)|£(s, 2)|% converges to 0 for all (s,w,2) € [0,T] x Qx Z,ast | rorr]t.
So by the Lebesgue Dominated converges theorem, the first term on the right hand side of above
inequality converges to 0 as t | r or r | t. For the second term, by the continuity of Cy-semigroup
S(t), t > 0, the integrand 1(q (S(tf s)—S(r— s))f(s, z) converges to 0 pointwise on [0, T] x 2 x Z.

Moreover we find that

[LomS(t = 5) = S(r =) )&(s, )l < |E(5.2)

So, again by the Lebesgue Dominated Convergence Theorem, the second term also converges to 0
ast | r or r T t. Therefore, the process u is continuous in the p-mean. Since by Proposition 3.6
in [5], every adapted and stochastically continuous process on an interval [0,7] has a predictable
version on [0, T], we conclude that the process u(t), 0 <t < T has a predictable version.

O

Assume that A is the infinitesimal generator of a Cy-semigroup S(t), t > 0 of contractions on
the Banach space E and that £ is a function belonging to MP?([0,T] x Q x Z, P, x P x v, E).

Consider the problem (1.2) which for the convenience of the reader we write aagin below.

(3.2) du(t) = Au(t dt—l—/ (t, 2)N(dt, dz)

Definition 3.2. Suppose that Efo [, 1&(s, 2)[pr(dz)dt < co. A strong solution to Problem (1.2) is
a D(A)-valued predictable stochastic process (u(t))o<i<t such that

(1) w(0) =0 a.s.
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(2) For any t € [0,T] the equality

(3.3) / Aufs d8+/ /fs z)N(ds,dz)

holds P-a.s..

Lemma 3.3. Let £ € MP([0,T] x Q x Z, P, A\ x P x v;D(A)). Then the process u defined by

t

(3.4) u(t) = / / S(t— 8)(s, 2) N (ds, d2), t € [0,T],
0 Jz

is a unique strong solution of equation (1.2).

Proof. Let us us fix t € [0,T]. First we need to show that u(t) € D(A). For this, Let R(\, A) =
(A — A)~1 X > 0, be the resolvent of A. Since AR(\, A) = AR()\, A) — Ig, AR(\, A) is bounded.
Hence, since £ € MP([0,T] x Q x Z, P, A x P x v;D(A)), we obtain

RO\, A) /O t /Z AS(t — $)(s, 2) N (ds, dz) = / t / RO\ AVAS(E — )€(s, 2) N (ds, d2)
=AR(NA) / /St—s s,2)N(ds, dz)

_/0 /Zs(t_s)g(s,z)zv(ds,dz).

Thus, it follows that

//St—s (s,2)N(ds, dz)
)\A[//St—s £(s,2)N (ds, dz) — //ASt—s)g(sz) (ds,d2)| .

Since Rng(R(\, A)) = D(A), we infer that fo [, S(t — 5)&(s, 2)N(ds,dz) € D(A). On the other
)

hand, let us take h € (0,t¢) and observe that since % is bounded, we get the following equality
1
2 //St—s s,2)N(ds, dz)

:/ /MS(t—s)g(&z)N(ds,dz).
0 Jz h

So by applying the triangle inequality and inequality (2.3), we find that

A/Ot/ZS(ts)g(s,z)N(ds,dz)/Ot/ZAS(ts)ﬁ(s,z)N(ds,dz) ’

§2PE‘A/t/S(t—s)§(s,z N(ds, dz) — //St—s 5.2 N (ds, dz)|
//ASt—s)g(s 2)N(ds, dz) / / S S(t — s)&(s, )N (ds, dz)
<2PE‘( )//St—s 8, %) (ds,dz)

1
| A= 9)e(s,2) - ¢ (S(h) - I)S(t — $)&(s, 2)

p
+ 2PE

P
v(dz)ds
E

+CF,

= 1(h) + TI(R).
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For the integrand of I(h), since (s, z) € D(A), we observe that %S(t s)€ =% fo
$)&(s, z)dr, so we have ‘%S(t — 8)&(s, 2)

p
. < |A&(s, z)|%. Hence we infer that the 1ntegrand

P

‘AS(t (s, 2) — %(S(h) ~1)S(t - 8)€(s.2)

E

of I(h) is bounded by a function C1|AE(s, 2)[%, which is in MP([0,T] x Q x Z,P, A x P x v; E) by
assumption. Since A is the infinitesimal generator of the Cy-semigroup S(t), t > 0, the integrand

p

‘AS(t (s, 2) — %(S(h) ~1)5(t — 9)E(s.2)

E

converges to 0 pointwisely on [0,¢] x Q x Z. Therefore, by the Lebesgue Dominated convergence
theorem, the term II(h) of above inequality (3.5) converges to 0 as h | 0.

Since we have already shown that fot J, St —s)&(s, 2)N(ds,dz) € D(A), it is easy to see that the
term I(h) of (3.5) converges to 0 as i | 0 as well. Hence by inequality (3.5) we conclude that

(3.6) A/t/ S(t — s)&(s, z)N(ds,dz) = /t/ AS(t — 5)&(s, z)N(ds,dz), P-a.s.

In order to verify equality (3.3), by the Fubini’s theorem and equality (3.6) we find that

/Au ds—///ASs—r £(r, 2)N(dr, dz) ds
_ /O /Z / AS(s — 1)é(r, 2) dsN (dr, d2)
_ /0 t /Z / t ds(s‘d—’gﬂmdszv(dr,dz)
= [ [ st et ) et Sz
:/t/S(t—r)g(rz N(dr,dz) //grz (dr, dz)
/ /gr 2)N(dr,dz), P-as.

1

which shows equality (3.3).

2

For the uniqueness, suppose that u- and u

w = u' —u?. Then we infer that

w(t) = u(t) —u’(t) = /0 A(ul(s) —u?(s))ds = A/o w(s)ds

are two strong solutions of Problem (1.2). Let

ds

Put v( fo s)ds. Then v(t) is continuously differentiable on [0,7] and v(t) € D(A). Now
applylng Ito’s formula to the function f(s) = S(t — s)uv(s) yields
) _ A0t — syo(s) + S(t — ) diz(;)

=—AS(t —s)v(s) + S(t — s)w(s) = —AS(t — s)v(s) + S(t — s)Av(s) = 0.

So we infer v(t) = f(t) = f(0) = S(t)v(0) = 0 a.s.. Therefore, w(s) = 0 a.s.. That is u'(t) = u>(t)
a.s. t €[0,T]. O
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4. MAXIMAL INEQUALITIES FOR STOCHASTIC CONVOLUTION

Assumption 4.1. Suppose that E is a real separable Banach space of martingale type p, 1 < p < 2.
In addition we assume that the Banach space E satisfies the following condition:

(Cond. 1) There exists an equivalent norm | - |g on E and q € [p,0) such that the function
¢:E >z |z|% €R, is of class C? and there exists constant ky,ky such that for every x € E,
¢/ (2)] <kl and ¢ ()] < kala]f.

Remark 4.1. It can be proved that if E satisfies condition (Cond. 1) for some q and g2 > q, then
E satisfies condition (Cond. 1) for qs.

Remark 4.2. Notice that the Sobolev space H*P with p € [2,00) and s € R satisfies above condition
Cond. 1 and L"-spaces with v > q also satisfies condition Cond. 1.

Now we proceed with the study of the stochastic convolution

(4.1) u(t):/o /ZS(t—s)g(s,z)N(ds,dz), te0,7T].

Before proving the main theorem, we first need the following Lemmas.
Lemma 4.2. For all x € D(A), ¢'(z)(Az) <0.

Proof. Take 0 <1 <t < co. We have
1S(t)z|E — [S(r)z|f = [S(t —r)S(r)z|f —|S(r)z|f
< ISt = 1)[% | Sl — [ Sl
<I|S(r)z|% — |S(r)z|%, =0, foralxzeE.

Thus the function t — ¢(z)(S(t)x) is decreasing. Also, observe that for © € D(A),

LEOD| - _ (5(0)a)(4z) = o' (2)(A0).
dt =0
Hence ¢'(z)(Ax) = %Et)z) o < 0 which shows the Lemma. O

Lemma 4.3. The random variable supy<,< |u(t)| is measurable.

Proof. Since we have shown in Lemma 3.1 the stochastically continuity of the process u, applying
Theorem 5.3 in [20], we can find a version @ of u which is separable. That is there exists a countable
subset Ty which is everywhere dense in [0,7] such that @(t) belongs to the set of partial limits
limgeq, s—¢ @(s) for all ¢ € [0, T)\Ty. Hence
sup [i(6) = sup Tim - [als.)] = sup [i(s,)]
te[0,7] te[0,T] Sn—=t5n€To sn€To
where sup, cq, |@(sn)| is measurable. Therefore, the random variable sup,¢o 71 [@(¢)] is also mea-

surable. 0

Henceforth, when we study the stochastic convolution process u, we refer to the version of u such

that it is predictable and its supremum over [0, 7] is measurable.
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Theorem 4.4. Suppose E is an martingale type p Banach space satisfying Assumption 4.1. Then
there exists a cadlag modification @ of u and a constant C such that for every 0 <t < T,

’

(12) B sup li(s) < OB ( [ t [l o))

0<s<t

where ¢ > q and q is the number from Assumption 4.1.

From now on, A denotes the infinitesimal generator of the Cy-semigroup (S(t))e>0 of contractions.

Proof. Case 1. First suppose that £ € MP([0,T] x Q x Z,P,AX P x v; D(A)). We will prove

(4.3) E sup |u(s) <CE<//|§sz|desdz)> ,

0<s<t

We have shown in Lemma 3.3 that the process u is a unique strong solution to the following problem

du(t) = Au(t dt+/£tz (dt,dz), te[0,T],
u(0) = 0.

(4.4)

Moreover, it can be written as

(4.5) /Au ds+/ /55 2)N(ds,dz), t € [0,T).

We shall note here that in view of the right continuity of the right hand side of (4.5), the cadlag
property of the function u(t), 0 < ¢ < T follows immediately. Notice that the function ¢ : £ > z —
|z|%, is of C? class by assumption. Thus, one may apply the Ité formula [9] to the process u and

get for t € [0, 7],

/¢ )(Aus ds+/ /qs (5, 2)) N (ds, d=)

(4.6) / / )+ €(5,2)) — dlu(s—) — & (u(s—)) (E(s, 2))| N(ds, dz) P-as.

Since by Lemma ¢'(x)(Az) < 0, for all z € D(A), we infer that for ¢ € [0, T,

<[ t [ #uts)) (s, ) a2

(4.7) / | [otuts=) + €5.2) = ofu(s=) = &/ (s (€5, 2D (s, ) Pras.
Taking the supremum over the set [0,¢] and then the expectation to both sides of above inequality
yields
e oo olu(e) <E s [ 0 e ) N i
B sup [ / )+ (7)) — O(ulr—)) — &' (u(r—)(E(r 2)) | N(dr, d2)
0<s<t

= L(0) + 1o (1),
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Applying the Davis inequality and the Jensen inequality to I; we obtain for some constant C' that

Eoiligth )< CE (/ / |¢' (u (s,2))|PN(ds, dz)>

<k CE sup |u(s)]?! </ / |€(s,2)|PN(ds dz))
0<s<t

Firstly we are going to estimate the integral I5(t). Note that for every s € [0, t],
[ \¢ )+ €(r,2)) = O(u(r) — & (ulr-))(E(r, 2))|_N(dr, d2)
> ‘(b(U(T—) +&(r,m(r)) — d(ulr—)) = ¢' (u(r=))(&(r,7(r)))

re(0,s]ND()

1
p

, P-a.s..
E

Let us recall that by the assumption the function ¢ is of C? class. Applying the mean value Theorem,

see [11], to the function ¢, for each r € [0, s] we can find 0 < 6 < 1 such that
[o(ur—) + &G (1)) — 6(u(r-))| _ = leCr (1)) [ (ulr—) + O (r, ()|

By the assumptions |¢/(z)| < ki|z|% ", # € E and the fact that |z + 0y|z < max{|z|g, |z +y|g} for

L(B)

all x,y € E, we obtain

o (ulr=) +06(rm ()|, < Falulr=) + 060 75D 5
< kmax {|u(r—)|% | (r=)+&(r,m(r |
Observe that for all 0 < r < s <t,
u(r=)|5 " < o lu(p=)|5" < R Ju(p=)|5 " = Sup Ju(p)|

Moreover, since u(r—) + &(r, ¢(r)) = u(r), we get

Ju(r=) + € m(r)|E " < sup Ju(r)[f < sup Ju(s)|h
0<r<s 0<s<t

Therefore, we infer that for each r € [0, ],
[olu(r=) + &G () = S(ulr=)| | < kaleCr.m(r))] sup fuls)[f "

It follows that
[6(u(r=) + £ 7)) = G(u(r=)) = &' (wlr=))(E (. 7(r)
< [o(ulr) + &(r,m(r))) = o(u()]+

< 2k |E(r, m(r ))IEosuptIU( $)|E

E

¢' (u(r=))(&(r, m(r)))

E E

On the other hand side, we can also find some 0 < ¢ < 1 such that
‘(b(u(?“—) +&(r,m(r)) — ¢lu(r—)) — ¢'(U(T—))(€(7‘,W(T)))‘E = S |&(r, m(r)| B¢ (u(r—) + 6&(r, (1))
[ (r, m(r)) [ Blu(r=) + 68 (r, m(r))| 2.

A similar argument as above, we obtain

[(u(r—) + €0, 7)) — dulr—)) — &' (u(r=)) (€ 7)) | < el () sup Ju(s)/% 7.

E~ 2 0<s<t
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Summing up, we have
P(u(r—) + &(r,m(r)) —d(u(r—)) — (b'(U(T—))(ﬁ(T,W(T)))(E

= |o(u(r=) + €0 7)) = d(u(r=) = &/ (ulr=))(E(r, (1)

p—1
< (2mletols s wtE?)  (Lletrn) s o))

< K[¢(r,m(r)% sup |u(s)|5?,
0<s<t

(2-p)+(p—1)

E

where K = (2k;)27P(ky/2)P~1

Hence,

S o) + € m ) =) — ¢ (ur=)) G 7))

re(0,t)ND()

E

< K sup |u(s)|5 " Z 1€, (1) |5

Osss<t re(0,t)ND(x)

=K sup |u(s) |qp//|§7"z|p (dr,dz),

0<s<t

which also shows that the integral fot I {qﬁ(u(s—)—i—f(s, 2))—p(u(s—))—¢' (u(s—))(£(s, z))} N(ds,dz)
is well defined since & € MP([0,T] x Q x Z, P, A x P x v; D(A)). Therefore, we infer

/ / ‘¢ —)+&(r,2)) — d(u(r—)) — &' (u(r—))(&(r, z))‘EN(dr, dz)
SKOS<1iI<)tU(S)l%_p/os/z|§(r,z)|% N(dr,dz).

Hence, we get the following estimate for I5(¢)

Lt) < K sup u(s)|ly / | el Nardz), te o)

0<s<t

where the constant K only depends on ki, k2, p and ¢q. Now applying Holder’'s and Young’s
inequalities to I (t) yields

L) < k10:<]E(Oiligtu()E ) ( (//|§sz|pN (ds dz)> )
ke (Eoggtw(s)m)qql (E ( / [ s |%N<ds,dz>)q>q

_ k10_<]Eoiti}:<)t|u ) ( (/ /|§SZ|PN (ds dz)> (i)q_l>é
klc[qglgEoi‘iEJ“ <//|£sz|des dz)> 1

-1
— kol eE sup |u(s )|E+k‘1 (//fsz|desdz)) :
q 0<s<t

1
q

IN

IN
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In the same manner for the integral I5(¢) we can see that

L(t) = KE sup |u(s)%? /0 /Z 1€(s, 2)|2 N (ds, d2)

0<s<t
p

- (Eo?iit ) g_,,)&)q;p (E ( /Ot /Z |f(s,z)|%N(ds,dz)>g> '
< K (Eosgliztu(s”j{;)q? (E (/Ot/z|€(S’Z)|%N(ds,dz)>g>g

= K (Eoiggtu(s)l% e) (E (/Ot/z|f(57z)|EN(ds,dz)>q (i))

o 1 t q
< qups]E sup Ju(s)]% + K2 E(/ / |§(s,z)|EN(ds,dz)>
Tq 0 7

0<s<t q £ a

where we used Holder’s inequality in the first and fourth inequalities and Young’s inequality in the
third inequality.
It then follows that

IN

-1 1 t v
E sup |u(s)|% ekl e E sup |u(s)|% + leFE (/ / |£(s,z)|%N(ds,dz)>
q q 0 Jz

0<s<t 0<s<t

_ ¢ q
+ELLE sup lu(s)|% + kP —BE </ / |§(s,z)EN(ds,dz)>
q 0<s<t e a 0 Jz

] _
<k1(]qq +qup) eE sup |u(s)|%

0<s<t

1 p 1 t ) ;
t(mogt k2D ([ [ s aNsa)

E a

Now we can choose a suitable number € such that

-1 — 1
(klcqwqp) oL
q q 2

Consequently, there exists C' which is independent of A such that

(4.8) E sup |u(s)|% < CE ( / t / |£(s,z)|’3EN(ds,dz)>p.
0<s<t 0 Jz

Case II. Suppose £ € MP([0,T] x Q x Z,P,A x P x v; E). Set R(n,A) = (n] — A)~!, n € N.

Then we put £"(t,w) = nR(n, A)¢(t,w) on [0,T] x Q. Since A is the infinitesimal generator of

the Co-semigroup S(t), t > 0 of contractions, by the Hille-Yosida Theorem, ||R(n,A)|| < 1 and

&"(t,w) € D(A), for every (t,w) € [0,T] x Q. Moreover, £"(t,w) — &(t,w) pointwise on [0,T] x 2.

Also, we observe that | — ¢] = [nR(n, A)¢ — &] < 2|¢|]. Therefore, it follows by applying the

Lebesgue Dominated Convergence Theorem that

/OT /Z €7 (¢, 2) — &(t, 2)|Pr(dz)dt
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converges to 0 as n — oo, P-a.s.. Since the poisson random measure N is a P-a.s. positive measure
and we have

/ / |E™ (t, z) — &(t, 2)|P N (dt, d=z) / / €7 (t, z) — &(t, 2)[Pr(dz)dt,

/ / |€"(t, 2) — &(t, 2)|PN(dt,dz) — 0, as n — oo P-a.s..

we infer

One can also easily show that £ € MP([0,T] x Q x Z,P, A x P x v; D(A)).

Define, for each n € N, a process u™ by

_ /0 "S(t — $)€n(s. 2) N (ds, d2). ¢ € [0.T].

As we have already noted in case 1, function u, (t) can also be formulated in a way of strong solutions
so that u,(¢) is cadlag for each n € N. By the discussion in case 1, for each n € N, v™(¢), 0 <t < T
satisfies the following
t »
B s ool < CE ([ [ et do)
0<t<T 0 Jz

On the other hand, since by Theorem 2.7, we have
Elu™(t) — u(t)[p = Elu"( ) u(t)|g
St —s)"(s,2) = S(t — s){(s,z))N(ds, dz)

P
=E

E
SQEA LMWaa—aamww@@,

we infer that u™(t) converges to u(t) in LP(Q) for every ¢ € [0,T]. Moreover, from case 1, we know
that
+ a
L P
E sup [u"(s) —u"(s)|% < CE (/ / |7 (s, 2) — fm(s,z)|%N(ds,dz)>
0<s<t 0 JZ
From above discussion, we know that the right hand-side of above inequality converges to 0 as
n,m — oo. In this case, it is possible to construct a sequence {n;}32, of {n}r2, for which the
following is satisfied

1

E sup [u™*'(s) —u™*(s)]9 < Tz

0<s<T
Hence, on the basis of Chebyshev inequality, we obtain
1
]P’{ sup |uFt(s) —u™*(s)| > 2} <EME sup |[u™+(s) —u(s)|? < -
0<s<T k 0<s<T k
Then the series Y 5 P {supgc,cp [u™+1(s) — u"(s)| > +} will converges. It follows from the

Borel-Cantelli Lemma that with probability 1 there exists an integer beyond which the inequality

1
sup [u"* 1 (s) —u(s)] < 5
0<s<T k

holds. Consequently, the series of cadlag functions

oo

Dl (s) —u(s)]

k=1
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converges uniformly on [0,7] with probability 1 to a cadlag function which we shall define by

@ = (t(t))se[o,r)- Moreover, we have

E sup |[u"(t) —a(t)|]? — 0, asn — oo.
0<t<T

Therefore, by the Minkowski Inequality we have

1

& s Jao)|

0<s<t

IA

& sup |a<s>—u"<s>|q]}’+ E s |zw<s>|q]é

0<s<t 0<s<t

cz( [ e s, az)) g] ;

Note that the constant C' on the right hand side of above inequality does not depend on operator

N

< {E sup |a(s) — u"(s)|q] ! +
0<s<t

A. So the constant C remains the same for every n. It follows by letting n — oo in above inequality
that

E sup Jie)f* < CE [ t / |f<s,z>|f;;N<ds,dz>);g

0<s<t

Also, we have for every t € [0, 7], by Minkowski inequality that

(Ela(t) — u(t)[)?

IN

E|a(t)

( — Un t)
< (Efa(t) — un ()]

t)

< (EOE?ST |a(t) — un(t)|qE> L (Elu(t) — un(t)|5)" -

+ (t) — up
+ (Elu(t) — un(t)]

S

=

A

Letting n — oo, it follows that u(t) = a(t) in LP(Q) for any ¢ € [0,T]. This shows the inequailty
(4.2) for ¢’ = q. The case ¢’ > q follows from the fact that if the martingale type p Banach space
E satisfies Assumption 4.1 for some ¢, then Condition 1 is also satisfied with ¢’ > q.

O

The following result could be derived immediately from the proof of above theorem.

Corollary 4.1. Let Let E be a martingale type p Banach space, 1 < p < 2 satisfying Assumption

4.1. Then the stochastic convolution process u has cadlag modification.

Corollary 4.2. Let E be a martingale type p Banach space, 1 < p < 2. There exists a cadlag
modification @ of u such that for some constant C' and every stopping time 7 > 0 and t > 0,

g

P

(49) B sw il <oE( [ JCCRIAT)

0<s<tAT
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Proof. Let us first consider the case when & € MP([0,T] x Q x Z,P,\ x P x v; D(A)). A similar

argument as in Theorem 4.4 gives the following

/¢ )(Aus ds+/ /qs N(ds, dz)

/ / =) +&(s,2)) = d(u(s—) — (i)’(u(s—))(ﬁ(&Z))}N(ds,dz)
S//(bUS— (s,2 N(dsdz)
/ / =) +&(s,2)) — du(s—) — ¢>’(U(s—))(§(s,z))}N(ds,dz) P-a.s..

It follows that

E sup o(u(s))=E sup |u(sAT)|%

0<s<tAT 0<s<tAT
<z [ [ o0 S
+E wp!/MTH(()+f@z»—wwﬂﬁ—¢WWﬂﬂﬂndﬂNWﬁw)
0<s<AT
= EO<SsliI?/\T/ / Lo,7] =N (&(r, z))N(dr, dz)

+EK25W/’/1mﬂ \¢ =) €0,2)) — Blulr=) — ¢ (wlr=) (€0, 2)| N (ds, )

=1 + I5.

Now we consider integral I. By the definition of Lebesgue-Stieltges inegral, we have
/'/\¢ )+ £(r,2)) = Blulr—) — ¢ (w(r-)(E 2))| 10N (dr,d2)
(u(r=) +&(r&(r))) = dlulr=) = ¢'(ulr=))(E(r. £(r)))] Lo (r);

0<r<s
Notice that the function ¢(-) = | - |9 is of class C2. Applying Taylor formula to function ¢ we get
for some 0 < 6,0 < 1,

[ou(r=) + £(r, (1)) = du(r—))| _1m(r)
< I, 7 ()| (wlr=) + 86 (r, m(r)) 107 (1),
[o(ulr=) + € 7(1))) = Blulr=) = ' (ulr=))(E(r. 7 ()] 1.7 (7)
< SIE0r w16 (u(r—) + 86, 7)) 10,7 ()
Moreover we know that |¢/(z)|z(m) < k1]z|% ", so we obtain
¢ (u(r=) + 0£(r, ()| 101 (1) < (=) + 0€(r, m(r)) [ 10, (1)

< ki max {|u(r— )%t Lo, (7), [u(r—) + 5(7"7”(7“)){2711(0,7](70)}'

Observe that

-1 -1 -1 -1
[u(r=)I% Lo,n(r) < sup |u(r=)|5 Loq(r) < sup  |u(s—)[5 " = sup Ju(s)|
0<r<s 0<s<tAT 0<s<tAT
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and

u(r=) +&(r, 7 (M| Li0.71(r) < sup Ju(r)|f  o(r) < sup  Ju(s)[f
0<r<s 0<s<tAT

where ¢ > 2. Therefore, we infer
P(u(r=) +&(r,m(r))) — d(u(r=))| Lo (r) < &(r,m(r)elon(r)|¢ (ulr—) + 0&(r, m(r)))

E
< k1|é(r,7(r) el (r) sup  |u(s)|% '
0<s<tAT

L(E)

imilar rom the assumption )| < kolx|% © we obtain
Similarly, from th pti ()| < kolax|%? bt

|0 (u(r=)) + 6 (r,w(r)|ELio(r) < k2 sup Ju(s)[§ Lo, (r)-

0<s<tAT

It then follows that

S [otutr—) + €0, €0) = d(ulr—) — &' (wlr=)(E )| 1i01(r)

0<r<s
(2-p)+(p—1)
= 3 |ptulro) + €060 - Blulr-) = S WErNEREON] T L)
r<s
0< - -
<<2k1|£(r,7r(r))|E sup |U(8)|qE11(0,T](T)> <k2|§(r,7r(r))|2 sup |u(s)|§’321(077](r)>
0<s<tAT 0<s<tAT
5 g, W 3 ()
Therefore,

/ / ‘(/5 —) +&(r,2)) — p(u(r—)) — ¢ (u(r—))((r, Z))‘El(O’T](T)N(dT, dz)
< Kogilgzt)/\-r |U(S) qE_p /0 /Z |£(’l"7 Z)|ZI)§1(O,T] (r) N(d’m dZ)

Hence, for integral I, we can estimate as follows

I, < KE sup |u(s) qup/O /Z|§(T7Z)|%1(07T](T) N(dr,dz).

0<s<tAT

For integral I, applying the stopped Davis’ inequality yields the following

nscs( [ [0t er o0 o)

<mes sw e ([ [ o d2)>1

0<s<tAT

=

The rest argument goes without any difference with the proof of Theorem 4.4.
O

Theorem 4.5. Let E be an martingale type p Banach space, 1 < p < 2, satisfying Assumption 4.1.
Then there ezists a constant C' such that for every process u there ezists a cadlag modification @ of
u such that for all0 <t <T and 0 < ¢’ < oo,

’

(4.10) E sup |i(s)|% < C E ( / t / |s<s,z>|%N<ds,dz>> "

0<s<t
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Proof. The inequality (4.10) has already been shown for ¢’ > ¢ in Theorem 4.4. Now we are in a
position to show it for 0 < ¢’ < p. Let us fix ¢’ such that 0 < ¢’ < ¢q. Take A > 0. Define a stopping

mf{ (//Ksz.msd@)lﬂ}

Since the process fot S, 1&(s, 2)'EN (ds,dz), 0 < t < T is right continuous, the random time 7 is
indeed a F-stopping time. Moreover, we find that fot fZ 1€(s, 2)|E N (ds,dz) < A, for 0 < t < T,
and [ [, 1€(s,2)|5N(ds,dz) > X when 7 < co. Also, we observe that for every 0 <t < T,

(4.11) //fsz (ds,dz) /t_/fsz N(ds,dz).

This equality can be verified first for step functions, then for every function f in & € MP([0,T] x
Qx Z,P, A\ x P x v; E) we can approximate it by step functions in M2, ([0, T] x Q x Z; E), so the
equality (4.11) holds for every f € € € MP([0,T] x Q x Z,P, A x P x v; E). Therefore, by using
Chebyshev’s inequaliy and Corollary 4.2 to Theorem 4.4, we obtain

time

A

IP( sup Ju(s)| > )\> < %E sup |u(s)|?

0<s<tAT 0<s<tAT

ca([ [ e Z)|pN(ds,dz))g
= %E (/O(tm) /Z g(s,z)|PN(d57dz)>g
</ot/z e Z>l”N<déwdz>)Z A Aq] .

On the other hand, since {supg<g<; [u(s)| > A\, 7 >t} C {supg<s<in, [u(s)] > A}, we have

IN

(4.12)

IN

(4.13) P( sup |u(s)] > A) =P( sup |u(s)] > A, 7>1t)+P(sup |u(s)| >\ 7 <1)
0<s<t 0<s<t 0<s<t

<P(sup |u(s)] > A\7>t)+P(r <t)
0<s<t

<P( sup |u(s)] > A) +P(r <t).
0<s<tAT

Substituting (4.12) into (4.13) results in

C
P(sup fu(s)] > A) < 1F
0<s<t

(/Ot/z|§(8,z)|pN(ds7dz))g /\)\q]
(/Ot/z I£<s,z)|pN(ds,dz)>;’ N A] .

+P
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Integrating both sides of the last inequality with respect to measure ¢’ A =14\ and applying the

equality E|X |7 = o @' ATIP(IX| > N)dA, see [10], we infer that

E sup |u(s)|? :/ P( sup |u(s)| > A)g' A7 ~'dA
0

0<s<t 0<s<t

<[Te=l([ ] s<s,z>|PN<ds,dz>)Zw] d Ny
(414) + [T [( / t / |§<s,z>|pN<ds,dz>); > A] OV
(/ t | e z>|pN<ds7dz>)g A v] g0 1a
2 ([ [ lesapnias.) g

Let us denote (fot I, \f(s,z)\PN(ds,dz))E by X. The first term on the right hand side of (4.14)

becomes
C o] t % ,
7/ E (//|§(s,z)|pN(ds,dz)> AXL| g/ AT LN
A Jo 0 Jz

= c/ E(X?AA)g' AT 9 g\
0

= OIE/ (XTA NG AT~ dN
0

X o]
= C]E/ Aqq’)\q/_q_ld)\—s—CE/ | X |7/ AT~ 4N
0

X
= CEXY + CEX1Y / gAY )
X
q :
=C(1+— q/)IEXq
- Y4 pxa
q—q

= e ([ [ i arnas o) ’

’

Eogyu(s)w' < qqu,uz (/Ot/z|§(s,z)|pN(ds,dz)>i +E (/Ot/z|§(s,z)|pN(ds,dz)>

(142 ([ [ sarvisa)

which completes the proof.

Therefore, we conclude that

sl

E1aN

O

Corollary 4.3. Let E be an martingale type p Banach space, 1 < p < 2 satisfying Assumption

4.1. Then there exists an E-valued cadlag modification 4 of u such that for some constant C' > 0,
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independent of u, and allt € [0,T] and 0 < ¢’ < p,

’

(4.15) E sup |i(s)|% < CE (/Ot/z|§(s,z) 2 u(dz) ds)p

0<s<t

Proof of Corollary 4.3. First, we consider the case ¢ = p. Since & € MP([0,T] x Q x Z,P,\ x
P x v; E), so both integrals fot [, 1&(s, 2) v (dz)ds and fot I, 1€(s, 2) 5N (ds, dz) are well defined as
Lebesgue-Stieltjes integrals. We can obtain from Theorem 4.5 with ¢/ = p that

B sup lu(s)ls < OB ( [ g (5. 2) 1 Vs )

a _CE (/Ot/z €5, 2) gu(dz)ds) .

This shows (4.15) for ¢' = p. Now we are in a position to show Inequality (4.15) for 0 < ¢’ < p. Let
q' be fixed. Take A > 0. Define stopping time

r—inf{t € [0,T] : (/Ot/z I€(s, 2)[Pv(d=) ds); > A}

The random variable 7 is a stopping time. Indeed the process fot S, 1&(s, 2)[Pr(dz)ds, 0 <t < T'is
a continuous process and so the claim follows immediately. It follows from Chebyshev’s inequaliy
and Corollary 4.2 that

(4.16) P ( sup |u(s)| > )\> = El{supog«w [u(s)|>A}

0<s<tAT

1
< —E sup Ju(s)|?
Ad O§s<t/\7'| ( )l

%E </OW /Z [€(s, 2)["v(d2) ds) ’
< /0 /Z €(s, 2)|Pw(dz) ds)g N Aq] |

where we used the definition of stopping time 7 and the increasing property of process fot / 7 1€(s, 2)[Pv(dz) ds,

IA

C
< SE

0 <t <T. The rest of the proof can be done exactly in the same manner as in the proof of Theorem
4.5. O

Corollary 4.4. Let E be an martingale type p Banach space, 1 < p < 2 satisfying Assump-
tion 4.1. Then for any n € N there exists a constant C = C(n) such that for every every
EeMr_, MP*([0,T] x @ x Z,P,Ax Px v;E) and t € [0,T] we have
n t p"T
(4.17) E sup \ﬂ(s)|%n <C ZIE (/0 /Z|§(s,z) Igu(dz)ds>
=85 k=1

where U is the cadlag modification of u as before.

The proof of Corollary 4.4 is similar to the proof Lemma 5.2 in Bass and Cranston [2] or of
Lemma 4.1 in Protter and Talay [19]. Essential ingredients of that proof are the following two

results. The first of them being about integration of real valued processes.
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Lemma 4.6. Let E be an martingale type p Banach space, 1 < p < 2, satisfying Assumption 4.1.
For any 0 < ¢’ < oo, there ezists a constant C' such that for all€ € MP([0,T]|xQx Z, P, AxPxv; E)

we have

’

(4.18) E sup (/ &(r,2)N drdz))q <C’]E< 1€(s, 2)|% N (ds, dz))p, te[0,T].

0<s<t

Proof of Lemma 4.6. This result is a special case of Theorem 4.5 when S(¢t) =1, 0<t<T. O
Lemma 4.7. For any n € N there exists a constant D,, > 0 such for any process

fe (M ([0,7] x @ x Z,PAx P x v;R)
k=1

and t € [0,T], the following inequality

(4.19) Eoiggt<//frz drdz))p <D i (//|f S,Z)p’“y(dz)ds)pn

holds.

—k

Proof of Lemma 4.7. We shall show this Lemma by induction. The case n = 1. This follows from
[3]. Now we assume that the assertion in the Claim is true for n — 1, where n € N and n > 2. We
will show that it is true for n. Since by assumption f € MP([0,T] x Q x Z, PAXPxu; R), so both
integrals fot S, |f(s,2)[PN(ds,dz) and fot S, | f(s,2)[Pv(dz)ds are well defined as Lebesgue-Stieltjes

integrals. Moreover, we have

(4.20) //|fsz|pN(dsdz //|fsz|desdz //\fsz|pudz)

Hence by applying first inequality (4.18) and next the equality (4.20) we infer that

//frz (dr, dz)
< »olE (/;/Zu(s,z)w N(ds,dz)) +E</0t/z|f(s,z)|p V(dz)ds>p 7 L

Next, by the inductive assumption applied to the real valued process |f|P € ﬂZ;ll Mt ([0, T] x Q2 x
Z,75,)\ x P x v;R), we have

p" "

E sup <CE f s,2)|PN(ds, dz)

0<s<t

N(ds,dz) g
< W DZE( / / s, 2P u(dz)ds>pn 1+]E( / / (s, )P u(dz)ds)pn
< DY E( [ [ vaas)”

k=1

This proves the validity of the assertion in the Lemma for n what completes the whole proof. [



MAXIMAL INEQUALITIES OF STOCHASTIC CONVOLUTION 23

Proof of Corollary 4.4. Let us take n € N. By applying first Theorem 4.5 and next the equality
(4.20) when & € MP([0,T] x Q x Z, P, A x P x v; E), we infer that for all ¢ € [0,77],

t p"
; p
0<s<t - CE (/O /Z |§(872)|E N(dS,dz))

N

E sup [a(s)[p

n—1

o cn ([ [ ot Sanan))
+2?"'CE (/ot/z €5, 2l vide) ds) '

n—1 t L p
2" CD, 4 Z]E (/ / |£(s,z)|lj>;+ y(dz)ds)
Pt 0 Jz

1—1

42" OE ( /0 t /Z €05, 2) 2, v(d2) ds>p7

n—k

< c@)él@(/@t / |§<s,z>%’“u<dz>ds)p ,

where we used in the third inequality Lemma 4.6 with f replaced by real-valued process ¢}, €
Z;ll mr* ([0,T] x Q2 x Z, P, A x P x v;R). This completes the proof of Corollary 4.4. O

IN

—1

n—1—k

IN

5. FINAL COMMENTS

It is possible to derive inequality (1.1) by the method used by the second named authour and
Seidler in [8], see as inequality (4) therein. These authours used the Szekéfalvi-Nagy’s Theorem on
unitary dilations in Hilbert spaces. The latter result has recently been extended by Frohlich and
Weis [6] to Banach spaces of finite cotype. However, this method works only analytic semigroups
of contraction type while the results from the current paper are valid for all Cy semigroups of
contraction type. Let us now formulate the following result whose proof is a clear combination of
the proofs from [8] and [6]. For the explanation of the terms used we refer the reader to the latter
work. Similar observation for processes driven by a Wiener process was made independently by
Seidler [18].

Theorem 5.1. Let E be an martingale type p Banach space, 1 < p < 2. Let —A be a generator
of a bounded analytic semigroup in E such that for some 0 < %W, the operator A has a bounded
H>(Sy) calculus. Then, for any 0 < ¢’ < oo, there exists a constant C' such that for all £ €
MP([0,T] x Q x Z,P,A x P x v; E) we have
s ~ q’ t %
(5.1) E sup (/ &(r, z)N (dr, dz)) <CE </ |£(s7z)|%N(ds,dz)> , telo,T].
0<s<t \Jo E 0

The following result could be derived immediately from the proof of above theorem.

Corollary 5.1. Let E be a martingale type p Banach space, 1 < p < 2. Let —A be a generator of a

bounded analytic semigroup in E such that for some 6 < %W the operator A has a bounded H>(Sp)

calculus. Then, the stochastic convolution process u defined by (1.1) has cadlag modification.
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