SPDE LIMITS OF MANY-SERVER QUEUES

HAYA KASPI AND KAVITA RAMANAN

ABSTRACT. A many-server queueing system is considered in which customers with independent
and identically distributed service times enter service in the order of arrival. The state of the
system is represented by a process that describes the total number of customers in the system, as
well as a measure-valued process that keeps track of the ages of customers in service, leading to
a Markovian description of the dynamics. Under suitable assumptions, a functional central limit
theorem is established for the sequence of (centered and scaled) state processes as the number of
servers goes to infinity. The limit process describing the total number in system is shown to be
an It6 diffusion with a constant diffusion coefficient that is insensitive to the service distribution.
The limit of the sequence of (centered and scaled) age processes is shown to be a Hilbert space
valued diffusion that can also be characterized as the unique solution of a stochastic partial
differential equation that is coupled with the Ité diffusion. Furthermore, the limit processes are
shown to be semimartingales and to possess a strong Markov property.
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1. INTRODUCTION

1.1. Background, Motivation and Results. Many-server queues constitute a fundamental
model in queueing theory and are typically harder to analyze than single-server queues. The
main objective of this paper is to establish useful functional central limit theorems for many-server
queues in the asymptotic regime in which the number N of servers tends to infinity and the mean
arrival rate scales as A\ = AN — 3v/N for some A > 0 and 3 € (—00,00). For many-server queues
with Poisson arrivals, this scaling was considered more than half a century ago by Erlang [7] and
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thereafter by Jagerman [18] for a loss system with exponential service times, but it was not until
the influential work of Halfin and Whitt [15] that a general heavy traffic limit theorem was estab-
lished for queues with renewal arrivals, exponential service times, normalized to have unit mean,
and A = 1. As a result, this asymptotic regime is often referred to as the Halfin-Whitt regime.
In contrast to conventional heavy traffic scalings, in the Halfin-Whitt regime the limiting station-
ary probability of a positive wait is non-trivial (i.e., it lies strictly between zero and one), which
better models the behavior of many systems found in applications. Halfin and Whitt [15] showed
that the limit of the sequence of processes representing the (appropriately centered and scaled)
number of customers in the system is a diffusion process that behaves like an Ornstein-Uhlenbeck
process below zero and like a Brownian motion with drift above zero. When ( > 0, which ensures
that each of the N-server queues is stable, this characterization of the limit process was used to
establish approximations to the stationary probability of positive wait in a queue with N servers.
For exponential service distributions, the work of Halfin and Whitt was subsequently generalized
by Mandelbaum, Massey and Reiman [24] to the network setting and the case of inhomogeneous
Poisson arrivals.

However, in many applications, statistical evidence suggests that it may be more appropriate
to model the service times as being non-exponential (see, for example, the study of real call center
data in Brown et al. [6] that suggests that the service times are lognormally distributed). A
natural goal is then to understand the behavior of many-server queues in this scaling regime when
the service distribution is not exponentially distributed. Specifically, in addition to establishing
a limit theorem, the aim is to obtain a tractable representation of the limit process that makes
it amenable to computation, so that the limit could be used to shed insight into performance
measures of interest for an N-server queue.

In this work, we represent the state of the N-server queue by a nonnegative, integer-valued
process X V) that records the total number of customers in system, as well as a measure-valued
process v(M) that keeps track of the ages of customers in service. This representation was first
introduced by Kaspi and Ramanan in [22], where it was used to identify the functional strong law
of large numbers limits or equivalently, fluid limits for these queues and was subsequently shown
to provide a Markovian description of the dynamics (see Kang and Ramanan [20]). Under suitable
assumptions, in each of the cases when the fluid limit is subcritical, critical or supercritical (which,
roughly speaking, corresponds to the cases A < 1, A = 1 and A > 1), we show (in Theorems 5.6
and 5.7) that the diffusion-scaled state sequence, {(X™) ("))} ycy obtained by centering the
state around the fluid limit and multiplying the centered state by v/N, converges weakly to a limit
process ()A( , V). Moreover, the component X is characterized as a real-valued cadlag process that
is the solution to an It6 diffusion with a constant diffusion coefficient that is insensitive to the
service distribution, and whose drift is an adapted process that is a functional of 7; (see Corollary
5.13). As for the age process, although the 7() are (signed) Radon measure valued processes,
the limit 7 lies outside this space. A key challenge was to identify a suitable space in which
to establish convergence without imposing restrictive assumptions on the service distribution G.
Under conditions that include a large class of service distributions relevant in applications such as
phase-type, Weibull, lognormal, logistic and (for a large class of parameters) Erlang and Pareto
distributions, we show that the convergence of 7("V) to 7 holds in the space of H_s-valued cadlag
processes, where H_5 is the dual of the Hilbert space Hs. In particular, this immediately implies
convergence of a large class of functionals of the many-server queue. In addition, we show that
both processes are semimartingales with an explicit decomposition (see Theorem 5.8) and we
characterize 7 as the unique solution to a stochastic partial differential equation that is coupled
with the It6 diffusion X (see Theorem 5.11(a)). Furthermore (in Theorem 5.11(b)), we also show
that the pair, along with an appended state, forms a strong Markov process.

1.2. Relation to Prior Work. To date, the most general results on process level convergence
in the Halfin-Whitt regime were obtained in a nice pair of papers by Reed [30] and Puhalskii and
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Reed [29]. Under the assumptions that A = 1, the residual service times of customers in service
at time 0 are independent and identically distributed (i.i.d.) and taken from the equilibrium fluid
distribution, and the total (fluid scaled) number in system converges to 1, a heavy traffic limit the-
orem for the sequence of processes {)/f () } ven was established by Reed [30] with only a finite mean
condition on the service distribution. This result was extended by Puhalskii and Reed [29] to allow
for more general, possibly inhomogeneous arrival processes and residual service times of customers
in service at time zero that, while still i.i.d. could be chosen from an arbitrary distribution. In this
setting, convergence of finite-dimensional distributions was established in [29], and strengthened
to process level convergence established when the service distribution is continuous. The general
approach used in both these papers is to represent the many-server queue as a perturbation of
an infinite-server queue and to establish tightness and convergence using a continuous mapping
representation and estimates analogous to those obtained by Krichagina and Puhalskii [23] for
the infinite-server queue under similar assumptions on the initial conditions. In both papers, the
limit is characterized as the unique solution to a certain implicit stochastic convolution equation.
Several previous works had also extended the Halfin-Whitt process level result for specific classes
of service distributions. Noteworthy amongst them is the paper by Puhalskii and Reiman [28],
which considered phase-type service distributions and characterized the heavy traffic limit theo-
rem as a multidimensional diffusion, where each dimension corresponds to a different phase of the
service distribution. Whitt [37] also established a process level result for a many-server queue with
finite waiting room and a service distribution that is a mixture of an exponential random variable
and a point mass at zero. Moreover, for service distributions with finite support, Mandelbaum
and Momgilovié¢ [25] used a combination of combinatorial and probabilistic methods to study the
limit of the virtual waiting time process. In addition to the process level results described above,
interesting results on the asymptotics of steady state distributions in the Halfin-Whitt regime have
been obtained by Jelenkovic, Mandelbaum and Momgilovié [19] for deterministic service times and
by Gamarnik and Momgilovié [13] for service times that are lattice-valued with finite support.

Our work serves to complement the above mentioned results, with the focus being on establishing
tractability of the limit process under reasonably general assumptions on the service distribution
that includes a large class of service distributions of interest. Whereas in all the above papers only
the number in system is considered, we establish convergence for a more general state process,
which implies the convergence of a large class of functionals of the process and not just the number
in system. In addition, our approach leads to a new characterization for the limiting number in
system X as an Ito diffusion, which relies on an asymptotic independence result for the centered
arrival and departure processes (see Proposition 8.4) that may be of independent interest. We also
establish an insensitivity result showing that the diffusion coefficient depends only on the mean
and variance of the interarrival times and is independent of the service distribution. As a special
case, we can recover the results of Halfin and Whitt [15] and Puhalskii and Reiman [28] and (for
the smaller class of service distributions that we consider) Reed [30]. Moreover, we allow in a sense
more general initial conditions than those considered in Reed [30] and Puhalskii and Reed [29],
both of which assume that the residual times of customers in service at the initial time are i.i.d.
This property is not typically preserved at positive times. In contrast, we establish a consistency
property (see Lemma 9.6) that shows that the assumptions we impose at the initial time are also
satisfied at any positive time and our assumptions are trivially satisfied by a system that starts with
zero initial conditions (i.e., at the fluid initial condition). As shown in Theorem 3.7 and Section 6
of Kaspi and Ramanan [22], starting from an empty system, the fluid limit does not reach the fluid
equilibrium state in finite time. Therefore, the consideration of general initial conditions is useful
for both capturing the transient behavior of the system as well as for establishing the (strong)
Markov property for the limit process. The latter can be potentially useful as this enables the
application of a wide array of tools available for Markov processes in general state spaces.

The Markovian representation of the state, though infinite-dimensional, leads to an intuitive
characterization of the dynamics, which allows the framework to be extended to incorporate more
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general features into the model (see, for example, the extension of this framework to include
abandonments by Kang and Ramanan in [20] and [21])). In the subcritical case our results provide
a characterization of the diffusion limit of the well studied infinite-server queue, which is easier to
analyze due to the absence of a queue and, hence, of an interaction between those in service and
those waiting in queue. A few representative works on diffusion limits of the number in system
in the infinite-server queue include Iglehart [16], Borovkov [5], Whitt [36] and Glynn and Whitt
[14], where the limit process is characterized as an Ornstein-Uhlenbeck process, and Krichagina
and Puhalskii [23], who provided an alternative representation of the limit in terms of the so-called
Kiefer process. More recently, a functional central limit theorem in the space of distribution-valued
processes was established for the M/G /oo queue by Decreusefond and Moyal [9]. In contrast
to the infinite-dimensional Markovian representation in terms of residual service times used in
Decreusefond and Moyal [9], the Markovian representation in terms of the age process that we use
allows us to associate some natural martingales that facilitate the analysis. This perspective may
be useful in the analysis of other queueing networks as well and has, for example, been recently
adopted by Reed and Talreja [31] in their extension of the work of Decreusefond and Moyal [9]
to establish infinite-dimensional functional central limit theorems for the GI/G/oo queue. The
work [31] adopts a semi-group approach that seems to require much stronger assumptions on the
service distribution (namely that the hazard rate function h of the service distribution is infinitely
differentiable and h and its derivatives are all uniformly bounded) than is imposed in our paper.

1.3. Outline of the Paper. Section 2 contains a precise mathematical description of the model
and the state descriptor used, as well as the defining dynamical equations. A deterministic ana-
log of the model, described by dynamical equations that are referred to as the fluid equations, is
introduced in Section 3. Section 3 also recapitulates the result of Kaspi and Ramanan [22] that
shows that (under fairly general conditions stated as Assumptions 1 and 2) the functional strong
law of large numbers limit of the normalized (divided by N) state of the N-server system is the
unique solution to the fluid equations. In Section 4 a sequence of martingales obtained as com-
pensated departure processes, which play an important role in the analysis, is introduced and the
associated scaled martingale measures MW ), N € N, are shown to be orthogonal, which allows
one to define certain associated stochastic convolution integrals H®™) . The main results and their
corollaries are stated in Section 5, and their proofs are presented in Section 9. The proofs rely
on results obtained in Sections 6, 7 and 8. Section 6 contains a succinct characterization of the
dynamics and establishes a representation (see Proposition 6.4) for (V)| the diffusion-scaled age
process in the N-server system, in terms of certain stochastic convolution integrals HWN ), K
and the initial data. In Section 7, it is shown that the processes I/C\(N)7 XM and 5™ can be
obtained as a continuous mapping of the initial data sequence and the process HWN) . Section 8
is devoted to establishing convergence of the martingale measure sequence {M\(N )Y nen and the
associated sequence {ﬁ(N )Y nen of stochastic convolution integrals, jointly with the sequence of
centered arrival processes and initial conditions (see Corollary 8.7). In particular, the asymptotic
independence property is established. Section 8 is the most technically demanding part of the
paper. To maintain the flow of the exposition, some supporting results are relegated to the Appen-
dix. Appendix E also contains the proof of a consistency result, which shows that the assumptions
on the initial conditions are reasonable. First, in Section 1.4 we introduce some common notation
and terminology used in the paper.

1.4. Notation and Terminology. The following notation will be used throughout the paper.
Z is the set of non-negative integers, N is the set of natural numbers or, equivalently, strictly
positive integers, R is the set of real numbers and R, the set of non-negative real numbers. For
a,b € R, aVband a A b denote, respectively, the maximum and minimum of a and b, and the
short-hand notation a* will also be used for aVV0. Given B C R, 13 denotes the indicator function
of the set B (that is, I1p(x) =1 if € B and 1 g(z) = 0 otherwise).
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1.4.1. Function Spaces. Given any metric space £, we denote by B(E) the Borel sets of £ (with
topology compatible with the metric on &), and let Cy(E), ACy(E) and C.(£), respectively, denote
the space of bounded continuous functions, bounded absolutely continuous functions and the space
of continuous functions with compact support defined on £ and taking values in the reals. We also
let C1(€) and C*(€), respectively, represent the space of real-valued, once continuously differen-
tiable and infinitely differentiable functions on &£, CL(€) the subspace of functions in C!(£) that
have compact support and C}(£) the subspace of functions in C*(£) that, together with its first
derivatives, are bounded. We let D¢[0, c0) denote the space of £-valued cadlag functions defined
on [0,00) and let supp(y) denote the support of a function ¢.

We will mostly be interested in the case when €& = [0, L) and € = [0, L) xR, for some L € (0, x].
To distinguish these cases, we will usually use f to denote generic functions on [0, L) and ¢ to
denote generic functions on [0, L) x Ry. By some abuse of notation, given f on [0, L), we will
sometimes also treat it as a function on [0, L) x R, that is constant in the second variable. Recall
that given T' < oo and a continuous function f € C[0, 7], the modulus of continuity wy(-) of f is
defined by
(1.1) wy(d) = sup |f@) = f(s)l, >0

s,t€[0,T):|t—s|<8

When € = [0,L) x Ry, for some L < oo, we let C11([0, L) x Ry ) denote the space of absolutely
continuous functions ¢ on [0, L) x Ry for which the directional derivative ¢, + s in the (1,1)
direction exists and is continuous and let C11([0, L) x R,) (respectively, C;’l([O7 L) x R,)) denote
the subset of functions ¢ in C11([0, L) x R;) such that ¢, along with its directional derivative
@Yo + s, has compact support (respectively, is bounded). We let Ig, [0,00) denote the space of
non-decreasing functions f € Dg[0,00) with f(0) = 0. For L € [0,00], L*[0,L), « > 1, and
L>°[0, L) represent, respectively, the spaces of measurable functions f such that f[o, L) |f]* < o0
and the space of essentially bounded functions on [0, L). Also, L%OC[O, L),i=1,2,00, represents the
corresponding space in which the associated property holds only locally, that is, on every compact
subset of [0,L). The constant functions f = 1 and f = 0 on [0, L) will be represented by the
symbols 1 and 0, respectively. Given any cadlag, real-valued function f defined on E, we define
[ fll7 = supsejo,r [f(s)] for every T' < oo, and let || ||, = sup,ep o0y [f(8)], which could possibly
take the value co. Also, for f € Dg[0,00), we use Af(t) = f(t) — f(t—) to denote the jump of f
at t.

For any f € C=[0,L), let £ denote the nth derivative of f. Also, let | fllgz, be the usual

Lnorm: /3, = 112> = (Jy f2(2) dz), and set

2
Ho

1%, = 1715, + X2 |7
i=1

For n = 1,2, and f for which the corresponding first or second (weak) derivatives are well defined,
we will sometimes also use the notation f' = f() and f” = f®). Note that if f € L?[0,00), then
there exists a real-valued sequence {x,} with x,, — oo and f(z,) — 0 as n — co. Moreover,
f2(zn) = F2(0) = 2 [ f(u) f'(u) du. Applying the Cauchy-Schwarz inequality and taking limits
as n — oo, this implies [f(0)]* < 2| fllg, If'[lg, < 2 Hf||]%11 When combined with the relation
f2(x) = f2(0) + 2 [ f(u) f'(u) du and another application of the Cauchy-Schwarz inequality, this
yields the norm inequalities

(1.2) FOI<V2Iflla, s Iflle <2015, »
which will be used in the sequel.

For a fixed [0,L), we define & = S[0,L) (respectively, S. = S.[0,L)) to be the vector space
of C*° functions (respectively, C* functions with compact support) on [0, L)), equipped with the
sequence of norms |[|-[|y , n=0,1,2,..., and let H,, = Hj,[0, L) be the completion of S relative to
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the norm ||-||,,. Moreover, let S8’ be the dual of S (i.e., the space of continuous linear functionals
on S) equipped with the strong topology and likewise, let S! be the dual of S.. For n € N; let
H_, =H_,[0,L) be the dual of H,[0, L), with the dual norm ||-||_, defined by

IF12, =" flens)®,  fEH,,
k=1

where {eni,k =1,...,} is a complete orthonormal system in (S, [|-||,,). Each H,, is a Sobolev space
and also a Hilbert space and it follows from Maurin’s theorem (see, for example, Theorem 6.53 of

[1]) that ||-[|g, 2z |||z, and it follows from Lemma 5 and Assertion 11 of [2] that S is a separable,
Fréchet nuclear space and consequently (see Corollary 2 and Assertion 11 of [2]), its dual &’ is also
a separable Fréchet nuclear space. For v € &’ and f € S and likewise, for v € H_,, and f € H,,,
we let v(f) denote the duality pairing.

1.4.2. Measure Spaces. The space of Radon measures on a metric space £, endowed with the Borel
o-algebra, is denoted by M(E), Mg (&) is the subspace of finite measures in M(E) and M<;(€)
is the subspace of sub-probability measures (i.e., positive measures with total mass less than on
equal to 1) on £. For any Borel measurable function f : & — R that is integrable with respect
to & € M(E), we often use the short-hand notation (f,&) = [, f(z)&(dz). Recall that a Radon
measure on & is one that assigns a finite measure to every relatively compact subset of £. By
identifying a Radon measure pu € M(E) with the mapping on C.(€) defined by f — (f, u), one can
equivalently define a Radon measure on £ as a linear mapping from C.(€) into R such that for
every compact set K C &, there exists Lix < oo such that

(fml < Lelflle V€ Ce(€) with supp(f) C K.

We will equip Mg (&) with the weak topology, i.e., a sequence { iy tnen in Mp(€) is said to converge
to u in the weak topology (denoted p, — p) if and only if for every f € Cy(E), (f, ttn) — (f, 1)
as n — o0o. The symbol J, will be used to denote the measure with unit mass at the point = and
we will use 0 to denote the identically zero Radon measure. When & is an interval, say [0,L), for
notational conciseness, we will often write M[0, L) instead of M([0, L)). Also, for ease of notation,
given £ € M[0, L) and an interval (a,b) C [0, L), we will use £(a,b) and £(a) to denote £((a,b)) and
¢({a}), respectively.

1.4.3. Stochastic Processes. Given a Polish space H, we denote by Dy [0, T (respectively, Dy [0, 00))
the space of H-valued, cadlag functions on [0, T| (respectively, [0, 00)), endowed with the usual Sko-
rokhod Ji-topology (see [4] for details on this topology). Then Dy [0, 7] and Dy [0, c0) are also
Polish spaces. In this work, we will be interested in H-valued stochastic processes, especially the
cases when H = R, H = Mp[0, L) for some L < oo, H=S8'[0,L) and H =H_,[0,L) for n =1,2,
and products of these spaces. These are random elements that are defined on a probability space
(Q, F,P) and take values in Dy[0, 00), equipped with the Borel o-algebra (generated by open sets
under the Skorokhod .Ji-topology). A sequence {Z(™)}yen of cadlag, H-valued processes, with
ZW) defined on the probability space (Q(N),]-'(N),]P’(N)), is said to converge in distribution to
a cadlag H-valued process Z defined on (Q, F,PP) if and only if for every bounded, continuous
functional F : Dy[0,00) — R,
Tim E®) {F(Z(N))} —E[F(2)],

where E(Y) and E are the expectation operators with respect to the probability measures PV) and
PP, respectively. Convergence in distribution of Z() to Z will be denoted by Z(V) = Z.

2. DESCRIPTION OF THE MODEL

In Section 2.1 we describe the many-server model under consideration. In Section 2.2 we intro-
duce the state descriptor and the dynamical equations that describe the evolution of the state.
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2.1. The N-server model. Consider a system with N servers, where arriving customers are
served in a non-idling, First-Come-First-Serve (FCFS) manner, i.e., a newly arriving customer
immediately enters service if there are any idle servers or, if all servers are busy, then the customer
joins the back of the queue and the customer at the head of the queue (if one is present) enters
service as soon as a server becomes free. Our results are not sensitive to the exact mechanism
used to assign an arriving customer to an idle server as long as the non-idling condition is satisfied.
Customers are assumed to be infinitely patient, i.e., they wait in queue till they receive service.
Servers are non-preemptive and serve a customer to completion before starting service of a new
customer. Let E(N) denote the cumulative arrival process, with E(V) (t) representing the total
number of customers that arrive into the system in the time interval [0,¢], and let the service
requirements be given by the i.i.d. sequence {v;,i = =N +1,—N +2,...,0,1,...}, with common
cumulative distribution function G. Let X ¥)(0) represent the number of customers in the system
at time 0. Due to the non-idling condition, the number of customers in service at time 0 is then
X®)(0) A N. The sequence {v;,i = XM (0) AN +1,...,0} represents the service requirements
of customers already in service at time zero, ordered according to the amount of time they have
spent in service at time zero, whereas for ¢ € N, v; represents the service requirement of the ith
customer to enter service after time 0.
Consider the cadlag process RSEN) defined by

(2.1) R(EN)(S) = inf {u >s: EM(y) > E(N)(s)} — s, s € [0, 00).

Note that R(EN)(S) represents the time to the next arrival. The following mild assumptions will be
imposed throughout, without explicit mention.

e EW) is a cadlag non-decreasing pure jump process with EV)(0) = 0 and almost surely,
for t € [0,00), EM)(t) < 0o and EM)(t) — EWN) (t—) € {0, 1};

e The process R EN is Markovian with respect to the augmentation of its own natural filtra-
tion;

e The cumulative arrival process is independent of the i.i.d. sequence of service requirements
{vj,j=—N+1,...,} and, given REEN)(O), (EM)(t),t > 0) is independent of X V) (0) and
the ages of the customers in service at time zero, where the age of a customer is defined
to be the amount of time elapsed since the customer entered service;

e G has density g;

e Without loss of generality, we can (and will) assume that the mean service requirement is
1:

(2.2) / (1-G(x)) de = / xg(z)dx = 1.
[0,00) [0,00)
Also, the right-end of the support of the service distribution is denoted by

L = sup{x € [0,0) : G(z) < 1}.
Note that the existence of a density for G implies, in particular, that G(0+) = 0.

Remark 2.1. The assumptions above are fairly general, allowing for a large class of arrival pro-
cesses and service distributions, and this model is sometimes referred to as the G/GI/N queueing
model. When E(Y) is a renewal process, REEN) is simply the forward recurrence time process,
the second assumption holds (see Proposition V.1.5 of Asmussen [3]) and the model corresponds
to a GI/GI/N queueing system. However, the second assumption holds more generally such as,
for example, when E) is an inhomogeneous Poisson process (see, for example, Lemma I1.2.2 of
Asmussen [3]).

The sequence of processes {R(EN), EM) X(N)(0),v;,i = —N+1,...,0,1,...} yen are all assumed
to be defined on a common probability space (€2, F,P) that is large enough for the independence
assumptions stated above to hold.
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2.2. State Descriptor and Dynamical Equations. As in the study of the functional strong

law of large numbers limit for this model, which was carried out in Kaspi and Ramanan [22], we
will represent the state of the system by the vector of processes (R(EN),X(N), Z/(N)), where R%N)
determines the cumulative arrival process via (2.1), X(M)(t) € Z, represents the total number of
customers in system (including those in service and those waiting in queue) at time ¢ and Vt(N) is
a discrete, non-negative finite measure on [0, L) that has a unit mass at the age of each customer
in service at time t. Here, the age a§N) of the jth customer is (for each realization) a piecewise
linear function that is zero till the customer enters service, then increases linearly while in service
(representing the time elapsed since service began) and then remains constant (equal to its service
requirement) after the customer completes service and departs the system. In order to describe

the state dynamics, we will find it convenient to introduce the following auxiliary processes:

e the cumulative departure process DY), where DWV) (t) is the cumulative number of cus-
tomers that have departed the system in the interval [0, ¢];

e the process K(N), where K (™) (t) represents the cumulative number of customers that have
entered service in the interval [0, ¢].

A simple mass balance on the whole system shows that
(2.3) DW= xM(g) — XN 4 gV

Likewise, recalling that (1, (N )> = V) [0, L) represents the total number of customers in service,
an analogous mass balance on the number in service yields the relation

(2.4) KN = (1,00 — 1,5 + DY,
For j € N| let
(N) . . - KN j
;" =inf{s >0: K"V (s) > j},

with the usual convention that the infimum of an empty set is infinity, and note that Gj(.N) denotes
the time of entry into service of the jth customer to enter service after time 0. In addition, for

j=—-XMO)AN+1,...,0, set 0§N) = fa§N)(O) to be the amount of time that the jth customer

in service at time 0 has already been in service. Then, for t € [0,00) and j = —X®™)(0) AN +
1,...,0,1,..., the age process is given explicitly by
. (_N)} . (N) _
25) oM (t) (=0 vo e -0 <y,
v otherwise.

Due to the FCFS nature of the service, K(V)(t) is also the highest index of any customer that has
entered service and (2.5) implies that for j > K™ (t), 0§N) > t and ag»N) (t) = 0. The measure
v(N) can then be expressed as
KM (1)
(N) _
(26) vy = Z 6a§N)(t)]1{a;N)(t)<vj},
j=—(1rM)+1

where ¢, represents the Dirac mass at the point . The non-idling condition, which stipulates that
there be no idle servers when there are more than N customers in the system, is expressed via the
relation

(2.7) N — 1,y = [N — x|+,

For future purposes note that (2.3), (2.4) and (2.7), together with the elementary identity z—xVv0 =
x A 0, imply the relation

(2.8) KM = XM AN - XN (0)AN 4+ DI,
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Note that (1,v(¥)) < N because the maximum number of customers in service at any given

time is bounded by the number of servers. In addition, if the support of u((JN) lies in [0, L) then

it follows from (2.5) and (2.6) that Vt(N) takes values in Mp[0, L) for every ¢t € [0,00). Thus, the

state of the system is represented by the cadlag process (R%N),X N p(N )), which takes values
in R2 x Mp[0,L). For an explicit construction of the state that also shows that the state and
auxiliary processes are cadlag, see Lemma A.1 of Kang and Ramanan [20]. The results obtained
in this paper are independent of the particular rule used to assign customers to stations, but for
technical purposes we will find it convenient to also introduce the additional “station process”
o) = (oﬁN),j € {-N+1,...,0} UN). For each ¢t € [0,00), if customer j has already entered

service by time ¢, then O'j(-N)(t) is equal to the index i € {1,...,N} of the station at which

customer j receives/received service and o) (t) = 0 otherwise. Finally, for ¢ € [0, 00), let ?EN)

J
(N) (V)

be the o-algbera generated by {R%N)(s),aj (s),0;7(s),5 € {=N,...,0} UN,s € [0,#]}, and let
{.7-}(N),t > 0} denote the associated right continuous filtration that is completed (with respect to
P) so that it satisfies the usual conditions. Then it is easy to verify that (RSEN),X(N),V(N)) is
{]—"t(N)}—adapted (see, for example, Section 2.2 of Kaspi and Ramanan [22]). In fact, as shown in
Lemma B.1 of Kang and Ramanan [20], {(R%N)(t), XWN(1), I/t(N)), ffN),t > 0} is a strong Markov
process.

Remark 2.2. The assumed Markov property of RSEN) with respect to (the completed, right contin-
uous version of) its natural filtration and the independence properties of EW) agsumed in Section
2.1 together imply that for any ¢ € [0, 00), given R%N)(t) the future arrivals process {E()(s), s > t}
. (N)
is independent of F, .

3. FLuib LiMIT

We now recall the functional strong law of large numbers limit or, equivalently, fluid limit
obtained in [22]. The initial data describing the system consists of E(V), the cumulative arrivals
after zero, X (N) (0), the number in system at time zero, and VéN), the age distribution of customers

in service at time zero. The initial data belongs to the following space:
(3.1) Zo = {(f,z, 1) €Ir,[0,00) x Ry x M<1[0,L) : 1 — (1, ) = [1 —a]"},

where Ig, [0,00) is the subset of non-decreasing functions f € Dg, [0,00) with f(0) = 0. Assume
that Zy is equipped with the product topology. Consider the “fluid scaled” versions of the processes
H =F, X, K,D and measures H = v defined by
—(N) . H(N)

3.2 H = —
( ) N )
and let

—(N) . N

Ry (1) = Ry (BN (1), t€[0,00),
for N € N. The fluid results in [22] were obtained under Assumptions 1 and 2 below.

Assumption 1. There exists (E,To,Vo) € Lo such that, as N — oo, E[Y(N)(O)] — E[X(0)],
]E[F(N) (t)] — E[E(t)] and, almost surely,

EN ZN 7Y S (E,70,70) inTo.
Next, recall that G has density g, and let h denote its hazard rate:

(3.3) h(z) = l—g(g‘)(x)’ z €10,L).
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Observe that h is automatically locally integrable on [0, L) because for every 0 < a < b < L,

(3.4) /b h(z)dz =1n(1 — G(a)) — In(1 — G(b)) < 0.

However, h is not integrabcie on [0, L). In particular, when L < oo, h is unbounded on (¢, L) for

every ¢ < L.

Assumption 2. At least one of the following two properties holds:
(a) There exists £ < oo such that h is bounded on (¢',00);
(b) There exists £ < L such that h is lower-semicontinuous on (¢',L).

Note that Assumption 2(a) automatically implies that L = co. In Proposition 6.1 (see also
Theorem 5.1 of [22]) we provide a succinct description of the dynamics of the N-server system
in terms of certain integral equations. Here, we first introduce the deterministic analog of these
equations, which we refer to as the fluid equations.

Definition 3.1. (Fluid Equations) The cadlag function (X,7) defined on [0,00) and taking
values in Ry x M<4[0, L) is said to solve the fluid equations associated with (E, %o, 7o) € Iy if and
only if X(0) =7, and for every t € [0, 0),

¢
(3.5) / (h,7,) ds < o0

0

and the following relations are satisfied: for every ¢ € C11([0,L) x R4),

(3.6) (117 = (o(-0),70) + / (s(18) + @a (- 5), 7} ds

_/0 <h(')<p<'75>7vs> d3+/[0 g (,0(0,8) df(s),

(3.7) X)) = X(O)+E(t)—/t<h,z/s>ds
0
and
(3.8) 1= (1,7) = 1 - X,
where
(3.9) K(t) = <17m>—<1,vo>+/0 (h,vs) ds.

We now recall the result established in Kaspi and Ramanan [22] (see Theorems 3.4 and 3.5
therein), which shows that under Assumptions 1 and 2, the fluid equations uniquely characterize
the functional strong law of large numbers or mean-field limit of the N-server system, in the
asymptotic regime where the number of servers and arrival rates both tend to infinity.

Theorem 3.2 (Kaspi and Ramanan [22]). Suppose Assumptions 1 and 2 are satisfied and (E, X (0),7g) €
Ty is the limit of the initial data as stated in Assumption 1. Then there exists a unique solution
(X,7) to the associated fluid equations (3.5)-(3.8) and, as N — oo, (Y(N),ﬁ(N)) converges al-
most surely to (X,V). Moreover, (X,V) satisfies the non-idling condition (3.8) and, for every
feCRy),

1—G(z+1)

(3.10) /[OM) F@)Po(dz) = /[OM) o+ ) s 27n(d)

o f(t=s)(1 = G(t = 5))dK(s),

where K satisfies the relation (3.9).
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Remark 3.3. The fluid limit will be said to be critical if X (¢) = 1 for all ¢ € [0, 00). In addition, it
will be said to be subcritical (respectively, supercritical) if for every T € [0, 00), SUP¢e(0,7] X(t) <1
(respectively, inf,co, 1) X (t) > 1). Although, in general, the fluid limit may not stay in one regime
for all t and may instead experience periods of subcriticality, criticality and supercriticality, for
many natural choices of initial data, such as either starting empty or starting on the so-called
“invariant manifold” of the fluid limit, the fluid limit does belong to one of these three categories.
Specifically, if we define the “invariant” fluid age measure to be

(3.11) Uu(dx) = (1-G(z))dz, =x€]0,L),

then it follows from Remark 3.7 and Theorem 3.8 of Kaspi and Ramanan [22] that the fluid limit
associated with the initial data (1,1,7,) is critical, the fluid limit associated with the initial data
(1,a,7,) for some a > 1 is supercritical, and if the support of G is [0,00), then the fluid limit
associated with the initial data (A1, 0, 6) is subcritical whenever A < 1. A complete characterization
of the invariant manifold of the fluid in the presence of abandonments can be found in [21].

4. CERTAIN MARTINGALE MEASURES AND THEIR STOCHASTIC INTEGRALS

We now introduce some quantities that appear in the characterization of the functional central
limit. The sequence of martingales obtained by compensating the departure processes in each
of the N-server systems played an important role in establishing the fluid limit result in [22].
Whereas under the fluid scaling the limit of this sequence converges weakly to zero, under the
diffusion scaling considered here, it converges to a non-trivial limit. This limit can be described in
terms of a corresponding martingale measure, which is introduced in in Section 4.1. In Section 4.2
certain stochastic convolution integrals with respect to these martingale measures are introduced,
which arise in the representation formula for the centered age process in the N-server system (see
Proposition 6.4). Finally, the associated “limit” quantities are defined in Section 4.3. The reader is
referred to Chapter 2 of Walsh [35] for basic definitions of martingale measures and their stochastic
integrals.

4.1. A Martingale Measure Sequence. Throughout this section, suppose that (E(N), m((]N), V(()N))
is an Zp-valued random element representing the initial data of the N-server system, and let
(RSEN),X(N), I/(N)) be the associated state process described in Section 2.2. For any measurable
function ¢ on [0, L) x R4, consider the sequence of processes {QSPN)} ~en defined by

K(N)(t)

(N) (4} = (V)
(41) Qgp (t) - Z Z ]l{ia(N)(s—)>0,%a;N)(s+):O}w(aj (S)ﬂ S)

dt @
s€0,t] j:—<17y(()N>>+1

for N € Nand t € [0,00), where K (M) and a§-N) are, respectively, the cumulative entry into service
process and the age process of customer j as defined by the relations (2.4) and (2.5). Note from
(2.5) that the jth customer completed service (and hence departed the system) at time s if and
only if

%agm(s—) >0 and %agm(s—l—) =0.
Thus, substituting ¢ = 1 in (4.1), we see that Q:(lN) is equal to DY) the cumulative departure
process of (2.3). Moreover, for N € N and every bounded measurable function ¢ on [0, L) x [0, 00),

consider the process ASON) defined by

(42) AN () = / ( /[ ,, £l V§N><dx>> ds,  te0,00),

and set
(4.3) M) = Q) — AN,
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It was shown in Corollary 5.5 of Kaspi and Ramanan [22] that for all bounded, continuous functions
¢ defined on [0, L) x [0, c0), A&N) is the {ft(N)}—compensator of QSPN), and that MéN) is a cadlag
{Ft(N)}—martingale (see also Lemma 5.2 of Kang and Ramanan [20] for a generalization of this
result to a larger class of ). Moreover, from the proof of Lemma 5.9 of Kaspi and Ramanan [22],
it follows that the predictable quadratic variation of MéN) takes the form

(4.4) (MM, = Ag)(t) = /Ot (/[0 ., ©*(x)h(z) ygN)(d.T)> ds, tel0,00).

Now, for B € B[0, L) and t € [0, ), define

(4.5) MM(B) = My (1) = QYY) () - A5 ().

Let By[0, L) denote the algebra generated by the intervals [0, z], = € [0, L). It is easy to verify that
MWN) = {MgN)(B),ft(N),t >0,B € By[0, L)} is a martingale measure (for completeness, a proof
is provided in Lemma A.1 of the Appendix). We now show that M) is in fact an orthogonal
martingale measure (see page 288 of Walsh [35] for a definition). Essentially, the orthogonality
property holds because almost surely, no two departures occur at the same time. First, in Lemma
4.1 below, we first state a slight generalization of this latter property, which is also used in Section
8.2 to establish an asymptotic independence result. Given r,s € [0, 00), let DW )”’(s) denote the
cumulative number of departures during (r,r + s] of customers that entered service at or before
r. In what follows, recall that the notation Af(t) = f(t) — f(¢t—) is used to denote the jump of a
function f at t.

Lemma 4.1. For every N € N, P almost surely,

(4.6) ADM (@) <1,  te|0,00),

and

(4.7) > AEM(r+5)ADM"(s) =0,  re0,00).
s€[0,00)

We relegate the proof of the lemma to Section A.2 and instead, now establish the orthogonality
property.

Corollary 4.2. For each N € N, the martingale measure MN) = {MEN)(B),‘E(N);t >0,B e
Bol0, L)} is orthogonal and has covariance functional

@s) VBB = (MOBMOE) = A (0
/t (/ h(z) I/S(N)(da:)> ds
0 BNB

Proof. In order to show that the martingale measure M®) is orthogonal, it suffices to show
that for every B, B € Bo[0,L) such that BN B = {), the martingales {MEN)(B);t > 0} and
{MEN)(B); t > 0} are orthogonal or, in other words, that

(4.9) BNnB=0 = (MWN(B),MN(B))=o.

Here, (-,-) represents the predictable quadratic covariation between the two martingales. Fix two
sets B, B € By[0, L) with BN B = . By Lemma 5.2 of Kang and Ramanan [20], M)(B) = M"Y

and M) (B )= M](lg) are martingales that are compensated sums of jumps, where the jumps occur

for B, B € By[0,L).

at departure times of customers whose ages lie in the sets B and B, respectively. Since, by (4.6)
of Lemma 4.1, there are almost surely no two departures that occur at the same time, it follows
that almost surely, the set of jump points of M®)(B) and MN)(B) are disjoint. By Theorem
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4.52 of Chapter 1 of Jacod and Shiryaev [17], it then follows that the martingales are orthogonal
and (4.9) holds. Combining (4.9) with (4.4) and the biadditivity of the covariance functional, we
then obtain (4.8). O

Due to the orthogonality property established in Corollary 4.2, we can now define stochastic
integrals with respect to the martingale measure M), Since E[A(lN)(T)] < 00 by Lemma 5.6 of
Kaspi and Ramanan [22] and v(™) is a non-negative measure, the stochastic integral is defined for
the space of deterministic, continuous and bounded functions on [0, L) x [0, c0) (it is in fact defined
for a larger class of so-called predictable integrands satisfying a suitable integrability property, see
page 292 of Walsh [35]). Moreover, by Theorem 2.5 on page 295 of Walsh [35], it follows that for

all bounded and continuous ¢, the stochastic integral {M,(:N)(QO)(B)7 {ft(N)};t >0,B € By[0,L)}
of o with respect to M) is a cadlag orthogonal martingale measure with covariance functional

(4.10) MO ) (B, MO B, = | ( / sa(w)@(as)h(z)ugwm) ds

NnB
for bounded, continuous ¢, ¢ and B, B € By [0,L). When B = [0, L), we will drop the dependence
on B and simply write
MM () = MM (g)([0, L)).

Remark 4.3. For ¢ € ([0, L) x R,), the stochastic integral M) () admits a cadlag version.

Indeed, the cadlag martingale Mé,N) defined in (4.3) is a version of the stochastic integral M(N)(i).

It was shown in Lemma 5.9 of Kaspi and Ramanan [22] that

M)
N

M(N)i =M=0

in the space of cadlag finite Radon measure valued processes. Therefore, consistent with the

diffusion scaling (5.1), we set
N

(4.11) M) = M
VN

It is clear from the above discussion that each M®) is an orthogonal martingale measure with

covariance functional .
58 = [ ([ woran) as
0 BNB

and that for any ¢ in a suitable class of functions that includes the space of bounded and continuous
functions, the stochastic integral M) () is a well defined cadlag, orthogonal {f,f(N)} martingale
measure. Moreover, for every bounded, continuous ¢, ¢ and t € [0, ),

(4.12) MM (), V(@) = / ( /[ § so(z,swz,s)h(x)ugN><dz>> ds.

4.2. Some Associated Stochastic Convolution Integrals. In Proposition 6.4 we show that
the stochastic measure-valued process {l/t(N),t > 0} that describes the ages of customers in the
N-server system admits a convenient representation that is similar to the representation (3.10) for
its fluid counterpart {7, ¢ > 0}, except that it contains an additional stochastic term involving the
following stochastic convolution integral. For N € N, ¢ € Cp([0, L) x [0,00)) and ¢ € [0, 00), define

1-Gx+t—ys)

(N)
=G M (dz, ds),

(4.13) HM (o) = / / oz +t—s,s)
[0,L)x[0,t]

where the latter stochastic integral with respect to M®) is well defined because M®) is an
orthogonal martingale measure and the function (z, s) — @(x+t—s,s)(1-G(x+t—s))/(1—G(x))
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lies in Cp([0, L) x R) for all ¢ € Cp([0, L) x R,). The scaled version of this quantity is then defined
in the obvious manner: for N € N, ¢ € C,([0, L) x [0,00)) and t € [0, 00), let

1-Gxz+t—s

(4.14) ﬁEN)(@)i // plx+t—s,s) e )M\(N)(dac,ds).

[0,L)x[0,t]

4.3. Related Limit Quantities. We now define some additional quantities, which we subse-
quently show (in Corollaries 8.3 and 8.7) to be limits of the sequences { MM} yen and {HN)} yey.
Fix a probability space (2, F,P) and, on this space, let M = {M(B),B € By[0,L),t € [0,00)}

be a continuous martingale measure with the deterministic covariance functional
t
(4.15) 8.(B, B) = (M(B), M(B)): = / ( / anBmh(x)us(dz)) ds
0 [0,L)

for t € [0,00). Thus, M is a white noise. Let C %7 denote the subset of continuous functions on
[0, L) x [0,00) that satisfies

(4.16) /0 (/[0 . ©*(x, 8)h(x) Vs(dx)> ds < o0, t € ]0,00).

Note that Cg; includes, in particular, the space of bounded and continuous functions. For any
such ¢ € Cz, the stochastic integral M\(N)(go) is a well defined cadlag, orthogonal {ﬁt,t > 0}
martingale measure (see page 292 of Walsh [35] for details). For any ¢ € Cg; and t € [0, 00), the
stochastic integral of ¢ with respect to M on [0, L) x [0,¢], denoted by

(4.17) Mi(p) = / / o(z, 5) M(dz, ds),
[0,L)x[0,t]

is well defined. Moreover, because M is a continuous martingale measure, M (p) has a version
as a continuous real-valued process. In fact, as Corollary 8.3 shows, M admits a version as a
continuous H_s-valued process.

Next, for ¢ € [0,00) and f € Cy[0, L), let H;(f) be the random variable given by the following
convolution integral:

G t—
(4.18) // fﬂc—l—t—s 1£xcj_( ] ) M(dw,ds).
[0,L)x[0,¢]

It is shown in Lemma 8.6 that if f is bounded and Hélder continuous then the real-valued stochastic
process H(f) = {H:(f),t > 0} admits a continuous version, and that H also admits a version as a
continuous H_,-valued process.

In order to write the convolution integrals in a more succinct fashion, we introduce the family
of operators {U;,t > 0} defined, for ¢ > 0 and (x, s) € [0, L) x [0, 00), by

. 1-Gxz+(t—s)")

4.1 4 = t—s)t
(419) (V) ,9) = flo+ (= 9)) ] g
for bounded measurable f, where recall (¢ — s)™ = max(t — s,0). Each operator ¥; maps the
space of bounded measurable functions on [0, L) to the space of bounded measurable functions on
[0, L) x [0,00) and we also have

(4.20) sup [ Wepfl o < flolloo
te[0,00)

We can then write H and H® ), respectively, in terms of M and MM as follows:
(4.21) ﬁt(f) = M\t(‘l’tf)7 ﬁgN)(f) = M\EN)(\I/tf), t>0.
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5. MAIN RESULTS

The main results of the paper are stated in Section 5.3. They rely on some basic assumptions
and the definition of a certain map, which are first introduced in Sections 5.1 and 5.2, respectively.
Corollaries of the main results are discussed in Section 5.4.

5.1. Basic Assumptions. We now state our assumptions on the arrival processes and initial
conditions. For Y = E, zg,v, X, K, let Y be the corresponding fluid limit as described in Theorem
3.2. For N € N, the diffusion scaled quantities Y (V) are defined as follows:

(5.1) ) ﬁ\/ﬁ(?m—?).

For simplicity, we restrict the arrival processes to be either renewal processes or time-inhomogeneous
Poisson processes.

Assumption 3. The sequence {E(N)}NeN of cumulative arrival processes satisfies one of the
following two conditions:

(a) there exist constants X\,0> € (0,00) and f € R, such that for every N € N, EN) s
a renewal process with i.i.d. inter-renewal times {§§N)}jeN that have mean 1/A\N) and
variance (02/X)/(XN))2, where

(5.2) ANV = XN — 8V/N.

(b) there exist locally integrable functions X and 8 on [0,00) such that for every N € N, E()
s an inhomogeneous Poisson process with intensity function

(5.3) A () = XN - BOVN,  te[0,00).

Remark 5.1. Let A and 3 be the locally integrable functions defined in Assumption 3 (which
are constant if Assumption 3(a) holds) and let o(-) be the locally square integrable function that
equals the constant Vo2 if Assumption 3(a) holds, and equals m if Assumption 3(b) holds.
Then, given a standard Brownian motion B, the process E given by

(5.4) Bt = /0 o(s) dB(s) — /O B(s)ds,  tel0,00),

is a well defined diffusion and therefore a semimartingale, with fg o(s)dB(s),t > 0 being the local
martingale and f(f b(s)ds,t > 0, the finite variation process in the decomposition. If Assumption
3 holds then it is easy to see that E in Assumption 1 is given by E(t) = fot A(s)ds, t > 0, and
EM = Fas N — oo (a proof of the latter convergence can be found in Proposition 8.4, which
establishes a more general result).

We now impose a technical condition on the service distribution, which is used mainly to estab-
lish the convergence of HY)(f) to H(f) in Dg[0,00) for Hélder continuous f in Section 8.

Assumption 4. For every x € [0, L), the function from [0,L) to [0, 1] that takes y — (1 — G(z +
¥))/(1 — G(z)) is Hélder continuous on [0,00), uniformly in x, i.e., there exist Cq < oo and
va € (0,1) and 6 > 0 such that for every x € [0, L) and y,y’ € [0, L) with |y —y'| < 4,

Gz +y) -Gz +y)
1-G(x)
Remark 5.2. As shown below, Assumption 4 is satisfied if either A is bounded, or if there exists

lo < oo such that sup,cp, o) h(z) < oo and G is uniformly Holder continuous on [0,L). The
hazard rate function h is locally integrable, but not integrable, on [0, L). Thus, if h is bounded

(5.5) < Caly —y'|°.
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(either uniformly or on [{g, 00) for some £y < 00) it must be that L = co. Under the first condition
above, for any x,y,y’ € [0,00), y < ¥/,

A= [ g s [ rwas )

and so Assumption 4 is satisfied. On the other hand, if there only exists {5 < oo such that
SUPgery,00) P(7) < 00, but G is uniformly Hélder continuous on [0, 00), with constant C' < oo and
exponent vy > 0, then straightforward calculations show

Gl +y) —Gl+y) ¢ /

< —~ 1 h o YA1
GBI < (g oo @A) (=),
and once again Assumption 4 is satisfied. A relatively easily verifiable sufficient condition for G to
be uniformly Hélder continuous is that g € 1T for some o > 0 (recall that since g is a density,
we automatically have g € L'; thus the latter condition imposes just a little additional regularity
on g). Indeed, in this case, by Holder’s inequality,

/: g(u) du

and so G is uniformly Holder continuous with exponent v = /(1 + o) < 1.

Now, given s > 0, recall that ﬁéN) represents the (scaled and centered) initial age distribution

at time s, and define
oV ) 1- 1)~
SN[ g G 50, peafo, D0
[0,L) 1-G(x)

|G(z) = Gy)| = o/ e,

<lgllisa (y —2)

S(N)
{8/ (f),t >0} plays an important role in the analysis because it arises in the representation for

(f,v™)) given in Proposition 6.4. In order to write S more concisely, it will be convenient to
introduce a certain family of operators. For ¢ € [0, 00), define

. 1-G(z+1)
. P = ) ————= L).
(56) @) (@) = o+ oo €D
Each ®; maps the space of (bounded) measurable functions on [0, L) into itself and
(5.7) sup ([ flloe < Il -

t€[0,00)
Moreover, for future purposes, we also note that {®;,¢ > 0} defines a semigroup, i.e., ®of = f and
(58) (I)t((psf) = (I)t+s.f7 57t Z 07

and, recalling the definition (4.19) of the family of operators {U;,t > 0}, it is easily verified that
for every bounded, measurable function f on [0, L) and s,t > 0,

(5.9) (\I’sq)tf)(xvu) = (st f)(z,u), (x,u) € [O,L) x [075]'

We can now rewrite S in terms of the operators ®;, t > 0, as follows:

o)

Since G is continuous, it is clear from (5.7) that ®,f € Cp[0,L) when f € Cp[0,L) and hence,
~(N)
{8/ (f),f €C[0,L),t >0} is a well defined stochastic process.

Remark 5.3. Since ﬁéN) is a signed measure with finite total mass bounded by v/N, it can be
easily verified that almost surely for f € Hj, by the norm inequality (1.2),

158 < 2VN | flloe < 2VN || fll, -
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Moreover, if Assumption 4 holds calculations similar to those in Remark 5.2, the norm inequality
(1.2) and the Cauchy-Schwarz inequality show that for f € Hy and 0 < s < ¢ < o0,

(M) o va 1/2 YaA1/2
80 (f) =8 (NI <Calt=9) Iflloe + 1fllg, & —9)"" < 2Ca +1) || fllg, It - 5| :
This shows that for every N € N, Sg((!N) is a cadlag process that almost surely takes values in H_;.

We now consider the initial conditions. We impose fairly general assumptions on the initial
age sequence so as to establish the Markov property for the limit process. As shown in Lemma
9.6, these conditions are consistent in the sense that they are satisfied at any time s > 0 if they
are satisfied at time 0. In addition, they are trivially satisfied if each N-server system starts
precisely at the fluid limit, i.e., if ﬁéN) = 0 for every N. The reader may prefer to make the latter
assumption on first reading to avoid the technicalities in the statement of this assumption. To
motivate the form of the assumptions, first note that the total variation of the sequence of finite
signed measures {D((]N)} Nen tends to infinity as N — oo, and so it is not reasonable to expect the
sequence to converge in the space of finite or Radon measures. Instead, we impose convergence

in a slightly different space. As observed in Remark 5.3, ﬁéN) can be viewed as an H_;-valued

Z(N)
(and therefore H_5-valued) random element and under Assumption 4, {S,° ,¢ > 0} is a cadlag

~(N)
H_;-valued stochastic process and {S;° (1), > 0} is a cadlag real-valued process (see Section
1.4.1 for a definition of these spaces).

Assumption 5. There exists an R-valued random variable Zo and a family of random variables
{Do(f), f € AC[0, L)}, all defined on a common probability space, such that

(a) Vo admits a version as an H_s-valued random element;
(b) For f € ACy[0,L), given

G.11) SP = (@f) =50 (0 + 0 o) 120,
-G()

{S,?O(f),f € ACy[0,L),t > 0} is a family of random wvariables such that {Sfo,t > 0}
admits a version as a continuous H_s-valued process, {SI°(1),t > 0} admits a version
as a continuous R-valued process and, for every t > 0 almost surely, f +— Sfo(f) s a
measurable mapping from ACy[0,L) C Cp[0,L) — R (both equipped with their respective
Borel o-algebras);

(¢) as N — o0, (féN),ﬁéN),ng()N),SﬁéN)
DR[0,00),

(1)) = (To, Do, 87,87 (1)) in RxH_y x Dy_, [0, 00) x

For some results, we will require the following strengthening of Assumption 5.

Assumption 5’ Assumption 5 holds and in addition,
(d) Suppose that ¢ € Cp([0,L) x [0,00)) is such that for every r > 0, x — p(x,r) is ab-
solutely continuous and, for every T < o0, w(-,-) is integrable on [0,L) x [0,T] and

z fot o(x,7)dr is Hélder continuous. Then P-almost surely, r +— Uy (Prp(-, 7)) is mea-
surable and for every t > 0,

(5.12) /Ot Do (®,0(-, 7)) dr = Dy </Ot (1) dr) .

Now, let (ﬁ,f , @) be a common probability space that supports the martingale measure M
introduced in Section 4.3, the standard Brownian motion B of Remark 5.1, the family of random

variables 7y(f), f € AC[0,L), and the random variable Z; of Assumption 5 such that M\,B
and (Zo,0o(f), f € AC[0, L)) are mutually independent. Let Fy be the o-algebra generated by
(Zo, 0o (f), f € ACp[0, L), and for t > 0, let F; = FoV o(Bs, Mg, s € [0,¢t]). Then for ¢t > 0, S°(f),
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f € ACy[0,L), (and, in particular, S7°(1)) are all well defined Fy-measurable random variables,
and (E;, My)i>o are {F; }1>o-adapted stochastic processes. The description of the N-server model
listed prior to Remark 2.1 assumes that for each NV € N, given R%N)(O)7 EW) is independent of the

initial conditions z/éN) and X(™)(0). Together with Assumptions 3, 5 and the fact that R(EN)(O) -0
almost surely as N — oo, this implies that as N — oo,
S(N) (V)

(5.13) (BN 2N 5N 877 8% (1)) = (E, %o, %, 87,87 (1))
in Dr[0,00) x R x H_5 x Dy_, [0, 00) x Dg[0, 00).

5.2. The Centered Many-Server Map. We introduce a map, which we refer to as the centered
many-server map, which will be used to characterize the limit. Let DZ[0,00) be the subset of
functions f in Dg[0,00) with f(0) = 0. The input data for this map lies in the following space:

T = DR[0, 00) x R x Dg[0, c0).

Definition 5.4. (Centered Many-Server Equations) Let X € Dg, [0,00) be fixed. Given
(E,z0,7Z) € Ty, we say that (K, X,v) € D§[0,00) x Dg[0,00)? solves the centered many-server
equations (henceforth, abbreviated CMSE) associated with X and (FE,zo, Z) if and only if for
t € 0,00),

(5.14) v(t) = Z({t)+ K(t)— /0 g(t — s)K(s)ds,
(5.15) K({t) = E(t)4+xo—X(t)+v(t) —v(0)
and

X(t) if X(¢) <1,
(5.16) o) =4 X{E)A0 if X(t) =1,

0 if X(¢) > 1.

Note that this definition automatically requires that E(0) = K(0) = 0, X(0) = ¢ and Z(0) =
v(0), which equals zg, zg A 0 or 0, depending on whether X(0) < 1, X(0) = 1 or X(0) > 1. It
is shown in Proposition 7.3 that there exists at most one solution to the CMSE for any given
input data in fo. When a solution exists, we let A denote the associated ”centered many-server”
mapping (associated with X) that takes (E,xq, Z) € 7o to the corresponding solution (K, X, v).
Let dom (A) denote the domain of A, which is defined to be the collection of input data in 7, for
which a solution to the CMSE exists.

Remark 5.5. Suppose (K, X,v) € A(E, x¢, Z) for some (E, ¢, Z) € Zy. Then (5.14) and (5.15)
together show that for ¢ > 0,

(5.17) Xt)=zo+E(t)+ Z(t) — /0 g(t —s8)[E(s) + z9 — v(0) — X (s) + v(s)] ds.

Thus, if F, Z and g are continuous then X is also continuous. If, in addition, the fluid limit is
either subcritical, critical or supercritical then the continuity of X and (5.16) imply the continuity
of v and, in turn, (5.15) implies the continuity of K.

The importance of the CMSE stems from the relation
S(N)

(5.18) (KM, XNV 5N (1)) = A (EW),’:EE)N),S”O (1) - ﬁ<N>(1)) ,  NeN,

which is established in Lemma 7.2 under the assumption that the fluid limit is either subcritical,
critical or supercritical.
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5.3. Statements of Main Results. The first result of the paper, Theorem 5.6 below, identifies
the limit of the sequence {X ™)} xen. Let

(5.19) YN = (B 7N 5N s s (1), M) HO 7O (1)),

and let Y; be the corresponding quantity without the superscript N, where E, Zo, Do, S0, 870 (1)
are as defined in Remark 5.1 and Assumption 5, and M, H and H(1) are as defined in Section
4.3. Also, define

(5.20) Vi = Dg[0,00) x R x H_5 x Dy_,[0,00) x Dr[0,00) x Dg_,[0,00)? x Dg[0, c).

Theorem 5.6. Suppose Assumptions 1-5 are satisfied and suppose that the fluid limit is either
subcritical, critical or supercritical. Then (E To,S™0(1) — H( )) lies in the domain of the centered
many-server map A and, as N — oo,

(5.21) N, X0 RN (1,00)) = (11, X, K, (1)

~

in Y1 X Dgl0,00)3, where (X, K,0(1)) = A(E,Zo, 87 (1) — H(1)) is almost surely continuous.
Furthermore, if g is continuous, then

(5.22) X(t)=Xo+E®t) — M,(1)—D(t), te[0,00),
where
(5.23) D(t) = p(1) — 87(1) — M(1)+ﬁt(1)+/o g(t — $)K (s) ds.

The proof of Theorem 5.6 is presented in Section 9.1. In addition to establishing the represen-
tation (5.18), the key elements of the proof involve showing the convergence )A/l(N) = Y, which is
carried out in Corollary 8.7, and establishing continuity of the centered many-server map A and
another auxiliary map I', which are established in Proposition 7.3 and Lemma 7.1, respectively.

We now establish a more general convergence result for the pair {()? (V) 5N} ven, which
automatically yields convergence of several functionals of the process. The proof of this result is
also given in Section 9.1. With K equal to the limit process obtained in Theorem 5.6, we define
for all bounded and absolutely continuous f,

(5.24) () = SP(f)+ / R(s)f(t - 5)(1 - G(t — 5)) ds

_ /O R(s)g(t — ) f(t — s)ds — Hy(f)-

Note that the first term on the right-hand side is well defined by the discussion following As-
sumption 5 (see also Lemma B.1), the next three terms are well defined because K is contin-
uous and [/, (1 — G), g and f are all locally integrable, and the last term is well defined since

H,(f) = M (T f) and the continuity and boundedness of f implies U, f € Cy([0, L) x Ry).

Theorem 5.7. Suppose Assumptions 1-5 are satisfied, the fluid limit is either subcritical, critical
or supercritical and g is continuous. Then, as N — oo,

~

(5.25) YN, XM KN 5Ny = (v, X, K, D)
mn y = yl X DR[O, 00)2 X DH,Q[Oa OO)

A main focus of this paper is to show that the approximating process is a tractable process,
thus demonstrating the usefulness of the approximation theorem obtained. The next two theorems
show that this is indeed the case under some additional regularity conditions on the hazard rate h.
First, in Theorem 5.8 we show that {)A(t, Fot> 0} is also a semimartingale. By It6’s formula this
enables the description of the evolution of a large class of functionals of the process. The proof of
Theorem 5.8 is given in Section 9.2.
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Theorem 5.8. Suppose that Assumptions 1, 8 and 5 are satisfied, the fluzd lzmzt is either subcriti-
cal, critical or supercmtzcal and h is bounded and absolutely continuous. If (K X V) 1s the limit pro-
cess of Theorem 5.7, then X and K are semimartingales with decompositions X = X(O)+MX+CX
and K = M¥ + CK | respectively, where

t t t
MX(t) :/ o(s)dB(s) — M(1), CX(t) :7/ B(s) ds—/ Us(h) ds, t>0,
0 0 0
and if X is subcritical, then K =F and so
t t
MK(t):/ o(s) dB(s), CK(t):—/ B(s)ds,  t>0,
0 0
if X is supercritical, then
t
ME(t) = M, (1), CE(t) :/ Us(h) ds, t>0,
0

and if X 1is critical, then

t t
MK(t):/O ﬂ{g(s)go}a(s)dBS—&-/O L g(s0 dMs(1), 20,

and

t t
~ 1. %

where, Lé? (t) is the local time of X at zero on the interval [0,t]. Moreover, for each t > 0 and
f € ACy0, L), Ui(f) admits the alternative representation

(5.26) B(f) = SP(f) + / f(t— )1 = G(t — 5)) dR () — Hu(f),

where the second term is the stochastic convolution integral with respect to the semimartingale K.

Remark 5.9. Iffor f € C,[0, L), {S7°(f),t > 0} is a well defined stochastic process then {24 (f), ¢ >
0} is also a well defined stochastic process given by the right-hand side of (5.26). Moreover, under
a slight strengthening of the conditions of Theorem 5.8 (specifically, of Assumption 5), we can in
fact show convergence for a slightly larger class of functions than those in Hy. More precisely, if for
any bounded, Hélder continuous f, {S7°(f),t > 0} defined in (5.11) is a well defined continuous
stochastic process and, as N — oo, (féN), ﬁéN)(f),SﬁéN) (f),SDéN)(l)) = (20,00, S™(f),S87(1)) in
R2 x Dg |0, 00)?, then 7(f) is also a continuous process and, as N — oo, 7V (f) = D(f) in Dg[0, 00).
A brief justification of this assertion is provided at the end of Section 9.2. By the independence
assumptions of the model, the above conditions automatically imply the joint convergence

G2 BV G5 (1).807 (1,88 (1) = (B,Fo, 70(f). S™(F), 87 (1)

in Dg[0,00) x R? x Dg[0, 00)2.

We now show that the limiting process (I? , X ,V) described in Theorem 5.6 can alternatively be
characterized as the unique solution to a stochastic partial differential equation (SPDE), coupled
with an It6 diffusion equation, and also satisfies a strong Markov property. We first introduce
the SPDE, which we refer to as the stochastic age equation. In the definition of the stochastlc
age equation given below, h is the hazard rate function of the service dlstrlbutlon and 7y, M and
K are the limit processes defined on the filtered probability space (€, F, {F;},P), as specified in
Theorem 5.8.
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Definition 5.10. (Stochastic Age Equation) Given (7, K M\) defined on the filtered probabil-
ity space (Q, F, {F:}, IP’) v ={w,t > 0} is said to be a strong solution to the stochastic age equation
associated with (Vy, K /\/l) if and only if for every f € ACp[0, L), vi(f) is an F,-measurable random
variable for t > 0, s — vs(f) is almost surely measurable on [0,00), {v¢,t > 0} admits a version
as a continuous, H_s-valued process and P-almost surely, for every ¢ € C;’l([O, L) x R) such that
©0t(+y8) + @u(+, 8) is Lipschitz continuous for every s, and every t € [0,00),

(5.28) vi(e(1) = wole(-,0)) + / s (P2 8) + s (8) —@(, 8)h(-)) ds

// (z,9) dCE ,ds) + / 0(0, s) dK,.

[0,L) % [0,t]

Theorem 5.11. Suppose Assumptions 1, 8 and 5 are satisfied, the fluid limit is either subcrit-
ical, critical or supercritical and h is absolutely continuous and bounded. Given the limit process
(K, X,V) of Theorem 5.7, the following assertions are true:

(1) If the density g’ of g lies in L2 [0, L) U L$S[0, L) then {ut,]:t,t > 0} is the unique strong
solution to the stochastic age equation associated with (I/O,K /\/l)

(2) if ¢//(1 — G) is bounded then {(X;, Dy, 87 (1)), Fy,t > 0} is an R x H_y x Cg0, 00)-valued
strong Markov process.

The characterization in terms of the stochastic age equation is established in Section 9.3 and
the proof of the strong Markov property is given in Section 9.4. It is more natural to expect the
process {()?,f/\t),ft,t > 0} to be strong Markov with state R x H_5. However, due to technical
reasons (see Remark 9.7 for a more detailed explanation) it was necessary to append an additional
component to obtain a Markov process. We expect that this additional component should not pose
too much of a problem in applications of this result.

Remark 5.12. Elementary calculations show that the boundedness assumptions imposed on
g/(1 — G) and ¢'/(1 — G) in Theorem 5.11 (which, in particular, imply Assumption 4) are sat-
isfied by many continuous service distributions of interest (with finite mean, normalized to have
mean one) including the families of lognormal, Weibull, logistic and phase type distributions, the
Gamma(a, b) distribution with shape parameter a — 1 or a > 2 (and corresponding rate parameter
b = 1/a to produce a mean one distribution), the Pareto distribution with shape parameter a > 1
(and corresponding scale parameter b = (a — 1) /a so the mean equals one), the inverted Beta(a, b)
distribution when a > 2 (and b = a + 1 so that the mean is equal to one). Note that the mean
one exponential distribution is clearly also included as a special case of the Weibull and Gamma
distributions.

5.4. Corollaries of the Main Results. As an important corollary of Theorem 5.8, when the fluid
limit is critical, the limiting (scaled and centered) total number in system X can be characterized
as an Ito diffusion.

Corollary 5.13. Suppose Assumption 1, Assumption 3(a) with X\ = 1 and Assumption 5’ are
satisfied and h is bounded and absolutely continuous. If Top = 1 and Do(dz) = (1 — G(z))dz,

the equilibrium age measure in the critical fluid limit, then X satisfies the following Ité diffusion
equation:

~

(5.29) X (t) = Fo + 0 B(t) — Ma(t) — Bt — /0 (h, D) ds,

where ]T/[\l is a Brownian motion independent of B.
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The asymptotic independence of M\l and B in the last corollary follows from Proposition 8.4.
In the particular case of an exponential service disribution, this allows us to immediately recover
the form of the limiting diffusion obtained in the seminal paper of Halfin and Whitt [15].

Corollary 5.14. Suppose G is the exponential distribution with parameter 1. Suppose Assumption
1 holds with To(dx) = (1—G(x))dx and Ty = 1, Assumption 3(a) holds with A = 1 and Assumption

-~

5’ is satisfied. Then X is the unique strong solution to the stochastic differential equation

t

(5.30) () = 5o+ V11 2W(t) — Bt — / - (s)ds
0

where W is a standard Brownian motion.

Proof. When G is the exponential distribution, A = 1 and therefore

/Ot<h,z75>ds = /Ot<1,ﬁs)d8 = /Ot ()?(s) /\0) ds,

where the last equality uses the relations (5.18), (5.16) and the fact that X = 1. By the indepen-

dence of B and /\//71, ocB — ]\71 has the same distribution as v/1 + ¢2W, where W is a standard
Brownian motion. Substituting this back into (5.29), which is applicable since the hazard rate h of
the exponential distribution is trivially bounded and absolutely continuous, we obtain (5.30). The
Lipschitz continuity of the drift coefficient x — —( —x~ guarantees that the stochastic differential
equation (5.30) has a unique strong solution. O

Remark 5.15. (Insensitivity Result) As a comparison of (5.29) and (5.30) reveals, under the
same assumptions on the arrival process as in Corollary 5.14, the dynamical equation for X for
general service distributions is remarkably close to the exponential case. Indeed, the “diffusion”
coefficient is the same in both cases (and is equal to v/1 + ¢2), but the difference is that in the case
of general service distributions, the drift is an {ft}—adapted process that could in general depend
on the past, and not just on )?t, so that the resulting process is no longer Markovian.

6. REPRESENTATION OF THE SYSTEM DYNAMICS

In Section 6.1 we present a succinct characterization of the dynamics of the centered state
process and then use that in Section 6.2 to derive an alternative representation for the centered
age process.

6.1. A Succinct Characterization of the Dynamics. We first recall the description of the
dynamics of the N-server system that was established by Kaspi and Ramanan [22].

Proposition 6.1. The process (X(N),I/(N)) almost surely satisfies the following coupled set of
equations: for ¢ € C;’l([O,L) x Ry) and t € [0, 00),

o1 <<p("t)’yt(N)> - <¢('70)7V((JN)> + /Ot <<Px(',s) + @s(~78)7V£N)> ds
B ot“”('» D), w8 ds = M (o)
Jr/[o,t] ?(0,5)dK™(s),

(6:2) XMy = xM0)+ENM () - / ™y ds — MM (1)
0

(6.3) N= (1) = [N - XM
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where KN satisfies

KWN)

(L) — @,y + / (h V) ds + MOV(1)

(6.4) N 0 .
= XWM©)+EM™ — x4 (1, — (1,1/(() )>.

Proof. This is essentially a direct consequence of Theorem 5.1 of Kaspi and Ramanan [22]. Indeed,
by subtracting and adding ASPN) on the right-hand side of equations (5.4) and (5.5) in [22], and
then using (4.3) above and the fact that MéN) is indistinguishable from M) () (see Remark
4.3) one obtains (6.1) and (6.2), respectively. Equation (6.3) coincides with equation (5.6) in [22].
Finally, the first equality in (6.4) follows from (2.6) of [22] and (4.3) above, whereas the second
equality in (6.4) follows from (6.2). O

Combining the characterizations of the N-server system and the fluid limit given in Proposition
6.1 and Theorem 3.2, respectively, we obtain the following representation for the centered diffusion-
scaled state dynamics. In what follows, recall the centered, diffusion-scaled quantities defined in
(5.1) and (4.11).

Proposition 6.2. For each N € N, the process ()?(N)73(N)) almost surely satisfies the following
coupled set of equations: for every ¢ € CH1([0, L) x Ry) and t € [0,00),

(65) <90('at)7ﬁt(N)> = <§0(70)7’//\(§N)> +/) <<Pz('35)+90s('78)7D§N)> ds
- [ (o9 s - T
0,s dKM) (s ,
+ /H 2(0,5) AR ™) (s)
(6.6) M@ = XM(0)+ EM () — / (h, 5™)ds — AN (1),
0
and
XMHAVNA-X(t) if X(t) <1,
(6.7) 1,0y =0 X®M )y A0 FX() =1,
VNEM @ =1 a0 X > 1,
where
(6.8) KM = (1,D(N)>f(1,%}+/'<h,u§N)>ds+/\7(N)(1)

= 2V 4 EM X i (1, oMy — (1,55,

Proof. Equation (6.5) is obtained by dividing each side of the equation (6.1) by N, subtracting the
corresponding side of (3.6) from it and multiplying the resulting quantities by v/N. In an exactly
analogous fashion, equation (6.6) can be derived from equations (6.2) and (3.7), and equation (6.8)
can be obtained from equations (6.4), (3.7) and (3.9). It only remains to justify the relation in
(6.7). Dividing (6.3) by N, subtracting it from (3.8) and multiplying this difference by VN, we
obtain

(6.9) 7™y = VN (=X -1 =XV r).

If X(¢) <1 then [1 — X(¢)]T = (1 - X(¢)) and so the right-hand side above equals

VNA-Xt) -1 -XMe) =M@ XM <1,
VNA-X@) XM >1,
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which can be expressed as XV (t) A vVN(1 — X(t)). On the other hand, if X (¢) = 1 then [1 —
X (t)]T =0 and the right-hand side of (6.9) equals

VN[ - XM = —VNE @) - XV @] = X () ao.
Lastly, if X (¢) > 1 then [1—X (¢)]* = 0 and so the right-hand side of (6.9) reduces to \/]V(Y(N)(t) -
1) A0, and (6.7) follows. O

Remark 6.3. We describe conditions under which, for large N, the non-idling condition (6.7)
can be further simplified and written purely in terms of (1,7(¥)) and X, Let Q* be the set of
full P-measure on which the fluid limit theorem (Theorem 3.2) holds. Fix w € Q* (and henceforth
suppress the dependence on w) and let ¢ € [0, 00) be a continuity point of the fluid limit. If X (¢) < 1

then by Theorem 3.2 there exists Ny = Ny(w,t) < oo such that for all N > N, X(N)(t) < 1 and
so

XM (1) = VN (XY (1) - X(1)) < VN1 - X(0).
On the other hand, if X () > 1 then there exists Ny = No(w,t) < oo such that for all N > N,
x™ (t) > 1 and hence,
VNE™M @) —1)>0.
Therefore, for any ¢ € [0, 00) there exists Ny = Ny(w,t) < oo such that for all N > Ny,

XM () if X(t) <1,
(6.10) 1L,y = XM a0 X0 =1,
0 if X(t) > 1.

Now, suppose the fluid limit X is continuous and for some 7' < oo, the fluid is subcritical on [0, 7]
in the sense of Definition 3.3. Then Ny can clearly be chosen uniformly in ¢ € [0,7] and so there
exists Nog = No(w,T) < oo such that for all N > Ny(w,T),

1,0y = XM @), telo,T).
An analogous statement holds for the supercritical case and (trivially) for the critical case.

6.2. A Useful Representation. Equations (6.1) and (6.5) for the age and (scaled) centered age
processes, respectively, in the N-server system have a form that is analogous to the deterministic
integral equation (3.6) that describes the dynamics of the age process in the fluid limit, except
that they contain an additional stochastic integral term. Indeed, all three equations fall under the
framework of the so-called abstract age equation introduced in Definition 4.9 of Kaspi and Ramanan
[22]. Representations for solutions to the abstract age equation were obtained in Proposition 4.16
of [22]. In Corollary 6.4 below, this result is applied to obtain explicit representations for the age
and centered age processes in the N-server system. Not surprisingly, these representations are
similar to the corresponding representation (3.10) for solutions to the fluid age equation, except
that they contain an additional stochastic integral term.

We now state the representation result, which is easily deduced from Proposition 4.16 of Kaspi
and Ramanan [22]; the details of the proof are deferred to Appendix C. For conciseness of notation,
for N € N and continuous f, we define

(6.11) RV = [ (1= Gle=s)ste—s) RN, te o).

[0,¢]

By applying integration by parts to the right-hand side of (6.11) and using the fact that K™ has
jumps at at most a countable number of points, we see that for absolutely continuous f,

(6.12) KM (f) = FO M (t) + / t KM (s)gs(t — 5) ds,
0
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where

(6.13) & =(f1-6) =f1-G)~fg.
Also, recall the definition of the process 57" given in (5.10).
Proposition 6.4. For every N € N, f € C,[0,L) and t € [0, 00),

(6.14) Gy = 89 () - 1™ () + k),
and, likewise,
(6.15) oMy = S - AN + RV ().

Remark 6.5. For subsequent use, we make the simple observation that on substituting ¢ = 1 in
(6.5) and substracting it from (6.15), with f = 1, then rearranging terms and using (6.12) and the
fact that & = (1 — G)' = —g by (6.13), we obtain for every N € N and ¢ > 0,

S(N)

t
[antas = @af?) - 527w - MW+ AV
0

(6.16) t
—5) KM (s=) ds.
+/0 gt —s) KW (s—)d

7. CONTINUITY PROPERTIES

In Section 7.1 we establish continuity of the mapping that takes KM to K™ and in Section
7.2 we establish continuity of the centered many-server map A, which in particular shows that both
KM and X™) are obtained as continuous mappings of the initial data and H®).

7.1. Continuity of an Auxiliary Map. Here, we establish the continuity of a mapping related
to the convolution integral V) defined in (6.11). Given any (deterministic) cadlag function K,
for absolutely continuous functions f we define

(7.1) Ko(f) = FO)K(E) + / K(w)ép(t - u) du,

where £ = (f(1 — G))’, as defined in (6.13). Since K, g and f’ are all locally integrable, for
each t > 0, K; is a well defined linear functional on the space of absolutely continuous functions.
Moreover, from elementary properties of convolutions, it is clear that for any absolutely continuous
f, if K is cadlag (respectively, continuous) then so is £(f). In Lemma 7.1 below, we show that K
is in fact a cadlag H_s-valued function and the mapping from K to K, which we denote by T, is
continuous. Note that by (6.12) K&V) = I‘(I/(\'(N)) for N € N. The continuity of I' is used in the
proof of Theorem 5.7 to establish convergence of K™ to the analogous limit quantity I/C\, defined
for absolutely continuous f, by

(7.2) Iat(f)if(o)f((t)Jr/o K(s)é(t—s)ds,  te€[0,00).

The third property in Lemma 7.1 below is used in the proof of the strong Markov property in
Section 9.4.

Lemma 7.1. Suppose I' is the map that takes K to the linear functional IC defined in (7.1). If g
is continuous the following three properties are satisfied:
(1) If K € Dg[0,00) (respectively, Cr[0,0)) then K € Dy_,[0,00) (respectively, Cy_,[0,00)).
(2) T is a continuous map from Dg[0,00) to Dy_,[0,00), when both domain and range are
either both equipped with the topology of uniform convergence on compact sets or both
equipped with the Skorokhod topology. Likewise, the map from Dg[0,00) to itself that takes
K — K(1) is also continuous with respect to the Skorokhod topology on Dgl0, 00).
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(3) If K € Cr|0,00) then, for anyt € [0,00), the real-valued function u — Kt (®,1) on [0,00) is
continuous and the map from Cg|0,00) to itself that takes K to this function is continuous
(with respect to the uniform topology).

Proof. Let g be continuous. We first derive a general inequality (see (7.7) below) that is then used
to prove both properties 1 and 2. Fix K, K™ € Dg[0,00), T < oo and t,7(™(t) € [0,T] with
s (t) = |t — 7™ (t)|, n € N. Also, let K = T'(K) and K™ =T'(K™), n € N. For f € H,, we can

write

(7.3) K oy () = () = F0) (KO D) = K@) + > A @),

=1

where

tAT(™ (1)
QIO / K (u) (€7(t — u) — &4 (ru(t) — u)) du,
0

) tAr(™ (¢)

AP@ = [ (K = K@) &0~ ) du,
t (™ (t)

AP® = [ K@ wdes [ KO@e ) - u)d
tAT() (t) tAT() (t)

To bound the above terms, first note that by the inequality (1 — G) < 1, repeated application of
the Cauchy-Schwarz inequality and Tonelli’s theorem we obtain

/0 P —w)(1— Gt —w) — (s —w)(1 — Gs — )| du
g/o If(t—U)I(G(t—U)—G(s—u))du+/ P/t =) — f'(s - u)| du

0
s t

< wallt = DT | gy + ([ 17w =) dw) du
0 s

< wallt — sHTY2 | g + T1t — 8172 £l -

where wg is the modulus of continuity of G as defined in (1.1). Similarly, using the continuity of
g and, as usual, denoting its modulus of continuity by wg, we have

/ (= gt — ) — (s — u)gls — u)] du
< [ 1=t~ — gts — w)ldu+ [ gls = w)lrte =) = sls )]

s t
STV £, wg(lt*S\)Jr/ g(s —u) [ |f'(w—u)|dwdu
0 s
<TY2 |l wolt — s) + 1t — 8121y < (T 2wt — s]) + [t = 5[/2) | fl]s, -

Recalling that £y = (f(1 — G))’, the last two inequalities show that

(7.4) / gt —w) — Ep(s —w)|du < ex(T, |t — ) [ £,

where ¢1(T,6) = (TY?(wg(8) + wy(8)) + (T + 1)6/2) satisfies lims_q c1(T,6) = 0. On the other
hand, another application of the Cauchy-Schwarz inequality and the norm inequality (1.2) shows
that

/ /()] du + [[fll. (G(1) — G(s))

<
< =S + 1l (GCE) = G(s))
< 3t — 512 +we (it — s)) | Flla, < c2(T) 11l

/ €4t —w)| du
(7.5) s
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and

(7.6) 1€¢ 1l < 1 oo + I llog gl < c2(T) 11 £l

for an appropriate finite constant ¢(7T) < oo that depends only on G and T. Substituting (7.4)—
(7.6) into (7.3), we obtain

Klf) = K () <
17T, =

(7.7) K () = KOO @)| + ea (7,6 0)) 1Kl

+eo(T) /O e (K(u) _ K™ (u)) du

2

Now, suppose K (" = K so that K™ = K, n € N, and consider ¢ < T and any sequence of points
(M (t) € [0,T], n € N, such that 7(")(¢) | t as n — oo. Then the third term on the right-hand side
of (7.7) vanishes, the first term converges to zero because K € Dg[0, 00) and the second and fourth
terms converge because || K || < 0o and 6" (¢) — 0. This shows that ||y — Ko ) Il _—0and

260 (0)ea(T) (1Kl v || K

hence, K € Dy_,[0,00). The same argument also shows that X is continuous if K is. This proves
the first property.

Next, suppose that K™ n € N, is a sequence that converges to K in the Skorokhod topology.
By the definition of the Skorokhod topology (see, for example, Chapter 3 of [4]) there exists a
sequence of strictly increasing maps 7™, n € N, that map [0, 7] onto [0, T] and satisfy ||5(”) HT =
SUpyepo, 7 [t — 7™M ()| — 0 and ||[K™ o 7" — KHT — 0 as n — oo. Moreover, sup,, HK(”)HT < 00
and K (u) — K(u) for a.e. u € [0,T]. Taking first the supremum over ¢ € [0,7] and then
limits as n — oo in (7.7), the above properties show that the right-hand side goes to zero (where
the dominated convergence theorem is used to argue that the third term vanishes). In turn, this

implies that sup;eo 7 HICt — IC(TTE)(t) u — 0, thus establishing convergence of K™ to K in the
—2

Skorokhod topology on Dg_,[0,00). This establishes continuity of the map T' in the Skorokhod
topology. Continuity with respect to the uniform topology can be proved by setting T(”)(t) =t,
n € N, in the argument above. The continuity of the map that takes K to (1) can be established
in an analogous fashion. The proof is left to the reader.

To prove the last property, fix K € Cg[0,00) and ¢t € [0,00). For u > 0, the function ®,1 is
absolutely continuous and &p,1 = (1 — G(- + u))’ = —g(- + u). Setting f = ®,1 in (7.1) yields

Ki(®,1) = (1 - G(u))K(t) — /0 K(s)g(t — s +u)ds.

The continuity of G and K and the bounded convergence theorem then show that u — K¢(®,1)
lies in Cg[0,00). On the other hand, given K € Cg[0, 00) for i = 1,2 and the corresponding K,

¢
sup |IC£1)(<I’U1)—IC§2)(<I>u1)| < HK(U —K(Q)H <1+/ g(t—s+u)ds) ,
uel0,T T 0

from which it is clear that the map from Cg[0, 00) to itself that takes K to the function u +— K¢ (®,,1)
is continuous. ]

7.2. Continuity of the Centered Many-Server Map. Recall the centered many-server map A
introduced in Definition 5.4. First, in Lemma 7.2, we establish the representation for ()?(N), IA((N), v(V)(1))
in terms of the map A specified in (5.18), and then in Proposition 7.3 and Lemma 7.4 we establish
certain continuity and measurability properties of the map A.
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Lemma 7.2. If the fluid limit X of the total number in system is either subcritical, critical or
supercritical and Assumption 4 holds, there exists Q* € F with P(Q*) = 1 such that for every
w € QF, there exists N*(w) < oo such that for all N > N*(w),

(RO, XM, (1,50))(w) = A(E™, 5, 857 (1) = AN (1) ().
Proof. Fix N € N. By the basic definition of the model, EW) is cadlag and oY) takes values in
D ptyio,0)[0,00) and hence, in Dy _,[0,00). Due to Assumption 4 and Remark 5.3, it follows that
s% (1) is continuous. Moreover, as explained in the discussion right after definition (7.1), (1)
is also continuous. By the representation (6.15), it then follows that H(M) (1) is also cadlag. Thus,
for almost surely every w € €, (E(N),%N),Sﬁém(l) — HM(1))(w) € Zo. The result then follows
on comparing the three many-server equations (5.14), (5.15) and (5.16) with the second equation

in (6.8), equation (6.10) of Remark 6.3 and equation (6.15). O
We now establish continuity and measurability properties of the mapping A. Recall that U

denotes the renewal function associated with the distribution G.
Proposition 7.3. Fiz X € Dg, [0,00). Fori=1,2, suppose (E*,z{,Z") € Zo and (K%, X0 e
A(Et 2}, Z%). Then, for any T € [0, 00),

(7.9 IVEl VIVX v [[Vof]l, < 301+ UT)er,
where V.S = S% — St |l = supse(o.7] | f(5)] and
(7.9) er = (|[VE|z V [Vxo| V[IVZ] 7).

Hence, A is continuous with respect to the uniform topology and is single-valued on its domain.

Proof. Fix T < co. We first show that ||VK]||; < 2ep(1 + U(T)). For any t € [0,T], we consider
two cases. o o
Case 1: Either X (t) < 1, or both X (¢) =1 and X*(¢) <0.
We claim that in this case we always have
(7.10) Vo(t) — VX(t) <O0.
Indeed, (5.16) shows that if X(¢) < 1 then v’(t) = X'(¢) for i = 1,2 and so the left-hand side
above is identically zero. On the other hand, if X(¢) = 1 and X!(¢) < 0 then (X!(¢))* = 0, and
so (5.16), combined with the elementary identity # A0 —x = —x", implies
Vo(t) = VX () = (X' ()T - (X2()" = —(X*(1)* <0,

and so (7.10) holds.

In turn, combining (7.10) with the fact that each solution satisfies equation (5.15), we then
conclude that
(7.11) VK(t) =Vzog+ VE(t) — VX(t) + Vu(t) < Vzg + VE(t) < 2.
Case 2: Either X (t) > 1, or both X (t) = 1 and X*(¢) > 0.
First, we claim that in this case,
(7.12) Vo(t) = v2(t) — v*(t) <0.

If either X (¢) > 1, or the relations X (¢) = 1, X*(¢) > 0 and X?2(¢) > 0 hold, this is trivially true
since by (5.16) each term on the left-hand side of (7.12) is equal to zero. In the remaining case
when X (t) =1, X'(t) > 0 and X?2(t) <0, (5.16) shows that v!(t) = 0 and v?(t) = X?(t) < 0, and
once again (7.12) follows.

Next, considering that each solution satisfies the equation (5.14) and taking the difference, we
have for every t € [0, 00),

(7.13) VE({t) = Vot +/tg(t— $)VK(s)ds — VZ(t).
0
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Now, define
¢
B = {t:/ g(t —s)VK(s)ds >O}.
0
Then, combining (7.13) with (7.12), we conclude that
¢
VK(t) <2ep+ Ilg(t)/ g(t —s)VK(s)ds.
0

Applying the same inequality to K(s) for s € [0,t] and substituting it into the last inequality, we
then obtain

VK(t)

IN

er + 1p(t) /Otg(t —3) <25T + 15(s) /OS g(s —r)VK(r) dr> ds
< er(14G) + 1s(t) /Otg(ts) (]15(5) /Osg(sr)VK(r) dr) ds.

Reiterating this procedure, we obtain
(7.14) VK(t) <ep(1+G{t)+G%(t) +...) <epU(T),

where G*™ denotes the n-fold convolution of G.
By symmetry, the inequalities (7.11) and (7.14) obtained in Cases 1 and 2, respectively, also
hold with VK replaced by —VK. Since U(T) > 1, we then have

IVK(t)| < 2epU(T), for every t € [0,T].
Taking the supremum over ¢ € [0, 7], we obtain
(7.15) [V < 2e2U(T).

Now, relations (5.14) and (5.15), together, show that for i = 1,2 and ¢ € [0, T,
Xi(t) = E'(t) + xf — v*(0) — /Otg(t —8)K'(s)ds + Z'(t).
Taking the difference and using the fact that (5.16) implies |V (z§ — v*(0))| < |V}, we obtain
t
VX < [VBly+[Vaol+ [ gt =) VKl ds+ 921

Taking the supremum over ¢ € [0, 7] and using (7.15), we then conclude that
IVX || < 3er 4+ 2erU(T)G(T) < 3er(1+U(T)).
Together with (7.15) and the fact that (5.16) implies |Vv(t)||; < ||VX]|;, this establishes (7.8).

Since the Skorokhod topology coincides with the uniform topology on the space of continuous
functions, (7.8) implies that the map A is continuous at points (&, zo, Z) € Cr, X R x Cg, . O

Lemma 7.4. Suppose the fluid limit is subcritical, critical or supercritical. Then the map A from
dom (A) C Dg[0,0) x R x Dg[0,00) to Dgr[0,0)?, with Dg[0,0) equipped with the Skorokhod
topology, s measurable.

Proof. We first observe that it suffices to establish the measurability of the map from (E, z¢, Z) €
dom(A) to X, where (K,X,v) = A(F,z0,Z). Indeed, in this case, because the maps f — f,
f— fA0and f — 0 from Dg[0,00), equipped with the Skorokhod topology, to itself are all
measurable (in fact, continuous) and addition is also a measurable mapping from Dg[0,c0)? to
Dg[0,0), it follows from (5.15) and (5.16) that the map to (K,v), and therefore the map A, is
also measurable.

By Remark 5.5, if (K, X,v) = A(E, zq, Z) then X satisfies the integral equation

X(t) = R(t) —|—/0 g(t —s)F(X(s))ds, t>0,
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where R(t) = Ry(t) = Z(t fo E(s)ds and F = 0 if X is subcritical, R(t) = Ra(t) =
Ri(t) + (1 — G(t))zo and F( ) =z if X is supercrltlcal, and R(t) = Rz(t) and F(z) = z7 if X is
critical. Note that in all cases, F is Lipschitz. Also, for fixed ¢, the map (E, Z,zo) — R(t) from
Dg[0,00)? x R +— R is clearly measurable. The latter fact implies the proof for the subcritical case.
For the other two cases, by standard arguments from the theory of Volterra integral equations (see
Theorem 3.2.1 of [8]) it follows that X (¢) = lim,, .o (7 (™0)(t), where ’T(") is the n-fold composition
of the operator 7 : Dg[0,00) — Dg[0,00) given by (T&)(t) = Ra(t) + fo (t — s)F(&(s)) ds,
¢ € Dg|[0,0). Due to the fact that convergence in the Skorokhod topology implies convergence in
L} ., the map £+ F(€) is a continuous mapping from L}, to itself and the Laplace convolution
0 — [, 9(- — s)0(s)ds is a continuous map from L} . to C[0,00), it follows that for every ¢ > 0,
(R, &) — T(&)(t) is a measurable map. Because the Borel algebra associated with the Skorokhod
topology is generated by cylinder sets, and measurability is preserved under compositions and
limits, this implies that the map from R to X is measurable. Note that in the critical case, the
above equation is of the same form as the one obtained in Theorem 3.1 of Reed [30], and a more
detailed proof of measurability in the critical case can also be found in the Appendix of [30]. O

8. CONVERGENCE RESULTS

The representation (6.15) of the pre-limit dynamics and the continuity properties established
in Section 7 reduce the problem of convergence of the sequence {DN)} ey to that of the joint
convergence of the sequence of stochastic convolution integrals {7—A{(N )} ~Nen and the sequences
representing the initial data. In this section, we establish these convergence results. First, in
Section 8.2 (see Proposition 8.4) we establish the joint convergence of the sequence {M\(N)}NeN
and the sequence of centered arrival processes and initial conditions showing, in particular, that
the centered departure process is asymptotically independent of the centered arrival process and
initial conditions. Then, in Section 8.3 (see Corollary 8.7) we identify (for a suitable family of

f) the limits of the sequence {ﬁ(N )( f)}nen. Both limit theorems are proved using some basic
estimates, which are first obtained in Section 8.1.

8.1. Preliminary Estimates. Let U denote the renewal function associated with the service
distribution G. We begin with a useful bound, whose proof is relegated to Appendix D.

Lemma 8.1. Fiz T < oco. For every N € N and positive integer k,

(8.1) ]E[(A(IN)( } </ /[OL) V) dx)d>k < KI(U(T))".

Moreover, there exists C(T) < oo such that for every positive integer k and measurable function

on [0, L) x [0,T],
k
sup E {(A;N) (T))k] <k (@(m)" ( /[O’L) o* (2)h(z) da:) ,

where p*(x) = sup,cpo, 1) l¢(x, 8)|. Furthermore, if Assumptions 1 and 2 hold, then

T k
(8.2) (Zl(T))’c = (/0 /[0 Y h(x) T4 (dx) ds> < ENU(T))*.

We now establish some estimates on the martingale measure MW ), which are used in Sections
8.2 and 8.3 to establish various convergence and sample path regularity results.
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Lemma 8.2. For every even integer r, there exists a universal constant C, < oo such that for
every bounded and continuous function ¢ on [0,L) X R and T < oo,

TN " r T\, r/2 1
(83) E L:m] MM @) | < Cr llell [(2)- )" + W} ., NeN,
(8.4) E| s [Mile)| | <0 (5) @@yl
s€[0,T]
and, for 0 < s <t,
(8.5) E [IMi(¢) = Mu(0)"] < Cr (Apa(t) = Apa(s)".

Proof. Since MW )(¢) is a martingale, by the Burkholder-Davis-Gundy (BDG) inequality (see,
for example, Theorem 7.11 of Walsh [35]) it follows that for any r > 1, there exists a universal

constant C, < oo (independent of ¢ and MW )} such that
_— r — r/2 _— " r
80 Bl || | <or | (@) "]+ orl[ari o) ]

where

AMM™ () = sup ‘AM(N)( )‘: sup \/\7&” 0) — MM (o )\

te[0,T] te[0,T]
Because the jumps of M) (y) are bounded by @], /v/N, we have

(8.7) B[|afi ()| ] < Ll

On the other hand, by (4.12) it follows that for any r > 0,
v r ) 0\ v [ (7 oy
B[] =2 | (A2 @) ") < hel e | (3" @)
When combined with (8.1) of Lemma 8.1 this shows that if r = 2k, where k is an integer, then

(53 B | ()" < el (5)! ey

Combining the estimates (8.6)—(8.8) obtained above, we obtain (8.3).

In an exactly analogous fashion, replacing M®) and Z(N) , respectively, by M and A, and using
the continuity of /\//T (p) and d inequality (8.2) of Lemma 8.1, we obtain (8.4). Furthermore, for fixed
5 >0, because {M (p) — /\/l (¢) }e>s is a continuous martingale with quadratic variation process
{A,2(t) = Au2(s) }i>s, another application of the Burkholder-Davis-Gundy (BDG) inequality yields
(8.5). O

As a corollary, we obtain results on the regularity of the processes M®) and M , which make
use of the norm inequalities in (1.2).

Corollary 8.3. Fach M\(N),N €N, is a cadlag H_s-valued (and hence 8’-valued) process. M is
a continuous H_s-valued (and hence S’-valued) process. Moreover, for any T < oo, if for every

fes, /T/l\(N)(f) :>M\(f) in Dr[0,T] as N — oo then M®™ = M in Dy ,10,T] as N — oo.

Proof. Fix N € N. By Remark 4.3, for every f € S there exists a cadlag version M ) of M) (f).
Moreover, for any T' < oo it follows from (8.3) and (1.2) that given any € > 0 and A < oo there
exists § > 0 such that if || f||, <& then

(8.9) lim sup P ( sup \/(/l\gN)(fﬂ > /\> <e

N te[0,T]
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Thus, each M®) is a I-continuous stochastic process in the sense of Mitoma [27]. Since S is
s

a nuclear Fréchet space and ||-||g, < |||z, (vefer to the properties stated in Section 1.4.1), by

Theorem 4.1 of Walsh [35] and Corollary 2 of Mitoma [27] it follows that MM s a cadlag H_o-

valued, and hence S’-valued, process.

On the other hand, by Lemma 8.2 M (f) is a continuous process for every f € S. An analogous
argument to the one above, that now invokes Corollary 1 of Mitoma [27] and (8.4), shows that

M is a continuous H_,-valued process. The last assertion of the corollary follows from (8.9) and
Corollary 6.16 of Walsh [35]. O

8.2. Asymptotic Independence. We now identify the limit of the sequence of martingale mea-
sures {M\(N )} ~Nen and also show that it is asymptotically independent of the centered arrival
process and initial conditions. We recall from Assumption 5 and Remark 5.1 that M is indepen-
dent of the initial conditions (Zo, P, S”°, S (1)) and E, where E is a diffusion with drift coefficient
— 3 and diffusion coefficient o2.

Prog(\)sition 8.4./\Suppose Assumptions 1-3 and Assumption 5 hold. Then for every ¢ € Cy([0, L) X
R), MW () = M(p) in Drl0,00) as N — co. Moreover, as N — oo,
(B, 30 5 87" 8% (1), M) = (B, B, 9o, S™, 87 (1), M)
in Dr[0,00) x R x H_5 x Dy _,[0,00) x Dg[0,00) X Dg_,[0,00).
Proof. We shall first prove the assertion under the supposition that Assumption 3(a) is satisfied,

in which case ), o2 are positive constants and 3 is a constant in R. We start by using results of
Puhalskii and Reiman [28] to recast the problem in a more convenient form. Fix N € N and define

EM) (£)+1

I == 3 (1Y), e o)
=2

where recall that {£§N)}j€N is the i.i.d. sequence of interarrival times of the Nth renewal arrival
process BV which has mean 1/A") and variance (o2/X)/(AN))2. Define

V) EM(#)+1

S e x|, >0

=2

(V)

() Wi

Using the definition (5.2) of § and the fact that E(N)(t) = \t, we see that

EM @) —NXxt  EW(t) — \M¢ ~ .
(\/)N = (\}N + Bt = LM (@#) + 3N (t) + pt.

Puhalskii and Reiman (see page 30, Lemma A.1 and (5.15) of [28]) showed that {Z(V)(t), ]—"t(N),t >
0} is a locally square integrable martingale and, as N — 0o, sup,<r AN (t)] — 0 in probability,
which implies y(™) = 0.

We will now show that for every bounded and continuous f,

(8.10) EM(t) =

(8.11) (LM, MM) = (B,M(f)) as N — o,
and for real-valued bounded, continuous functions & on R? and & on R x H_5 x Dy_,[0,00) x
D]R [07 OO),

S(N) - S(N)

Jim E[6 (Y, LM)e @Y, 56, 877, 877 (1)

(8.12) I I
= K[ (My, B)|E[2(Zo, Do, S0, 870 (1))].
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Before presenting the proofs of these results, first note that on combining (8.11) with (8.10),
the fact that ™) = 0 as N — oo , the relation E(t) = B(t) — 8t, t > 0, and the continu-
ous mapping theorem, it follows that for every bounded and continuous f, (E(N ),M\(N )(f) =
(E, M\(f)) in Dg[0,00)2. Together with (8.12) this implies that for every bounded and contin-
wous f, (EM 2V 5V s%™ s (1), MM (f)) = (E, o, Do, S, 8% (1), M(f)) as N — oc.
Together with Corollary 8.3 this implies the desired convergence stated in the proposition.

Thus, to complete the proof (when Assumption 3(a) holds), it suffices to establish (8.11) and
(8.12). This is done in the following four claims; the first three claims below verify conditions of
the martingale central limit theorem to establish (8.11), whereas the last claim proves (8.12).

CrAm 1. For t >0, as N — oo, {Z(N)} — o2t and [Z/W\}N)} — Ay2(t) in probability.
t t

ProoF or CLAIM 1. Note that E(N), being a compensated sum of jumps, is a local martingale of
finite variation. Thus, it is a purely discontinuous martingale (see Lemma 4.14(b) of Chapter I of

Jacod and Shiryaev [17]) and hence (by Theorem 4.5.2 of Chapter 1 of [17]), its {ft(N)} optional
quadratic variation is given by

EWM (t)4+1

2], = 5 2, @ AMghy

For every j € N, E[(1 —)\(N)fj(.N))Q] = 02 /) < 0o by Assumption 3(a), and almost surely F(N)(t) —
At by Remark 5.1 and Theorem 3.2. Therefore, by the strong law of large numbers for triangular

arrays of random variables, [Z(N )] converges to
t
. EM(#) -1 2
I

as N — o0o. This establishes the first limit of Claim 1.
Now, M J(CN) is also a compensated sum of jumps. By the same logic we then have

1] =3 (AWV) = 2o,

s<t
where the last equality follows because the jumps of M ;N) coincide with those of Q;N). The results

of Kaspi and Ramanan (see Theorem 5.4, the discussion below Theorem 5.15 and Proposition 5.17

of [22]) show that @5&‘];[) (t) — Ap2(t) in probability, and so the second limit in Claim 1 is also
established.
CrAM 2. For every t > 0, [L(N) M(N)} — 0 in probability as N — oo.

PROOF OF CLAIM 2. Let Ti( = ZJ 15 ) be the time of the ith jump of E). Since E(N) has
unit jumps, it follows that

o Oy B (e amt ()
i>2:7, )<t

To prove the claim, it suffices to show that

~ —~ 2 —
¢ AN
i:TfN) <t
Indeed, then the right-hand side goes to zero as N — oo because the expectation on the right-

hand side is bounded by supy E[E(N)(t)], which is finite by Lemma 5.6 of [22] (alternatively, the



34 HAYA KASPI AND KAVITA RAMANAN

convergence to zero can also be deduced from the stronger result stated in Corollary A.2). The
claim then follows by an application of Chebysev’s inequality.

To establish (8 14) we first introduce the filtration {F; M) 4> 0}, which is defined exactly like

) associated with

the renewal arrival process E(N) is replaced by the age or backward recurrence time process a(EN),
which satisfies a%N)(s) =s—sup{u < s: EM(u) < EMN)(s)} v O for s > 0. It is easy to verify

that J\/Z(N) is an {.7:'t(N)} adapted process and, for each i € N, T(N) is an {ft }—stoppmg time.

the filtration { ) > 0}, except that the forward recurrence time process R(

Moreover, for every ¢ € N, using the independence of 51 4 from FN (N) we have
(8.15) E[l - AMgRFR] = En-a™gll] = o,

2 —
(8.16) E[(1—AN>§§ff) FRI = E(1-2™ef))] = oA

For i« € N, conditioning on .7:'(5\,)), noting that the jump times of J\/Z}N) and ﬁ(N) coincide, and
Ti

using (8.16) and the estimate (AJ/W\}N))Q < ||f||iO AD™)

E |:< — @) 51(4]:?) M}N) (Ti(N))Q |.7~?_’_i(zv)]

, we obtain

UjQA]\/Z}N) (Ti(N)) ’

< o? IIAfIIOOAD ( fN)) .
A similar conditioning argument using (8.15) shows that for 2 < k <4, i,k € N,
E[(1-xMg)) A (7) (1= a®el)) angy™ (771 = 0.

Taking first the square and then the expectation of each side of (8.13) and using the last two
relations, we obtain (8. 14) As argued above, this proves the claim.

CLAM 3. The jumps of (L LN MY )( f)) are asymptotically negligible and (8.11) holds.

PrROOF OF CLAIM 3. The jumps of EM) and M) converge to zero as N — oo because E0Y) is
a counting process with unit jumps and supt<T ™) (t)| — 0 in probability. Also, by Lemma 4.1

and the continuity of Agc ). the jumps of M@ )(f) = MJ(CN) are uniformly bounded by || f||.. /VN,

and so they also converge to zero in probability. Because {(L(2Y), MW )(f)}nen is a sequence of
martingales starting at zero, we can apply the martingale central limit theorem (see, e.g., Theorem
1.4 on page 339 of Ethier and Kurtz [10]). The conditions of that theorem are verified by claims
1-3 above, and (8.11) follows from the observation that B and M\( f) are independent, centered
mean Gaussian processes with variance processes ot and Z]m (t), t > 0, respectively.

CraM 4. The asymptotic independence property in (8.12) holds.

ProOOF OoF CLAIM 4. Conditioned on }"éN), L™ and ]\//.TJEN) are still compensated sums of jumps
with the same optional quadratic variation processes as without conditioning. Thus, the same

argument provided above in claims 1-3 above show that, conditioned on ]—'éN)

, the sequence
(LM, M ](CN)) still converges weakly to (B, M(f)). In particular, by the continuous mapping the-
orem, this then implies that for any bounded continuous function F; on R2,

lim E[7(EN@0), M @) FY | = EIR(B(), Mu(£))-

N—oo

This establishes the desired asymptotic independence because for any bounded, continuous func-
tion F» on R x H_5 x Dy_,[0,00) x Dg[0,00), by the bounded convergence theorem and another
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application of the continuous mapping theorem for Fs,
lim E {E(E(N)( ), M(N)( 1) F. (A(N) ~(N) Su SQ(N)(]_)):|

Nﬁo()
= lm E[E [0, TP o)) BEY 50,517 54 (1)
(N)

=E[R(B(), M(F)EFEY, 7, s77 8% <1)>} :

This completes the proof for the case when Assumption 3(a) is satisfied.
We now turn to the proof for the case when Assumption 3(b) is satisfied. The proof in thib case

is similar, and so we only elaborate on the differences. First, for V € N, define LW / f
where now

LM(t) = (E(N)(t) - / t A (s) ds>, t € [0,00),
0

is the scaled and centered inhomogeneous Poisson process, and note that

(8.17) EM() = VN (E(N)(t) - / t A(s) ds) —IM@) + / t B(s) ds
0 0

Fix f that i is b bounded and continuous. To complete the proof of the proposition, it suffices to show
that (LM, M) = (f5 /A(s) dB(s . Let {F™} be the filtration defined in Claim 2
above. Then, as is well known, {L(V)(¢ ),ft(N),t >0} and {M\}N)(t),ftw),t > 0} are martingales.
Hence, once again, we need only verify the conditions of the martingale central limit theorem (see

Theorem 1.4 on page 339 of Ethier and Kurtz [10]). Arguing exactly as in Claims 3 and 1 of

N are uniformly bounded by

the proof for case (a), it is clear that the jumps of EM) and M J(p
(1+[|fll..)/VN and for each t > 0, [A/J\}N)]t — Aj2(t) in probability. Keeping in mind that
the candidate limit (E /\//l\( f)) is a pair of independent, continuous Gaussian martingales with

respective quadratic variations fo s)ds and A #2(t), to complete the proof it suffices to verify that
for every t € [0,00), as N — oo, the followmg limits hold in probability:

t
(8.18) L], - / A(s) ds, E™), MM, — .
0

Clearly, the {.7:'(N }-predictable quadratic variation of L) is given by (E(N)> = fot AN ds, which
converges to fo s)ds as N — oo. By Theorem 3.11 of Chapter VIII of [17], this implies that

[L LW )]; converges in law to fo s)ds. Because the limit fo s)ds is deterministic, the convergence
is also in probability. This estabhshes the first limit in (8. 18) To establish the second limit, note

that L) and M J(CN) are both compensated pure jump processes with continuous compensators,
and so their optional quadratic covariation takes the form

L, M ZAL(N) ZAE(N AQM(s).

6<t 5<t

Noting that AQ;N) < |[|flloo AD™) | taking expectations of both sides above and then the limit as
N — oo, Corollary A.2 shows that

/1l
“E > AEM(s)ADM)(s)| =0.

s<t

lim B [|[20), 77| <

N—o00 N~>oo
An application of Markov’s inequality then yields the second limit in (8.18). The asymptotic
independence from the initial conditions is proved exactly in the same way as when Assumption
3(a) holds (see the proof of Claim 4) and is thus omitted. O
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8.3. Convergence of Stochastic Convolution Integrals. We now show that for suitable f,
{HM™)(f)Ynen is a tight sequence of cadlag processes. Since each H(™M)(f) is not a martingale,
the proof is more involved than the corresponding result for {M®)(f)} yey and we require an
additional regularity assumption (Assumption 4) on G, which holds if the hazard rate function h
is bounded and g is in L'+ for some o > 0 (see Remark 5.2). For conciseness, we will use the
notation

(8.19) G(z)=1-G(x), fG(z) = f(2)G(x), x € [0, 00).
We first derive an elementary inequality.

Lemma 8.5. Suppose Assumption 4 is satisfied, let f be a bounded, Hélder continuous function

with constant Cy and exponent vy, and let vy = vg Ayy. The family of operators {¥;,t > 0}

defined in (4.19) satisfies, for all 0 <t < t' < oo,

(8.20) [Wef = Vi flloo < (Cr+Callfll) It =27

Moreover, if f € Hy then Cy < ||flly, and there ezists a constant Cy < oo, independent of f, such

that the right-hand side of (8.20) can be replaced by Cy || f|lg, [t — .

Proof. Fix a bounded, Holder continuous function f, as in the statement of the lemma. Then we

can write W, f — Uy f = o) 4+ o3 where

Gz + (t—s)T

W (z,5) = (G((z))) (Fa@+t—s)") = fla+(# —s)h)

and

Glz+{t—s)")—-Glx+{# —s)"

oD (z,s) = fla+{# —s)h) ( ( ) L ( ( ) )'
G(z)

The Holder continuity of f and the fact that G is non-increasing show that Hgo(l) HOO < Crlt—t's,

and Assumption 4 shows that ||¢(?) Hoo < Cq || fllo [t=t'|"¢. When combined, these two inequalities
yield (8.20). If f € S, the Cauchy-Schwarz inequality implies

/tt/ I (u) du

Thus, Cy = [|f'll2 < ||fllg, and ¢ = 1/2, respectively, serve as a Hélder constant and exponent
for f. When combined with (1.2) this shows that f is bounded and Hélder continuous and the
second assertion of the lemma holds with Cy = (1 + 4Cg). O

[f(t) = f()] = < Ml (= )2 < N f s, (8 =),

In what follows, for ¢ > 0, let ©; : C;([0, L)) — Cp([0, L) X [0,t]) be the operator given by

B20 @@= [ Wt ds= [ oot s s T

for (z,u) € [0,L) x [0,t] and f € Cp[0, L). The first two properties of the next lemma are used in
Corollary 8.7 to establish convergence of the sequence {H™)(f)}yen and regularity of the limit.

The third property below is used in the proof of the Fubini type result in Lemma E.1 and the last
property is used in the proof of Theorem 5.11.

t

ds

Lemma 8.6. If Assumption /4 is satisfied, the following properties hold:
(1) Given a bounded and Hélder continuous function f on [0,L), the sequence of processes
{H) (f)ynen is tight in Dg[0,00) and H(f) is P-a.s. continuous.
(2) There exists T > 2 and a constant Cy < oo such that for any f € S,

(8.22) supE [ p. AN || < Colfl, -

N tel0,T
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(3) Suppose ¢ : [0, L)x[0,00) — R is a Borel measurable function such that for every x € [0, L),
the function r +— @(x,r) is locally integrable and, for every t € [0,T], the function x —
fot o(x, ) dr is bounded and Hélder continuous with constant Cy, r and exponent v, 1 (that
is independent of t). Then P almost surely, the random field {ﬁs(fot(go(-, r))dr)),s, t > 0}
is jointly continuous in s and t.

(4) Suppose ¢ € Cy([0,L) x [0,00)). Then the process {M\t(@tw),t > 0} admits a continuous
version.

Proof. The proof of the lemma is based on a modification of the approach used in Walsh [35]
to establish convergence of stochastic convolution integrals, tailored to the present context (the
proof of Theorem 7.13 in [35] works with a different space of test functions and imposes different
conditions on the martingale measure MW ), and hence does not apply directly). Fix a bounded
and Holder continuous f with constant C'; and exponent 7 and fix T' < co. Recall from (4.21)
that ﬁEN)(f) = /T/l\ﬁN)(\I/tf), t > 0. The proof of the first two properties will be split into four
main claims.

CrLamM 1. For each N € N, {ﬁiN)(f), t > 0} admits a cadlag version.

PrROOF OF CLAIM 1. The estimates obtained in this proof are also used to establish the other
claims. Fix N € N and consider the following stochastic integral:

(8.23) V() = M), teo.T).
Because M) is a martingale measure, we have

(8.24) AN () = MO ) =E VO IEY] telT),

which shows that the process {/\7§N) (U;f),t > 0} is a version of the optional projection of V¥ (f).
It is well known from the general theory of stochastic processes (see, for example, Theorem 7.10 of
Chapter V of Rogers and Williams [33]) that the optional projection of a continuous process is an
adapted cadlag process. Therefore, to show that {./T/l\gN)(\I!t f),t €10,T)} admits a cadlag version,
it suffices to show that V(¥)(f) admits a continuous version. In turn, to establish continuity, it
suffices to verify Kolmogorov’s continuity criterion, namely, to show that there exist é'f < 00,
6 >1 and r < oo such that for every 0 <t <t < T,

r . ~
(8.25) B[N0 - v ] < Cole -t
(see, for example, Corollary 1.2 of Walsh [35]). Fix 0 <t <¢ < T and note that

(8.26) VIV =V ()] = MY (wef - e p).

Let r be any positive even integer greater than 1/4/. Together with (8.3) and (8.20), this implies
that (8.25) is satisfied with § = vy > 1 and

(8.27) Cp = Cr(Cr + Ca || fllo) (/207 72(T) + 1).

CLAIM 2. H(f) has a continuous version.

PROOF OF CLAIM 2. Analogous to (8.23) and (8.24), we define V;(f) = //\/\1T(\I/tf), t >0, and
observe that

(8.28) Hulf) = M) =E[G(DIE], 120

Arguments analogous to those used in Claim 1, with the inequalities (8.4) and (8.2), respectively,
now playing the role of (8.3) and (8.1), can be used to show that

(8.29) E[|Vih) - Vo] < Gl —21?



38 HAYA KASPI AND KAVITA RAMANAN

with 6§ = ryp. Fix 0 <t' <t < oo with [t —#/| <1 and a bounded, Hélder continuous f. Using
(8.28) and adding and subtracting M\t/(\lltf) = E[Vi(f)|F], we obtain

(8.30) ol f) = Ao (£) = E [Vilf) = Vo (£)IFo| + Mul(@of) = Mo (9).

Consider any even integer 7 > 2/} V 4 so that (8.29) holds with 0>2,let 6= |r/2A0] and note
that 6 is an integer greater than or equal to 2. Taking first the rth power and then expectations
of both sides of (8.30), and using the inequality (x +y)" < 2"(z" + y") and Jensen’s inequality, we

obtain
E ([ (5) = )| | <27 (EIV(H) = VoD +E || Mo f) = Mo (w0 ()] ]).

Applying the estimates (8.25), (8.5) and the fact that [|[¥;f|_ < ||f|l., and then the inequality
22 +y? < (x +y)? for z,y > 0, this implies that

|G EAGI

Since ¢ + A; (t) is a non-negative, increasing function of ¢, the generalized Kolmogorov’s continuity
criterion (see, for example, Corollary 3 of [27]) implies that H(f) has a continuous version.
CLAIM 3. The estimate (8.22) is satisfied.

PRrROOF OF CLAIM 3. From the proof of Corollary 1.2 of Walsh [35] it is straightforward to deduce
that (8.25) also implies that there exists a constant C, < 0o, which depends on  but is independent
of N and f, such that

A 5 - — — r/2
2Cyu—ﬂﬁ+2(LLQ%JPQ)—A@ﬂﬁxﬂ»/

IN

N

(8.31) 27 (Cp v Gy | FI1%) (t+ Aalt) — ' — Au(t))”.

(8.32) E| sup [V | < &6
s€[0,T]
By (8.24) and Jensen’s inequality, for every t € [0, T],
I <E [ sup VIV ()IFAN| <E | s v ()] 17V
s€[0,T] s€[0,T

By (8.32), the last term above (viewed as a processs in t) is a martingale. So Doob’s inequality
and (8.32) imply that
r r2
E
] r—1

2
- " g

r—

E

IN

o 0

tel0,T

sup V(s fWH

s€[0,T]

2
sup |V;<N><f)|T] < ——C,Cy.
$€[0,T] r—1

If f € S then by the expression for C given in (8.27) and the inequalities || f|| ., < V6 | fllgz, and
Cy < [|fll, established in (1.2) and Lemma 8.5, respectively, the right-hand side above can be
replaced by Co || f HIEIN for an appopriate constant Cy = Co(G,r,T) < oo that is independent of N
and f. Thus, (8.22) follows.

CLAIM 4. The sequence {’I-AigN)(f),t > 0} nen is tight in Dg[0, 00).

PrOOF OF CLAIM 4. We will prove the claim by verifying Aldous’ criteria for tightness of stochastic
processes. A minor modification of the arguments in Claims 1-3 shows that if §5 € (0,1) and T
is an {ft(N)} stopping time such that Ty + dy < T, then for any even integer r > 2,

(8.33) E (Va5 () = Vil (f)I7] < Croy
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Let x5 € (0,1) and let TN be an {f(N)} stopping time such that T + dny < T. Using (8.24) and
(8.23), the difference HTN+6N (f) — H(N)(f) can be rewritten as

(N (N) | =(N)
E |:VTN+(SN‘ N+6Ni| —-E {V |‘7:TN ]
(N) (N) (N (N) | (V)
N N N 'on
=E Vil - e ’|féN’+5N} / / W (1) (0,5) T, ),

[OaL)X(TNvTN+6N]

Recalling the covariance functional of M) specified in (4.12) and the fact that [[¥r, (f)|l <
| fll, this implies that

B[, (1) - A |
<28 Vi, (0 - VO[] + 20712 B [ 0+ 0v) - 27 1)

~ 2
< 20553 +2|f|I% supE o
N €0,

sup (Ai% +ox) — ALY (t))] ,

where the last equality uses (8.33) with » = 2. As dy — 0, the first term on the right-hand
side clearly converges to zero, whereas Lemma 5.8(2) of Kaspi and Ramanan [22] shows that the
second term also converges to zero. We conclude that H%VV)_H;N (f) — H(N)( f) converges to zero in

L2, and hence in probability. On the other hand, (8.22) shows that the sequence {ﬁ(N)(f)}NeN
is uniformly bounded in L". We have thus verified Aldous’ criteria (see, for example, Theorem 6.8

of Walsh [35]), and hence the sequence {H®™)(f)}nen is tight.

We now turn to the proof of property 3. Fix T' < oo, let ¢ be as stated in the lemma and for
t € [0,T], define fl(x fo o(z,r)dr. For s,t,s',t' € [0,T] with t' < t, we have

¢
R (72) = R (1) = R (52~ R (72) + Mo (. ([ otanrar)).
t/
Due to the assumed boundedness and Hélder continuity of ff, (8.31) and (8.4) together with the
above relation imply that there exists a sufficiently large integer r, constant C(T,r, ) < oo and
0 = 0(r, ) > 1 such that

|

—E[[Ho(5) A1)

< C(T,r, o) <|s + A(s) — ¢ —Zl(s’)|0 + |t — t’|é> )

Property 3 then follows from the generalized Kolmogorov’s criterion for continuity of random fields.

The proof of the last property of the lemma is similar to the proof of the continuity of H given in
Claim 2, and so we only provide a rough sketch. Let R:(p) = /\Z(@ﬂp), define V() = /T/I\T(@tgo)
and note that R;(p) = E[V;(¢)|F;]. In a manner similar to (8.30), we can write

Ri(p) — Rv(p) =E [M\T </ﬁt s dS) ft’] + M, (©10) — My (©1) .
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Using Jensen’s inequality, (8.4) with » = 4 and the inequalities ‘
1©vell <Tl¢ll, it follows that for 0 <t/ <t <T,t—t <1,

t
Jowepds| <[t—tllgl. and

E[IR(o) - Ro(@!] < 2 (E Fr ([ wapas) +|@tf<so>|:;(A1<t>—A1<t’>>2)
< 20 flelll, (It —¢1" + (Aa(t) - Au(t))’)
< 20 el (-2 + (Aa(t) - Au(t))?)
< 2O el (- ¢ +Aa () = Ax ()

where C(T) = (2C4U(T)?) V T*. The claim then follows from the generalized Kolmogorov conti-
nuity criterion. O

Combining Lemma 8.6 with arguments similar to those used in the proof of Corollary 8.3, we
now obtain the main convergence result of the section.

Corollary 8.7. As N — oo, 1?1(N) = 171 in Y1. Also, if for any bounded, Holder continuous f,
(5.27) holds then (}/}1(N),7:(\(N)(f)) = (Y1, H(f)) as N — occ.
Proof. Fix N € N. For l;,kz eN,i=1,..., l~c, g=1,...,k, let fz and f;, respectively, be bounded,

continuous and bounded, Holder continuous functions. Proposition 8.4 and Lemma 8.6 imply that
the sequence

{MD ), M), HOO (1), HN (i) Y ven
is tight in Dr[0,00)**. Since HN)(f) = /\7§N)(\Ifwf) and, likewise, H;(f) = M,(¥,f), Proposi-
tion 8.4 also shows that for t~i7tj €10,00),i=1,...,k, j=1,...,k, as N — oo, the corresponding
projections converge:
(M, (F1), o M, (Fo), T (), Pl () )

Since S is a subset of the space of bounded and Holder continuous functions, together the last two
statements show that

(MM, HN ), HD () = (M), ) HA))
for f,f € S and f; bounded and Hélder continuous. Because S ani S’ are nuc/l\ear Fréchet
spaces, by Mitoma’s theorem (see Corollary 2 of [27]) it follows that (MW HMN) HWN)(f)) =
(M, H, H(f1)) in Ds:[0,00)2 x Dg[0,00). Since ||-[l, < |||, and the estimate (8.22) holds, Corol-
lary 6.16 of Walsh [35] then shows that (M@, HM HM (1)) = (M, H,H(f1)) in Dg_, [0, 00)2 x
Dr[0,00), as N — o0. Now, (ﬁ,’l‘?(fl)) is adapted to the filtration generated by M\, and M is
independent of (E,Zg, Dy, S”°,S” (1)) by Assumption 5. Thus, the same argument used to estab-

lish asymptotic independence in Proposition 8.4 also shows that the convergence above can be
strengthened to Yl(N) =Y; and (Yl(N),H(N)(f)) = (Y1, H(f)). O

9. PROOFS OF MAIN THEOREMS

9.1. The Functional Central Limit Theorem. Before presenting the proof of Theorem 5.6,
we first establish the main convergence result.

Proposition 9.1. Suppose Assumptions 1-5 are satisfied and suppose that the fluid limit is either
subcritical, critical or supercritical. Then the convergence (5.21) holds and (K, X,V(1)) has almost
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surely continuous sample paths. Moreover, if g is continuous and U is defined as in (5.24), then as
N — oo,

(9.1) TR RO 5N RN RN (1)) 5 (7, R, X, 7,8, (1))
in Y1 X Dg[0,00)* x D __[0,00) x D0, 00).

Proof. Corollary 8.7 shows that }A/l(N) = )7'1 in Y1 as N — oo, which in particular implies that
(BEM, 557, %7 (1), R (1)) = (B,70, 8™ (1), H(1)

as N — co. By Remark 5.1, Assumption 5 and Lemma 8.6(1), (E, 8% (1), H(1), 8™, H) has almost

surely continuous sample paths with values in R x HZ2,. Recalling the definition (5.19) of VAR
and the fact that addition in the Skorokhod topology is continuous at points in C[0, 00), this implies
that as N — o0,

9.2) (PN B 20V %7 (1) - A1) = (¥, B, 70, 87 (1) — H(L)).

By Lemma 7.2, almost surely (K@), XV (1, 5(M))) = A(E™) N) SA( )( 1) — HM(1)) for all
N large enough. The continuity of A with respect to the uniform topology on Dg[0, 00) established
in Proposition 7.3, the measurability of A with respect to the Skorokhod topology on Dg|0, c0)
established in Lemma 7.4 and a generalized version of the continuous mapping theorem (see, for
example, Theorem 10.2 of Chapter 3 of [10]) then shows that the convergence (5.21) holds with
(K X (1)) = A(E x078”0( )— H( )). By the model assumptions and Lemma 4.1, almost surely,
AEW)(t) < 1 and ADW)(t) < 1 for every t > 0. Combining this with (2.3), (6.10) and the second
equation for KM in (6.8), it follows that almost surely for every ¢ > 0,
>(N) (V) ~(N) i
max(AKY (1), AXW (1), A(L,p,7)) < ik
Because jumps are continuous in the Skorokhod topology, the weak convergence of (K™, XM 5(N)(1))
o (K, X, (1)) established in (9.1) shows that (K, X,7(1)) is almost surely continuous. (Note that
when g is continuous, the continuity of (K, X,7(1)) is also guaranteed by Remark 5.5.)
Next, suppose g is continuous. By Lemma 7.1(2), both the map T that takes K™ to K) and

the map that takes K™ to K™ (1) is continuous (with respect to the Skorokhod topology on
both the domain and range). So by (5.21) and the continuous mapping theorem, as N — oo,

(9.3) VM KM XN RN KM (1)) = (V, K, X, K,K(1)).
In turn, the representation (6.15) shows that o) = g7 —HM KM and hence, is a continuous
mapping of Yl(N) and KN). Thus, (9.3) and another application of the continuous mapping theorem

show that (5.25) holds with 7 = 87 — H + K. Since this coincides with the definition of 7 given
n (5.24), this establishes the proposition. O

We now prove the first two main results of the paper.

Proof of Theorems 5.6 and 5.7. The limit in (5.21), the continuity of (IA(,)?,I’)(I)) and Theorem
5.7 follow from Proposition 9.1. The relation (6.16) shows that

S(N)

/'<h,a§N>>d5:< 1,55V — 5% (1)—M\.(N)(l)+7‘A(.(N)(1)—l—/.IA((N)(S)gC—s)ds.
0 0

The last term equals K KWM) — IC(N)(l), and so by Lemma 7.1(2) the mapping from K®™) to the last
term is continuous. The limit (5.21) along with the continuous mapping theorem then shows that
Jolh, D o) )ds = D, where D is as defined in (5.23). The relation (6.6) for X, the continuity of
the hmlt and another application of the continuous mapping theorem then yields the representation
(5.22) for X. This completes the proof of the theorem. O



42 HAYA KASPI AND KAVITA RAMANAN

9.2. The Semlmartlngale Property. In view of the representation (5.22) for X and the fact

that ./\/l1 and E are by definition semimartingales, to show that Xisa semimartingale it suffices
to show that D is a semimartingale. This is first carried out in Lemma 9.2 below. Throughout,
we assume that Assumptions 1, 3, and 5 are satisfied, the fluid limit is subcritical, critical or
supercritical and that, in addition, h is bounded and absolutely continuous. As stated in Remark
5.2, if h is bounded then Assumptions 2 and 4 are automatically satisfied. Thus, the results of
Theorems 5.6 and 5.7 are valid.

Lemma 9.2. Almost surely, the function t — D(t) is absolutely continuous and

dD(t)

(9.4) -

= 1y(h), a.e. t € [0,00).

Proof. We start by rewriting the expression (5.23) for D obtained in Theorem 5.6 in a more
convenient form. By the definitions of ®; and §*° given in (5.6) and (5.11) , respectively, for ¢ > 0,

() - 5P = (S0~ g </Oth(‘ st ar)

% </Ot qm(-)dr>

By (5.7) and the boundedness of h, ®,.h is bounded (uniformly in 7) and absolutely continuous, and
Assumption 4 implies that fg ®.hdr=(1-G(-+r))/(1 —G()) is Holder continuous. Therefore,
applying Assumption 5’(d) with ¢ = ®,.h, it follows that

9.5) 30(1)—350(1)=/0 P (®,1) dr:/o S7(h) dr.

In a similar fashion, for ¢ > 0, using the identity H;(1) = M\t(\lltl) we have

Mi(1) - H,(1) = OL/At x—l—t—u)x) G(x)/\//\l(d:c,du)
<[] ([ Mereegg e S

Because h € Cp[0, L), we can set ¢ = h in (E.1) of Lemma E.1 to obtain
¢
(9.6) Mi(1) — Hy(1) = / H,(h)dr.
0

If i is absolutely continuous, then ¢ is absolutely continuous and by the commutativity of
the convolution and differentiation operations the function ¢t — fg t—s)K ( ) ds is absolutely
continuous with derivative ¢(0 )+ f (t — s)K(s)ds. Together with the relations (9.5) and

(9.6) and the definition (5.23) of D, it follows that almost surely, D is absolutely continuous with
respect to Lebesgue measure, and has density equal to

th

L= 8PP (h) = Hlh) + gO)K (1) + /0 gt — ) (s)ds.

The relation (9.4) then follows on comparing the right-hand side above with the right-hand side of
the equation (5.24) for U(f), setting f = h therein and using the elementary relations h(0) = ¢(0)
and ¢’ = h'(1 — G) — hg. O
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Proof of Theorem 5.8. From Lemma 9.2 and the discussion prior to it, it follows that X is a
semimartingale with the decomposition stated in Theorem 5.8. Combining the non-idling condition
(6.10) with the equation (6.8) for K, it follows that

)

(t) if X is subcritical,
(9.7) K(t)=1< E(t)+2Zo— X(t)Vv0 if X is critical,

E(t) + 7o — X(t) if X is supercritical.

Thus, in the subcritical case, the semimartingale decomposition of K follows from that of E (see
Remark 5.1), whereas in the supercritical case the semimartingale decomposition of K follows from
those of X and E. On the other hand, when X is critical we need the additional observation that
by Tanaka’s formula,

t
~ R -1 s

(9.8) X(t)V0O=2oV0+ /0 L2050y dXs + 5Lf‘(o),

where Lf? (0) is the local time of X at zero, over the interval [0,¢]. When combined with (9.7), this

provides the semimartingale decomposition of K in the critical case. When K is a semimartingale,

the stochastic integration by parts formula for semimartingales shows that for every f € ACy(E),

(9.9) Ko(f) = , ]f(s—u)(l—G(s—u))df?(u% s >0,

where the latter is the convolution integral with respect to the semimartingale K. Thus, we obtain
(5.26) from (5.24). O

Sketch of Justification of Remark 5.9. By Corollary 8.7, if f is bounded and Holder continuous,
then H™)(f) = H(f) in Dg[0,00) and {H,(f),t > 0} is a continuous process. We now argue
that one can, in fact, show that E(N)(f) = I/C\(f) as N — oo for all Holder continuous f. Given
the semimartingale decomposition K = MX + AX the integral on the right-hand side of the
expression (9.9) for K(f) can be decomposed into a stochastic convolution integral with respect
to the local martingale M*% and a Lebesgue-Stieltjes convolution integral with respect to the
finite variation process AX. An argument exactly analogous to the one used in Lemma 8.6(1)
to analyze ﬁ( f) can then be used to analyze the stochastic convolution integral with respect to
M¥ and a similar, though simpler, argument can be used to study the convolution integral with
respect to AX to show, as in Lemma 8.6 and Corollary 8.7, that for f Holder continuous and
bounded, KM (f) = K(f) as N — oo, and K(f) admits a continuous version. When combined
with the convergence in (5.27), it is easy to argue as in the proof of Theorem 5.6 that, in fact,
the joint convergence (S% (f), KMV (f), HM(f)) = (S7(f), K(f), H(f)) holds. Due to (6.15),
by the continuous mapping theorem, this implies that (V) (f) = D(f) in Dg[0, 00), where D(f) is
continuous. U

9.3. Stochastic Age Equation. The focus of this section is the characterization of the limiting
state process in terms of a stochastic partial differential equation (SPDE), which we have called
the stochastic age equation in Definition 5.10. First, in Section 9.3.1 we establish a representation
for integrals of functionals of the limiting centered age process {Us,s > 0}. This representation
is then used in Section 9.3.2 to show that {7, > 0} is a solution to the stochastic age equation
associated with (7, K 7/T/l\) The proof of uniqueness of solutions to the stochastic age equation
and the proof of Theorem 5.11(1) is presented in Section 9.3.3. Throughout the section we assume
that the conditions of Theorem 5.11, namely Assumptions 1, 3 and 5’, the conditions on the fluid
limit and the boundedness and absolute continuity of h, are satisfied and state only additional
assumptions when imposed.
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9.3.1. An Integral Representation. We start by establishing an integral representation that results
from the semimartingale property for K. In what follows, recall the definition of the operator
©, given in (8.21). Also, note that if h is bounded then Assumption 2 and (by Remark 5.2)
Assumption 4 are both satisfied. Since h is also absolutely continuous, by Theorem 5.8 Kisa
semimartingale and 7;(f) is given by (5.26) for every f € AC;0, L).

Lemma 9.3. For any ¢ € (|0, L) x [0,00) such that (-,t) is Holder continuous uniformly in t
and absolutely continuous, P-almost surely for every t > 0, we have

(9.10) / Pu(p(n8)) ds = 7 (Ou((-9))(-0)) — My (Orp)

+/Ot (/utgo(s —u8)(1— Gs —u)) ds) dR (u).

Proof. Setting t = s and f = ¢(-,s) in (5.26), then using the identities S = Dy(®,-), Hs =
M () and (9.9) and lastly integrating over s € [0, ¢], we obtain

(9.11) /Otas«o(-,s))ds = / ) (@, ds—/M U (-,5)) ds

+/ (/ @(s—u,s)(l—G(s—u))dl?(u)) ds.
[0,] [0,s]

From the definition (8.21) of ©; and the fact that (¥;f)(-,0) = ®,f(-), it follows that

01 (¢(+5)) (x,0) = / (Wap(5)) (2,0) ds = / B, (p(-5)) (z) ds.

Together with Assumption 5°(d), this implies that

(9.12) / B0 (Bap(-,5)) ds = Do (Or(p( ) (-,0),

which shows that the first terms on the right-hand sides of (9.10) and (9.11) are equal. The
corresponding equality of the second terms on the right-hand sides of (9.10) and (9.11) follows
from (E.1), whereas the equality of the third terms follows from Fubini’s theorem for stochastic
integrals with respect to semimartingales (see, for example, (5.17) of Revuz and Yor [32]). This
completes the proof of the lemma. O

9.3.2. A Verification Lemma. We now show that the process 7 of Theorem 5.7 is a solution to the
stochastic age equation. For this, it will be convenient to introduce the function 1, defined as
follows: ¥y (x,t) = exp(ry(z,t)) for (z,t) € [0, L) x Ry, where

—/ h(u)du if0<t<ux,
(9.13) rp(x,t) = zk
—/ h(u)du if0<x<t.

0

Since h = g/(1 — G), this implies that
1—-G(x)

(9.14) Un(zt) =9 1-Gz—1t)
1-G(z) ifo<z<t.

if0<t <z,

If g is absolutely continuous, then G is continuously differentiable and 1, is bounded, absolutely
continuous and satisfies

(9.15) % - % = —hyn
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for a.e. (z,t) € [0,L) x Ry. Furthermore, from the definition it is easy to see that ¢, (0,s) =
Yp(x,0) =1 and, for (z,s) € [0,L) x [0,00) and u € [0, s],

1-Glz+s)
Yn(x+s—u,s) 1-Glx+s—u) T if u=0,
(916) Un(e,w) 1= G@) (1—1G(§(—L)) if = = 0.

Proposition 9.4. If h is Hélder continuous, then the process {vy,t > 0} defined by (5.26) satisfies
the stochastic age equation associated with {Vg, K, M}.

Proof. Theorem 5.11 shows that for every t > 0, {7;(f), f € AC3[0, L)} is a family of F;-measurable
random variables and {D;,¢ > 0} admits a version as an {F;}-adapted continuous, H_s-valued
process. Moreover, it follows from Lemma 9.6 that for every f € AC,[0, L), almost surely s — U (f)
is measurable. Therefore, it only remains to show that U satisfies the equation (5.28). Fix ¢t € [0, 00)
and p € C;’l([O, L) x[0,00)) such that ¢, (-, s)+¢s(+, s) is Lipschitz continuous for every s. Since h
is bounded, Hoélder continuous and absolutely continuous, it follows that ¢, + ¢ — he is bounded,
Holder continuous and absolutely continuous. Moreover, it is clear from (9.15) that

(P2 + 05 — hep) Yr = (P¥n)a + (0Pn)s-
Substituting this and the identity (9.16) into the definition (8.21) of O, it follows that

/t ((‘Pw"’(ps_h@)wh) (x—l—s—u,s) ds

(615(50:70 + Ps — h@)) (m,u) =

Uy (z,u)
- [,
u wh(‘r’u)
ot —u, pp(r +t—u,t) ot
(9.17) = () o(x, u).

Applying Lemma 9.3 with ¢ replaced by ¢, + @5 — he, using (9.17) and the identity (0, u) = 1,
it follows that

/0 P (9 5) + @a(r8) — hip(-,8)) ds
=00 (o(- +t, )pn(- + ¢, 1)) + / ot —u, ) (t — u, t)df((u)

[0,¢]
(9.18) _ izt -ut) o
// ol +t—u,t) on(@) M(dzx, du)
[0,L)x[0,t]
—vo((+,0)) _/[o,t] ©(0,u) dK // (z,u) dw ,du).
[0,L)x[0,t]

Since ¢ is bounded and x — ¢(z, s) is absolutely continuous for every s, by the definition (5.26) of
U, and the identities in (9.16), it is clear that the sum of the first three terms on the right-hand side
of (9.18) equals 7y (p(+,t)). With this substitution, (9.18) reduces to the stochastic age equation
(5.28). This completes the proof that {vy,t > 0} is a solution to the stochastic age equation

associated with (Dp, K, /\/l) O
9.3.3. Uniqueness of Solutions to the Stochastic Age Equation. In order to establish uniqueness,
we begin with a basic “variation of constants” transformation result. Recall from Section 1.4.1
that S, is the space of C*° functions with compact support on [0, L) equipped with the same norm
as S. In what follows ¢’ is the density of g.

Lemma 9.5. Suppose that g’ € LZOL[O L)UL.[0,L). Given a solution {vy,t > 0} to the stochastic
age equation associated with (Vy, K, M) define

(9.19) m(f)=n(fl-6)",  fes.
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Then {ut,t > 0} is a continuous S.-valued process that satisfies the following stochastic transport
equation associated with (Uy, K, M): for every f € S\, t > 0,

02)  wlf) = WFA-6+ [ s+ FOREW - M (fa-6)).

Proof. By the definition of the stochastic age equation, {v¢,¢t > 0} is a continuous H_s-valued
process. By the assumptions on the service distribution G and Lemma B.1, it follows that f =
f (1 — G)~! is an absolutely continuous function with compact support and hence lies in Hy.
Therefore, f) is a well defined random variable for every f € S., t > 0. Moreover, f has

derivative
(9.21) fo=F(1=G) " 4 hf.

Since f € C}[0, L), we can substitute ¢ = f in the stochastic age equation (5.28), use (9.21) and
the identity 1 — G(0) = 1 to obtain for ¢t > 0,

(9.22) wlh) = (F1=6)7") = wifa-6 0+ [n(f0-6")ds
+FOR®) - M(F(1-6)7).

Due to the continuity of K and /\//Y7 it follows that the right-hand side is continuous in ¢, which
in turn implies that ¢ — p:(f) is continuous for each f € S.. Since S. is a Fréchet nuclear
space, by Mitoma’s theorem g is a continuous S.-space valued process. Moreover, by (9.19)
Vs (fm(l - G)_l) = us(fz). Substituting this back into (9.22), it follows that {su;,t > 0} sat-
isfies (9.20). O

We can now wrap up the proof of Theorem 5.11.

Proof of Theorem 5.11. By assumption, h is Holder continuous. Therefore, Proposition 9.4 shows
that {7, ¢ > 0} is a solution to the stochastic age equation associated with (7p, K ,M\) Thus, in
order to establish the theorem, it suffices to show that the stochastic age equation has a unique
solution. Suppose that the stochastic age equation associated with (7, K , M\) has two solutions
v and v and for i = 1,2, let u(¥ be the corresponding continuous S!-valued process defined as
in (9.19), but with v replaced by v, By Lemma 9.5, each (%) satisfies the stochastic transport
equation (9.20) associated with (ﬁO,IA(,M\). Define 7 = p® — p@ . It follows that for every f in
SC’

%<f777t>_<f~zvnt>:07 <f~a770>:0

However, this is simply a deterministic transport equation and it is well known that the unique
solution to this equation is the identically zero solution n = 0 (see, for example, Theorem 4 on
page 408 of [11]).

Thus, for every f € S,, ,u(l)(f) = u@)(f) or equivalently,

(9.23) v (- =P (fa-6)).

Now for any f € S, f(1 — G) € Hy. Since S, is dense in Hy (see Theorem 3.18 on page 54 of [1]),
there exists a sequence fn € S, such that fn — f(1 — @) in Hy as n — oo. Replacing f by fn in
(9.23) and then letting n — oo, it follows that yt(l)(f) = z/t(2) (f) for every f € S.. Again using the
fact that S, is dense in Hy, this shows z/t(l) and I/t(Q) are indistinguishable as H_s-valued elements.
This proves uniqueness of solutions to the stochastic age equation and the theorem follows. O
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9.4. The Strong Markov Property. To prove the strong Markov property, we first show that
the assumptions on the initial centered age distribution imposed in Assumption 5 are consistent,
in the sense that they imply that these assumptions are also satisfied at any future time s > 0. We
define the following shifted processes: for F = E(N), I?(N), E, IA(, and U = /\//\I(N)JQ, and s > 0,
u >0,

(9.24) (O:F)(u) = F(s+u) — F(s), (OU)y = Ussy — Us,

for f € Cp[0, L), we define

(9.25) (OsHM),(f) = (O, MM, (T, f),  (OH)(f) = (O M):(T.f),
(9.26) (O.KM),(f) = /[0 A= Gt=wft =) (0, M) (u)
(9.27) ©0)u(f) = FO)O.F) 1)+ / (0. R) (u)ps(t — u) du,

and, in analogy with (5.11), for f € ACp[0, L) we define

(9.28) SU(f) = 0s(Dif), st >0.

Lemma 9.6. For every bounded and continuous f,

(9:29) P = SN+ OKM) - OAM,  st=0.

Likewise, if Assumptions 1-5 hold and g is continuous, then for every bounded and absolutely
continuous f,

(9.30) Dore(f) = SU(f)+(0:K)(f) — (OsH)(f), st >0.
In addition, for every s > 0,
(9.31) (0K, Xot, Vot (1)) = A(OLE, X (5), 87 (1) — (O,H)(1)).

Furthermore, for every s > 0, Assumption 5’ holds with the sequence {ﬁéN)}NGN and limit Uy,
respectively, replaced by {ﬁ§N)}NeN and V.

We defer the proof of this lemma to Appendix E, and instead now prove the strong Markov
property of the state process.

Proof of Theorem 5.11(2). Fix s,t > 0. First, note that by Theorem 5.7 it follows that ()?, V) is an
R x H_s-valued process. Moreover, by Lemma 9.6, Assumption 5 is satisfied with 7y replaced by
Vs, which in particular implies that the random element Sfj.(l) = {Sfju(l), u > 0} almost surely
takes values in Cr[0,00). Also, let (©,H);(®.1) represent the process {(@sﬁ)t@ul),u > 0}.
Writing ®,1 = fou ®,.h(-)dr and observing that ®,1 is bounded and (due to Assumption 4)
Hélder continuous uniformly in w, it follows from Lemma 8.6(3) (with M replaced by @SM\)
that the random element (©,H)(®.1) takes values in Cg[0,00). In addition, Assumption 3 and
Corollary 8.7 show that O,F and ©,H are, respectively, Cr[0, oo0)-valued and Cy_, [0, 0o)-valued.
We now claim that there exists a continuous mapping from R x H_5 x Cg[0,00)? x Cy_,[0,0) to
R x H_5 x Cg[0,00), which we denote by A = A, such that P-almost surely,

~ ~

(9.32) (Xogts Usgt, ST+ (1)) = A ()?(s), U4, 87 (1),0,E, (0,H)(®.1), @Sﬁ) .

To see why this is the case, first note that equation (9.30) shows that U is the sum of (@Sﬁ)t,
S;° and (©,K); and, by Lemma B.1(2), S;* is a continuous functional of 5. Also, for u > 0, ®,1
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is bounded and absolutely continuous. Hence, by (9.30), the definition of S¥ and the semigroup
property for ®, P-almost surely, for u,s,t > 0,

859+t(1) = Sti;s (q)ul) + (®s’€)t(q)u1) - (Gsﬁ)t(q)ul)
= 8/1,(1) + (0.K):(®u1) — (OH) (P, 1).

Next, note that (9.31) of Lemma 9.6, Proposition 7.3 and the continuity of X show that 5584-15
is a continuous functional of (©,E, X(s),S% (1) — ©,H(1)). Furthermore, due to the almost
sure continuity of K established in Theorem 5.6, definitions (7.1) and (9.27) of K and (©,K),
respectively, and properties 2 and 3 of Lemma 7.1, it follows that O,K and u — (©:K)1(®,1) are
almost surely obtained as continuous mappings of 0,K. In turn, by (9.31) of Lemma 9.6, 0,K =
A(O,E, X(s),87 (1) — ©,H(1)), where A is continuous by Proposition 7.3. When combined, the
above observations show that the claim (9.32) holds, with A a suitable continuous mapping.

We now show that the claim implies the Markov property. First, from (5.4) we observe that @SE
is adapted to the filtration generated by OB and, likewise, (9.25) shows that O,H is adapted to
the filtration generated by @S/\//T . Moreover, by the definition of B as a standard Brownian motion
and the definition of M (see Section 4.3 and Remark 5.1), both B and M are processes with
independent increments with respect to the filtration {ﬁt,t > 0}, which is the right continuous
completion of {o(Dp, X (0)) V U(BS7M\S, s >t),t > 0}. In particular, this implies that ©,B, ©,H
and u — (@sﬁ)t(q)ul) are independent of Fe. Therefore, for any bounded continuous function F
on [0,00) x (R x H_5 x Cgr[0,00)),

E[F(S,)A(sﬂ,f/\sﬂ’sp”’( ))|f]

=E |F(s,MX(s), 7,8 (1), 0,E, (O, ﬁ)t(q>.1),@sﬁ(1)))|ﬁs}
—E|F(s,A(X(5), 75,87 (1), 0,5, (0,H),(®.1), 0,H(1)))| X (), D5, S7* (1)

= E[F(8, Xort, Doyr, ST+ (1))| X (5), 0, 7 (1)].

This shows that {(X,,7s, 8% (1)), Fs,s > 0} is a Markov process.

By Theorems 5.6 and 5.7, the sample paths s — (X (s),7s,S% (1)) taking values in the state
space R x H_5 x Cy_,[0, 00) are continuous. Since the state space is a complete, separable metric
space, there exists a Markov kernel P : Ry x (R x H_5 x Cg[0,00)) x Ry x B(R x H_3)
[0,1] such that for any (z,v,v) € (R x H_s X Cg[0,00)), and any measurable function F' on
Ry x (R x H_5 x Cg[0, 00)),

E[F (s, Xost, Do, ST+ (1))[(X (5), B, S7 (1)) = (x, )]
= F(s,u)P(s,(x,v,1),t, du).

Ry xH_»2
Now, when F is bounded and continuous, it follows from (9.32) and the continuity of A established
above that the mapping from (z,v,1) to the term on the right-hand side of the last display is
continuous. This implies that the Markov kernel is Feller, and it follows from Theorem 2.4 of
Friedman [12] that {()/(\'5733,835(1)),.?&5 > 0} is a strong Markov process (see also Theorem
7.4 of Chapter I of [34] for the time-homogeneous case, which would be applicable if the arrival
process satisfies Assumption 3(a) and the fluid age measure starts at the equilibrium measure so
that 75(dz) = (1 — G(z))dz and X (s) =1, s > 0, leading to a critical fluid limit) O

Remark 9.7. A more natural candidate for the (strong) Markov process would be the process
{()A(t, V), jft,t > O}Ataking values in R x H_5. However, in order to establish the Markov property,
we need §¥* and §7#(1) to be measurable functions of Us. As shown in Lemma B.1, the additional
boundedness assumption on ¢'/(1 — G)) ensures that the map from H_5 — Dy _, [0, 00) that takes
U, to 8” is continuous. This is a reasonable assumption because, as noted in Remark 5.12, it
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is satisfied by a large class of distributions of interest. However, unfortunately, it appears that
measurability of the map from H_5 to Dg[0,00) that takes Ds to S”*(1) = U,(®,1), which would
require that ®,1 lies in Hs, cannot be obtained without imposing too severe assumptions on
the service distribution G. Although ®,1 € AC;[0, L) and {Us(f), f € ACy[0, L)} is a well defined
collection of random variables, it is not clear whether it is possible to show that Uy admits a version
that takes values in the dual of some space that contains ®,1 and such that the dual space admits
a regular conditional probability so as to enable the construction of the Markov kernel. Instead,
we resolve this issue by appending the Dg[0, 0o)-valued process S7#(1) to the state descriptor.

APPENDIX A. PROPERTIES OF THE MARTINGLE MEASURE SEQUENCE

A.1. Proof of the Martingale Measure Property. Recall that By[0, L) is the algebra gen-
erated by the intervals [0,z], € [0,L). We now show that the collection of random variables

{MEN) (B);t > 0,B € By[0, L)} introduced in (4.5) defines a martingale measure.

Lemma A.l. For each N € N, M) = {MgN)(B)7.7:£N);t > 0,B € By[0,L)} is a martingale
measure on [0, L). Moreover, for every B € By[0,L) and t € [0, 00),

(A.1) E {(MﬁM(B)ﬂ —E Uot (/B h(z) V§N>(dx)) ds] .

Proof. In order to show that {MEN) (B);t>0,B € By[0, L)} defines a martingale measure on [0, L),
we verify the three properties stated in the definition of a martingale measure given on page 287 of
Walsh [35]. The first property in [35], namely that M(()N)(B) = 0 for every B € By, follows trivially

from the definition. Next, we verify the third property, which states that {MEN)(B), ]—'t(N),t >0}
is a local martingale for each B € By. For this, first observe that any B € By[0, L) is the union
of a finite number of disjoint intervals I;, ¢ = 1,..., k, where each I; is of the form («;, L), (o, 3]
or [0,3;], with 0 < a; < ; < L. For any such interval I;, it is clear from the definition of the

age process given in (2.5) that for every j, the function s — 1, (agN)(s)) defines a bounded, left

continuous function on [0, 00). In turn, since 1p = Zle 1y,, clearly the function s — ﬂB(agN)(s))
is also bounded and left continuous. By Lemma 5.2 of Kang and Ramanan [20], it then follows
that for every B € By[0, L), {M,EN)(B), t >0} is an {ft(N)}—martingale obtained as a compensated
sum of jumps, where the compensator Aﬂj\; is continuous. Standard arguments (see, for example,
the proof of Lemma 5.9 in Kaspi and Ramanan [22]) then show that (M®)(B)), the predictable
quadratic variation of M) (B), equals Aﬁ). Since E[Agl? (t)] is dominated by E[DN) ()], which
is finite by Lemma 5.6 of Kaspi and Ramanan [22], the relation (A.1) follows. On the other
hand, because {z/t(N)7t > 0} is an Mp[0, L)-valued process, this shows that the set function B —
]E[(MEN)(B))Q] is countably additive on By[0, L), and hence defines a finite L?(Q, F() | P)-valued
measure. This verifies the second property in [35], and thus completes the proof of the lemma. [O

A.2. Proof of Lemma 4.1. As we will show below, Lemma 4.1 is essentially a consequence of
the strong Markov property of the state process, the continuity of the {F;}-compensator of the
departure process and the independence assumptions on the service times and arrival process.

Fix N € N and, for conciseness, we suppress N from the notation. We shall first prove (4.6),
namely we will show that almost surely, AD(t) < 1 for every ¢ € [0,00). For k = —(1,10)+1,.. ., let
&, denote the event that the departure time of customer k£ lies in the set of the union of departure
times of customers j, j < k. To establish (4.6), it is clearly sufficient to show that P(&) = 0 for
every k. Fix k € N and let 65 be the {F;}-stopping time

Gk = inf{t : K(t) = k}

Now, consider a modified system with initial data 7y = v, , X (0) = (1,vp,) and E = 0. By Lemma
B.1 of Kang and Ramanan [20], {(Rg(t), X(t),v:),t > 0} is a strong Markov process. Therefore,
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conditioned on Fy,, the departure times of customers j, j < k, only depend on {a;(0x),j < k}
and are independent of arrivals after 6;. Consequently, the probability of the event & is equal in
both the original and modified systems. In the modified system, let {a;(s),s € [0,00)} denote the
age process of customer j for j < k, let D% (s) denote the cumulative departures in the time [0, s]
of all customers other than customer k and let J* = {s € [0,00) : D% (s) # D% (s—)} be the jump
times of D%. Also, let GF = 0(a;(s),j < k,s € [0,]) and let {GF,t > 0} be the right continuous
completion (with respect to P) of {C;f ,t > 0}. By the assumed independence of the service times
for different customers and the fact that a,(0) = 0, the departure time ¥ of customer k in the
modified system has cumulative distribution function G and is independent of J*. Therefore,

P&) = Po, e Jb)

:/ P(t € J¥|iop = £) dG(t) — / P(t € J*)dG(1),
[0,L) [0,L)

(A.2)

where the last equality follows from the independence of 7 and Ji. The same logic used in
Lemma 5.4 of Kaspi and Ramanan [22] to identify the compensator of D also shows that the
{GF}-compensator of D% equals

. g($+5> / /] e~
———~v,(dr) | ds, where v, = 7y — dg,
/o</[o,L)1G<x> ot >> 0 =% b

where the mass at zero is deleted from the modified age measure 7y to remove customer k, which
has age zero at time 0 in the modified system. By the continuity of the {GF}-compensator of
D% D% is quasi-left-continuous and so AD% (T') = 0 for every {GF}-predictable time T (see, for
example, Theorem 4.2 and Definition 2.25 of Chapter I of Jacod and Shiryaev [17]). Choosing T
to be the deterministic time ¢, this implies that P(¢ € jk) = 0 for every ¢t > 0. When substituted
into (A.2), this shows that P(£;) = 0. For k < 0, we set 0 = 0 and observe that, conditioned
on Fy, the departure time @ of the kth customer has cumulative distribution function G(-) =
(G(-) — G(ar(0))/(1 — G(ax(0)), rather than G, so that (A.2) holds with G replaced by G. The
rest of the proof follows exactly as in the case k > 0, and thus (4.6) holds.

We now turn to the proof of (4.7). Fix r,s € [0,00), recall that D"(s) is the cumulative
departures in the interval [r,r + s) of customers that entered service at or before time r, define J”
to be the jump times of D" in [0,00) and let Gy = F,44, t € [0,00). Using the same logic as in
the proof of (4.6), it can be shown that {D"(¢),t > 0} has a continuous {G; }-compensator, given

explicitly by
t
gz +s)
——— vy (dx) | ds, te€]0,00),
| </[> TG )> 0.0)

and hence has no fixed jump times, i.e., P(t € J"|F,) = 0 for every t € R;. Moreover, due
to the assumption of independence of the arrival processes and the service times, {E(¢)};>, and
{D"(t),t > 0} are conditionally independent, given F,. Let

TZ{EZ(TH,,tm,)ERfOStlthS},

and let T denote the random 7 -valued sequence of times after r at which £ has a jump. Moreover,
let 1 denote the conditional probability distribution of T, given F,. Then, for any t € 7, using
the fact that 0 < AE(¢t) < 1, we have

E| > AE(r+s)AD(s)|F. T =t > E[AD(4)|F. T =1
s€[0,00) tet
= Y E[AD"(1)|F)]
tet
= 0’
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where the second equality uses the conditional independence of {D"(t),t > 0} from T  given
Fr, and the last equality follows because as argued above, conditional on F,., D" almost surely
has no fixed jumps. In turn, integrating the left-hand side above with respect to the conditional
distribution p and then taking expectations, it follows that

E| Y AE(r+s)AD(s)| =0.
s€[0,00)
Since the term inside the expectation is non-negative, this proves (4.7).
A.3. A Consequence of Lemma 4.1. We now establish a consequence of Lemma 4.1, which

will be used in the proof of the asymptotic independence property in Section 8.2.
Corollary A.2. As N — oo,

1
+E > AEM(s)ADM(s)| — 0.
s<t
Proof. With the aim of computing the left-hand side above, using the same notation as in Lemma
4.1, for r > 0 and 5 > 7, let DV)"(s5) denote the cumulative number of departures during (r, s] of
customers that entered service at or before time 7, and let D)+ (s5) be the cumulative number
departures during (r, s] of customers that have entered service after time r. Then for § > 0 and
k=1,2,..., we have
> AEM(s)ADWN(s) = > AEM(5)ADINR(s)
s€(k6,(k+1)8] s€(k6,(k+1)6]
+ > AEW(5)ADINITR(s)
se(k6,(k+1)8]
The first summand on the right-hand side above is almost surely zero by (4.7) of Lemma 4.1. Using
the fact that (V) has unit jump sizes to bound the second term, we obtain
(A.3) > AEW(s)ADW(s) < > ADWMITR(g)
s€(ké, (k+1)0] s€(kd, (k+1)8]
KM ((k+1)6)
Z Tgo, <5y

F=K ) (k6)+1
Summing (A.3) over k =1,...,|t/d] and dividing by N, we obtain

IN

1 ! —(N) —(N)
ﬁE ZAE(N)(S)AD(N)(S) <E |:/0 ]l{vsz)(s)S‘s}dK (S):| <E |:Q]1[0,5] (t + (5)} .

s<t
For each § > 0, let f5 be any continuous bounded function on [0, L) such that 1 5) < fs5 < g 25)-
Then we have

%E ST AEM(5) ADM ()| <E [@555 (¢ + 5)} —E [Z}f (¢ + 5)} :

s<t

On both sides, taking first the limit supremum as N — oo, and then the limit as § | 0, we then
conclude that

: 1 - —(N
lim sup NE ZAE(N)(S)AD(N)(S) < %{n limsup E |:A§c5 )(t + 5)} =0,

N—oo s<t 0 N>oo

were the last equality follows from Lemma 5.8(3) of Kaspi and Ramanan [22]. O
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APPENDIX B. RAMIFICATIONS OF ASSUMPTIONS ON THE SERVICE DISTRIBUTION

Lemma B.1. Suppose h is uniformly bounded. Then Assumptions 2 and j are satisfied. If, in
addition, g is absolutely continuous and g' is either locally essentially bounded or g' € L¢. Then
for any f € S., f = f(l — G)~! € Hy. Moreover, if g is absolutely continuous and g'/(1 — G) is
bounded then f € Hy implies @, f € Hy for every t > 0 and for every t > 0, the mapping from H_o
to H_o that takes v — Sy = v(®y-) is Lipschitz continuous.

Proof. If h is uniformly bounded, then Assumption 2 is trivially satisfied and

Ga+y) -G+ (Y gla+u) 1-G+u) ~
1-G(x) _/y 1-Gx+u) 1-G(2) du < ||hll ly — 91,

which shows that Assumption 4 is satisfied with Cq = ||h]|, and 7¢ = 1.

Now, suppose that in addition, g is absolutely continuous and ¢’ is either locally essentially
bounded or ¢’ € Le. If f = f(1 —G)~! then f' = fo(1—G)" '+ hf and " = fou(1—G)™ 1 +
2h(fy + fu) + fh2 + fg'(1 — G)~L. Since g is absolutely continuous, f and f’ and the first three
terms in the expansion of f” are continuous with compact support and hence in LY. In addition,
because f(1 — G)~! is continuous with compact support, the last term lies in LL¢ if either ¢ is
locally essentially bounded or, by Cauchy-Schwarz, if ¢’ lies in L.

Now, suppose that g is absolutely continuous and ¢'/(1 — G) is bounded. Fix ¢t > 0 and f € Ha.
For notational conciseness, let

(o) = rla) = g

Then, by the definition (4.19) of ®;, for z € [0, L),

(@:f)(x) = r@)f(z+1),
(@:f)' () = @) fl@+t)+r@)f(@+1),
(@ f)"(x) = r"(@)f(z+t)+2'@)f (@ +1) +r(@)f"(@+1)
By the assumptions on g, if f € Hy then ®,f has weak derivatives up to order two and elementary

calculations show that
Pr) = gx)(1 -Gl +1) — (1 = Gx))glxz+1t) r(&) (h(z) — h(z + 1)),

(1-G(x))?
" g/(x) 2 g/(‘r"_t) 2
= I g2y - TN p2p gy
) = (o) (LG R - e e
+r'(z) (h(z) = h(z + 1)) .
Clearly, ||7||., <1 and, due to the assumed boundedness of h and ¢'/(1 — G), it follows that there

exists C' € [1,00) such that |||, < C and ||7"'|| ., < C. The above observations, when combined,
show that

x €[0,L).

(@)L, Il < 11N, »
@), < V2CUISlL, + 1£1L,) < V20 £lly, ,
1(@ef)" I, V20 ([l + 1 Ny + 17" lz,) < 4V20 (£, .

which shows that [|®; ||y, < C || f|lg, for some finite constant C. This shows that ®,f € Hy and
that, for any ¢t > 0, the map from Hs to Hy that takes f to ®.f is Lipschitz continuous (with
constant C') This, in turn, trivially implies that for v € H_5, the linear functional on Hy given by
SY . f — v(P:f) also lies in H_» and that the map from H_5 to itself that takes v to S” is also
Lipschitz continuous with the same constant. This proves the second property and therefore the
lemma. O

A A

IN
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APPENDIX C. PROOF OF THE REPRESENTATION FORMULA

Fix N € N. We first show how (6.15) can be deduced from (6.5); the proof of how to obtain
(6.14) from (6.1) is analogous (in fact, a bit simpler), and is therefore omitted. Let £ be a set of
full P-measure such that on Q, A (t), o™ (t), @SLN) (t) and N (t) are finite for all ¢t € [0, 00).
Fix w € Q and let v and ho™Y) be the linear functionals on C.([0, L) x [0,00)) defined, respectively,
by

%wi/ o(z,0) 25N (dz) - // M%ﬂﬂmW%@+/‘9mﬁﬂﬁm@
[0,L) [0,00)
[0,L) x[0,00)

and
hWW@£A<MW@%%MM8

for ¢ € C.([0, L) x [0,00)). Since the total variation of ﬁéN) on [0, L) is bounded by 2v/N, the total
variation of ./T/I\EN) (1) is bounded by \/]V(E(N) (t) +Z(1N) (t)) and the total variation of K™ on [0, ¢]
is bounded by \/N(F(N) (t)+K(t)), for any ¢ € C.([0, L) x[0, 00)) such that supp(p) C [0, L)% [0, ],

we have
@) < VN el (2+ D0+ 47 0 + BV 0 + K1)

and, likewise, it can be argued that
- =(N)
™) < VN el (A 0 + 21 0)) -

This shows that v and ho™) define Radon measures on [0, L) x [0,00). Let C! be the space of
continuous functions with compact support on [0, L) x [0, 00) such that the directional derivative

¢ + s exists and is continuous. Now, for every ¢ € C11, sending t — oo in (6.5), the left-hand

side of (6.5) vanishes because ¢ has compact support, and we obtain

_/ (pa(-8) + @s(-58), V) ds = =N () + ().

0

Since {ﬁt(N),t > 0} € Dago,1)[0,00), the last equation shows that {ﬁt(N),t > 0} satisfies the so-
called abstract age equation for v, as introduced in Definition 4.9 of Kaspi and Ramanan [22].
Therefore, by Corollary 4.17 and (4.24) of [22], it follows that for every f € C.[0,L), (f, Dt(N)> =
v(el), t > 0, where

ol (x,8) =, (@, 9) f@+t = s)n(z +t—s,t), (w,5)€[0,L) x[0,1],

where v, is the function defined in (4.53) of [22], and reproduced as equation (9.14) of this paper.
Elementary algebra (specifically combining the relations in (9.16) with the definition (4.19) of W)
then shows that ¢f (x,s) = Uy f(z,s). For f € Cc[0, L), the representation (6.15) is then obtained
by expanding (¥, f) using the definition of 7y given above together with the relations (¥, f)(-,0) =
O, f, (U, f)(0,-) = f(t — ) (1= G(t—-)), HN (f) = MM (W, f) and the definition (6.11) of K™V,
Since the right-hand side of (6.15) is well defined for f € Cp[0,L), a standard approximation
argument can then be used to show that the representation (6.15) holds for f € Cy[0, L).

APPENDIX D. SOME MOMENT ESTIMATES
In this section, we prove the estimates stated in Lemma 8.1.

Proof of Lemma 8.1. Fix N € Nand T < oo and, for conciseness, let Y(N)(s) = (R%N)(s),Y(N)(s),ﬁgN)),
(N) _ E(N)
1=

— —(N
s € [0,00), represent the state process. Using the fact that M - A(1 ) is a martingale
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and taking expectations of both sides of the inequality (5.30) of Kaspi and Ramanan [22], with ¢
and § replaced by 0 and T, respectively, it follows that
(D.1) By |34 (T)] = Bpon o, [PV ()] <U(T),

?(N) (0)

where U is the renewal function associated with G. This shows that the inequality (8.1) holds for
k = 1. We proceed by induction. Suppose that (8.1) holds with £ = j — 1 for some integer j > 2.

Then we can write
N j B _ _
(A @) / / (70 (7Y . (0,7 ds, .. dsy
/ (h, 7N (/ / h,yg}j) <h,vgf_’>>) de...dSQ) ds,
- j/ (h, 7)) </ /1 (h, 7)Y . <m4ﬁgd%“d@>d&

— _ Jj—1
= 3 [ ) (A ) A 6) ™ s

0
Taking expectations of both sides above and applying Tonelli’s theorem we obtain

<N> _ —(N) —(N) J-1
Egpon g, [(A } / Frm(o)[h,ugf» (Al (T) - A (81)) ]dsl.

For each s; € [0, 7], due to the Markov property of V(N) established in Lemma B.1 of Kang and
Ramanan [20] we obtain

_ —(N) —(N) g=1
E?(N)(O) l:(h z/gjlv)> (Al (T) —A; (81))

— —(N) —(N) Jj—1
=By ) [FFyW)(o) [<h 7o) (A1 (T) — Ay (81)) |.7:(N)”

L5 | S1

- (V) =t
:E?(N)(O) |:<h,ugllv)>]Ly(N)(51) |:(A1 (T*Sl)) :|:| .
Applying the induction assumption to the last term above, it follows that
(V) TN )T , i
B g, {(h, 700) (A (1) - A (s0)) } < (G = DTV Eyong, [(0,70)].

Combining the last three displays, applying Tonelli’s theorem again and using (D.1), we obtain

Epovg, {(AW)( ))}qu() I&<N>()[/()T<h,v§i“>ds1

This shows that (8.1) is also satisfied for £ = j and hence, by induction, for all positive integers k.

We now turn to the proof of the second bound. We can assume without loss of generality
that ¢*h is integrable on [0, L) because otherwise the inequality holds trivially. On substituting
l=¢*h, p=1,r=0and t =T in (5.31) of Proposition 5.7 of Kaspi and Ramanan [22], for every
N € N, we have

< JWU(T).

(D2 Epw [A.7(D)] < By [A7(D)] < Cu(1) ( /

where

(1) = supEX ™ (0) + BNV (1)) < (1) = sup sup BX(s) + V(T
N N s€0,T)
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which is finite by Theorem 3.2. Given (D.2), the same inductive argument used in the proof of the
first assertion of the lemma can then be used to complete the proof of the second bound.
_ Next, note that if Assumptions 1 and 2 hold, then Z(lN) = Ay by Proposition 5.17 of [22] and
A is continuous. Together with the Skorokhod representation theorem, Fatou’s lemma and the
inequality (D.1), this implies that
(N)

Ay(T) < lim inf B [Zl (T)] < limsupE [Z(IN)(T)} <U(T).

N—oo

The inequality (8.2) can now be deduced from this inequality exactly as the inequality (8.1) was
deduced from the inequality (D.1), though the proof is in fact much simpler because A; is deter-
ministic. U

APPENDIX E. PROOF OF CONSISTENCY
We first start by establishing some Fubini theorems.

Lemma E.1. Let Assumptions 1-4 be satisfied, let g be continuous and let H and K be defined as
in (4.18) and (7.2), respectively. Suppose ¢ € Cp([0, L) X [0,00). Given the family of mappings Oy,
t >0, defined in (8.21), we have

(E.1) Mx@@zéﬁM%@mmwzéfMaw»w

If, in addition, for everyt € [0,T], x — fo x,r)dr is bounded and Hélder continuous, uniformly
in t, then for every s > 0, almost surely for every t > 0,

(B2) ﬁa(%fw4¢mm>m):=Aiﬂ4m4¢mm»dr=[fﬁ4¢<r

Moreover, if either x — @(x,r) is absolutely continuous for every r > 0 and (z,7) — Pz(x,r)(1 —
G(z)) is locally integrable on [0, L) x [0, 00), or g is absolutely continuous and @ € Cy([0, L) x [0, 00)),
then almost surely, for every s,t > 0,

(£.3) E%[awmﬁzfa@mwm

Proof. Fix s,t > 0. Then
(B.4) (A%@wwm=%%¢mWW>

and so, by the inequality (4.20) and the boundedness assumption on ¢, fot Us(@(-,7)) dr and O
are uniformly bounded on [0, L) x [0, ¢]. We can thus apply Fubini’s theorem for stochastic integrals
with respect to martingale measures (see Theorem 2.6 of [35]) to conclude that almost surely, (E.1)
and (E.2) are satisfied. We now have to show that the set of measure zero on which they are not
satisfied is independent of ¢, for which it suffices to show that the processes on both sides of (E.1)
and (E.2) are continuous in ¢. The processes on the right-hand sides of (E.1) and (E.2) are clearly
continuous in ¢, whereas the continuity in ¢ of the process on the left-hand side of (E.1) follows
from property 4 of Lemma 8.6. Because of (E.4), the relation /T/l\s(\lfsf) = H,(f) and the assumed
boundedness and uniform Hoélder continuity of x +— fot @(z,7) dr, the continuity in ¢ of the left-
hand side of (E.2) follows from property 3 of Lemma 8.6. Thus, for any given s > 0 there exists a
set of full P-measure on which (E.2) and (E.1) hold simultaneously for all t > 0.
Next, by the definition of K in (7.2), note that K ( fo &(+, ) dr) is equal to

(/Ot 5(0,1) dr) / R (/ ( G(m))@(m,r)dr)

du.

r=s—u
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By the stated assumptions, it follows that g is continuous and for each r > 0, the function = +—
(1—-G(x))@(x,r) is absolutely continuous and its derivative (with respect to x) is locally integrable.
Moreover, by Theorem 5.6, K is almost surely continuous and thus locally bounded. Thus, we
can first exchange the order of differentiation and integration and then apply Fubini’s theorem for
Lebesgue integrals in the last display to conclude that 1@([5 &(+,7)dr) is equal to

/Ot G(0,7)K (s) dr + /OS K (u) (/Ot % (1= G@)p(@, 7)) | pms s dr) du
- /OtQZ(O,T)IA((s) dr+/ </OS IA((U)% (1= G@)@(x, )| e, du) dr

t
0
= | Ko(g(,7))dr,

0

which completes the proof of the lemma. O
We now prove the consistency lemma.
Proof of Lemma 9.6. Fix f € S and s,t > 0. Then, replacing ¢ by ¢ + s in (6.15), we obtain
~(N o) SN S(N
(E:5) D) = 88 (1) =R + KEUD).
Using the shift relations introduced in (9.24)—(9.26), and recalling the definitions of H®) and

K™ in (4.14) and (6.12), respectively, the last two terms on the right-hand side of (E.5) can be
decomposed as follows:

(E-6) HE) = ME (Wi f) = MM (044 (f) + (O MM (0, f),

and, similarly,

RN = /[O_Ht]f(sw—u)(l—G<s+t—u>>df<<N><u>

o fls+t—u)(1—G(s+t—u)dKMN (u)
0,s

+ / (1= Gt —w) f(t — u) d(©,KN) ().
[0,t]

(E.7)

On the other hand, since ®;f € C;[0, L), replacing f and ﬁéN) in (6.15) by ®,f and 9§N), respec-
tively, and using the semigroup property (5.8) and the fact that ;& = ¥, on the appropriate
domain as specified in (5.9), we obtain

SIU (N = (@ f, 7)) = (@ f.BY) - (0,8, )
+ / (@f)(s = u)(1 = G(s —u)) dK N (u)
[0,s]
(E:3) = ST () = MM (W)
] flert-n-Gltt-w) dE ™) (u).

The relation (9.29) is then obtained by subtracting (E.8) from (E.5), rearranging terms and using
the relations (E.7) and (E.6).

Now, suppose that Assumptions 1-4 are satisfied and further, assume that g is continuous. Then
Theorem 5.7 shows that the limit 7 of {N)} is a continuous H_s-valued process that is given
explicitly by (5.24). The shifted equation (9.30) for the limit ¥ is proved in a similar fashion as
for the corresponding quantity ¥) in the N-server system, except that now K has the slightly
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different representation (7.2). We fill in the details for completeness. Applying (5.24) with ¢
replaced by t + s, we see that for bounded and absolutely continuous f,

t+s

Dies(f) = SP2.(F) = Hevs () + FO)K (s) + | KW t+s—wdu

On the other hand, applying (5.24) with f and ¢, respectively, replaced by ®;f and s and using
the semigroup relation (5.8) for ®; and the fact that (®,f)(0) = f(¢)(1 — G(t)), we obtain

SH(f) = Dy (Duf)

(E.9) = SE) ~ MLE@ ) + £ - GORG) + [ R, s (s — u)du.

Simple calculations show that s, = (- +t). Hence,

t+s . s t N
K(u)gof(tJrsfu)duf/O K(u)&ptf(sfu)du:/o K(s+u)és(t—u)du

and, since &¢ = (f( )

1-@G)),
/0 R(s)€5(t —u) du = FO)R(s) — F()(1 — G(E) R (5).

Equation (9.30) can now be obtained by combining the last four equations with the limit analog
of (E.6), in which H™ and ./\//Y(N), respectively, are replaced by H and M.

To show that (9.31) is satisfied, note that by Theorem 5.6, (I?,)/(\',ﬁo(l)) = A(E\,EO,SDO(I) =
ﬁ(l)) This implies that the centered many-server equations (5.14)—(5.16) are satisfied with
v,Z,X,K and E, respectively, replaced by 7(1),87(1) — 7:\((1),)/(\',}/(\' and E. Fix any s > 0.
Subtracting the equation (5.15) evaluated at ¢+ s from the same equation evaluated at ¢, it follows
that (5.15) also holds when K, E, X and v is replaced, respectively, by @sf(, @SE7 XH. and Us4.(1).
It is also clear that (5.16) is satisfied with v and X replaced by 7s;+(1) and X4y for all £ > 0.
Lastly, substituting f = 1 in (9.30), using the definition (9.27) of @SI/C\ and the fact that 3 = —g,
it follows that (5.14) holds with v, Z and K, respectively, replaced, by Dsy.(1), 87 (1) — ©,H(1)
and ©,K. This proves (9.31).

Fix s > 0. We first need to show that Assumption 3 is satisfied when EM) and E, respectively,
are replaced by @sﬁ’ (V) and G)SE . This is easily deduced using basic properties of renewal processes
and Poisson processes and is thus left to the reader. Next, we show that Assumption 5’ is satisfied
when E(()N), Zo, ﬁéN), and 7y, respectively, are replaced by X (s), )?(s), ﬁﬁN) and 7. By definition
(5.24), Us(f) is a well defined random variable for all f € ACy[0,L) and, since ®;f € ACy[0, L)
if f e ACy[0,L) it follows that S7*(f) = Ds(®.f) is also a well defined random variable for
every f € ACy[0,L). Now, due to (5.24), the assumed measurability of f +— S (f) and the
joint measurability of the maps (s, f) — M\s(f) and (s, f) — Ks(f) for f € Cp[0, L), which is a
consequence of the definition of these stochastic integrals, it follows that almost surely the map
f = Us(f) from ACy[0,L) C Cp[0,L) to R (both equipped with their respective Borel o-algebras)
is also measurable. Moreover, for a given ¢ € Cp([0, L) x [0,7T]) and ¢ > 0, the maps r — @,.p(-,r)
from [0, 7] to Cp[0, L) and f — @, f from Cp[0, L) to itself are clearly also measurable (they are in
fact continuous). Since the composition of measurable maps is measurable, it follows that almost
surely, both 7 — Ds(®,(p(-,))) and f — S7* (f) = Ds(®,f) are measurable.

In addition, due to the continuity of the limit in the convergence (9.1) established in Proposition
9.1, it follows that

(XM (), 5,0, 0,HN)) = (X(s), D51, O,K, O,H)
in the space R x D%_Q[O, 00). In particular, this implies that 75 has an H_s-valued version, and

so property (a) of Assumption 5 is satisfied. Next, by (9.29) and (9.30), S can be expressed
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as a linear combination of the H_s-valued processes (ﬁif,), @sIE(N), @s’l'Al(N)) and, likewise, S is
the same linear combination of (Tsy., @s/& @Sﬁ). Therefore, the continuity of Vs, G)SIE and 637‘7
show that S”* is a continuous H_s-valued process. The same logic used above then shows that
the real-valued process S”+(1) is continuous and that the limits in property (c) of Assumption 5
holds. Thus, we have established that Assumption 5 continues to hold at a shifted time.

It only remains to show that Assumption 5’ is satisfied when 7 is replaced by 7,. Fix ¢ €
Cp([0, L) x [0,00)) such that x +— ¢(z,r) is absolutely continuous and Hoélder continuous and ¢,, is
integrable on [0, L) x [0,T] for any T < co. We will make repeated use of the semigroup property
b, 0P, = Dy, the relation ¥ey, = ¥, 0 @, on the appropriate domain as specified in (5.9),
and the form (7.2) of ﬁ, without explicit mention. Then, by the other assumptions on h, for any
r >0, ®.p(,7) and f(f D, (-, 7) dr are both bounded, Hélder continuous and absolutely continuous
functions on [0, L). Therefore, substituting f = ®,.¢(-,7) into (5.24) we see that

(E.10) Ds(@rp (1)) = Do(@asrp (7)) = Mo (Wirip,7)) + K(@rip(-,7)).

By (5.11), it follows that Dp(® s, (-, 7)) = S¥°(®,.¢(-,r)). Furthermore, substituting f = fg D,.0(-,r)dr
into (5.24), invoking Assumption 5’(d) with (-, r) replaced by ®sp(-,r), and applying the Fu-
bini theorems (E.2) and (E.3) with the absolutely continuous and uniformly bounded function

oz, 1) = (Prp(-, 7)) (), it follows that U (fg Drpo(-, 1) dr) is equal to

([ () or) -3 ([ t Ve (etnar) + K ([ "001) i)

~

- / Po(Basrip(-, 1)) dr — / MU arip(-or)) dr + / Ro(@y0(-1)) dr.

A comparison with (E.10) shows that the right-hand side above equals fot Us(®r(+, 7)) dr. Thus,
Assumption 5’(d) holds with 7y replaced by 7. O
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