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Abstract

We consider a stochastic differential equation on RY with Lips-
chitz coefficients. We find a core for the infinitesimal generator of the
corresponding Markov process. Some applications, in particular, to
well-posedness of Fokker—Planck equations are given.
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1 Introduction

We are here concerned with a stochastic differential equation in H := R,

dX = b(X)dt + o(X)dW (¢),

(1.1)
X(0) =z,
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where b : H — H and o0 : H — L(H) are Lipschitz continuous. It is well
known that equation (1.1) has a unique solution X (-, x).
Moreover, the transition semigroup

Bip(r) = Elp(X(t,2))], v C(H), (1.2)

is Feller. (Cy(H) is the Banach space of all mappings ¢ : H — R which
are uniformly continuous and bounded, endowed with the norm |¢|o =

sup,ep |¢(7)].)
If b and o are not bounded P, t > 0, is not strongly continuous in

Cy(H) but only pointwise continuous. We call it a 7m-semigroup, see later for
a precise definition. Though the Hille-Yosida theory cannot be applied to
P,, one can define an infinitesimal generator o following [1] or [5]. Then
the problem arises to show the relationship between .# and the Kolmogorov
operator

Hop = % Tt [a(2) D?¢] + (b(2), Dp(2)), V¢ € Ci(H), (1.3)

where

a(x) =o(x)o*(x), VzeH.

The main result of this paper is that if in addition b and o are of class C?
with bounded second derivatives, then

Ko =Ko, Ve CLHH)

and the space C?(H) is a core for & .
This result seems to be new when a is not uniformly elliptic, see the
monograph [3] and references therein for the case of uniformly elliptic a.

2 Notations and preliminaries

Let us precise our assumptions.

Hypothesis 2.1 (i) b: H — H and there is K; > 0 such that
b(z) = b(y)| < Kilz —y|, VzeH. (2.1)
(ii)) o : H— L(H) and there is Ky > 0 such that
lo(x) —oW)llas < Kslz—yl, Vel (2.2)

where the sub-index HS means the Hilbert—Schmidt norm.



We note that by (2.1) and (2.2) it follows that

b(z)| < Ky|z| +|b(0)|, VazeH, (2.3)
and

lo(@)lns < Kalz| + [|0(0)||us, V€ H, (2.4)
respectively.

Sometimes we shall need the following more stringent assumptions.

Hypothesis 2.2 (i) b and o are of class C* and fulfill Hypothesis 2.1.
(ii) There is K3 > 0 such that
V" (z)| + ||o"(x)||rs < K3, Yz € H. (2.5)
The following two propositions are well known.

Proposition 2.3 Assume that Hypothesis 2.1 is fulfilled. Then for any x €
H and any T > 0 there is a unique solution X (-,x) € L#,(; C([0,T]; H)) of
equation (1.1). Moreover, for allm € N, X(-,z) € L, (Q;C([0,T); H)) and
there is Crm > 0 such that

E(X(t 2)|™) < Crm(l+|z|™), VzeH, te|0,T]. (2.6)
Finally, there is Ch. > 0 such that
E|X(t2) — X(t.y)| < Cjle—yl, YoyeH te0.7]. (27

By L} (2; C([0, T]; H)) we mean the space of all adapted continuous stochas-
tic processes F' such that

E [ sup |[F(t)|™ ] < +oc.
te(0,7

Proposition 2.4 Assume that Hypothesis 2.2 is fulfilled and let X(-,x) be
the solution to (1.1). Then the following statements hold.

(1) X(t,x) is continuously differentiable in any direction h € H and setting
n"(t, ) = X, (t,z) - h we have

dn" =V (X)n"dt + o' (X)(n", dW (1)),

(2.8)
1"(0) = h.
Moreover, there exists wy € R such that
Eln"(t,z)]* < e*'|n|?>, YheH, t>0. (2.9)



(11) X(t,z) is twice continuously differentiable in any couple of directions
h,k € H and setting ("*(t,x) = X, (t,z)(h, k) we have

¢k = B(X)ChRdt 4+ b (X) (0", nF)dt
+o' (X)(¢"F, dW (1) + o (X) (0", 0", dW (1)),  (2.10)
¢H0) = 0.
Moreover, there exists wy € R and Cy > 0 such that

BICM(1,0) < Co™ PP, WhoEEH, t>0.  (211)

2.1 Transition semigroup

Let us introduce some notations. For any k& € N by CF(H) we denote the
space of all mappings ¢ : H — R which are uniformly continuous and
bounded together with their derivatives of order lesser than k. CF(H), en-
dowed with the norm

k
lelle = ello + Y 1D ¢llo,

Jj=1

is a Banach space.
Moreover, for any m € N by C,,,,,(H) we denote the space of all mappings
¢ : H — R such that the mapping

o ()]

HoR, - 200
L+ |z

belongs to Cy(H). Cy,m(H), endowed with the norm

o ()]
m 1= Su ,
||90||b, :pefl 1+ ‘l”m

is a Banach space.
Taking into account (2.6) we can define the transition semigroup

bip(r) = Elp(X(t, )], ¢ € Cpm(H). (2.12)

We know that Py € Cp(H) for all t > 0 and all p € Cy(H). It follows from
(2.6) that also P,y € Cy,,(H) for all ¢ € Cy,,(H). Furthermore, P, t > 0,
is a semigroup.



Proposition 2.5 Assume that Hypothesis 2.2 is fulfilled. Then C{(H) and
C’,?(H) are stable for P;, t > 0. Moreover there exist positive constants Ky
and K5 such that

where || - ||; denotes the norm in C(H).

Proof. The assertions follow from Propositions 2.4 and the identities
(DPip(x), h) = E[(Dp(X (t,2)),n"(t,2))], ¢>0, h,x € H,
and
(D*Pip(x)h, k) = E[(De(X(t,x)),¢""(t,7))]
+E[D?p(X (¢, 2))(n"(t, x),n*(t,x))], t>0, h,k,x € H.
g

2.2 1It0’s formula

Let us consider the Kolmogorov operator (1.3). By Hypothesis 2.1 it follows
that there exists M > 0 such that for all ¢ € CZ(H) we have

| Hop(x)] < M1+ [x?), YVaeH, (2.14)
so that o € Cpa(H).

Proposition 2.6 (Ité’s formula) Assume that Hypothesis 2.1 is fulfilled.
Then for all ¢ € CZ(H) we have

Blo(X (1)) = (o) + [ ELAGo (X)) (2.15)
Proof. Write
X(t,2) = x—l—/otb(X(s,x))ds—l—/Ota(X(s,x))dW(s).
By (2.3) and (2.6) we see that

E|o(X (t,2))] < CriKi(1+ |z|) +]b(0)].

so that
b(X(-,x)) € Cw([0,T]; L' (92, RY)).
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Moreover, by (2.4) and (2.6)
Ello(X (8, 2)) s < 2K2(1+ |2])* + 2]|0(0) 1 Fs,
so that,
o(X(,2)) € Cw ([0, T]; L*(92, RY)).
Then we may apply It6’s formula and the conclusion follows. [

Note that if ¢ € CZ(H) we have H#yp € Cyo(H) by (2.14). Therefore,

d
- b = Pitop, Vo e Ci(H). (2.16)

Proposition 2.7 Assume that Hypothesis 2.2 is fulfilled. Then

d
i P = K Py, Ve e Ci(H). (2.17)

Proof. By the semigroup property, Proposition 2.5 and (2.16) we have for
all p € CZ(H)

d d

d
= Priep|,_, = T P.(Pw)| _y = HoPip

g

3 The infinitesimal generator of P,

Let us introduce some notations. Given a sequence (¢,,) C Cy(H) and ¢ €
Cy(H), we say that (p,) is m-convergent to ¢ and write ¢, — ¢, if the
following conditions are fulfilled.

(i) For each z € H we have

lim @, (z) = ().

n—oo

(i) sup||enllo < +o0.
neN

Proposition 3.1 Assume that Hypothesis 2.1 is fulfilled and let (¢,) C
Cy(H), ¢ € Cy(H) such that ¢, = . Then for all t > 0 we have Pyp, =
Fip.



We say that P, is a m-semigroup.
Proof of Proposition 3.1. For any x € H we have

lin Prpu(x) = lim Elin(X(t.2))] = Pipla),

n—oo

thank’s to the dominated convergence theorem. Moreover
[ Eeenllo < llenllo < sup [nllo < oo
ne

U
We follow here [5].

Definition 3.2 We say that ¢ belongs to the domain of the infinitesimal
generator X of Py, in Cy(H) if

(i) For each x € H there exists the limit

lim L (Pap(z) — p(z)) = H ()

e—0 €

and A ¢ € Cy(H).

5 1
(i) sup — ||P.p — ¢|lo < +o0.
ec(0,1] €

K is called the infinitesimal generator of P;.

In the following we set

Ac=L(p 1)

€

Proposition 3.3 Let ¢ € D(¥') and let t > 0. Then Py € A and we
have

H Pp(xr)=PHp(x), VeeH. (3.1)
Moreover, Pip(x) is differentiable in t and

d
pr Pp(x) = A Pp(x)=PFp(x), VeeH. (3.2)

Proof. Let ¢ € JZ. Then we have

APp(z) = PAp(z).



Since A.p = ¢, by Proposition 3.1 it follows that
So, Pyp € D(X') and # Py = P, p. On the other hand,

D Pp(x) = lim P Acp(z) = PA p(x)
€—

and (3.1) follows because £ ¢ is continuous. [J

We shall denote by p(#") the resolvent set of # and by R(\,. %) its
resolvent.

The following result is proved in [5] under slightly different assumptions.
We sketch here the proof for the reader’s convenience.

Proposition 3.4 p(¢) D (0,+00). Moreover, for any A > 0 and any
f € Cy(H) we have

R\, ) f(z) = /OO e MPf(x)dt, x¢€ H. (3.3)
0
Proof. Set ]
A, = - (P.—1).

Let f € Cy(H) and for any A > 0, v € H set

FOf(x) = /0 " N ()t

Then it is not difficult to see that F(\)f € Cy(H). Let us show that A €
p(). Since

AFWf() = - e [ / NP f ()t — / ) e—MPtﬂx)dt}

1 & 1 €
= L@ [ RS- L [ VR,
€ 0

€

we easily deduce that F(A\)f € D(%) and

li AF(N)f(@) = AP (2) = fz). 3:4)
Therefore
HFNf=AF(\) —f. (3.5)



It remains to show that
FANA=J)p =9, YoeDX). (3.6)

This will complete the proof that A € p(.#"). To prove (3.6) choose ¢ €
D(¢), then, taking into account Proposition 3.3, we have

/ e MPH p(x)dt :/ e_)‘ti Pip(x)dt
0 0

=—p(x) + \F(N)p(z), Ve H.
which implies (3.6). O
Remark 3.5 By (3.3) it follows that

1RO, )0 < 5 I,V f € CulH).

Therefore £ is m—dissipative in C,(H).
We are going to investigate the relationship between J# and 7.

Proposition 3.6 Assume that Hypothesis 2.1 is fulfilled. If ¢ € D() N
CZ(H) then o = Hp.

Proof. By Proposition 2.6 we have

1

7 () = p(a)) = /0 E[Aop(X (s, 2))]ds.

As t — 0 we find
Hp(x) = Hop(x), Ve H.

O
Now we show that

9D :={peCiH): Hypec Cy(H)},
is a core for % . Let us first show that ¥ C D(.%).

Proposition 3.7 Assume that Hypothesis 2.1 is fulfilled and let ¢ € 2.
Then ¢ € D(£) and we have H ¢ = JHyp.



Proof. Let ¢ € . By 1t6’s formula (2.15) we have

 (Pep(o) = pla)) = [ BLAap(X (sl
Therefore, .

lim + (Pigle) — p(x)) = Higle), Ve H,
and

1
|3 Re- 0| <ot
0

which implies that ¢ € D(£) and # ¢ = HFyp. O

Theorem 3.8 Assume that Hypothesis 2.2 is fulfilled. Then & is a core for
H, that is, for any ¢ € D(J) there exists a sequence (p,) C Z such that

On — @, HKopn — K, in Cy(H).

Proof. Let p € D(¥). Fix A > 0 and set f := Ap — # . Since CZ(H) is
dense in Cy(H) there exists a sequence (f,,) C CZ(H) such that f, — f in
Cb(H) Set

oni=AN—H)"f,, neN.

By Proposition 3.4 it is clear that ¢, € D(#) and
lim ¢, =¢, lm Z¢,=H¢, inCy(H).
n—oo n—oo

It remains to show that ¢, € Z for any n € N. In fact, taking into account
Proposition 2.5, we see that o, € D(#) N CZ(H), so that by Proposition
3.6 we have Ao, = H# v, € Cy(H), and hence ¢, € Z for any n € N. So,
9 is a core as claimed. [

Remark 3.9 The above result can be generalized. In fact Hypothesis 2.2
and also the global Lipschitz assumption in Hypothesis 2.1 are too strong.
E. g. assumptions as Hypotheses 1.1 and 1.2 in [2] are sufficient. Details will
be the subject of future work.

4 Applications

We start with an important identity
Ho(¢?) = 20H00 + 0" Do, Yy € Ci(H), (4.1)

whose proof is straightforward.
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Proposition 4.1 Assume, besides Hypothesis 2.2, that o is bounded. Then
for any ¢ € P we have ©* € 2 and

H(p?) = 200 0 + |0 Do, (4.2)

Proof. Let ¢ € 2. Then p? € CZ(H) and by (4.1) it follows that J#(?) €
CY(H). O

Corollary 4.2 Let p € . Given A > 0 set f = Ao — # p. Then we have

p? = 2\ = ) (20 — 0" Dyl?). (4.3)

4.1 Invariant measures

In this subsection we assume that Hypothesis 2.2 holds.
Let p € Z(H). We say that p is invariant if

/ Prpdp =/ pdp, V€ Cy(H). (4.4)
H H
Proposition 4.3 u is invariant for P, if and only if
/ Jopdp =0, YeeD. (4.5)
H

Proof. Since the “only if part” is obvious, let us show the “if part”. Assume
that (4.5) is fulfilled. Then

/Ji/cpduzo, Ve D(X).
H

Then if ¢ € D(.#") we have by Proposition 3.3, that Py € D(£), for all
s > 0 and

Pio(a) —ota) = | ' Paple)ds

Integrating with respect to pu, yields

/H (Pap— @)dp =0, e D(A).

Therefore, p is invariant. [
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Proposition 4.4 Assume that i is an invariant measure for P, such that

/H |z|?p(dr) < +oo. (4.6)
Then we have
| etagdn =5 [ 10" Deldn, Vo€ Gian), (4.7)
Proof. Step 1 We have
/H%cpdu =0, Vy¢eCiH). (4.8)
The proof follows by (2.14), (2.17), (4.6) and Lebesgues’ dominated con-

vergence theorem

Step 2 Conclusion.
By (4.1) we have

Oz/ %(¢2)du=2/ so%sodu+/ 0" Dopl?dp, o € Ci(H),
H H H

so, the conclusion follows. [

4.2 Application to Fokker—Planck

In this subsection we assume that Hypothesis 2.2 holds. Let Z(H) be the
Borel g-algebra of H. We recall that a measure pu(dt,dzx) = p(dx)dt on
A([0,T]) ® B(H), where p, are probability measures on Z(H ), measurable
in ¢t € [0,7], is called a solution to the Fokker—Planck equation for (£, 2)
if

t
/godut:/ (,Odﬂo—i-/ /Ji/ogodusds, ae.t>0, o€ (4.9)
H H o Ju

Theorem 4.5 For every probability measure ¢ on B(H) there exists a unique
measure p(dt, dx) = p(dz)dt (as above) solving (4.9) with py = ¢.

Proof. Existence is trivial. Just define the measure p; by

/H (@) j(da) = / E[p(X(t,2))C(dx), ae.t >0,

H

¢ : H — Ry, #(H)-measurable. Then (4.9) follows by Proposition 2.6
(i.e., by It6’s formula). To show uniqueness we note that Theorem 3.8 implies
that (4.9) with po = ¢ holds for all ¢ € #". Hence uniqueness follows from
[4, Theorem 2.12]. O
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