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Abstract

This article introduces a new - somehow mild - It6 type formula
for the solution process of a stochastic partial differential equation of
evolutionary type.

1 A mild Ito formula for SPDEs

Throughout this article suppose that the following setting and the following
assumptions are fulfilled. Fix T" € (0,00) and ¢y € [0,7), let (Q2, F,P) be a
probability space with a normal filtration (F;)scp,,r) and let (H, (-, ), ||l z)
and (U, (-,")y,|Ill;) be two separable R-Hilbert spaces. In addition, let
@ : U — U be a bounded nonnegative symmetric linear operator and let
(Wt)te[to,T] be a cylindrical Q-Wiener process with respect to (F)ecfto,17-

Assumption 1 (Linear operator A). Let Z be a finite or countable set and
let (N\i);er C R be a family of real numbers with inf;cz A; > —oo. Moreover,
let (e;)ier C H be an orthonormal basis of H and let A: D(A) C H — H be
a linear operator with

Av = Z —\i (€, V) € (1)

i€
for allv € D(A) and with D(A) = {w € H| > ,; Xl | (es, w) |° < 00}
Let n € [0,00) be a nonnegative real number with n > —inf,cz A;. By

(H, =D ((n—A)").(, )y - Il ) for r € R we denote the R-Hilbert spaces
of domains of fractional powers of the linear operator n—A : D(A) C H — H.

Assumption 2 (Drift term F'). Let a,y € R be real numbers with v — o < 1
and let F': H, — H, be globally Lipschitz continuous.



In order to formulate the assumption on the diffusion coefficient of our
SPDE, we denote by (Us, (-, )y, » Il ;,) the separable R-Hilbert space Uy :=

Q%(U) with (v, w)y, = <Q’%U,Q’%w> and |||y, = HQ*%UH for all v, w €
U U
Up (see, for example, Proposition 2.5.2 in Prévot and Rockner [17]).

Assumption 3 (Diffusion term B). Let § € R be a real number with v— <

% and let B : H, — HS(Uy, Hg) be globally Lipschitz continuous.

Assumption 4 (Initial value £). Let £ : Q — H, be Fy, /B (H,)-measurable
with E [[§][%,, < oo for all p € [1,00).

Proposition 1. Let the assumptions above be fulfilled. Then there exists an

up to indistinguishability unique adapted stochastic process with continuous
sample paths X : [to, T] x Q —= H, € Nyepo0)LP (8 C([to, T), Hy)) fulfilling

t t
X, = At 4 / ACIE(X,) ds + / A9 B(X,) dW, (2)

to to
for allt € [ty, T] P-a.s..

Let J be a finite or countable set and let g; € Uy, j € J, be an arbitrary
orthonormal basis of the R-Hilbert space (U, (-, Vo s ||||U0) Such a set and

such an orthonormal basis exists since (Uy, (-, )y, » [|[l,) is separable.

Theorem 1 (Main result: A new - somehow mild - It6 formula for SPDEs).
Let the assumptions above be fulfilled, let (V,(-,-)\ ., ||||}/) be a separable R-
Hilbert space and let ¢ : H, — V be a twice continuously Fréchet differ-
entiable mapping with at most polynomially growing derivatives, i.e. sup-
pose that there exists a real number ¢ € [0,00) such that |[¢" ()| L@ 1) <
c(1+ H’UH;IW) for allv € H,. Then we have

t
P = o)+ [ (AIX) MR ds

to

t
+ / ¢ (M X,) eI B(X,) AW, (3)
to

+ = Z/ A(t s)X ( A(t—s)B(X )g eA(t S)B(Xg)g]) ds
Jj€ET

for allt € [ty, T] P-a.s..

We remark that the possibly infinite sum and all integrals in (3) are well
defined under the assumptions of Theorem 1 (see Section 2 for details). Other
kinds of Tt6 formulas for SPDEs can be found in [1, 3, 5, 6, 7, 10, 11, 12, 13,
14, 15, 16, 17, 18, 19].



Example 1 (Identity). Let V = H, and let (v,w), = (v,w)y and [[v];, =
[v]l ., for allv,w € V = H,. Moreover, let ¢ : H, — H, be the identity on
H,, i.e. p(v) =v for allv € H,. Theorem 1 then shows

t

t
X, =eAtX, + / AR (X,)ds + / A=) B(X,) dW,

to to

for all t € [to, T| P-a.s. which is nothing else than the mild formulation of
the SPDE (2). In this sense the formula (3) is somehow a mild Ité formula
for SPDEs.

Example 2 (Squared norm). Let V =R and let (v,w),, = v-w and ||v||,, =
[v| for allv € V =R. Moreover, assume v < 0 and let ¢ : H, =V be given
by o(v) = ||v||3; for allv € H. Theorem 1 then shows

t
1[5 = [|e* ") X, qu +2 / (eM=9X,, M F(X,)),, ds
to

+2/ (A=) X,, NI B(X,) dW)

9 2
/ He “ S)HHS(UO,H) ds

for all t € [ty, T] P-a.s.. We refer to [6, 7, 10, 14, 15, 17, 18] for other Ito
type formulas with the particular test function o(v) = |[v||5, v € H,.

Example 3 (Deterministic case). Let Q = {0}. Proposition 1 then implies
the existence of a unique continuous function x : [to, T] — H., fulfilling

t
x, = eMtog ¢ / A (1) ds (4)

to

for allt € [ty, T]. Moreover, Theorem 1 shows

t
(@) = p(eM)z,) + / J () ACIF()ds  (5)

to
forallt € [to, T]. Equation (5) is somehow a mild chain rule for the PDE (4).

Example 4 (Nonautonomous case). In this example let (H,{-,"Y7,|ll5)
be a separable R-Hilbert spaces, let T be a finite or countable set and let
A D(A) c H — H be a linear operator with ergenvectors €;, 1 € 7,

and eigenvalues —\; E R, i € 7, satzsfymg Assumption 1. Moreover, let
n € [0,00) with 7 > — fzeI)\ and let (H, :== D((7— A)T), (9ms Ig,) for
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r € R be the R-Hilbert spaces of domains of fractional powers of the linear
operator 7 — A D(A) C H — H. In addition, let F' : R x H, — H,
and B : R X H — Hpg be globally Lipschitz continuous and let ¢ Q — ﬁ
be Fi,/B(H.,)- measumble with ]E||§||p < o0 for all p € [1,00). Then let

H =Rx H and ((5,v),(t,w)); = s-t+ (v,w)y for all s,t € R and all
v,w € H. Moreover, let D(A) = R x D(A) and let A(s,v) = (0, Av) for
all s € R and all v € D(A). In particular, we obtain H, = R x H, for
all ¥ € R. Furthermore, let F(s,v) = (1,F(s,v)) for all s € R and all
v € H,, let B(s,v)u = (0, B(s,v)u) for all s € R, v € H, and all u € U,
and let £(w) = (to,é(w)) for all w € Q. We now consider the consequences
of Proposition 1 and Theorem 1 in this particular example. More precisely,
Proposition 1 implies the existence of an up to indistinguishability unique
adapted stochastic process with continuous sample paths X [to, T] x Q —

H, € Npeptoo) LP(Q; C([to, T), H,)) fulfilling

~ ~ t ~ ~ ~ t ~ ~ ~
X, = eAlt-tog 4 / A E (s, X,) ds + / A=) B(s, X,) dW,

to to

for allt € [ty, T] P-a.s.. Finally, let ¢ : R x 15[7 — V' be a twice continuously
Fréchet differentiable mapping with at most polynomially growing derivatives.
Theorem 1 then shows

for all t € [to, T P-a.s. where oy : R x o, =V, ¢, :Rx H, — L(H,V)
and @, R x H, — L (H,,, V) denote appropriate partial derivatives of .
Formula (6) is nothing else but the nonautonomous counterpart of (3).



2 Proofs

2.1 Proof of Proposition 1

Proof of Proposition 1. First of all, we assume a@ < v and g < v w.l.o.g..
Moreover, the real number R € (0,00) defined by

1F(w) = Fw)l| g,

R = 1 + H<?7 - A)_IHL(H) + HF<O>HHQ + Sup

'u”wGHry ||U - wHH’Y
vFEW
1B(v) = B(w)l| s, 1,
IBOMN iz (0,115 v H, o —wllg,

vFwW

is used throughout this proof. Due to Assumptions 1-3 the number R is
indeed finite. Moreover, let H, for p € [1,00) be the R-vector space of
equivalence classes of H,-valued predictable stochastic processes Y : [t, T x
0 — H, that satisfy

sup B Vil < oo g

te(to,T)

where two stochastic processes lie in one equivalence class if and only if they
are modifications of each other. As usual we do not distinguish between a
predictable stochastic process Y : [tg,T] x Q@ — H, satistying (7) and its
equivalence class in #, for p € [1,00). In the next step we equip the vector
spaces H,, p € [1,00), with the norms

[ o Py

te(to,T)

for all Y € H,, r € R and all p € [1,00). Note that the pair <Hp7 ||||Hpr> is

an R-Banach space for every r € R and every p € [1,00). Moreover, consider
the mappings @, : H, — H,, p € [2,00), defined by

t

t
(®,Y), := etliTlo)¢ 4 / A F(Y,) ds + / ACIBY) dw,  (8)

to to

P-a.s. for all ¢ € [ty, T] and all p € [2,00). In the following we show that the
mappings @, : H, — H,, p € [2,00), given by (8) are well defined.

To this end note that Assumptions 1 and 4 yield that eAt—%)¢ ¢ € [to, T7,
is an H.,-valued adapted stochastic process with continuous sample paths. In
particular, eAt=*)¢ ¢ € [ty, T], is an H,-valued predictable stochastic process



(see Proposition 3.6 (ii) in Da Prato and Zabczyk [3]). Additionally, we have

sup B[4,
t€lto,T] v

_ p
< s (e g ElIEI, ) < e B¢l < oo (9)
0,

for all p € [1, 00) which shows that the stochastic process eAt—t)¢ ¢ € [to, T},
is indeed in Mpe(1,00)Hp-

We now concentrate on the second summand on the right hand side of
(8). To this end note that Lemma 1 in [8] yields

t
[ Eler ], 0
to v

t
<
to
t
<

to (

t
< Re' (/ (t— )@ ds) (1 + sup E[Y[ly )
to s€lto,T) K

and Jensen’s inequality therefore implies

(77 . A)(”/—a) p A=)

E || F(Ys d
o EIF Ol ds

(n— A)(W—Oé) e(A=n)(t=s)
L

’WR<1 E||Y, )d
 TR(IE RV, ) ds

t
[ e r W, a
to v

T
< Re™ (/ sla=) dS) (1 + sup ||Ys||LP(Q;H7)>
0 s€[to,T]

RenT7(+a=7) (

(I+a-7)

L+ sup ||Y:9||LP(Q;H7)> <0
s€[to,T)

forallt € [tg,T],Y € H, and all p € [1,00). (We used here that 1+a—~ > 0
due to Assumption 2.) This shows that fti A= F(Y,) ds, t € [to,T), is a well
defined H,-valued adapted stochastic process for every Y € Upe(1 00)Hp = Hi.



Moreover, we have

to t1
/ﬁeM”@FOst—/jeM”ﬂFO@ds

to to

t
- / 2 HeA(tzis)F(Y’S)HLP(Q-H ) ds
t1 [t

[ A A0 Oy

to
< e’ /
t1

+ enT H(n . A)—E (eA(tz—tl) .

/ tl
to

and Lemmas 1 and 2 in [8] then show

to t1
‘/ eA(tQ_s)F(YS)dS—/ A= F(Y,) ds

to to
” (a=)
< Re"T/ (tg — )7 (1 + ||YS||LP(Q;H7)> ds

t1

Lr(Q;Hy)

(= A7) (A=m(E2-9)

FY ) po.m @
) 1F(YH)l (QH,) 48

Iz

(n_A)(“H-s—a) e(A—n)(tl s)

o 1O g ds

Lr(QH-)

t1
+ B2 (1 + 1) (T +1) (b2 — t)° / (=97 (14 1Vill o, ) ds

to
RenT (tg - tl)(1+a*7) (

(I+a—-7)

. R262nT (77 + 1) (T + 1) (t2 — tl)s (

s€lto, T

L+ sup ”YHLP(QHW)> (10)

(I+a—-y—¢)
2R2e2T (1) + 1) (T + 1) (

s€[to,T)

1+ sup ||Vl QHW))

(I+a—-vy—¢)

1+ sup ||Vl QH))( —t1)" < o0
s€[to,T]

for all ty,ty € [to,T] with t; < ty, ¢ € [0,1 4+ a —7), Y € H, and all
p € [1,00). Proposition 3.6 (ii) in Da Prato and Zabczyk [3] therefore yields
that the stochastic process f;; A= F(Y,) ds, t € [to, T], has a modification
in H, for every Y € H, and every p € [1,00).

It remains to analyze the stochastic integral in (8). To this end observe



that Lemma 1 in [8] gives

t
A(t—s 2
/t E e B[} g00.) @5
0
t
2
o it / E || BOY) iz (0., 35
to

t
< 2R2€2nT/ (t— S>2(,8—7) (1 +E HY;H;) ds

to

2
_A (v=B) (A—n)(t—s)
(n—A4) e L

2R2e2T (T + 1
< THU (G sp BV, | < oo
(1+2B_2’Y) s€lto,T)

for all ¢ € [to,T] and all Y € UpepoyHp = Ha. (We used here that
1+28 -2y =2(3+ ﬁ 7) > 0 due to Assumption 3.) Remark 1 in [§]

hence shows that fto =) B(Y,) dWy, t € [to, T), is a well defined H.-valued
adapted stochastic process for every Y € Upepo)Hp, = Ho. Additionally,

the Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato and
Zabczyk [3] gives

to
‘/ A9 B(Y,) dW, — / AL B(Y,) dW,
to
1
< g Y)? ds)
=p t e (Y HLP(Q;HS(UO,HW)) s
1

1
t1 9 2
+p (/ H (eA(tz—S) — eA(tl—S)) B(}Q)HLP(Q;HS(UO,HV)) ds>

to

to
<ep ( /
" L(H)

+ e [(n—A)7F (0 — 1) IIL )

i

LP(;HY)

N

(77 _ A)(v—ﬁ) (A=) (t2—5)

2
||B( S) HLP(Q;HS(UmHﬁ)) dS)

1
2

(77 _ A)(W-H:‘—B) e(A=m)(t1—s)

2
L) ”B( S)HLP(Q;HS(UO,Ha)) ds)



and Lemmas 1 and 2 in [8] hence yield

to t1
/ A=) B(Y,) VY, - / A= B(Y,) W,
to to

Lr(Q;H,)

> (tz — 1) (F+9)
(1+28—2y)2

(11)

) (+1) (T +1)° (ts — t,)°
(1426 — 2y — 2)

<ep ( sup ‘|B(}/;>HLP(Q;HS(U0,HB))

s€[to,T]

+Re2”Tp< sup ”B(YS)HLP(Q;HS(UOaHB))
s€lto,T)

_ R+ 1) (T + 1)? (

L+ sup [[Yel[poq, (t2 — 11)" < o0
(3+8-7—¢) Fh)

s€to,T]

for all ty,ty € [to,T] with ¢; < to, e € [0, + 8 —7), Y € H, and all
p € [2,00). Proposition 3.6 (ii) in Da Prato and Zabczyk [3] therefore yields
that the stochastic process j;fo A=) B(Y,) dW,, t € [to, T], has a modification
in H, for every p € [2,00) and this finally shows the well definedness of the
mappings D, : H, — H,, p € [2,00), given by (8) (see (9), (10) and (11)).

In the next step we show that the mappings ®, : H,, — H,, p € [2,00), are
contractions with respect to appropriate norms. More formally, Lemma 7.7
in Da Prato and Zabczyk [3] and Lemma 1 in [8] give

H ((I)py)t - ((I)pZ)t HLP(Q;HW)

< /t ||€A(t_s) (F(Ys) — F<ZS))HLP(Q;H«,) ds

N

t
4p (/t HGA(t—s) (B(Y,) — B(Zs))Hip(g;HS(Uo,Hm ds>
t

< / (t =) N = F(Z) oo, 5

to

N

t
4Ty ( / (t = )P BY.) = BZ)swaumsion) ds)

to

t
< R [ (0=~ Zilpy

to

=

t 2
+ Re™'p (/ (t—s) |y, - ZSH%/P(Q;HW) ds)

to



and hence

et ||((I>py)t - ((I)PZ)tHLP(Q;H»y)

t
< R ( / et (¢ — 5)@) ds) 1Y =2y,

to

t 3
+ RenTp (/ e2r(t=s) (t — S)Z(ﬂ*’Y) ds) |y — ZHHP,r

to
1

(t—to) ’
/ 627‘8 82(5_7) ds ||Y - ZHHP,T
0

for all t € [to,T],Y,Z € H,, p € [2,00) and all r € R. Finally, we obtain

(t—to)
< Re"'p / e s ds +
0

||(I)p(y) - (DP(Z)HHp,r

1
T T 3
< Re"'p </0 e s ds + [/0 s g2 ds] > |y — ZHHp,r

forall Y, Z € H,, p € [2,00) and all » € R. This shows that ®, : H, — H,
is a contraction with respect to || - [|3;,, for a sufficiently small » € (—o0,0)
and every p € [2,00). Hence, there exists a unique Y : [to,T] x Q — H, €
ﬂpe[l,oo)Hp with Y = (I)Q(Y), ie.

t

t
Y, = eAlt-tog 4 / A R(Y,) ds + / A=) B(Y,) dW, (12)

to to

P-a.s. for all t € [tg,T]. Moreover, the Kolmogorov-Chentsov theorem (see,
e.g., Theorem 21.6 and Remark 21.7 in Klenke [9]), (10) and (11) show that
Y : [ty,T] x @ — H, has an up to indistinguishability unique modification
X : [to, T] x Q — H., with continuous sample paths. In particular, (12) gives

t t
X, = Al 4 / A R(X,) ds + / AIB(X,)dw,  (13)
to to
P-a.s. for all t € [tg, T]. Additionally, the Garsia-Rodemich-Rumsey lemma
(see [4]) and again (10) and (11) yield that X : [to,T] x Q@ — H, even lies in

m106[1,00)Lp(9; C([t(b T]’ Hv))

In order to complete the proof of Proposition 1, it remains to show that
Xy, t € [to,T], is even indistinguishable from the right hand side of (13).
For this, it is sufficient to check that the H,-valued adapted stochastic pro-
cess ftz eAlt=s) (Xs)ds, t € [to,T], has continuous sample paths. Indeed,
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Lemma 1 in [8] gives

to
<o [t =) PG, ds

t1

to t1
/ A2 P (X)) ds — / A= P(X,) ds

to to

Hy

t1
e o= A7 (A < D)l [ 0= T,
to

(1+a—y)
to —t
<ol ( sup ||F<Xs>||Ha> (2 — 11)

JSup (1+a—17)
[(n— A) == (A= — 1) ||y (T + 1)
+e™ | sup | E' (Xl 4, 1 -7 .
s€to,T) ( ey g)

for all t1,ty € [to, T] with t; <ty and all € € [0,14+a —+) and Lemma 2 in [§]
hence shows that the H,-valued adapted stochastic process fti A= F(X,) ds,
t € [to, T], has continuous sample paths. This completes the proof of Propo-
sition 1. O]

2.2 Proof of Theorem 1

Proof of Theorem 1. A central difficulty in order to establish an It6 formula
for the solution process X : [to,T] x Q@ — H, of the SPDE (2) is that this
solution process is, in general, not a semimartingale anymore to which Itd’s
formula in infinite dimensions (see Theorem 4.17 in Section 4.5 in Da Prato
and Zabczyk [3]) could be applied. The solution process X : [to, 7] xQ — H,
of (2) is, in general, not a semimartingale since the mild SPDE (2) is an
Ito-Volterra type equation and the integrand processes eAt—%)F (Xs), s €
[to, ], and e~ B(X,), s € [to,t], in (2) depend on t € [ty,T] too. In
order to overcome this difficulty we fix the time variable t € [to,t] within
these integrands and then apply classical stochastic calculus to the resulting
semimartingal processes. This well known trick has already been used in
proofs of Davis-Burkholder-Gundy type inequalities for SPDEs (see, e.g.,
Proposition 7.8 in Da Prato and Zabczyk [3]) and has also been intensively
exploited in the work of Conus [2] (see Theorem 5.1 and Theorem 7.2 in
[2]). More formally, let Y* : [to,t] X Q@ — Hy € Npep,oo) LP(Q; C([to, t], Hy)),
t € [to, T], be a family of stochastic processes given by

V= Al x, + / A R(X,) ds + / A9 B(X,) dW,

to to
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for all u € [to,t] P-a.s. and all ¢ € [to,t]. Note that Y : [to,t] x Q@ — H, is
well defined and indeed in Myepr 00y LP(€2; C([to, t], Hy)) for all ¢ € [to,t]. 1to’s
formula in infinite dimensions (see Theorem 4.17 in Section 4.5 in Da Prato
and Zabczyk [3]) then gives

u

PV = o)+ [ PN IR() ds+ [ N IBOG) A,
to to
1 u
t3 Z/ ©" (V1) ("9 B(X,) gj, e B(X,) g;) ds
jeg vt
for all u € [ty,t] P-a.s. and all ¢ € [ty, T]. Exploiting the facts Y} = X, and
V! = Al X, P-as. for all t € [to, T] then gives

t
P(X0) = (Y)) = p(e X, +/ (YY) eNIF(X) ds

to

t
+ / S (V1) A B(X,) W, (14)
t

0
t
+%Z / o' (V) (e*"B(X,) gj, e B(X,) g;) ds
jeg vt
P-a.s. for all ¢t € [to,T]. Equation (14) is an expansion formula for the
stochastic process ¢(X;), t € [y, T]. Nevertheless, this formula seems to be
of limited use since the integrands in (14) contain the stochastic processes
Y s € [to,t], t € [to, T], instead of the solution process Xy, s € [to, T, of (2)
only. However, a key observation here is to exploit the elementary identity

Y= At X, + / AV R(X,) du + / A B(X,) dW,

to to

_ Al (eA(sto> X, + / AT R(X,) du + / eI B(X,) qu)

to to

= Al X, (15)

for all s € [to,t] P-a.s. and all t € [ty, T] in equation (14). This enables us
to obtain a closed formula for the stochastic process p(X;), t € [to,T]. More
precisely, putting (15) into (14) gives

t
0(X;) = (e X, ) + / ¢ (eI X,) eI F (X)) ds

to

t
+ / ' (A9 X,) A9 B(X,) dW, (16)
t

0
1 ' —s —s —s
+ 5 Z/ O (A9 X) (eA(t )B(Xs)gj, eAlt )B(Xs)gj) ds

jeg to
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P-a.s. for all ¢ € [ty,T]. The stochastic process p(X), t € [to,T], is thus
a modification of the stochastic process on the right hand side of (16). In
order to complete the proof of Theorem 1, it remains to show that p(X;),
t € [to, T, is even indistinguishable from the right hand side of (16). For this,
it is sufficient to verify that the first, the second and the fourth summand on
the right hand side of (16) are V-valued adapted stochastic processes with
continuous sample paths.

To this end note that (eAt )X, ), t € [ty,T], is a V-valued adapted
stochastic process with continuous sample paths since ¢ : H, — V' is contin-
uous and since e € L(H,), t € [0,00), is a strongly continuous semigroup
on H,.

In the next step we concentrate on the second summand on the right
hand side of (16). More formally, Lemma 1 in [8] gives

t1

to
/ S0/ (eA(tgfs)XS) eA(tgfs)F(XS) ds _/ g0/ (eA(tlfs)Xs) eA(tlfs)F(Xs) ds

to to

v

to
< [ i = 9 NG,
1

+ enT tlH(pl (eA(tg—S)XS) i S0/ (6A(t1—S)XS)

to

HL(H,WV) (2 — 3)((1_7) 1F(X)|| 77, ds

+e”T/t e (e X g, 00 = A7 (27 = D)
0

. H (1 — A)(F==) (A-m(t—s)

F(X, ds
) |1F°( )HHQ
and hence

t2
/SOI(GA(tg—S)XS) Ata— s)F /@ A(t1 S)X) A(tl—S)F(XS)dS

to to

Se”T< sup [ (e X))y v ) ( sup || F'( s)HHa)
u,s€[to,T] Y €[to,T]
(Bt @ Dl

(1+a—7) (1+a—7—5)

\%
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for all ty,ty € [to,T] with t; < 5 and all € € [0,1 + a — 7). Lebesgue’s
theorem of dominated convergence and Lemma 2 in [8] therefore show that
the V-valued adapted stochastic process ftz @' (e X)) A F(X,) ds, t €
[to, T'], has continuous sample paths.

Finally, we analyze the fourth summand on the right hand side of (16).
Here we have

t
Z/ 2 (p// (eA(tQ*s)XS) (eA(tzfs)B(Xs)gj’ eA(tzfs)B(Xs)gj) ds
t

t1
_Z/ S (AIX,) (A B(X,)g;, A B(X,)g;) ds
t

\%4

to 9
</ H‘p"(eA(tQ K )HL<2> (H,, V)HeA(t2_S)B(XS)HHS(UO,HW) ds
S —s —s 2
[ ) ) g I B

+Z/ ng// A(t1—s) )HL<2) ) (H Altz—s) _ JA(ti— s)) B(XS)QJ.HH7

JjeET

(=B, + B, ) ) ds

14



and therefore

t1
_Z/ S (ABIX,) (A B(X,)g;, A B(X,)g;) ds
t

v
<( swp [ (eex, ap |BE)E
(u»SE[to,T] € Mo, vy selto,T] I BCX ) s,
2T (ty — tl)(1+2572w) ) )
‘ +e®™ | sup ||B(X,
(1 + 26 _ 2,}/) selto.T] || ( )”HS(U(),H[;)

T
' / L) (5) [[@" (X279 X,) — " (eA179)X,) HL(2)(HW7V) (ts — $)*P) ds
to

+ ( sup H‘Pll(eA(wtO)XS) “L(2)(HW,V)) H(n - A (eA(trtl) —1) ||L(H)

u,s€[to,T]

t1
.262"T/ (ty — )72 IBX) | ez (w,1,) @

to

for all ¢t1,ts € [to, T] with t; <ty and all € € [0,1+ 28 — 2v) due to Lemma 1
in [8]. Lebesgue’s theorem of dominated convergence and Lemma 2 in [§]
hence yield that the V-valued adapted stochastic process

t

Z/ S (AIX,) (A B(X,) gy, eI B(X,)g;) ds
t

for t € [ty,T] has continuous sample paths and this finally completes the
proof of Theorem 1. O
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