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Abstract

A non-time-homogeneous generalized Mehler semigroup on a real sep-
arable Hilbert space H is defined through

pstf(x) = /]Hf(U(t, s)x +y) pes(dy), t>s, x€H,

for every bounded measurable function f on H, where (U(t,s))i>s is an
evolution family of bounded operators on I and s is a family of prob-
ability measures on (H, Z(H)) satisfying p¢ s = pier * (prs 0 U(t,7)71) for
t > r > s. This kind of semigroups is closely related with the “transi-
tion semigroup” of non-autonomous (possibly non-continuous) Ornstein-
Uhlenbeck process driven by some proper additive process. We show the
infinite divisibility and a Lévy-Khintchine type representation of ;. We
also study the corresponding evolution systems of measures (=space-time
invariant measures), dimension free Harnack inequality and their appli-
cations to derive important properties of p,;. We also prove the Harnack
inequality and show the strong Feller property for the transition semigroup
of semi-linear non-autonomous Ornstein-Uhlenbeck processes driven by a
Wiener process.
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1 Introduction

Generalized Mehler semigroups (p;):>0 on a real separable Hilbert space H, which
have been extensively studied in [BRS96, SS01, FR00, LR02, RW03, DL04, DLSS04,
LRO4] etc., are defined by the formula

of (@) :/]Hf(Ttery),ut(dy), £>0, s H, feB(H). (L)

Here B,(H) is the space of all bounded Borel measurable functions on H, and
(T})¢>0 is a strongly continuous semigroup on H and (u:)¢>o is a family of proba-
bility measures on (H, #(H)) satisfying the following skew convolution semigroup
condition

fhirs = ps * (e 0 TSY), s, > 0. (1.2)

Condition (1.2) is necessary and sufficient for the semigroup property of (p:)i>o:
for all t, s > 0, p;ps = prrs on By(H) (and the Markov property of the correspond-
ing stochastic process respectively).

The transition semigroups of Lévy driven Ornstein-Uhlenbeck processes are
typical examples of generalized Mehler semigroups. See e.g. [App06, PZ07]. Tt is
shown in [BRS96, FR00] that under some mild conditions the reverse result also

holds.



Recently, much work, for instance, [DPL07, DPR08, GL08, Kn&09, Woo09],
has been devoted to the study of non-autonomous Ornstein-Uhlenbeck processes.
In these papers, the drift is time-dependent, and the noise is modeled by a station-
ary process, e.g. a Wiener process or Lévy process. To get a full non-homogeneous
Ornstein-Uhlenbeck process, it is natural to consider a more general noise given
by non-stationary processes such as additive processes. To be more precise, let
us describe our framework in detail.

Let (A(t), Z2(A(t)))ter be a family of linear operators on H with dense do-
mains. Suppose that the non-autonomous Cauchy problem dx, = A(t)xdt, t > s,
with initial condition x5 = x, is well posed (see [Paz83]). That is, there exists an
evolution family of bounded operators (U(t, s)):>s on H such that z(t) = U(t, s)x
for z € Z(A(s)) is a classical unique solution of this Cauchy problem.

Recall that a family of bounded linear operators (U(t, s)):>s on H is an evo-
lution family if

(1) For every s € R, U(s,s) =1 and for allt > r > s, U(t,r)U(r,s) = U(t, s);

(2) For every z € H, (t,s) — U(t,s)z is strongly continuous on {(¢,s): t >
s; t, s € R}.

An evolution family is also called evolution system, propagator etc.. For more
details we refer e.g. to [Paz83].

Let (Z;)i>s be an additive processes in H, i.e. an H-valued stochastic con-
tinuous stochastic process with independent increments, and (B(t)):cr a family
of bounded linear operators on H. Consider the following stochastic differential

equation
X, = . .
We call the following process a mild solution of (1.3):
t
X(t,s,z)=U(t,s)x +/ U(t,r)B(r)dZ,, (1.4)

t > s and x € H, if the stochastic convolution integral in (1.4) is well-defined for
a proper additive process (Z;);>o (see [Det83, Sat06]). Denote the distribution
of the convolution fst U(t,r)B(r)dZ, by fis. Then the transition semigroup of
X(t,s,z) is given by

P.uf(x) = Epf(X(t,5,2)) = /}H FUG ) + ) jis(dy). (1)

for all t > s, x € H.
The aim of the present paper is to adopt the axiomatic approach from [BRS96]
to study this kind of non-autonomous processes through its semigroup (1.5).
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Complementing the analytic study in this work, the more probabilistic paper
(see [Ouy10]) containing a detailed study of non-autonomous Ornstein-Uhlenbeck
processes (1.4) driven by an additive process is in preparation. For the present
paper, we consider an abstract form of (1.5) given by the following non-time-
homogeneous version of the generalized Mehler semigroup (1.1):

ps,tf('r) = /le(U(tv S)CL’ + y) Mt,sdya YRS ]H’ f € Bb(]H) (16)

Here p5, s < t, is a family of probability measures on (H, Z(H)) satisfying a
non-time-homogeneous analog of (1.2) (see (1.7) below).

The organization of this paper is as follows.

In Section 2 we shall introduce the non-time-homogeneous transition func-
tion p,; of generalized Mehler type. We show the continuity and characterize
the Markov property of ps,. We also indicate how it fits into the more general
framework of non-homogeneous skew convolution semigroups.

In Section 3 we study the skew convolution equation for measures

Hts = i * (,ur,s © U(t, T)il) (1'7)

which is equivalent to the flow property for (ps;)i>s, i.e. the Chapman-Kolmogorov
equations (see Proposition 2.2 below). We prove that if u, s is stochastically con-
tinuous in s,¢ (cf. Assumption 3.1 below), then for every t > s, i, is infinitely
divisible. We then investigate the structure and representation of the measures
Hi,s-

In Section 4 we study evolution systems of measures, i.e. space-time invariant
measures, for the semigroup (ps:)i>s. We show some sufficient and necessary
conditions for the existence and uniqueness of evolution systems of measures.
The basic idea can be found in [BRS96, FR00, DPL07, Knd09, Woo09] etc.. But
we are in a more general framework. Theorem 4.3 and Theorem 4.4 below are the
infinite dimensional generalizations of the results in [Woo09] for finite dimensional
Lévy driven non-autonomous Ornstein-Uhlenbeck processes. However, Items (3)
and (4) of Theorem 4.4, which are not in [Woo009], are new also in finite dimensions
and interesting by themselves since they are converse results to Theorem 4.2 below
about the relationship of two evolution systems of measures. We borrow the idea
to use periodic (in time) conditions to prove uniqueness (see Theorem 4.7) from
[DPL07, Kn&09].

In Section 5 we prove Harnack inequalities for p,; using much simpler argu-
ments than in the previous papers [RW03, Knd09, ORW09, Ouy09a] in which also
Harnack inequalities for generalized Mehler semigroups or Ornstein-Uhlenbeck
semigroup driven by Lévy processes were shown. The method in [Kn&09] and
[RWO03] relies on taking the derivative of a proper functional; the method in



[ORW09, Ouy09a] is based on coupling and Girsanov transformation. Our ap-
proach in this paper is based on a decomposition of p,;. As applications of the
Harnack inequality, we prove that null controllability implies the strong Feller
property and that for the Gaussian case, null controllability, Harnack inequal-
ity and strong Feller property are even equivalent to each other as in the time
homogeneous case.

In Section 6 we apply Girsanov’s theorem to study the existence of martingale
solutions of semi-linear non-autonomous Ornstein-Uhlenbeck process driven by a
Wiener process for possibly non-Lipschitz non-linearities. For the Lipschitz case
we refer to [Ver09]. Our approach is an adaption of the standard procedure when
the linear part A does not depend on time (see [DPZ92, Chapter 10]). Our
main contribution here is to establish a Harnack inequality and hence show the
strong Feller property for the transition semigroup (based on applying a properly
adapted version of the method in [ORWO09, Section 4]).

In Section 7 we append a short introduction to control theory for non-autonomous
linear control systems and null controllability. This is closely related to the strong
Feller property of the corresponding Ornstein-Uhlenbeck processes. The minimal
energy representation also proves useful for more precise estimates of the con-
stants in the Harnack inequalities.

2 Non-time-homogeneous generalized
Mehler semigroups

Let H be a real separable Hilbert space with norm and inner product denoted
by | - | and (-,-) respectively. Let (U(t,s));>s be an evolution family on H and
(t,s)t>s a family of probability measures on (H, #(H)). For every f € B,(H)
and t > s, define

pocf (@) = /}H FU G s)e + 9) punldy), € H. (2.1)

For every (t,s) € A := {(t,s) € R*:t > s}, it is clear that p,, is Feller,
ie. ps+(Cy(H)) C Cp(H), where Cp(H) is the space of all bounded continuous
functions on H. Now we look at the continuity of the map (¢, s, z) — ps,f(x) for
fin Cy(H).

The following proposition is a direct generalization of [BRS96, Lemma 2.1].
The proof is quite similar to the proof in [BRS96].

Proposition 2.1. Assume that (sp,t,) € A, n € N with (sp,t,) — (s,t) as
n — oo such that p, s, — pes weakly as n — oo. Then ps, ¢, f(xn) — psif () if
x, = x in H asn — oo and [ € Cy(H).



Proof. Since p, s, — pu,s weakly, by Prohorov’s theorem, for every € > 0, there
exists a compact set K C H such that

pro(K)>1—¢, forall (r,o) € {(t,s), (tn, s,): n € N}. (2.2)

For abbreviation, we set z, = U(t,, sn)z, and z = U(t, s)x.

By the strong continuity of the evolution family (U(t,s)):>s, the set S :=
{z,zn: n € N} is compact. Hence S + K is also compact. So there exists N € N
such that for any n > N and any y € K,

|f(zn+y) = [z +y)l <e, (2.3)

since f is uniformly continuous on compacts.
Because the map (t,s) — s on A is weakly continuous, (taking N larger if
necessary) we have for all n > N

[5G+ 0 )~ [ 5G+0) ut,s<dy>\ <e (2.4)

From (2.2), (2.3) and (2.4) we get

/]Hf(zn +Y) 5, (dy) — /]H flz+y) ut,s(dy)'

<

[5G+ ) - [ 5+) ut,5<dy>]

" / Gt 1) = £z )] e () + 20|l
K

<2e(1+ | fllo);

and the result is proved since € was arbitrary. O]

We are interested in the case when (ps:)i>s in (2.1) satisfies the Chapman-
Kolmogorov equations:

Proposition 2.2. For all s <r <'t,
DsaDrt = Pst  ( “Chapman-Kolmogorv equations”) (2.5)
on By(H) if and only if for all s < r <t,
fies = pieg * (prs 0 U(E,r) 1) (2.6)

For the proof we refer to Example 2.6 below which is based on Proposition
2.5 below where we deal with the more general skew convolution semigroups.

Later on, we shall always assume (2.6) to hold or equivalently the following
equation holds:

ﬂts(f) = ,&t,r(g):&ns(U(t? T)*€)> 5 € ]H (27)
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Here for every probability measure p on (H, 2(H)), we denote its Fourier trans-
form by f, i.e.,

ji(e) = [ 9 uaa), cem
Obviously, (2.6) implies that p;; = do for all ¢ € R.

Definition 2.3. The family of probability kernels (ps;):>s defined in (2.1) with
(tes)e>s satisfying (2.6) is called a non-time-homogeneous generalized Mehler
semigroup.

Naturally there exists a Markov process associated with (ps;)i>s by Kol-
mogorov’s consistency theorem. However, this process is of interest only if one
can prove certain regularity properties of its sample paths. One can mimic the
idea in [BRS96] and [FROO0] to construct corresponding Markov processes with
cadlag paths and even show that the process solves some stochastic equation.
This will be contained in [Ouy10].

As noted by Li et al. (see [Li06] for a survey), a generalized Mehler semigroup
is a special case of a so called skew convolution semigroup. In the remainder of
this section we shall briefly discuss non-time-homogeneus skew convolution semi-
groups which constitute a more general framework than non-time-homogeneous
generalized Mehler semigroups. But in the following sections of this paper we
shall concentrate on the setting introduced above.

Let (S,+) be a metrizable abelian semigroup, that is, S is a metrizable topo-
logical space and there is an operation +: S? — S which is associative, commu-
tative and continuous. Let (us;):>s be a Borel Markov transition function on S
satisfying

a4 9. ) = g, ) ¥ sy, ) (2.8)

for every t > s and z,y € S.
Since (us¢)¢>s is a family of Markov transition functions, the Chapman-Kolmogorov
equations hold, i.e. for all x € S, f € By(S), t >r > s,

st f(2) = usr (ure f) (@),
or written in integral form:
. F(2)up(y, d2)us o (z, dy) = /Sf(z)us,t(x, dz). (2.9)
From (2.8) we see that for every ¢t > s
us+(0, ) = do. (2.10)

Here 0 denotes the neutral element in S.



For every probability measure p on (S, #(S)) we set

ps(4) = [ gl A) plde), A€ B(S)
for every t > s. It is easy to show the following result.
Proposition 2.4. For any two probability measures p and v on (S, AB(S)),
(b V)use = (pusy) * (Vusy)
for allt > s.
Now let (purs)i>s be a family of probability measures on (S, %(S)). Define
Qs (@, ) = s (2, -) * pres()
for all x € S and t > s. We have the following result.
Proposition 2.5. (gs1)i>s s a family of transition functions, i.e.
Qst = Qsrrp, T2T 2> (2.11)
if and only if
His = fher * (Hrstng), T 2>7 25, (2.12)
or equivalently,

fis(6) = fur(©)(fmsurd) (€), EE€S, t>r>s.

Proof. For every f € By(S), x € S, we have
QS,TQT,tf(x)

= /S S (Y)qsr (2, dy)
= /2 QT,tf(yl + y2>us,r($7 dyl),ur,s(dyQ)
S
= g1 f(Z)QT,t (yl + Y2, dZ)USW(Z‘, dyl)lu’r,s(dyQ)

= [ f(z1+ 22)urs(y1 + o, dzy) prp (dzo)us (2, dyr ) pir s (dy2)
S4

= [ f(z11 + 212 + 22)ur (Y1, dz11) Ut (Yo, dz12) e (d22)us o (2, dyy ) por s (dyo)
S5

= f(Zn + 212 + 22)us,t($, dZH)Ur,t(y% leQ)Mt,r(dZ2)Mr,s(dy2)
S4

= fzi1 + 212 + 22)us (@, d2ay) (o sUr s ) (d212) g, (d22)

= /S F) (s (@, -) * (phrsure) * pier)(dz).
(2.13)



Here to get the sixth identity we used (2.9). If (2.12) holds, then by (2.13) we
obtain

Gortrif (@) = /S () tsa(, ) % i) (d2) = gsuf ().

That is, (2.11) holds.
Conversely, if (2.11) holds, then by taking x = 0 in (2.13) and using (2.10),
we get

£ e s ) = [ o2
S S
for every f € By(H). This implies (2.12). O

Example 2.6. When S = H is a real separable Hilbert space and usq(z,-) =
Ou(t,s)z for every t > s and x € S. Then (gs)i>s is the non-homogeneous gen-
eralized Mehler semigroup (ps¢):>s defined in (2.1) and the equivalence of (2.11)
and (2.12) in Proposition 2.5 is exactly the equivalence of (2.5) and (2.6) in
Proposition 2.2. The latter is thus proved.

Example 2.7. Let S = M (FE) be the space of all finite Borel measures on a Lusin
topological space E. Let (us;):>s be the transition semigroup of some measure-
valued branching process and (ps)i>s be a family of probability measures on
M(E) satisfying (2.12). Then (gs:)s<¢ is called an immigration process in [Li02].

3 On the equation p; s = fi;, * (,ur,s o U(t, 7“)_1)

3.1 Infinite divisibility

Recall that a probability measure p on H is said to be infinitely divisible if for
any n € N there exists a probability measure p, on H such that p = p" =
o * fin % -+ % [, (n-times). We first look at equation (1.2). If Ty = I, then it
is clear that for every ¢ > 0, p, is infinitely divisible. It is proved in [SSO1] that
in fact u; satisfying (1.2) is also infinitely divisible. Consider (2.6) for the case
when H is finite and U(¢,s) = I. It is known (see [[t606] or [Sat99, Theorem
9.1 and Theorem 9.7]) that p , is infinitely divisible provided Assumption 3.1
below holds. In the following, assuming Assumption 3.1, we shall prove infinite
divisibility for p s satisfying (2.6) for the general case. That is, we generalize
the results mentioned above both to the time-inhomogeneous with general U(¢, s)
and infinite dimensional state space.

In the rest of this chapter we fix p; 5, t > s satisfying (2.6) and we shall use
the following assumption.

Assumption 3.1. For every ¢, > 0, there exists 6 > 0 such that for every
t,se Rwith0<t—s<4,

ps({z: || > e}) <.
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In this case, we say the family of probability measures (i s):>s is stochastically
continuous.

Remark 3.2. Note that measures (u¢)i>o satisfying pus = e * ps for every
t,s > 0 do not necessarily fulfill Assumption 3.1. See for instance the argu-
ments in [Bre92, Section 14.4]. We also note that for the homogeneous case, the
infinite divisibility of u; satisfying (1.2) is proved without the above continuity
assumption.

Lemma 3.3. (U(t, s))t>s is uniformly bounded on every compact interval. That
18, for every fized sy < tgo, there exists some constant ¢ > 0 such that for every
So < s <t <o,

|U(t,s)x| <clz|, xe€H, sop<s<t<t (3.1)

Proof. For every fixed x € H, |U(t,s)z| is a continuous function in (¢,s) on
Ay sy = {(t,s): 5o < s <t <ty}. Hence |U(t, s)z| is uniformly bounded on Ay 4,

for every fixed z € H. By the Banach-Steinhaus theorem sup; e, . [IU(L, s)|| <
oo. That is, there exists some ¢ > 0 such that

\U(t,s)z| <clz], xeH, so<s<t<t. (3.2)

O

Lemma 3.4. Suppose that Assumption 3.1 holds. On every compact interval
[S0,t0], there exists a § > 0 such that for all s,t € [so,to] with 0 <t — s <4,

pes o Ultg, t) '({z € H: |z| > }) <. (3.3)

Proof. Since the case t = s is trivial, we shall assume ¢ > s. For convenience, set
A(r) :={xz € H: |z| > r} for every r > 0. By Lemma 3.3, there exists a constant
¢ > 1 such that

|U(t, s)x| < clzx|, xe€H, sg<s<t<ty.

By Assumption 3.1, for every e, > 0, t € [so, to], there exists a §; > 0 such that
for each s € (t — dy,1),

pes(A(€'/2)) < /2, pus 0 Ulto, )7 (A(€'/2)) < n/2,
where we set ¢/ = ¢/c. For each s € (t,t + &),
psi(A(€'/2)) < /2, pos 0 Ulto, s)7(A(€'/2)) < n/2.

For every t € [so,to], set I, := (t — §;,t + &;). Then {I;: t € [sq,to]} covers the
interval [sg, to]. Hence there is a finite sub—covering {I;;: j = 1,2...,n} of [so, to].
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Let ¢ be the minimum of {¢;,/2: j = 1,2,...,n}. Then for every t € [so, o], we

have ¢ € I, for some j. For every s € [sg, o] satisfying 0 < ¢t — s < §, we have

|s —t;] < 0y, since |s —t;] < |s —t| + |t —t;] <0+ 6y,/2 < 6;;. Now we consider

the following three cases respectively: 1. s <t; <;2. s <t <t;;3. ¢, <s<t.
Case 1. (s <t; <t) By (2.6),

pe,s(A(E") = g, * (pe,s 0 U(t, 1)) (A(E))
//m (& + ) o, (02) (1, 5 © U (1, £,) 1) (dy)

< /}H /]H (Lagers2y () + Laery2) () pie, (da) (e s 0 U (L, 1)) (dy)

— 104, (A(E'/2)) + (10, 0 Ut 1)~ )(A(/2))

non
< +4+1l=n.
5 T =

Hence

pes o Ulto, ) '({z € H: |2| > ¢}) = ws({x € H: [U(ty, t)z| > €})
< s({x € H: |z| >¢/c}) <n.

Case 2. (s <t <t;) We first show (u;s 0 U(t;,t) ') (A(")) < n by contradic-
tion. If otherwise, we have

(00 0 Ut £) ) (A() > 11 (3.4)
Then by (2.6), we have
2> (A /2)) = a5 (s 0 Ulty, ) AE/2)
- / / Lo 2y (@ + ) pn, () (0 0 U (15, £)) (dy)

/ / Lo 2y (2) * Lagen (8)) fue, ()t s 0 U (t,£) ) (dly)
= e, (A(E/2)%) - (e 0 Uty 1)) (A())

2

" n

> 1—-): _
”( =

2
Here we used the fact that if [y| > &’ and |z| < /2, then |z +y| > |y| — |z| > &.
The inequality obtained above shows 2 > 7 — % Consequently, n > 1 which
contradicts (3.4).
Then

pes o Ulty,t) '({z € H: |z| > ¢}) = pes({x € H: [U(to, t;)U(t;, t)x| > €})
< s({z e H: |U(t;,t)z| >¢e/c}) <n.
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Case 3. (t; < s < t) Similar to Case 1 we only need to show s (A(¢')) <7
whose proof is similar to the proof in Case 2. Indeed, if 11, s(A(g")) > 7 then

g > pie; (A(€'/2)) = pe,s * (s, 0 UL, 8) ") (A(€'/2))
= [ [ S ) (), 0 Ut )
> pie,s(A(€)) - (s, 0 U (L, 5) ) (A(€'/2)%)
20(1-)
This implies n > 1 which contradicts the assumption. O

Remark 3.5. From the proof of Lemma 3.4 (or (3.3)) we obtain the following
result. Suppose that Assumption 3.1 holds and for every fixed sy < tg, there
exists some constant ¢ > 0 such that for every sy < s <t <t (cf. (3.1)),

Vclz| <UL, s)z| <clz|, z€H, so<s<t <t

Then (ps)es is uniformly stochastically continuous on compact intervals. That
is, for every sy < to and every e, > 0, there exists a ¢ > 0 such that for all
s,t € [so,to] with s <t and t —s <, we have y; ;({zr € H: |z| > ¢}) <n.

Now we can prove the following theorem.

Theorem 3.6. The measures (ps)i>s satisfying (2.6) and Assumption 3.1 are
infinitely divisible.

Proof. For simplicity we only show that p o is infinitely divisible since the proof
for arbitray s <t is similar. By (2.6), we can write for every m € N,

. —1
«(2m—1 J+1
o =% P 4 o (L5)

Here we use II* to denote the convolution product. By Lemma 3.4 we know that
1,0 is the limit of an infinitesimal triangular array. Then by [Par67, Corollary
VI1.6.2] we know that o is an infinitely divisible distribution. O

By the Lévy-Khintchine theorem [Par67, Theorem VI1.4.10], for every ¢t > s,
there exists a negative definite measurable function 1/, , on H such that

pes exp(i(,€)) = exp(=ts(€)), €€ H

and v, ; has the following form

1/%,3(5) = _i<at,s>£> + %<§; Rt,s§> _/

H

<ei<§"”>—l— i, ) ) me(dz),  (3.5)

L+ [af?
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where a,, € H, R, is a trace class operator on I and m, 4 is a Lévy measure on
H.
Then condition (2.6) turns to

¢t,s(£) = 'l/)tn“(g) + wr,s(U(t’ ’I“)*g) (36)

for every t > r > s and £ € H.
For simplicity, we shall denote the infinite divisible measure with characteristic
function exp(—1¢ ) given as in (3.5) by Dlas s, R s, mys]. That is,

D[a’t,sv Rt,sv mt,S](&) = eXp<_wt,s(£))7 5 € H.

By (2.6) and the uniqueness of the canonical representation of infinite divis-
ible distributions (see also the proof of [Ouy09a, Corollary 1.4.11]), we have the
following identities

Rt,s = Rt,r -+ U(t, T’)RnsU(t, T)*,

My s = My r + my s © U(t, 7’)717

Qg5 = Qg r + U(t, 7h)a’/‘,s (37)
1 1

Ul(t - T,8 d

R e e e v L

for every t > r > s.

3.2 Representation of i

The following proposition shows a typical form of the measure p; ; which satisfies
the equation (2.6).

Proposition 3.7. Let (A s)i>s be a family of negative definite Sazonov continuous
functions on H satisfying M\ s(0) = 1 for every t > s such that the function
s Ms(€), £ € H, t > s, is locally integrable. Assume for everyt >r > s,

)\t,s(g) = )\r,s(U<t7 T>*£)7 5 € H. (38)

Let w be a o-finite measure on R. Then

jnal€) = (- | hn(©) o)), EEH, 1> (39)

with fi; = 1 defines a family of probability measures (ps)e>s such that (2.6)
holds. If the setting for (Ais)i>s above extends to (A s)i>s then we have

fis.(€) = exp (— / (UL o)) W(da)) e t>s (3.10)

13



where we set \g 1= A\g 5 for every s € R.

Conversely, let \,.: H — C be a negative definite Sazonov continuous function
for every r € R with A\.(0) = 0. Then A\ 4(§) := )\S(U(t, s)*é), t > s, satisfies
(3.8).

Proof. By the assumptions, it is easy to see that for every ¢ > s, fst Ao (&) m(do)
is also negative definite and Sazonov continuous. Hence by [BF75, Theorem 7.8]
we know the right hand side of (3.9) is positive definite and Sazonov continuous.
By Bochner’s theorem (see e.g. [VTC87, Chapter VI; Proposition 3.2(c)]), we
know f s is well defined through (3.9). It is a probability measure by the fact
that A\ s(0) = 1 for every t > s.

Now we verify (2.6). We only need to consider the case when ¢ > r > s. For
every £ € H,

mm@nnﬁauarrs):emp(—l[t&ﬂgaw«w>— [7»paMurr®)
:em(—13m@mw@):on

Now we show the last assertion. Suppose that for every ¢t > s, A\, =
As(U(t,5)*€). Then for every t > r > s,

Ar.s (U(t, 7“)*5) = )\ (U(r, s)*U(t, r)*ﬁ)
= X (U U (r,5))°¢) = As(U(t,9)7) = Mrs(€)

]

Remark 3.8. For t > s, let v, be the measure on (H, #(H)) with Fourier
transformation 7, s = exp(—A;5(€)) for every £ € H. Fix sp and set vy = vy 4,.
Define a transition semigroup us; by s (2, ) = dy,s)(+) for every x € H. Then
(3.8) implies that (1)t s>s, 1s an entrance law (or an evolution system of measures,
see Section 4) for ;.

Remark 3.9. Let A\.: H — C be a negative definite Sazonov continuous func-
tion for every r € R with A.(0) = 0. Then for every r € R, exp(—A,) is the
characteristic function of an infinitely divisible probability measure on H. By the
Lévy-Khintchine Theorem [Par67, Theorem V1.4.10], for every r € R the symbol
A, can be written in the form

M(©) = —ilars) + 316 R - [

H

(ei<5"”> -1 - U, ) ) m,(dz), &€ H,

1+ |z)?
(3.11)
where a, € H, R, is a trace class operator on H and m, is a Lévy measure on H.
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By Proposition 3.7,

fie () = exp (— / MO E) w(dr)) (3.12)

defines a family of measures (f1; s):>5 satisfying (2.6). Then y , an infinite divisible
measure with triplet (a;s, Ry s, V1) given by

t
aw:/ U(t,r) a,m(dr)

t 1 1
Ult — ~(dx)d
+//]H (”")41+|U<t,r>x|2 T e

¢
Rt,SZ/ Ut,r)R.U(t,r)* m(dr),

m;({0}) =0 and m;4(A) = /t m, (U(t,7)"H(A) w(dr), Aec B(M\{0}).

Remark 3.10. For the case when H is a finite dimensional Euclidean space, it
is shown in [Sat06] that a natural additive process Z; admits a factorization and
hence the distribution of the convolution integral [ "U(t,r)B(r) dZ, has the form
(3.12). An extension to the infinite dimensional case is in preparation [Ouy10].

The following result is a converse to Proposition 3.7. Recall that we set
U s(&) = —log f1r (&) for every £ € H and r > s.

Proposition 3.11. Assume that (2.6) (equivalently (3.6)) holds. Let £ € H and
t € R. Ifi:.(§) is of bounded variation on (—oo,t|, then there is a unique signed
measure F{ on ((—oo,t], B((—00,1])) such that

Fi((s. 1)) = thal6), s <t. (3.13)

Let m be a o-finite measure on (R, Z(R)). Suppose that for any t € R and
¢ € H, Fg is absolutely continuous with respect to ™ on ((—oo,t], B((—0o0,t]))

with Randon—Nikodym derivative A s(§) = dd—?(s), s <t. Then A\ s(-) is negative

definite and Sazonov continuous on H, (3.9) holds and (3.8) holds for m almost
every s witht > r > s.

Proof. Define F{([s,7]) = v, s(U(t,r)*§) for every s < r < t. By (3.6) we have
the following additive property: for every s <o <r <'t,
Fe([o,7]) + F¢([s,0]) = ¥ro(U(t,7)7€) + Y0, (U(t,0)"€)
= Uro(U(t, 7)) + ¥os(U(r,0) UL, 7))
=, (U(t,r)°E) = Fg([&ﬂ)-

15



Note also that s — 1, 4(£) is left continuous at ¢. Hence by the standard extension

procedure of additive set-functions on rings, we know F, gt can be uniquely extended

to a signed measure on ((—o0, ], #((—o0c,t])) which is denoted still by F{.
Since A;.(€) is the density of Fg with respect to 7, we have

/ Mo (&) w(dor) = F([s,1]) = 10.(6).

Hence

i (6) = exp(—5(€)) = exp (— / hn©) w(do)) .

That is, (3.9) holds.
Let t > r. For any r; < ry < r, we have

/T2 /\t,a(€> 7T(d0’) - Fg([rlv TQ]) - wmﬂ”l (U(tv TQ)*§> - 1/)7"2,7“1((](Tv TQ)*U(tﬂ 7”)*5)

T1

~ Feayelirnrd) = [ o0t )€ atdo).

T1

This implies that for 7 almost every s, s <r <'t,

/\t,s(g) - )‘r,s(U(t7 T)*f)

This proves (3.8). The negative definiteness and Sazonov continuity of A, 5() are
easy to show by (3.9) and the corresponding properties of ) . O]

We shall consider the special case where 7 is Lebesgue measure. We need the
following fact. For the proof we refer to [MV86, Theorem 1] (or the references
therein, e.g. [Hob57, Page 365 (3rd Ed.) or Page 341 (2nd Ed.)]).

Lemma 3.12. Let f be a continuous function on [a,b]. If for each x € (a,b)
either the left derivative or the right derivative vanishes, then f is constant.

Proposition 3.13. Assume that (2.6) (equivalently (3.6)) hold and for every
EeHandt > s,

(1) the function s +— 1 4(€) is continuous and left differentiable at s = t.
Denote the left derivative by — (&), i.e.

nl©) = Lo =t ), (3.14)

)
ot Mt r—t

(2) the function s — A (U(t, s)*€) is continuous.
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Then for every t € R, \(-) is negative definite and Sazonov continuous on H,
and for every £ € H, t > s,

t
fir,s(§) = exp <—/ A (U(t,7)€) dr> . (3.15)
Proof. For every ¢ € H and r < t, by (3.6) we get

@Z)t,v"’ (E) — ¢t,r(§) — lim ¢t,r (5) + ¢T,T’(U(t7 T)*£> — ¢t,r (é)

d~ )
%wt,r (&) = lim

r’tr r—r r'tr r—r
. wr,r’(U(ta T)*é) *
zngr?} o, = -\ (U(t,7)€).

By our assumption, for every £ € H, r — X\.(U(t,r)*¢), r < t, is continuous.
Hence we see that

S (©) =0, r<t (el (3.16)

where

D, (&) =i (§) —/ MUt w) ) du, r<t, &€ H.

By Lemma 3.12 we know ®;,.(§) is constant for every r € [s,t]. But ®,,(§) =0,
hence ®;4(£) = 0 also. This implies

Vrs(§) = / (U (t,7)*€) dr-.

Since 1y 5(&) = —log fi;s(§), we obtain (3.15).
From the negative definiteness and Sazonov continuity of i (-) we get the
corresponding property of (). ]

Remark 3.14. The assumption that s — A\ (U(t, s)*¢) is continuous for s < ¢t and
¢ € H, is used to ensure that the map s +— fst A (U(t,u)*€) du is continuous and
has (left)-derivative —As(U(t, s)*¢). This continuity assumption on \.(U(t,-)*¢)
holds if we assume that for every ¢ > 0, s < t, and for every bounded set B C H,
there exists a & > 0 such that sup,cp [Astn() — As(z)| < € provided |h| < § and
h <t — s. Indeed, note that

[Astn(U(t, s + 1)*E) = A(U(t, 5)"¢))
SAsin(U(t, s + 1)) = A (Ut s + )|+ [As(U (L, s + 7)) = A(U(¢, 5)°E)]-
Hence [Asin(U(t, s + h)*€) — As(U(t, s)*¢)| can be made arbitrarily small, since
the first term on the right hand side of the inequality above can be made small

by the assumption that s — A¢(z) is continuous uniformly in 2 on bounded sets;
the second term can be made samll by the strong continuity of U(¢,-).
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Remark 3.15. Proposition 3.13 generalize [BRS96, Lemma 2.6] which dealt
with homogeneous generalized Mehler semigroups (see (1.1)) using differentia-
bility condition. For the homogeneous case, there are some generalizations of
[BRS96, Lemma 2.6]. Neerven [vN0O| relaxed the differentiability condition for
general Gaussian Mehler semigroups on Banach space. Dawson et al. [DL04, The-
orem 2.1] (see also [DLSS04, Theorem 2.3]) used entrance laws to characterize
1 and hence dropped the differentiability condition for homogeneous generalized
Mehler semigroups on Hilbert spaces. For measure-valued skew convolution semi-
groups, the sufficiency and necessity of the representation were proved in [Li96,
Theorem 2] and [Li02, Theorem 3.1] respectively, for the homogeneous case and
the non-homogeneous case by using entrance laws. Proposition 3.11 can be seen
as an attempt to use entrance laws to characterize ji,;. But we do not know how
to find a natural measure 7.

4 Evolution systems of measures

Let (pst)i>s be defined as in (2.1) on a separable Hilbert space H with (U (%, s)):>s
and (pts)e>s satisfying (2.6).

Generally, for a family of non-autonomous operators (ps¢):>s on H, we cannot
expect to have a stationary invariant measure for them. But we can try to look
for a family of probability measures (14);eg on H such that

/psjtf(a:) vs(dx) = /f(a:) v(de), s<t (4.1)

for all f € By(H). Such a family of probability measures is called an evolution
system of measures for (ps:)i>s (see [DPROS8]). Evolution systems of measures
are also called entrance law in [Dyn89].

Lemma 4.1. A family of probability measures (v4)ier on H is an evolution system
of measures for (psi)e>s if and only if for every t > s,

ﬂt,s(g)ﬁs (U<t7 S)*f) = ﬁt(§)7 § € H. (42)

Proof. Identity (4.2) comes from (4.1) for functions f of the form exp(i(¢, z)),
¢ € H, which is enough to ensure (4.1) for all bounded measurable functions. [

Theorem 4.2. Suppose that (I/t(l))teR 1s an evolution system of measures for
(psit)i>s- Let (V,f(Z))teR be another system of probability measures and assume that
there exists a family of probability measures (o4)ier on H such that

yt(Q) = yt(l) xo, and o,0U(t,s) ' =0y

Then (V,f(Q))teR is also an evolution system of measures for (ps)i>s-
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Proof. For every £ € H,

02 (&) = 0M(€)61(€) = fus(E)DV (Ut 8)*€)6,(€)
= fus ()P (UL, )°€)65(U(t, 5)E) = fuu ()0 (U (L, 5)°E).

Hence the assertion follows by Lemma 4.1. O]

Assume that for every t > s, ., is infinitely divisible and has the form
pts = Dlars, Re s, my ], where a; s € H, R, is a trace class operator on H, and
m; s is a Lévy measure on H.

By (3.7), we know that for every fixed t € R, (mys)s<; is a decreasing family
of Lévy measures. This allows us to define m; _, for every ¢ € R by setting
m; _({0}) =0 and

m;_oo(A) = ngoo m (A), AeBMH\{0}).

From (3.7) we also see for every x € H and t € R, (R; sz, ) is decreasing in
s. Hence the limit lim, , o (R sz, x) exists for every z € H. By the polarization
identity, we see that for every t € R, x,y € H, the limit lim,_, o (R: sz, y) exists.
Fixing * € H and letting y € H vary, we get a functional lim, , (R sz, ).
We shall assume sup,, tr ;s < oo. Then for every ¢t € R, there exists Cy > 0
such that sup,_,(R;sz,z) < Cy|z|* for every x € H. So we can apply Riesz’s
representation theorem and see that for every x € H, there exists an element
x; € H such that for every t € R and all y € H,

lim (R sx,y) = (z},9).

§——00

By the property of R;,, we see that the mapping from x to z; is a trace class
operator and we denote it by R; . That is, for every t € R there is a trace
class operator R _~ on H such that

(Ri—oox,y) = lim (R x,y), z,y€ H.
S§——00

Consequently for every t € R, the central Gaussian measure with covariance
operator R; _ is well defined.

Theorem 4.3. Suppose that fort € R,
(H1) sup,. tr R, < oo;
(H2) sup,; [;;(LA]z]?) my(dz) < oo

(H3) at oo :=1limey o ars.
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Then for every t € R, my_o 5 a Lévy measure, R, _o, < 00 is a trace class
operator and the system of measures (v4)ier given by vy = Dlat, — oo, Rt — oo Mt —co),

)

t € R, is an evolution system of measures for (ps)i>s-

Proof. Suppose that (H1), (H2) and (H3) hold. For every ¢t € R, we note that
tr Ry oo = SUp,; Ry s < 00. So Ry is a trace class operator. Moreover, for
each t € R,

/(1 Ayl ) my_oo(dy) = lim | (1A |z]?) my 4 (do)dr < oo.
H

S§—>—00 H

This shows that m; ., is a Lévy measure.
Now we show that (14);cr is an evolution system of measures. By (2.6), for
every t > s > r, we have

ft.s * (,usﬂ. o U(t, 3)71) = Lt (4.3)

Note that u: s = Dlas, Ry s, mys] converge weakly to D]as, oo, Rt 0o, Mt — o] = 14
as s — —oo (cf. [FRO0, Lemma 3.4]). Hence letting » — —oo in (4.3) we obtain
(VS o U(t,s)_l) * purs = V4. This proves that (14)ier is an evolution system of
measures for (ps;)s<; by Lemma 4.1. O

The following theorem is the converse to Theorem 4.3.
Theorem 4.4. Let ()ier be an evolution system of measures for (ps+)i>s. Then
(1) Conditions (H1) and (H2) hold.

2) For every t € R there exist x;, € H, s < t, such that .,  * 04, * (Vs 0
) — t,s t,s
Ul(t, s)_l) is relatively compact.

(3) There exists some probability measure 6¢ such that 6, ,* (50U (t,s)™') — 6
weakly as s — —oo. Moreover iy = D[0, Ry _oo, My —oo] * 74,1 € R.

(4) Assume in addition that the following condition holds
(H4) For everyt € R, v,0U(t,s)™! — oy weakly as s — —oc.
Then the limit in (H3) exists and
b, =u %0, teR. (4.4)

Moreover
oy =0,0U(t,s)"!, t>s. (4.5)

Especially, if oy = g, then vy = v, t € R.
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(5) If the limit in (HS3) exists, then the limit in (H4) exists, and hence (4.4),
(4.5) hold.

Proof. Since ():er is an evolution system of measures for (ps¢)i>s, by Lemma
4.1 we have for every t > s,

V~t = Hts * (Ds © U(t, 3)_1) = D[at,sa Rt,87 mt,s] * (ﬂs © U(t, 3)_1)

4.6
= 0a,, * Npg,, ¥ My, * (ﬁs o U(t, s)fl). (4.6)

Here we set N, , := D[0, Ng, ,,0] and M, , = D[0,0,m;,|. Consider s = —n, n €
N, for (4.6). The sequence 0,4, _, * Ng, _, * My _,, n € N, is right shift relatively
compact by [Par67, Theorem III.2.2], i.e. there exist y,_, € H, t € R, n € N
such that the sequence

5yt,—n * (5 * NRt,—n * Mt,*“) = D[yt,*n + QA —n, Rt,fm mt,*n]

at,—n

is weakly relatively compact. This implies (see [Par67, Theorem VI.5.3]) that
supmy _,({|z| > 1}) < 0.

and

sup (tr R, _, +/ |z|? mt,_n(dx)> < 00.
|z|<1

n

Therefore, we can define naturally a Lévy measure m; _, and trace class operator
R _~ for each t € R. It is easy to show (H1), (H2) by a slightly modified
argument from [FRO0, Lemma 3.4]. This proves (1).

Similarly, from (4.6) and by applying [Par67, Theorem II1.2.2] we get (2).
From (4.6) we also get (3) by applying [Par67, Theorem II1.2.1] since Ng, , * My,
converge weakly to Ng, _ * M; _. Here we set M; _, := DI[0,0,my _o].

Suppose that in addition (H4) hold. Then Ng, M, (750U (t, s)™') converges
weakly to Ng, __ * M, _o * 0, as s = —oo. Hence it follows from (4.6) by [Par67,
Theorem II1.2.1] that (J,,_,) is relatively compact. It is easy to see that this
implies (H3). Moreover, the statement 7y = v, % 0y also follows easily.

Now we show (4.5). For every r < s <t and £ € H, we have

137‘<U(t7/r)*€) = ﬁr(U(S’T)*U(tv S)*g) (47)

Letting r — —oo in (4.7) above, we get 6,(£) = 6, (U(t, 5)*¢). This completes the
proof of (4).

The proof of the last assertion (5) uses the same arguments as in the proof of
(4). O
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Remark 4.5. Similarly, the invariant measure for p; defined in (1.1) is of the
form v * pi, where v is a measure on H that is invariant under the action of the
semigroup T; and ji, is the centered Gaussian measure with variance (), which
is the proper limit of the variance of p;. We refer to [Hai09, Theorem 5.22] for
details.

Remark 4.6. Condition (H4) holds if the following conditions (H5) and (H6) hold
(see [Woo09, Lemma 3.7], which also holds for the infinite dimensional case):

(H5) For every t € R and x € H, U(t,s)z — 0 as s — —o0.
(H6) There exists some ty € R such that (1), is uniformly tight.
In the following we consider periodicity condition in time. We shall assume:

(HT) The function U(t,s), uts on A = {(t,s): t > s} are T-periodic for some
T > 0. That is, for every (t,s) € A,

U(t + T7 S+ T) = U(t7 S)a M4 Ts+T = Hit,s-

Theorem 4.7. Suppose that (HT), (H1),(H2), H(3) hold and that for everyt > s,
there exist some some M,w > 0 such that |[U(t,s)|| < Me ™=, Then v, =
Dlat oo, Rt — 0o, Mt —oo| is the unique evolution system of measures with period T
fOT ps,t-

Proof. Tt has already been shown in Theorem 4.3 that (14) g is an evolution
system of measures. It remains to show the uniqueness. Let 7; be a T-periodic
evolution system of measures for p,;. Then for every ¢t € R,

5t+T(§) = ﬂt+T,t(f)’3t(V<t)*f)-
Here we set V/(t) := U(t+17,t). From (2.6) we see that for every t € Rand £ € H
fii+7,—00(§) = et t(§) fut,—o0 (V (£)"E).
So, by the T-periodicity we get

WO er© _ BVE)E)
fit—o(§)  furr—0o(§)  Au—oo(V(1)*E)
Iterating the identity above, for any k£ € N, we get
WO Ve
fit,~o0(§)  fir—oo((V()*)*€)

By assumption, for any x € H we see that (U(t, s))*x converges to 0 as k — co.

This is enough to see that the right hand side of the identity above goes to 1 as
k — oo. Therefore, we obtain that 7,(€) = i, —se(£). O
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Remark 4.8. Let j; ; be the distribution of the convolution integral fst T, ,dZ,
of a one-parameter Cy-semigroup T; with respect to a semi-Lévy process Z, (see
[MS03]). Then ¢ is automatically periodic. Assume ffoo T,_,dZ, exists with
distribution v;. Then it is shown in [MS03] that for the finite dimensional case
(which can obviously be extended to the infinite dimensional case), vy is semi-
self-decomposable. Moreover, this is closely related to semi-self similar processes
etc.. We refer to [MS03] for more details.

5 Harnack inequalities and applications

Let (pss)e>s be as in (2.1), that is psy f(x) = (f,s * dut,5)2) f for every x € H and
f € By(H). Suppose that for every t > s, ;s = Dlays, Rts, mt | is an infinite
divisible measure on (H, (H)) satisfying (2.6).

For each t > s, set

/J“f,s = D[Ov Rt,57 0}7 /J“{,s = D[at,sa 07 mt,s]7

and for every f € By(H), x € H,

P f (1) o= (% Smye) f = /H Ut )z + ) i (dy),

Phuf (@) = (il % 8:)f = / f @ +y) il o(dy).
H
With these notations, we have the following decomposition for p, ;.
Proposition 5.1. Foreveryt > s,z € Hand f € By(H), ps+f(z) = pit(pgt)f(x).

Proof. Note that p, = i, * ngs. Hence we get

Psif () = (fes * uesya) f = (s * 1 s % Sut,5)e) |
:((lug,s * 6U(t78)$) * (Ng,s))f = \/]H:ug,s * 6U(t,8)x(dy> \/]H f(y + Z) :ui,s(dz)

=1 * Suu,sye) Lo f) = 02 (0L F)(2).

Define for every t > s,
s = R, Ut s) (5.1)

with domain 2(T'y,) = {z € H: U(t,s)r € R/Z(H)}. If © ¢ P(Iy,) then set
T, x| := co. Let B;f(H) denote the space of all bounded positive measurable
functions on .
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Theorem 5.2. For every a > 1, ¢ > s and f € B, (H)

(MﬂAﬁ—w|
2(a—1)

2
)ps,tfa(y), x,y € H. (5.2)

Proof. Tt is sufficient to consider the case U(t, s)(H) € sz(]H), since otherwise
the right hand side of (5.3) is infinite by the definition of |I'; ;(-)| and the inequality
(5.3) becomes trivial.

We claim that we only need to show the following Harnack inequality for p?,

all's(z —y)I”
2(a—1)

(7, /(2))" < exp ( )pg,tf%y), rycH  (53)

Indeed, by Proposition 5.1, we know ps; = pgvtpg’t. If (5.3) holds, then by applying
inequality (5.3) to p?, and Jensen’s inequality to p}, we see

(Ps,tf(x))a = (pgvt(pf;’tf)(:v))a < exp (a’%’(soix__lfﬂ > (pg,t(pg,tf)a)(?/)

<o (“I0N () ) = e (TS ) ),

Applying the Cameron-Martin formula for Gaussian measures (see [DPZ92,
Theorem 2.21]) we see

dNU(t,s)(x —y), Ris) ()
dN(0, R 5)

_ _ | R
= exp (<Rt,:/2U<t, ) —y). B2 = SR s)(a - y>|2> -

Prs(T —y,2) =
(5.4)

By changing variables and using Holder’s inequality we obtain

pif(2)
:/f(U(t,s)x + 2) pu,s(dz)

_/fwuﬁw+dmAI—%dumW@

<exp (=3 i0uto =0 ) ([ 525 + 2t "

= €exp (m’rt,s(f - y)\2> (pg,tfa@))l/a .
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Applying the previous theorem, we have the following result.

Theorem 5.3. Fizt > s. The implications (1) = (2) = (3) = (4) = (5) of the
following statements hold.

(1)
U(t, s)(H) € Qi/7(H), (5.5)

(2) ||Tisll < 0o and for every a > 1 and f € By (H),

a(|[Tesll - | — yl)*
2(a—1)

(Ps.of(2))" < exp psuf*(y), wyeH;  (5.6)

(3) ||ITesll < oo and there exists a > 1 such that (5.6) holds for all f € B;f (H);
(4) ||Tesll < 0o and for every f € B,"(H) with f > 1,

T 1

2

ps,t IOg f(ZC) S logps,tf(y) + |£C - y|27 T,y € ]Hu (57)

(5) pst is strong Feller.
In particular, if my s = 0, then these statements are equivalent to each other.

Proof. 1f (5.5) hold, then ||I'; ;|| is bounded. Hence by Theorem 5.2, we get (2)
from (1). That (2) implies (3) is trivial. The implications (3)=-(4)=-(5) are
consequences of Harnack inequalities, as proved in [Wan09].

It remains to show that (5) implies (4) in the case m; s = 0. Note that

zmﬂwzéﬂwNW@$%&M@)

If (5.5) doesn’t hold, then there exists zy € H such that U(t, s)xq ¢ Rtl/f(]H) Take
T, = txg € H,n=1,2,---. By the Cameron-Martin theorem (see e.g. [DPZ92]),
we know that for eachn = 1,2, - - -, the Gaussian measure y,, := N(U(t, s)xp, Ry )
is orthogonal to o := N(0, R; s) since U(t, s)z, ¢ Rtl{f(]H) That is, there exists
A, € B(H) such that p,(A,) = 1, po(A,) = 0. Set A := U,>14,. Then
to(A) = 0, p1,(A) = 1 since po(A) < 3°, po(An) =0 and p1,(A) = pn(An) = 1.
Take f = 14. We get ps.f(x,) = 1, psf(0) = 0. This contradicts the fact
that ps, is strong Feller, since it is obvious that ps,f(x,) does not converge to

psif(0) as z, tends to 0. u

Remark 5.4. If R, ; has the form (7.2), then (5.5) is equivalent to the null con-
trollability of a non-autonomous control system (7.1) (see Section 7 for details).
For this reason, condition (5.5) is also called null-controllability condition. This
gives an equivalent description of the strong Feller property.
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Remark 5.5. In [DP95] the fact that the null controllability implies the strong
Feller property was proved for autonomous Ornstein-Uhlenbeck processes driven
by a Wiener process and with deterministic perturbation. Our result generalizes
this result.

In fact (5.5) implies more. Denote the space of all infinitely Fréchet differen-
tiable functions with uniform continuous derivatives on H by UC*(H).

Proposition 5.6. Suppose (5.5) holds. Then for every f € B,(H) and every
t>s, psuf € UC®(H).

Proof. In view of the decomposition py; = pgtpi’t shown in Proposition 5.1, we
only need to show that p?, € UC*(H) for every g € By(IH). The rest of the proof
is as in [DPZ02, Theorem 6.2.2]. O

We have the following quantitative estimate for the strong Feller property.
This result is shown in [ORW09] for Lévy driven Ornstein-Uhlenbeck process by
a coupling method.

Proposition 5.7. Lett > s and xz,y € H. Then

|ps,tf(x) - ps,tf(y)|2

, 5.8
< (e 1) min {p, f2(2) = (o (2))%: 2 = 2} )

Proof. Let h = pgvtf. Then by Proposition 5.1 we see that py,f = pgth. So, for
every z € H, we have

pLh3(z) — (p240(2))°
<L) f2(2) — (D000 F(2)) = poaf2(2) — (ponf (2)2

Note also that z,y play the same role in (5.8). So, according to (5.9) we only

(5.9)

need to show the following inequality
p2,h(w) = ph(y) 2 < (M 1) (02 = W)Y . (5:10)

Recalling formula (5.4) for p; s(x — vy, 2), we see

Pehlx) = /}Hh(U(t s)x + 2) pis(dz) = /]Hpt,s(x — v, 2)W(U(t, 8)y + 2) pi o (dz).
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So,
pd () — plh(y)|?
= ([ fpte =102 =11 0+ )~ o) uzswz))Q
< [l =02) = 1P (@) [ (U 5)y +2) = ko) il

([ b=t -1)- </]Hh (025)y+ 2) i (42) = (12,00

= (greten® ) (2(9) ~ (0 (1))
]

Now we apply the Harnack inequality (5.2) to study the hyperboundedness
of the transition function ps;. In [GLO8] hypercontractivity is studied for the
Gaussian case via log-Soboblev inequality.

Theorem 5.8. Let (14)er be an evolution system of measures for psy. For every
s<t,a>1,ande >0, let

Culerne) = [ { [ e (—“'F;(f"_‘li")'Q) us<dy>} ),

1Psf oo,y < Coala, €)™ f oo, (5.11)

Then

Proof. From the Harnack inequality (5.2) we have

alls(z —y)|
2(a—1)

(psef(x))*exp {— } <pstf(y), x,yeH.

Integrating both sides of the inequality above with respect to vg(dy) and using
the fact that ()R is an evolution system of measures, we get

sl 1) [ enp (~2EEZI0Y ) < [ i),

Hence

Ft s - 2 ) €
1059 < | [ oo (=252 Y| A,

Integrating both sides of the equation above with respect to v¢(dx), we get (5.11).
O
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6 Semi-linear equations

Fix s € R and consider the following equation for ¢t > s,

{ dX (t,s,x) = A()X (t,s,2) dt + F(t, X (t,s,2))dt + RY*dW,, 61)

X(s,s,x) =x € H,
where

(1) (A(t))er is a family of operators on H associated with an evolution family
(U(t,s)i>s) (See Section 1);

(2) R is a trace class operator on H;

(3) (Wy)eer is a cylindrical Wiener process on H on some filtered probability
space (Qa (gzt)tE]Ra <g: IP)a

(4) F is a measurable map from [s, +-00) x H to RY?(H) satisfying
IRTVEF(t,2))? < ki + ko2, teR, x €l (6.2)
for some constants kq, ko > 0.
Proposition 6.1. Equation (6.1) has a martingale solution.
Proof. For every r € [s, ], set X(r,s,z) := U(r, s)x + Wy (r, s), where
Wi (r, s) ::/ U(r,o)RY? dW,.
For every r € [s,t], [¢/, '] C [s,t], define
Uo(r,8) == R™V2F(r, X (r,s,x)) = R™Y2F(r,U(r, s)z + Wy (r, 5)),

Wf =W, —/ U, (0,s)do,

Mta’c,s’ = exp <// <1/)x<0-78)7dW0> - %// \%(Ua 8)‘2d0-> :

We first show that EM, = 1. By (6.2), for every r € [s, ],
[0 (r, 8)[2 < Ky + 2ka(|U (7, 8)x|* + Wy (r, 5)|?).

Hence,

E exp (% /t |, (o, s)|2da)

ki Viky ' I
<Eexp ( 5 / (14 2|U(o, 3)x|2)d0) E exp (5/ Wy (o, s)|2d0> .
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Since fst Wy (o, s)|? do is Gaussian distributed, applying Fernique’s Theorem, for
a fine partition s =tg <ty < --- <t,_1 <t, =t, we have

1 [
E exp (5/ [, (o, s)|2d0) < +00.
ti—1

This implies that for each i = 1,2,--- ,n, M7  fort € [t;_1,;], is a martingale.
Noting that M, = M} , - M, , we get EM, =1.
Consequently, we can define a new probability measure Q, := M} P on

(Q,.%). By [DPZ92, Theorem 10.14], W is also a Wiener process with respect
to Q.. Hence

t
X(t,s,z) = U(t,s)a:+/ U(t,r)RY? dW,
t t
:U(t,s)x+/ U(t,r)F(r,X(r,s,x))dqu/ U(t,r)RY? dW,.

This shows that X (¢, s, z) is a martingale solution of (6.1) on (2, (%)iss, Z, Qa).

O
We shall need the following fact.
Lemma 6.2. Let s € R. Set
s+1
A= tr/ U(s+1,0)RU(s+ 1,0)" do.
Then
Co:= sup Eexp (|Wy(r,s)?/4\) < oo
rels,s+1]
and for every k > 0 and t € [s, s+ (1 A (4 x)71)],
t
E exp <ﬁ / W (r, S)Pdr> < oprti=e), (6.3)

Proof. Note that the covariance operator of Wy (r,s) = [ U(r,o)RY?dW, is
given by [T U(r,0)RU(r,0)* do. By Fernique’s Theorem (see [DPZ92, Propostion
2.16]), it follows that Cy < co. Moreover,

E exp (ﬁ/: Wi, 5)|2dr> ~ Fexp (i /: Kt — )| Wi (r, s)|dr)

< L / Eexp (k(t — s)|[Wy(r, s)|?) dr

“t—s
t

Si [Eexp (|Wy(r,s)|?/4))]

ANk (t—s) dT<O4)\n(tfs)
> Uy .
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From Lemma 6.2 we see that for every p > 0, there exists ¢, > 0 such that for
every t € [s,s +1,)],

t
Cpky(t,s) :=Eexp (2]7(2]9 + 1)k2/ (Wi (r, s)|? ds) < 0.

In particular, if ks = 0 then C,(t,s) = 1 for all t > s.

Lemma 6.3. For anyt>s,p>1,0>0 andz € H,

BOL) < (Gt ) exp (P22 [0 4200, 5101 )

B < Conn(t:5) 2 exp (25 [+ 2l 1o ).

Proof. From the proof of Proposition 6.1 we see that for every x € R

e exp (i [ tntrs)amy = 5 [ atrs)ar)

is a martingale. Therefore,
t t
B0 <Besp (p [ alrio)aw) = [ st )
2p—1) [
.exp <]¥/ |¢x(7”7 S)|2dr>

< [Eexp (2p/5t<¢x(7“, s), dW,) — 2p° /St . S)Ist)] 1/2

- [E exp (p<2p =y )P d)} "
= [E exp (p(2p - 1) /: |¢a(r, 5)[° dS)} 1/2-

This implies the first inequality, since by (6.2)

[0 (1, 8)|? < Ky + 2k |[ Wi (1, 8) |2 + 2ko|U (1, 8) 2|2
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Similarly, the second inequality follows by
t t
E(M{,)™ =Eexp (—5/ (o (r, s), dW:) —52/ | (, 8)|2d7“)
t

- exp <@/ |9, (r, 3)\2d7“>

t t
< [Bexp (=25 [ twutrs.am) =25 [ty as)|

S . S 1/2

. {]Eexp (5(25 + 1)/ (7, 8)| dr)}

= [Eexp (5(25 +1) /: | (7, s)|2dr>] 1/2.

1/2

]

By the proof of Proposition 6.1, we see that X(t, s,x) is a solution of (6.1).
Hence we define the “transition semigroup” of X(¢,s,z) by

P;;f(x) = Esz(X(ta 57$))7 fe Bb(IH)' (6'4)

We have the following result.

Theorem 6.4. For anyt >0, a« > 1, x,y € H, p,q > 1 with a/(pq) > 1, and
f € B/ (H)
(PL.f)*(x) < NPLf*(y). (6.5)

Here we set I'f, .= R™Y?U(t,s) and

ap/(2(p—1)) ag/(2(¢—1)) aq|lE (z —
N o= (C,%p’w(t’s)) . (Cq%p’w(t’s)) exp ( ¢ (v —y)|

2

2(a—q)

+a Bji + q(qqtll)} /: (ks + k(U (r, )2 + U (r, s)y|?)] dr) .

Assume that for every s < r <'t, Pft = PF pPE.If ||Ffs|| < oo for everyt > s,

s,re it
then Pft 18 strong Feller.

Proof. Recall that X(t,s,z) is a mild solution to

dX(t,s,z) = A(t)X (t,s,z)dt + RY2dW,, X(s,s,z) = .
Let P}, be the semigroup of X (t,s,x) under P. Then by Theorem 5.2 we have

ol (x —y)P?
2(a—1)

(Poef)(x) < Pof*(y) exp ( ) ., JEB/(H), (66
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For simplicity, we set p' := [%, q = q%l, 0 = a/(pq). By (6.6) we have

Py f(x) = Bo, f(X(t,5,2)) = EM; f(X(t.5,2))
< (EfP(X(t,s,2)))/PE(ME )P = (P f7 ()P (B(ME )P )
F T — ) 1/(0p)
Pgtfﬁp(y) exp <0|Ft,s< y)‘ )] (E(Mtz’s)p/>1/p/‘

200 — 1)

On the other hand, for every g € B; (H),

Plg(y) < Epg(X(t,s,y)) = Eq,q(X(t,s,y)) (M)
< (PLg"(y) 1(B(MF,) )7,

So, taking g = f% we obtain

a|TE (2 —y)|? o Lo /d!
(PL)*(@) < PE*(y) exp ( ) ) (B(ME, P (B (M) ).

This implies the desired Harnack inequality according to Lemma 6.3.

Now we show that P/, is strongly Feller. Let f € B, (H). By (6.3) and (6.5),
for any a > 1 there exist constants t,,c, > 0 and a positive function H,(r,s),
r € (8,5 + ty) such that

P f(x) < (PE fo(y))Ve ecolr=tlamulPHa(ns) -y e (55 4 1,,). (6.7)

We take t, < t —s. Then, using the assumption that P " is a semigroup, for
every r € (s,s +t,), we get

lim P f () = Tim PP f ()
Ty ’ ’
< hm llm ].lm [P';;‘T(Pqif)a(y)} 1/ eCa(T—S)+|Z—y|2H(x(T:S) (68)

T a—=lr—sz—y

< Tim Tim im [Pf;fa(y)} 1/a eCa(r=s)+|z—y* Ha(rs) _ Psth(?J)

a—1lr—sz—y

On the other hand, (6.7) also implies for every r € (s,s+t,)

a e oCa(r—s)—aHa(rs)|z— 2
P f(x) > [PE(PF,f)Vo(y)] " emoca =) -aHa oz
s [P, ()] oot -otote e

So, first letting z — y then r — s and finally o — 1, we arrive at

lim P, f(x) > Py f(y)- (6.9)

T—Y

From (6.8) and (6.9) we see P/, f is continuous. So, P} is strongly Feller. O
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7 Appendix: Null controllability

Consider the following non-autonomous linear control system

{ dz(t) = A(t)z(H)dt + C(t)u(t) dt, (7.1)

2(s) = x,

where (A(t))ier is a family of linear operators on H with dense domains and
(C(t))ter is a family of bounded linear operators on H. Let (U(t,s)):>s be an
evolution family on H associated with (A(t));cr. Consider the mild solution of
(7.1)

2(t,s,x) =U(t,s)r + /t Ut,r)C(ryu(r)dr. ze€H, t>s.

z(t, s,x) is interpreted as the state of the system and u as a strategy to control
the system. If there exists u € L?([s,t], H) such that 2(¢,s,z) = 0, then we say
the system (7.1) can be transferred to 0 at time ¢ from initial state € H at time
s. If for every initial state x € H the system (7.1) can be transferred to 0 then
we say the system (7.1) is null controllable at time t. We refer to [Zab08] (see
also [DPZ92, Appendix B|) for details on the null controllability of autonomous
control systems.
Set for every t > s

Il sz = /t Ut,r)C(r)C(r)*U(t,r)"dr, x€ H. (7.2)

Proposition 7.1. Let x € H and t > s. The system (7.1) can be transferred to 0
at time t from x if and only if U(t, s)x € H%

among all strategies transferring x to 0 at time t is given by ]H;SINU(t, s)z|?, i.e.

{f(]H) Moreover, the minimal enerqgy

1,20 (t, s)a?

»S

—inf {/t lu(r)?dr: z(t,s,z) = 0,2(s,s,2) = x,u € L?([s,t],ﬂ)} _ (73)

Proof. For every t > s define a linear operator
Lis: L*([s,t],H) = H, uw~ Lyu:= /t U(t,r)C(r)u(r)dr.
The adjoint L, of L is given by
(Liz)(r)=C*(r)U(t,r)"z, x€H, relst]

It is easy to check that II; ; = L; L} ;. Then by [DPZ92, Corollary B.4], we know
that Ly s(L*([s, t], H) = II, ;(H). Hence the first assertion of the theorem is proved
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since the initial state = can be transferred to 0 if and only if U(¢, s)z is contained
in the image space of L;; due to the fact that z(t,s,z) = U(t, s)z + L su.
By [DPZ92, Corollary B.4] we also get

0,27y = |Lityl,  y € Loo(L3([s, ), H)). (7.4)

Here the inverse is understood as a pseudo-inverse. Taking y = U(t, s)z in (7.4),
we obtain (7.3). O

From Proposition 7.1, we get the following corollary.

Corollary 7.2. The system (7.1) is null controllable at time t if and only if
U(t,s)(H) C I/ (H). (7.5)

From (7.3), it is easy to get upper bounds of |H;;/2U(t,s)x|2 by choos-
ing proper null control functions u. The following proposition is analogous to
[ORWO09, Proposition 2.1].

Proposition 7.3. Let t > s. Assume that for every r € [s,t], the operator C(r)
is invertible. Then for every strictly positive function £ € C([s,t]),

|Ht_1/2U<t f |C )gj|2 5‘2 dr

&)

Especially if C(r) = C and |C7U(r, s)z|? < h(r)|C~'z|? for every x € H, then

. zeHl. (7.6)

—1,.12
i, 2, s)af? < &, zeH. (7.7)
f h(r)=tdr

Proof. We only need to consider the case where U(t,s)z € Hl/ ?(H) and the
function [s,t] 3 r — &.C(r)~'U(r, s)x belongs to L*([0, t], H). Then the following
function

&r

fst 57" dr
is a null control of the system (7.1). And hence the estimate (7.6) follows from
(7.3). The second estimate (7.7) follows by taking &(r) = h(r)~! for all r €
[s,]. O

u(r) == — C(r)y 'U(r,8)z, r € [s,t],

Acknowledgment The authors thank Alexander Grigor'yan for a stimulat-
ing question which leads to the discovery of a simple new proof of the Harnack
inequality for the Ornstein-Uhlenbeck processes with Lévy noise.
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