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Abstract
In this paper, we introduce a definition of BV functions in a Gelfand triple which is an
extension of the definition of BV functions in [1] by using Dirichlet form theory. By this
definition, we can consider the stochastic reflection problem associated with a self-adjoint
operator A and a cylindrical Wiener process on a convex set I' in a Hilbert space H. We
prove the existence and uniqueness of a strong solution of this problem when I' is a regular

convex set. The result is also extended to the non-symmetric case. Finally, we extend our
results to the case when I' = K,,, where K, = {f € L*(0,1)|f > —a},a > 0.
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formula in infinite dimensions

1 Introduction

A definition of BV functions in abstract Wiener spaces has been given by M. Fukushima in
[12], M. Fukushima and M. Hino in [13], based upon Dirichlet form theory. In this paper, we
introduce BV functions in a Gelfand triple, which is an extension of BV functions in a Hilbert
space defined in [1]. Here we use a version of the Riesz-Markov representation theorem in
infinite dimensions proved by M. Fukushima using the quasi-regularity of the Dirichlet form
(see [17]) to give a characterization of BV functions.

In this paper, we consider the Dirichlet form
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(where p is a Gaussian measure in H and p is a BV function) and its associated process. By
using BV functions, we obtain a Skorohod-type representation for the associated process, if
p = Ir and I" is a convex set.

As a consequence of these results, we can solve the following stochastic differential inclusion
in the Hilbert space H:

{ dX (t) + (AX(t) + Np(X(t)))dt > dW (t), (1.1)
X(0) = z, '

where our solution is strong (in the probabilistic sense), if I" is regular. Here A : D(A) C H - H
is a self-adjoint operator. Np(x) is the normal cone to I' at z and W (t) is a cylindrical Wiener
process in H. The precise meaning of the above inclusion will be defined in Section 5.2. The
solution to (1.1) is called distorted (if p = Ir, reflected) Ornslein-Uhlenbek (OU for short)-
process.

(1.1) was first studied (strongly solved) in [19], when H = L?(0,1), A is the Laplace operator
with Dirichlet or Neumann boundary conditions and I' is the convex set of all nonnegative
functions of L?(0,1); see also [28]. In [6] the authors study the situation when T is a regular
convex set with nonempty interior. They get precise information about the corresponding
Kolmogorov operator, but did not construct a strong solution to (1.1).

In this paper, we consider a convex set I'. If I' is a regular convex set, we show that I is
a BV-function and thus obtain existence and uniqueness results for (1.1). By a modification
of [12] and using [7], we obtain the existence of an (in the probabilistic sense) weak solution
to (1.1). Then, we prove pathwise uniqueness. Thus, by a version of the Yamada-Watanabe
Theorem (see [15]), we deduce that (1.1) has a unique strong solution. We also consider the
case when I' = K, where K, = {f € L*(0,1)|f > —a},a > 0, and prove It is a BV function.
Thus our result about Skorohod-type representation applies.

This paper is organized as follows. In Section 2, we consider the Dirichlet form and its
associated distorted OU-process. We introduce BV functions in Section 3, by which we can get
the Skorohod type representation for the OU- process. In Section 4, we analyze the reflected
OU-process. In Section 5, we get the existence and uniqueness of the solution for (1.1) if T" is
a regular convex set. We also extend these results to the non-symmetric case. In Section 6, we
consider the case when I' = K,,, where K, = {f € L*(0,1)|f > —a},a > 0.

2 The Dirichlet form and the associated distorted OU-
process

Let H be a real separable Hilbert space (with scalar product (-, -) and norm denoted by |- |).
We denote its Borel o-algebra by B(H). Assume that:

Hypothesis 2.1 A : D(A) C H — H is a linear self-adjoint operator on H such that
(Ax,x) > 0|z|* Vo € D(A) for some § > 0 and A~ is of trace class.

Since A™! is trace class, there exists an orthonormal basis {e;} in H consisting of eigen-
functions for A with corresponding eigenvalues a; € R, j € N, that is,

Aej = ij€j,j e N.
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Then o > 0 for all j € N,

Below Dy : H — H denotes the Fréchet-derivative of a function ¢ : H — R. By C}(H)
we shall denote the set of all bounded differentiable functions with continuous and bounded
derivatives. For K C H, the space C}(K) is defined as the space of restrictions of all functions
in C}(H) to the subset K. p will denote the Gaussian measure in H with mean 0 and covariance
operator

1
Q = EA_l.

Since A is strictly positive, u is nondegenerate and has full topological support. Let LP(H, u),p €
[1, 00], denote the corresponding real LP-spaces equipped with the usual norms || - ||,. We set
A= L VjeN
] T 2053 .] 9

so that
er = )‘jej VJ e N.

For p € L! (H, j1) we consider

EP(u,v) = %/H(Du,Dv)p(z)u(dz),u,v € CH(F),

where I := Supplp - ] and L% (H, i) denotes the set of all non-negative elements in L'(H, p).
Let QR(H) be the set of all functions p € L (H,u) such that (£7,Cp(F)) is closable on
LA(F, p- p). Tts closure is denoted by (€7, F*). We denote by F? the extended Dirichlet space
of (P, FP), that is, u € F? if and only if |u| < 0o p- p — a.e. and there exists a sequence {u,}
in F? such that 7 (uy, — Up, Uy, — up) = 0asn >m — oo and u, = u p-p— a.e. asn — 0.

Theorem 2.2 Let p € QR(H). Then (E7,F?) is a quasi-regular local Dirichlet form on
L*(F;p- ) in the sense of [17, IV Definition 3.1].

Proof The assertion follows from the main result in [27]. O

By virtue of Theorem 2.2 and [17], there exists a diffusion process M* = (2, M, {M,}, 0;, X,
P.) on F associated with the Dirichlet form (€#, F*). M* will be called distorted OU-process on
F'. Since constant functions are in F* and £°(1,1) = 0, M* is recurrent and conservative. We
denote by A’ the set of all positive continuous additive functionals (PCAF in abbreviation) of
MPr, and define A? := A, — Af. For A € A’ its total variation process is denoted by {A}. We
also define Af := {A € A?|E, ,({A}:) < ooVt > 0}. Each element in A’ has a corresponding
positive £P-smooth measure on F' by the Revuz correspondence. The set of all such measures
will be denoted by S%. Accordingly, A; € A’ corresponds to a v € S := S% — 57, the set
of all £7-smooth signed measure in the sense that 4, = A} — A? for AF¥ € A%k = 1,2 whose
Revuz measures are ¥, k = 1,2 and v = v' — 12 is the Hahn-Jordan decomposition of v . The
element of A’ corresponding to v € S” will be denoted by A”.

Note that for each [ € H the function u(z) = (I, z) belongs to the extended Dirichlet space
FP and

£/1(),v) = 5 / (I, Do(=))p(2)dp(z) o € CL(F). (2.1)
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On the other hand, the AF (I, X; — X;) of M* admits a unique decomposition into a sum of
a martingale AF (M) of finite energy and CAF (V) of zero energy. More precisely, for every
le H,

(I, X, — Xo) =M + NVt >0 P, — a.s. (2.2)

for £P-q.e. z € F.
Now for p € L'(H, 1) and | € H, we say that p € BV;(H) if there exists a constant C; > 0,

I/WHWW@W@KGHMMWGQW) (2.3)

By the same argument as in [13, Theorem 2.1}, we obtain the following:

Theorem 2.3 Let pe L! and [ € H.
(1) The following two conditions are equivalent:
(i)p € BVi(H)
(ii) There exists a (unique) signed measure v; on F' of finite total variation such that

%/@m@mmmmaz—/m@mmwmequ (2.4)

F
In this case, v; necessarily belongs to St

Suppose further that p € QR(H). Then the following condition is also equivalent to the
above:

(ii)N' € A

In this case, v, € S, and N! = A"

(2) M!is a martingale AF with quadratic variation process

(MY, = t|I]*,t > 0. (2.5)

Remark 2.4 Recall that the Riesz representation theorem of positive linear functionals on
continuous functions by measures is not applicable to obtain Theorem 2.3, (i) = (i7), because
of the lack of local compactness. However, the quasi-regularity of the Dirichlet form provides
a means to circumvent this difficulty.

In the rest of this section, we shall introduce a special class of p € QR(H), which will be
used in Section 4 below.
A non-negative measurable function h(s) on R! is said to possess the Hamza property if

h(s) = 0 ds — a.e. on the closed set R' \ R(h) where
s+e

1
R(h) ={seR": /S_E Wdr < oo for some € > 0}.

We say that a function p € L} (H,p) satisfies the ray Hamza condition in direction | € H
(p € H; in notation) if there exists a non-negative function p; such that

p1=p p— a.e. and j(z + sl) has the Hamza property in s € R! for each z € H.



We set H := N;H,,, where e is as in Hypothesis 2.1. A function in the family H is simply
said to satisfy the ray Hamza condition. By [5) H C QR(H), and thus we always have p+ 1 €
QR(H), since clearly p+ 1 € H.
Next we will present some explicit description of the Dirichlet form (€7, F?) for p € H.
For e; € H as in Hypothesis 2.1, we set H., = {se; : s € R'}. We then have the direct sum
decomposition H = H,, & E.; given by

z=se;+x,5=(ej,2).

Let ; be the projection onto the space E,; and p.; be the image measure of y under 7; : H —
E., i€ pie, = pom; '. Then we see that for any F' € L'(H, )

/ F(z)u(dz) = / / F(se; + x)p;(s)dspe, (dz), (2.6)
H E.; JRY
where p;(s) = (1/4/27\;)e=*"/*. Thus by [5, Theorem3.10] for all u,v € D(EP),
E(u,v) = £ (u,v), (2.7)
j=1

where

1 di: . dv: .
EPCi(u,v) = —/ / i (se; + ) X Oy(se; + m)p(sej + x)p;(s)dsp., (dz), (2.8)
2 JE Jrpeeay 8 ds ’

and u, @; satisfy @; = u ppu — a.e and 4;(se; + ) is absolutely continuous in s on R(p(-e; + x))
for each x € F,. v and v; are related in the same way.

3 BYV functions and distorted OU-processes in I

As in [13], we introduce some function spaces on H. Let

Arpp(z) = / (log(1 + s))"/?ds,x > 0,
0

and let ¢ be its complementary function, namely,

y y
¥(y) ::/0 ( /1/2)*1(t)dt :/0 (exp(t?) — 1)dt.
Define
L(log L)Y*(H, n) :== {f : H — R|f Borel measurable, A, »(|f|) € L*(H, u)},

LY(H,p) .= {g : H— R|g Borel measurable, ¥(c|g|) € L*(H, ) for some ¢ > 0}.

From the general theory of Orlicz spaces (cf. [24]), we have the following properties.



(i) L(log L)*? and LY are Banach spaces under the norms

11| 2o 23272 = inf{e > 0] /H Avpa(|f1/e)dp < 13,

lollee = int{a >0l [ wlgl/a)d <1}
H
(ii) For f € L(log L)/? and g € LY, we have
1fglle < 207 1| Log ryrr2llgll e (3.1)

(iii) Since u is Gaussian, the function x + (1) belongs to LY.
Let ¢;,j € N, be a sequence in [1,00). Define

H, :={x € H| Z(x,ej)%? < o0},
j=1
equipped with the inner product
(x,y) g, = Zc z,e;)(y, €;).
7j=1

Then clearly (Hy, (,)n,) is a Hilbert space such that H; C H continuously and densely. Iden-
tifying H with its dual we obtain the continuous and dense embeddings

H, C H(=H") C Hj.

It follows that
m{z,v)ar = (2,v)uVz € Hi,v € H,

and that (Hy, H, H{) is a Gelfand triple. Furthermore, {&} and {c;e;} are orthonormal bases
of Hy and Hy, respectively.
We also introduce a family of H-valued functions on H by

(C)pynm = 1{G : G(= Zgj ).z € H,g; € Cy(H),V € D(A) N Hy}
Denote by D* the adjoint of D : C}(H) C L*(H,p) — L*(H, u; H). That is
Dom(D*) := {G € L*(H, u; H)|C} > u > / (G, Du)dy is continuous with respect to L*(H, u)}.
Obviously, (C})paynu, € Dom(D*). Then

| DCE i) = [ (GG DIl V6 € (Clowm € CUI). (2)



For p € L(log L)'/*(H, 1), we set

V= s [ DG,
Ge(CH)paynm, NGl <1 H

A function p on H is called a BV function in the Gelfand triple (Hy, H, H})(p € BV (H, Hy)

in notation), if p € L(log L)Y/2(H, i) and V(p) is finite. When H; = H = Hj}, this coincides

with the definition of BV functions defined in [1] and clearly BV (H, H) C BV (H, H;). We can

prove the following theorem by a modification of the proof of [12, Theorem 3.1].

Theorem 3.1 (i) BV(H, H1) C (\icpaynm, BVi(H).
(ii) Suppose p € BV (H, Hy)N LY (H, ), then there exist a positive finite measure ||dp|| on H
and a Borel-measurable map o, : H — Hj such that ||o,(2)||a: =1 ||dp[|—a.e, ||dp||(H) = V(p),

| DGEpnt) = [ w610 Nmlldpld:) VG € (Cownm  (3)
and ||dp|| € SPT.

Furthermore, if p € QR(H), ||dp|| is £P-smooth in the sense that it charges no set of zero
EV-capacity. In particular, the domain of integration H on both sides of (3.3) can be replaced
by F', the topological support of pp.

Also, 0, and ||dp|| are uniquely determined, that is, if there are o,
relation (3.3), then [|dp|| = ||dp||" and o,(2) = 0,,(2) for |dp|| — a.e.z

(iii) Conversely, if Eq.(3.3) holds for p € L(log L)Y?(H, ;1) and for some positive finite
measure |dp|| and a map o, with the stated properties, then p € BV(H, H;) and V(p) =
ldpll(FD).

(iv) Let WH(H) be the domain of the closure of (D,C}(H)) with norm

and ||dp||" satisfying

IfI = /H(|f(2)| +[Df(2)])u(dz).
Then WHY(H) C BV (H, H) and Eq.(3.3) is satisfied for each p € WY'(H). Furthermore,
1
ldpll = 1Dpl 1.V (p) = [ 1Dplutdz)., = 5 Dplpgny

Proof (i) Let p € BV(H, Hy) and | € D(A) N Hy. Take G € (C})p(aynm, of the type
G(2)=g(2)l,z € H,g € Cy(H). (3.4)
By (3.2)
| DG ) = [ (66, D)utaz)
= [ 0Dy (GIn(d) + 2 [ (AL =gl ulde) VF € G

H

consequently,

D*G(z) = —(l, Dg(z)) + 2g(z)(Al z). (3.5)
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Accordingly,

[ Do) = = [ DG +2 [ Ao G6)
H H
For any g € C}(H), satisfying ||g|l« < 1, by (3.1) the right hand side is dominated by

VoIt + 4112l Lo yr72lI (AL ) e < 00,

hence, p € BV|(H).
(ii) Suppose p € Lt (H,p) (\ BV (H, Hy). By (i) and Theorem 2.3 for each | € D(A) N Hy,
there exists a finite signed measure v, on H for which Eq.(2.4) holds. Define

Di*p(dz) = 2u(dz) + 2(Al, 2) p(2) p(dz).

In view of (3.6), for any G of type (3.4), we have

/DG CM.LWWWW% (3.7)

which in turn implies

V(Dip)(H) = sup /H 9(2)Dip(dz) < V(o) [l (3.8)

geCL(H),llgllo<1

where V(D{p) denotes the total variation measure of the signed measure Dj'p.
For the orthonormal basis {C} of Hy, we set
J

dD? p(2)
7;)4 = Z;’;IQ_]V(D’%p), vj(z) == d’Yz—(Z)’Z €eH jeN (3.9)
J P

;! is a positive finite measure with y/'(H) < V(p) and v; is Borel-measurable. Since D p
%
belongs to S#*!, so does v . Then for

E:% € (C})p(aynn,n € N, (3.10)

by (3.7) the following equation holds

/H D' Go(2)p()nldz) = /H 9;(2)v; (27 (d2). (3.11)

Since |v;(2)| < 27 y2-a.e. and C}(H) is dense in L'(H,~;'), we can find vj,, € Cy(H) such
that

lim v;,, = v; ¥4 — a.e.
m—oo I i Yo ’



Substituting

() = Vim(2) 312
gj,m( ) \/ZZ:1 Uk,m(z)z T 1/m7 ( )

for g;(#) in (3.10) and (3.11) we get a bound

Z /H gim(2)v;(2)7 (dz) < V(p),

because |G (2)[13, = 207 gim(2)? <1 Vz € H. By letting m — oo, we obtain

Now we define

ldpl| = | D vi(2)>75'(dz) (3.13)
j=1
and 0, : H — H{ by
) (C) NPy if z € {37° 2>0
oo(2) = 4 2 Ve aer G T2 (@) > 0 (3.14)
0 otherwise.

Then

ldpll(H) <V (p), llop(2)]

lldp|| is ST -smooth and o, is Borel-measurable. By (3.11) we see that the desired equation
(3.3) holds for G = G,, as in (3.10). It remains to prove (3.3) for any G of type (3.4), i.e
G=g-l,ge CHH),l € D(A)N H;. In view of (3.6), Eq.(3.3) then reads

mr = 1||dp| —a.e., (3.15)

- /H (L. Dg(2))pl=)u(dz) + 2 /H g(2){(AL 2)pl(=)u(dz) = /H 9(=)m (1,0, [ dpll(d=). (3.16)

We set

= Z (I e;)e Z eﬂ .G (2) := g(2)ky.

Thus &k, — [ in H; and Akn — Al in H as n — oo. But then also

lim [ (Dy, kn>pdu=/<Dg,l>pdu,
H H

n—oo

and

|/H9(Z)<Akna2>/7(z)ﬂ(dz)—/HQ(Z)<AZ7Z>P(2)M(dZ)|

< 2llglloollpll tog £yr/2l[{Akn = AL )| Lo



Furthermore,

lim g(Z)H1<kn>Up(Z)>HT

n—o0 H

dpl|(dz) :/HQ(Z)H1<laUp(z)>Hf||dP||(dZ)-

So letting n — oo yields (3.16).

If p € QR(H), we can get the claimed result by the same arguments as above.

Uniqueness follows by the same argument as [13, Theorem 3.9].

(iii) Suppose p € L(log)/?(H, i) and that Eq.(3.3) holds for some positive finite measure
|ldp|| and some map o, with the properties stated in (ii). Then clearly

Vip) < lldpl|(H)

and hence p € BV (H, Hy). To obtain the converse inequality, set
€; ,
0j(2) == (cjej,0,(2)) iy =m (ﬁaap(z))H;,J eN.
J

Fix an arbitrary n. As in the proof of (ii) we can find functions

vim € Cy (H), lim v;.,(2) = 0j(2) ||dp|| — a.e.

m—00

Define g;,(2) by (3.12). Substituting G n(2) == >0, g]m(z)i—j for G(z) in (3.3) then yields

5 [ gin@sldeld2) < Vo),

By letting m — oo, we get

[

We finally let n — oo to obtain ||dp||(H) < V(p).
(iv) Obviously the duality relation (3.2) extends to p € W'(H) replacing f € C}(H). By
defining ||dp|| and o,(z) in the stated way, the extended relation (3.2) is exactly (3.3). O

2||dp||(dz) < V(p) Yn € N.

Theorem 3.2 Let p € QR(H) N BV (H, H;) and consider the measure ||dp|| and o, from
Theorem 3.1(ii). Then there is an £P-exceptional set S C F such that Vz € F\S under P,
there exists an M- cylindrical Wiener process W?#, such that the sample paths of the associated
distorted OU-process M? on F satisfy the following: for [ € D(A) N H,

t 1 t t
(I, X;— Xo) = /0 (1, dW?) +§/0 ill, 00(Xs)) prrd L1 —/0 (Al, X,)ds ¥Vt > 0 P,—a.s.. (3.17)
Here LI is the real valued PCAF associated with ||dp|| by the Revuz correspondence.
In particular, if p € BV(H, H), then Vz € F\S,l € D(A)NH

t 1 t t
(I, X, — Xo) = / (1, dW?Z) + 5/ (1, 0,(X,))dLll — / (Al, X,)ds ¥t > 0 P,—a.s..
0 0

0

10



Proof Let {e;} be the orthonormal basis of H introduced above. Define for all £ € N

1

t t
sz(t) = <€k7Xt - Z> — 5/0 H1<ek70'p(Xs)>Hde!de +/0 <A€k,XS>dS. (318)

By (2.1) and (3.16) we get for all k € N

& (ex().9) = [ 9 Aen oud) = 5 [ o lenon:)a

By Theorem 2.3 it follows that for all £ € N

dpl|(dz) Vg € Cy (H).

1/t !
N =1 /0 e, 7, (X)) s d L1901 — /0 (Aeg, Xo)ds. (3.19)

Here we get from (3.18), (3.19) and the uniqueness of decomposition (2.2) that for £°-q.e. z € F,
WE(t) = M* vt >0 P.—as.,

where the £7-exceptional set and the zero measure set does not depend on e;. Indeed, we
can choose the capacity zero set S = Uj2,S;, where S; is the £#-exceptional set for e;, and for
z € F\S, we can use the same method to get a zero measure set independent of e;. By Dirichlet
form theory we get (M, M%), = té;;. So for z € F'\ S, W7 is an M;-Wiener process under
P.. Thus, with W?# being an M- cylindrical Wiener process given by W#(t) = (W7 (t)ex)ken,
(3.17) is satisfied for P, — a.e., where z € F'\ S. O

4 Reflected OU-processes

In this section we consider the situation where p = I+ € BV (H, Hy), where I' C H and

1, ifzel,
Ie(z) = { 0  ifzerle

Denote the corresponding objects o, ||dIr|| in Theorem 3.1(ii) by —nr, ||OT'|| respectively. Then
formula (3.3) reads

/FD*G(z)u(dz) = —/FH1<G(Z)anF>Hi‘

IT||(d2) VG € (C}) piayn

where the domain of integration F' on the right hand side is the topological support of It - .
F is contained in ', but we shall show that the domain of integration on the right hand side
can be restricted to OI'. We need to use the associated distorted OU-process M on F, which
will be called reflected OU-process on I'.

First we consider a py-measurable set I' C H satisfying

Ir € BV(H, H) N H. (4.1)

Remark 4.1 We emphasize that if I' is a convex closed set in H, then obviously Ir € H.
Indeed, for each z,1 € H the set {s € R|z + sl € I'} is a closed interval in R, whose indicator
function hence trivially has the Hamza property. Hence, in particular, Ir € QR(H).

11



By a modification of [12, Theorem 4.2}, we can prove the following theorem.

Theorem 4.2 Let I' C H be p-measurable satisfying condition (4.1). Then the support of
||OT']] is contained in the boundary OI' of T', and the following generalized Gauss formula holds:

r||(dz) VG € (Cy) payni - (4.2)

[ DG =~ | Gl n

Proof For any G of type (3.4) we have from (2.1), (3.5) and (3.7) that

eri().0) - |

o)t 2utds) == [ o)D), (4.3)

Since the finite signed measure Dj'Ir charges no set of zero Ellr—capacity, Eq.(4.3) readily
extends to any £T-quasicontinuous function g € F,* := Fr 0 L=(T, ).

Denote by I'’ the interior of I. Then I'° € F C I'. In view of the construction of the
measure ||dIp|| in Theorem 3.1, it suffices to show that for i—j € D(A)NH,

V(Dglp)(ro) = 0.

j

By linearity and since positive constants interchange with sup, it suffices to show that,
V(D Ip)(1°) = 0. (4.4)
Take an arbitrary € > 0 and set
U:={2€H:d(z, H\I") > e},V :={z € H : d(z, H\I"") > ¢},

where d is the metric distance of the Hilbert space H. Then U C V and V is a closed set
contained in the open set I'Y. We define a function h by

h(z):=1—FE.(e™V),z € F, (4.5)

where 7y, denotes the first exit time of M from the set V. The nonnegative function A is in
the space .7-"17[F and furthermore it is £r-quasicontinuous because it is M T finely continuous.

Moreover,
h(z) >0VzeU, h(z) =0Vz e F\V. (4.6)
Set
v;(dz) := h(z)D{ Ir(dz) (4.7)
and
= E(e5(),0h) = [ g2kl Aes, 2)nd2) (4.8)

Then Eq.(4.3) with the E-quasicontinuous function gh € F.T replacing g implies
q b

B=—; [ s
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In order to prove (4.4), it is enough to show that I = 0 for any function g(z) of the type

9(2) = f({ej,2),(l2, 2), oo (lmy 2))i b2y oy by € H, f € Cy(R™), (4.9)

for we have then v; = 0.
On account of (2.8) we have the expression

EM(es(-), gh) = E44 (e, gh):% / | / d(gh)(;?”)pj(s)d%j(dx), (4.10)

where R, = R(Ir(-e; + 1)), F, :== {s: se; + x € F} for x € E,, and his a I - p-version of h
appearing in the description of (2.8). For x € E; set

V, = {szsej—l—xEV},Fg = {s:sej+m€F0}.

We then have the inclusion V, C T) C R, N F,. By (4.6), h(se; + x) = 0 for any = € E,, and
for any s € R, \ V. On the other hand, there exists a Borel set N C E,, with p., (N) = 0 such
that for each x € E.,\N,

h(se; +x) = h(se; +x) ds — a.e.

Here we set h = 0 on H\ F'. Since ﬁ(-ej + x) is absolutely continuous in s, we can conclude that

h(se; +x) =0 Vx € E.,\N, Vs € R\ V.

Fix € E.;\N and let I be any connected component of the one dimensional open set R,.
Furthermore, for any function g of type (4.9) we denote the support of g(-e; + ) by K, (which
is a compact set) and choose a bounded open interval J containing K,. Then INV, N K, is a
closed set contained in the bounded open interval I N J and

gh(sej+x)=0Vse (INJN\INV,NK,).

Therefore, an integration by part gives

d(gﬁ)(sej + ) B 1 .
/ImJ ds pj(s)ds = /m,] _j<gh)(86j + ) sp;j(s)ds.

Combining this with (4.8) and (4.10), we arrive at

Ig = /Eej /Rz QL)\]_(giL)(sej + x)sp;(s)dspte, (dr) —/ g(2)h(z)(Ae;, z)Ir(z)pu(dz) = 0.

H

Now we state Theorem 3.2 for p = Ir.

Theorem 4.3 Suppose I' C H is a p-measurable set satisfying condition (4.1). Then there
is an £P-exceptional set S C F such that Vz € F\S, under P, there exists an M;- cylindrical
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Wiener process W#, such that the sample paths of the associated reflected OU-process M?” on
F with p = Ir satisfy the following: for [ € D(A) N H,

t 1 t t
<Z,Xt—X0>:/ (l,dW;’>—§/ Hl(l,np(Xs)>H1*dLﬂaF||—/ (Al, X,)ds P,—a.s.. (4.11)
0 0 0

Here, LI"I is the real valued PCAF associated with |OT|| by the Revuz correspondence, which
has the following additional property: Vz € F\S

Tor(X)dLIPl = qLIorl p, — g.s.. (4.12)

In particular, if p € BV (H, H), then Vz € F\S,l € D(A)N H

t t t
(I, X, — Xo) = / (I, dW?) — %/ (I,np(X,))aLlorl — / (Al, X,)ds Vt >0 P, — a.s..
0 0 0

Proof All assertions except for (4.12) follow from Theorem 3.2 for p := Ip. (4.12) follows by
Theorem 4.2 and [10, Theorem 5.1.3]. O

5 Stochastic reflection problem on a regular convex set

In this section, we consider I' satisfying [6] Hypothesis 1.1 (ii) with K := T, that is:

Hypothesis 5.1 There exists a convex C* function g : H — R with ¢(0) = 0,¢'(0) = 0,
and D?g strictly positive definite, that is,(D%*g(z)h, h) > v|h|* Vh € H for some v > 0, such
that

I'={zxeH:g(x)<1},0l ={z € H:g(x)=1}

Moreover, we also suppose that D?g is bounded on I' and g and all its derivatives grow at
infinity at most polynomially.

Remark 5.2 By [6, Lemma 1.2], I" is convex and closed and there exists some constant § > 0
such that |Dg(x)| <6 Vx €T

5.1 Reflected OU processes on regular convex sets
Under Hypothesis 5.1, by [7, Lemma A.1] we can prove that Ir € BV(H, H) N QR(H):

Theorem 5.3  Assume that Hypothesis 5.1 holds. Then I+ € BV(H, H) N QR(H).
Proof We first note that trivially by Remark 4.1 we have that Iy € QR(H). Let

(g(x) — 1)*

- 1{921})7115 € H.

p=(x) := exp(—

Thus,
lim p. = Ir.
e—0

14



Moreover,
2
Dp. = == plig21yDgg — 1) p —ace.
By [7, Lemma A.1] we have

1 1

lim = i () g(2)>13(9(7)=1)(Dg(x), 2) pe (x) pu(dx) = 3 /ar e(y){(n(y), z)por(dy) ¥z € H,p € Cy(H),

where n := Dg/|Dg| is the exterior normal to OI' at y and usr is the surface measure on oI
induced by p (cf. [6], [7], [16]), whereas by (3.2) for any ¢ € C}(H) and 2z € D(A)

1

tim = | o)Ly (0(e) = D(Dg(a). o))
—— 1t [ (Dpufo), (o)t
=3l [ (@D (2)@huldr)

5 [ @D () whnldo)

Thus,

/H 1p(2) D" (i02) (e)u(d) = — /aFSO(-f)W(iU)aZ)uar(dlﬂ) Ve D(A).peCl.  (5.1)

By the proof of [7, Lemma A.1], we get that ¢g is a non-degenerate map. So we can use the
co-area formula (see [16, Theorem 6.3.1, Ch. V] or [7, (A.4)]):

| gt = [ / @) s )

By [16, Theorem 6.2, Ch. V] the surface measure is defined for all » > 0, moreover [16,
Theorem 1.1, Corollary 6.3.2, Ch. V] imply that r — uy, is continuous in the topology induced
by DE(H) for some p € (1,00),r € (0,00)(cf [16]) on the measures on (H,B(H)). Take f =1
in the co-area formula, then by the continuity property of the surface measure with respect to
r we have that mq—l(y)‘ugr(dy) is a finite measure supported in {g = r}. By Remark 5.2 and
since por = pix,, we have that usr is a finite measure. And hence by Theorem 3.1 (iii), we get
Ir € BV(H,H).

O

Thus by Theorem 4.3 we immediately get the following.

Theorem 5.4 Assume Hypothesis 5.1. Then there exists an £P-exceptional set S C F' such
that Vz € F\S, under P, there exists an M- cylindrical Wiener process W#, such that the
sample paths of the associated reflected OU-process M* on F' with p = I satisfy the following:
forl € D(A)N H,

t 1 t t
(I, X, — Xo) = / (1, dW?Z) — 5/ (I, np(X,)d LTl —/ (Al, X,)ds ¥t >0 P, — a.e.
0 0 0
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where nr = Ig_ZI is the exterior normal to I' and

10T = per,
where pgr is the surface measure induced by p (c.f [6], [7], [16]).

Remark 5.5 It can be shown that for x € 9T, np(z) = |g—g‘ is the exterior normal to I'; i.e
the unique element in H of unit length such that

(nr(z),y —z) <0Vy el

5.2 Existence and uniqueness of solutions

Let I' C H and our linear operator A satisfy Hypothesis 5.1 and Hypothesis 2.1, respectively.
Consider the following stochastic differential inclusion in the Hilbert space H,

{ dX(t) + (AX(t) + Np(X(t)))dt > dW (t),

X0 -z (5.2)

where W (t) is a cylindrical Wiener process in H on a filtered probability space (2, F, F;, P)
and Np(z) is the normal cone to I' at z, i.e.

Nr(z)={z€ H:(z,y—x) <0VyeTl}.

Definition 5.6 A pair of continuous H x R-valued and F;-adapted processes (X (t), L(t)),t €
0,77, is called a solution of (5.2) if the following conditions hold.

(i) X(t) e forallt € [0,T] P — a.s.;

(ii) L is an increasing process with the property that

Ior(Xs)dLs = dLg P — a.s.

and for any [ € D(A) we have

t t t
(Z,Xt—x):/ (l,dWS>—/ <l,np(X5)dLs)—/ (Al X,)ds Yt >0 P — a.s.
0 0 0

where nr is the exterior normal to I

Remark 5.7 By Remark 5.5 we know that np(z) € Np(z) for all z € I'. Hence by Definition
5.6 (ii) it follows that Definition 5.6 is appropriate to define a solution for the multi-valued
equation (5.2).

We denote the semigroup with the infinitesimal generator —A by S(t), ¢t > 0.

Definition 5.8 A pair of continuous H x R valued and F;-adapted processes (X (t), L(t)),t €
[0, 77 is called a mild solution of (5.2) if

(i) X(t) el forall t € [0,T] P — a.s.;

(ii) L is an increasing process with the property

Ior(Xs)dLs = dLs P — a.s.
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and

X = S(t)r + /t S(t—s)dW, — /t S(t — s)np(Xs)dLs ¥t € [0,T] P — a.s.

where nr is the exterior normal to I'. In particular, the appearing integrals have to be well
defined.

Lemma 5.9 The process given by

/t S(t — s)np(Xs)dLs

is P-a.s. continuous and adapted to F;, ¢ € [0,T]. This especially implies that it is predictable.

Proof As |S(t — s)nr(X,)| < Mr|np(Xs)|, s € [0,T], the integrals f(f S(t — s)np(X,)dLg, t €
[0, 71, are well defined. For 0 < s <t < T,

| /OS S(s —u)np(X,)dL, — /0 S(t — u)np(Xy,)dL,|
<| /OS[S(S —u) — S(t — u)np(Xy)dLy| + | / S(t —u)np(X,)dL,|

s t
< / I[S(s —u) — S(t —w)np(X,)|dL, + / |S(t — u)np(Xy,)|dL,,
0 s
where the first summand converges to zero as s 1t or t | s, because
11j0,6)(w)[S(s —u) = S(t —u)np(X,)| =0 as s Ttort]s.

For the second summand we have
t
/ |S(t — w)np(Xy)|dL, < Mp(Ly — Lg) — 0 assTtort]s.

By the same arguments as in [25, Lemma 5.1.9] we conclude that the integral is adapted to
Fi, t €]0,T]. O

Theorem 5.10 (X (t), L;),t € [0,T], is a solution of (5.2) if and only if it is a mild solution.
Proof (=) First, we prove that for arbitrary ¢ € C*([0,T], D(A)) the following equation holds:

<Xt7Ct> = <$,C0> +/0 <§5,dW5> - /0 <nF(Xs)7Cs>dLs +/; <Xs> _ACS + Cé)ds Vi 2 0P —as.

(5.3)
If {, = nfs for f € C'([0,T]) and n € D(A), by Itd’s formula we have the above relation for such
¢. Then by [25, Lemma G.0.10] and the same arguments as the proof of Proposition G.0.11 we
obtain the above formula for all ¢ € C*([0,T], D(A)). As in [25, Proposition G.0.11], for the
resolvent R, := (n+ A)™' : H — D(A) and t € [0,T] choosing (, := S(t — s)nR,n,n € H, we
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deduce from (5.3) that

(X, nR,n) =(x, S(t)nR,n) +/O (S(t — s)nRun, dWy) — /0 (np(Xy), S(t — s)nR,n)dLs
+ /t<Xs, AS(t — s)nR,n) + (X, —AS(t — s)nR,n)ds
=(S(t)x + /t S(t— s)dW, + /t S(t — s)np(Xs)dLs,nR,n) YVt € [0,T] P — a.s..

Letting n — oo, we conclude that (X(t), L¢),t € [0, 7], is a mild solution.
(<) By Lemma 5.9 and [25, Theorem 5.1.3], we have

t t
/ S(t — s)np(Xs)dLs and / S(t —s)dWg, t € [0, T],
0 0

have predictable versions. And we use the same notation for the predictable versions of the
respective processes. As (X;, L;) is a mild solution, for all n € D(A) we get

/0 (X, Anpds = /0 (S(s)e, Anpds — /0 K /0 " S(s — wne(X,)dL,, An)ds
" /o</o S(s = u)dWo, An)ds vt € [0,T] P = a.s..

The assertion that (X(t), L¢),t € [0, 71, is a solution of (5.2) now follows as in the proof of [25,
Proposition G.0.9] because

/Ot</08 S(s — unp(Xy)dLy,, An)ds = /Ot /08<nr(Xu), —%S(s — u)n)dLyds
= — (/OtS(t — s)np(X,)dLs, m) + (/Ot nr(X,)dLs, ).

O
Below, we prove (5.2) has a unique solution in the sense of Definition 5.6.

Theorem 5.11 Let I' C H satisfy Hypothesis 5.1. Then the stochastic inclusion (5.2) admits
at most one solution in the sense of Definition 5.6.

Proof Let (u,L') and (v, L?) be two solutions of (5.2), and let {e;, }ren be the eigenbasis of A
from above. We then have

(ep,u(t) — v(t)) +/0 (aep, u(s) — v(s))ds +/0 {ex, np(u(s)))dL! — /0 (e, np(v(s)))dL? = 0
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Setting i (£) = (g, u(t) — v(#)), we obtain
10 =2 [ ouls)ionts)
= — 2(/0t<ozkek, u(s) — v(s)) (e, u(s) —v(s))ds + /;(ek, nr(u(s)))(ex, u(s) — v(s)>dLi
— [ fermelots) enuts) — ()L
<=2 [ ferom(uls))ewu(s) — oL +2 [ fenme(uls))ewsu(s) — o)L

(5.4)
By dominated convergence theorem for all ¢ > 0 we have P — a.s:
Z/ er, np(u(s))) (e, u(s) — v(s))dL}
k<N
t
%/@@@M@—MW@%N%w
0
and
Z/ er, np(v(s))) {ex, u(s) — v(s))dL?
k<N
—>/ nr(v u(s) — v(s))dL? as N — oo.
Summing over £k < N in (5.4) and letting N — oo yield that for allt > 0 P — a.s
t t
ult) = 0O <2 [ fnr(u(s), o05) ~ a( L +2 [ nr(o().uls) ~ v()dL?
0 0
By Remark 5.5 it follows that
Ju(t) —v(t)]* <0,
which implies
u(t) = w(t),
and thus
L(t) = L*(t)
OJ

Combining Theorem 5.4 and 5.11 with the Yamada-Watanabe Theorem, we now obtain the
following:

Theorem 5.12 [If I' satisfies Hypothesis 5.1, then there exists a Borel set M C H with

Ir- (M) = 1 such that for every x € M, (5.2) has a pathwise unique continuous strong solution
in the sense that for every probability space (2, F, F;, P) with an F;-Wiener process W, there
exists a unique pair of F;-adapted processes (X, L) satisfying Definition 5.6 and P(Xy = x) = 1.
Moreover X (t) € M for all t > 0 P-a.s.
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Proof By Theorem 5.4 and Theorem 5.11, one sees that [15, Theorem 3.14] a) is satisfied for
the solution (X, L). So, the assertion follows from [15, Theorem 3.14] b). O

Remark 5.13 Following the same arguments as in the proof of [26, Theorem 2.1], we can
give an alternative proof of Theorem 5.12 for a stronger notion of strong solutions (see e.g.
[26]). Also, because of Theorem 5.10, by a modification of [20, Theorem 12.1], we can prove the
Yamada Watanabe Theorem for the mild solution in Definition 5.8, and then also a correspond-
ing version of Theorem 5.12 for mild solutions for (5.2). This will be contained in forthcoming
work.

5.3 The non-symmetric case

In this section, we extend our results to the non-symmetric case. For I' C H satisfying Hy-
pothesis 5.1, we consider the non-symmetric Dirichlet form,

E (u,v) = /F(%<Du(z), Dv(2)) + (B(z), Du(2))v(2))u(dz), u,v € CH(T),

where B is a map from H to H such that

BeL*T — P,u),/<B, Du)dyp > 0 for all u € CHT),u > 0. (5.5)
r

Then (€,CH(T")) is a densely defined bilinear form on L?(T'; i) which is positive definite,
since for all u € C}(T)

1

£ (u ) = / S (Du(2), Du(=) + (B(=), De(2))(2))u(d2) > 0.

Furthermore, by the same argument as [17, I1.3.e] we have (£, C}(T)) is closable on L*(T, p)
and its closure (€7, F1) is a Dirichlet form on L?(T', ). We denote the extended Dirichlet space
of (EV, FV) by FI: Recall that u € F! if and only if |u| < co It - — a.e. and there exists a
sequence {u,} in F' such that EY (t,, — U, U —uyn) — 0 asn > m — oo and u, — u Ir-p—a.e.

as n — o0o. This Dirichlet form satisfies the weak sector condition
€8 (u,0)] < KEF (u,u) /26T (v, )2,
Furthermore, we have:

Theorem 5.14 Suppose I' C H satisfies Hypothesis 5.1. Then (', F) is a quasi-regular
local Dirichlet form on L2(T'; ).

Proof The assertion follows by [17 IV,4b] and [28]. O

By virtue of Theorem 5.14 and [17], there exists a diffusion process M' = (X;, P,) on T
associated with the Dirichlet form (€7, FT). Since constant functions are in F* and £¥(1,1) = 0,
MY is recurrent and conservative. We denote by AEF the set of all positive continuous additive
functionals (PCAF in abbreviation) of M, and define A" = AL — AL, For A € A", its
total variation process is denoted by {A}. We also define Aj = {A € A"|E,..({A}) <
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oo Vt > 0}. Each element in Ai has a corresponding positive £'-smooth measure on I' by
the Revuz correspondence. The totality of such measures will be denoted by S%. Accordingly,
A" corresponds to ST = ST — ST the set of all £'-smooth signed measure in the sense that
A= A} — A? for A € A’k = 1,2 whose Revuz measures are v*, k = 1,2 and v = v' — 1% is
the Hahn-Jordan decomposition of v. The element of A corresponding to v € S will be denoted
by A”.

Note that for each [ € H the function u(z) = (I, z) belongs to the extended Dirichlet space
FI and

EN(I(),v) = /F(%U,DU(Z» +(B(2), )v(2))u(dz) Vv € Cy(T). (5.6)

On the other hand, the AF (I, X;— X;) of M admits a decomposition into a sum of a martingale
AF (M,) of finite energy and CAF (V) of zero energy. More precisely, for every | € H

(I, X, — Xo) =M + NVt >0 P, — a.s. (5.7)

for £P-q.e. z €T
Then we have the following:

Theorem 5.15 Suppose I' C H satisfies Hypothesis 5.1.
(1) The next three conditions are equivalent:
(i)N' € A.
()ET(I(), v)| < Cllvlloe Vv € Cy(I).
(iii) There exists a finite (unique) signed measure v; on I' such that

EX(1(),v) = —/v(z)ul(dz) Vv € (D). (5.8)
r
In this case, v is automatically smooth, and
N'= A",

(2) M!is a martingale AF with quadratic variation process
(MY, = t|I]*,t > 0. (5.9)

Proof (1) By [21, Theorem 5.2.7] and the same arguments as in [11], we can extend Theorem

6.2 in [11] to our nonsymmetric case to prove the assertions.
(2)Since

E (u,v) = /F(%<Du(z), Du(2)) + (B(z), Du(2))v(2))u(dz), u,v € F*,
by [21 Theorem 5.1.5] for u € C}(T), f € F' bounded we have
[ F@i ) =26" (. uf) — £, )

=2/F(%<DU(Z)>D(UJF)(Z)> +(B(2), Du(2))u(2) f(2))u(dz)

- [ G(D@), DFE) + (B, D)) ()
- [ @ut). D o)
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Here f denotes the £'-quasi-continuous version of f, [ty 18 the Reuvz measure for (MM and

M™ is the martingale additive functional in the Fukushima decomposition for u(X;). Hence
we have

ptely (dz) = Ip(Du(z), Du(2)) - p(dz).
By [21, (5.1.3)] we also have

(') = (0t = [ 3 (tn(az)

r

where e(M') is the energy of M'. Then (5.9) easily follows. O

By Theorem 3.1 we can now prove the following:

Theorem 5.16 Suppose I' C H satisfies Hypothesis 5.1. Then there is an £'-exceptional
set S C I' such that Vz € I'\ S, under P, there exists an M- cylindrical Wiener process W?,

such that the sample paths of the associated OU-process M! on I" satisfy the following: for
l e D(A)N Hy

(1, X;—Xo) :/Ot<l,de)—%/OtHl(l,np(XS)>H;dL!8F”—/Ot(Al,X5>ds—<l,/OtB(Xs)>ds P,—a.s.
(5.11)

Here, LI? ! is the real valued PCAF associated with |0T|| by the Revuz correspondence, which
has the following additional property: Vz € I'\S

Top(X)dLIM = qLIotl p, —q.s.. (5.12)
Here nr := % is the exterior normal to I', and
|0L| = por,

where pgr the surface measure induced by pu.
Proof By (5.6) and (3.16) we have

EN(I(),v) = / (. Du()) + (B(2), u(2)u(d2)
- / (B(2). o(2)uldz) + / o() AL () + / o)) T :)

Thus, by Theorem 5.15

N =, [ Xds) = 1 [ BOG@)ds) = 50, [ n (e )dz T w).

By Theorem 5.15 and the same method as in Theorem 3.2 one then proves the first assertion,
and the last assertion follows by Theorem 5.3 and 5.4. 0J
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Let I' C H and our linear operator A satisfy Hypothesis 5.1 and Hypothesis 2.1, respectively.
As in Section 5.2 we shall now prove the existence and uniqueness of a solution of the following
stochastic differential inclusion on the Hilbert space H,

{ AX (1) + (AX(t) + B(X (1)) + Np(X()))dt > dW (1), (5.13)

X(0) ==z,

where B satisfies condition (5.5), W (t) is a cylindrical Wiener process in H on a filtered
probability space (2, F, F;, P) and Nr(x) is the normal cone to I' at z, i.e.

Nr(z)={z€ H:(z,y—x) <0VyeTl}.
Definition 5.17 A pair of continuous H x R-valued and F;-adapted processes (X (t), L(t)),t €
[0, 77, is called a solution of (5.13) if the following conditions hold.

(i) X(t) € I" for all t € [0,T] P-a.s;
(ii) L is an increasing process with the property that

Ior(Xs)dLy =dLs P — a.s,

and for any [ € D(A) we have

(1, X, — ) :/Ot<l,dW5)—/Ot<l,np(Xs))dLs—/Ot<l,B(Xs)>ds—/0t<Al,Xs>ds Vt>0P—as.,

where nr is the exterior normal to I'.
Below we prove (5.13) has a unique solution in the sense of Definition 5.17.

Theorem 5.18 Let I' C H satisfy Hypothesis 5.1 and B satisfy the monotonicity condition
(B(u) — B(v),u —v) > —alu —v|? (5.14)

for all u,v € dom(G), for some « € [0, 00) independent of u,v. The stochastic inclusion (5.13)
admits at most one solution in the sense of Definition 5.17.

Proof Let (u,L') and (v, L?) be two solutions of (5.13), and let {e;}ren be the eigenbasis of
A from above. We then have

(e, u(t) —v(t)) +/0 (ager, u(s) —v(s))ds +/0 (e, B(u(s)) — B(v(s)))ds

+/0 <€k,nr(u(8))>dLi—/0 {ex,np(v(s)))dL? = 0.
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Setting () = (ex, u(t) — v(¢)), and we have
(t) =2 / Ou()d6n(5)
= — 2(/0t<ozkek, u(s) —v(s)){ex, u(s) —v(s))ds + /0t<ek, B(u(s)) — B(v(s))){ex, u(s) — v(s))ds
[ fexsmeluo) e uts) = DAL~ [ femelo() e uts) = v(s)dL2)
<=2 [ fen Bu(s) = BOo) e uts) = (5
=2 [ fenme(ats))exu(s) — oL + 2 [ Genm o)) e uts) = o)L

(5.15)
By the same argument as Theorem 5.11, we have the following P — a.s:
5 [ ew Blats)) = Bt enu(s) — v(s)ds
k<N

— /0 (B(u(s)) — B(v(s)),u(s) — v(s))ds as N — oo,

3 / (ex 1 (u($))) e, u(s) — v(s))dL!

k<N
—>/ nr(u v(s))dL! as N — oo,

and

Z/ ex, np(v(s))) {ex, u(s) — v(s))dL?

k<N
—>/ nr(v v(s))dL? as N — oo.
Summing over k£ < N in (5.15) and letting N — oo yield that for all ¢ > 0, P — a.s
Ju(t) —v(t)]* + 2/0 (B(u(s)) — B(v(s)), u(s) — v(s))ds
<2 [ e(u(s)).o(s) )Lt +2 [ (r(o(s)).uls) = vls))aL
By Remark 5.4 it follows that
ult) — v + 2 / (B(u(s)) — B(u(s)), u(s) — v(s)}ds < 0.

By (5.14) and Gronwall’s Lemma it follows that



and thus
LY(t) = L*(¢).

O

Combining Theorem 5.16 and 5.18 with the Yamada-Watanabe Theorem, we obtain the
following;:

Theorem 5.19 If I satisfies Hypothesis 5.1 and B in (5.13) satisfies (5.14), then there exists
a Borel set M C H with Ir-u(M) = 1 such that for every x € M, (5.13) has a pathwise unique
continuous strong solution in the sense that for every probability space (2, F, F;, P) with an JF-
Wiener process W there exists a unique pair of F-adapted processes (X, L) satisfying Definition
5.17 and P(Xy, = z) = 1. Moreover X (t) € M for all t > 0 P-a.s.

Proof The proof is completely analogous to that of Theorem 5.12. U

6 Reflected OU-processeses on a class of convex sets

Below for a topological space X we denote its Borel og-algebra by B(X). In this section, we
consider the case where H := L*(0,1),p = Ix,, where K, := {f € H|f > —a},a > 0, and
A= —%% with Dirichlet boundary conditions on [0,1]. So in this case e; = v/2sin(j7r), j € N,
is the corresponding eigenbases. We recall that (cf [28]) we have u(Cy([0,1])) = 1. In [28],
L.Zambotti proved the following integration by parts formulae in this situation:

/ (I, D)dp = / () (1" () — / ari(r) / o(2)0a(r.dz), VI € D(A), o € C}(H),

where 0, (r,dz) = 0,(r)ua(r,dz), and for & > 0, 0, is a positive bounded function, and for

a=0,oy(r) = \/ﬁ, where i, (7, dz), a0 > 0, are probability kernels from (H,B(H)) to
([0, 1], B([0, 1])).

Remark 6.1  Since each [ in D(A) has a second derivative in L?, its first derivative is bounded,
hence [ goes faster than linear to zero at any point where [ is zero, in particular at the boundary
points r = 0 and r = 1. Hence the second integral in the right hand side of the above equality
is well-defined.

We know by (3.5) that for all [ € D(A)

D*(()l) = —(I, D) — (1", -).

Hence
/ D*(p())dp = /0 l(r)/go(x)aa(r, dz)dr VI € D(A), ¢ € C}(H). (6.1)
Now take 1, .
cj = { 8;;;’ ’ g Z z 87 (6.2)
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where ¢ € (0, %] and 3 € (%, 2] respectively, and define

H, :={x € H| Z(x,ej)%? < o0},

j=1

equipped with the inner product

oo
(x,y)m :E c:cej (y,e;).
J=1

We note that D(A) C H; continuously for all o > 0, since ¢ < %,6 < 2. Furthermore,
(Hy, (,)m,) is a Hilbert space such that H; C H continuously and densely. Identifying H with
its dual we obtain the continuous and dense embeddings

H, C H=H") C H.
It follows that
m{z,v)m = (z,v)p¥z € Hy,v € H,

and that (Hq, H, HY) is a Gelfand triple.
The following is the main result of this section.

Theorem 6.2 g, € BV(H,H;)NH.

Proof First for o, as in (6.1) we show that for each B € B(H) the function r — o,(r, B) is in
H{ and that the map B+ 0,(-, B) is in fact an Hj-valued measure of bounded variation, i.e

sup{3_ loa(-, By

H1*3BnEB( )TLGNH U B}<oo
that is,

sup{z Z / oo(r, By) sin(jar)dr)?)? . B, e B(H),n € NH = U>" | B,} < o0,

n=1 j5=1

where U, B,, means disjoint union.
For oo > 0 we have

Z(Z ch(/O oo(r, By) Sin(j’]]"r‘)d/r)2>1/2
SZ(Z c]._Q(/(; O'Q(T‘, Bn>d7“)2)1/2
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For a = 0 using that |sin(jnr)| < 2j7r(1 —r) Vr € [0, 1], we have
1
cj_Q(/O oo(r, By) sir1(j7rr)d7‘)2)1/2

0;2(/0 oo(r, By)2jmr(1 — r)dr)?)Y?

Thus o, in (6.1) is of bounded variation as an Hj-valued measure. Hence by the theory of
vector-valued measures (cf [2, Section 2.1]), there is a unit vector field n, : H — H;, such that
0o = Nalloa||, where |lo4|[(B) == sup{>_ ", |oa(-, Bu)||ar : Bn € B(H),n € N,B = U;_ By} is
a nonnegative measure, which is finite by the above proof. So (6.1) becomes

oo||(dz) VI € D(A), ¢ € CF(H),

D*((-))dps = / i@ ()

Ka

which by linearity extends to all G € (C})paynm,.- Thus by Theorem 3.1(iii), we get that
I, € BV(H, H,).
Ik, € QR(H) follows by Remark 4.1. O

Remark 6.3 It has been proved by Guan Qingyang that I is not in BV (H, H).

Thus we have Theorem 3.2 in this situation. More precisely:

Theorem 6.4 Let p := Iy, and consider the measure |o,| and n, appearing in Theorem
6.1. Then there is an £P-exceptional set S C F such that Vz € F\S, under P, there exists
an M- cylindrical Wiener process W?#, such that the sample paths of the associated distorted
OU-process M? on F satisfy the following: for | € D(A) N H;

t 1 t t
(1, X — Xo) :/ <l,dWs>+§/ Hl(l,na(xs))H;dLLffai—/ (Al, X,)ds P, — a.e.
0 0

0

Here L‘f"‘ is the real valued PCAF associated with |o,| by the Revuz correspondence, satisfying

Iix pazopd L7l = 0, (6.3)
and for [ € H; with {(r) > 0 we have
t
[t oozl 2o, (6.4)
0
Furthermore, for all z € F
P.[X; € (]0,1] for a.e. t € [0,00)] = 1. (6.5)
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Proof The first part of the assertion follows by Theorem 3.2 and the uniqueness part of
Theorem 3.1 (ii). (6.3) and (6.4) follow by the property of o, in [28]. By [22, p.135 Theorem
2.4], we have Cy[0,1] is a Borel subset of L?[0, 1]. By [10, (5.1.13)], we have

k
B, / Licuon (Xs)ds] = pu(F \ Co[0,1]) = 0 Vk € N,
k—1

hence

Epu[/ Lr\colo,1(Xs)ds] = 0.
0

Since F,| fooo L copo,1)(Xs)ds] is a 0-excessive function in « € K,, it is finely continuous with
respect to the process X. Then for £¥ — q.e. z € F,

.| / Licnio) (X,)ds] = 0,
0

thus, for €7 — q.e. z € F,
Pz[/ 1F\CO[D,1](XS)dS = 0] = ]_
0

As a consequence, we have that Ag := {X; € Cy[0, 1] for a.e. t € [0,00)} is measurable and for
EP—qe z€F
P.(Ag) = 1.

As Ao = Niegurso8; ' Ag and since by [4] we have that the semigroup associated with X; is strong
Feller, by the Markov property as in [8, Lemma 7.1], we obtain that for any z € F,t € Q,t > 0,

P.(6;7'Ap) = 1.
Hence for any z € F' we have
P.[X; € (]0,1] for a.e. t € [0,00)] = 1.
OJ

Remark 6.5 From the above theorem, it follows that the solution in [19, Theorem 1.3] is
the strong solution to an infinite-dimensional Skorohod problem.
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