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Abstract

The existence of random attractors for a large class of stochastic partial differential
equations (SPDE) driven by general additive noise is established. The main results
are applied to various types of SPDE, as e.g. stochastic reaction-diffusion equations,
the stochastic p-Laplace equation and stochastic porous media equations. Besides
classical Brownian motion, we also include space-time fractional Brownian Motion and
space-time Lévy noise as admissible random perturbations. Moreover, cases where the
attractor consists of a single point are considered and bounds for the speed of attraction
are obtained.
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1 Introduction

Since the foundational work in [16, 17, 44] the long time behaviour of several examples of
SPDE perturbed by additive noise has been extensively investigated by means of proving
the existence of a global random attractor (cf. e.g. [8, 10, 11, 12, 19, 20, 31, 46, 47]).
However, these results address only some specific examples of SPDE of semilinear type.
To the best of our knowledge the only result concerning a non-semilinear SPDE, namely
stochastic generalized porous media equations is given in [9]. In this work we provide a
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general result yielding the existence of a (unique) random attractor for a large class of
SPDE perturbed by general additive noise. In particular, the result is applicable also to
quasilinear equations like stochastic porous media equations and the stochastic p-Laplace
equation. The existence of the random attractor for the stochastic porous medium equation
(SPME) as obtained in [9] is contained as a special case (at least if the noise is regular
enough, cf. Remark 3.4). We also would like to point out that we include the well-studied
case of stochastic reaction-diffusion equations, even in the case of high order growth of the
nonlinearity by reducing it to the deterministic case and then applying our general results (cf.
Remark 3.2 for details and comparison with previous results). Apart from allowing a large
class of admissible drifts, we also formulate our results for general additive perturbations,
thus containing the case of Brownian motion and fractional Brownian motion (cf. [21, 37]).
We emphasize, however, that the continuity of the noise in time is not necessary. Our
techniques are designed so that they also apply to cadldg noise. In particular, Lévy-type
noises are included (cf. Section 3). Under a further condition on the drift, we prove that
the random attractor consists of a single point, i.e. the existence of a random fixed point.
Hence the existence of a unique stationary solution is also obtained.

Our results are based on the variational approach to (S)PDE. The variational approach
has been used intensively in recent years to analyze SPDE driven by an infinite dimensional
Wiener process. For general results on the existence and uniqueness of variational solutions
to SPDE we refer to [22, 27, 36, 38, 41, 49]. As a typical example of an SPDE in this
framework stochastic porous media equations have been intensively investigated in [4, 5, 6,
7,18, 26, 33, 35, 43].

Let us now describe our framework, conditions and main results. Let

VCH=H"CV”®

be a Gelfand triple, i.e. (H, (-,-)g) is a separable Hilbert space and is identified with its dual
space H* by the Riesz isomorphism ¢ : H — H*, V is a reflexive Banach space such that it
is continuously and densely embedded into H. (-, )y denotes the dualization between V'
and its dual space V*. Let A : V — V* be measurable, (2, F, F;,P) be a filtered probability
space and (IV;)ier be a V-valued adapted stochastic process. For [s,t] C R we consider the
following stochastic evolution equation

(1.1) dX, = A(X,)dr + dN,, r € [s, ],
Xs=x€H.

If A satisfies the standard monotonicity and coercivity conditions (cf. (H1) — (H4) below)
we shall prove the existence and uniqueness of solutions to (1.1) in the sense of Definition
1.1.

Suppose that there exists o > 1 and constants 6 > 0, K,C' € R such that the following
conditions hold for all v,vy,v, € V and w € Q:

(H1) (Hemicontinuity) The map s — y+(A(v; 4 svg), v)y is continuous on R.

(H2) (Monotonicity)
2‘/* <A(U1> — A(UQ),Ul — U2>V S CHUI — Ug”?{.



(H3) (Coercivity)
2v+(A(v), v)v +dllolly < C+ Koll3.

(H4) (Growth)
[A(v)]

ve < C+[ol5).
We can now define the notion of a solution to (1.1).

Definition 1.1. An H-valued, (F;)-adapted process {X, },c[s is called a solution of (1.1)
if X (w)e L*([s,t]; V)N L*([s,t]; H) and

X, (w) =2+ /T A(Xy(w))du + Ny (w) — Ny(w)

holds for all r € [s, ] and all w € 2.

Since the solution to (1.1) will be constructed via a transformation of (1.1) into a deter-
ministic equation (parametrized by w) we can allow very general additive stochastic pertur-
bations. In particular, we do not have to assume the noise to be a martingale or a Markov
process.

Since the noise is not required to be Markovian, the solutions to the SPDE cannot be
expected to define a Markov process. Therefore, the approach to study long-time behaviour
of solutions to SPDE via invariant measures and ergodicity of the associated semigroup is
not an option here. In particular, the results from [28] cannot be applied to prove that
the attractor consists of a single point. Consequently, our analysis is instead based on the
framework of random dynamical systems (RDS), which more or less requires the driving
process to have stationary increments (cf. Lemma 3.1).

Let ((©2, F,P), (0;)ier) be a metric dynamical system, i.e. (t,w) — 0;(w) is B(R) @ F/F
measurable, 6y = id, 0,5 = 6; 0 0, and 0, is P-preserving, for all s, € R.

(S1) (Strictly stationary increments) For all ¢, s € R, w € Q:

Ni(w) — Ny(w) = Ny_5(0sw) — No(Osw).

(S2) (Regularity) For each w € Q,

N.(w) e L (R, V)N LE (R; H)

loc loc

(with the same o« > 1 as in (H3)).
(S3) (Joint measurability) N : R x Q — V is B(R) ® F/B(V) measurable.

Remark 1.1. Although we do not explicitly assume N, to have cadlag paths, in the ap-
plications the underlying metric dynamical system ((Q,F,P), (6;)icr) is usually defined
as the space of all cadlag functions endowed with a topology making the Wiener shift
0:RxQ — Q; 0(w) = w(-+1t) — w(t) measurable and the probability measure P is
given by the distribution of the noise ;. Thus, in the applications we will always require
N; to have cadlag paths.



We now recall the notion of a random dynamical system. For more details concerning
the theory of random dynamical systems we refer to [16, 17].

Definition 1.2. Let (H,d) be a complete and separable metric space.
(i) A random dynamical system (RDS) over 6, is a measurable map
p:Ry x HxQ — H; (t,z,w) — p(t,w)z

such that ¢(0,w) = id and

90(t + va) - 90(t7 st) © 90(57("})7

for all t,s € R, and w € Q. ¢ is said to be a continuous RDS if z +— ¢(t,w)z is
continuous for all ¢ € R, and w € €.

(ii) A stochastic flow is a family of mappings S(¢,s;w) : H — H, —00 < s < t < o0,
parametrized by w such that

(t,s,z,w) — S(t,s;w)x
is B(R) ® B(R) ® B(H) ® F/B(H)-measurable and

S(t,r;w)S(r,s;w)r = S(t, s;w)x,
S(t,s;w)xr = S(t—s,0;0w)z,

for all s < r < t and all w € Q. S is said to be a continuous stochastic flow if
x +— S(t, s;w)z is continuous for all s <t and w € Q.

In order to apply the theory of RDS and in particular to apply Proposition 1.2 below, we
first need to define the RDS associated with (1.1). For this we consider the unique w-wise
solution (denoted by Z(-, s;w)z) of

(1.2) Zy =x — Ng(w) + /tA(ZT + N, (w))dr, t > s,

and then define

(1.3) S(t,s;w)z = Z(t, s;w)x + N(w),
S

(1.4) o(t,w)x = S(t,0;w)x = Z(t,0;w)z + Ny(w).

Note that S(-, s;w) satisfies
¢
S(t,syw)r =x —|—/ A(S(r, s;w)z)dr + Ny(w) — Ng(w),

for each fixed w € Q and all t > s. Hence S(¢, s;w)x solves (1.1) in the sense of Definition
1.1.



Theorem 1.1. Under the assumptions (H1)-(H4) and (S1)-(S3), S(t, s;w) defined in (1.3)
is a continuous stochastic flow and ¢ defined in (1.4) is a continuous random dynamical
system.

For the proof of Theorem 1.1 as well as the other theorems in this section we refer to the
next section.

With the notion of an RDS above we can now recall the stochastic generalization of
notions of absorption, attraction and Q-limit sets (cf. [16, 17]).

Definition 1.3. (i) A set-valued map K : Q — 27 is measurable if for all x € H the map
w — d(z, K(w)) is measurable, where for nonempty sets A, B € 27 we set

d(A, B) = sup ing d(z,y)

r€AYE
and d(z, B) = d({z}, B). A measurable set-valued map is also called a random set.

(ii) Let A, B be random sets. A is said to absorb B if P-a.s. there exists an absorption
time tp(w) such that for all ¢t > tg(w)

o(t,0_w)B(0_w) C A(w).
A is said to attract B if

d(e(t,0_w)B(0_w), A(w)) — 0, P-a.s. .

t—o00

(iii) For a random set A we define the Q-limit set to be

Qu(w) = QA,w) = [ | et 0_w)A(O_w).

T>0¢>T

Definition 1.4. A random attractor for an RDS ¢ is a compact random set A satisfying
P-a.s.:

(i) A is invariant, i.e. ¢(t,w)A(w) = A(fw) for all t > 0.
(ii) A attracts all deterministic bounded sets B C H.

Note that by [14] the random attractor for an RDS is uniquely determined.
The following proposition yields a sufficient criterion for the existence of a random at-
tractor of an RDS.

Proposition 1.2. (¢f. [17, Theorem 3.11]) Let ¢ be an RDS and assume the ezistence of a
compact random set K absorbing every deterministic bounded set B C H. Then there exists
a random attractor A, given by

Alw) = U Qp(w).

BCH, B bounded



We aim to apply Proposition 1.2 to prove the existence of a random attractor for the RDS
associated with (1.1). Thus, we need to prove the existence of a compact globally absorbing
random set K. To show the existence of such a set for (1.1), we require some additional
assumptions to derive an a priori estimate of the solution in a norm || - ||, which is stronger
than the norm || - || 4.

(H5) Suppose there is a subspace (5, ||-||s) of H such that the embedding V' C S is continuous
and S C H is compact. Let T,, be positive definite self-adjoint operators on H such

that

<I‘,y>n = <$7Tny>H7 T,y € Han > 17
define a sequence of new inner products on H. Suppose that the induced norms || - ||,,
are all equivalent to || - ||z and for all x € S we have

lz|l. T ||lz|ls as n — oo,

Moreover, we assume that 7, : V' — V, n > 1, are continuous and that there exists a
constant C' > 0 such that

(1.5) 2v-(A(W), T,w)yy < C(||v|?> +1), v eV,
and
0
(1.6) sup/ | T Ne||5-dt < C.
neN J -1

Remark 1.2. (1) Assumption (H5) looks quite abstract at first glance. But it is applicable to
a large class of SPDE within the variational framework, as e.g. stochastic reaction diffusion
equations, stochastic porous media equations and the stochastic p-Laplace equation (see
Section 3 for more examples).

(2) Under assumption (1.5) the following regularity property of solutions to general SPDE
driven by a Wiener process was established in [34]:

E sup || X,|[3 < oo, for all t > 0.
s€[0,t]
In order to prove the existence of a random attractor, we need to assume some growth
condition on the paths of the noise.

(S4) (Subexponential growth) For P-a.a. w € Q and [t| — oo, N;(w) is of subexponential
growth, i.e. || N,(w)||v = o(eM) for every A > 0.

Theorem 1.3. Suppose (H1)-(H5) hold for « =2, K =0 or for a > 2, and that (S1)-(54)
are satisfied. Then the RDS ¢ associated with SPDE (1.1) has a compact random. attractor.

Remark 1.3. (H1)-(H4) are the classical monotonicity and coercivity conditions for the
existence and uniqueness of solutions to (1.1). It can be replaced by some much weaker
assumptions (e.g. local monotonicity) according to a recent result in [36]. The existence of
random attractors for SPDE with locally monotone coefficients in [36] will be the subject
for future investigation.



In order to make the proof easier to follow, we first give a quick outline. By Proposition
1.2 we only need to prove the existence of a compact globally absorbing random set K. This
set will be chosen as -

K(w) := Bg(0,r(w))
where Bg(0,r) denotes the ball with center 0 and radius r (depending on w) in S. Since
S C H is a compact embedding, K is a compact random set in H. Note that

o(t,0_w) = S(t,0;0_w) = S(0, —t;w).

Hence we need pathwise bounds on Sp(= S(0, —t;w)) in the S-norm. In order to get such
estimates we consider the norms || - ||,, on H for which we can apply Itd’s formula.

Under the following stronger monotonicity condition we prove that the random attractor
consists of a single point:

(H2') There exist constants 5 > 2 and A > 0 such that
2V* <A(U1) — A(UQ),Ul — U2>V S —)\HUl — UQH?{, VUl,Ug - V

Theorem 1.4. Suppose that (H1),(H2'),(H3),(H4) and (S1)-(S3) hold. If B = 2 also
suppose (S4) holds. Then the RDS ¢ associated with SPDE (1.1) has a compact random
attractor A(w) consisting of a single point:

A(w) = {mo(w)}-
In particular, there is a unique random fized point ny(w) and a unique invariant random
measure ji. € Po(H) which is given by

Mo = Opo(w), P-a.s. .
Moreover,

(i) if B > 2, then the speed of convergence is polynomial, more precisely,

1S(¢, s;w)x — no(Bw) |7 < {%(5 —2)(t — s)}_H . Vx € H.

2

(ii) if B = 2, then the speed of convergence is exponential. More precisely, for every
n € (0, ) there is a random variable K, such that

1St s50)2 — no(Bu) 13 < 2 (Ky(w) + | [3) e~ e ™, Vo € H.

Remark 1.4. (1) In case > 2 we recover the optimal rate of convergence found in the
deterministic case in [3] for the porous media equation.

(2) Note that (H5) and for § > 2 the growth condition for the noise (54) are not required
in Theorem 1.4.

The paper is organized as follows. The proofs of main theorems are given in the next sec-
tion. In Section 3 we apply the main results to various examples of SPDE such as stochastic
reaction-diffusion equations, the stochastic p-Laplace equation and stochastic porous medium
equations. As the examples of admissible random perturbation (noise), we also show that
assumptions (S1)—(S4) hold not only for Brownian motion, but also for fractional Brownian
motion and Lévy processes.



2 Proofs of main theorems

2.1 Proof of Theorem 1.1

We need to show that the solution to (1.1) generates a random dynamical system. In order
to verify the cocycle property, we use the standard transformation to rewrite the SPDE (1.1)
as a PDE with a random parameter. This is the reason why we need to restrict N; to take
values in V instead of H. For simplicity, in the proof the generic constant C' may change
from line to line.

Proof. Consider the PDE (1.2) with random parameter w € €2 and let

A,(t,v) = A(v + Ny(w)),

which is a well defined operator from V' to V* since N,(w) € V. To obtain the existence
and uniqueness of solutions to (1.2) we check the assumptions of [40, Theorem 4.2.4]. Since
N.(w) is measurable, A,(t,v) is B(R) ® B(V) measurable. It is obvious that hemicontinuity

and (weak) monotonicity hold for A,. For the coercivity, using (H3), (H4) and Young’s
inequality we have

2v+ (Ay(t,v),v)y = 2+ (A(v + Ny(w)), v + Np(w) — Ny(w))v
—llv+ Ne(@)II$ + Kllv + Ney(w)ll; + C = 2v-(A(v + Ne(w)), Ne(w)) v
—0llv+ Ne(@)[IY + Ko+ Ne(w)ll7; + C + C (1+ [[o+ Ne(w)[I571) [IVe ()l

(2.1)
5 (0% (0%
< = gllv+ Ne(@)ly + Ko+ Ni(W)[l7 + C (1 + [[Ne(w) 15
— 276 ||| + 2K [|v[|5; + fi,

IN

where f, = 2K [N(@)|l}; + C + CIN/@)[ € L, (R) by (52).

loc
The growth condition also holds for A, since

ve = [ A@ + Ny(w)) [~
< O+ [Jv+ N()[Is™)
< fleThe L ofele

1AL (t,v)|

Therefore, according to the classical results in [27, 40] (applied to the deterministic case),
(1.2) has a unique solution

Z(-,s;w)x € Ly ([s,00); V)N C([s,00), H)

loc

and z — Z(t, s;w)x is continuous in H for all s <¢ and w € Q.

Now we define S(¢, s;w)x by (1.3) and ¢(t,w)z by (1.4). For fixed s,w,z we abbreviate
S(t,s;w)x by Sy and Z(t, s;w)x by Z;. By the pathwise uniqueness of the solution to equation
(1.2) and (S1) we have

S(t,s;w) = S(t,r;w)S(r, s;w),
(2.2) S(t,s;w) = S(t —s,0;0sw),



for all r,s,t € R and all w € €.

It remains to prove the measurability of ¢ : R x H x Q@ — H. By (2.2) this also implies
the measurability of (¢,s,z,w) — S(t,s;w)z. Since p(t,w)r = Z(t,0;w)z + Ny(w) and
by (S53) it is sufficient to show the measurability of (t,z,w) — Z(t,0;w)z. Note that the
maps t — Z(t,0;w)r and = — Z(t,0;w)x are continuous, thus we only need to prove the
measurability of w +— Z(t,0;w)x.

Let x € H and t € R be arbitrary, fix and choose some interval [sg, %] C R such that
t € (s0,10). By the proof of the existence and uniqueness of solutions to (1.2) we know that
Z(t,0;w)z is the weak limit of a subsequence of the Galerkin approximations Z"(¢,0;w)z in
L*([so,to]; V). Since every subsequence of Z"(t,0;w)z has a subsequence weakly converging
to Z(t,0;w)x, this implies that the whole sequence of Galerkin approximants Z"(t,0;w)z
weakly converges to Z(t,0;w)z in L¥([so, to]; V).

Let ¢ € C5°(R) be a Dirac sequence with supp(py) C B1(0). Then (pp* 2" (-, 0; w)z)(t)
is well-defined for k£ large enough. For each such k € N and h € H we have

(or (27 (- 0sw)z, ) ) (t) = (pr * (Z(- 0; )z, ) )(t), m— oo,

Since w +— Z"(-,0;w)x € L* ([so,to] V) is measurable, so is w — (@g * Z"(+,0;w)x)(t).
Consequently, w +— (¢g * (Z(-,0;w)z, h)g)(t) is measurable as it is the w-wise limit of
(pr * (Z™(-,0;w)x, h)g)(t). We know that r — Z(r,0;w)x is continuous in H. There-
fore, (¢ * <Z(~,0, w)z,h)g)(t) — (Z(t,0;w)x,h)y and the measurability of w — (¢p *
(Z(,0;w)z, h)y)(t) implies the measurability of w — (Z(t,0;w)x, h)g.

Since this is true for all h € H and B(H) is generated by o({(h,-)u| h € H}), this implies
the measurability of w +— Z(t,0;w)x. This finishes the proof that ¢ defines a continuous
RDS and consequently, that S defines a continuous stochastic flow.

Note that adaptedness of S; to F; can be shown in the same way as the measurability of

Q. O

2.2 Proof of Theorem 1.3

Since in Theorem 1.1 we have proved that ¢ defines an RDS, we can apply Proposition 1.2
to show the existence of a random attractor for ¢. For this we follow the procedure outlined
in the introduction. First we prove the absorption of Z(t, s;w)z in H at time t = —1.

Lemma 2.1. Suppose (H1)-(H4) hold for o = 2, K = 0 or for o > 2 and that (S1)-(54)
are satisfied. Then there exists a random radius r1(w) > 0 such that for all p > 0, there
exists § < —1 in such a way that P—a.s. we have

1Z(=1, s;w)zlfy < riw),
which holds for all s < '§ and all z € H with ||z||g < p .

Proof. By the coercivity of A, proved in the previous section (see (2.1)) we have

d _
(2.3) &HZtHJ%I = 2v(Au(t, Z4), Ze)v < =00l ZellS + 2K (| Zil| 3 + fo,



where g = 279§ > 0 and f; = 2K || Ny(w)||% + C (|| Ne(w)]$ + 1).
If a >2or a=2,K =0, then there exist constants A > 0 and C' such that

4}
(2.4) IZtII?qu;OIIZtII‘é <=Mzl + fie + C.

¥
dt
By Gronwall’s Lemma for all s < —1 we have,

-1
|24l < XN ZI + [ eI+ Cpar
(2.5) :

-1

< 2z + 26N ING(w) 17 + / e MI(f 4 C)ar

—0o0

By (54), i.e. the subexponential growth of NV;(w) for t — —oo we know that the following
quantity is finite for all w € 2,

1
r?(w) =2+ 2 sup e’A(’l”’)HNr(w)qu + / ef’\(’l’T)(fT(w) + C)dr.

’I“S—]. o0

Applying (53), i.e. the joint measurability of N in (¢,w), r1(w) is measurable and then the
assertion follows by taking some 5 < —1 such that e (=179 p? < 1. O

Remark 2.1. (2.4) also implies the following estimate for the V-norm

@ 0

2 /.

(2.6) 0

1Zo]2dr < [ Z 4] + / (f, + C)ar.

The next step is to show compact absorption of Z(t, s;w) at time t = 0. We proceed
by using the approximation scheme indicated in the outline of proof. By defining H, :=
(H,(-,)n) (see (H5)) we obtain a sequence of new Gelfand triples

VCH,=H, CV".

Note that we use different Riesz maps i,, : H, — H, to identify H, = H in these Gelfand
triples. Let ¢ denote the Riesz map for H = H*. Now we recall the following Lemma, which
is proved in [34].

Lemma 2.2. If T, : V — V is continuous, then i, o i}

that

(27) %% <Inf7U>V = V= <f7 Tnv>V? f € V*7 velV.

: H* — H is continuous w.r.t.
v+. Therefore, there exists a unique continuous extension I, of i, 01~ ' to all of V* such

Lemma 2.3. Suppose the assumptions of Theorem 1.3 hold. Then there exists a random
radius ra(w) > 0 such that for all p > 0, there exists s < —1 in such a way that P — a.s. we
have

1Z(0, sy w)z[[§ < r3(w),

which holds for all s < 5 and all x € H with ||z||g < p.

10



Proof. Using the operator I,, : V* — H* we consider the following equation

d
aZt - InA(Zt + Nt);

which is well defined on the new Gelfand triple
VCH,=H CV*~
By Lemma 2.2, (1.5) and (H4) we have

d
SNZE = 20 (LA(Z+ N, Ziby

- 2v* <A(Zt + Nt), TnZt>V
< C(|Ze+ N2+ 1) = 2+ (A(Zy + Ny), T Ny

a—1 ;1 o
< C1Zc+ Ml + 1) +2 (S HAG+ N)IFT + 21T )

<C (HZtHi + HZtHa) + C (L N + NS + 1 TN

gt ° S V n V °

Then Gronwall’s Lemma implies that for all s <0,
0 0
120l < e 202+ C [ e eZgdr s [ e rgar

Integrating on s over [—1,0] and using (1.6) we have

0 0
1202 < [ (e Z I+ Cezy) ar [ e Crgar
-1

0
< / (2|2 + Ce | Z,|1¢) dr + Ch.

-1

where (] is a finite constant.
Note that & > 2 and || - ||s < C|| - ||v, hence by taking n — oo and using (2.6) we have

%03 <C [ o a1z o
< Col| Zally + Co,

where Cy > 0 is a constant. Now the assertion follows from Lemma 2.1. O

11



Proof of Theorem 1.3: By Lemma 2.3 there exists ry(w) > 0 such that for all p > 0
there exists s < —1 in such a way that P — a.s.
1500, s; w)zlls = [12(0, 5;w)x + No(w)lls
< [12(0, 5;w)zl|s + [[No(w)l|s
< rp(w) + [[No(w)lls
holds for all s < 5 and all x € H with ||z|z < p.

Hence S(t, s;w)z is absorbed at time ¢ = 0 by the compact random set

K(w) = Bs(0,r2(w) + [[No(w)[ls)-

By Proposition 1.2 this implies the existence of a random attractor for the RDS ¢ associated
with (1.1). O

2.3 Proof of Theorem 1.4

The proof of first Lemma is mainly based on [9, Theorem 5.1]. The strong monotonicity
condition (H2') leads to the following strong contraction property.

Lemma 2.4. Under the assumptions of Theorem 1.4 with B > 2, for s < s9 < t, w € €}
and x,y € H we have

2

B—2

_ A
1800, 15600 — St swly < {18052 5000 = ol + 55 - 20— 50}

2

<{50-20-s} .

In particular, for each t € R there exists n; (independent of x) such that
lim S(t,s;w)r = n(w),
S5—r—00
where the convergence holds uniformly in x and w.

Proof. Let w € Q, x,y € H and s1 < 59 < s < t, then

S(t, s1;w)x — S(t, so;w)y
=S(s,s1;w)r — S(s, s9;w)y + / (A(S(r, s1;w)x) — A(S(r, s2;w)y)) dr.

Note that ¢t — S(t, s1;w)z — S(t, s9;w)y is continuous in H. By Itd’s formula and (H2')

IS(t, s1;w)z = S(t, 23wyl
=1S(s, s1;w)x — S(s, 23wyl

(2.8) + 2/ v (A(S(r, s1;w)x) — A(S(r, s9;w)y), S(r, s1;w)x — S(r, s9;w)y)ydr

t
ﬁﬁ@su@x—sws%mm@—A/Www£EMx—svamwm@w-
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The idea of the rest of the proof is to compare ||S(, s1;w)x — S(t, s2; w)y||%, with the solution
to the ordinary differential equation

s
(2.9) R'(t) = —Ah(t)2, t > s9; h(ss) = ||S (52, 51;w)x — yl|3.

However, since ||S(t, s1;w)z — S(t, so;w)y||% is not necessarily differentiable in ¢ we cannot
apply classical comparison results.
Let

2

B—2

_ A

() = { (18052513000 =yl + 9 + 50520 - )
It is easy to show that h. is a solution of (2.9) with hc(ss) = (||S(sq, s1;w)x — y|lg + €)*.
Now we prove that
(2.10) 1S(t, s1;w) — S(t, s2;0)yl[3 < he(t), t> s
Let

De(t) = he(t) = [|S(t, st w)z — S(t, s230)yll3,
7. = inf {t > so| D (t) < 0}.

Because @.(s2) > 0 and by the continuity of ®. we know that 7. > s,. Furthermore, note
that by definition we have

h€(t> Z |IS(ta Sl;w)x - S(t732;w)y”%{a t e [SQaTe];
he(t) < (||S(s2,81;w)x — yllg +€)* =i ce, t > 5o

If 7. < oo, then @.(7.) < 0 by the continuity of @.. Therefore, by the mean value theorem
and (2.8) for all s, < s <t < 7. we have,

De(t) = he(t) — IS(t, sy w)z — S(t, s2:w)yll%

> @, (s) — A/: (he(r)E = (ISr.si:)z — S sozeahylf) ) dr

Vi)

B—2

> @, (s) — wc;? / ()

Using Gronwall’s Lemma we obtain

AB =2
D (1) > Pc(s2) exp — G 2 (1 —s2)| > 0.
This contradiction implies that 7. = oo, i.e. (2.10) holds.
Since (2.10) holds for any € > 0 we can conclude that

2
B—2

_ A
1800, 15600 = St swly < {18052 5000 = ol + 50 -2~ 50}

2

B2

< [8(sn,svi)e = vl A {50 - 200 - 32)

B—2

<{30-20-w)
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holds for any t > ss. m

Lemma 2.5. Suppose the assumptions of Theorem 1.4 with 5 =2 and (S4) hold. Then for
each n € (0,\) there is an R -valued random variable K, such that

15t si;w)e = S(t syl < 2 (llzlfed™ + Ky (w) + Iyl ) e Pe

for all s; < s9 < t, w € Q and v,y € H. In particular, for each t € R there exists 0,
(independent of x) such that
lim S(t,s;w)r = n(w),

§——00

where the convergence holds locally uniformly in x.

Proof. As in Lemma 2.4 for w € Q, x,y € H and s; < s5 < s <t we obtain
1S(t, s1;w)z — S(t, s2; W)y %

t
<||S(s, s1;w)x — S(s, sg;w)yH%{ = )\/ IS (7, s1;w)z — S(r, sg;w)yH%{dr.

Thus, by Gronwall’s Lemma

IS(t, s13w)a — S(t, sp;w)yllf < 1S (52, 51;w)w — yl[ze~ 22
< 2 (1S (2,515 w)ally + ylly) 0,

By [40, Lemma 4.3.8] (H3), (H4) and (H2') imply that for each n € (0, \) there exists a
C, > 0 such that for all v € V'

(2.11) 2 v-(A(v),v)v < —nllvllz + Cy.

Letn € (0,\) and 77 = % € (n,A). Weuse (2.11) with 7, (H3), (H4) and Young’s inequality
to obtain

2 v (A + N,), v}y

=2 y«(A(v+ N,),v+ N, — N,)y

<2 y(A(v+ N,), v+ Npyy +2(1 — &1) v+ (A(v + N,.), v + N, )y
2 A+ N)llv- [V v

<e1K|lv+ N3 — derl|v+ No|I$ +e1C — 73(1 — &) |Jv + No |7 + (1 — &1)C;
+eafA(v + N[5+ + Ce [N IT

<(e1K —7j(1 — 1)) ||lv + No|[} + (£2C — b)) ||v + No||§ + e1C + (1 — 1) C5
+e2C + Coy [ N7,

where &1 € [0,1], &2 > 0 and C, C.,, C., > 0 are some constants.

14



Now by taking 0 < g < /\ 1 and g5 = 52} we have

2 (A + N,), vy < —nllv+ Nollfy +e1C + (1= €1)C5 + 220 + Co,[IN 17

<

< _g”“”% + N3+ e1C + (1 — e1)Cy + 220 + Co, | N1
77

< =g llvlli + Ca(r),

where Cy(r) = n[N[[F + Co, [ Ne [l + 21C + (1 — €1)C + e2C.
Hence for all to > t; > s,

to
||Z(t2,s;w):p||§{ = ||Z(t1,s;w)a:||§{ + 2/ v (A(Z(r,s;w)z + Np(w)), Z(r, s;w)z)ydr

t1

to t2
<12 sl = 1 [ 1205wl + [ 0,0

2 t1 t1

By Gronwall’s Lemma
IS(sa:suiwlally < 2 (122 sswhalfy + [N @)]3)
s2
< 2([alfe 0+ [ eI )+ V. ) )

S1
For s; < s9 < 0 we conclude that

HS(t si;w)x — S(t, sa5w)yl|H
2 (1S (s2, s1;w)z||3 + Iyl ) e 202

52
4(quze oo [ om0 ) 4 N @+ ol ) e

51

IN

52 6)\82
i (Jalpetre 4 e [ B0+ N + Gl ) e

S1

S S S 6)\52
<4 (OBl + P D 4 AN + Gl )
— 0 as 1,8, = —00,

where K, = ffoo e2"C,(r)dr is finite by (S4), i.e. by the subexponential growth of ||N;||y.
Therefore, for all £ € R and w € 2 there exists a limit 7;(w) (independent of x) such that

lim S(t,s;w)x = n(w)

S—>—00
holds locally uniformly in z. O

Now we can finish the proof of Theorem 1.4.
Proof of Theorem 1.4 By Lemma 2.4 and 2.5 we may define

Aw) = {no(w)}-

15



We shall show that this defines a global random attractor for the RDS associated with (1.1).
Since n(w) is measurable, A(w) is a random compact set. Hence we only need to check
the invariance and attraction properties for A(w).
The Continuity of x — S(¢,0;w)x and the flow property imply that

o(t, w) A(w) = {sa,o;m lim S(O,s;w)az} :{ lim S(t,s;w)x}

= { lim S(0,s — t,@tw)a:} ={n(Ow)} = A(bw), t >0,z € H.
s——00

Since the convergence in Lemma 2.4 is uniform (locally uniform resp. in Lemma 2.5) with
respect to x € H, for any bounded set B C H we have

dlp(t,0-1w)B, A(w)) = sup [[S(, 0, 0-w)z = no(w) ||
HAS

= sup ||S(0, —t;w)z — no(w)||g — 0(t = 0),
TEB
i.e. A(w) attracts all deterministic bounded sets.

Therefore, A is a global random attractor for the RDS associated with (1.1).

We now deduce the unique existence of an invariant random measure p. € Pqo(H). For the
notion of an invariant random measure we refer to [17, Definition 4.1]. By [17, Corollary 4.4]
the existence of a random attractor implies the existence of an invariant random measure.
Moreover, by [15, Theorem 2.12] every invariant measure for ¢ is supported by A = {n},
ie. p,({m(w)}) =1 for P-a.a. w.

The bounds on the speed of attraction follow immediately from the respective bounds in
Lemma 2.4 and 2.5. [

3 Applications to concrete SPDE

In this section we present several examples of admissible random perturbations N; and also
show that (H1) — (H5) and (H2') can be verified for many concrete SPDE. Hence Theorem
1.3 and 1.4 can be applied to show the existence of a random attractor for those examples.

We will first show that all cadlag processes with stationary increments satisfy (S1)-(53)
and thus Theorem 1.1 and Theorem 1.4 are applicable. Of course, this contains all Lévy
processes as well as fractional Brownian Motion.

Lemma 3.1. Let (Ny)ier be a V-valued process with stationary increments and a.s. cddldg
paths. Then there is a metric dynamical system (Q, F,P.0;) and a version Ny (cf. [42,
Definition 1.6]) on (Q, F,P,0;) such that N; satisfies (S1)-(S3).

Proof. We choose Q@ = D(R;V) to be the set of all cadldg functions endowed with the
Skorohod topology (cf. [2], pp. 545), F = B(Q), O (w) = w(t + ) —w(t) and P = L(N)
to be the law of N; (or more precisely its restriction on ). Note that F is the trace in 2
of the product o-algebra B(V)® and (t,w) — 6;(w) is measurable. Since N; has stationary
increments we know that ¢, = P. Hence ({2, F,P,0;) defines a metric dynamical system
and the coordinate process N, on § is a version of N, satisfying (S1), (52) and (S3). O
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We will prove the asymptotic bound (S4) for two classes of processes. The first class
consists of all processes with independent increments (e.g. Lévy processes) where the proof is
based on the strong law of large numbers, and the second class consists of all processes with
Holder continuous paths (e.g. fractional Brownian Motion), for which we use Kolmogorov’s
continuity theorem and the dichotomy of linear growth for stationary processes.

Lemma 3.2. Let V' be a separable Banach space and N; be a 'V -valued Lévy process with Lévy
characteristics (m, R, v) (e.g. cf. [39, Corollary 4.59]). Assume that [, (||z]lv V [|z|]3,) dv(z) <

o0, then we have P-a.s.

N,
ﬁ — £EN; (t — £00).
Proof. Since N, := N_, is also a Lévy process satisfying the assumptions and EN; = —EN,
it is sufficient to prove the assertion for ¢ — +o00. By the Lévy-1to decomposition for Banach

space valued Lévy processes (cf. [1, Theorem 4.1]) we have

Nt:mt+Wt+/

eN(t,dr) + / eN(t,dr),
B1(0) £(0)

where m € V., W, is a V-valued Wiener process and
(3.1) / eN(t,dr) == lim eN(t,dr) = lim / N(t,dx)
B1(0) e Mg Sllallv <ty ”_”OZ {(z<llellv<g }

is a P-a.s. limit of compensated compound Poisson processes.
By an analogous calculation to [39, pp. 49] we have

2
Bl [ aNediRsa ) e[ fedvao)
{e<llzllv<1} {e<llzllv <1} {e<llzllv <1}

and
2
Bl [ aNaolp <t [ HwH2vdV(x)+(t / Ha:uvdu(x))

B1(0) B1(0)

B1(0)

(3.2) sup E|| Z / N (t,dz)|? = Slip E|l / N (t, dz)]|?

{z<lzllv<g G <lelv<1}

2
§2t/ |z]|2-dv(z) + 4 <t/ H:L’Hvdi/(a:)> < 00.
By (0) By (0)

By (3.1) [ B1(0) zN(t,dz) is the limit of a P-a.s. converging series of independent random

variables and by [32, Theorem 3.4.2] the bound (3.2) implies that the convergence in (3.1)
also holds in L*(Q; V). Hence N; € L*(Q; V) and

EN;,=t|m —i—/ zdv(x) | = tEN;.
B1(0)

17



Let now N; be centered (i.e. EN; = 0) and note
Ny=Np—Ny1+Np1 —Npo+ ...+ va

then by the law of large numbers for Banach space valued random vectors (cf. [25, Theorem
I11.1.1]) we have P-a.s.

%Lﬂmm:omamy

It remains to derive the bound for N, — Ny Let

Sp = sup ||Npys — Nullv.
s€[0,1]

Since N is centered and has first moment, it is a martingale. Thus || V¢||y is a non-negative
cadlag submartingale and Doob’s maximal inequality implies that

ESy =E sup || N,|ly < 2(E||N1||?)2 < oc.

s€[0,1]

Since S, are i.i.d., by the strong law of large numbers we have for N — oo

St S

N E[Sy], P-a.s..

In particular, we have SWN — 0, P-a.s.. Consequently,

[Nellv _ [8 (INe = Ngllv | [Nwllv
£ ( R )
< % (% + —HNEHV) — 0 (t = o0), P-as. .

For N, not necessarily centered we have

N, Nt—IENt+IENt _ N,—EN,
t t t t

+EN; - ENy, (t — o0), P-as. .

]

We now prove an asymptotic bound for processes satisfying the assumptions of Kol-
mogorov’s continuity theorem. The proof is similar to [37, Lemmas 2.4 and 2.6] where the
case of fractional Brownian Motion with Hurst parameter H € (3, 1) is considered. However,
note that we do not require v = 2 in (3.3), hence here we can include fractional Brownian
Motion with any Hurst parameter H € (0, 1) (see Lemma 3.5).

Lemma 3.3. Let (Ny)ier be a process on a metric dynamical system (2, F, P, 0;) with values
in a Banach space V' such that (S1) holds. Assume that there exist constants v > 1, a > 0
and C' € R such that

(3.3) E[|N; — N[l < CJt — s|'te, Vt, s € R.
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Then there exists a Oi-invariant set Qo C Q with P(Q) = 1 and for any € > 0, w € Qy,
0 < p < % and any interval [sg,to] C R there exist constants C; = Ci(e,w,),Cy =
Cy(w, B, s0,tg) > 0 such that

| N (W)l < elt]* +C1, Vt €R and

IN(w)lles((s0,t0v) < Co-
In particular, Ny satisfies (S4).

Proof. Since N; := N_, also satisfies the assumptions, it is enough to prove the assertion for
t > 0. Firstly, we have

[Ne(w)[lv = [[Ne(w) = Ng(w) + Nig(w) = Ng-1(w) + ... + Ni(w) — No(w) + No(w)|[v
= || Ni—ig (Opgw) — NO(Q[t]w) + N1(0pg-1w) — No(0pg-1w) + ...
(3.4) + Ni(w) — No(w) + No(w)|lv
< |IN(Ogw)llesoagvy + 1V-(Org—10) |eso,1:v) + - + IV(w) [l es (0,11
+ [No(w)]lv, t € R,

Hence we need to derive a bound for || N.(6,w)||cs0,1);v) as a function of 7.
Using Kolmogorov’s continuity theorem (cf. [29, Theorem 1.4.1]) and (3.3) we obtain

||N'(w)||0ﬁ([s,t];V) < K(W,,@,S,t) S L’Y(Qv‘/—_-ﬂmv]P)) - Ll(Qa‘F]Pa]P))v Vs < l
where F* is the completion of F with respect to P. Note that
[ Nu(0rw) — Ny(0,w) v

(35 ING)lorgogry = sup
([=1V) UFV,u,VES, 1] |U - U’B
Nu r - Nv T
g 1) Nl
uFv,u,vE(s,t] |'LL - /U‘

= ||N~(w)||Cﬁ([s+r,t+r];V)a

for all s <t and r € R. Hence

Sl[gpl] [N.(0,0) | cs sy < NIN(W)llossirnvy € LHR), Vs <t
re|0,

The dichotomy of linear growth for stationary processes (cf. [2, Proposition 4.1.3 (ii)]) states
that any measurable map f : 2 — R on a metric dynamical system (2, F,P, (0;);cr) with
sup,co1) f T (0:) € L (Q) grows sublinearly, i.e.

limsup
t—*+oo | |

on an invariant set of full P measure. We conclude that there is a ,-invariant set €25 C 2
with P(£29) = 1 such that

) 1
lim 7||’N-<9tw>‘|cﬂ([0,1};V) =0, Vwe Q.

lt[—o0 |
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Hence for every € > 0, w € g there exists a constant 7' := T'(e,w) € N such that
IN.(Oww)ll s jo,uv) < €lt], [t =T
By (3.4) this implies

[¢] T—1
IV (@)l <D IN6sw)lles o,y + D IN(Orw) leaosy + [ No(w)llv
k=T k=0

< €lt]? + TIIN.()llos(po,z1v) + [1No(w) v
< e[t]? + TK(w,8,0,T) + [ No(w)lv, t € Ry
O

Corollary 3.4. Let (N;)ier be a V-valued process with stationary increments and a.s. cddldg
paths. Assume that (3.3) or the assumptions of Lemma 3.2 hold, then there is a metric
dynamical system (Q, F,P,6,) and a version N; on (Q, F,P,6,) such that Ny satisfies (S1)-
(54).

Now we show that (3.3) holds for fractional Brownian Motion (fBM) with any Hurst
parameter. We first recall the definition of Banach space-valued fBM.

Definition 3.1 (Fractional Brownian Motion). Let H € (0,1) and R : V* — V be a bounded
linear and non-negative symmetric operator. A V-valued P-a.s. continuous centered Gaussian
process B starting at 0 is called an R-fBM with Hurst parameter H if the covariance is
given by

1
E[ v (z, B{')v v (y, Bf')v] = §(t2H + s — |t — s]*) v (z, Ry)v

forall z,y e V* t,s € R,.

It is easy to see that B has stationary increments. Thus, according to Lemma 3.1 we
will always consider the canonical realization of fBM in this paper.
Let
VCHCV®

be a Gelfand triple, BtH be an R-fBM in H and A\, > 0, e, € H such that Re, = Age,. Then
B[ has the representation

(3.6) B =Y VB (Hex,
k=1
where 8{ are independent real-valued fBM and the convergence holds P-a.s. as well as in

each LP(Q); H).

Lemma 3.5. Let Bf be a fBM in H with representation (3.6) and assume that K =
oo VAkllexlly < oo. Then B satisfies (3.3), more precisely, for each m € N there is
a constant C' > 0 such that

E |BY — BE|3™ < OK|t — s*"™, s,t € R.
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Proof. By the comparability of Gaussian moments (cf. [30, Corollary 3.2]) we have
[E]B, — BP"]* = [EIBLIP"]* < CEIBZ, v,

where C' > 0 is a constant depending only on m.
By our assumption we know that the convergence in (3.6) also holds in L'(Q; V). Hence
we have

1
[ElIB" = BIV"] ™ < CE|B,|lv

N
= C lim E| 2_) VB (= s)erlv

N
< C i vV Hp
< C]\}l_rgo; AillerllVE[By (= s)|
< CK|t—s|", s,t €R.
In particular, choosing m such that 2Hm > 1 we get (3.3). O

We now proceed to examples of SPDE satisfying (H1) — (H5) and (H2'). Note that
most of those assumptions are well known and have been used extensively in recent years
for investigating SPDE within the variational framework, e.g. see (H1) — (H4) in [23, 24,
33, 34, 35, 40] and (H2') in [18, 33, 35]. It has also been proved that (1.5) in (H5) holds for
many SPDE in [34]. Hence, we only need to verify (1.6) in (H5).

The following elementary lemma is crucial for verifying (H2') (cf. [33, 35]). For the proof
see e.g. [35].

Lemma 3.6. Let (E, (-,-)) be a Hilbert space and || - || denote its norm. Then for any r > 0
we have

(3.7) (lal"a — (1676, = b) > 27" |a = b]|"*?, a,b € E.

Example 3.7. Let A be an open bounded domain in R? and LP := LP(A) for some fized
p > 2. Consider the following triple

Vi=ILPCH:=L*C(LP) =Lt
and the stochastic equation

where Ny is an LP-valued process with stationary increments and a.s. cddldg paths, f : R —
R? is continuous and satisfies the following conditions:

(z) = f(y),z —y) < =Nz —y|”;

(3.9) (2),2) < =0zl + K|z* + C;



where C;\ > 0,8 > 0,3 > 2 are some constants and {-,-) is the inner product on R%. Then
the RDS generated by (3.8) has a unique random fized point and the other assertions in
Theorem 1.4 also hold. If 5 = 2 in (3.9), then the conclusions still hold, provided N; also
satisfies (54).

Proof. Using a similar argument as in [40, Example 4.1.5], one can show that (H1),(H?2),
(H3) and (H4) hold for (3.8) with o = p. Hence Theorem 1.4 applies. O

Remark 3.1. (i) A typical example for f is as follows (cf. [34, 35, 40]):
f@) = —|al"*z +nz, n <0.

(ii) The first inequality in (3.9) implies that
A B
(F(@).x) < ~2Jaf? + €.

Therefore, if § > p, then the second inequality (so called coercivity condition) in (3.9)
automatically holds.

(iii) If N; is a finite-dimensional fBM, the existence of a random fixed point for (3.8)
has also been studied in [21]. Compared with the result in [21], we only require a coercivity
condition (the second inequality in (3.9)) on f instead of assuming f to be continuously
differentiable as in [21]. Another improvement is that we can allow equation (3.8) to be
driven by infinitely many fractional Brownian motions or by Lévy noise.

Example 3.8. (Stochastic reaction-diffusion equation)
Let A be an open bounded domain in RY. We consider the following triple

V= Wot(A) € LH(A) € (WP (M)
and the stochastic reaction-diffusion equation
(3.10) dX; = (AX, — | X, P2 X, 4+ nX,)dt + AN,

where 1 < p < 2 and n are some constants, N; is a V -valued process with stationary incre-
ments and a.s. cddldg paths.

(1) If n <0 and (S4) holds, then all assertions in Theorem 1.4 hold for (3.10) with 8 = 2.

(2) Ifn >0, N.(w) € L*([-1,0]; W32(A)) for P-a.e. w and satisfies (S4), then the stochas-
tic flow associated with (3.10) has a compact random attractor.

Proof. (1) By Lemma 3.1 we know that (S51)-(53) hold. It is also well known that (H1)-(H4)
hold for (3.10) (cf. [33, 35, 40]). If » < 0, then it is easy to show that (H2') holds with
p = 2. Therefore, all assertions in Theorem 1.4 hold for (3.10).
(2) According to Theorem 1.3 one only needs to verify (H5). Let S = W,?(A) and A be
the Laplace operator on L?(A) with Dirichlet boundary conditions. We define
n:—Aa—ér¥

n
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Let {P,}+>0 and £ denote the semigroup and Dirichlet form corresponding to A. It is easy
to show that T,, are continuous operators on W,*(A) by noting that

(3

Vo (Au, Tnu>v = y=* <A’LL, —A(l —

Then we have

= y«(Au,nu —n(l —

= —n/ e (Vu, Vu — VPru) 2 ndt
0 n

IN

—n/ e " (E(u,u) — E(u, Peu))dt
0 n
< 0

where the last step follows from the contraction property of the Dirichlet form &.
By using a similar argument one can show that

vel=lulP?u + i, Tou)y < allully, we Wo*(A).

Hence (1.5) holds. Using the fact that P, is bounded on W, *(A) and N.(w) € L*([—1,0]; W*2(A))

for P-a.e. w we have

0 0 A
[ = [ - a0 - 2y

(3.11) :/’WI—ér%Amw%ﬁ

-1 n

0
< c/ IAN|[2dt < oo,
1

where the third step follows from the following formula

(I—=)1v= / e 'Pivdt, veV.
n 0 "

Hence (1.6) holds. Then the existence of the random attractor for (3.10) follows from The-
orem 1.3. 0

Remark 3.2. In Example 3.8 we had to restrict to reaction terms of at most linear growth.
This restriction is due to the fact that the variational approach to SPDE as presented in
[27, 40] does not apply to nonlinearities of arbitrary high order. However, we only used the
results from [27, 40] to construct the associated RDS. Therefore, as soon as we can obtain
the corresponding RDS by some other method, our arguments can be used without change

23



to prove the existence of the random attractor. More precisely, let A be an open bounded
domain in R?. We consider the following triple

V=W (A) N LP(A) C H := L*(A) € (Wy*(A) N LP(A))*
and the stochastic reaction-diffusion equation
(3.12) dX; = (AX, — | X, P72 X, + nX,)dt + AN,

where 2 < p, n € R are some constants and N, is a V-valued process with stationary in-
crements and a.s. caddlag paths. Note that (3.12) does not satisfy (H3)-(H4) with the same
parameter a. Nevertheless, the associated RDS can be defined by an analogous transfor-
mation into a random PDE. The existence and uniqueness of solutions for the transformed
equation (1.2) follows by a standard proof via Galerkin approximations (cf. [45, pp. 91]).
The proof of condition (H5) carries over without change. If n < 0 then Theorem 1.4 can be
applied with 8 = p. If n > 0, N.(w) € L*([—1,0]; WZ*(A)) N LP([—1,0]; Wg*(A)) for P-a.e. w
and satisfies (S4), then the same arguments as for Theorem 1.3 yield the existence of the
random attractor.

In [17, Section 5] the existence of a random attractor for stochastic reaction diffusion
equations perturbed by finite dimensional Brownian noise is obtained under the assumption
that the noise takes values in H2(A)NHE(A)NW5°1 (A). In comparison, we can allow infinite
dimensional noise and include fractional Brownian motion as well as Lévy type noise, but
we need to require slightly more regular noise taking values in H?(A) N Hg(A) N W?2P(A).

Remark 3.3. Simple examples of noises satisfying the assumptions are given by finite dimen-
sional noise. Let N € N and

N N
(3.13) No=Y Bl (t) (or N =) nLn(t) ) ,teR,
n=1 n=1

where @, € W (A) N WZP(A) and B2 are independent two-sided fractional Brownian mo-
tions with Hurst parameter H € (0,1) (or L,, are independent two-sided Lévy processes). It
is easy to show that the noise (3.13) satisfies all assumptions required in the above example.
Noise of this form can also be used for those examples below as well by choosing appropriate
spaces for ¢,,.

Example 3.9. (stochastic porous media equation)
Let A be an open bounded domain in R%. For r > 1 we consider the following triple

V= L"*Y(A) C H:= W, ") CV*
and the stochastic porous media equation
(3.14) dX; = (A(1X 71 Xy) +nX,) dt + AN,

where 1 s a constant, Ny is a V -valued process with stationary increments and a.s. cddlag
paths.
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(1) If N.(w) € L™ ([=1,0]; W2™1(A)) for P-a.e. w and satisfies (S4), then the stochastic
flow associated with (3.14) has a compact random attractor.

(2) If n <0, then all assertions in Theorem 1.4 hold for (3.14).

Proof. (1) According to [40, Example 4.1.11; Remark 4.1.15] we know that (H1)-(H4) hold
for (3.14). By Lemma 3.1 and the assumptions we know (S51)-(54) also hold. Hence we only
need to verify (H5) in Theorem 1.3.

Let S = L?*(A) and A be the Laplace operator on L?(A) with Dirichlet boundary condi-
tions. We define

T, = A= 212y (1 (- é)1> .

n n

It is well known that the heat semigroup {P;} (generated by A) is contractive on LP(A) for
any p > 1. Then by the same argument as in (3.11) we know that (1.6) holds.
In order to show that T}, are continuous operators on L""(A) we use the formula

A

(I—=)"u :/ e 'Prudt.
n 0 "

By Holder’s inequality and the contractivity of {P} on L™ (A) we have
A

v (Al 0) + i, A1 = )y

A
= (el nu = n(1 = =) )2+l

= —n/ e’ </ lu|"dx — / u)" "t - Ptudx) dt + nl|ul?
0 A A "

nllullz, Yu € L™HA).

IN

Hence (1.5) holds and the assertion follows from Theorem 1.3.
(2) If n <0, then by Lemma 3.6 it is easy to show that (H2') holds with g =r + 1 (cf.
[33, 35]). Hence all assertions in Theorem 1.4 hold for (3.14). O

Remark 3.4. In [9] the existence of a random attractor for generalized porous media equations
perturbed by finite dimensional Brownian noise has been proven under the assumption that
the noise takes values in I/VO1 "1 In the case of the standard porous medium equation our
results thus extend [9] to infinite dimensional noise and fractional Brownian motion as well

as Lévy type noise, if the noise is more regular, i.e. takes values in W2+,

Example 3.10. ( Stochastic p-Laplace equation)
Let A be an open bounded domain in R? with convex and smooth boundary. We consider the
following triple

Vi=W"(A) C H:=L*(A) C (W"P(A))*

and the stochastic p-Laplace equation
(3.15) dX; = [div([VX P2V X,) — | X2 X, + o Xy | dt 4+ DV,
where 2 < p < 00,1 < p <p, m >0, n €R are some constants and N; is a V-valued

process with stationary increments and a.s. cadldag paths.
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(1) If N.(w) € LP([-1,0]; W3P(A)) for P-a.e. w and satisfies (S4), then the stochastic flow

associated with (3.15) has a compact random attractor.
(2) If ne <0, then all assertions in Theorem 1.4 hold for (3.15).

Proof. (1) According to [40, Example 4.1.9] and the assumptions, we only need to verify
(H5) in Theorem 1.3.

Let S = W2(A) = D(v/—A), where A is the Laplace operator on L?(A) with Neumann
boundary conditions. It is well known that the corresponding semigroup { P, } is the Neumann
heat semigroup (i.e. the corresponding Markov process is Brownian Motion with reflecting
boundary conditions). Moreover, we know that P, maps LP(A) into W'P(A) continuously
(see [13, Section 2] for more general results). Then for all t > 0, P, : WHP(A) — WP(A) is
continuous.

Now we define

T, =—-A(I - %)—1 =n <1 — (I - %)—1> .

It is easy to show that T;, are also continuous operators on WP(A) since

A

(I—=)"u :/ e 'Prudt.
n 0 "

Moreover, since the boundary of the domain is convex and smooth, we have the following
gradient estimate (cf. [48, Theorem 2.5.1))

(3.16) IVPu| < P|Vu|, ue W"(A).

Since { P, } is a contractive semigroup on LP(A), it is easy to see that { P} is also a contractive
semigroup on W1?(A) by (3.16). Therefore,

- <div(]Vu|p_2Vu), T, u)v
= V*<div(|Vu|p_2Vu),nu —n(l-— é)_1u)v
n

- n/ ety (div(|VulP2Vau), u — Peu)ydt
0 n

= —n/ et (/ |Vul|Pdx —/ |VulP2Vu - VPtudx> dt
0 A A "

0, u€ WHP(A),

IN

where in the last step we used Holder’s inequality and the contractivity of {P;} on WP(A)
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to conclude

/ IVulP*Vu - VPudz
A

< (/\vu\de> ’ (/ |VPSu]pdx)p
A A
< (/|Vu|p) ' ~(/|PS|Vu||pdx)p
A A
< /[Vu]pdx.
A

Using the same argument we obtain

V*<—n1]u\ﬁ_2u — nou, Tyu)y < 772Hu‘|i> u € Wl’p(A)-

Hence (1.5) holds.

Note that (1.6) also holds due to the same argument as in (3.11). Therefore, the assertion

follows from Theorem 1.3.

(2) If o < 0, then by Lemma 3.6 it is easy to show that (H2') holds with § = p (cf.

[33, 35]). Hence all assertions in Theorem 1.4 hold for (3.15). O
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