PATHWISE UNIQUENESS FOR SINGULAR
SDEs DRIVEN BY STABLE PROCESSES *

E. Priola

Abstract

We prove pathwise uniqueness for stochastic differential equations driven by
non-degenerate symmetric a-stable Lévy processes with values in R? having
a bounded and (-Hélder continuous drift term. We assume § > 1 — /2 and
a € [1,2). The proof requires analytic regularity results for the associated
integro-differential operators of Kolmogorov type. We also study differentia-
bility of solutions with respect to initial conditions and the homeomorphism
property.

1 Introduction

In this paper we prove a pathwise uniqueness result for the following SDE
t
Xt:x—l—/b(Xs)ds—l—Lt, reR? t>0, (1.1)
0

where b : R? — R? is bounded and 3-Holder continuous and L = (L;) is
a non-degenerate d-dimensional symmetric a-stable Lévy process (Ly = 0,
P-as.) and d > 1.

Currently, there is a great interest in understanding pathwise uniqueness
for SDEs when b is not Lipschitz continuous or, more generally, when b is
singular enough so that the corresponding deterministic equation (1.1) with
L = 0 is not well-posed. A remarkable result in this direction was proved
by Veretennikov in [25] (see also [27] for d = 1). He was able to prove
uniqueness when b : R — R? is only Borel and bounded and L is a standard
d-dimensional Wiener process. This result has been generalized in various
directions in [9], [13], [26], [6], [7], [5], [8]-

The situation changes when L is not a Wiener process but is a symmetric
a-stable process, a € (0,2). Indeed, when d = 1 and a < 1, Tanaka,
Tsuchiya and Watanabe prove in [24, Theorem 3.2] that even a bounded
and [§-Holder continuous b is not enough to ensure pathwise uniqueness if
o+ B < 1 (they consider drifts like b(z) = sign(z) (Jz|® A 1) and initial
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condition z = 0). On the other hand, when d = 1 and a > 1, they show
pathwise uniqueness for any continuous and bounded b.

In this paper we prove pathwise uniqueness in any dimension d > 1,
assuming that « > 1 and b is bounded and B-Hoélder continuous with
B>1—a/2. Our proof is different from the one in [24] and is inspired
by [7]. The assumptions on the a-stable Lévy process L which we consider
are collected in Section 2 (see in particular Hypothesis 1). Here we only
mention two significant examples which satisfy our hypotheses. The first is
when L = (L;) is a standard a-stable process (symmetric and rotationally
invariant), i.e., the characteristic function of the random variable L, is

Eleitbew)] = gmtealul® g e R ¢ >0, (1.2)
where ¢, is a positive constant. The second example is L = (L},..., L),
where L', ..., L are independent one-dimensional symmetric stable pro-

cesses of index «. In this case
Eleilew] = emthallml® - +ual®) -y e Re ¢ > 0, (1.3)

where k, is a positive constant. Martingale problems for SDEs driven by
(L}, ..., LY) have been recently studied (see [3] and references therein).
We prove the following result.

Theorem 1.1. Let L be a symmetric a-stable process with o € [1,2), sat-
isfying Hypothesis 1 (see Section 2). Assume that b € Cl’? (Rd;Rd) for some
B € (0,1) such that

o
>1—-—.
p 2

Then pathwise uniqueness holds for equation (1.1). Moreover, if X* = (X7)
denotes the solution starting at x € R%, we have:

(i) for any t > 0, p > 1, there exists a constant C(t,p) > 0 (depending also
on a, 3 and L = (L¢)) such that

E[ sup |X7—X!IP] < C(t,p) |z —yl’, «,yeRY: (1.4)
0<s<t

(i) for any t > 0, the mapping: x — X¥ is a homeomorphism from R? onto
R?, P-a.s.;
(iii) for any t > 0, the mapping: x +— X¥ is a C'-function on R?, P-a.s..

All these assertions require that L is non-degenerate. Estimate (1.4)
replaces the standard Lipschitz-estimate which holds without expectation
E when b is Lipschitz continuous. Assertion (ii) is the so-called homeomor-
phism property of solutions (we refer to [1], [19] and [14]; see also [20] for the
case of Log-Lipschitz coefficients). Note that existence of strong solutions
for (1.1) follows easily by a compactness argument (see the comment before
Lemma 4.1). On the other hand, existence of weak solutions when b is only

measurable and bounded is proved in [15]. Since Cbﬁ , (R4, RY) C 05 (R4, R%)



when 0 < 8 < ', our uniqueness result holds true for any o > 1 when
B € (1/2,1). Theorem 1.1 implies the existence of a stochastic flow (see
Remark 4.4).

The proof of the main result is given in Section 4. As in [7] our method
is based on an It6-Tanaka trick which requires suitable analytic regularity
results. Such results are proved in Section 3. They provide global Schauder
estimates for the following resolvent equation on R¢

AM—Lu—b-Du=yg, (1.5)

where A > 0 and g € C,?(Rd) are given and we assume o > 1 and o+ 3 > 1.
Here L is the generator of the Lévy process L (see (2.5), [1] and [22]). If L
satisfies (1.2) then £ coincides with the fractional Laplacian —(—A)%2 on
infinitely differentiable functions f with compact support (see [22, Example
32.7)), i.e., for any x € R?,

— (=) f(z) = /Rd (flx+y) = flx)—1gy<1y v Df(x) )Jﬁdy- (1.6)
It is simpler to prove Schauder estimates for (1.5) when o > 1. In such a
case, assuming in addition that £ = —(—A)O‘/Q, i.e., L is a standard a-stable
process, these estimates can be deduced from the theory of fractional powers
of sectorial operators (see [16]). We also mention [2, Section 7.3] where
Schauder estimates are proved when o > 1 and £ has the form (1.6) but
with variable coefficients, i.e., ¢o = ¢q4(x,y). The limit case o = 1 in (1.5)
requires a special attention even for the fractional Laplacian £ = —(—A)'/2,
Indeed in this case L is of the “same order” of b - D. To treat a = 1, we
use a localization procedure which is based on Theorem 3.3 where Schauder
estimates are proved in the case of b(z) = k, for any x € R?, showing that
the Schauder constant is independent of k (the case o < 1 is discussed in
Remark 3.5).

In order to prove Theorem 1.1, in Section 4 we apply [t6’s formula to
u(Xy), where u € C} 7 comes from Schauder estimates for (1.5) when g = b
(in such case (1.5) must be understood componentwise). This is needed to
perform the Ito-Tanaka trick and find a new equation for X; in which the
singular term fg b(Xs)ds of (1.1) is replaced by more regular terms. Then
uniqueness and (1.4) follow by LP-estimates for stochastic integrals. Such
estimates require Lemma 4.1 and the condition a/2 4+ 5 > 1. In addition,
properties (ii) and (iii) are obtained transforming (1.1) into a form suitable
for applying the results in [14].

We will use the letter ¢ or C' with subscripts for finite positive constants
whose precise value is unimportant; the constants may change from propo-
sition to proposition.

2 Preliminaries and notation

General references for this section are [1], [21, Chapter 2], [22] and [28].



Let (u,v) (or u-v) be the euclidean inner product between u and v € R?,
for any d > 1; moreover |u| = (u, u>1/2. If D ¢ R? we denote by 1p the
indicator function of D. The Borel o-algebra of R? will be indicated by
B(R%). All the measures considered in the sequel will be positive and Borel.
A measure v on R? is called symmetric if v(D) = v(—D), D € B(R?).

Let us fix @ € (0,2). In (1.1) we consider a d-dimensional symmet-
ric a-stable process L = (L), d > 1, defined on a fixed stochastic basis
(Q,F, (Ft)e>0, P) and Fi-adapted; the stochastic basis satisfies the usual
assumptions (see [1, page 72]). Recall that L is a Lévy process (i.e., it is
continuous in probability, it has stationary increments, cadlag trajectories,
Ly — L is independent of Fg, 0 < s < ¢, and Ly = 0) with the additional
property that the characteristic function of L; verifies

Bleiten] = 700, () = — /R (=1 = i) Ly ) v(dy),

(2.1)
u € R t >0, where v is a measure such that
o dr d
v(D) = Sﬂ(dﬁ) A 1D(7“5)m, D € B(RY), (2.2)

for some symmetric, non-zero finite measure p concentrated on the unitary
sphere S = {y € R? : |y| = 1} (see [22, Theorem 14.3]).

The measure v is called the Lévy (intensity) measure of L and (2.1) is
the Lévy-Khintchine formula. The measure v is a o-finite measure on R¢
such that v({0}) = 0 and [p.(1A|y[*) v(dy) < oo, with 1A|-| = min(1,]-|).
Formula (2.2) implies that (2.1) can be rewritten as

wla) = = [ (eos({u9)) = 1)o(d)

o > cos((u,r&)) — 1 ., Lo . ;
- /S“Wf)/o e dr= “/s“ O)°u(de), ueR? (2.3)

(see also [22, Theorem 14.13]). The measure p is called the spectral measure
of the stable process L. In this paper we make the following non-degeneracy
assumption (cf. [23] and [22, Definition 24.16]).

Hypothesis 1. The support of the spectral measure p is not contained in a
proper linear subspace of R.

It is not difficult to show that Hypothesis 1 is equivalent to the following
assertion: there exists a positive constant C, such that, for any u € RY,

P(u) > Cylul®™. (2.4)

Condition (2.4) is also assumed in [11, Proposition 2.1]. To see that (2.4)
implies Hypothesis 1, we argue by contradiction: if Supp(u) C (MNS) where
M is the hyperplane containing all vectors orthogonal to some ug # 0, then



¥(ug) = 0. To show the converse, note that Hypothesis 1 implies that for
any v € R? with |v| = 1, we have ¥ (v) > 0 (indeed, otherwise, we would
have pu({€ €S : [(v,&)| > 0}) = 0 and so Supp(u) C {£ €S : (v,&) =0}
which contradicts the hypothesis). By using a compactness argument, we
deduce that (2.4) holds for any u € R? with |u| = 1. Then, writing, for any
ue R w#0, [o|(u,&)|*u(dE) = |ul™ [g \(ﬁ,@\%(df), we obtain easily
(2.4).
The infinitesimal generator £ of the process L is given by

£h@) = [ (Flo+9) = 1) = Lyien) (0. DI@)) vldy), 1 € C2 (R,

(2.5)
where C2°(R?) is the space of all infinitely differentiable functions with com-
pact support (see [1, Section 6.7] and [22, Section 31]). Let us consider the
two examples of a-stable processes mentioned in Introduction which sat-
isfy Hypothesis 1. The first is when L is a standard a-stable process, i.e.,
Y(u) = colul®. In this case v has density lm?ﬁ with respect to the Lebesgue

measure in R?. Moreover the spectral measure y is the normalized surface
measure on S (i.e., u gives a uniform distribution on S; see [21, Section 2.5]
and [22, Theorem 14.14]).

The second example is L = (L}, ..., L), see (1.3). In this case ¥(u) =
Eo(Jul]® -+ -+ + |ug|®) and the Lévy measure v is more singular since it is
concentrated on the union of the coordinates axes, i.e., v has density

1 1
Ca (1{@:0,..‘@(1:0}@ + -0+ 1{“:0’“"1’1*1:0}W>

with respect to the Lebesgue measure. The spectral measure p is a linear
combination of Dirac measures, i.e. u = ZZ:1(5ek +9_c, ), where (ey) is the
canonical basis in R%. The generator is

d
chw) =Y /R Fasex) = ) 1acry 500, f(@)] if5zds, £ € O (R,
k=1

Let us fix some notation on function spaces. We define Cj(R% R¥), for
integers k, d > 1, as the set of all functions f : R — R¥ which are bounded
and continuous. It is a Banach space endowed with the supremum norm
1 £llo = supgega |f(x)], f € Cp(RERF). Moreover, Cf (R%:RF), € (0,1), is
the subspace of all G-Holder continuous functions f, i.e., f verifies

[f(z) = fy)l

[flg:= sup < 00. (2.6)

’ z,y€R x#y |l’ - y|ﬁ
C’bﬂ(}Rd;Rk) is a Banach space with the norm ||-||g = || -|lo+[]s- If k = 1, we
set CF (R RF) = CF(RY). Let CY(RY, RF) = Cy(RY, R¥) and []o = |-||o. For

any n > 1, a € [0,1), we say that f € CZLJFO‘(Rd) if feC"™ Ry N C?(Rd)
and, for all j = 1,...,n, the (Fréchet) derivatives D7 f € Cg'(R%; (R%)®U+1),



The space Cp't*(R?) is a Banach space endowed with the norm || f|n+a
= [|fllo + Xp1 ID¥fllo + [D"flas f € CPT(RY). Finally, we will also
consider the Banach space Co(R?) C Cy(R?) of all continuous functions
vanishing at infinity endowed with the norm || - ||o.

Remark 2.1. Hypothesis 1 (or condition (2.4)) is equivalent to the following
Picard’s type condition (see [17]): there exists a € (0,2) and C, > 0, such
that the following estimate holds, for any p > 0, u € R? with |u| = 1,

/ () Pr(dy) > Cap®™
{I{u,y)|<p}

The equivalence follows from the computation

/ ) Pvta) _/‘<u’§>’2“(d€)/ Wug <eyr “dr
{{uwm)<p} S 0

_ 2—« 2 o d.S’ _ p2—a «@
= [lwerne [ o= [l rae

The Picard’s condition is usually imposed on the Lévy measure v of a non-
necessarily stable Lévy process L in order to ensure that the law of L;, for
any t > 0, has a C°°-density with respect to the Lebesgue measure.

3 Some analytic regularity results

In this section we prove existence of regular solutions to (1.5). This will be
achieved through Schauder estimates and will be important in Section 4 to
prove uniqueness for (1.1).

We will use the following three properties of the a-stable process L (in
the sequel p; denotes the law of Ly, t > 0).
(a) w(A) = pr(tY*A), for any A € B(R?), t > 0 (this scaling property
follows from (2.1) and (2.3));
(b) u: has a density p; with respect to the Lebesgue measure, ¢ > 0; more-
over p; € CY(R?) and its spatial derivative Dp; € L'(R%,RY) (this is a
consequence of Hypothesis 1);
(c) for any o > a, we have by (2.2)

/ |z|7v(dz) < 0. (3.1)
{lz|<1}

The fact that (b) holds can be deduced by an argument of [23, Section 3.
Actually, Hypothesis 1 implies the following stronger result.

Lemma 3.1. For any a € (0,2), t > 0, the density p; € C®(R?) and all
derivatives DFp, are integrable on R%, k > 1.



Proof. We only show that p; € C*®(R?) and Dp; € L'(R% R%), following
[23]; arguing in a similar way one can obtain the full assertion. By (2.4), we
know that e *¥(®) < ¢=Catlul® o ¢ R4 and so by the inversion formula of
Fourier transform (see [22, Proposition 2.5]) u; has a density p; € L*(R%) N
CO (Rd)a

pe(z) = (2717)‘1 /Rd e WE gy e R > 0. (3.2)
Note that (a) implies that p;(z) = t~%*p;(t~/*x). Thanks to (2.4) one can
differentiate infinitely many times under the integral sign and verifies that
pr € C®°(RY). Let us fix j = 1,...,d and check that the partial derivative
Ou;pr € L1 (RY). By the scaling property (a) it is enough to consider ¢ = 1.
By writing 1 = 11 + 1,

() = — /{ -y (eostlw ) =i, v =,

1 —i(x,z - — z - z
Ou;p1(x) = W/Rde (@, >((—sz)e i ))e 22z x e R

We find easily that ¢; € C°°(R?) and so, using also (2.4) we deduce that
—iz; e~¥1?) is in the Schwartz space S(R?). In particular, there exists fi €
L'(R%) such that the Fourier transform f;(z) = (—iz;)e ¥1(). On the other
hand (see [22, Section 8]), there exists an infinitely divisible probability
measure 7 on R? such that the Fourier transform 4(z) = e~ ¥2(*). By [22,
Proposition 2.5] we infer that ﬁ*\’y = fl - 4. By the inversion formula we
deduce that 0,,p1(x) = (f1*7)(z) and this proves that 0,,p1 € LYRY). m

Remark that (c) implies that the expression of L£f in (2.5) is meaningful
for any f € C;+7(Rd) if 14+~ > «. Indeed Lf(x) can be decomposed into
the sum of two integrals, over {|y| > 1} and over {|y| < 1} respectively. The
first integral is finite since f is bounded. To treat the second one, we can
use the estimate

|fly+a)— flz) —y-Df(z) (3.3)

1
< /0 Df(x + ry) — Df()| lyldr < Df], ol Jyl < 1.

Note that Lf € Cy(R?) if f € C;+7(Rd) and 1 +v > a.
The next result is a maximum principle. A related result is in [10, Section

4.5]. This will be used to prove uniqueness of solutions to (1.5) as well as
to study existence.

Proposition 3.2. Let o € (0,2). Ifu € C’bIJW(Rd), 14+~ > «, is a solution
to Mu— Lu —b- Du =g, with A > 0 and g € Cy(R%), then

1
lullo < < llgllo, A >0. (3.4)



Proof. Since —u solves the same equation of u with g replaced by —g, it is
enough to prove that u(z) < Hg%, x € R Moreover, possibly replacing u
by u —inf cpa u(x), we may assume that u > 0.

Now we show that there exists ¢; > 0 such that, for any ¢ > 0 we can
find u, € C;+7(Rd) with ||ue|lo = max,cpa |ue(x)| and also

= el < €.

To this purpose let z. € R? be such that u(z.) > |lulo — € and take a
test function ¢ € C°(R%) such that ¢(z.) =1, 0 < ¢ < 1, and ¢(z) = 0 if
|z—x¢| > 1. One checks that uc(z) = u(z)+2¢ ¢(z) verifies the assumptions.
Let us define the operator £1 = £+ b- D and write

Aue(x) = Lrue(z) = g(x) + Mue(r) = u(@)) = Li(ue = u)(2).

Let y. be one point in which u, attains its global maximum. Since clearly
Liue(ye) < 0, we have (using also (3.3))

Allucllo = Auc(ye) < llgllo + Cllu = uelli1y < llgllo + Cere.
Letting e — 0T, we get (3.4). |

Next we prove Schauder estimates for (1.5) when b is constant. The
case of b € Cg(Rd,Rd) will be treated in Theorem 3.4. We stress that the
constant ¢ in (3.6) is independent of b = k.

The condition o + 3 > 1 which we impose is needed to have a regular
C'-solution w. On the other hand, the next result holds more generally
without the hypothesis @ + 3 < 2. This is assumed just to simplify the
proof and it is not restrictive in the study of pathwise uniqueness for (1.1).
Indeed since Cz?, (R4, RY) C Cl’?(IR{d,Rd) when 0 < 3 < [, it is enough to
study uniqueness when 3 satisfies § < 2 — a.

Theorem 3.3. Assume Hypothesis 1. Let a € (0,2) and € (0,1) be such
that 1 < a+ < 2. Then, for any A >0, k € R?, g € C’bﬁ(Rd), there exists
a unique solution u = uy € C;,Hﬁ(Rd) to the equation

M—Lu—k-Du=g (3.5)

on RY (L is defined in (2.5)). In addition there exists a constant c indepen-
dent of g, u, k and A\ > 0 such that

a+6—1

Mlullo + A= [[Dullo + [Dulatp-1 < cllglls- (3.6)

Proof. Equation (3.5) is meaningful for u € C}' 8 (R%) with a+3 > 1 thanks
to (3.3). Moreover, uniqueness follows from Proposition 3.2.

To prove the result, we use the semigroup approach as in [4]. To this
purpose, we introduce the a-stable Markov semigroup (P;) acting on Cj(R%)
and associated to £ + k - Du, i.e.,

Pif(@)= [ JG+th) (e~ a)dz, >0, f € GRY, € R,

8



where p; is defined in (3.2), and Py = I. Then we consider the bounded
function u = wuy,

u(z) = /000 e MPg(z)dt, = e R (3.7)

We are going to show that u belongs to C}' +h (R9Y), verifies (3.6) and solves
(3.5).
I Part. We prove that u € Cg‘+’6(Rd) and that (3.6) holds.

First note that A||ullo < ||g|lo since (F;) is a contraction semigroup.
Then, using the scaling property p:(x) = t~%*py(t~1/z), we arrive at

Mmm

tfl/a

DR < S [ 1G] Dpa( o=t )] e < DR, (38)

t >0, f € Cy(RY), where cg = [ Dp1l 11 (ray, and so we find the estimate

IDPifllo < ==l fllo, f € Co(RY), t > 0. (3.9)

tl/a
By interpolation theory we know that (C,(R?), C} (Rd))@oo = C{?(Rd), B e
(0,1), see for instance [16, Chapter 1]; interpolating the previous estimate
with the estimate ||DP;f|lo < [|Dfllo, t > 0, f € CL(R?), we obtain

IDPSllo < ~a=g7a I lls, £>0, f € CJRY, (3.10)

with ¢; = ¢1(cg, £). In a similar way, we also find

ID?P.fllo < Ifllg, >0, feClRY. (3.11)

C2
t(2=p)/a
Using (3.10) and the fact that % < 1, we can differentiate under the
integral sign in (3.7) and prove that there exists Du(x) = Duy(x), = €
R?. Moreover Duy is bounded on R¢ and we have, for any A > 0 with ¢
independent of A, u, k and g,

(we have used that [;° e Mt 7dt = %, for 0 < 1 and A > 0).
It remains to prove that Du € C{’{\(Rd,Rd), where 0 =a—1+ 5 € (0,1).
We proceed as in the proof of [2, Proposition 4.2] and [18, Theorem 4.2].
Using (3.10), (3.11) and the fact that 2 — 8 > «, we find, for any z, 2’ €

RY oz #£ 2/,

|z — 2|

|z—z'|* 1 00
/
|Du@)—LMQﬁ|§Cmmm(%; ﬂkﬁyaﬁ*]AFfw<zﬁvaﬁ)

< csllgllglz — 2%,

and so [Du]o—148 < c3||g]|g, where c3 is independent of g, u, k and .



II Part. We prove that u solves (3.5), for any A > 0.

We use the fact that the semigroup (F;) is strongly continuous on the
Banach space Co(R%); see [1, Section 6.7] and [22, Section 31].

Let A : D(A) C Co(R?) — Co(R?) be its generator. By [22, Theorem
31.5]) C23(RY) C D(A) and moreover Af = Lf + k- Df if f € C3(RY) (we
say that f belongs to CZ(RY) if f € CZ(R?) N Cy(R?Y) and all its first and
second partial derivatives belong to Cp(RY)).

We first show the assertion assuming in addition that g € C2(R%).

It is easy to check that u belongs to C2(RY) as well. To this purpose,
one can use the estimates ||[D¥Pigl|lo < ||D¥gllo, t > 0, k = 1,2, and the
dominated convergence theorem. On the other hand, by the Hille-Yosida
theorem we know that u € D(A) and Au — Au = ¢g. Thus we have found
that u solves (3.5).

Let us prove the assertion when g € C? (R9).

Note that also u € CZ(R?). We consider a function 1 € C2°(R?) such
that ¢(0) = 1 and introduce g, (z) = ¥ (z/n)g(z), r € RY, n > 1. It is clear
that gn, u, € C2(RY) (uy is given in (3.7) when g is replaced by g,). We
know that

M () — Lty (x) — k - Dug(z) = go(z), = € RY (3.12)

It is easy to see that there exists C' > 0 such that ||g,|2 < C, n > 1, and
moreover g, and Dg, converge pointwise to g and Dg respectively. It follows
that also ||uy||2 is uniformly bounded and moreover u,, and Du, converge
pointwise to u and Du respectively. Using also (3.3), we can apply the
dominated convergence theorem and deduce that

lim Lu,(z) = Lu(z), =€ R

n—oo

Passing to the limit in (3.12), we obtain that u is a solution to (3.5).
Let now g € C’bﬁ(Rd).

Take any ¢ € C2°(R?) such that 0 < ¢ < 1 and [, ¢(x)dz = 1. Define
On(x) = ndqﬁ(:l:n) and g, = g* ¢,. Note that (g,) C C’g’o(Rd) = ﬁklef(Rd)
and ||gn||s < |lgllg, n > 1. Moreover, possibly passing to a subsequence still
denoted by (g), we may assume that

gn — g in C7(K). (3.13)

for any compact set K C R? and 0 < 3’ < 3 (see page 37 in [12]). Let u,
be given in (3.7) when g is replaced by g,. By the first part of the proof, we
know that

[unllats < Cllgnlls < Cllglls,
where C' is independent of n. It follows that, possibly passing to a subse-
quence still denoted with (u,), we have that u, — u in C*T% (K), for any
compact set K C R? and #/ > 0 such that 1 < a + 3’ < a+ 3. Arguing as
before, we can pass to the limit in \u,(z) — Lup(z) — k - Dup(x) = gn(2)
and obtain that u solves (3.5). The proof is complete. [ ]
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Now we extend Theorem 3.3 to the case in which b is Holder continuous.
We can only do this when a > 1 (see also Remark 3.5). To prove the result
when a = 1 we adapt the localization procedure which is well known for
second order uniformly elliptic operators with Holder continuous coefficients
(see [12]). This technique works in our situation since in estimate (3.6) the
constant is independent of k € R,

We also need the following interpolatory inequalities (see [12, page 40,
(3.3.7)]); for any t € [0,1), 0 < s <r < 1, there exists N = N(d, k,r,t) such
that if f € C;/ (R, RF), then

[flse < NI, 1717, (3.14)

where [f]s4+ is defined as in (2.6) if 0 < s+t < 1, [f]o = || fllo, [f]1 = [|D fllos
and [fls4t = [Df]s+t—1 if 1 < s+t < 2. By (3.14) we deduce, for any € > 0,

[flste < NE*[floe + Ne°[fls,  fe CJHRYRY). (3.15)

Theorem 3.4. Assume Hypothesis 1. Let « > 1 and € (0,1) be such that
1< a+p <2 Then, for any A > 0, g € Cbﬁ(]Rd), there exists a unique
solution uw = uy € C';JFB(Rd) to the equation

AM—Lu—b-Du=g (3.16)

on R, Moreover, for any w > 0, there exists ¢ = c(w), independent of g
and u, such that

Mullo + [Dulacr -1 < clglls, A >w. (3.17)
Finally, we have limy_, ||[Duy|lo = 0.

Proof. Uniqueness and estimate A||ullo < [|g]lo, A > 0, follow from the max-
imum principle (see Proposition 3.2). Moreover, the last assertion follows
from (3.17) using (3.14). Indeed, with t =0, s = 1, r = a + (3, we obtain,
for A > w,

1 1——L1 __atB-1
[Durlo = [ualt < N[DuAlgi o [ualy *7 < NEA™ 255 lgll,

where ¢ = ¢(w). Letting A — oo, we get the assertion.
Let us prove existence and estimate [Du]q4g-1 < cl||g||g, for A > w, with
w > 0 fixed. We treat o > 1 and a = 1 separately.

I Part (the case o > 1). In the sequel we will use the estimate

1Lflo < ol flle + 1fllo[es I, f € CHRY), 6 € (0,1). (3.18)

Writing Au(z) — Lu(z) = g(x) + b(x) - Du(z), and using (3.6) and (3.18),
we obtain the following a-priori estimate (assuming that u € C}' +B (R is a
solution to (3.16))

[Dufatp-1 < Cllglls + Cllo- Dullg (3.19)
< Cliglis + Clollsl[ Dullo + Clbllo[Dulgs,
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where C' is independent of A > 0. Combining the interpolatory estimates
(see (3.15) witht=0,s=1+8,r=a+ )

[Duls < Ne* [ Dulayp1+ NemWHDulg, € >0,

and ||Dullp < Ne®+t¥ 1 Duns5-1 + Ne Yullo (recall that a + 3 > 14 3)
with the maximum principle, we get for e small enough the a-priori estimate

[Dulacs < callglls + COlul) (3.20)
<erlals + CLlgllo) < crllalls + ELlgl) < gl

for any A > w. Now to prove the existence of a C{:‘ +8 -solution, we use the
continuity method (see, for instance, [12, Section 4.3]). Let us introduce

Au(z) — Lu(x) — 0b(x) - Du(z) = g(x), (3.21)

x € R% where 6 € [0,1] is a parameter. Let us define I' = {§ € [0,1] : there
is a unique solution u = us € C?+B(Rd), for any g € Cg(Rd)}.
Clearly I' is not empty since 0 € I'. Fix dp € I" and rewrite (3.21) as

Au(z) — Lu(x) — dpb(x) - Du(z) = g(x) + (§ — d9)b(x) - Du(z).

Introduce the operator S : C?JFB(R”I) — C?JFB(R”[). For any v € C?Jrﬁ(Rd),
u = Swv is the unique CghLﬁ—solution to Au(x) — Lu(x) —dpb(x) - Du(x) = g(x)
+(6 — d0)b(z) - Dv(z).

By using (3.20), we get ||Sv1—Sva|a+s < 2|0 — do| - €1 [|0]|g ||v1 —v2lats-
By choosing [§ — dp| small enough, S becomes a contraction and it has a
unique fixed point which is the solution to (3.21). A compactness argument
shows that I' = [0, 1]. The assertion is proved.

II Part (the case oo = 1). As before, we establish the existence of a C’;Hg (R9)-
solution, by using the continuity method. This requires the a-priori estimate
(3.20) for a = 1.

Let u € C’;Jrﬁ(Rd) be a solution. Let r > 0. Consider a function £ €
C(R?) such that &(z) = 1if |z| <7 and &(x) = 0 if || > 2r.

Let now xg € R? and define p(x) = &(x — 2¢), z € RY, and v = up. One
can easily check that

Lou(z) = p(x)Lu(x) + u(z)Lp(x) (3.22)
+ [ (ol +9) = p)uta + 1) u(e) vidy), @ € B,
Rd
We have
Mo(z) — Lo(x) — b(xo) - Du(z) = fi(x) + falz) + f3(zx) + fa(z), = € R,

where

N(z) =plx)g(x),  fa(z) = (b(x) — b(xo)) - Dv(x),
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o) = —u(w)[£(x) +b(z) - Dp(z)],
fila) = = [ (oo ) = pla))(ula + ) = ula)) vldy), @ R
By Theorem 3.3 we know that

[Dvlg < Cr(llfillg + W f2lls + ([ f3lls + 11 fallp), (3.23)

where the constant Cy is independent of zg and A. Let us consider the
crucial term fp. By (3.18) we find

Ifolls < ( sup  [b(z) = b(xo)]) [Dv]s + [ Dllo]b 5.
x€B(x0,2r)

Let us fix r small enough such that C1 Sup,eg(a,20) [0(2) —b(z0)| < 1/2. We
get
[Dvlg < 2C1 ([l f1llg + [[Dvllolblls + [ f3lls + 11 fallg)- (3.24)

Note that || f1][g < C(r) ||g||3. By the interpolatory estimates (3.15) and the
maximum principle, arguing as in (3.20), we arrive at

[Dv]s < Co(liglls + 1 f3lls + 1l fallp),

for any A > w. Let us estimate f;. To this purpose we introduce the
following non-local linear operator T’

Tf(a) = [ (pla-+9) = p@)(f(o+3) = ) vidy), f € CLRY, a € R

One can easily check that T is continuous from C}(R?) into Cy(R?) and

from C’I} 8 (R?) into C}(R?). To this purpose we only remark that, for any
z € RY,

DTS <5 ol

{lyl<1}

ly[w(dy) + / v(dy))

{ly|>1}

5 ol s / "0 (dy) + / V(dy)), | e CIRY.
{ly|<1} {ly|>1}

By interpolation theory we know that

2
(). mh) =t e,

see [16, Chapter 1], and so we get that 7" is continuous from C; +52 (R) into
C’bﬁ(Rd) (see [16, Theorem 1.1.6]). Since fy = —T'u, we obtain the estimate

Hf4”ﬁ < C3”UH1+52.

We have |[falls + fslls < es(r) lully g and so

[Dv]g < Ca(llgllp + llull14s2),
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where Cj is independent of A > w. It follows that [Du}cg(B(xw)) < Cu(|lgllg+
|u|l1452), where B(xo,7) is the ball of center xg and radius r > 0. Since Cy
is independent of x(, we obtain

[Dulg < Cy(llgllg + llull11p2),

for any A > w. Using again (3.15) and the maximum pinciple, we get the
a-priori estimate (3.20) for a = 1. The proof is complete. [ ]

Remark 3.5. In contrast with Theorem 3.3, in Theorem 3.4 we can not show
existence of C' 8 _solutions to (3.16) when o < 1. The difficulty is evident
from the a-priori estimate (3.19). Indeed, starting from

[Dulats-1 < Cllglls + Cllbllsl Dullo + Cllbllo[Duls,

we cannot continue, since o < 1 gives Du € C’g withd =a+0-1<g.
Roughly speaking, when o« < 1, the perturbation term b - Du is of order
larger than £ and so we are not able to prove the desired a-priori estimates.

4 The main result

We briefly recall basic facts about Poisson random measures which we use
in the sequel (see also [1], [14], [19], [28]). The Poisson random measure N
associated with the a-stable process L = (L;) in (1.1) is defined by

N0, ] xU)= Y 1y(AL)=t{0<s <t : AL €U},

0<s<t

for any Borel set U in R%\ {0}, i.e., U € B(R?\ {0}), t > 0. Here ALg =
Ls— Ls_ denotes the jump size of L at time s > 0. The compensated Poisson
random measure N is defined by N((0,t]xU) = N((0,t] xU) —tv(U), where
v is given in (2.2). Recall the Lévy-It6 decomposition of the process L (see
[1, Theorem 2.4.16] or [14, Theorem 2.7]). This says that

t ~ t
Ly = bt —l—/ / xN(ds,dz) +/ / xN(ds,dz), t>0, (4.1)
0 J{lz|<1} 0 J{lz[>1}

where b = E[L; — fol f{|x|>1} N (ds,dx)]. Note that in our case, since v is
symmetric, we have b=0.

The stochastic integral fg f{\l‘|<1} a:N(ds, dx) is the compensated sum of
small jumps and is an L?-martingale. The process fg f{|x‘>1} xN(ds,dx)
= f(o,t] f{‘x|>1} aN(ds,dv) =3 0 s<i ALy >1 DLs is a compound Poisson
process.

Let T > 0. The predictable o-field P on Q x [0,7] is generated by all
left-continuous adapted processes (defined on the same stochastic basis fixed
in Section 2). Let U € B(R?\ {0}). In the sequel, we will always consider a
P x B(U)-measurable mapping F : [0,T] x U x Q — R%.
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If0 ¢ U, then [ [, F(s,2)N(ds,dz) = Yo ser F(s, ALy (AL) is
a random finite sum.

If EfOT ds [;;|1F (s, )[*v(dz) < oo, then one can define the stochastic
integral

Zt_/ot/UF(s,x)N(ds,dm), te[0,T]

(here we do not assume 0 € U). The process Z = (Z;) is an L>-martingale
with a cadlag modification. Moreover, E|Z;|? = Efg ds [i;|1F (s, )|*v(dx)
(see [14, Lemma 2.4]). We will use the following LP-estimates (see [14,
Theorem 2.11] or the proof of Proposition 6.6.2 in [1]); for any p > 2, there
exists ¢(p) > 0 such that

Elsup |Z] < c(p)E[(/Ot dS/U|F<W)|2V(d“’))p/2]

0<s<t

+c(p)E[/0tds/U|F(s,x)|pu(da:)], te 0,7 (4.2)

(the inequality is obvious if the right-hand side is infinite).

Let us recall the concept of (strong) solution which we consider. A
solution to the SDE (1.1) is a cadlag Fi-adapted process X* = (X[) (defined
on (Q,F, (Ft)t>0, P) fixed in Section 2) which solves (1.1) P-a.s., for ¢ > 0.

It is easy to show the existence of a solution to (1.1) using the fact that
b is bounded and continuous. We may argue at w fixed. Let us first consider
t € [0,1]. By introducing v(t) = Xy — L;, we get the equation

t
v(t) == +/0 b(v(s) + Ls)ds.

Approximating b with smooth drifts b, we find solutions v,, € C([0, 1]; R%).
By the Ascoli-Arzela theorem, we obtain a solution to (1.1) on [0, 1]. The
same argument works also on the time interval [1,2] with a random initial
condition. Iterating this procedure we can construct a solution for all ¢ > 0.

The proof of Theorem 1.1 requires some lemmas. We begin with a de-
terministic result.

Lemma 4.1. Let v € [0,1] and f € C’bHV(]Rd). Then for any u,v € R%,
r € RY, with |x| < 1, we have

[fluta) = fu) = fo+a)+ f0)] < eyl flly fu—vl ], withe, =377,
Proof. For any x € RY, |z| < 1, define the linear operator T, : C}(RY) —
Ch (R

Tof(u) = flut ) = f(u), feCyRY), ueR?
Since || T:fllo < [[Df|lolz] and || D(T:f)llo < 2[[Df]lo, it follows that T

is continuous and ||T,f|l1 < (2 + |z|) || f]l1, f € CEHR?). Similarly, T} is

continuous from CZ(RY) into C} (R?) and

ITefllx < J2llIfll2s f € CE(RY).
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By interpolation theory (Cbl (RY), C? (Rd)) = CHV(Rd), see for instance
,O0
[16, Chapter 1]; we deduce that, for any 3/ € [0,1], T, is continuous from
C’;JW(]Rd) into CL(R?) (cf. [16, Theorem 1.1.6]) with operator norm less
than or equal to (2 + |z|)'=7 |z|".
Since |z| < 1, we obtain that ||T,f|1 < ¢y |z|Y || flli4y, f € CbHV(]Rd).
Now the assertion follows noting that, for any u,v € R?,

[fluta) = flu) = flo+z)+ f0)] = |Tef(u) = T f(v)| < [ DT fllo [u—vl.
The proof is complete. [ |

In the sequel we will consider the following resolvent equation on R¢
Au—Lu—Du-b=b, (4.3)

where b : R? — R? is given in (1.1), £ in (2.5) and A > 0 (the equation must
be understood componentwise, i.e., A\u;— Lu; —b- Du; = b;, i = 1,...,d).
The next two results hold for SDEs of type (1.1) when b is only continuous
and bounded.

Lemma 4.2. Let o € (0,2) and b € Co(R%,RY) in (1.1). Assume that, for
some X > 0, there exists a solution u € CHV(Rd RY) to (4.3) with v € [0,1],
and moreover

1+v>o0.

Let X = (X;) be a solution of (1.1) starting at x € RY. We have, P-a.s.,
t>0,
u(X) — u(z) (4.4)

—a:—Xt—FLt—i-)\/ s)ds+ / [u(X,_ 4 ) —u(Xs )|N(ds,dz).
R4\ {0}

Proof. First note that the stochastic integral in (4.4) is meaningful thanks
to the estimate

E / ds [ [u(Xo +2) — u(Xs ) Po(da) (4.5)
0 R4

<atfully [ o) vefull [ fePodn) < o
{lz[>1} {lz|<1}

The assertion is obtained applying It6’s formula to u(X;) (for more details
on It6’s formula see [1, Theorem 4.4.7] and [14, Section 2.3]).

Letusfixi=1,...,d and set u; = f. A difficulty is that It6’s formula is
usually stated assuming that f € C?(R?). However, in the present situation
in which L is a-stable, using (3.1), one can show that It6’s formula holds
for f(X;) when f € C;+7(Rd). We give a proof of this fact.

We assume that v > 0 (the proof with v = 0 is similar). By convolution
with mollifiers, as in (3.13) we obtain a sequence (f,,) C C£°(R?) such that
fn— f in CHV/(K), for any compact set K C¢ R? and 0 < +' < .
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Moreover, || fulli4+y < [|flli4y, m > 1. Let us fix t > 0. By Itd’s formula for
fn(Xt) we find, P-a.s.,

(2)
/ / n(Xo +2) — fu(Xo )] N(ds, dx)
RI\{0}

T / ds | [fa(Xee +2) = fal(Xeo) — 1guieny & - Dfa(Xo 0(da)
0 Rd

+/t b(Xs) : Dfn(Xs)dS' (4'6)
0

It is not difficult to pass to the limit as n — oco; we show two arguments
which are needed. To deal with the integral involving v, one can apply the

dominated convergence theorem, thanks to the following estimate similar to
(3.3),

[fru(Xs— + ) = fu(Xs—) — 2 Dfp(Xs-)| < [Df],y|x\1+7, lz[ <1

(recall that f{|x|<1} |z[1t7v(dr) < oo since 1+ > ). To pass to the limit

in the stochastic integral with respect to N, one uses the isometry formula

Bl [ ] X 0) = ul ) = (X ) + (X )|V (s )|
0 JRI\{0}
t (4.7)
= [(ds [ EIfaXe ) = (X ) = fu(Xen) + X))
0 {|z|<1}

+ / ds / Elfa(Xee 4 2) — F(Xue +2) — fulXes) + (X)) P(de).
0 |z[>1}

Arguing as in (4.5), since ||fnlli4+y < || flli++, » > 1, we can apply the
dominated convergence theorem in (4.7). Letting n — oo in (4.7) we obtain
0. Finally, we pass to the limit in probability in (4.6) and obtain It6’s
formula when f € C’; TY(RD).

Noting that, for any ¢ = 1,...,d,

Lusty) = [ [ty +2) = ui) = uie 2~ Duslylvlde), y € R,

and using that u solves (4.3), i.e., Lu + b - Du = Au — b, we can replace in
the It6 formula for u(Xy) the term

/Eu d5+/Du s)ds

d t t
— ; (/0 Lu;(Xs)ds + /0 Du;(Xs) - b(Xs)d8>ei

with — fo s)ds + A fo s)ds =x — X¢+ Ly + )‘fo s)ds and obtain
the assertion. n
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The proof of Theorem 1.1 will be a consequence of the following result.

Theorem 4.3. Let o € (0,2) and b € Cp(R% RY) in (1.1). Assume that, for
some A > 0, there exists a solution u = u) € Cl+7(Rd R%) to the equation
(4.3) with v € [0, 1], such that cx = ||Duyllo < 1/3. Moreover, assume that

2y > a.

Then the SDE (1.1), for every x € RY, has a unique solution (X[).
Moreover, assertions (i), (ii) and (iii) of Theorem 1.1 hold.

Proof. Note that 2y > « implies the condition 1 4+ v > « of Lemma 4.2.

We provide a direct proof of pathwise uniqueness and assertion (i). This
uses Lemmas 4.2 and 4.1 together with LP-estimates for stochastic integrals
(see (4.2)). Statements (ii) and (iii) will be obtained by transforming (1.1)
in a form suitable for applying the results in [14, Chapter 3.

Let us fix t > 0, p > 2 and consider two solutions X and Y of (1.1)
starting at = and y € R? respectively. Note that X; is not in L? if p > «
(compare with [14, Theorem 3.2]) but the difference X; — Y; is a bounded
process. Pathwise uniqueness and (1.4) (for any p > 1) follow if we prove

Elsup [ X, —Yil") < C(O)|e — yP, 2, yeRY (48)
0<s<t
with a positive constant C'(¢) independent of x and y. Indeed in the special
case of = y estimate (4.8) gives uniqueness of solutions.
We have from Lemma 4.2, P-a.s.,

=Y = [z =yl + [u(z) — u(y)] + [w(Yy) — u(Xy)] (4.9)

/ / W(Xoe +7) — u(Xs_) — u(Yoe + ) + u(Yoo )| N (ds, da)
k(o)

t

+A/fMXQ—uogu&
0

) l| — Y;|. It follows the

t

Since ||Dullp < 1/3, We have |u(Xy) — | <
)+ % Where

u(Y:
estimate | X; — Yi| < 3Aq(t) +3Aa(t) +3A5(

t
mo=| [ /{|$|>1}[u<xs+x>—u<x )Y +2)+u(Ys )| N (ds, ),

_A/ﬂu Y,)|ds.

mo=| [ o) ) Vs 0) )N s )

Ay = |z —y| + Ju(z) — u(y)| < 3z — y|. Note that, P-a.s.,
3
sup |Xs — Y|P < Cplz —yf? +C’Zsup Ar(s)P.

0<s<t <s<t
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The main difficulty is to estimate As(t). Let us first consider the other
terms. By the Hélder inequality

t
sup Aa(s)? < ci1(p) tpl/ sup | X, — Y|P dr.
0

0<s<t 0<s<r
By (4.2) with U = {z € R? : |z| > 1} we find

E[ sup Aq(s)"]
0<s<t

< cn)B|( /0 s /{ - ]u(XS_—i-a:)—u(}{g_—i-x)—l—u(Ys_)—u(Xs_)|2V(da:))p/ i

c p)E/O ds /{|x>1} |u(Xs— +2) —u(Yso + ) + u(Ys) — u(Xso)[Pr(da).

Using |u(Xs— + ) —u(Yee +2) +u(Ys) —u(X,-)| < 2|X,— —Y,_| and the
Hoélder inequality, we get

E[ sup Aq(s)"] < Ci(p) (1 +7/>71)
0<s<t

t
. (/ v(dx) + (/ V(dx))p/2) E[ sup |X, — Y,|Pldr
{lz|>1} {|z|>1} 0 0<s<r

Let us treat Ag(t). This requires the condition 2y > «. By using (4.2) with
U={zecR?: |z| <1, 2 # 0} and also Lemma 4.1, we get

0<s<t

Blaup o] < el E[( Lo [ 15— viPlafogan) ]

t
el E / s / X, — YalPlePu(da).
0 {Jz|<1}

We obtain
E[sup As(s)’] < Ca(p) (1+/>71) Julf ., -
0<s<t
t
. <(/ \a:|2'yv(da;))p/2 —i—/ |x]7pu(da:)) E[ sup | X, — Y,[P]dr
{lz|<1} {|z|<1} 0 0<s<r

where f{lx\<1} |z|PYv(dx) < +oo, since p > 2 and 2y > a. Collecting the
previous estimates, we arrive at

E[sup |Xs—YilP] < Cplz—ylP + Cu(p) (1+tP71) E [ sup |Xs—Y5[P]dr
0<s<t 0<s<r

Applying the Gronwall lemma we obtain (4.8) with C(t) = Cp, exp (Ca(p) (1+

t*~1)). The assertion is proved.

Now we establish the homeomorphism property (ii) (cf. [14, Chapter 3],
[1, Chapter 6] and [19, Section V.10]).
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First note that, since ||Dullp < 1/3, the classical Hadamard theorem (see
[19, page 330]) implies that the mapping ¢ : R? — R, o(x) = 2 + u(z),
z € RY, is a Cl-diffeomorphism from R? onto R?. Moreover, D! is
bounded on R? and ||[Dy =g < 2~ < 3 thanks to

1—cy

Dy~ (y) = L+ Du(@ ™ ()" =D _(~Du(y~'(y)", y R (4.10)

k>0

Let r € (0,1) and introduce the SDE

Y, :y+/t5(Ys)d8 (4.11)

0
t t
/ / g(}@_,z)N(ds,dz)+/ / 9(Ys—,2)N(ds,dz), t > 0,
0 J{lz|<r} 0 J{lz|>r}

where B(y) = Mu(d () — [y oy 0 () + 2) — u(@~ (y))]v(dz) and

gy, 2) =u(p ™ y) +2) +z—u@ (y), yeR? zeRY

Note that (4.11) is a SDE of the type considered in [14, Section 3.5]. Due to
the Lipschitz condition, there exists a unique solution Y¥ = (YY) to (4.11).
Moreover, using (4.4) and the formula

t t
Ly = / / xN (ds, dx) —l—/ / xN(ds,dz), t>0
0 J{lz|<r} 0 J{lz[>r}

(due to the fact that v is symmetric) it is not difficult to show that
P(XP) =YY, weRrd t>0. (4.12)

Thanks to (4.12) to prove our assertion, it is enough to show the homeomor-
phism property for ¥;Y. To this purpose, we will apply [14, Theorem 3.10]
to equation (4.11). Let us check its assumptions.

Clearly, bis Lipschitz continuous and bounded. Let us consider [14,
condition (3.22)]. For any y € RY, z € RY, |g(y,2)| < |2|(1 + || Dullo)
< K(z), with K(z) = 3|z| (recall that f|z‘<1 |z|2v(dz) < oo); further by

Lemma 4.1 and (4.10) we have, for any y, v’ € R, z € R? with |2| < 1,

9y, 2) — 9(', 2)| < L(2)ly — /| where L(z) = Cullufl1iy [2[7,

with fIZ\<1 L(2)?v(dz) < oo, since 2y > a. Note that we may fix r > 0 small
enough in (4.11) in order that K (r)+L(r) < 1 (according to [14, Section 3.5],
this condition is needed to study the homeomorphism property for equation
(4.11) without [ f{‘z|>r} 9(Ys—,z)N(ds,dz); see also [14, Remark 1, Section
3.4]).

By [14, Theorem 3.10] in order to get the homeomorphism property, it
remains to check that, for any z € R?, the mapping:

y— y+g(y,2) is a homeomorphism from R? onto RY. (4.13)

20



Let us fix z. To verify the assertion, we will again apply the Hadamard
theorem. We have

Dyg(y, z) = [Du(yp~'(y) + 2) — Du(yp~ (y)] (DY~ (y)]

and so by (4.10) (since ||Dullo < 1/3) we get ||Dyg(-, 2)|o < 1{” < 1. We

CX

have obtained (4.13). By [14, Theorem 3.10] the homeomorphism property
for Y,Y follows and this gives the assertion.

Now we show that, for any t > 0, the mapping: = + X{ is of class C!
on R, P-as. (see (iii)).

We fix t > 0 and a unitary vector ej, of the canonical basis in RY. We
z+sek7 T
will show that there exists, P-a.s., the partial derivative limg_.qg %

= D, X{ and, moreover, that the mapping x — D, X}’ is continuous on
R? P-as..

Let us consider the process Y¥ = (V;Y) which solves the SDE (4.11). If
we prove that the mapping y — Y, is of class C! on R?, P-a.s., then we
have proved the assertion. Indeed, P-a.s.,

Do XP = DY (VDY) D wo(2), = € RY

We rewrite (4.11) as
t t ~
v, :yH/ u(w_l(Yr))dr+/ / WY, )N (dr,d2) + Ly, (4.14)
0 0 Jra\(0)

t >0, y € R%, where

h(y, 2) = u(¥™'(y) +2) —u(@®™(y) = gy, 2) - 2,

and note that the statement of [14, Theorem 3.4] about the differentiability
property holds for SDEs of the form (4.14), provided that the coefficients
Au o=l and h satisfy [14, conditions (3.1), (3.2), (3.8) and (3.9)]. Indeed
the presence of L; in the equation does not give rise to any difficulty. To
check this fact, remark that, for any t > 0, y € R%, s # 0, we have the
equality

LD (N (> /t u(@ () —u@ T ()
S K 0 S
t h Yy+5€k — (Y'Y B
+/ / (Y- 2) (¥,—2) N(dr,dz)),
0 JR4\{0} S

where L; is disappeared. Thus we can apply the same argument which is
used to prove [14, Theorem 3.4] (see also the proof of [14, Theorem 3.3]),
i.e., we can provide estimates for

Yy-‘rsek —YYp Yy+5€k vy Yy’-i—s’ek _ Y?// p
E[ sup u” andE[ sup | Lt ; ! H,
0<t<T S 0<t<T S B
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p>2, 55 #0,y,y € R by using (4.2) and the Gronwall lemma (remark
that in [14] the term s~! (YYT** — Y}¥) is denoted by Ni(y,s)), and then
apply the Kolmogorov criterion in order to prove that y — Y} is of class Ct
on R%, P-as..

Let us check that \u o1 and h satisfy the assumptions of [14, The-
orem 3.4] (i.e., respectively, [14, conditions (3.1), (3.2), (3.8) and (3.9)]).
Conditions (3.1) and (3.2) are easy to check. Indeed Au(¢)~1(-)) is Lips-
chitz continuous on R% and, moreover, thanks to Lemma 4.1 and to the
boundeness of Dy~1,

Ry, z) = By, 2)| < Cllulliey (Lz<ayl2” + apsy) ly — /], 2 € RY,
v,y € R, with [pa(1q5<13]2]7 + Lyjzi>13)P v(dz) < oo, for any p > 2. In
addition, |h(y, 2)| < Lo(z), z € R, y € RY, where, since ||Dullo < 1/3,

1 .
LQ(Z) == 1{\z|§1}|2| + 2Hu||01{|z‘>1} with Lo(z)pu(dz) < oo, p>2
3 Rd

Assumptions [14, (3.8) and (3.9)] are more difficult to check. They require
that there exists some ¢ > 0 such that (setting I(z) = Mu(y~1(x)))

(1) sup |Di(y))| < oo; |Dify) = DY) < Cly = y/'I’, y, ¢/ € R".
yeR

(2) IDyh(y, 2))| < K1(2); [Dyh(y, z) = Dyh(y',2)| < Ka(2) ly—y'|°, (4.15)

for any vy, v’ € R?% 2z € R?, with Jra Ki(2)Pv(dz) < oo, for any p > 2,
i = 1,2. Such estimates are used in [14] in combination with the Kolmogorov
continuity theorem to show the differentiability property.

Let us check (1) with § = 4, i.e,, DI € CJ(R%,R?). Since, for any
y € R DI(y) = ADu(¢~'(y)) Dy~ (y), we find that DI is bounded on R
Moreover, thanks to the following estimate (cf. (3.18))

(D], < X[ Dullo[D 1), + A[Dul,||Dy~1|577,

in order to prove the assertion it is enough to show that [D?j)_l]ﬂY < 0.
Recall that for d x d real matrices A and B, we have (I + A)~! — (I + B)~!
=+ A)"YB—-A)I+B)!(if (I +A) and (I + B) are invertible). We
obtain, using also that Dy ~! is bounded,

[Dy~H(y) = DY~ ()| = |[L + Du( ™ (y))] ™ = (L + Du(y™ ()] |

<ec1[Dulyly -y, v,y €R?

and the proof of (1) is complete with v = §. Let us consider (2). Clearly,

Dyh(y, 2) = [Du(v™'(y) +2) — Du(d ™ (y))]1 Dy~ (y)

verifies the first part of (2) with K1(2) = ca||Dully (1g2j<1yl2]” 4 Lijzi>13)-
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Let us deal with the second part of (2). We choose 7/ € (0,~) such that
27" > o and first show that, for any f € CJ (R4, R?), we have

T2 fly—r < Clfly |2, z € RY, (4.16)
where (as in Lemma 4.1) for any = € R?, we define the mapping 7, f : R —
RY as T, f(u) = f(x +u) — f(u), u € RY. Using also (3.14), we get

= ’Y 1= —/
Toflyy S NSl Tefly 0 < eI a5 < eNlal 1],
for any x € R?. By (4.16) we will prove (2) with § =~ —~/ > 0.
First consider the case when |z| < 1. By (4.16) with Du = f, we get
|Dyh(y, z) — Dyh(y/, 2)]

= [Du(¢~"(y) +2)—Du(p~(y)) = Du(p"(y') +2)+Du(~ ()| 1DY |
< C1[Dul,ly —y'° |2,
for any y,y’ € R%. Let now |z| > 1; we find, for y,y’ € R with ly — | <1,
IDyh(y. 2) — Dyh(y's2)| < CalDul,ly — y'l" < ColDulyJy —y/ P

On the other hand, if |y — /| > 1, |z| > 1, |Dyh(y,z) — Dyh(y, z)| <
4||Dulloly — ¥/~ In conclusion, the second part of (2) is verified with
d=v—7"and
K»(2) = C3)| Dully (Liaj<ay |2 + Ljas1y)-

(note that fRd Ks(2)Pv(dz) < oo, for any p > 2, since 29/ > «). Since
Cy (RLRY) C Cgfvl (R?,RY), we deduce that both (1) and (2) hold with
d=~—+"

Arguing as in [14, Theorem 3.4], we get that y — Y’ is C!, P-as.,
and this proves our assertion. We finally note that [14, Theorem 3.4] also
provides a formula for H = DY/, i.e.,

Hy:I+>\/ Du(yp~H(YY)) Dy~ Y (YY) HY ds

// Dh ,2)H ) N(ds,dz), t>0, yeR%
Rd\{o}

The stochastic integral is meaningful, thanks to (2) in (4.15) and to the
estimate supg<g<; E[|Hs[P] < oo, for any ¢ > 0, p > 2 (see [14, assertion
(3.10)]). The proof is complete. [ ]

Proof of Theorem 1.1. We may assume that 1 — /2 < f < 2 — a. We will
deduce the assertion from Theorem 4.3.

Since o« > 1, we can apply Theorem 3.4 and find a solution u) €
Cy T (R%RY) to the resolvent equation (4.3) with v = a — 1+ 8 € (0,1).
By the last assertion of Theorem 3.4, we may choose A sufficiently large in
order that ||[Du|lg = ||Duxllo < 1/3. The crucial assumption about v and «
in Theorem 4.3 is satisfied. Indeed 2y = 2a.— 2+ 25 > « since § > 1 — a/2.
By Theorem 4.3 we obtain the result. [ |
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Remark 4.4. Thanks to Theorem 1.1 we may define a stochastic flow associ-
ated to (1.1). To this purpose, note that by (ii) we have X} = &(x), t > 0,
x € R%, P-as.., where & is a homeomorphism from R? onto R?. Let ft_l be
the inverse map. As in [14, Section 3.4], we set & 4(x) = & o &5 (z), 0 <
s<t, e R<.

The family (&) is a stochastic flow since verifies the following properties
(P-a.s): (i) for any z € R?, (&4(z)) is a cadlag process with respect to ¢ and a
cadlag process with respect s; (ii) & ¢ R? — R? is an onto homeomorphism,
s < t; (iii) & ¢(x) is the unique solution to (1.1) starting from z at time s;
(iv) we have & () = &ui(€su(z)), for all 0 < s < u < t, x € R?, and

Ess(x) = .
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