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ABSTRACT. We study the locus of intermediate Jacobians of cubic
threefolds within the moduli space Aj of complex principally po-
larized abelian fivefolds, and its generalization to arbitrary genus
— the locus of abelian varieties with a singular odd two-torsion
point on the theta divisor. Assuming that this locus has expected
codimension g (which we show to be true for ¢ < 5, and conjec-
turally for any g), we compute the class of this locus, and of is
closure in the perfect cone toroidal compactification .Agperf, in the
Chow, homology, and the tautological ring.

Finally, we work out the cases of genus up to 5 in detail, ob-
taining explicit expressions for the classes of the closures of the
loci Ay x O in AP and of the locus of intermediate Jacobians
(together with the same locus of products) — in AFe'.

In the course of our computation we also deal with various inter-
sections of boundary divisors of a level toroidal compactification,
which is of independent interest in understanding the cohomology
and Chow rings of the moduli spaces.

0. INTRODUCTION

The moduli spaces M, of curves of genus g and A, of principally
polarized abelian varieties (ppav) of dimenson g are at the heart of al-
gebraic geometry. Understanding their geometry includes the question
of computing the cohomology ring and the Chow ring of these varieties
and their compactifications.

The investigation of the cohomology ring of M, and its compactifica-
tion ./\79, the moduli space of stable curves, was pioneered by Mumford
and later by Faber and is the contents of numerous papers. The coho-
mology ring of A, was first computed by Igusa [Igu62]. It was Mum-
ford [Mum83] who computed the cohomology and Chow ring of My,
or what is the same, of the perfect cone compactification AY*f (which
coincides with both the Igusa and the second Voronoi compactification
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in this case). In this paper he also sets up the general framework in
which such computations are done nowadays. The cohomology rings
of A3 and A$** were computed by Hain [Ha02], the Chow rings of As
and AP with rational coefficients, were computed by van der Geer
[vdG99], and finally the second-named author and Tommasi [HT10)]
computed the cohomology ring of AL and showed that it is equal to
the Chow ring.

For higher genus very little is known about the cohomology and
Chow rings of Agperf, beyond the fact that the Picard group has rank
2. The cohomology for the g = 4 case is the subject of a forthcoming
work by Tommasi and the second-named author [HT11], but for higher
genus very little is known. One approach to this problem, motivated
partly by the success of the similar method for the moduli of curves, is
to study the tautological ring generated by the Chern classes \; of the
Hodge bundle. This ring is known explicitly — the classes \; satisfy
one fundamental relation

(1) (IT+XM+... X)L =AM+ +(=1))) =1

as proven by van der Geer [vdG99] in the Chow group with rational
coefficients and by Esnault and Viehweg [EV02] in the Chow ring. One
can then compute the projections of various classes to the tautological
ring — for example, this was done by Faber [Fab99] for the locus of
Jacobians, and by van der Geer [vdG99], respectively Ekedahl and van
der Geer [EvdGO05] for the locus of products Ay x A,_;.

To the best of our knowledge for ¢ > 4 no classes of geometrically
meaningful cycles (of codimension higher than one — the case of divi-
sors is much easier) have been computed in the Chow ring proper in any
toroidal compactification of A,, in particular the classes of A; x A,_;
are unknown.

In this paper we concentrate on the locus of intermediate Jacobians
of cubic threefolds, its closure in AL, and its generalization to ar-
bitrary genus. Assuming that such a locus has codimension exactly
g (for a detailed discussion of this condition see below), we compute
its class in Agerf, and the projection of this class to the tautological
ring. In particular for ¢ = 4 and g = 5 we determine the classes of the

loci A; X 01(1?1)11 C AVef and of the closure of the locus of intermediate

Jacobians of cubic threefolds, together with A; x 95;11)11, in AP, We
emphasize that we compute the classes of these loci precisely, not just
their tautological parts. In the course of our computation we also study
the combinatorics of intersections of boundary divisors of a level cover

of Agerf, describing the classes of various geometric loci contained in the
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boundary of Agerf, which is of independent interest for understanding
the structure of the Chow and cohomology rings.
Throughout the paper we work over the field of complex numbers.
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1. STATEMENT OF RESULTS

The intermediate Jacobians of cubic threefolds were studied in de-
tail by Clemens and Griffiths [CG72] who used them to prove that
a non-singular cubic threefold is not rational. The locus I.J of inter-
mediate Jacobians of cubic threefolds within the moduli space Aj is
then a natural 10-dimensional geometrically defined subvariety of a
15-dimensional algebraic variety. Similar to the Schottky problem for
Jacobians of curves, it is interesting to try to describe (the closure of)
this locus IJ C A5 by geometric or analytic conditions.

Clemens and Griffiths describe the geometry of the intermediate Ja-
cobian in terms of the geometry of the threefold, and in particular show
that the theta divisor of such an intermediate Jacobian has a unique
triple point. Much later Casalaina-Martin and Friedman [CMF05],
[CMO08a] used a detailed analysis of theta divisors of Prym varieties,
and degenerations, to show that intermediate Jacobians of cubic three-
folds are in fact characterized among all indecomposable ppav’s (4, ©)
of dimension 5 by the existence of a unique triple point on the theta di-
visor ©. This statement can thus be interpreted as a geometric solution
to the Schottky problem for intermediate Jacobians of cubic threefolds.
Note that such a triple point must be at a 2-torsion point on the ppav,
more precisely an odd 2-torsion point. We denote by A[2] the set of
2-torsion points on A, and add a subscript to distinguish the parity.

The above characterization of I.J C Ajs can then be generalized to
arbitrary genus to define the loci

19 = {(A,0) € A, | © is singular at some point m € A[2]oqa}-
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The characterization of intermediate Jacobians then amounts to saying
that within the locus of indecomposable ppav’s on As we have 1) =
IJ. Tt is thus natural to ask to describe the closure I.J of the locus I.J
within As, and the possible corresponding degenerations of the cubic
threefold itself. This was accomplished geometrically by Casalaina-
Martin and Laza [CML09], while an analytic description was given by
the first author and Salvati Manni in [GSMO09], using some of the ideas
of their earlier work [GSMO04]. It turns out that in fact I® 2 IJ —

the extra irreducible component of this locus is A; X 91(1?11 (where Hffl)u
denotes the divisor of ppav for which the theta divisor is singular at an
even 2-torsion point).

The locus 19 has expected codimension g in A,, and in [GSMO0Y]
it is conjectured that it is indeed of pure codimension g (see section 2
for a more detailed discussion). It is thus natural to try to compute
the class of 19 in the Chow ring of A,. The result in fact follows
naturally from interpreting singularities of © at odd 2-torsion points
as vanishing loci of gradients of theta functions, and thus as zero loci of
certain vector-valued Siegel modular forms. The resulting expression
is the content of our first main result:

Theorem 1.1. The virtual class of 19 in CHI(A,) is given by

[19] = 29-1(29 — 1) i Ao (%>

where \; = ¢;(E) are the Chern classes of the Hodge bundle on A,.

By virtual class we mean that if the codimension of the locus 9
is g, as expected, then its class in the Chow group is given by the
stated formula. Note that this class lies in the tautological ring of the
Chow ring generated by the classes );. The locus 1®® is known to have
expected codimension. This follows from the work of Casalaina-Martin
[CMF05], [CMO8Db], for a different proof see [GK11]. Using the relations
in CH*(A,) it then follows that we have

Corollary 1.2. The class of I®) in CH®(As) is equal to
93 - (4X2X3 + A7 /2).

Recall that the moduli space of ppav A, is not compact. In fact
it admits many different toroidal compactifications. It is then natural
to investigate the closure I9) in some toroidal compactification, and
to compute its class there. The first steps in that direction were done

in [GSMO09] (see also [CML09]) where the intersection of (9 with the
boundary of the partial compactification were investigated.
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The second (and much harder) main result of this paper is a compu-

tation of the class of 19 in the so-called perfect cone compactification
Agerf. Recall also that in genus g < 3 the perfect cone (also called
first Voronoi) compactification coincides with the second Voronoi, and
the Igusa (also called central cone) compactification. The perfect cone
compactification has the advantage that its boundary divisor is irre-
ducible. We also recall that Shepherd-Barron [SB06] has shown that
Agerf is a canonical model in the sense of the minimal model program.

Computing the class I(9) requires determining the vanishing behavior
of the gradients of the theta functions on various loci of semiabelic
varieties, and relies on the main results of our recent preprint [GK11].
We obtain the following

Theorem 1.3. For g <5 (and for any genus in which the statements
of [GK11, theorems 1.2 and 1.3] hold), we have the following expression

for the class of 19 in CHI(AJ™):

@ -1 Y Y gz(ﬁ——Z(S)

me(Z/27)7% 29 1=0 N€EZm,

where p = Ay (2) — AP is the level cover, N = | Sp(2g, Z/2Z)| and
Zy is the set of pairs of mon-zero vectors +n € (Z/27)% such that
m + n 1s even, and we recall that the irreducible components 6,, of the
boundary of AL(2) correspond to non-zero elements of (Z/22)%.

At this point some words about intersection theory are in order.
We denote by CH k(Agerf) the Chow group of cycles of codimension k.
This is always meant in the sense of the stack, i.e. we are free to work
with invariant classes on level covers and then taking the pushforward
to Ay, It should be pointed out that AP is not smooth, also in
the stack sense. This comes from the fact that the perfect cone de-
composition contains non-basic cones. Hence we cannot assume that
CH*(A}*") has a ring structure. We shall consider Chern classes as
elements in the operational Chow groups of Fulton and MacPherson.
As such they act on cycle classes by taking the cup product. Taking
the cup product with the fundamental class we can also associate Chow
homology classes to Chern classes. By abuse of notation we will not
distinguish between a Chern class and its associated Chern homology
class. All operations of Chern classes will be performed in the oper-
ational Chow ring and the result will then be applied to cycles. In
the above theorem the \; are the Chern classes of the Hodge bundle
and the sum of the boundary components is Cartier. Hence we can
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perform the usual operations with these classes and then take the asso-
ciated Chow homology class. This is what is meant by the right hand
side in the formula of the above theorem. Although there is no ring
structure on CH *(Agperf) we will still label classes by their codimension,
as this makes the formulae more readable and easier to compare with
the existing literature.

We shall also compute the projection of the class computed above
to the tautological ring, i.e. the ring generated by the Hodge classes:
recall that the tautological ring of a toroidal compactification A" is
the polynomial ring generated by the classes Ay, ..., A, subject to the
one fundamental relation (1). This is defined for every toroidal com-
pactification of A, and independent of the chosen compactification, as
is its pushforward to the Satake compactification (see [EvdGO05]).

The tautological ring is also defined for the open part A, where the
extra relation A\, = 0 holds, which was shown by van der Geer [vdG99]
in cohomology and by Esnault and Viehweg [EV02] in the Chow ring.
We recall that the tautological ring has a perfect pairing, and thus that
there is a projection from the Chow ring to the tautological ring. For
details we refer the reader to [Fab99], [vdG99],[EvdG05, section 3].

Theorem 1.4. If [GK11, theorems 1.2 and 1.3] hold in genus g (in

particular for any g < 5) the projection of the class [I(9)] to the tauto-
logical ring is equal to

[I(g)]taut _ (_812?1 EQQ;)D!)\Q +2971(29 — 1) Z Agi (%) )

We will discuss the above statements, level covers, and their bound-
ary components in detail in the following sections.

We apply the above theorems to compute the classes of 19 and 1(9).
for all ¢ < 5. For g = 2 these loci are empty, and we get zero as a
valid consistency check for our computations. For genus 3 our results

agree with the computation of the class [Sym®(A;)] € CH*(As")
obtained by van der Geer in [vdG98], and corrected in [vdG09]. For

genus 4 we compute the class of the locus A; x 952” and of its closure in
APert - In particular, we confirm that the class of the open part of this
locus lies in the tautological subring of C H*(A4). Finally, for genus 5
our results are completely new, and give a formula for the class of the
locus of intermediate Jacobians of cubic threefolds together with the

locus A; X Hr(li)n, and also of the compactification. We further compute

the tautological projections and obtain for the closure of the locus of
intermediate Jacobians of cubic threefolds I.J:
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Proposition 1.5. The projection of the class of the closure of the locus
of intermediate Jacobians of cubic threefolds to the tautological ring is
given by

[TJ] = 14077 — 3763 A3 + 848)5.

Except the calculations of the projections of various classes to the
tautological ring (which depend on the existence of a perfect pairing
and thus require working in the Chow ring with rational coefficients),
all our calculations hold in the Chow ring with integer coefficients.

2. GRADIENTS OF THETA FUNCTIONS

We denote by H, the Siegel upper half space of genus g — the set
of symmetric complex g X g matrices with positive-definite imaginary
part. Recall that the symplectic group Sp(2g,Z) acts on H, by yo1 =
(At + B)(Ct+ D)%

We recall that the level subgroups of I'y := Sp(2¢, Z) are defined as

follows:
A B 10
Iy(n) := {’y = (C’ D) ely|v= (0 1) mod n}

Ly(n,2n) := {y € Ty(n) | diag(A’B) = diag(C'D) =0 mod 2n}.

The moduli space of ppav is then A, = H,/T';, while the level moduli
spaces Ay(n) == Hy/Ty(n) and Ay(n,2n) := H,/Ty(n,2n) are finite
covers of A,.

We denote by 6(r, z) the Riemann theta function of 7 € H, and
ze

O(r,2) := Z e(n'tn/2+n'z)
nez9
where for future use we denote e(z) := exp(2miz) the exponential func-
tion.

For an abelian variety A, we denote by A[2] the set of two-torsion
points on it; as a group, A[2] & (Z/2Z)*. Analytically the points in
A[2] can be labeled m = (7e +0)/2, where 7 € H, projects to A € A,,
and e,0 € (Z/27)9. For future use we denote o(m) :=¢e-6 € Z/27Z and
call it the parity of m. Accordingly we call m even or odd depending
on whether o(m) is 0 or 1, respectively. This is equivalent to the point
m not lying (resp. lying) on the theta divisor for a generic 7 (i.e. for a

two-torsion point m the function (7, m) is identically zero if and only
if m is odd).
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For a point m = (7e 4 0)/2 we denote the theta function with (half-
integer) characteristic

6 [g} (1,2) :=O0p(7,2) =
= e((n+e/2)'7(n+¢e/2)/2+ (n+e/2)'(z+6/2)).

nez9I
As a function of z, the theta function with characteristic is even or odd
depending on the parity of the characteristic. In particular, all theta
constants (the values of theta functions with characteristics at z = 0)
with odd characteristics vanish identically.
Let 7 : X; — A, be the universal family, which exists over the stack,
and let £ := m,Qx 4, be the Hodge bundle. The gradient

(3) F,, = grad.0,,(7, 2)|.=0

with respect to z of the theta function vanishes identically in 7 for even
m, and is generically non-zero for m odd. This gradient is a vector-
valued modular form for I'y(4,8) for the representation det®"/? @std
I'y = GL(g,C). In other words, we have

(4) F,, € H°(A,(4,8),det E®'/? @ E)

(see [GSMO04] for more details).

We recall from [Igu72, p. 50], that up to a simple exponential factor,
the theta function with characteristic m is equal to the Riemann theta
function shifted by the point m:

O(1, 2+ (te +60)/2) = e(—c'te/8 — 6 /4 — £'2/2)0 {g] (T,2).

We can thus compute for an odd point m € A[2]
(5)  f(7) :=grad, 0(7, 2)|,=m = grad,0(7, z + (76 + 6)/2) =0

=e(—¢c're/8 —£'5/4 — &'z /2)grad 0 {g] (T, 2)] 220
=e(—¢c're/8 —€'0/4)F,, (1)
since 6 [(83 (1,0) = 0 for the odd two-torsion point. Thus f,, and F,,
differ by a nowhere vanishing holomorphic function on H,, and thus
their zero loci are the same. Moreover, the line bundle on A,(4,8)

defined by the exponential factor is trivial since it has a nowhere van-
ishing section. (In what follows, it will be crucial that this exponential
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factor, while non-vanishing on 4, in fact vanishes on some irreducible
components of the boundary of AYf(2).) Thus we also have

fm € H(A,(4,8),det E®V2 @ ).

The group I'y(2)/I',(4, 8) acts on the gradients by certain signs, and
thus the zero locus

(6) G = Gep = {7|Fn(7) = 0} = {7|fm(7) = 0}

is a well-defined subvariety of A4,(2). We refer to [GSM04, GSM09]
for a more detailed discussion of the properties of the gradients of the
theta function and further questions on loci of ppav with points of high
multiplicity on the theta divisor.

Finally we denote by

19 .= p(Gn) C Ay

the locus of ppav for which some F,, vanishes. Geometrically, as ex-
plained in the introduction, this is the locus of ppav having a singularity
at an odd two-torsion point. We will omit the index (¢g) when no con-
fusion is possible. Note that it follows from the fact that I', permutes
the F), that the projection of G,, to A, does not depend on m.

The multiplicity of the theta function for ppav of low dimension has
been studied extensively. Recall that a ppav is called decomposable if
it is a product of two lower-dimensional ppav. For genus up to 4 it
is known that no indecomposable ppav has a point of multiplicity 3
on the theta divisor [CMO08b], and thus by studying the multiplicity of
points on the reducible theta divisors for decomposable ppav, we see
that as schemes

1®) = Sym3(A,)
and
](4) = Al X 0(3)

null

where 91(31)11 denotes the theta-null divisor in As: the locus of those ppav
for which there exists a point m € A[2]even lying on the theta divisor
(or, equivalently, for which some theta constant vanishes).

It was recently shown in [CMF05, CM08a] that within the locus of
indecomposable abelian 5-folds the locus I® coincides with the locus
IJ of intermediate Jacobians of cubic threefolds, while in [CMLO09]
degenerations of intermediate Jacobians were studied. Combining this
with results of [GSMO09] one gets scheme-theoretically

](5) :ﬁ @) ./41 X 0(4)

null;
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where I.J denotes the closure of I.J in As. In [CML09] the boundary of
1J was described, and in particular it was shown that within A5 one
has

TINLT = 0 U A x (T30 ),
where 7g C A, denotes the closure of the locus of Jacobians of curves,

and j_;L C A, denotes the closure of the locus of hyperelliptic Jacobians
(see also [GSMO09] for a discussion). In particular one sees that A; X

(JaN 9531) is the intersection of the two irreducible components of the
locus 1),

Remark 2.1. The explicit descriptions of the loci I given above
for ¢ < 5 are a priori only set-theoretic. To make these descriptions
scheme-theoretic, one needs to ascertain that along each of the above-
mentioned components the gradient of the theta function F), vanishes
with multiplicity 1, and not higher. In general this would be a rather
hard computation, as one would need to establish that at a generic
point of each component of 19 precisely one F,, vanishes, and that
this F}, vanishes with multiplicity one.

Note, however, that the closure in a suitable toroidal compactifica-
tion of all of the components described above intersects the boundary
of the partial compactification (see the following sections for a more
precise discussion and definitions). This intersection can be computed
(see [GSMO09, Prop. 12] and [GK11]). It turns out that this intersec-
tion is related to the locus of singularities of the universal theta divisor
(which is known to be reduced, see [Deb92]), and the locus 191, Tt
thus follows inductively that for ¢ < 5 the intersection of 19 with
the boundary of the partial compactification is reduced, and thus that
the locus itself is reduced (note that [GSM09, Prop. 12]) holds scheme-
theoretically. Notice that for g > 5 we do not know this to be the case,
and thus theorem 1.3 should be a priori interpreted as giving the class
of the scheme 19 which may have non-reduced components.

In fact, in higher genus the locus 19 is not well understood. Indeed,
even the following question is open:

Conjecture 2.2. [GSMO09, Conjecture 1] The locus I'9) has pure codi-
mension g in A, for any g.

Notice that since locally 19 is given by the vanishing of ¢ partial
derivatives of the theta function at an odd two-torsion point, we know
that codimension of each its irreducible component is at most g. What
the conjecture says is thus that the vanishing of the partial derivatives
imposes g independent conditions. In this paper we will concentrate on
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the case of g <5 (when this conjecture is known to hold (see [CMO08b]
and [GK11, Thm 1.2]). The above analytic description of 1) allows
us to prove our first main result.

Proof of theorem 1.1. This is an immediate consequence of the fact
that 19 is the zero set of the sections F,,, resp. f, of the rank g
vector bundle E ® det E®Y/2. Provided I9) vanishes in codimension
g it follows that [I9] = ¢,(E ® det E®¥/2). This Chern class can be
computed using ¢;(E) = );, and then the claim follows, since there are
2971(29 — 1) odd theta characteristics. O

Recall that the moduli spaces A, are not compact. By Agerf we
denote the perfect cone toroidal compactification of A, and by A;’O‘“
we denote the second Voronoi toroidal compactification. The rest of
this paper is devoted to studying the closure of the locus 19 in Agerf.
The boundary degenerations are much harder, and the final result is
the computation of the class of the closure in theorem 1.3.

3. EXTENSION OF THETA GRADIENTS ON THE BOUNDARY

The boundary of the perfect cone compactification Agerf is an ir-
reducible divisor D C AP, We denote by p : Ay(¢) — A, and
D : Agerf(ﬁ) — Agerf the level ¢ covers of the moduli spaces, and by
D; the irreducible divisorial components of the boundary of AL ().
We denote &; the class of the boundary divisor in CH' (A} (¢)). Note
that the cover p : Agerf(é) — Agerf branches to order ¢ along each D,
and thus we have p,(d;) = /(.

We have seen that the gradient of the theta function can be inter-
preted as a section of the vector bundle E ® det E®'/2. The aim of this
section is to prove that we can extend this to the perfect cone toroidal
compactification Agerf of A,.

We first remark that the Hodge bundle extends as a vector bundle
over any toroidal compactification Ay of Ay (see [Mum?77]), as well as
over any toroidal compactification of any level cover. Indeed, to define
the Hodge bundle we note that any toroidal compactification admits a
universal family of (non-compact) semiabelian varieties G;°". This has
the “zero” section (which is really 1 € C* on each torus) s : A" — Gi°",
and the Hodge bundle is defined by E := s*(Q};gor / Agor)' In particular,
the fiber of E over [A] € A, is given by Epq = 9}4’0.‘

In this section we shall work over A, (4, 8) and its perfect cone com-
pactification Agerf(él, 8). We will, by abuse of notation, denote the
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Hodge bundle on this level cover, as well as its extension to the com-
pactification, by E.

Proposition 3.1. The gradients of theta functions with characteristics
at zero, F,,, extend on Agerf(4,8) to sections of the extension of the
Hodge bundle twisted by a square root of its determinant, i.e. we have
some extensions

F, € H° (AY""(4,8),det E®? @ E) .

Proof. Before entering into the necessary computations, we will make
some comments. It is enough to prove extension to the generic point on
each boundary component, as extension over codimension 2 sets is then
automatic by Hartogs’ extension theorem on normal analytic spaces.
Here we shall make use of the fact that the perfect cone decomposi-
tion Agerf has only one boundary component. This is no longer true
for A}7(4,8), but the group T'y/T4(4,8) acts transitively on the set
of boundary components D; of A}*%(4,8). Hence it will be sufficient
to consider one of them — we shall work with the so-called standard
boundary component. Since the Voronoi and the perfect cone com-
pactification coincide in genus ¢ < 3 and since .A;for is a blow-up of
Agerf in genus g = 4,5 ([ER88, RB78]) we also obtain extension to the
Voronoi compactification for genus g < 5.

Recall that the boundary components of Agperf(4, 8) correspond to
lines in Q% modulo the action of the group T'y(4,8). We shall work
with the standard cusp corresponding to the line [y generated by the
vector (0,...,0;1,0,...,0). Let P(lp) be the corresponding parabolic
subgroup and let P’(ly) be the center of the unipotent radical of P(l).
Moreover let U(ly) = P'(lp)\H, be the partial quotient with respect
to P'(lp) and let V(ly) be the partial compactification of U(ly) given
by adding the cusp corresponding to Iy (see below for details). The
partial compactification of .Agerf(él, 8) in a neighborhood of the standard
cusp is then obtained by taking the quotient of V'(ly) by the group
P(ly)/P'(ly). Clearly it makes sense to speak about the Hodge bundle
[E4,, over the Siegel space H, (where we have a universal family) as well
as about the Hodge bundle Ey(;) resp. its extension Ey ) over U(ly)
and V(lp) respectively. The Hodge bundle Ey is trivial as follows
immediately from the construction of the universal family over H,.
More precisely the universal family over H, is given as the quotient of
H, x CY by the group Z?9 where (M, N) € Z* acts on H, x C9 by
(1,2) = (1,2 + 7M + N). The differentials dz,...,dz, then define a
trivialization of Es, .

Lemma 3.2. The following holds
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(i) The trivialization of Ey, over Hy descends to a trivialization of
Eva,) over U(ly).
(i) 7+(Evay)) = Evayy where j : U(ly) <= V(lo) is the inclusion.

Proof of the lemma. We recall that the universal abelian variety over
A,(4,8) is defined by taking the quotient of #, x C? with respect to
the semi-direct product Z* x T'y(4, 8), which acts as follows:

<(M,N), (él, g))  H, x C7 5 H, x C

(1,2) = (AT + B)(CTt+ D) ', (2 +7M + N)(CT + D)),
The center of the unipotent radical of the parabolic subgroup associated
to a line in Q% is a rank 1 lattice. For the standard cusp it consists of

the matrices (A B> of the form

C D
1 0 s 0
8 190_1 (1) 8 where s € 8Z.

0 0 0 1,4

In particular A = D =1, and C' = 0. From this we can immediately
deduce the first assertion of the lemma.

In order to prove the second assertion we have to understand how the
universal semi-abelian variety can be extended over the generic point
of the boundary divisor associated to the standard cusp. The quotient
of H, by P’ is given by

H,— Hy1 x C71 x C*

4
= (‘g i) s (7,1, e(w/8)).

We denote the image of this quotient map by U. This is an open subset
(in the analytic topology) of H,_1 x C9~! x C. Let V be the interior
of the closure of U in Hy_; X C97! x C. The difference between V
and U is the set H, 1 x C91 x {0}. Adding this set is adding the
divisor associated to the standard cusp. We consider ¢g := e(w/8) as
the coordinate on C*. Thus adding the boundary divisor corresponds
to adding the set {gs = 0}. We now have to understand the universal
semi-abelian variety over U and its extension to V. Let N; = Z29 be
the lattice given by {M7 + N | M, N € Z9} and let Ny, = {M; M €
79} =2 79.

In order to construct the universal semi-abelian variety we consider
the action of Ny x P’ on H, x C9. For this we first consider the action
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of the subgroup N, x P’. Clearly, the quotient of H, x CY by this
subgroup is the trivial (C*)?-bundle on U. We denote the coordinates
on (C*)9 by x; = e(z);i = 1,...,g9. The action of N3 = Ny /Ny = 79
on U x (C*)¢ is trivial on the base and by multiplication with powers
of (tg1,tk2s.-.,tky) Where t;; = e(7y;) on the torus (C*)?. In order
to construct the semi-universal abelian variety we extend the trivial
(C*)9-bundle on U trivially to V' and also extend the action of N3 to
V x (C*)9. Note that the action of N3 on V' x (C*)9 is no longer free on
the first coordinate when £ = 1. In order to overcome this difficulty one
considers a toroidal embedding V' x (C*)? < Xy. This construction is
analogous to the construction of Shioda modular surfaces (see [HKW93,
Part I, 2B and 3D]) where the case g = 2 is treated in detail. There
is a projection Xy — V whose restriction to U is just projection of
the trivial torus bundle U x (C*)9 — U. Over the boundary, i.e. over
points with gs = 0 one has a chain of countably many copies of (C*)9.
The action of N3 on U x (C*)9 — U extends to an action on Xy
and the quotient is a semi-abelian group scheme over V. The semi-
abelian group scheme over the partial compactification of 4,(4,8) in
the direction of the standard cusp is then obtained by taking a further
quotient with respect to P/P’. Note that this group acts freely due to
the presence of the level structure.

To prove the second assertion of the lemma we have to understand
the relation of Ey and Ey. We claim that we can take dzy, ..., dz,
as a basis for the fibers of Ey. This indeed proves assertion (ii). To
see the claim it is enough to consider the case of the universal ellip-
tic curve with fiber coordinate x;, as the other coordinates are not
affected by the construction. Thus we consider the torus (C*)? with
coordinates (wy,t11) = (z,q). For this we define a torus embedding
(C*)? — XL. As we are only interested in the situation over the sec-
tion given by the origin it suffices to look at one chart X/ of Xy. We
are thus in the situation of [HKW93, p. 29] and X/ = C? with em-
bedding (z,q) +— (x,27'¢) = (u,v). The projection onto the base is
given by (u,v) — uv = ¢q. The section given by the origin is the set
{(1,9);q € C}. In order to describe the Hodge bundle we have to con-
sider the relative tangent bundle Qéz e restricted to the zero-section.
This is generated by du,dv modulo the pullback d(uv) = udv + vdu.
Restricting the latter to the zero-section gives dv + vdu and hence the
relative cotangent bundle is generated by du = dx which we can take
as trivializing section. U

This argument shows that, in particular, the Hodge bundle over V'
is trivial. Hence all we have to do to prove our claim is to show that
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the functions F,, are invariant with respect to P’ (which is obvious)
and that they extend without poles to V. For this we have to compute
the Fourier-Jacobi expansion. This was done in detail in [GSMO09],
and we now summarize the results for completeness. Indeed, denote
: b
z = (21,2') where z; € C and 2/ € C97! and write 7 = (cg T,>.
The Fourier-Jacobi expansion at the standard cusp amounts to writing
the Taylor series in gg (the coordinates transverse to the boundary of
APe(8)) as 113 — ioo For the characteristics of the gradient being
e =1’ and § = §;0" we then get for the case e; =0

O RS R CURRCItS
) 00|y 5| =200 5] ol + 000

This is to say that in the case of ¢ = 0 (this can be said invariantly:
see Proposition 3.3 below) the gradient does not vanish identically. On
the other hand, for e; = 1 we get

/

(9 0.0 [ ; g} — g5 - dmie(5,/4)0 [g} (7,/2) + O(g)

) 0} 5] =aeemon 5] b2+ o

which shows that in this case the generic vanishing order of F,, in g¢g
is precisely equal to one. In any case the Fourier-Jacobi expansion is
holomorphic and in view of Lemma 3.2 this proves Proposition 3.1. [

The above computations actually give us more information. To ex-
plain this, we prefer to work on the full level-8 cover AgPerf(8) rather
than A} (4,8). Recall from [Nam80, Ch. 4] (or eg. [Erd07, Sec. 3])
that the boundary components of Agperf(Q) are in bijective correspon-
dence with the primitive vectors in ((Z/8Z)% \ {0})/ £1, and T, acts
transitively on the set of boundary components of Af*(8). Under this
correspondence the standard boundary component corresponds to the
vector (0,0,...,0;1,0,...,0). Now let D,, be a boundary component of
Aper(8) labeled by a primitive vector +n € (Z/8Z)*. We denote the
reduction of n modulo 2 (which simply sends odd entries to 1 and even
entries to 0) by ny. We identify an odd 2-torsion point m = (re+4)/2
with its characteristic (g,8) € (Z/2Z)%*. The above calculations show
that F),, does not vanish on the standard component if and only if
g1 = 0. Note that in this case o(m + ng) = £d + &1 = 1 since m is odd,
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ie. €0 =1 mod 2 and ; = 0. Using the action of the finite group
Ty/Ty(8) on AL(8) we thus obtain

Proposition 3.3. The gradient F,, does not vanish generically on the
boundary component D, of Agerf(S) if and only if o(m + ny) = 1.
Otherwise it vanishes on D,, with generic vanishing order equal to one.

We would like to interpret the above proposition by saying that
(11)

Fe H [ AJ™(8),det(B)*'*@E@ O | = > D,

{£n|m+ng even}
To be able to say this we must show that > D,, is a Cartier
{£n|m+ng even}
divisor and not just a Weil divisor. This is not immediate as A}°(8)
is not a smooth space for g > 4. Analytically this means that we want
to divide the gradient by the product of the defining equations for all
boundary components of A}f(8) where it vanishes identically with
multiplicity one.

The gradients of theta functions with characteristics were studied
in [GSM04], and their boundary degenerations were also considered in
[GSMO09]. It seems, however, that the gradients f,,, of the theta function
at odd two-torsion points were not as extensively studied, while for us
they turn out to be more important.

Proposition 3.4. The divisor > D,, is a Cartier divisor and
{£n|m+ng even}
we can also extend the sections f,, to sections

fm € H* [ AP(8), det(E)*Y @B O |- Y D,
{£n|m+ngz even}
not vanishing identically on any component D; of the boundary of

Agerf(S). Moreover f,, and F,, are equal up to a non-zero constant
and thus we have

GW(8) = {1 € AT(8) | Fy, = 0} = {7 € AT*I(8) | f,, = O}
Proof. Indeed, by formula (5) we have on A,(8) the relation
fn(T) = e(—¢'1e/8 — "6 /4) F,(7),

and thus to determine the extension of f,, to Agerf(S) it is enough to de-
termine the properties of the exponential factor, and to combine them
with the results obtained above about F,,. Note also that the functions
e(—elre/8 —'§/4) descend to any partial quotient which arises in the
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construction of the toroidal compactification and thus > D,
{£n|m+ngz even}

is a Cartier divisor on A(8). To determine the extension of fy, it
is again enough to work with the standard component. Noticing that
e(—¢'0/4) is a constant independent of 7 and thus irrelevant for our
computations, we compute in the above notation

1 w b\ (e
(566 ) (@)
1 —€
=e (_g (5300 + 2e,b'e’ + 5’t7’5'>> = qq %e(—slbts’/él — "7 /8).

It thus follows that for e; = 0 this exponential factor is independent
of g, while for ¢; = 1 it has a pole g3 '. Noticing that in these cases
F,, = O(1) and F,, = O(gg), respectively, it thus follows that the
extension fm does not vanish generically on any boundary component
of AT*f(8), and thus finally that fm and F,, coincide up to a non-zero
constant. 0

Since the group I';/T';(8) permutes the sets Gg;?(é%) C Aper(8), this

defines a locus G = G such that UmG%)(S) = p*(GW).

Geometrically, the above computation amounts to saying that we
have determined the vanishing orders of F), on the open part of the
boundary of Ap°(8), and in particular noticed that the zero loci of fp,
do not have any irreducible components contained in this locus. It is
then natural to wonder whether if we consider the full compactification
Agerf(8), the zero locus of any f,, may have any irreducible component
contained in the boundary (from the above, it would then have to be
disjoint from the partial compactification). We conjecture that this in
fact impossible:

Conjecture 3.5. For any genus we have the equality G9) = 1),

While we were unable to prove this conjecture in full generality, one
of the main results of [GK11] is theorem 1.3 there, which is a proof of
the above conjecture for ¢ < 5. This result is obtained by explicitly
describing the geometry of various types of principally polarized semi-
abelic varieties in detail, and checking that there are no components
of G contained in the loci of semi-abelic varieties of any of the types
described. We thus obtain our second main result:

Proof of theorem 1.3. Recall that what this theorem claims is an ex-

pression for the class of the locus 19 in CHY (Agerf). Note, however,

that the locus G (8) C APe(8) is by definition the zero locus of fons
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which is a section of a certain vector bundle given by proposition 3.4.

Thus the class of Gsﬁ)(8), if it has expected codimension g, is given
by the top Chern class of this vector bundle. Thus we need to first
understand the geometry of the cover, and then to compute the top
Chern class.

Indeed, we are working with the full level ¢ Galois cover p : Agerf(f) —
Agerf, with the Galois group Sp(2g,Z/¢Z). As long as one considers
projective varieties this action factors through PSp(2¢,Z/¢Z). How-
ever, as we will be doing all our calculations in the stack set-up it is
important to work with Sp(2¢g,7Z/¢Z) as +1 acts non-trivially on Agperf
(as a stack). For any Sp(2g,Z/¢Z)-invariant cycle Z with class [Z] on
Apert(n) we define

1

[p+(2)].

For classes Z which are the pullback of a stacky class W we have
P.(Z) = W and in particular we have p,(\;) = \; where the \; are the
classes of the Hodge bundle(s).

Now, to prove the theorem we first perform the computation on
APe(8), and then argue invariance to reduce this to AP**(2). Denote
by a1, - -+, ay the Chern roots of the Hodge vector bundle E on Algerf(8),
so that the Chern polynomial is ¢(E) = [[(1+«;), which means that for
the symmetric polynomials we have s;(aq, ..., a,) = A;. From formula
(11) we know that f,, is a section of E ® L,, for a certain line bundle
L,,. The cycle G (8) (which is the pre-image of G()) is the union of
the vanishing loci of the sections F;,,. Now, if fm vanish in codimension
g, so that G is pure of codimension g — and this is our assumption (or
the content of [GK11, Thm. 1.2 and 1.3] for g < 5), we recall that the
vanishing locus is reduced, as noted in remark 2.1. It now follows, see
[Ful98, Chapter 14], that

GOE)] = Y E®Ly).

me(Z/22)%,

Denoting

ém::cl(Lm):%— > &F%—Z(sn

+ne(7/87)%9 na2+m even n€Zm

primitive
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we compute on A (8) that

g

¢y(E® Ly,) = [Hu + i+ ly)

=1

g
= Z Sg_ilaq, ..., a4)l;,

deg=g =0

g . g )\1
= Zz:; )‘g—ifm - Zz:; )\g—i ? - Z 5n

ne(Z/8Z)%9 na+m even

primitive’

and the formula on A}*(8) follows.

Finally, to obtain the stated formula, as a pushforward from Agerf(2),
we note that the expression above is certainly invariant under the Ga-
lois action I';(2)/T4(8), as only the reduction ny modulo two matters.
Remembering that Af*(8) — A7f(2) branches along the boundary
to order 4, we get the result as stated. Note also that as we remarked
before, the vanishing locus of each F}, is well-defined as a subvariety of
Ay(2), even though F,, itself is only a section of a well-defined vector
bundle over A, (4, 8). O

4. THE TAUTOLOGICAL RING

We will now use various properties of the tautological ring of Agerf
(this section uses the perfect pairing, and we thus have to work with

rational coefficients) to compute the projection of the class [1(9)] given
by theorem 1.3 to the tautological ring, thus proving theorem 1.4.

We recall that the perfect cone (and in fact any toroidal) com-
pactification Agerf admits a stratification induced by the natural map
P Agerf — AS“ to the Satake compactification. Writing the Satake
compactification as

A = Ag U Ay U A .. U A,

following van der Geer [vdG98], we denote ) := P~'(A,_) the open
strata, and denote by f, = Gl U ... U B) = P~'(A%,) the closed
strata — and by abuse of notation, their classes in C H* (Agerf). We
also recall that ¢; denote the classes of the irreducible components of
the boundary of Agerf(Q), and we follow van der Geer in denoting by
o the degree k elementary symmetric polynomial in the classes 9;,
which we would like to consider as an element, of CH"(AF*(2)). This,
however, is problematic, as in general the boundary components ¢; are
not Cartier divisors (this can be seen for ¢ = 4 by looking at the
second perfect cone which is a 10-dimensional cone with 12 extremal
rays, see [HS04] for a discussion of this), and thus this is also the case
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for ¢ > 4. However, the sum of all boundary components, as well as
certain partial sums, are Cartier as we saw in section 3. In what follow,
whenever we work with expressions such as the o; we shall mean by this
the restriction of this cycle to the smooth part Agerf’o of Agerf where it
is well defined. We observe that the singular locus of Agerf is contained
in B4. We also notice that oy, is invariant under the action of I'y, and
we can thus also denote o}, the corresponding class in C'H k(AIg’erf’O).

We shall frequently make implicit use of the following very useful
fact, see [Ful98, Proposition 1.1.8]. If Z is a closed subvariety of A}
then there is an exact sequence

(13) CH;(Z) = CHy(AY™) = CHy(A)™ — Z) — 0.

We start with two useful lemmas concerning the projection of classes
supported on the boundary to the tautological ring.

Lemma 4.1. Let [X] be a class of codimension at most g — 1 in the
Chow of a toroidal compactification AZ‘”, supported over the boundary
B1. Then (P(\)[X])?" =0 for every non-constant polynomial P(\) in

the tautological classes \;.

Proof. We first notice that it is enough to prove that [X]%"* = 0: if [X]
pairs to zero with every polynomial of complementary degree in the \;,
then the same is true for P(A)[X].

We write [X] = Q(A) + [Y] where Q()) is a polynomial in the ;i <
g — 1 by the assumption on the codimension of [X], and [Y] pairs
to zero with all tautological classes of complementary degree (that is,
polynomials in the \; of complementary degree). Restricting to A, we
obtain [X]|4, = 0 and [Y]|4, still projects to 0 in the tautological ring
of A,. But this is a contradiction, since Q)(\) defines a non-zero class
in the tautological ring of A, the only new relation in the tautological
ring of A, versus that in the tautological ring of Agor being A\, = 0 in
degree g (see [vdG99)). O

Lemma 4.2. Let [X]| be a Chow cohomology class of codimension at
most g on a toroidal compactification Agor supported over (5. Then
{X]taut =0.

Proof. The idea of the proof is similar to the proof of the previous
lemma — basically these lemmas together are based on the fact that
in a sense A, is the only degree g tautological class supported on (.
Rigorously, suppose that we have [X] = Q(A)+[Y] in CH*(A}*") with
[V = 0. Unless we have Q(X) = ¢, for some ¢ € C, the image of
Q(\) in CH*(Ay) (obtained from CH*(AJ") by imposing one extra
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condition A\, = 0) is non-zero, which contradicts the fact that the class
is supported over . But if we have Q(\) = ¢),, then we must have

g(g—1) g(g—1)

0=X 2 [X]=c\ 2 A +0#0

g(g—1)

where we have used the fact that A\, > is zero on By for dimension
reason, and the last intersection number is non-zero by Hirzebruch-
Mumford proportionality. (This can also be seen explicitly without a
reference to proportionality, since by [vdG99, Theorem 4.7] the class
Ag is proportional to the class [B,] of the closure of the zero section
of X;-1 — Ay_1, modulo classes supported on [, which have zero
pairing with the top power of A; for dimension reasons. By [SB06]
the normalization of this closure of the locus of trivial extensions is
isomorphic to Agpirlf , where the top self-intersection number of A; is
1ON-Z€ero). O

We now compute the projection to the tautological ring of the one
degree g monomial in ¢ and A\ not covered by the above lemmas.

Proposition 4.3. The projection of of to the tautological ring is
—2971(g —1)!
C(1—2g) 7

where By is the class of the closure of the zero section of X;—1 — Ay
in the boundary of the partial compactification, as above.

(14) [Uﬂtaut — (_2)971(9 _ 1)![Bg]taut —

Proof. We first observe that it suffices to prove the first equality, since
it follows from [vdG99, Theorem 4.7] and the above lemma 4.2 that
(Bl = (=1)9A,/C(1 — 2g). Recall o1|g0 = —2T', where 3 = 3 \ Bz
is the open part (isomorphic to the universal Kummer family), and
T C X,_ is the universal theta divisor trivialized along the zero section
(see [EGH10] for a more precise description). Thus we compute o] =
(—2T7)971 + X for some class X supported within 5. Here (—277)9-!
is an extension of the class (—27)9"" to A} (which is unique up to
a cycle supported on f35). Since the class [o]] — (=2)9"1(g — 1)![B,] is
supported on (31 we can argue as in the proof of lemma 4.2 that [o]]**"* —
(=2)971(g — D[B,|"™* = c\,. Now note that on each fiber of the
boundary of the partial compactification X, — A,y the divisor T’
restricts to the principal polarization, with top self-intersection number
(g —1)!. Thus the degree of 79! on each fibre is (g — 1)!. Intersecting
1

g(g=1)
with A; *  then shows that ¢ = 0 as claimed. O

We are now ready to compute the projection [I(9)]t1t,
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Proof of theorem 1.J. Let us expand the expression in formula (2) in
theorem 1.3, and take one of the terms: this will then be of the form
P« (Q(N)P(6,,)), where Q(A) is a monomial in the classes \; (i.e. lies in
the tautological ring), P is a monomial in classes 4, of various irre-
ducible components of the boundary of AP*(2), and the total codi-
mension is equal to g.

If P contains a product of at least two different boundary compo-
nents, d,,0,,, it is supported within f5, and thus by lemma 4.2 in this
case we have [P]**"* = (. This implies that all pairing of P with poly-
nomials in A classes are zero, and thus this is also the case for QP, so
we have [p.(Q(N\)P(0,))]"™* = 0. Thus to have a non-zero projection
to the tautological ring we must have P = §¢. Moreover, if 0 < i < g,
then lemma 4.1 applies, and we also get [p.(Q(X)P(,))]"** = 0. Thus
the only monomials in the expansion of (2) that can have a non-zero
projection to the tautological ring are either those that do not contain
any 9, (and thus these are the ones giving the expression on the open
part in theorem 1.1), or the ones of the form ¢J. Thus the extra term
compared to theorem 1.1 that we need to compute is

% > (=47 (Z 53) :

me(Z/22)%, n€Zm

We know by proposition 3.3 that n € Z,, if and only if o(n +m) = 0.
Thus for n fixed there are 22972 such odd m. The projection p,d,
for any n is equal to 01/2 (recall the branching order 2 of the cover
Apert(2) — AL along the boundary). Thus the above pushforward is
equal to

1
DY (6 = (127
ne(Z/22)29\{0}

We now use formula (14) to obtain

— 1)1

—1)*"}(g

-1 g2—2—g gjtaut __ ( A\ X taut

where, however, the class [X] is of codimension g, supported over [3s,
and thus has zero tautological projection by lemma 4.2. 0

5. COMBINATORICS OF BOUNDARY DIVISORS

The rest of this paper will be devoted to using theorem 1.3 to com-
pute the classes of the loci @ explicitly for ¢ < 5 (and not only its
tautological part given by theorem 1.4).
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In this section we will deal with the combinatorics of the terms ap-
pearing in the expression in theorem 1.3, enabling us to further perform
the explicit class computations.

Proposition 5.1. Formula (2) can be written in a different way, group-
ing by powers of 9, as follows:

a5 -3 5 (S <— ) %)ji () (%) A

m odd j=0 nNEZm =7

This expression is easier to use, as similar terms involving é,’s are
grouped together. To use the proposition we thus need to study the
combinatorics of the intersections of the components D; of the bound-
ary 8A§erf(2), and the vanishing of a given F,,, on a set of components.

The combinatorial description of the boundary components of Agerf(Q)
and their intersection behavior can be deduced from the correspondence
between cusps and isotropic subspaces of Q%. For a detailed discussion
of the combinatorics of the boundary we refer the reader to [Erd07].
Recall that the group Sp(2¢,Z/2Z) = I';/I';(2) has an affine transi-
tive action on the set of odd theta characteristics m. The action of
Sp(29,Z/2Z) on the set of boundary components of AJ(2), i.e. the
linear action on (Z/27)% \ {0} is also transitive. Recall that the sym-
plectic product of ni,ny € (Z/27Z)%* with n; = [ay, 3] is defined as
ny-ng = ay - Po+ay- fy € Z/2Z. Then boundary components D,,, and
D,, of Agerf(Q) intersect if and only if n; - ny = 0, i.e. ny,ny Span an
isotropic plane (see. [Erd07, Proposition 3.3.15]). Moreover recall that
the intersection D, N...N Dy, C AL (2) lies in the stratum 3; and
intersects ﬁ]o, where j is the dimension of the linear span of the vectors
N1, ..., 0y in (Z/27)% (i.e. an open part of this intersection lies in the
preimage of Ag_; C QAS™).

Proposition 5.2. For any set of vectors ny,...,ny, € (Z/27)* \ {0}
such that the intersection Dy, N --- N D,, is non-empty the number
of gradients F,, vanishing on each D, i.e. the number of odd m €
(Z)27))% such that m + n; is even for all i, is
(1) zero if there exists a linear relation n; + ... +n;, = 0 with odd
number of terms j = 21 + 1
(2) equal to 2297%=1 if ny, ..., ny are a basis for an isotropic sub-
space

Proof. For part (1), relabel the n’s so that the linear dependence is
ny+ ...+ ngy1 = 0. For the intersection D,, N...N D, to be non-
empty, we must have n;-n; = 0forall 1 <¢ < j <2[+1. On the other
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hand, for F},, to vanish on D,,,, we must have n; € Z,,, i.e. o(m+n;) = 0.
Recall that by definition we have o(m+n) = o(m)+o(n)+m-n, and
thus

olmi+...+my) = Za(mi) + Z m; - m;.
i=1 1<i<j<k

Suppose now that some F), vanished on all of these D,,,. We can then
use the linear dependence to compute

20+1
l=0o(m)=0c (m—t—zni) =

2A+1 2+1
o(m) + g o(ng) +m- g n; + g ni-nj =
i=1 i=1 1<i<j<2l+1

20+1 20+1 20+1
= (204 1)o(m) + Z o(n;) +m- (Z nz> = Z o(m+n;) =0,
i=1 i=1 i=1
which is a contradiction.

For part (2), note that the action of Sp(2g, Z/2Z) is transitive on the
set of bases of k-dimensional isotropic subspaces (this is well known, eg.
[Erd07, Remark 3.3.9]), and thus any such basis k-tuple is conjugate
to the standard one, i.e. in which n; = [0,e;] with e; being the unit
vector in (Z/2Z)9 in the i’th direction. Thus it is enough to count the
number of m such that o(m +n;) = 0 for the standard isotropic tuple.
Indeed, such m are all of the form

et

where * denote arbitrary entries and there are k£ 1’s in the top row.
Recalling that m must be odd means we can choose all entries except
the first bottom one arbitrarily, and then there would be a unique
choice of the first bottom one to make m odd. Thus the total number
of such m is equal to 2297%~1 as claimed. O

6. KNOWN CASES: GENUS 2 AND 3

We shall now demonstrate how our formula works by computing
the classes [G¥)] in genus 2 and 3. Note that in general it is an ex-
tremely interesting question to define a meaningful “enlarged” tauto-
logical ring of the Chow ring for some toroidal compactification of A,
(see [vdG99],[EvdG05], and we hope our computations here may also
shed further light on this.
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Note that for g < 3 the stack A‘g’erf is smooth and thus we can work
in the (classical) Chow ring of this space.

6.1. Genus 2. Recall that the locus I®® is empty, and also G = ().
It is convenient to introduce some ordering on the set (Z/27Z)%, so that
the following formulas are easier to write using n; < ng, etc. notation.
We now use Theorem 1.3 to compute

=) P A2+>\1<———25) (———25)

m odd n€Zm n€Zm
(z( ADNIE DTN
m odd nN€EZm nE m n1<n2€Zm ni-n2=0

where we used the relation Ay = M?/2. In genus 2 there are 6 odd

characteristics. By proposition 5.2 four of F}, vanish on any boundary
component D;. Any intersection D; N D; of two boundary components,
if non-empty, is codimension two, and there exist then two F,, vanishing
on both D; and D;. We thus compute

- _ 5., 1 1 2 1

ni<ng

15 — 209 09
= A - gi— 2% %2
LR 16 16

where we again used the fact that Ap°(2) — A} has branching order
2 along the boundary, so that the pushforwards are

(16) ﬁ*(z 571) = %7 ]_9*( Z 5n15m) = %

ni<ngz
as well as
2
D 2l =5 2 _ 01 02

Here oy is as in [vdG99], namely the stacky cycle defined by the union of
the intersections of two boundary components on a level cover. Finally
from the computation of C H*(A5*™) in [vdG98] we have

09 — 6)\10’1, O'% = 220’1)\1 — 120)\%

and substituting this into the expression above gives [G®?)] = 0 as
expected.

In general these computations allow us to compute the terms with
i < 31in (15), obtaining for any genus
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Lemma 6.1. For any genus we have the formula

- - g )\1 vy I, A\
[GQ]—2 Z)\g il — -2 0122)\92’ 7

g

—{—229—8(02—0)Zi(i_1))\ ' ﬁ i—2+P
1 2 9 g—t 92

=2

where the last term denotes some polynomial in d, having degree at
least 3.

6.2. The genus 3 case: the locus Sym®(A;). In genus 3 it is in fact
known [CMO8b] that I®® = Sym®(A;) as a set (in the literature on the
subject it is customary to write A; x A; x A; for the locus of such
reducible ppav, while in fact it is really the symmetric product, and we
try to make this distinction). The multiplicity is in fact equal to one
as discussed in remark 2.1. -

We know from [GK11, Th. 1.3] that G® = I®). We shall now
compute the class of G®) and show that it coincides indeed with the
class [Sym®(A4,)] € CH*(AL*) as computed in [vdG98], and corrected
in [vdG09], thus demonstrating the way our machinery works.

Indeed, if we use Lemma 6.1, the only new ingredient needed is
an expression for the terms with at least three §’s. We perform this
computation in arbitrary genus for further use. To this end we first
compute

3
(Z 5n) =) 043 > R +6 D> Gl

NEZm a€Zm a#bEZm a<b<c#a€Zm

By Proposition 5.2 we have 22972 sections F,, generically vanishing
on any given boundary component D,, 22973 vanishing on any non-
empty intersection D, N D,, and 2297% vanishing on any non-empty
intersection D, N Dy, N D, that is global, i.e. over B3 C Agat (by part 1
of Proposition 5.2 there do not exist any Fj, generically vanishing on
a local triple intersection of boundary divisors, over 59 C AS‘“, which
would correspond to the case a + b+ ¢ = 0). By definition the locus
Bs € AJ"(2) is the union of all global triple intersections, while o3 is
the class of the union of all triple intersections, whether global or local.
Altogether this yields

Z 7. <Z 63) _ 22g 2—»< 253 +3 229 5—* (Z(SQ ) 22g —4 6ﬁ3

m odd NELm ab
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where on the right-hand-side the summation is over all boundary com-
ponents labeled by a, b, ¢ € (Z/2)*\ 0. The factor 6 in front of the last
summand comes from the fact that every set {a,b, c} appears 6 times
in the summation, whereas the factor 8 comes from the branching of
order 8 along each boundary component.

We now need to deal with the combinatorics of the intersections of
the boundary components. To this end, observe the identity

(Zé 255b>:“1"2 B, <Z525b+3255b>

a<b ab a<b<c

We can thus deduce

P, (Z 5251;) — UI"2T_3‘73’

ab

and similarly using

:p <Z5 ) (Za3+32525b+6255b5>

a#b a<b<c
we deduce
3 —3(0109 — 303) — 603 02 — 30109 + 303
— s3] = 03 _ 9 _
. (z ) 8 8

This finally yields, after grouping similar terms

Lemma 6.2. The term of the polynomial P in Lemma 6.1 involving
products of three boundary divisors equals

2z EOE)

g . i—3
_ 1 A1
_929-12 (20’? — 30109 — 303 + 3ﬁ3> E - <3> <?) )\g—z"

Combining this expression with the result of Lemma 6.1 we finally
get for g =3

— A DY A A2
[G®)] =28 <A3 + )\2—1 + /\IZ gl) — 204 (/\2 + 2)\1—1 +3— 1 )

1

A 1 3 3
+Z(02 ) ()\1 + 3 21> —32( —30’102+303)—6—4(0'102—303)——/83
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The Chow ring C H*(AY*") was computed in [vdG98], and corrected
in [vdG09], and in particular it was shown (as corrected in the erratum)
that

[Sym?(A1)] = —35)3 + =\ Moy + §)\ oy + §)\ o] — ia o
21 411812811 1212-
Simplifying the expression for [G®)] above and using the relations de-
termined in [vdG98], shows at the end of a lengthy, but straightforward,
computation that we in fact have

[G®)] = [Sym*(Ay)]

35,5 25

as expected.

7. GENUS 4 CASE: THE CLASS OF THE LOCUS A4; X Hffl)n IS
TAUTOLOGICAL

We will now treat the first new case, that of g = 4. As remarked

above, for ¢ = 4 the locus I® is simply the closure of the locus of
products A; X 91(1?1)11- Unlike the genus 3 case, CH*(A,) and CH*(AFe)
are not known (this is currently under investigation, see [HT11]), and
in particular the classes of the locus A; x 91(1‘1)11 and its closure are
not known. However, the projections to the tautological ring of these
classes can be computed, providing a good consistency check for theo-
rem 1.4, which for ¢ = 4 gives the formula

(1] = 45)%,

In this section we first compute [A; X Hr(li)ll]taut directly geometrically,
thus confirming our results, and then proceed to use theorem 1.3 to
obtain a complete expression for this class — and not only for its
tautological part.

We start by considering the locus of products A; x Aj.

Lemma 7.1. The projection of the class [Ay x As] € CHg(AL™) to
the tautological ring is given by

[./41 X Ag]taut = 20)\3

Proof. We note that by [vdG99] there are only two degree 3 classes in
the tautological ring, A3 and )3, and thus we know that we must have
an expression of the form

[ % Az) = AN + B,

and it remains to determine the coefficients A and B. This can be
done by pairing with the complementary dimension tautological classes.
Indeed, by using the Hirzebruch-Mumford proportionality principle
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[Mum77], [vdG99], these can be computed (we got the number for
the top self-intersection number of A\; from [vdG99], and used the rela-
tion (14+ A1 +...+X)(1 =X +...(=1)9);) =1 from there to obtain
A2 = X3 — \§/8 and M)Az = TA}/48)

1 7 1
BN b — DAY perf = — - ——————
(AT~ Ap) g ’iaa00; W AL ager 48 1814400
7 1 ! 1
A3-A4)\ orf — — + ——————— AA4)\ erf = — 0 T oL
Al Xda)ager = 35 Jegaaops e M08 = 35 Tgiaano

We now need to compute the restrictions of the tautological classes to
A; x Az and compute the corresponding intersection numbers there.
Note that the perfect cone compactification is multiplicative [SB06],
ie. A x Ay = APt x AP Moreover, the Hodge bundle on the
locus of products is the sum of the pullbacks of the Hodge bundles on
the two factors, so that we in particular have

(18) A1|‘A§’erf><A§erf — 1 X )\1 + Al X 1
and
(19) )\3|A113crf><A§crf — ]_ X )\3 ‘I— )\1 X )\2
These expressions allow us to compute

- 1 1

7 _ 6 _
)\1 [.Al X A3] — 7()\1>A11:’erf * <)\1>A§erf — 7 . ﬂ . 181440
and
Ail)\3|:A1 X Ag] — <>\1>All:’erf . <)\%)\2>A§erf + 4<A1>All:’erf . <A?)\3>A§’erf
1 1 1 1 1 1 1 1

=502 181440 24 8 181440 24 181440
where for the last line we used Ay = A\?/2 and computed the A3)\;
intersection number from 2\ A3 = A\ = \}/4. Combining the above
computations, we then get the following two equations for A and B
(after factoring out the common factor of 1/1814400):

7 7 7 1 1
A+—B=10- —; —A+—B=10-—
+ 48 0 24’ 48 + 48 0 24

and solving these gives the result of the proposition. 0

Corollary 7.2. The projection of the class [A; X Hr(i)n] to the tautolog-
ical ring (with rational coefficients) is given by

[A; x 68 Jtent — 4574,

null
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Remark 7.3. To obtain the corollary we are basically going to intersect
with a divisor, and deduce the tautological part of the product. It is
tempting to say that this can be done in the tautological ring, but
notice that a priori Chow is not a ring, and the projection from the
Chow to the tautological ring cannot be a ring homomorphism.
Indeed, for example on Ay we have A20; = 0, and thus the projection
of o1 to the tautological ring is equal to zero, While Aio? # 0, and thus

the projection of o7 to the tautological ring is non-zero (in fact we have
02 = 220101 — 1202, see [vdG98]).

Proof. From our previous proposition we know that
[.A1 X Ag] = 20)\3 + [X]

where the class [X] has intersection 0 with all monomials in the A; of

degree 7. The class of the theta-null divisor [Hnuu] in CH*(ALY*™) equals
18\ — 20% where 0'5 is the class of the boundary. We thus obtain

18)\1[./41 X Ag] = [18)\1‘A11:’erf X Agerf] [./41 X Qnun]

AT 26 + 18X [ X].

We now deal with the summands term by term. For the first term, we
compute

3
[18)\1|A§’erf X A3Perf] - §[A0 X Agerf]

(keeping in mind the stackiness, so that A; has degree 1/24 on A; and
Ay has degree 1/2). The tautological projection of the class [Ag x AF®]
was computed in [vdG99, Prop. 4.3], resp. [EvdG05, Theorem 3.4], and
we thus get

3
5["40 % Agerf]taut

3\
2(-7)

Let us now compute the tautological part of [AYef x 2053)] (note that
lemmas 4.1 and 4.2 do not work here). Indeed, this is a codimension 4
locus, and since we have A\$ = 8A\$\3 — 82, to compute the tautological
part we need to know the intersections with A3 and with A\j\3. Using
formulae (18) and (19) and recalling from [vdG99, Lemma 3.11] that
in CH*(AY*") we have A\30; = 0, we thus get

N[ AT x 2017 = [ apere x Ao,

= 3607\ A3 — 45)].

from which the intersection numbers are

)\Q[APerf % 20.(3)] 0
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since \? is zero in dimension one on A} and
Perf 3
A2 Ag[APt x 209 = 0

since Aoy = 0 on AP, Thus [APerf x 25 |taut —
Since [X] lies in the orthogonal complement of the tautological ring
the same holds for A\;[X] and the assertion follows. O

The above computation matches the result of our theorem 1.4 for
g = 4. We now proceed to compute the class completely.

Proposition 7.4. The class of the locus is

—ay 45 7
[I@]) = [A; x 0] = 180A, A3 + 7&* — 801 A3 — 4o A} + §A§af

7 3 9 9 9 3 1
——Noy — Mot + = —A\ )\ —Y + —
5 102 3 107 + 16 101092 + 16 103 — 103 + o1 + 6404
1 3 1 1 1 . per
—E0'103+ 163"‘64 2 320—%02+64 4 GCH ( f f)
where the class Y 1s defined as
Y = > O OO O, -

n1<nz<ng<n4;ni+nz+nz+ns=0

Remark 7.5. One can understand the locus with class Y geometri-
cally, similarly to the way the discriminant locus A = o3 — 3 can be
described as the class of the stratum of semiabelic varieties whose nor-
malization has two components, each of which is a P? bundle over some
ppav B € A,_,. Indeed, by inspecting the table of perfect cones for all
possible small codimension strata in Ag’erf we see that Y is in fact equal
to the locus of semiabelic varieties of torus rank 3 (since the dimension
of the linear span of n; is three), for which the normalization is a union
of two P* bundles and a F(2,2) bundle. To prove this, we just observe
that the corresponding cone is generated by z3, 3, 22, (11 + x5 + x3)?,
giving the relation among the n; as in the definition of Y. We shall
discuss this in more detail in remark 8.2.

Remark 7.6. It is a very appealing question to try to define and
describe a suitably “extended” tautological ring of a toroidal compact-
ification of A, (in particular, of the perfect cone compactification). In
addition to the tautological classes \;, presumably such an extended
ring would include the classes \;,0;, ;. In view of the above com-
putation, it would also be natural to include Y and the classes of all
strata in the boundary corresponding to various types of semi-abelic
varieties. Note that the proof below shows that Y does not lie in the
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ring generated by o; and f;, but it could lie in the ring generated by
these together with \; — we were unable to determine this.

Proof of proposition 7.4. Note that one a priori technical difficulty is
that AL is singular. However, it is only singular in codimension 10 (at
the one point corresponding to the only non basic cone in the perfect
cone compactification of genus 4, namely the second perfect cone, see
[HS04]). The computations we do are for classes of codimension at most
4, and thus the singularity does not matter for these computations.

Indeed, applying the formulas from lemmas 6.1 and 6.2 and using
the relations among the A classes from [vdG99] we get

45 7 7
[G(4)] = 180/\1/\3 + ?/\11L - 80'1/\1 - 140’1/\? + 5)\?0’% — 5)\%0’2

3
—1—6A1(20§ — 30109 — 303 + 3033)

—|—4—14 Z D« (24 Z 5n16n25n35n4 + 12 Z 57%16”25"3

m odd n1<ng<nz<ng€Zm n1;n2<nz€Zm
2 <2 3 4
16 Y 2244 > Bt > 5n).
n1<n2€Zm nl;nQGZm nNEZm

where all the sums are taken over all n; € Z,, that are pairwise distinct,
and the coefficient of some monomial 97! -. . .-d7* is equal to the binomial
coefficient ( 2 ai )

a,...,0k

We now need to go through the possible combinatorics of the inter-
sections. Note that any intersection D, N D, for a # b, if non-empty,
“lives over (35" (which is to say that it intersects 89 and does not in-
tersect 3Y), while for triple intersections we know that D, N Dy N Dy
lives over f35, and all other triple intersections live over (3. Similarly
the quadruple intersections that live over 83 are D, N Dy N D. N Dyyip
and D, N Dy N D.N Dyypre, while all the other ones live over 84, and
in fact the other intersections together give f;.

Using Proposition 5.2, and in particular that we cannot have n; +
ny+n3 = 0 for elements of Z,,, we thus compute for arbitrary g (notice
that the sums on the right are now over all n;, not just those in Z,,;
we suppress the fact that n; are ordered, and use n for the index that
is not ordered relative to n;):

Z Z 5”1 5”2 6“3 6n4 = 22974 Z 5"15712 6“3 57L4 +22gi5ﬁ4;

m n1<no<nz<n4€Zm ni+ngs+nz+ng=0

S 82 0u0n, =22 > 0p Oy Oy

m n1ne<nz€Zm n1+n2+n3#0na<ns
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Z Z 02 62 = 2%~3 Z 62 82

m ni<no€Zm

Y 8800, =270 68 b,

m ni1,n2€ELm
We now try to express the right-hand-sides as linear combinations
of the degree four classes in the algebra generated by o7 = (1,09 =
Ba, 03, B3, 04, the corresponding expressions for which are

or=Bi= ) OnbunOnit D Gni6nOny0n;
ni+na2+nzg+nqgs=0 ni+na+nz=0;n

o1 =A4Bi+4 > 6n0nOun 3 D 0n,0ny0n,0n
ni+na+nz+ngs=0 ni+na+nz=0;n

+ > 02 61y

ni1+n2+nz#0;n2<ns

01 (03 - ﬁS) = Z 5n15n26n35n + Z 672“4_”25711 5112
ni+n2+n3=0;n

for the terms involving some combinatorics. Notice that on the right-
hand-side we have 4 different unknown terms, and thus we would not
be able to express all of them in terms of these classes, so that the
resulting expression will have to involve Y.

For the rest of the terms there is no combinatorics of the intersections
involved, and we compute

03 = 6> Gy Onadng O + 23 02,000y + > 02,02,

all all all

0702 =12 01, 00,00,0n, + 5 0n 0nyOny +2 02 0m, + > 65 Oy

all all all all

01 =24 060y 0ny0ny +12) 62 80,00, + 607 62

all all all

+4> 83 by + Y 00
all all
for the remaining terms (in the last three expressions we sum over all
possible dimensions of linear spans of {n;} on the right).

Combining all of these allows us to first express all symmetric poly-
nomials in D,, in terms of the standard symmetric polynomials, and
then we express all the terms involving various combinatorics of the
intersections in terms of these classes and Y, obtaining the expression
as claimed. U
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For further use we record the result of the above computation for
arbitrary g.

Lemma 7.7. For arbitrary g the order 4 term in proposition 6.1 is
equal to

2g9—2

5 (GY + 384 +3(018s — B — Y — 304) + 3(05 — 201,03 + 204)

+2(0709 — 205 — 0103 + 404) + 0] — 40709 + 205 + 40103 — 4oy)

= 929-14 (04 — 40301 + 3Y + 30103 + Jg — 2020% + O'il)

times the corresponding polynomial in A classes.

8. GENUS 5: THE LOCUS OF INTERMEDIATE JACOBIANS

In this section we finally compute the class in the Chow ring of
the locus I®), that is of the locus of intermediate Jacobians of cubic
threefolds together with the locus of products A; x 01(1%1)11. We then
compute the projection to the tautological ring of each of these two
loci. The computation is similar to the one in the previous section, but
much more involved, with more new classes appearing. Again we shall
first work on the smooth part of AP“". In this case we observe that
the codimension of the singular locus is at least 6, which is sufficient
for our purpose: away from (5 we know it to be 10, whereas on s
there is only one stratum of codimension 5 and this corresponds to the
principal cone, which is basic.

Proposition 8.1. We have in CH* (AL the formula

_ 93
[T7] + [A1 x 0] = 49675 + 3722302 + S A= 64Ash0 — 34Mo

null

. 5 .
—|—(4)\3 -+ 14)\?)(0% — (72) + Z)\% (30’3 -+ 30’201 — 20%)

7
—|—3—2/\1(04 — 40301 + 3Y + 3B301 + 05 — 20905 + 0})

1
_2_56 (—950'5 — 3065 — 45142 — 30A3 — 15A4 + 1501 + 10D1

+450401 + 155401 + 30Y 01 + Hozos — 150;;0% + 50301 — 5@0% + 20?)

where the classes Ay, Az, Ay, C1, D1 are defined below, and we refer to
remark 8.2 for a geometric interpretation of the classes Ay, Az, Ay.
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Proof. We shall again use formula (15). Similar to the above computa-
tions, the new term we need to deal with here is >_( Y. 4§,)%. Thus we

m nEZm
will need to handle all products of five 9,,, with indices distinct or equal,

and with all possible combinatorics of the intersections. The compu-
tations will be still more involved, and we proceed systematically, first
listing all the terms that could appear. Recall that by convention the
indices nq,...,nk, and separately the indices my,...,m, are ordered,
and that all the linear relations among indices are stated under the
sums. We then have the following types of products of 5 boundary
components:

Ar = Z Ony OnyOny Ony Ongs A 1= Z Oy Orsy Oy O O
n1+nz+nz+ns+ns=0
Ag = Z 5711 5n25n35n45n; A4 = Z 5711 5”2571357711 5”"02;
ni1+n2+n3+na=0 nitnz+nz=0
A5 = Z §n6n16n26m16m2;
n+ni+nz=n+mi+ma=0
By =Y 0200,0m0n; Bai= > 0200,00,0m
n+ni+na+nz=0
B3 = Z 5i5n15n25m, B4 = Z 57%5n15n25n35
n+ni+n2=0 ni+nz+n3=0
Cyo= 02020, Coi= Y 02620,
ni+nz+n=0
Dy= 030u0n; Da= Y 030,00
n+ni—+ngo=0

E = 25252; F = Zéﬁék; G = 252

Remark 8.2. Some of these loci — the ones where each ¢,, appears to
power one — have geometric interpretations. Indeed, recall that the
strata of a toroidal compactification correspond to orbits of cones in the
corresponding fan. The perfect cone compactification Agerf is given, as
the name indicates, by the perfect cone decomposition of Sym?2(R9)
and .A;’Of is given by the second Voronoi decomposition. For genus g <
3 these two toroidal compactifications coincide, whereas for g = 4,5,
but not in general, the second Voronoi decomposition is a refinement
of the perfect cone decomposition. In other words, .A;for is a blow-up of
Agerf for ¢ = 4,5 and by inspection of the decompositions one can see
that the center of the blow-up .A;for — Agperf has codimension > 5. We
also recall that, due to the moduli interpretation of A)*" (see [Ale02]),
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the strata of this toroidal compactification have an interpretation in
terms of polarized semi-abelic varieties. In [GK11, section 3] we have
enumerated the relevant cones of small codimension and described the
corresponding semi-abelic varieties. We can use this description to
give a geometric interpretation for all of the above loci where each 6,
appears to power one.

First, we note that A; = p5. Then observe that A, is the class of
the locus of semi-abelic varieties of torus rank 4 the normalization of
which is a union of two P* bundles and one X bundle (the toric poly-
tope corresponding to X is the 4-dimensional cube with two simplices
removed) — the corresponding cone is generated by z%, x3, 2, 2%, (x1 +
Ty + x3 + x4)* and has the correct linear dependency. The class Aj is
the class of the stratum where the corresponding cone is generated by
x3 x5, 23 23, (v1 + T2 + x3)%, and the normalization of the semiabelic
variety is the union of two P* x P? bundles and one P! x F'(2,2) bundle.
Similarly, A, corresponds to the stratum where the corresponding cone
is 22 23,73, 2% (11 + 79)?. The normalization of such a semiabelic va-
riety is two copies of a P! x P! x P2 bundle. Finally, A5 corresponds to
the cone %, 23, 23, (v1 + x2)?, (x1 + 23)?, and the normalization of the
corresponding semiabelic varieties consists of two copies of a P* bundle
and two copies of an Fy (singular cone over P! x P') bundle.

Denoting by A the sum of all A;, etc., we now express all degree 5
elements of the ring generated by ¢; and 3; in terms of the classes above.
The expressions we get for polynomials in o; are standard expressions
in the algebra of symmetric polynomials, while in expressions involving
[; the combinatorics of the indices plays a role — some summands are
missing, and the coefficients differ depending on the combinatorics.
Indeed we have

o5 =A;, o0104=5A+B; o0903=10A+3B+C;
02053 =20A +7B+2C + D; o105 =30A +12B +5C + 2D + E;
030y = 60A +27B +12C + 7D + 3E + F;

o} = 120A + 60B + 30C + 20D + 10E + 5F + G
for the symmetric polynomials, and also

Ps = A1; 0184 = 5A1L + 5Ay + 4A5 + 3A4 + By;
0'253 = 10141 + 10142 + 10./43 + 9144 + 8145 + 3Bl + 332 + 233 + ?)B4 + Cl;
0263 = 20A4,4+20A3+20A3+18A4+16A5+78,+7By+5B5+6B4+2C,+D;.

We want to use these identities to express all these unknown classes
in terms of the smallest possible number of unknowns. We first note
that from symmetric polynomial expressions we get expressions for
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A,B,C, D, E,F,G in the ring generated by o; (and thus writing down
A=A+ Ay + A3 + Ay + As gives a non-trivial identity among the
codimension 5 boundary strata — which we then use to eliminate As
from the formulas). From the expression for oy, we can express B in
terms of the geometrically defined classes A;. We can further note that
Yo, = A3 + A5 + By, which provides a geometric description of Bs.

Using proposition 5.2, we can now deal with the fifth order term
appearing in the class computation in Theorem 1.3. Indeed, we note
that no terms where there is a linear relation of odd length occur, and
thus compute

1
45])* > (Z 5) = — (120(2%075A; + 2%97° A3)

m odd \n€Znm
+60(2%7° B, + 2274 By) 4+ 30(2%7*C}) 4+ 20(2%* D)
+10-2%73E + 5. 2%973F 4 2%97°@)
=2%"18 (154, + 30A3 + 15B; + 308, + 15C, + 10D,

+10E + 5F + 2G) .

To obtain an expression for this class in terms of the classes previously
introduced, we note that By and By can be expressed in terms of the A;
and Yoy, that we have eliminated As, but that there is no way to avoid
using C7 and D;. Doing this computation in Maple yields the result
of the proposition. Of course using the formulas for 933 and o333, we
can express C1 and D in terms of Bz, By, and the other classes, but
it is not clear why this would be a better expression. U

The proposition above computes the class of the locus [I®]. To be
able to compute the class of the locus of intermediate Jacobians, we
need to compute the class of the other component. This is accomplished
similarly to the computations in the previous section.

Proposition 8.3. The projection of the class [Ay x A4] € CH(AE™)
to the tautological ring is given by

— 11
[AL x Ay = —gxll + 11X \s.

In particular, if the locus of products [Ay x A4l € CH*(A3) is tauto-
logical, then [A; x Ag] = =X + 11A A5,
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Proof. The proof proceeds similarly to the proof of lemma 7.1 for genus
4. From van der Geer’s defining relation [vdG99, (1)] of the tautological
ring we get the following explicit identities in C'H*(AF°™):

A6 7 8\
M=M= T - 20ds A = oA+ f(xi’ +As); A2 =0,
Multiplying the first of these by A? and the second by A3 and equating
the results further gives

1 1
hsds = = A0\ — —— A1l
Adsds = 2AIs = 0N
multiplying this one by A? and the second by A5 and equating the

results finally yields
8 3 13
A5 = m)\l .
Using these relations, we can compute explicitly all the top intersec-
tion numbers in the ring generated by the \; classes (of course, these
also follow from the Hirzebruch-Mumford proportionality, but we could
not find an easily available reference for intersection numbers on the
symplectic Grassmannian).
Indeed, from the Hirzebruch-Mumford proportionality (see [vdG99]

for the formula) we get
13

A15 er: — - .
W) = T5320600
Using the above relations we compute step by step

8 8 7
<A%2)\3>A§erf — <§)\IA3A5 ‘I— g)\%o)\f) + @)\15>Al§erf

16 8
(EAPAE) + %)\ﬂ Apert

9 2
= LAY = 2
13Nz = Taa00600

1

<>\§_))\§>A5Perf - <)\i2)\3 - 2)\%0)\5 - g)\%5>A5Perf

and then

(23 Wy L
“\13 572 8) /AT 53222400
From the fact that the Hodge bundle on Aj restricts to the sum of

Hodge bundles on the factors of a decomposable ppav, we get, as in
lemma 7.1,

11 1

N—— Sy ot
AL TAL > Ad] = T apert - ) aper = 57 Te77000
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and

)\?)\3[./41 X ./44] - <)\1>All>erf ‘ <)\§)\2>A§erf + 8<)\1>_A11>erf : <)\I)\3>A5erf

1 1 1 1 7 1 5 1
+8 — . —. -

= 924 2 1814400

where we have used the computation of (A7T\3) Apert from lemma 7.1.

Thus if we have [A; x A4] = AN} + BA1); in the tautological ring,
we can compute the coefficients from the above relations, and the result
is as stated. U

Similarly to the g = 4 case, we can then compute the projection of
the class of the theta-null divisor to the tautological ring.

Corollary 8.4. The projection of the class [A; X Qgi)u] to the tautolog-
ical ring with rational coefficients is given by

[A; x O ]800 = 187(— A3 /2 4+ 4X2A; — 4)5).

null

Proof. Indeed, similarly to the proof of corollary 7.2, let [X] € CH*(As5)

be the part of the class of [A; x Ay| orthogonal to the tautological ring.

@ (4)

Since the class of [, ] is equal to 68)\; — 8¢, ’, we compute

68N [ Ay X Ay] = [68A1| grere X AFT+[Ar x O] +68M [X]+8[AT x o],
The class \[X] is orthogonal to the tautological ring, and we need to
argue that so is the last class. Indeed, it is codimension 5 in AL but
by the restriction property of the Hodge bundle it is enough to argue
that a§4) is orthogonal to the tautological ring of A}, which follows
from lemma 4.1.

Thus using the above proposition together with the formula [Ag X
Aberfjtant — . /¢(=9) from [vdG99, prop. 4.3] (and recalling again
that deg Ay = 1/2, as of a stack, and thus A\i|4, = 1/12[A]), we
obtain

68X
24¢(—9)

Recalling ¢(—9) = —1/132 proves the claim. O

+ [Al X (9(4)

null

-2 [P = 187(= A3 /2 + 4AT)N3).

Combining this with theorem 1.4 finally yields proposition 1.5, giving

a formula for [1.J]t.
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