COMPACTIFICATION OF THE PRYM MAP FOR NON CYCLIC
TRIPLE COVERINGS

HERBERT LANGE, ANGELA ORTEGA

ABSTRACT. According to [LOJ, the Prym variety of any non-cyclic étale triple cover
f:Y — X of a smooth curve X of genus 2 is a Jacobian variety of dimension 2. This
gives a map from the moduli space of such covers to the moduli space of Jacobian varieties
of dimension 2. We extend this map to a proper map Pr of a moduli space g, M2 of
admissible Ss-covers of genus 7 to the moduli space As of principally polarized abelian
surfaces. The main result is that Pr: g, Mg — A, is finite surjective of degree 10.

1. INTRODUCTION

Let f: Y — X denote a non-cyclic cover of degree 3 of a smooth projective curve X of
genus 2. The Prym variety P = P(f) of f is by definition the complement of the image of
the pullback map of Jacobians f*: JY — JX with respect to the canonical polarization
of JY. It is easy to see that the canonical polarization of JY restricts to the 3-fold of
a principal polarization = on P. This induces a morphism Pr, called Prym map, of the
moduli space Ry% of connected étale non-cyclic degree-3 covers of curves of genus 2 into
the moduli space Aj of principally polarized abelian surfaces. In [LO] we showed that the
image of Pr is contained in the Jacobian locus J5 and moreover that

Pr: 727’,%_)‘72

is of degree 10 onto its image. The main aim of this paper is to determine the image of
Pr, we will see that Pr is not surjective, and extend this map to a proper surjective map.

For this it turns out to be convenient to shift the point of view slightly. In [LOL
Proposition 4.1] we saw that taking the Galois closure gives a bijection between the set of
connected non-cyclic étale f covers of above and the set of étale Galois covers h: Z — X,
with Galois group the symmetric group S; of order 6. Hence, if we denote by g, M5 the
moduli space of étale Galois covers of smooth curves of genus 2 with Galois group Sz as
constructed for example in [ACG] Theorem 17.2.11], we get a morphism which we denote
by the same symbol,

PringQ — Ja,

and also call the Prym map. Then we use the compactification g, My of g, M, by ad-
missible S3-covers as constructed in [ACG], Chapter 17] (based on [ACV]) to define the
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extended Prym map. In fact, consider the following subset of g, Mo:

pa(Z) = 7 and for any node z € Z }

ssMo = {[h 12— X] € 5, My the stabilizer Stab(z) is of order 3

Then g,M; is a non-empty open set of a component of g, M, containing the smooth
Ss-covers g,My. For any [h 1 Z — X| € g,My let Y denote the quotient of Z by a
subgroup of order 2 of S3. We show that the kernel P = P(f) of the map f:Y — X is
a principally polarized abelian surface. Hence we get an extended map Pr : g, My — As,
which is modular and which we denote by the same symbol and also call the Prym map.
Clearly P does not depend on the choice of the subgroup of order 2. Our main result is
the following theorem.

Theorem The Prym map Pr : SBMQ — Ay is a finite surjective morphism of degree 10.

In fact, we can be more precise. Consider the following stratification of 53M2:
SSMVQ =g, MyURUS,

where R denotes the set of covers of g,Ms with X singular, but irreducible, and S
denotes the complement of g, Ms U R in g,Ms. As for Ajy, let & denote the closed
subset of Ay consisting of products of elliptic curves with canonical principal polarisation.
For any smooth curve C of genus 2 and any 3 Weierstrass points wy, wy, w3 of C' let
(w1 +ws+ws) denote the map C' — P! defined by the pencil (A(2(wy +wa +ws3)) + p(2(ws +
ws + We) ) (A p)ept, Where wy, ws, we are the complementary Weierstrass points. The map
©o(w1 +wo+ws) factorizes via the hyperelliptic cover and a 3 : 1 map f: P! — P! With this
notation we define the following subsets of 75,

To={JC € Jo | Fw;,wy,ws in C such that f is simply ramified},

Ty =1{JC € Jo| 3wy, ws, w3 in C such that f is not simply ramified}.
So we have
Ay = T3 U Jy U&s.
We show that the Prym map restricts to finite surjective morphisms Pr : g, My — T3,

Pr: S — & and to a finite morphism R — J;. We then prove that the extended Prym
map is proper and of degree 10, this implies the theorem.

Recall that an even spin curve of genus 2 is a pair consisting of a smooth curve of genus
2 and an even theta characteristic on it and that every curve of genus 2 admits exactly
10 even theta characteristics. The degree of the Prym map being 10 suggests that the
moduli spaces g, M5 and the moduli space of even spin curves should be related. An in
fact they are. We will work out details in the forthcoming paper [LOT].

The first part of the paper is devoted to prove that the Prym map Pr: g, My — As is
proper. We apply a method used already in [B] and [F] to show the properness of a Prym
map: we consider an open set of g, My, which is seemingly bigger than g, Ms, namely the
set of Sz-covers satisfying condition (%) (see Section 3). In Section 5 we classify these
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Ss-covers and use this to show that this set coincides with SSMQ. In Sections 6 we deduce
from this the properness of the extended Prym map. In Sections 7 and 8 we study the
restriction of Pr to R and S. Finally, Section 9 contains the proof of the above mentioned
theorem.

We thank Gavril Farkas for some valuable discussions.

2. ADMISSIBLE S3-COVERS

In this section we recall some notions and results which we need subsequently. Let
X — S be a family of connected nodal curves of arithmetic genus g and d > 2 be an
integer. A family of degree d admissible covers of Z over S is a finite morphism Z — X
such that,

(1) the composition Z — S is a family of nodal curves;

(2) every node of a fiber of Z — S maps to a node of the corresponding fiber of
X — S,

(3) away from the nodes Z — S is étale of constant degree d;

(4) if the node z lies over the node x of the corresponding fibre of X — S, the two
branches near z map to the two branches near x with the same ramification index
r > 1.

If G is a finite group, a G-cover Z — X is called a family of admissible G-covers if in
addition to (1) and (2) it satisfies

(3') Z — X is a principal G-bundle away from the nodes;
(4") if £ and n are local coordinates of the two branches near z, any element of
the stabilizer Stabg(2) acts as

(&n) — (€& ¢ M)

where ( is a primitive r-th root of the unity for some positive integer r.

In the case of S = SpecC we just speak of an admissible degree d- (respectively G-)
cover. Clearly, (3') and (4’) imply (3) and (4). So an admissible G-cover is an admissible
d-cover with d = |G|. In the case of an admissible G-cover, the ramification index at any
node z over x equals the order of the stabilizer of z and depends only on x. It is called
the index of the G-cover Z — X at x. Note that, for any admissible G-covering Z — X,
the curve Z is stable if and only if and only if X is stable.

In this paper we are interested in the case G = Ss3, with

> =71070 =1).

Sy = {o,7|0* =7
If f:Z — X is any S3-covering of nodal curves, then all curves in the following diagram

(2.1) 7



4 HERBERT LANGE, ANGELA ORTEGA

have only ordinary nodes too. Here p and g are of degree 2, ¢ is cyclic of degree 3 and
f is non-cyclic of degree 3. There is, of course, an analogous diagram for any family of
S3-coverings.

For any node z of Z such that the generator of Stab z := Stabg,(z) does not exchange
the 2 branches of Z at z, the subgroup Stab z is cyclic. This follows from the fact that
Stab z injects into the automorphism group of the tangent space to a branch at z. It is
then easy to see that any node z of Z is of one of the following types:

(1) | Stabz| = 1. The orbit S3(2) consists of 6 nodes and its image = h(z) is a node
of X.

(2) | Stab z| = 2 and the generator of Stab z does not exchange the 2 branches of Z
at z. The orbit S3(z) consists of 3 nodes and its image = = h(z) is a node of X.

(3) | Stab z| = 3. The generator of o of Stab z acts on each branch of Z in z, the orbit
S3(z) consists of 2 nodes and its image « = h(z) is a node of X.

(4) | Stab z| = 2 and the generator of Stab z does exchanges the 2 branches of Z at z.
The orbit S5(z) consists of 3 nodes and its image x = h(z) is smooth in X.

(5) Stab z = S3. In this case 7 exchanges the 2 branches of Z at z, the orbit S3(2)
consists of z alone and = = h(z) is smooth in X.

We call the nodes of type (1), ..., (5) respectively.

Note that if the Ss-covering Z — X is admissible, then every node of Z is of type (1),
(2) or (3). If z is or type (1), then all maps in (1) are étale near z and its images. If z
is a node of type (2), then ¢ and f are étale near z and p(z) and p and ¢ are ramified at
both branches near z and ¢(z). If z is a node of type (3), then p and g are étale near z
and ¢(z) and ¢ and f are ramified of index 3 at both branches near z and p(z).

In order to describe the norm map of f we need the following description of the divisors.
We have

Div(Y)= @ Z-x+ € K;./05,
TE€Ysm 5€Ysing
and similarly for Div(X), where Ky (resp. Kx) is the ring of rational function of Y (resp.
X). Let ny : Y — Y and ny : X — X be the normalizations. For a node y of Y denote
ny' (y) = {y1,y2} and v; the valuation of y; for i = 1,2. We obtain an isomorphism

) s
o ) (0))

and similarly for K% W) / Ox. )" With these identifications we have the following lemma.

Ky, /0y, ~=C"xZ x7Z defined by ¢ (

Lemma 2.1. Let y be a node of Y and (y,m,n) € Ky, /Oy,
(a) If y is of type (1) or (2), then fi(y,m,n) = (y,m,n);
(b) If y is of type (3), then f.(y,m,n) = (v*,m,n).

Proof. (a) is a consequence of the fact that f is étale near y. (b) follows from diagram

) using the facts that the maps p and g are étale near the corresponding nodes and
the analogous statement for the cyclic map ¢ which was shown in [F, p.64]. U

Let JX and JY denote the (generalized) Jacobians of X and Y, i.e. the components
of Pic(X) and Pic(Y) of (multi-) degree 0 and let Nm; : Pic(Y') — Pic(X) be the norm
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map. Since the norm of Ky /Kx maps Oy into Ox we get the diagram of exact sequences

(2.2) K} — Div(Y) —= Pic(Y) — 0

T PR

K% — Div(X) — Pic(X) —=0

The norm map induces a morphism Nmy : JX — JY. We define the Prym variety
associated to f as

P(f) := (Ker Nmy)".

In general the kernel of the norm can have several conected components. However, con-
sider the following condition

(%) let h: Z — X be an admissible S3-cover
such that all nodes of Z are of type (3).

Then we have,

Lemma 2.2. Let h: Z — X be an Ss-cover satisfying (x). Then Ker Nmy is an abelian
subvariety P of JY .

Proof. Let ng be the number of nodes and s be the number of irreducible components of
X. Then we have the following exact diagram.

(2.3) 0 T, T }f 0
0—>Ty —JY —> jy —=0
iNmf iNmf iNmf
n

0 Tx JX JX 0
with
TY ~ TX ~ C*ng—s—l—l.
The kernel R of Nmj is an abelian subvariety of J Y, since Y and X are disjoint unions
of smooth projective curves and on every component Nmy is non-cyclic (and ramified)
of degree 3. Moreover, according to Lemma [ZT] the kernel 73 of Nmy is isomorphic to
(Z/3Z)"s~=*1. This implies that the kernel K of Nm; is a compact subgroup of JY.

It remains to show that K is connected, i.e. K = P. This is certainly the case for any
Ss-cover of smooth projective curves. The assertion follows from this by considering a
connected family of S3-covers the general member of which is smooth and which contains
the given cover f : Z — X as a special fiber. We get a family of maps Nmy in an obvious

way. Since for the general member of this family the kernel of Nm/ is connected, it cannot
be disconnected for a special member. ([l

Proposition 2.3. Let h: Z — X be an Ss-cover satisfying (x) and let p: P — P be the
polarization induced by the principal polarization of JY . Then

| Kerp | = 32P=(X),
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Proof. Consider the isogeny
B:PxJX —=JY, (L,M)—niL® f*M.

Then Ker (/) is a maximal isotropic subgroup of the kernel of the polarization on P x J X

given by the pullback of the principal polarization on J Y. Consider again the commutative
diagram (Z3) with K = P according to Lemma [Z2 An element (L, M) € P x JX is in
the kernel of § if and only if

nt L@ f*M ~ O,
Let M = n%M’, for some M' € JX, then L ® f*M’' € Kernj = Ty. Since T3 is finite, we
have Ty = f*(T’x). This implies that L = f*M" for some M" € JX. Since Nmy(L) ~ Ox
we obtain (M")? ~ Oy, which implies
[P~ 0y and M?®~ Nm; f*M ~ Nmfng‘/L_l =n% Nm; L'~ Oy.
So Ker 3 C P[3] x JX[3] and therefore Ker p C P[3]. Moreover,
ffM o= npLt
iy (M)

— ]F*TL}(M”)_l.
Since f is non-cyclic on each irreducible component of Y, f* is injective. Then M =
n’ (M")~!. This shows that

Ker 8 = {(f*a,n%a ") | a € JX[3], f*a € P}.

Since f* is injective when X is singular or n% is injective when X is non-singular, we
conclude that Ker § ~ {a € JX[3] | f*a € P}. Since Nmof* is the multiplication by 3,
f*(JX[3]) C Ker Nm; = P, by the previous lemma. Hence we obtain

Ker 5 ~ JX3].

Let t =dimTy = dimTx = n3 — s + 1 and denote u : JY — 33\7 the canonical principal
polarization. Then the dimension over F3 of the kernel of the pullback of pon P x JX is
dimp, Ker(3opoB) = 2dimg, Ker 3

= 2dimy, JX[3]
2(2pa(X) — 1)
On the other hand we clearly have
dimp, Ker(3 o o 8) = dimg, (Ker p x JX[3]).
Hence dimg, Ker p = 4p,(X) — 2t — dimp, JX[3] = 2p.(X). O

Corollary 2.4. Let h : Z — X be an Ss-cover satisfying (x). Then the polarization
p: P — P is three times a principal polarization if and only dim P = p,(X).

Proof. We have Ker p is a subset of P[3] of cardinality 3%«(X) and this is equal to the
cardinality of P[3] if and only if dim P = p,(X). O
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Corollary 2.5. Let f : Z — X be an Ss-cover satisfying (x) and let Xi,..., X, be
the irreducible components of X. Then the canonical polarization of P is three times a
principal polarization if and only if

Zpg(Xi) =s—mnz+ L.
i=1

where as above n3 denotes the number of nodes of X. In this case dim P = 2.

Proof. Since s is also the number of components of Y and n3 the number of nodes of Y,
we have

pa(Y) =D py(Yi) +n3—s+1
i=1
and
pa(X) = Zpg(Xi) +n3—s+1.
i=1

Hence dim P = p,(Y') — pa(X) = po(X) if and only if

(2.4) Zpg(yi) = 2Zp9(Xi) +ng—s+ 1.

The covering Y — X is doubly ramified exactly over each branch of the nodes of X. So if
2r; denotes the order of the ramification divisor of the normalization Y; — X, of ¥; — X

we have
S
E Ty = 27’1,3.
i=1

On the other hand, by the Hurwitz formula, p,(Y;) = 3p,(X;) — 2 + r;. So ([Z4) gives

3Zpg(Xl-) — 254 2n3 = 2Zpg(Xl-) +ng—s+1.
i=1

i=1

This implies the first assertion. Finally we have

dimP:pa(X):Zpg(Xi)+n3—s—|—1:s—n3+1+n3—s+1:2.
i=1

3. THE CONDITION (%)

As in [Bl Section 5] we shall need to study the Prym variety P of m under a more general
assumption than the hypothesis (x) of the previous section. Let Z be a connected curve
with only ordinary nodes and an Ss-action and consider the diagram (Z1I). Throughout
we assume condition (4’) of the definition of an Ss-cover, i.e. that at each node of type
(3), if one local parameter is multiplied under o by ¢, then the other is multiplied by ¢?
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for some third root of unity ¢ (see [F, Remark 2.1]). Moreover, we assume that the action
satisfies the following condition

P is an abelian variety;
(xx) ¢ o and 7 are not the identity on any component of Z;
Pa(Z) = 6pa(X) — 5.

The number

| Stab 2|

= |{nodes z of Z of type (i)}| -

obviously is a non-negative integer. For i = 1,2,3 it comc1des with the number of nodes
of X of type (i). The number

= |{components Z; of Z with | Stab Z;| = i}| - % fori=1,2,3,6
is the number of components of X. Finally define
= |{smooth points z of Z with | Stab z| =i}| fori=2,3.
Proposition 3.1. The assumptions (xx) are equivalent to

ro =13 ="n4 = n5 = 0,
2711-'-77/2 :201+02.

In particular h : Z — X is an admissible Ss-cover.

Proof. Let Z and X denote the normalizations of Z and X. The induced covering h :
Z — X is ramified exactly at points of Z lying over non-singular points fixed by ¢ or an
element of order 2 and at nodes of types (2), (3) and (5). Hence, by the Hurwitz formula:

pa(Z) = 6pa(X) -5+ 7“2_2 + 15 + 3ng + 4ng + 2ns.
So
pa(Z) = pa(Z) +6ny + 3ng + 203 + 3ny + 15
= 6pa(X)—5+ % + 13 + 6n1 + 619 + 603 + 314 + 3n5.
The nodes of X come from nodes of Z of types (1), (2) and (3), hence:
Pa(X) = pa(X) 4+ ny + ny + ns.

Therefore .
pa<Z) = 6pa(X) -5+ 52 + 73+ 3714 + 37’1,5.
Hence the condition p,(Z) = 6p,(X) — 5 is equivalent to 1y = r3 = ng = nz; = 0.

In order to express the condition that P is an abelian variety, let Y denote the normal-
ization of Y. From the diagram

0 T JY JY 0
l LNf le"
0 T JX JX 0




9

and the surjectivity of the norm map it follows that P is an abelian variety if and only if
dim7T = dim 7. Now we have
dimT~:3n1—|—2n2+n3—3cl — 2¢9g — 3 —cg + 1.

For the summand 2n; (and similarly 2¢;) note that for a transitive action of S3 on a set
of 3 elements, 7 fixes one element and exchanges the 2 other elements (see Lemma EC3).
Similarly we have

dimT =n; +ng+n3—c; —cyg —c3 —cg+ 1.
So dim 7T = dim 7T if and only if 2ny + ny = 2¢1 + co. O
Apart from the curves of Theorem 2.3 and its corollaries there are some other curves
with Ss-action which lead to principally polarized Prym varieties. These are the analogues

of those occurring in [Bl Section 5] and [E, Section 2]. However, in the case of interest for
us, i.e. X of genus 2, they do not occur (see Corollary b7 below).

4. SOME AUXILIARY RESULTS

Let X be a stable curve of arithmetic genus 2. In the next section we determine the
Ss-covers h : Y — X satisfying condition (xx). For this we need some lemmata which we
collect in this section.

Proposition 4.1. Every smooth non-hyperelliptic curve Z of genus 3 with Ss3-action has
quotient Z/Ss ~P'. The automorphism o has 2 and T has 8 fized points on Z.

Proof. Every non-hyperelliptic curve Z of genus 3 with Ss-action has an equation (see
~)
2320+ By + 2527 + azoz s + b2y = 0.

The group S5 is generated by

zo +— (%
0 = e
o 21 — (Cz and T :
Z9 = 29
Z9 = 29

where ¢ denotes a primitive third root of unity. The quotient D = Z/(o) is an elliptic
curve, since o has exactly 2 fixed points, namely (1:0:0) and (0:1:0). An equation of
D is

LT Ty + ToTTTy + Ti2T 4 axoxr 2l + bas =0
and the map Z — D is given by zy = ZS’, Ty = 23, @y = 212223. The involution 7 induces
an involution 7 on D, which is given by zy — 1, 9 — 9. Since T admits exactly 4 fixed
points with multiplicities, the quotient Z/S3 = D/(T) is of genus 0. O

Proposition 4.2. Every smooth hyperelliptic curve Z of genus 3 with Ss-action has an
elliptic curve as quotient Z/Ss. There is a one-dimensional family of such curves Z.

Proof. Every hyperelliptic curve Z of genus 3 with Ss-action has an affine equation (see
[T

y* = x(2® — 1)(2® — a®)
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with a® # 0, 1. The group Ss is generated by
U'{xHCa: and T'{xHax_

1
y — Cy y — —a’zly

The fixed points of o are a subset of the set of branch points B = {0, 00, 1, (, (% a, al, al?}.

Hence the quotient map Z — E = Z/(o) is ramified exactly at the 2 points over 0 and

0o, which implies that £ is an elliptic curve. Since 7 permutes 0 and oo as well as the

2 orbits {1, ¢, ¢*} and {a,a(,al?} and (o) is a normal subgroup of Ss, 7 induces a fixed
point free automorphism 7 of E. Hence Z/S5 = E/(r) is an elliptic curve. O

Proposition 4.3. There is no smooth genus 2 curve with automorphism o of order 3
such that the quotient Z/{c) is an elliptic curve.

Proof. According to [Bd] every smooth curve of genus 2 admitting an automorphism of
order 3 has an affine equation

y? = (2% — a®)(2® — a™?)
with a # 0 and not a 6th root of unity and o is given by

x—Cxr and yr—y.
with a primitive third root of unity (. Hence the quotient Z/(o) satisfies the equation
y* = (v — a®)(v — a™') which implies that it is rational. O
Lemma 4.4. Let h: Z — X be an S3-cover of connected nodal curves, with

X=X'ux=

Ifv € X'N X2, then Z' := h™'(X") is smooth at each point of h™'(x), fori=1,2.
Proof. Suppose z is a singular point of Z*, with h(z) = z. Since Z is connected, there

exists 2/ € Z' N Z? with h(z') = z, which is necessarily a smooth point of Z’. This
contradicts the fact that z and 2’ are in the same Ss-orbit. O

Lemma 4.5. Let S denote a set consisting of 3 points Zy, Zy, Z3, with a nontrivial Ss-
action. Then the points may be labelled in such a way that T fives Z; and exchanges Z
and Zs3 and either

(1) 0(Z;) = Ziyq fori=1,2,3 (where Zy = Zy) or

(2) o(Z;) = Z; fori=1,2,3.

The proof is straightforward and will be omitted.
Corollary 4.6. Let Z = Zy U Zy U Z3 be a nodal curve such that Z; N Z;1 (Zy = Y1)

consists of one point n; for i = 1,2,3. Then any Ssz-cover h : Z — X does not satisfy
condition (*x).

Proof. Consider the induced S3-action on the dual graph of Z and let the notation be as
in the previous lemma.
First assume case (1), i.e. o permutes the Z; and 7(Z;) = Z;. Then

7'(77,2) = T(ZQ N Zg) = Zg N ZQ = Na.

Since 7(Zy) = Z3, the action on ny is of type (4), that is, ny # 0, contradicting Proposition
3.1.
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Assume case (2), so 0(Z;) = Z; for i = 1,2,3. In this case the node ny = 7(ny) is of
type (5), contradicting Proposition 3.1. OJ

Lemma 4.7. Let ' be a connected graph with a transitive S3-action consisting of 6 vertices
and 6 nodes. Then the vertices Z; and the nodes n; can be labeled in such a way that

o= (217237Z5><227Z4726) and T = (21722)(237Z6><Z4725>
on the vertices, and n; = Z; N\ Z;y1 where Z; = Zy, with

o = (ny,n3,ns)(ne,ng,ng) and 7= (nq)(ng)(ng, ne)(ns, ns).

Here the notation is the cycle-notation of permutations.
In particular, up to isomorphisms, there is only one transitive Ss-action on I

The proof is straightforward and will be omitted.

Corollary 4.8. Let Z be a connected nodal curve with an Ss-action consisting of s = 6
irreducible components and 6 < 6 nodes such that the quotient X = Z/Ss is irreducible.
Then the image of any node of Z is a smooth point of X. In particular, h : Z — X is not
an admissible Ss-covering.

Proof. The Ss-action induces a transitive action on the dual graph I' of Z. Since there is
no connected graph with 6 vertices and at most 5 edges, we necessarily have § = 6. Let
the notation be as in the previous lemma with components Z; and nodes n;. The quotient
D := Z/{o) consists of 2 components Dy = q(Z1) = q(Z3) = q(Z5) and Dy = q(Zs) =
q(Z4) = q(Zs) intersecting transversally in 2 points ¢(ny) and g(ns). The involution 7,
induced by 7 in D, interchanges D; and Ds so the quotient X = D /7T is smooth. O

Proposition 4.9. Let h: Z — X be an Ss-cover of connected nodal curves, with X stable
of arithmetic genus 2 consisting of 2 components X' and X? intersecting in one point.

If the cover satifies condition (xx), then Z9 = h™1(X7) consists of at most 3 irreducible
components for j =1 and 2.

Proof. Suppose Z! has 6 irreducible components. If the curves X' and X? are smooth,
then the 6 components are disjoint according to Lemmal4l In order to have Z connected,
Z? has to be irreducible and smooth. Hence Z? — X? is an étale map, so g(Z?%) = 1.
This is a contradiction, since there is no elliptic curve with a non-trivial S3-action.

The components X! and X? cannot have more than 1 node, since X is stable of arith-
metic genus 2. If one of the components of X, say X!, has an ordinary double point x,
then Z! has 6 ordinary double points, because the maps Z! — X! are birational. But
then the cover Z! — X! satisfies the conditions of Corollary EE8. So the image of the
node is a smooth point of X contradicting the admissiblity of the covering h. U

5. S3-COVERS SATISFYING (%)

In this section we determine the Ss-covers Z — X satisfying condition (%) with
pa(X) = 2. There are 6 types of non-smooth stable curves of arithmetic genus 2 which
will be considered separately. In the first 2 propositions we assume that X is irreducible.
So let h: Z — X be an Ss-cover satisfying (#*) and denote
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with irreducible components Z;. Since S5 acts transitively on the set of components, the
number s can take the values 1,2, 3 or 6. Moreover, we have the following formula

(5.1) T=p2)=) gi—s+6+1=s(g—1)+5+1,

i=1

where g; denotes the geometric genus of Z; and § the number of nodes of Z. Note that
gi = g1 > 1 for all i.

Suppose first that X is of geometric genus 1 with one node z. If r denotes its ramifi-
cation index, we have as usual

rd = 6.

Proposition 5.1. Let h: Z = \J,_, Z; — X be an Ss-cover of an irreducible curve X of
geometric genus 1 with one ordinary double point. Then only in the following cases the
cover satisfies condition (xx):

(a) s=1, r=3, 6 =2. Z is an irreducible curve of geometric genus 5 with 2 nodes.

(b) s =2, r =3, § =2. The normalization of Z consists of 2 copies of a hyperelliptic
curve of genus 3, admitting an automorphism o of order 3 with 2 fixed points which are
glued together transversally at opposite fized points of . 3

In both cases there is a 2-dimensional family of such coverings. If f : Y — X denotes
the normalization of f, in both cases the Prym variety P is an extension of the Prym
variety of f by the group Z7]37.

Proof. Let f be an Ss-covering satisfying (#*). Then s # 3 according to Corollary LG
and s # 6 by Corollary 8 So suppose s < 2. Then ¢; = ¢ = 0 and hence n; = ny = 0.
This implies r = 3 and 6 = 2. If s = 1, we are in case (1) by the Hurwitz formula and if
s =2 we are in case (b) again using the Hurwitz formula.

Concerning the existence statement, there is a 2-dimensional family of curves X of
genus 1 with one node. Hence it suffices to show that, for a fixed such curve X, there
exist only finitely many admissible Ss-covers in the cases (a) and (b).

As for case (a), according to [KK] 3,1,(1)], every elliptic curve E admits finitely many
Ss-covers of genus 5. The ramification divisor of the normalization h:Z— X of his of
degree 8. Since 8 is not divisible by 3, h is doubly ramified at 2 pairs of points. Gluing
them pairwise together we get case (a).

In case (b), there are finitely many cyclic coverings Z! of the normalization of X of
degree and genus 3, ramified exactly over the 2 preimages of the node. For each such
cover Z! take a copy Z? of Z! and glue both copies transversally at opposite ramification
points. This gives the desired cover. The last assertion is obvious. O

Now assume that X be an irreducible rational curve with 2 nodes z; and z,. If 9;
denotes the number of nodes of Z over x; and r; their ramification index for i = 1 and 2,
we clearly have 0, + d, = 0 and 7;0; = 6. We assume §; > 5.

Proposition 5.2. Let h : Z = U;_,Z; — X be an Ss-cover of a rational curve X with
2 ordinary double points x1 and xo. Then only in the following case the cover satisfies
condition (xx):
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s =2, 1 =1y =3, 0 = 6 = 2 and the normalization of Z consists of 2 curves
of genus 2, admitting an automorphism of order 3 with 4 fixed points, which are glued
together pairwise transversally at fized points of o.

There is a 1-dimensional family of such curves. If Y denotes the normalization of Y,
the Prym variety P is an extension of the Prym variety of JY by the group (Z./37)2.

Proof. Let h be an Ss-covering satisfying (xx). Suppose that s < 2. Then ¢; = ¢ = 0
implying ny = ny = 0. Hence r; = ry = 3 and §; = 0y = 2. If s = 1, then (&) gives
g1 = 3. So the normalization of Z is a curve of genus 3 with an S3-action such that o
admits 8 fixed points. This contradicts Proposition 1l If s = 2, then (BJI) gives g; = 2
and we are in the case of the proposition.

If s =3, then ¢; = 0,¢co = 1 and hence n; = 0,7, = 1. So, up to labeling, we have
r1 = 2,0; = 3 and 79 = 3,95 = 2. On the other hand, (&1]) says 9 = 3¢g; + 01 + J» which
gives a contradiction.

Finally, if s = 6, then each of the components of the normalization of Z is isomorphic
to P! and the ramification indices of the nodes are r;, =ro = 1. Soc; =1, n; = 2 and
ca = ng = 0, which contradicts ().

Concerning the existence statement, there is a one-dimensional family of smooth curves
of genus 2 admitting an automorphism of order 3 (see the proof of proposition E.3)). Each
of the curves is a degree-3 cover of P! doubly ramified in exactly 4 points. Take 2 copies
of these curves and glue them transversally pairwise at 2 of their ramification points. The
last assertion is obvious. O

The remaining 4 types of non-smooth stable curves X of genus 2 have 2 irreducible
components which we denote by X' and X2, Let h: Z — X be an Ss-cover satisfying
(x%). For j = 1,2 we denote

Zl=hNX) = U, 7]

with irreducible components Zij . The analogue of (BJl) in this case is

(5.2) T=pa(Z) = silgl —1)+d+1.

J=1

Proposition 5.3. Let h: Z = U, U2, Z! — X = X1 U X? be an Ss-cover with elliptic
curves X' and X'NX? = {z}. Then only in the following case the cover satisfies condition

51 =8y, =1, r=23,0 =2 Z' and Z? are smooth hyperelliptic curves of genus 3
intersecting transversally in 2 points z1 and z. For j = 1,2 the map Z7 — X7 is an
Ss-covering ramified exactly at z; and z,.

There is a 2-dimensional family of such coverings. If P' denotes the Prym variety of
the covering Y7 — X7 for j = 1 and 2, the Prym variety P is isomorphic to P! x P? as
principally polarized abelian varieties.

Proof. Let g; denote the geometric genus of Zij for j = 1 and 2. By Proposition we
may assume

3>51>8 >1.
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Suppose s; < 2. Then ¢; = ¢; = 0 and hence n; = ny = 0. This implies r = 3 and thus
0 =2. If s = s9 = 1, Hurwitz formula implies g; = 3. By Propositions EE1l and B2, Z; is
hyperelliptic for 5 = 1,2. This gives the case of the proposition.

Suppose s; = 2. The case so = 2 cannot exist, since there is no connected graph with
4 vertices and 2 edges. If sy = 1, then each component Z! is smooth and maps 3:1 to X'
with exactly one doubly ramified point. Hence it is of genus 2, which is a contradiction,
since by Proposition there is no curve of genus 2 with an automorphism of order 3
with quotient an elliptic curve.

If s; = 3,89 = 1 or 2, then ¢; = 0,co = 1 implying n; = 0,ny = 1. This gives
r =2 and 6 = 3. But then Z]1 — X! would be a 2:1 cover ramified exactly in one
point, a contradiction. Finally suppose s; = so = 3. So ¢; = 0,co = 2 and hence either
ny = 0,ny =2 or n; = 1,ny = 0. Both cases cannot occur, since X has only one node.

As for the existence statement, according to Proposition EE2], there is a one-dimensional
family of hyperelliptic curves Z of genus 3 with Ss-action and quotient Z/S3 an elliptic
curve. Take 2 of them and intersect them transversally at the two ramification points of
o. The last assertion is obvious. 0

Proposition 5.4. Let h: Z = U, U2, Z] — X = X' U X? be an Ss-cover with a nodal
rational curve X' and an elliptic curve X? such that X' N X2 = {x}. Then only in the
following case the cover satisfies condition (xx):

s1=2,8=1,r=r =3,0 =0 = 2. The components Z} and Z} are copies of the
elliptic curve admitting an automorphism o of order 3 with 3 fixed points, 2 of which are
glued together transversally at opposite fized points of o. The third fived point in Z} for
i =1 and 2 is glued transversally to Z*?. The curve Z? is hyperelliptic of genus 3 with an
Ss-action, doubly ramified in the 2 intersection points with Z*.

There is a 1-dimensional family of such coverings. If Y denotes the normalization of
Y and P? the Prym variety of the covering Y? — Z2, the Prym variety P is an extension
of JY' x P? by the group Z/37.

Proof. Let x; denote the node of X!, § (respectively d;) the number of nodes over x
(respectively x;) and r (respectively 71) their ramification index. As above, let g; again
denote the geometric genus of Z/ for j = 1,2.

According to Proposition B3, we may assume that s; = 1,2 or 3 for j = 1,2. In any
case, the components have non-trivial stabilizer, i.e. ¢; = 0.

If s; <2for j =1,2, then ¢, = 0 implying n; = ny = 0. This gives r = r; = 3 and
0 =06, =2. If s = s9 = 1, then applying the Hurwitz formula gives g; = 1 and g, = 3.
But there is no elliptic curve with a non-trivial Ss-action.

If sy =1, 89 = 2, then (2) implies g; +2g, = 5. By the Hurwitz formula we get g; = 1,
a contradiction as in the previous case.

If sy = 2,5, = 1, then (B2 gives 2g; + go = 5. Since the map Z? — X? is ramified, we
have go > 2. Moreover, by Proposition g2 > 2 and hence g, = 3. On the other hand,
by the Hurwitz formula both components of Z! are of genus 1 and we are in the case of
the proposition.

If s1 =2, s9 =3, or s =3, s; = 2, the 2 components must intersect the 3 components
equally often which is impossible.
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In the case s; = s = 2 we have ¢o = 0 and n; = ny, = 0, which implies r; = r = 3.
Hence the 3:1 map Z? — X, is doubly ramified in 1 point and the Hurwitz formula yields
go = 2, but by Proposition there is no such covering.

Finally, suppose s; = sy = 3 then ¢; = 2, which implies that either ny = 1,n5 = 0 or
ny = 0,ny = 2. The first case contradicts the fact that Z! and Z? consist of 3 components.
If ny = 0,ny = 1, then § = 6, = 3. So for example Z? — X? would be a double cover
ramified at 1 point only, a contradiction.

As for the existence statement, we only note that, according to Proposition 2] there is
a one-dimensional family hyperelliptic curves of genus 3 with Ss-action and only finitely
many possibilities for the curve Z!'. So, gluing Z, and Z, as in the proposition gives a
1-dimensional family of Ss-covers satisfying (). The last assertion is obvious. U

Proposition 5.5. Let h : Z = Ui_; U, 7! — X = X' U X? be an Ss-cover with XJ
rational with 1 node for j = 1,2 and X' N X? = {x}. Then only in the following case the
cover satisfies condition (xx):

s1 = s9 = 2 and all ramification indices are 3. For 1,7 = 1,2, the normalization of
Zij s the unique elliptic curve with an automorphism of order 3. The normalization of
77 — X7 has 3 ramification points. Z! intersects Z}_, in 2 of them and Z: ™ in the last
one.

There are only finitely many coverings of this type. If Y7 denotes the normalization of

Y7 for j = 1 and 2, the Prym variety P is an extension of the abelian surface Y x Y2
by the group (Z/37)*.

Proof. For i = 1,2, let x; denote the node of X*, §; (respectively ¢) the number of nodes
over x; (respectively x) and r; (respectively r) their ramification index. Let g; again
denote the geometric genus of Zij for j =1, 2.

According to Proposition we may assume 3 > s; > S9 > 1. In any case, the
components have non-trivial stabilizer, i.e. ¢; = 0.

If s; <2 and sy = 1, then ¢; = 0 and hence n;y = ny = 0. So all ramification indices
are 3. In particular § = §, = 2. Hence Z? — P! is a 6-fold cover doubly ramified at 6
points which gives go = 1. But there is no elliptic curve with non-trivial Ss-action.

If sy =3 > s9 > 1, then in any case d = 2 or 9; = 2. This is absurde, since Z; has 3
components and over both nodes x and x; there are at least 3 nodes.

We are left with the case s; = sy = 2. In this situation ¢ = n;y = ny = 0 and
rp =1y =1 = 3. Hence Z/ — X7 is a 3:1 map doubly ramified at 3 points, which
gives g; = 1 for j = 1,2. So the normalization of Zij is the unique elliptic curve with an
automorphism of order 3. The curves Z' and Z2 must be connected, since otherwise Z
would not be connected. This implies that all Z] are smooth and the components Z] and
ZJ intersect transversally in 2 points (so p,(Z7) = 3) and Z', Z? intersect transversally
in 2 points as well.

The existence as well as the last statement are obvious. 0J

Proposition 5.6. Suppose X = X' U X? with X7 ~ P! for j = 1 and 2 such that
X'N X2 = {x1, 29,23} There is no Sz-cover h : Y — X satisfying condition (*x):
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Proof. Suppose that h : Z = U?Zl U, Zij — X is an Ss-cover satisfying (x*) with X as
in the proposition. For i = 1,2,3, let J; denote the number of nodes over x; and r; their
ramification index. Let g; again denote the geometric genus of Z] for j = 1,2.

According to Proposition we may assume 3 > s; > s;. By Lemma HE4] 77 is
a disjoint union of its components Z/ for j = 1,2, which are moreover smooth, since
otherwise X7 would have a node.

Suppose first 2 > s1 > s = 1. Then ¢; = ¢o = 0 and thus ny = ny = 0. So §; = 2 for
all ¢ and the Hurwitz formula gives g, = 1, contradicting the fact that an elliptic curve
does not admit a non-trivial Sz-action.

If sy =3 > s, > 1, then every component Z] intersects Z* in exactly 3 points 2},
where f(2!) = x; and the double cover Z; — X' ~ P! is ramified exactly in these 3
points. However, there is no connected double cover of P! ramified in exactly 3 points, a
contradiction. A

We are left with the case s; = so = 2. Since ¢ has to map any of the components 77
into itself, the corresponding quotient map Z; — X7 ~ P! is doubly ramified in 3 points.

So the Hurwitz formula implies that Zij is an elliptic curve for ¢, j = 1,2. So for j = 1 and
2 we obtain an Ss-cover Z{ U Z; — X7 with disjoint elliptic curves Z{ and Zj. Then 7 is
an isomorphism of Z{ with Z3. For a general point z € Z we clearly have o7(2) # 702(2).

So Z is not an Sz-cover. This completes the proof of the proposition. O
Note that all coverings of Propositions B1l, - - - , satisfy condition (). So we get as

an immediate consequence the first assertion of the following Corollary.

Corollary 5.7. Any covering h : Z — X satisfying condition (xx) satisfies condition (x).
In particular, the Prym variety P of f 1Y — X s a principally polarized abelian variety
of dimension 2. For any stable curve X there are only finitely many covers h satisfying
condition (*x).

Proof. The last assertion follows from the proof of the propositions. O

The following pictures are the dual graphs of the curves Z in Propositions 5.2, 5.4 and
5.5 from left to right.

— T
C.Z1 Z%.\ Z11. .212
[
/Zz
Zl Zl 22

6. PROPERNESS OF THE PRYM MAP

Let g,,M5 denote the moduli space of étale Galois covers of smooth curves of genus 2
with Galois group S3 [ACG) Theorem 17.2.11]. According to [LO)], s, M5 is an irreducible
algebraic variety of dimension 3. A (closed) point in it corresponds to a smooth curve Z
of genus 7 with an Sz-action and quotient X = Z/S3 of genus 2. The quotient Y = Z/(r)
is of genus 4, non-cyclic of degree 3 over X and the Prym variety P = P(Y/X) is a
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principally polarized abelian surface. This gives a map
Pr: SSMQ — AQ

into the moduli space of principally polarized abelian surfaces, which we call the Prym
map. In this section we show that one can extend the map to a proper map onto A,.
Let SBMQ denote the compactification of g, M5 by admissible Ss-covers of stable curves
of genus 2 according to [ACG, Chapter 17]. To be more precise, we denote by g, M,
only the irreducible component containing g, M of the moduli space as defined in [ACG].

Finally, let g,M; C 5,M, be the subset of points corresponding to covers satisfying
condition (xx). The main result of this section is the following theorem.

Theorem 6.1. The set SBMQ is open in 5, My and the Prym map Pr extends to a proper
morphism

Pr: 53Mv2 — AQ,
which s modular and which we also call the Prym map.
We mimic the proofs of [Bl 6.1], [DS, I,1] and [E), §1] using the results of [ACGl Chapter

17]. Instead of level-n structures one could also use the theory of algebraic stacks to prove
the theorem.

Proof. Fix an integer n > 3 and let 53/\/15") denote the moduli space of étale Galois
covers of smooth curves of genus 2 with level-n structure and Galois group S3. As g, Mo,

also 53/\/1;") is an irreducible 3-dimensional variety. With the notation of [ACG, Chapter

17] we have g, MS" = M), where ¢ : m(X) — G is a suitable level structure with
¥ a fixed curve of genus 2 and G a subgroup of H'(X,Z/nZ) with quotient S3. Let

SSM;H) denote the (irreducible) compactification by stable curves which is constructed
in [ACG, Ch. 17, Theorem 4.8]. According to this theorem, there exists a universal

family X — 53Mén) of genus-2 curves with the corresponding structure and we have
SSM;n)/Sp(ZL, Z)n7) ~ s, M. Let
h:Z2 - X

denote the corresponding family of Galois covers. It is a family of admissible S3-covers of
stable curves of genus 7 mapping to stable curves of genus 2. Define the family of stable
curves Y — ngén) by

V=Z/<71>.
The covering b factorizes via a family non-cyclic 3-fold covers of stable curves

TR

According to [BLRI, the relative Jacobians Pic’()/ 53ﬂ§”)) and Pic’(X'/ 53ﬂ§”)) are fam-
ilies of semi-abelian varieties and the norm defines a morphism

Nm : Pico(y/53mgn)) — PicO(X/SBME")).
Define the family of Prym varieties P — 53M§"’ of f by
P :=Ker(Nm : Pico(y/53ﬂén)) — PiCO(X/SSM;n))).
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Let 53M§n) denote the set consisting of points s € SBM;n) such that the fibre P; is

an abelian variety. Hence SBM;n) coincides with the subset over which the map P —

SBM;M is proper. This implies also that 53M§n) is an open set in 53ﬂ§”). By abuse of
notation we denote by P also the restriction of P to SBM%"). According to Proposition

B the set SSM;") coincides with the set of points s such that the cover b, : Z, — X
satisfies condition (*x) and hence, by Corollary B satisfies condition (x). By Corollary
PO for every s € SSMén) the abelian variety P, admits a principal polarization =,.
These principal polarizations glue together in the usual way to give a family of principal

polarizations, i.e. an isomorphism ¢= : P — P over 53M§n). Since all families occuring
are flat, we get a flat family of principally polarized abelian varieties of dimension 2 over

sgﬁ/lvgn). Hence we get a morphism
p: SaMgn) — A
into the moduli space Ay of principally polarized abelian surfaces. The proof of [B

Proposition 6.3] also applies in our case and shows that the map p is proper.

Now SSMvén) C SSMén) is stable under the action of the group Sp(4,7Z/nZ). Hence the
quotient

sy My == s, M ) Sp(4,Z,/nZ)

is a non-empty open set in g, M. Moreover, since p commutes with this action, we obtain
an induced map

Pr: SSMVQ - AQ.
This is the (extended) Prym map of the theorem. The induced map Pr is proper, since

p is. Finally, its restriction to the open set of smooth covers in g, M5 clearly is the Prym
map of [LOJ. O

As an immediate consequence of Theorem we obtain

Corollary 6.2. The extended Prym map Pr : SSMVQ — Ay is surjective. In other words,
every principally polarized abelian surface occurs as the Prym wvariety of a non-cyclic
degree-3 admissible cover f 1Y — X of a stable curve X of genus 2.

7. STRATIFICATION OF Sgﬂg
Consider the following stratification of the moduli space 53M2:
GMo=gM, U R U S
with boundary components R and S where
R=U_ R, and S=U.,S;.

Here R,, respectively S;, denotes the 2-dimensional subspace of SBMQ of Proposition

BTl respectively B3l Ry respectively Sy, denotes the 1-dimensional subspace of 53M2
of Proposition respectively B4l and finally Sy denotes the 0-dimensional subspace of

s5/M3 of Proposition Note that R; is in the closure of Ry and S;_; is in the closure
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of S; for i = 1 and 2. Note moreover that S is closed in SSMVQ whereas we have for the
closure of R, _
R =R U Sl U So.

In this section we will study the images of R; and S; under the extended Prym map
Pr. First we determine the image Pr(g,,Ms) of the open set of smooth covers. We will
use the following well known fact: Every principally polarized abelian surface is either
the Jacobian of a smooth curve of genus 2 or a canonically polarized product of 2 elliptic
curves. We denote by J> C Ay the (open) subset of Jacobians of smooth curves and by
&, its complement in As.

Given a smooth genus-2 curve ¥ we denote by ¢ : ¥ — P! the corresponding hyperel-
liptic cover. For any 3 Weierstrass points wy, wg, w3 of X let ©o(u, 4wytwy) denote the map
> — P! defined by the pencil (A(2(wy + wa + w3)) 4+ w(2(ws + ws + we) ) wepr Where
wy, ws, we are the complementary Weierstrass points. According to the construction in
[LO], we have the following

Proposition 7.1. Pr(s,Ms) ={J¥X € Jo | 3 w1, wq, w3 Weierstrass points of 33 such
that ©o(w, +wstws) = f 0, and f is simply ramified }

Proof. The inclusion ”D>” has been shown in [LO]. Conversely, let JX be the Prym variety
of the cover f :Y — X associated to an element of g, M,. According to [LOL Proof of
Theorem 5.1], the curve X fits into the following commutative diagram

y —=pl<2— ¥

f)l( B Iilf s

where the horizontal maps are the hyperelliptic covers, and 1 is given by a pencil g C
|3Kx| which, up to enumeration, is generated by the 2 divisors 2w; + 2wy + 2ws and
2wy + 2ws + 2wg. Here the w; denote the Weierstrass points of X..

Suppose now that f is not simply ramified, then the branch locus of v consists of at
most 5 points. Two of these branch points are images of wq, we, w3 and wy, ws, weg and
the other are the branch locus of f. Hence there exists a point ¢ € P! outside of branch
locus of ¥ such that f~'(g) contains the image of a Weierstrass point of Y. Since f is
étale on the fiber of ¢, all the 3 points in f~!(g) are images of Weierstrass points of Y,
contradicting the number of Weierstrass points of Y. U

Proposition 7.2. The extended Prym map restricts to a surjective morphism (denoted
by the same letter)

Proof. For i = 2 we saw that Pr(Sy) C & already in Proposition 23 This implies the
analogous statement for ¢ = 1 and 2, since any specialization of a principally polarized
product of elliptic curves is itself such a product. Moreover, U2 S; is closed in g, Ms. So
Pr: U2 ,S; — & is a proper morphism by Theorem Since it is clearly dominant, the
surjectivity follows from this. O

Finally, we determine the image of R under the Prym map. Consider first R;.
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Proposition 7.3. Pr(R;) C J>.

Proof. Let f:Y — X be the S3-cover given by an element of R;. So Y is an irreducible
curve of geometric genus 2 with two nodes and X is a rational irreducible curve with 2
nodes. Let Y and X be their normalizations. Then Y = Y /(§; ~ 92,93 ~ @), where
g; for i = 1,...,4, are doubly ramified points of the triple covering f : ¥ — X and
X = X /(% ~ &9, @3 ~ &), with &; = f(§;) for i = 1,...,4. According to Proposition
B2 the associated Prym variety P is an extension

0—(2/32)> = P 5 JY —0.

Suppose that P ~ E; x Ey as principally polarized abelian surfaces, with Ey, Fs elliptic
curves and E; x E, with canonical (split) polarization. The pullback 7*(Oy) of the
canonical principal polarization of JY defines a covering of degree 9, ™(0y) — Oy, so it
contains an irreducible component of genus at least 2. On the other hand, according to
the assumption and the construction in Proposition B2, 7*(0y ) defines the 3-fold of the
canonical principal polarization on F; x F5. Hence the linear system of this polarization
contains an irreducible curve of genus at least 2. This contradicts the Kiinneth formula,
according to which all (reduced) irreducible components of this linear system are elliptic
curves. 0

As an immediate consequence of Proposition [, we get that the Prym variety of a
general element if Ry is the Jacobian of a genus 2 curve. We will see in the next section
that this is the case for every element in R,.

According to Proposition [Tl the set

j2u = PT(SSMQ) C Js

is the set of Jacobians which admit Weierstrass points wi, ws, w3 such that the map
©o(wi+wa+ws) factors via the hyperelliptic cover and a simply ramified map f : P! — P
It is easy to see that J3* is open in J5 and thus in A,. Denote by

Ty =1{J% € Ty | 3wy, wy, wsWeierstrass points in ¥ withf not simply ramified}.
Note that 73 N Jy # (). So the covering

is not a stratification of Ay. The following theorem summarizes the situation

Theorem 7.4. The stratification g,My = s, Mo U R U S and the covering Ay =
T3t U Jy U Ey are compatible under the Prym map Pr. To be more precise, we have

(1) Pr(s,Mz) = T3,

(2) Pr(R) C Jg and

(3) Pr(S) =¢&.
Proof. Part (1) has been shown in Proposition [l and part (3) in Proposition More-
over, we know from [LO, Theorem 5.1] that Pr—'(J*) D g5,,Ms. Hence, concerning (2),
it suffices to show that Pr(R) C J2. We showed this already for R; in Proposition

It remains to show that Pr(Rs) C J> and this is the contents of the next section (see
Proposition B). O

Remark 7.5. One can show that Pr(R) = J> , but we do not need this fact (see [LOT]).
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8. THE IMAGE OF Ry UNDER THE PRYM MAP

Suppose that we are given an Ss-cover in Ry, which gives the cover f:Y — X. So X
is an irreducible curve of geometric genus 1 with one node and normalization X, i.e.

X =X/# ~ &y,

with points #; # @ of X. The curve Y is an irreducible curve of geometric genus 3 with
one node y and normalization Y, i.e.

Y:Y//glwg%

with points ¢, # 7o of Y such that f .Y — X is doubly ramified exactly at §; and gs.
As a degeneration of hyperelliptic curves, Y is hyperelliptic and hence Y is hyperelliptic.
As an elliptic curve, X admits a one-dimensional family of double covers of P!. There is
exactly one such double cover such that the square in the following diagram commutes.

h

Y ]Pl
A
Y 7

(8.1) Y
f

We denote the map X — P! by & + and call it (by abuse of notation) the hyperelliptic
cover of the elliptic curve X. The hyperelliptic involution of ¥ exchanges the points g
and §, and the corresponding involution on X exchanges the points #; and Z,. Hence f
is doubly ramified at hg(7:1) = h¢(72) and simply ramified over 2 other points.
According to [Bl Section 2], there is a canonical theta divisor in Pic?(Y'), namely

Oy = {L € Pic*(Y) | h°(Y, L) > 1}.
The following proposition describes ©y set-theoretically. For this we need some notation.
As ny : Y — Y denotes the normalization of Y, we have a surjective morphism
Pic*(Y) =% Pic}(Y).
For any M € Pic3(Y) we denote by
F(M) = (n) (M),
the set of line bundles L in Pic*(Y) mapping to M. If we fix an isomorphism

2 M?Jl = Mz}zu
then L is determined by a constant ¢ € C* such that My, is glued with M, by cp. We
denote by

O(M) := F(M)N Oy,
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the fibre over M of the restricted map n¥|e, : ©y — Pic}(Y). In the sequel we denote
Yo=Y\ {y},
the smooth locus of Y. The Abel map in degree 3 of Y is defined as the morphism
ay 1 (Y?)? — Pic’(Y), (Y1, Y2, y3) = Oy (Y1 + Y2 + y3).

Let Hy denote the hyperelliptic line bundle of Y. Since the line bundles of degree 3 on
Y with h? = 2 are exactly the line bundles Hy (y) for some point y € Y and y is a base
point of the corresponding linear system, we have for M € Pic*(Y),

W(M)=2 < M~ H:(y)for somey €Y,
R(M)=1 & M>~Ozp(y1 + yo +ys) with M(—y;) % Hy fori=1,2,3.

The following proposition is easy to prove, but since it is a special case of 2 more general
lemmas of [C], we refer to this paper instead.

Proposition 8.1. For any M € Pic3(§~/) exactly one of the following cases occurs,
(1) If M = Hy(y) for somey €Y, y # i1, 3, then
O(M) = F(M) and there is a unique Ly, € O(M) with Ly, € Im(a3).

Moreover, h®(Lyr) =2 and h°(L) =1 for all L € ©(M), L # Lyy;.
(2) If M ~ Hy(g;) fori=1 or2, then

O(M) =F(M)=F(M)\ Im(ay).
Moreover, h°(L) = 1 for all L € ©(M).

(3) If M ~ Oy (y1 +ya+y3) with M(—y;) # Hy, then ©(M) contains ezactly one line
bundle denoted Ljy; and

O(M) = Ly € Im(ai)).

Moreover, h°(Ly) = 1.
(4) If M ~ O(y1 +y2 + 4;) fori=1 or2 with M(—y;) # Hy and y; # GJo—j for j =1
and 2, then
o(M) =10.

Proof. We have h°(M) > 1, since Y is of genus 3, and h®(M) < 2 by Clifford’s theorem.
Hence exactly one of the 4 cases occurs. Assertion (1) is a special case of [Cl Lemma
2.2.4(2)], (2) is a special case of |[C, Lemma 2.2.4(3)], (3) a special cases of [C, Lemma
2.2.3(2a)] and finally (4) a special case of [C, Lemma 2.2.3(1)]. O

Remark 8.2. If M = Oy (y1 +y2 +ys3) is as in (1) or (3) in the proposition, then we can
choose y1, 12, ¥3 in such a way that they correspond to points of Y, which we denote by
the same letters. Then the uniquely determined line bundle Lj; of Proposition is just
Oy (y1 + y2 + y3). We have for any Op (y1 + y2 + y3), Oy (y1 + 43 + 3) of type (1) or (3),

(8.2) Ov(y1+y2+ys3) > Oy (Yy +ys +U5) © v + Y2+ Ys ~y Yy + Y5 + U5,

where ~¢ denotes linear equivalence on Y.
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For the rest of this section we fix the following notation. Let ¢i,...,gs denote the
Weierstrass points of Y and py, . .., ps the ramification points of h . From the commuta-
tivity of the square in the diagram (BJI) we conclude that f(g;) is one of the points p; for
each ¢ = 1,...,8 and there are 2 points p; such that f‘l(pj) consists of 3 of the points ¢;
and for the remaining 2, f ~!(p;) contains of 1 of the points ¢;. Without loss of generality,
we may assume that

f@) = f(@) = flas) =p1,  flaa) = flas) = f(gs) = po
and . .
flar) =p3,  flags) = pa
If Hy and Hx denote the hyperelliptic line bundles of Y and X, i.e. the line bundles
defining the hyperelliptic covers hy and hx, we have
f*(Hx) ~ H;.

In order to describe the restriction of the theta divisor of JY to the Prym variety P
we will work in Pic*(Y'). For this we consider the following translate of ©:
O, =0 —q C Pic*(Y).

A priori Pic}(X), Pic2(Y), Pic}(X), and Pic?(Y) are not algebraic groups, but they have
a canonical point, namely the hyperelliptic line bundle. Using this, we may consider them
as semiabelian varieties and have the following commutative diagram with exact rows,

(8.3) 0 —— 737 P P 0
1 C* — 2 PicX(Y) —> Pic}(Y) —= 0

iX - 92 n;( .92 lnd
1 C* Pic*(X) —= Pic*(X) —=0

where Nmgc- is the third power map. The maps iy and iy are defined as follows: Recall
that Hy is defined in terms of Hy by gluing the fibres at ¢; and ¢,. The constant ¢ € C*
corresponding to Hy depends on the gluing. We glue the fibres of Hy in such a way that
the constant corresponding to Hy is 1. In other words we have Hy = iy (1) and similarly
for Hy. So P = Nm;l(Hx) and P = ij}l(HX).

For the other fibres we proceed similarly: Given M € Pic*(Y), we choose a line bun-
dle Ly € nj (M) and glue the fibres My and Mj, in such a way that the constant
corresponding to L,; is 1. Then we have

nt " (M) = {Ly @iy (c) © Hy' | ¢ € C*}.
If M is of type (1) or (3) of Proposition Bl we choose Ly, as described there.

Proposition 8.3. A line bundle L € Pic*(Y) is in the intersection PN O, if and only if

(a) L~ Oy(y1 +y2+ @ — @) with f(yy2) = f(y2) fori=1,2,3 or
(b) L ~ Oy (q; — q1) ®1iy(¢?) where € is a primitive third root of the unity and i = 1,2
or3,5=0,1o0r2.
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Proof. The elements in @y have been described in Proposition Let L € ©4 and set
M = n3(L(q1)). Suppose M is of type (1) of Proposition Bl i.e. M ~ Hy(y) for some

(RS Y \ {ghgg}. Then
L=0y(y—q)R®iy(c) forsome ceC".

So Nmy(L) = Ox(f(y) — p1) ® ix(c®) and this is equal to Hy if and only if ix(c*) = Hx
and f(y) = p1, that is, ¢ =1 and y € f~1(p1) = {q1, 2, g3} . This gives the line bundles
in (b).
Suppose M ~ Hy(g;) fori =1or 2. If Nms(L) = Hx, by the commutativity of diagram
B3), Nmz(M(—q1)) = Hg(Z; — p1) = Hg, which implies #; = pi, a contradiction.
Suppose now that M is of type (3), i.e. M ~ Oy (y1 + y2 + y3) with M (—y;) # Hy for
all i. Then ©(M) consists only of the line bundle Ly, € Im(3). So

Nmy(Lar(=g1)) = Nmg(O(y1 +y2 + y3 — @) = Ox(f (1) + [(y2) + f(ys) — p1)-
and Nm¢(Ly(—q1)) = Hx if and only if

Ox(f(y1) + f(y2) + f(y3)) =~ Hx @ Oy (p1).

Since p; is a base point of the linear system |Hx ® Oy (p;)| we conclude that, after possibly
renumerating, we get y3 € f~(p1) and f(y1) + f(y2) ~ Hx. This gives the line bundles
in (a). O

For i = 1,2, 3, we consider the following sets

Ei = {Ov(y+z+aq—q) €PiX(Y) [y, 2 # G105, flovz) = f(y)}
U {OY(QZ_Q1)®ZY(C]> |j :07172}7
As a consequence of Proposition we obtain,
Pﬂ@ql :§1U§2U§3.

Fori = 1,2, 3, define the scheme Z; as the closure of Z;\ {Oy (¢ —q1) @iy (¢F) | 1 = 0,1, 2}
with reduced subscheme structure.

Lemma 8.4. The scheme =; is a complete curve for i =1,2,3 and we have the following
equality of sets
Pﬂ@ql :ElLJEQUEg.

Proof. Note first that =; = =1 + ¢; — ¢; for ¢ = 1 and 2. So for the proof we have only
to show the assertion for ¢ = 1 and for this it suffices to show that P ¢ ©,,, since then
PNoO, is adivisor in a surface. The proof of this is very similar to the smooth case as
given in [LO, Lemma 4.11] and we omit it.

For the last assertion, certainly the right hand side is contained in the left hand side
and the difference consists of at most the finitely many points {Oy (¢ — q1) @iy (¢?) | j =
0,1,2}. But PNO,, is a divisor in P, so does not contain isolated points. So these points
are contained in the right hand side. Together with the first assertion this completes the
proof of the lemma. O

Proposition 8.5. The principal polarization Z of the Prym variety P is given by each of
the algebraically equivalent divisors =, = 2o = Z3.
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Proof. The proof is the same as for [LO, Theorem 4.13] and will be omitted. 0

Now we are in a position to prove the main result of this section, which completes the
proof of Theorem [4]

Proposition 8.6. The Prym variety of any element of Ry is the Jacobian of a smooth
curve of genus 2.

Proof. Let f : Y — X be the cover associated to an element of Ry and let = := =
denote the curve which, according to Proposition RA defines a principal polarization of
the corresponding Prym variety P. Then = is either a smooth genus 2 curve or the union
of two elliptic curves intersecting transversally in one point.

Suppose = is reducible. Then also the (non-complete) curve

EO == \ {ZY(gj) | j - Oa ]-7 2}

is reducible. The curve =" is isomorphic to its image in Pic*(Y), denoted also by Z°.
Since Hy ¢ Z° we can and will consider Z° as a subset in the symmetric product Y@,
Away from the points g; and g, the map f:Y — X is étale. So for every point
yevyY, y # U1, Yo the fibre f- 1f( ) consists of exactly 3 points. Let us denote these
points by f~'f(y) = {y, ', y"}; we denote Y° := Y \ {1, -} and define the curve

D= {(y,159), (y,159") €Y x Y |y € Y\ {ih, o}}

with reduced scheme structure and denote by D its completion The restriction of the
canonical map Y x Y — Y@ to D defines a 2 : 1 map D — Z°, which extends to the
closure D — =0 = Z. )
On the other hand, the projection to the first component gives a 2 : 1 map D — Y,
which is ramified exactly at the points (91, ty91) = (91, 92) and (7, L{/?jg) = (Yo, 71). By the
Hurwitz formula we obtain g(D) = 6. Now, since we are assuming Z° reducible, it follows
that D, and then D, is also reducible, so D = D; U Dy with Dy N Dy = {(41, %2), (%2, 1)}
and each component is birational to Y. Thus D; has genus > ¢(Y) = 3 for i = 1,2,
which implies that the arithmetic genus of D is at least 7. This gives a contradiction.
Consequently, = is an irreducible genus 2 curve. ([l

0

Remark 8.7. It is not difficult to see that, for a given map ©a(w,+ws+ws), the correspond-
ing f : P! — P! is ramified in the image of the points 7j; and ¢,. This shows directly that
Pr(Ry) C J3 which we saw already in the proof of Theorem [l

Remark 8.8. In [LO, Proposition 4.18] we saw how to find the curve ¥ with P ~ JX
explicitely in term of the Weierstrass points of the curve Y. The same construction also
works for covers of Ry and R;. Let f : Y — X be a cover associated to an element of
Ry and let f Y — X be its normalization. Moreover, let the notation be as in this
scction above. In particular f(a) = f(ge) = f(g) = p1 and f(ar) = Flas) = flaw) = o
Considering the canonical map 7 : Y® — Pic?(Y), we can identify Pic*(Y) \ H; with
Y@\ 771 (H;). Using this, the Weierstrass points of & are given by [q¢1 + ¢, [¢1 + 5], [ +

a3, [q4 + qs], [qa + g6] and [g5 + ¢s]. An analogous construction works for the elements of
R;.
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9. THE PRYM MAP IS FINITE

We saw in [LO, Theorem 5.1] that the Prym map Pr : g, My — Aj is finite of degree
10 onto its image. Since g,Ms is open dense in g, Mo, the (extended) Prym map Pr :

s5; Mo — Ay is also of degree 10. In this section we show that it does not have positive
dimensional fibres in the boundary. We keep the notations of the previous section.

Theorem 9.1. The Prym map Pr : SSMVQ — Ay s finite.

Proof. According to Theorem [[4, the Prym map is compatible with the coverings as
given there. Hence, since Pr: g, My — A, is proper according to Theorem 6], it suffices
to consider the 3 pieces separately and show that they have finite fibres. As mentioned
above, this has been proved for Pr: g, My — J3* already in [LOJ[Theorem 5.1].

The proof for Pr : R — J, is similar, but for sake of completeness we sketch it here.
Consider first the restriction of the Prym map to Ry. Let f : Y — X be a cover given
by an element of Ry and Pr(f) = J¥ its image in J. Let YV (of genus 3) and X
(elliptic curve) denote the normalizations. The corresponding map f Y — X fits into a
commutative diagram

(9.1) V—Ppl<—7%

Nz

X—>IP>1

where § is the unique 2:1 map compatible with the hyperelliptic map of Y. The map
f is doubly ramified at one point and simply ramified at 2 others. If wy,...,ws denote
the Weierstrass points of the curve X, the 6:1 map ¥ = p o f (where ¢ the hyperelliptic
cover) is given by a pencil gt C |[3Ky)|, the ramification divisor of which consists of the 6
Weierstrass points of X, the 4 preimages of 2 ramification points over h;(ps) and h(ps)
and the 2 preimages of the doubly ramified point over h(Z;) = h(Z2). So one of the
fibres of ¥ is 2w; 4 2w; + 2wy, for some 1 < ¢ < j < k < 6 and we denote the map v by
Va(witw;+wy)- Note that Yo, tw,4w,) = Vo +wmtws) if 12,5,k L,m,n} = {1,...,6}. In
particular, ¢ has 5 distinct points in his branch locus.

Conversely, the choice of 3 Weierstrass points w;, w;, wy such that f is doubly ramified
at one point gives 5 marked points on P'. One can recover an element of Pr '(JX) as
follows. Let 4 € P! the doubly ramified point of f. Consider the uniquely determined
elliptic curve X given as a double cover h¢ : X — P!, branched over 4 of the marked
points, all but z := f(y). Define f:Y — X as the normalization of the pullback of f
by hg. One verifies that Y is a hyperelliptic curve (of genus 3) and f is non-cyclic and
doubly ramified at the 2 points 7, §» over j = f~1(z). Let

Y =Y/ji~ip and X = X/& ~ &y,

where h}(l (z) = {&1,Z2}. Then the corresponding cover f : Y — X defines an element of
Ry which maps to JX under the Prym map. Since this construction depends only on the
choice of the 3 Weierstrass points w;, w;, wy, this implies that the map Pr|g, : Ry — J5
has finite fibres.
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For the restriction of Pr to R; the argument is similar and will be omitted (here the
map f : P! — P! has 2 doubly ramified points which lead to 2 singular points of Y'). Note
that R; is connected of dimension 1, so it suffices to show that that Pr|g, is not constant.
This completes the proof of the fact that the map Pr: R — J; has finite fibres.

It remains to show that the map Pr: S — &, is finite. First let f : Y — X be a cover
associated to an element of Sy. Then Y = Y! U Y? (respectively X = X' U X?) with
smooth curves Y of genus 2 (respectively X? of genus 1) intersecting transversally in 1
point and f = f, U f, with f; : Y — X% doubly ramified at one point y; for i = 1 and 2.
According to Proposition we have

P(f):Pleg,

where P, = Ker(Nmy, : JY; — JX;) fori =1,2.

It is enough to show that the Prym variety P; associated to the non-cyclic 3:1 cover
Y? — X' defines a 1-dimensional family, when X* varies. Let Z¢ denote the Galois closure
of Y'/X*. The Galois group of Z/X"* certainly is S3. Denoting by ”~” isogeny and by
P(+) the corresponding Prym varieties, we have

JZi ~ P(ZE]YT) x P(Y'/X') x JX'.
On the other hand, according to [RRI,
JZi~ P(Y'/XT)? % JX.

This implies that it is enough to show that P(Z?/Y"?) defines a 1-dimensional family when
X varies.

Now Z¢ — Y is an étale double cover of a hyperelliptic curve and for such a double
cover it is very well known that the Prym variety is a product of 2 Jacobians, one of which
may be 0 (see [Mu]). In our case, P(Z/Y") is isomorphic to an elliptic curve D; which
is an étale double cover of X;. This proves the theorem for the elements in the image of
Sy. The same argument works for the Prym varieties in the image of Sy, since they are of
the form P = JY! x P,, where P, = P(Y2/X?) (see Proposition [E4l). We complete the
proof by observing that Sy is 0-dimensional. U
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