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Abstract. According to [LO], the Prym variety of any non-cyclic étale triple cover
f : Y → X of a smooth curve X of genus 2 is a Jacobian variety of dimension 2. This
gives a map from the moduli space of such covers to the moduli space of Jacobian varieties

of dimension 2. We extend this map to a proper map Pr of a moduli space S3
M̃2 of

admissible S3-covers of genus 7 to the moduli space A2 of principally polarized abelian

surfaces. The main result is that Pr : S3
M̃2 → A2 is finite surjective of degree 10.

1. Introduction

Let f : Y → X denote a non-cyclic cover of degree 3 of a smooth projective curve X of
genus 2. The Prym variety P = P (f) of f is by definition the complement of the image of
the pullback map of Jacobians f ∗ : JY → JX with respect to the canonical polarization
of JY . It is easy to see that the canonical polarization of JY restricts to the 3-fold of
a principal polarization Ξ on P . This induces a morphism Pr, called Prym map, of the
moduli space Rnc

2,3 of connected étale non-cyclic degree-3 covers of curves of genus 2 into
the moduli space A2 of principally polarized abelian surfaces. In [LO] we showed that the
image of Pr is contained in the Jacobian locus J2 and moreover that

Pr : Rnc
2,3 → J2

is of degree 10 onto its image. The main aim of this paper is to determine the image of
Pr, we will see that Pr is not surjective, and extend this map to a proper surjective map.

For this it turns out to be convenient to shift the point of view slightly. In [LO,
Proposition 4.1] we saw that taking the Galois closure gives a bijection between the set of
connected non-cyclic étale f covers of above and the set of étale Galois covers h : Z → X,
with Galois group the symmetric group S3 of order 6. Hence, if we denote by S3

M2 the
moduli space of étale Galois covers of smooth curves of genus 2 with Galois group S3 as
constructed for example in [ACG, Theorem 17.2.11], we get a morphism which we denote
by the same symbol,

Pr : S3
M2 → J2,

and also call the Prym map. Then we use the compactification S3
M2 of S3

M2 by ad-
missible S3-covers as constructed in [ACG, Chapter 17] (based on [ACV]) to define the
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extended Prym map. In fact, consider the following subset of S3
M2:

S3
M̃2 :=

{
[h : Z → X] ∈ S3

M2

∣∣∣∣
pa(Z) = 7 and for any node z ∈ Z
the stabilizer Stab(z) is of order 3

}
.

Then S3
M̃2 is a non-empty open set of a component of S3

M2 containing the smooth

S3-covers S3
M2. For any [h : Z → X] ∈ S3

M̃2 let Y denote the quotient of Z by a
subgroup of order 2 of S3. We show that the kernel P = P (f) of the map f : Y → X is

a principally polarized abelian surface. Hence we get an extended map Pr : S3
M̃2 → A2,

which is modular and which we denote by the same symbol and also call the Prym map.
Clearly P does not depend on the choice of the subgroup of order 2. Our main result is
the following theorem.

Theorem The Prym map Pr : S3
M̃2 → A2 is a finite surjective morphism of degree 10.

In fact, we can be more precise. Consider the following stratification of S3
M̃2:

S3
M̃2 = S3

M2 ⊔ R ⊔ S,

where R denotes the set of covers of S3
M̃2 with X singular, but irreducible, and S

denotes the complement of S3
M2 ⊔ R in S3

M̃2. As for A2, let E2 denote the closed
subset of A2 consisting of products of elliptic curves with canonical principal polarisation.
For any smooth curve C of genus 2 and any 3 Weierstrass points w1, w2, w3 of C let
ϕ2(w1+w2+w3) denote the map C → P1 defined by the pencil (λ(2(w1+w2+w3))+µ(2(w4+
w5 + w6))(λ,µ)∈P1 , where w4, w5, w6 are the complementary Weierstrass points. The map
ϕ2(w1+w2+w3) factorizes via the hyperelliptic cover and a 3 : 1 map f̄ : P1 → P1. With this
notation we define the following subsets of J2,

J u
2 := {JC ∈ J2 | ∃ w1, w2, w3 in C such that f̄ is simply ramified},

J r
2 := {JC ∈ J2 | ∃ w1, w2, w3 in C such that f̄ is not simply ramified}.

So we have
A2 = J u

2 ∪ J r
2 ⊔ E2.

We show that the Prym map restricts to finite surjective morphisms Pr : S3
M2 → J u

2 ,
Pr : S → E2 and to a finite morphism R → J r

2 . We then prove that the extended Prym
map is proper and of degree 10, this implies the theorem.

Recall that an even spin curve of genus 2 is a pair consisting of a smooth curve of genus
2 and an even theta characteristic on it and that every curve of genus 2 admits exactly
10 even theta characteristics. The degree of the Prym map being 10 suggests that the

moduli spaces S3
M̃2 and the moduli space of even spin curves should be related. An in

fact they are. We will work out details in the forthcoming paper [LO1].

The first part of the paper is devoted to prove that the Prym map Pr : S3
M̃2 → A2 is

proper. We apply a method used already in [B] and [F] to show the properness of a Prym

map: we consider an open set of S3
M2, which is seemingly bigger than S3

M̃2, namely the
set of S3-covers satisfying condition (∗∗) (see Section 3). In Section 5 we classify these
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S3-covers and use this to show that this set coincides with S3
M̃2. In Sections 6 we deduce

from this the properness of the extended Prym map. In Sections 7 and 8 we study the
restriction of Pr to R and S. Finally, Section 9 contains the proof of the above mentioned
theorem.

We thank Gavril Farkas for some valuable discussions.

2. Admissible S3-covers

In this section we recall some notions and results which we need subsequently. Let
X → S be a family of connected nodal curves of arithmetic genus g and d ≥ 2 be an
integer. A family of degree d admissible covers of Z over S is a finite morphism Z → X
such that,

(1) the composition Z → S is a family of nodal curves;
(2) every node of a fiber of Z → S maps to a node of the corresponding fiber of

X → S;
(3) away from the nodes Z → S is étale of constant degree d;
(4) if the node z lies over the node x of the corresponding fibre of X → S, the two

branches near z map to the two branches near x with the same ramification index
r ≥ 1.

If G is a finite group, a G-cover Z → X is called a family of admissible G-covers if in
addition to (1) and (2) it satisfies

(3′) Z → X is a principal G-bundle away from the nodes;
(4′) if ξ and η are local coordinates of the two branches near z, any element of

the stabilizer StabG(z) acts as

(ξ, η) 7→ (ζξ, ζ−1η)

where ζ is a primitive r-th root of the unity for some positive integer r.

In the case of S = Spec C we just speak of an admissible degree d- (respectively G-)
cover. Clearly, (3′) and (4′) imply (3) and (4). So an admissible G-cover is an admissible
d-cover with d = |G|. In the case of an admissible G-cover, the ramification index at any
node z over x equals the order of the stabilizer of z and depends only on x. It is called
the index of the G-cover Z → X at x. Note that, for any admissible G-covering Z → X,
the curve Z is stable if and only if and only if X is stable.

In this paper we are interested in the case G = S3, with

S3 := 〈σ, τ | σ3 = τ 2 = τστσ = 1〉.

If f : Z → X is any S3-covering of nodal curves, then all curves in the following diagram

(2.1) Z
p

wwooooooooooooo

q

''PPPPPPPPPPPPP

h

��

Y = Z/〈τ〉

f ''OOOOOOOOOOO
D = Z/〈σ〉

g
wwooooooooooo

X = Z/S3
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have only ordinary nodes too. Here p and g are of degree 2, q is cyclic of degree 3 and
f is non-cyclic of degree 3. There is, of course, an analogous diagram for any family of
S3-coverings.

For any node z of Z such that the generator of Stab z := StabS3
(z) does not exchange

the 2 branches of Z at z, the subgroup Stab z is cyclic. This follows from the fact that
Stab z injects into the automorphism group of the tangent space to a branch at z. It is
then easy to see that any node z of Z is of one of the following types:

(1) | Stab z| = 1. The orbit S3(z) consists of 6 nodes and its image x = h(z) is a node
of X.

(2) | Stab z| = 2 and the generator of Stab z does not exchange the 2 branches of Z
at z. The orbit S3(z) consists of 3 nodes and its image x = h(z) is a node of X.

(3) | Stab z| = 3. The generator of σ of Stab z acts on each branch of Z in z, the orbit
S3(z) consists of 2 nodes and its image x = h(z) is a node of X.

(4) | Stab z| = 2 and the generator of Stab z does exchanges the 2 branches of Z at z.
The orbit S3(z) consists of 3 nodes and its image x = h(z) is smooth in X.

(5) Stab z = S3. In this case τ exchanges the 2 branches of Z at z, the orbit S3(z)
consists of z alone and x = h(z) is smooth in X.

We call the nodes of type (1), . . . , (5) respectively.
Note that if the S3-covering Z → X is admissible, then every node of Z is of type (1),

(2) or (3). If z is or type (1), then all maps in (2.1) are étale near z and its images. If z
is a node of type (2), then q and f are étale near z and p(z) and p and g are ramified at
both branches near z and q(z). If z is a node of type (3), then p and g are étale near z
and q(z) and q and f are ramified of index 3 at both branches near z and p(z).

In order to describe the norm map of f we need the following description of the divisors.
We have

Div(Y ) =
⊕

x∈Ysm

Z · x+
⊕

s∈Ysing

K∗

Y,s/O
∗

Y,s

and similarly for Div(X), where KY (resp. KX) is the ring of rational function of Y (resp.

X). Let nY : Ỹ → Y and nX : X̃ → X be the normalizations. For a node y of Y denote
n−1
Y (y) = {y1, y2} and νi the valuation of yi for i = 1, 2. We obtain an isomorphism

K∗

Y,y/O
∗

Y,y ≃ C
∗ × Z × Z defined by φ 7→

(
φ(s1)

φ(s2)
, ν1(φ), ν2(φ)

)

and similarly for K∗

X,f(y)/O
∗

X,f(y). With these identifications we have the following lemma.

Lemma 2.1. Let y be a node of Y and (γ,m, n) ∈ K∗

Y,y/O
∗

Y,y.
(a) If y is of type (1) or (2), then f∗(γ,m, n) = (γ,m, n);
(b) If y is of type (3), then f∗(γ,m, n) = (γ3, m, n).

Proof. (a) is a consequence of the fact that f is étale near y. (b) follows from diagram
(2.1) using the facts that the maps p and g are étale near the corresponding nodes and
the analogous statement for the cyclic map q which was shown in [F, p.64]. �

Let JX and JY denote the (generalized) Jacobians of X and Y , i.e. the components
of Pic(X) and Pic(Y ) of (multi-) degree 0 and let Nmf : Pic(Y ) → Pic(X) be the norm
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map. Since the norm of KY /KX maps OY into OX we get the diagram of exact sequences

(2.2) K∗

Y

NKY /KX

��

// Div(Y )

f∗
��

// Pic(Y ) //

Nmf

��

0

K∗

X
// Div(X) // Pic(X) // 0

The norm map induces a morphism Nmf : JX → JY . We define the Prym variety
associated to f as

P (f) := (Ker Nmf )
0.

In general the kernel of the norm can have several conected components. However, con-
sider the following condition

(∗)

{
let h : Z → X be an admissible S3-cover
such that all nodes of Z are of type (3).

Then we have,

Lemma 2.2. Let h : Z → X be an S3-cover satisfying (∗). Then KerNmf is an abelian
subvariety P of JY .

Proof. Let n3 be the number of nodes and s be the number of irreducible components of
X. Then we have the following exact diagram.

(2.3) 0 // T3
//

� _

��

K //
� _

��

R //
� _

��

0

0 // TY

Nmf
����

// JY

Nmf
����

n∗

Y // JỸ

Nmf̃
����

// 0

0 // TX // JX
n∗

X // JX̃ // 0

with

TY ≃ TX ≃ C
∗n3−s+1.

The kernel R of Nmf̃ is an abelian subvariety of JỸ , since Ỹ and X̃ are disjoint unions
of smooth projective curves and on every component Nmf̃ is non-cyclic (and ramified)
of degree 3. Moreover, according to Lemma 2.1 the kernel T3 of Nmf is isomorphic to
(Z/3Z)n3−s+1. This implies that the kernel K of Nmf is a compact subgroup of JY .

It remains to show that K is connected, i.e. K = P . This is certainly the case for any
S3-cover of smooth projective curves. The assertion follows from this by considering a
connected family of S3-covers the general member of which is smooth and which contains
the given cover f : Z → X as a special fiber. We get a family of maps Nmf in an obvious
way. Since for the general member of this family the kernel of Nmf is connected, it cannot
be disconnected for a special member. �

Proposition 2.3. Let h : Z → X be an S3-cover satisfying (∗) and let ρ : P → P̂ be the
polarization induced by the principal polarization of JY . Then

|Ker ρ | = 32pa(X).
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Proof. Consider the isogeny

β : P × JX̃ → JỸ , (L,M) 7→ n∗

Y L⊗ f̃ ∗M.

Then Ker(β) is a maximal isotropic subgroup of the kernel of the polarization on P ×JX̃
given by the pullback of the principal polarization on JỸ . Consider again the commutative
diagram (2.3) with K = P according to Lemma 2.2. An element (L,M) ∈ P × JX̃ is in
the kernel of β if and only if

n∗

Y L⊗ f̃ ∗M ≃ OỸ .

Let M = n∗

XM
′, for some M ′ ∈ JX, then L⊗ f ∗M ′ ∈ Kern∗

Y = TY . Since T3 is finite, we
have TY = f ∗(TX). This implies that L = f ∗M ′′ for some M ′′ ∈ JX. Since Nmf (L) ≃ OX

we obtain (M ′′)3 ≃ OX , which implies

L3 ≃ OY and M3 ≃ Nmf̃ f̃
∗M ≃ Nmf̃ n

∗

Y L
−1 = n∗

X Nmf L
−1 ≃ OX̃ .

So Ker β ⊂ P [3] × JX̃[3] and therefore Ker ρ ⊂ P [3]. Moreover,

f̃ ∗M = n∗

Y L
−1

= n∗

Y f
∗(M ′′)−1

= f̃ ∗n∗

X(M ′′)−1.

Since f̃ is non-cyclic on each irreducible component of Ỹ , f̃ ∗ is injective. Then M =
n∗

X(M ′′)−1. This shows that

Ker β = {(f ∗a, n∗

Xa
−1) | a ∈ JX[3], f ∗a ∈ P}.

Since f ∗ is injective when X is singular or n∗

X is injective when X is non-singular, we
conclude that Kerβ ≃ {a ∈ JX[3] | f ∗a ∈ P}. Since Nm ◦f ∗ is the multiplication by 3,
f ∗(JX[3]) ⊂ KerNmf = P , by the previous lemma. Hence we obtain

Ker β ≃ JX[3].

Let t = dimTY = dimTX = n3 − s + 1 and denote µ : JỸ → Ĵ Ỹ the canonical principal
polarization. Then the dimension over F3 of the kernel of the pullback of µ on P × JX̃ is

dimF3
Ker(β̂ ◦ µ ◦ β) = 2 dimF3

Ker β

= 2 dimF3
JX[3]

= 2(2pa(X) − t)

On the other hand we clearly have

dimF3
Ker(β̂ ◦ µ ◦ β) = dimF3

(Ker ρ× JX̃[3]).

Hence dimF3
Ker ρ = 4pa(X) − 2t− dimF3

JX̃[3] = 2pa(X). �

Corollary 2.4. Let h : Z → X be an S3-cover satisfying (∗). Then the polarization

ρ : P → P̂ is three times a principal polarization if and only dimP = pa(X).

Proof. We have Ker ρ is a subset of P [3] of cardinality 32pa(X) and this is equal to the
cardinality of P [3] if and only if dimP = pa(X). �
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Corollary 2.5. Let f : Z → X be an S3-cover satisfying (∗) and let X1, . . . , Xs be
the irreducible components of X. Then the canonical polarization of P is three times a
principal polarization if and only if

s∑

i=1

pg(Xi) = s− n3 + 1.

where as above n3 denotes the number of nodes of X. In this case dimP = 2.

Proof. Since s is also the number of components of Y and n3 the number of nodes of Y ,
we have

pa(Y ) =

s∑

i=1

pg(Yi) + n3 − s+ 1

and

pa(X) =
s∑

i=1

pg(Xi) + n3 − s+ 1.

Hence dimP = pa(Y ) − pa(X) = pa(X) if and only if

(2.4)
s∑

i=1

pg(Yi) = 2
s∑

i=1

pg(Xi) + n3 − s+ 1.

The covering Y → X is doubly ramified exactly over each branch of the nodes of X. So if
2ri denotes the order of the ramification divisor of the normalization Ỹi → X̃i of Yi → Xi

we have
s∑

i=1

ri = 2n3.

On the other hand, by the Hurwitz formula, pg(Yi) = 3pg(Xi) − 2 + ri. So (2.4) gives

3

s∑

i=1

pg(Xi) − 2s+ 2n3 = 2

s∑

i=1

pg(Xi) + n3 − s+ 1.

This implies the first assertion. Finally we have

dimP = pa(X) =

s∑

i=1

pg(Xi) + n3 − s+ 1 = s− n3 + 1 + n3 − s+ 1 = 2.

�

3. The condition (∗∗)

As in [B, Section 5] we shall need to study the Prym variety P of π under a more general
assumption than the hypothesis (∗) of the previous section. Let Z be a connected curve
with only ordinary nodes and an S3-action and consider the diagram (2.1). Throughout
we assume condition (4′) of the definition of an S3-cover, i.e. that at each node of type
(3), if one local parameter is multiplied under σ by ζ , then the other is multiplied by ζ2
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for some third root of unity ζ (see [F, Remark 2.1]). Moreover, we assume that the action
satisfies the following condition

(∗∗)





P is an abelian variety;
σ and τ are not the identity on any component of Z;
pa(Z) = 6pa(X) − 5.

The number

ni := |{nodes z of Z of type (i)}| ·
| Stab z|

6
obviously is a non-negative integer. For i = 1, 2, 3 it coincides with the number of nodes
of X of type (i). The number

ci := |{components Zi of Z with | StabZi| = i}| ·
i

6
for i = 1, 2, 3, 6

is the number of components of X. Finally define

ri := |{smooth points z of Z with | Stab z| = i}| for i = 2, 3.

Proposition 3.1. The assumptions (∗∗) are equivalent to
{
r2 = r3 = n4 = n5 = 0,
2n1 + n2 = 2c1 + c2.

In particular h : Z → X is an admissible S3-cover.

Proof. Let Z̃ and X̃ denote the normalizations of Z and X. The induced covering h̃ :
Z̃ → X̃ is ramified exactly at points of Z̃ lying over non-singular points fixed by σ or an
element of order 2 and at nodes of types (2), (3) and (5). Hence, by the Hurwitz formula:

pa(Z̃) = 6pa(X̃) − 5 +
r2
2

+ r3 + 3n2 + 4n3 + 2n5.

So

pa(Z) = pa(Z̃) + 6n1 + 3n2 + 2n3 + 3n4 + n5

= 6pa(X̃) − 5 +
r2
2

+ r3 + 6n1 + 6n2 + 6n3 + 3n4 + 3n5.

The nodes of X come from nodes of Z of types (1), (2) and (3), hence:

pa(X) = pa(X̃) + n1 + n2 + n3.

Therefore

pa(Z) = 6pa(X) − 5 +
r2
2

+ r3 + 3n4 + 3n5.

Hence the condition pa(Z) = 6pa(X) − 5 is equivalent to r2 = r3 = n4 = n5 = 0.

In order to express the condition that P is an abelian variety, let Ỹ denote the normal-
ization of Y . From the diagram

0 // T̃

��

// JY

Nf

��

// JỸ

Nf̃

��

// 0

0 // T // JX // JX̃ // 0
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and the surjectivity of the norm map it follows that P is an abelian variety if and only if
dim T̃ = dimT . Now we have

dim T̃ = 3n1 + 2n2 + n3 − 3c1 − 2c2 − c3 − c6 + 1.

For the summand 2n1 (and similarly 2c1) note that for a transitive action of S3 on a set
of 3 elements, τ fixes one element and exchanges the 2 other elements (see Lemma 4.5).
Similarly we have

dimT = n1 + n2 + n3 − c1 − c2 − c3 − c6 + 1.

So dim T̃ = dim T if and only if 2n1 + n2 = 2c1 + c2. �

Apart from the curves of Theorem 2.3 and its corollaries there are some other curves
with S3-action which lead to principally polarized Prym varieties. These are the analogues
of those occurring in [B, Section 5] and [F, Section 2]. However, in the case of interest for
us, i.e. X of genus 2, they do not occur (see Corollary 5.7 below).

4. Some auxiliary results

Let X be a stable curve of arithmetic genus 2. In the next section we determine the
S3-covers h : Y → X satisfying condition (∗∗). For this we need some lemmata which we
collect in this section.

Proposition 4.1. Every smooth non-hyperelliptic curve Z of genus 3 with S3-action has
quotient Z/S3 ≃ P1. The automorphism σ has 2 and τ has 8 fixed points on Z.

Proof. Every non-hyperelliptic curve Z of genus 3 with S3-action has an equation (see
[V])

z3
0z2 + z3

1z2 + z2
0z

2
1 + az0z1z

2
2 + bz4

2 = 0.

The group S3 is generated by

σ :





z0 7→ ζz0
z1 7→ ζ2z1
z2 7→ z2

and τ :

{
z0 7→ z1
z2 7→ z2

where ζ denotes a primitive third root of unity. The quotient D = Z/〈σ〉 is an elliptic
curve, since σ has exactly 2 fixed points, namely (1 : 0 : 0) and (0 : 1 : 0). An equation of
D is

x2
0x1x2 + x0x

2
1x2 + x2

0x
2
1 + ax0x1x

2
2 + bx4

2 = 0

and the map Z → D is given by x0 = z3
0 , x1 = z3

1 , x2 = z1z2z3. The involution τ induces
an involution τ on D, which is given by x0 7→ x1, x2 7→ x2. Since τ admits exactly 4 fixed
points with multiplicities, the quotient Z/S3 = D/〈τ〉 is of genus 0. �

Proposition 4.2. Every smooth hyperelliptic curve Z of genus 3 with S3-action has an
elliptic curve as quotient Z/S3. There is a one-dimensional family of such curves Z.

Proof. Every hyperelliptic curve Z of genus 3 with S3-action has an affine equation (see
[I])

y2 = x(x3 − 1)(x3 − a3)
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with a3 6= 0, 1. The group S3 is generated by

σ :

{
x 7→ ζx
y 7→ ζ2y

and τ :

{
x 7→ ax−1

y 7→ −a2x4y

The fixed points of σ are a subset of the set of branch points B = {0,∞, 1, ζ, ζ2, a, aζ, aζ2}.
Hence the quotient map Z → E = Z/〈σ〉 is ramified exactly at the 2 points over 0 and
∞, which implies that E is an elliptic curve. Since τ permutes 0 and ∞ as well as the
2 orbits {1, ζ, ζ2} and {a, aζ, aζ2} and 〈σ〉 is a normal subgroup of S3, τ induces a fixed
point free automorphism τ of E. Hence Z/S3 = E/〈τ〉 is an elliptic curve. �

Proposition 4.3. There is no smooth genus 2 curve with automorphism σ of order 3
such that the quotient Z/〈σ〉 is an elliptic curve.

Proof. According to [Bo] every smooth curve of genus 2 admitting an automorphism of
order 3 has an affine equation

y2 = (x3 − a3)(x3 − a−3)

with a 6= 0 and not a 6th root of unity and σ is given by

x 7→ ζx and y 7→ y.

with a primitive third root of unity ζ . Hence the quotient Z/〈σ〉 satisfies the equation
y2 = (v − a2)(v − a−1) which implies that it is rational. �

Lemma 4.4. Let h : Z → X be an S3-cover of connected nodal curves, with

X = X1 ∪X2.

If x ∈ X1 ∩X2, then Z i := h−1(X i) is smooth at each point of h−1(x), for i = 1, 2.

Proof. Suppose z is a singular point of Z i, with h(z) = x. Since Z is connected, there
exists z′ ∈ Z1 ∩ Z2 with h(z′) = x, which is necessarily a smooth point of Z i. This
contradicts the fact that z and z′ are in the same S3-orbit. �

Lemma 4.5. Let S denote a set consisting of 3 points Z1, Z2, Z3, with a nontrivial S3-
action. Then the points may be labelled in such a way that τ fixes Z1 and exchanges Z2

and Z3 and either

(1) σ(Zi) = Zi+1 for i = 1, 2, 3 (where Z4 = Z1) or
(2) σ(Zi) = Zi for i = 1, 2, 3.

The proof is straightforward and will be omitted.

Corollary 4.6. Let Z = Z1 ∪ Z2 ∪ Z3 be a nodal curve such that Zi ∩ Zi+1 (Z4 = Y1)
consists of one point ni for i = 1, 2, 3. Then any S3-cover h : Z → X does not satisfy
condition (∗∗).

Proof. Consider the induced S3-action on the dual graph of Z and let the notation be as
in the previous lemma.

First assume case (1), i.e. σ permutes the Zi and τ(Z1) = Z1. Then

τ(n2) = τ(Z2 ∩ Z3) = Z3 ∩ Z2 = n2.

Since τ(Z2) = Z3, the action on n2 is of type (4), that is, n4 6= 0, contradicting Proposition
3.1.
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Assume case (2), so σ(Zi) = Zi for i = 1, 2, 3. In this case the node n2 = τ(n2) is of
type (5), contradicting Proposition 3.1. �

Lemma 4.7. Let Γ be a connected graph with a transitive S3-action consisting of 6 vertices
and 6 nodes. Then the vertices Zi and the nodes ni can be labeled in such a way that

σ = (Z1, Z3, Z5)(Z2, Z4, Z6) and τ = (Z1, Z2)(Z3, Z6)(Z4, Z5)

on the vertices, and ni = Zi ∩ Zi+1 where Z7 = Z1, with

σ = (n1, n3, n5)(n2, n4, n6) and τ = (n1)(n4)(n2, n6)(n3, n5).

Here the notation is the cycle-notation of permutations.
In particular, up to isomorphisms, there is only one transitive S3-action on Γ.

The proof is straightforward and will be omitted.

Corollary 4.8. Let Z be a connected nodal curve with an S3-action consisting of s = 6
irreducible components and δ ≤ 6 nodes such that the quotient X = Z/S3 is irreducible.
Then the image of any node of Z is a smooth point of X. In particular, h : Z → X is not
an admissible S3-covering.

Proof. The S3-action induces a transitive action on the dual graph Γ of Z. Since there is
no connected graph with 6 vertices and at most 5 edges, we necessarily have δ = 6. Let
the notation be as in the previous lemma with components Zi and nodes ni. The quotient
D := Z/〈σ〉 consists of 2 components D1 = q(Z1) = q(Z3) = q(Z5) and D2 = q(Z2) =
q(Z4) = q(Z6) intersecting transversally in 2 points q(n1) and q(n2). The involution τ̄ ,
induced by τ in D, interchanges D1 and D2 so the quotient X = D/τ̄ is smooth. �

Proposition 4.9. Let h : Z → X be an S3-cover of connected nodal curves, with X stable
of arithmetic genus 2 consisting of 2 components X1 and X2 intersecting in one point.

If the cover satifies condition (∗∗), then Zj = h−1(Xj) consists of at most 3 irreducible
components for j = 1 and 2.

Proof. Suppose Z1 has 6 irreducible components. If the curves X1 and X2 are smooth,
then the 6 components are disjoint according to Lemma 4.4. In order to have Z connected,
Z2 has to be irreducible and smooth. Hence Z2 → X2 is an étale map, so g(Z2) = 1.
This is a contradiction, since there is no elliptic curve with a non-trivial S3-action.

The components X1 and X2 cannot have more than 1 node, since X is stable of arith-
metic genus 2. If one of the components of X, say X1, has an ordinary double point x1,
then Z1 has 6 ordinary double points, because the maps Z1

i → X1 are birational. But
then the cover Z1 → X1 satisfies the conditions of Corollary 4.8. So the image of the
node is a smooth point of X contradicting the admissiblity of the covering h. �

5. S3-covers satisfying (∗∗)

In this section we determine the S3-covers Z → X satisfying condition (∗∗) with
pa(X) = 2. There are 6 types of non-smooth stable curves of arithmetic genus 2 which
will be considered separately. In the first 2 propositions we assume that X is irreducible.
So let h : Z → X be an S3-cover satisfying (∗∗) and denote

Z = ∪si=1Zi
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with irreducible components Zi. Since S3 acts transitively on the set of components, the
number s can take the values 1, 2, 3 or 6. Moreover, we have the following formula

(5.1) 7 = pa(Z) =
s∑

i=1

gi − s+ δ + 1 = s(g1 − 1) + δ + 1,

where gi denotes the geometric genus of Zi and δ the number of nodes of Z. Note that
gi = g1 ≥ 1 for all i.

Suppose first that X is of geometric genus 1 with one node x. If r denotes its ramifi-
cation index, we have as usual

rδ = 6.

Proposition 5.1. Let h : Z =
⋃s

i=1 Zi → X be an S3-cover of an irreducible curve X of
geometric genus 1 with one ordinary double point. Then only in the following cases the
cover satisfies condition (∗∗):

(a) s = 1, r = 3, δ = 2. Z is an irreducible curve of geometric genus 5 with 2 nodes.
(b) s = 2, r = 3, δ = 2. The normalization of Z consists of 2 copies of a hyperelliptic

curve of genus 3, admitting an automorphism σ of order 3 with 2 fixed points which are
glued together transversally at opposite fixed points of σ.

In both cases there is a 2-dimensional family of such coverings. If f̃ : Ỹ → X̃ denotes
the normalization of f , in both cases the Prym variety P is an extension of the Prym
variety of f̃ by the group Z/3Z.

Proof. Let f be an S3-covering satisfying (∗∗). Then s 6= 3 according to Corollary 4.6
and s 6= 6 by Corollary 4.8. So suppose s ≤ 2. Then c1 = c2 = 0 and hence n1 = n2 = 0.
This implies r = 3 and δ = 2. If s = 1, we are in case (1) by the Hurwitz formula and if
s = 2 we are in case (b) again using the Hurwitz formula.

Concerning the existence statement, there is a 2-dimensional family of curves X of
genus 1 with one node. Hence it suffices to show that, for a fixed such curve X, there
exist only finitely many admissible S3-covers in the cases (a) and (b).

As for case (a), according to [KK, 3,1,(1)], every elliptic curve E admits finitely many

S3-covers of genus 5. The ramification divisor of the normalization h̃ : Z̃ → X̃ of h is of
degree 8. Since 8 is not divisible by 3, h̃ is doubly ramified at 2 pairs of points. Gluing
them pairwise together we get case (a).

In case (b), there are finitely many cyclic coverings Z1 of the normalization of X of
degree and genus 3, ramified exactly over the 2 preimages of the node. For each such
cover Z1 take a copy Z2 of Z1 and glue both copies transversally at opposite ramification
points. This gives the desired cover. The last assertion is obvious. �

Now assume that X be an irreducible rational curve with 2 nodes x1 and x2. If δi
denotes the number of nodes of Z over xi and ri their ramification index for i = 1 and 2,
we clearly have δ1 + δ2 = δ and riδi = 6. We assume δ1 ≥ δ2.

Proposition 5.2. Let h : Z = ∪si=1Zi → X be an S3-cover of a rational curve X with
2 ordinary double points x1 and x2. Then only in the following case the cover satisfies
condition (∗∗):
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s = 2, r1 = r2 = 3, δ1 = δ2 = 2 and the normalization of Z consists of 2 curves
of genus 2, admitting an automorphism of order 3 with 4 fixed points, which are glued
together pairwise transversally at fixed points of σ.

There is a 1-dimensional family of such curves. If Ỹ denotes the normalization of Y ,
the Prym variety P is an extension of the Prym variety of JỸ by the group (Z/3Z)2.

Proof. Let h be an S3-covering satisfying (∗∗). Suppose that s ≤ 2. Then c1 = c2 = 0
implying n1 = n2 = 0. Hence r1 = r2 = 3 and δ1 = δ2 = 2. If s = 1, then (5.1) gives
g1 = 3. So the normalization of Z is a curve of genus 3 with an S3-action such that σ
admits 8 fixed points. This contradicts Proposition 4.1. If s = 2, then (5.1) gives g1 = 2
and we are in the case of the proposition.

If s = 3, then c1 = 0, c2 = 1 and hence n1 = 0, n2 = 1. So, up to labeling, we have
r1 = 2, δ1 = 3 and r2 = 3, δ2 = 2. On the other hand, (5.1) says 9 = 3g1 + δ1 + δ2 which
gives a contradiction.

Finally, if s = 6, then each of the components of the normalization of Z is isomorphic
to P1 and the ramification indices of the nodes are r1 = r2 = 1. So c1 = 1, n1 = 2 and
c2 = n2 = 0, which contradicts (∗∗).

Concerning the existence statement, there is a one-dimensional family of smooth curves
of genus 2 admitting an automorphism of order 3 (see the proof of proposition 4.3). Each
of the curves is a degree-3 cover of P1 doubly ramified in exactly 4 points. Take 2 copies
of these curves and glue them transversally pairwise at 2 of their ramification points. The
last assertion is obvious. �

The remaining 4 types of non-smooth stable curves X of genus 2 have 2 irreducible
components which we denote by X1 and X2. Let h : Z → X be an S3-cover satisfying
(∗∗). For j = 1, 2 we denote

Zj := h−1(Xj) = ∪
sj

i=1Z
j
i

with irreducible components Zj
i . The analogue of (5.1) in this case is

(5.2) 7 = pa(Z) =

2∑

j=1

sj(g
j
1 − 1) + δ + 1.

Proposition 5.3. Let h : Z = ∪2
j=1 ∪

sj

i=1 Z
j
i → X = X1 ∪X2 be an S3-cover with elliptic

curves X i and X1∩X2 = {x}. Then only in the following case the cover satisfies condition
(∗∗):
s1 = s2 = 1, r = 3, δ = 2. Z1 and Z2 are smooth hyperelliptic curves of genus 3

intersecting transversally in 2 points z1 and z2. For j = 1, 2 the map Zj → Xj is an
S3-covering ramified exactly at z1 and z2.

There is a 2-dimensional family of such coverings. If P i denotes the Prym variety of
the covering Y j → Xj for j = 1 and 2, the Prym variety P is isomorphic to P 1 × P 2 as
principally polarized abelian varieties.

Proof. Let gj denote the geometric genus of Zj
i for j = 1 and 2. By Proposition 4.9 we

may assume

3 ≥ s1 ≥ s2 ≥ 1.
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Suppose s1 ≤ 2. Then c1 = c2 = 0 and hence n1 = n2 = 0. This implies r = 3 and thus
δ = 2. If s1 = s2 = 1, Hurwitz formula implies gj = 3. By Propositions 4.1 and 4.2, Zj is
hyperelliptic for j = 1, 2. This gives the case of the proposition.

Suppose s1 = 2. The case s2 = 2 cannot exist, since there is no connected graph with
4 vertices and 2 edges. If s2 = 1, then each component Z1

i is smooth and maps 3:1 to X1

with exactly one doubly ramified point. Hence it is of genus 2, which is a contradiction,
since by Proposition 4.3 there is no curve of genus 2 with an automorphism of order 3
with quotient an elliptic curve.

If s1 = 3, s2 = 1 or 2, then c1 = 0, c2 = 1 implying n1 = 0, n2 = 1. This gives
r = 2 and δ = 3. But then Z1

j → X1 would be a 2:1 cover ramified exactly in one
point, a contradiction. Finally suppose s1 = s2 = 3. So c1 = 0, c2 = 2 and hence either
n1 = 0, n2 = 2 or n1 = 1, n2 = 0. Both cases cannot occur, since X has only one node.

As for the existence statement, according to Proposition 4.2, there is a one-dimensional
family of hyperelliptic curves Z of genus 3 with S3-action and quotient Z/S3 an elliptic
curve. Take 2 of them and intersect them transversally at the two ramification points of
σ. The last assertion is obvious. �

Proposition 5.4. Let h : Z = ∪2
j=1 ∪

sj

i=1 Z
j
i → X = X1 ∪X2 be an S3-cover with a nodal

rational curve X1 and an elliptic curve X2 such that X1 ∩X2 = {x}. Then only in the
following case the cover satisfies condition (∗∗):
s1 = 2, s2 = 1, r = r1 = 3, δ = δ1 = 2. The components Z1

1 and Z1
2 are copies of the

elliptic curve admitting an automorphism σ of order 3 with 3 fixed points, 2 of which are
glued together transversally at opposite fixed points of σ. The third fixed point in Z1

i for
i = 1 and 2 is glued transversally to Z2. The curve Z2 is hyperelliptic of genus 3 with an
S3-action, doubly ramified in the 2 intersection points with Z1.

There is a 1-dimensional family of such coverings. If Ỹ 1 denotes the normalization of
Y 1 and P 2 the Prym variety of the covering Y 2 → Z2, the Prym variety P is an extension
of JỸ 1 × P 2 by the group Z/3Z.

Proof. Let x1 denote the node of X1, δ (respectively δ1) the number of nodes over x
(respectively x1) and r (respectively r1) their ramification index. As above, let gj again

denote the geometric genus of Zj
i for j = 1, 2.

According to Proposition 4.9, we may assume that sj = 1, 2 or 3 for j = 1, 2. In any
case, the components have non-trivial stabilizer, i.e. c1 = 0.

If sj ≤ 2 for j = 1, 2, then c2 = 0 implying n1 = n2 = 0. This gives r = r1 = 3 and
δ = δ1 = 2. If s1 = s2 = 1, then applying the Hurwitz formula gives g1 = 1 and g2 = 3.
But there is no elliptic curve with a non-trivial S3-action.

If s1 = 1, s2 = 2, then (5.2) implies g1 +2g2 = 5. By the Hurwitz formula we get g1 = 1,
a contradiction as in the previous case.

If s1 = 2, s2 = 1, then (5.2) gives 2g1 + g2 = 5. Since the map Z2 → X2 is ramified, we
have g2 ≥ 2. Moreover, by Proposition 4.3 g2 > 2 and hence g2 = 3. On the other hand,
by the Hurwitz formula both components of Z1 are of genus 1 and we are in the case of
the proposition.

If s1 = 2, s2 = 3, or s2 = 3, s1 = 2, the 2 components must intersect the 3 components
equally often which is impossible.
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In the case s1 = s2 = 2 we have c2 = 0 and n1 = n2 = 0, which implies r1 = r = 3.
Hence the 3:1 map Z2

i → X2 is doubly ramified in 1 point and the Hurwitz formula yields
g2 = 2, but by Proposition 4.3 there is no such covering.

Finally, suppose s1 = s2 = 3 then c2 = 2, which implies that either n1 = 1, n2 = 0 or
n1 = 0, n2 = 2. The first case contradicts the fact that Z1 and Z2 consist of 3 components.
If n1 = 0, n2 = 1, then δ = δ1 = 3. So for example Z2

1 → X2 would be a double cover
ramified at 1 point only, a contradiction.

As for the existence statement, we only note that, according to Proposition 4.2, there is
a one-dimensional family hyperelliptic curves of genus 3 with S3-action and only finitely
many possibilities for the curve Z1. So, gluing Z1 and Z2 as in the proposition gives a
1-dimensional family of S3-covers satisfying (∗∗). The last assertion is obvious. �

Proposition 5.5. Let h : Z = ∪2
j=1 ∪

sj

i=1 Z
j
i → X = X1 ∪ X2 be an S3-cover with Xj

rational with 1 node for j = 1, 2 and X1 ∩X2 = {x}. Then only in the following case the
cover satisfies condition (∗∗):
s1 = s2 = 2 and all ramification indices are 3. For i, j = 1, 2, the normalization of

Zj
i is the unique elliptic curve with an automorphism of order 3. The normalization of

Zj
i → Xj has 3 ramification points. Zj

i intersects Zj
3−i in 2 of them and Z3−j

i in the last
one.

There are only finitely many coverings of this type. If Ỹ j denotes the normalization of
Y j for j = 1 and 2, the Prym variety P is an extension of the abelian surface Ỹ 1 × Ỹ 2

by the group (Z/3Z)2.

Proof. For i = 1, 2, let xi denote the node of X i, δi (respectively δ) the number of nodes
over xi (respectively x) and ri (respectively r) their ramification index. Let gj again

denote the geometric genus of Zj
i for j = 1, 2.

According to Proposition 4.9 we may assume 3 ≥ s1 ≥ s2 ≥ 1. In any case, the
components have non-trivial stabilizer, i.e. c1 = 0.

If s1 ≤ 2 and s2 = 1, then c2 = 0 and hence n1 = n2 = 0. So all ramification indices
are 3. In particular δ = δ2 = 2. Hence Z2 → P1 is a 6-fold cover doubly ramified at 6
points which gives g2 = 1. But there is no elliptic curve with non-trivial S3-action.

If s1 = 3 ≥ s2 ≥ 1, then in any case δ = 2 or δ1 = 2. This is absurde, since Z1 has 3
components and over both nodes x and x1 there are at least 3 nodes.

We are left with the case s1 = s2 = 2. In this situation c2 = n1 = n2 = 0 and
r1 = r2 = r = 3. Hence Zj

i → Xj is a 3:1 map doubly ramified at 3 points, which

gives gj = 1 for j = 1, 2. So the normalization of Zj
i is the unique elliptic curve with an

automorphism of order 3. The curves Z1 and Z2 must be connected, since otherwise Z
would not be connected. This implies that all Zj

i are smooth and the components Zj
1 and

Zj
2 intersect transversally in 2 points (so pa(Z

j) = 3) and Z1, Z2 intersect transversally
in 2 points as well.

The existence as well as the last statement are obvious. �

Proposition 5.6. Suppose X = X1 ∪ X2 with Xj ≃ P
1 for j = 1 and 2 such that

X1 ∩X2 = {x1, x2, x3}. There is no S3-cover h : Y → X satisfying condition (∗∗):
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Proof. Suppose that h : Z = ∪2
j=1 ∪

sj

i=1 Z
j
i → X is an S3-cover satisfying (∗∗) with X as

in the proposition. For i = 1, 2, 3, let δi denote the number of nodes over xi and ri their
ramification index. Let gj again denote the geometric genus of Zj

i for j = 1, 2.
According to Proposition 4.9 we may assume 3 ≥ s1 ≥ s2. By Lemma 4.4, Zj is

a disjoint union of its components Zj
i for j = 1, 2, which are moreover smooth, since

otherwise Xj would have a node.
Suppose first 2 ≥ s1 ≥ s2 = 1. Then c1 = c2 = 0 and thus n1 = n2 = 0. So δi = 2 for

all i and the Hurwitz formula gives g2 = 1, contradicting the fact that an elliptic curve
does not admit a non-trivial S3-action.

If s1 = 3 ≥ s2 ≥ 1, then every component Z1
i intersects Z2 in exactly 3 points zij ,

where f(zij) = xj and the double cover Z1
j → X1 ≃ P1 is ramified exactly in these 3

points. However, there is no connected double cover of P1 ramified in exactly 3 points, a
contradiction.

We are left with the case s1 = s2 = 2. Since σ has to map any of the components Zj
i

into itself, the corresponding quotient map Z i
j → Xj ≃ P1 is doubly ramified in 3 points.

So the Hurwitz formula implies that Zj
i is an elliptic curve for i, j = 1, 2. So for j = 1 and

2 we obtain an S3-cover Z
j
1 ⊔ Z

j
2 → Xj with disjoint elliptic curves Zj

1 and Zj
2. Then τ is

an isomorphism of Zj
1 with Zj

2 . For a general point z ∈ Z we clearly have στ(z) 6= τσ2(z).
So Z is not an S3-cover. This completes the proof of the proposition. �

Note that all coverings of Propositions 5.1, · · · , 5.6 satisfy condition (∗). So we get as
an immediate consequence the first assertion of the following Corollary.

Corollary 5.7. Any covering h : Z → X satisfying condition (∗∗) satisfies condition (∗).
In particular, the Prym variety P of f : Y → X is a principally polarized abelian variety
of dimension 2. For any stable curve X there are only finitely many covers h satisfying
condition (∗∗).

Proof. The last assertion follows from the proof of the propositions. �

The following pictures are the dual graphs of the curves Z in Propositions 5.2, 5.4 and
5.5 from left to right.
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6. Properness of the Prym map

Let S3
M2 denote the moduli space of étale Galois covers of smooth curves of genus 2

with Galois group S3 [ACG, Theorem 17.2.11]. According to [LO], S3
M2 is an irreducible

algebraic variety of dimension 3. A (closed) point in it corresponds to a smooth curve Z
of genus 7 with an S3-action and quotient X = Z/S3 of genus 2. The quotient Y = Z/〈τ〉
is of genus 4, non-cyclic of degree 3 over X and the Prym variety P = P (Y/X) is a
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principally polarized abelian surface. This gives a map

Pr : S3
M2 → A2

into the moduli space of principally polarized abelian surfaces, which we call the Prym
map. In this section we show that one can extend the map to a proper map onto A2.

Let S3
M2 denote the compactification of S3

M2 by admissible S3-covers of stable curves
of genus 2 according to [ACG, Chapter 17]. To be more precise, we denote by S3

M2

only the irreducible component containing S3
M2 of the moduli space as defined in [ACG].

Finally, let S3
M̃2 ⊂ S3

M2 be the subset of points corresponding to covers satisfying
condition (∗∗). The main result of this section is the following theorem.

Theorem 6.1. The set S3
M̃2 is open in S3

M2 and the Prym map Pr extends to a proper
morphism

Pr : S3
M̃2 → A2,

which is modular and which we also call the Prym map.

We mimic the proofs of [B, 6.1], [DS, I,1] and [F, §1] using the results of [ACG, Chapter
17]. Instead of level-n structures one could also use the theory of algebraic stacks to prove
the theorem.

Proof. Fix an integer n ≥ 3 and let S3
M

(n)
2 denote the moduli space of étale Galois

covers of smooth curves of genus 2 with level-n structure and Galois group S3. As S3
M2,

also S3
M

(n)
2 is an irreducible 3-dimensional variety. With the notation of [ACG, Chapter

17] we have S3
M

(n)
2 = M2[ψ], where ψ : π1(Σ) → G is a suitable level structure with

Σ a fixed curve of genus 2 and G a subgroup of H1(Σ,Z/nZ) with quotient S3. Let

S3
M

(n)

2 denote the (irreducible) compactification by stable curves which is constructed
in [ACG, Ch. 17, Theorem 4.8]. According to this theorem, there exists a universal

family X → S3
M

(n)

2 of genus-2 curves with the corresponding structure and we have

S3
M

(n)

2 /Sp(4,Z/nZ) ≃ S3
M2. Let

h : Z → X

denote the corresponding family of Galois covers. It is a family of admissible S3-covers of
stable curves of genus 7 mapping to stable curves of genus 2. Define the family of stable

curves Y → S3
M

(n)

2 by

Y := Z/ < τ > .

The covering h factorizes via a family non-cyclic 3-fold covers of stable curves

f : Y → X .

According to [BLR], the relative Jacobians Pic0(Y/S3
M

(n)

2 ) and Pic0(X /S3
M

(n)

2 ) are fam-
ilies of semi-abelian varieties and the norm defines a morphism

Nm : Pic0(Y/S3
M

(n)

2 ) → Pic0(X /S3
M

(n)

2 ).

Define the family of Prym varieties P → S3
M

(n)
2 of f by

P := Ker(Nm : Pic0(Y/S3
M

(n)

2 ) → Pic0(X /S3
M

(n)

2 )).
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Let S3
M̃

(n)
2 denote the set consisting of points s ∈ S3

M
(n)

2 such that the fibre Ps is

an abelian variety. Hence S3
M̃

(n)
2 coincides with the subset over which the map P →

S3
M

(n)

2 is proper. This implies also that S3
M̃

(n)
2 is an open set in S3

M
(n)

2 . By abuse of

notation we denote by P also the restriction of P to S3
M̃

(n)
2 . According to Proposition

3.1 the set S3
M̃

(n)
2 coincides with the set of points s such that the cover hs : Zs → Xs

satisfies condition (∗∗) and hence, by Corollary 5.7, satisfies condition (∗). By Corollary

2.5, for every s ∈ S3
M̃(n)

2 the abelian variety Ps admits a principal polarization Ξs.
These principal polarizations glue together in the usual way to give a family of principal

polarizations, i.e. an isomorphism φΞ : P → P̂ over S3
M̃

(n)
2 . Since all families occuring

are flat, we get a flat family of principally polarized abelian varieties of dimension 2 over

S3
M̃

(n)
2 . Hence we get a morphism

p : S3
M̃

(n)
2 → A2

into the moduli space A2 of principally polarized abelian surfaces. The proof of [B,
Proposition 6.3] also applies in our case and shows that the map p is proper.

Now S3
M̃

(n)
2 ⊂ S3

M
(n)

2 is stable under the action of the group Sp(4,Z/nZ). Hence the
quotient

S3
M̃2 := S3

M̃
(n)
2 /Sp(4,Z/nZ)

is a non-empty open set in S3
M2. Moreover, since p commutes with this action, we obtain

an induced map

Pr : S3
M̃2 → A2.

This is the (extended) Prym map of the theorem. The induced map Pr is proper, since

p is. Finally, its restriction to the open set of smooth covers in S3
M̃2 clearly is the Prym

map of [LO]. �

As an immediate consequence of Theorem 6.1 we obtain

Corollary 6.2. The extended Prym map Pr : S3
M̃2 → A2 is surjective. In other words,

every principally polarized abelian surface occurs as the Prym variety of a non-cyclic
degree-3 admissible cover f : Y → X of a stable curve X of genus 2.

7. Stratification of S3
M̃2

Consider the following stratification of the moduli space S3
M̃2:

S3
M̃2 = S3

M2 ⊔ R ⊔ S

with boundary components R and S where

R = ∪2
i=1Ri and S = ∪2

i=0Si.

Here R2, respectively S2, denotes the 2-dimensional subspace of S3
M̃2 of Proposition

5.1, respectively 5.3, R1 respectively S1, denotes the 1-dimensional subspace of S3
M̃2

of Proposition 5.2 respectively 5.4 and finally S0 denotes the 0-dimensional subspace of

S3
M̃2 of Proposition 5.5. Note that R1 is in the closure of R2 and Si−1 is in the closure
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of Si for i = 1 and 2. Note moreover that S is closed in S3
M̃2 whereas we have for the

closure of R,
R = R ∪ S1 ∪ S0.

In this section we will study the images of Ri and Si under the extended Prym map
Pr. First we determine the image Pr(S3

M2) of the open set of smooth covers. We will
use the following well known fact: Every principally polarized abelian surface is either
the Jacobian of a smooth curve of genus 2 or a canonically polarized product of 2 elliptic
curves. We denote by J2 ⊂ A2 the (open) subset of Jacobians of smooth curves and by
E2 its complement in A2.

Given a smooth genus-2 curve Σ we denote by ϕ : Σ → P1 the corresponding hyperel-
liptic cover. For any 3 Weierstrass points w1, w2, w3 of Σ let ϕ2(w1+w2+w3) denote the map
Σ → P1 defined by the pencil (λ(2(w1 + w2 + w3)) + µ(2(w4 + w5 + w6))(λ,µ)∈P1 where
w4, w5, w6 are the complementary Weierstrass points. According to the construction in
[LO], we have the following

Proposition 7.1. Pr(S3
M2) = {JΣ ∈ J2 | ∃ w1, w2, w3 Weierstrass points of Σ such

that ϕ2(w1+w2+w3) = f̄ ◦ ϕ, and f̄ is simply ramified }

Proof. The inclusion ”⊃” has been shown in [LO]. Conversely, let JΣ be the Prym variety
of the cover f : Y → X associated to an element of S3

M2. According to [LO, Proof of
Theorem 5.1], the curve Σ fits into the following commutative diagram

Y //

f

��

P
1

f̄

��

Σ
ϕ

oo

ψ��~~
~~

~~
~

X //
P1

where the horizontal maps are the hyperelliptic covers, and ψ is given by a pencil g1
6 ⊂

|3KΣ| which, up to enumeration, is generated by the 2 divisors 2w1 + 2w2 + 2w3 and
2w4 + 2w5 + 2w6. Here the wi denote the Weierstrass points of Σ.

Suppose now that f̄ is not simply ramified, then the branch locus of ψ consists of at
most 5 points. Two of these branch points are images of w1, w2, w3 and w4, w5, w6 and
the other are the branch locus of f̄ . Hence there exists a point q ∈ P1 outside of branch
locus of ψ such that f−1(q) contains the image of a Weierstrass point of Y . Since f̄ is
étale on the fiber of q, all the 3 points in f̄−1(q) are images of Weierstrass points of Y ,
contradicting the number of Weierstrass points of Y . �

Proposition 7.2. The extended Prym map restricts to a surjective morphism (denoted
by the same letter)

Pr : ⊔2
i=0Si → E2.

Proof. For i = 2 we saw that Pr(S2) ⊂ E2 already in Proposition 5.3. This implies the
analogous statement for i = 1 and 2, since any specialization of a principally polarized

product of elliptic curves is itself such a product. Moreover, ⊔2
i=0Si is closed in S3

M̃2. So
Pr : ⊔2

i=0Si → E2 is a proper morphism by Theorem 6.1. Since it is clearly dominant, the
surjectivity follows from this. �

Finally, we determine the image of R under the Prym map. Consider first R1.
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Proposition 7.3. Pr(R1) ⊂ J2.

Proof. Let f : Y → X be the S3-cover given by an element of R1. So Y is an irreducible
curve of geometric genus 2 with two nodes and X is a rational irreducible curve with 2
nodes. Let Ỹ and X̃ be their normalizations. Then Y = Ỹ /(ỹ1 ∼ ỹ2, ỹ3 ∼ ỹ4), where

ỹi for i = 1, . . . , 4, are doubly ramified points of the triple covering f̃ : Ỹ → X̃ and
X = X̃/(x̃1 ∼ x̃2, x̃3 ∼ x̃4), with x̃i = f̃(ỹi) for i = 1, . . . , 4. According to Proposition
5.2, the associated Prym variety P is an extension

0 → (Z/3Z)2 → P
π
→ JỸ → 0.

Suppose that P ≃ E1×E2 as principally polarized abelian surfaces, with E1, E2 elliptic
curves and E1 × E2 with canonical (split) polarization. The pullback π∗(ΘỸ ) of the

canonical principal polarization of JỸ defines a covering of degree 9, π∗(ΘỸ ) → ΘỸ , so it
contains an irreducible component of genus at least 2. On the other hand, according to
the assumption and the construction in Proposition 5.2, π∗(ΘỸ ) defines the 3-fold of the
canonical principal polarization on E1 ×E2. Hence the linear system of this polarization
contains an irreducible curve of genus at least 2. This contradicts the Künneth formula,
according to which all (reduced) irreducible components of this linear system are elliptic
curves. �

As an immediate consequence of Proposition 7.3, we get that the Prym variety of a
general element if R2 is the Jacobian of a genus 2 curve. We will see in the next section
that this is the case for every element in R2.

According to Proposition 7.1, the set

J u
2 := Pr(S3

M2) ⊂ J2

is the set of Jacobians which admit Weierstrass points w1, w2, w3 such that the map
ϕ2(w1+w2+w3) factors via the hyperelliptic cover and a simply ramified map f̄ : P1 → P1.
It is easy to see that J u

2 is open in J2 and thus in A2. Denote by

J r
2 := {JΣ ∈ J2 | ∃ w1, w2, w3Weierstrass points in Σ withf̄ not simply ramified}.

Note that J u
2 ∩ J r

2 6= ∅. So the covering

A2 = J u
2 ∪ J r

2 ⊔ E2.

is not a stratification of A2. The following theorem summarizes the situation

Theorem 7.4. The stratification S3
M̃2 = S3

M2 ⊔ R ⊔ S and the covering A2 =
J u

2 ∪ J r
2 ⊔ E2 are compatible under the Prym map Pr. To be more precise, we have

(1) Pr(S3
M2) = J u

2 ,
(2) Pr(R) ⊂ J r

2 and
(3) Pr(S) = E2.

Proof. Part (1) has been shown in Proposition 7.1 and part (3) in Proposition 7.2. More-
over, we know from [LO, Theorem 5.1] that Pr−1(J u

2 ) ⊃ S3
M2. Hence, concerning (2),

it suffices to show that Pr(R) ⊂ J2. We showed this already for R1 in Proposition 7.3.
It remains to show that Pr(R2) ⊂ J2 and this is the contents of the next section (see
Proposition 8.6). �

Remark 7.5. One can show that Pr(R) = J2 , but we do not need this fact (see [LO1]).
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8. The image of R2 under the Prym map

Suppose that we are given an S3-cover in R2, which gives the cover f : Y → X. So X

is an irreducible curve of geometric genus 1 with one node and normalization X̃, i.e.

X = X̃/x̃1 ∼ x̃2,

with points x̃1 6= x̃2 of X̃. The curve Y is an irreducible curve of geometric genus 3 with
one node y and normalization Ỹ , i.e.

Y = Ỹ /ỹ1 ∼ ỹ2,

with points ỹ1 6= ỹ2 of Ỹ such that f̃ : Ỹ → X̃ is doubly ramified exactly at ỹ1 and ỹ2.
As a degeneration of hyperelliptic curves, Y is hyperelliptic and hence Ỹ is hyperelliptic.
As an elliptic curve, X̃ admits a one-dimensional family of double covers of P

1. There is
exactly one such double cover such that the square in the following diagram commutes.

(8.1) Ỹ
hỸ //

f̃

��

nỸ ��@
@@

@@
@@

@ P1

f̄

��

Y

hY

>>~~~~~~~~

f

��

X̃
hX̃ //

nY
��@

@@
@@

@@
P1

X

hX

>>~~~~~~~~

We denote the map X̃ → P1 by hX̃ and call it (by abuse of notation) the hyperelliptic

cover of the elliptic curve X̃. The hyperelliptic involution of Ỹ exchanges the points ỹ1

and ỹ2 and the corresponding involution on X̃ exchanges the points x̃1 and x̃2. Hence f̄
is doubly ramified at hX̃(ỹ1) = hX̃(ỹ2) and simply ramified over 2 other points.

According to [B, Section 2], there is a canonical theta divisor in Pic3(Y ), namely

ΘY := {L ∈ Pic3(Y ) | h0(Y, L) ≥ 1}.

The following proposition describes ΘY set-theoretically. For this we need some notation.
As nY : Ỹ → Y denotes the normalization of Y , we have a surjective morphism

Pic3(Y )
n∗

Y→ Pic3(Ỹ ).

For any M ∈ Pic3(Ỹ ) we denote by

F (M) := (n∗

Y )−1(M),

the set of line bundles L in Pic3(Y ) mapping to M . If we fix an isomorphism

ϕ : Mỹ1

≃

→ Mỹ2 ,

then L is determined by a constant c ∈ C
∗ such that Mỹ1 is glued with Mỹ1 by cϕ. We

denote by

Θ(M) := F (M) ∩ ΘY ,
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the fibre over M of the restricted map n∗

Y |ΘY
: ΘY → Pic3(Ỹ ). In the sequel we denote

Y 0 := Y \ {y},

the smooth locus of Y . The Abel map in degree 3 of Y is defined as the morphism

α3
Y : (Y 0)3 → Pic3(Y ), (y1, y2, y3) 7→ OY (y1 + y2 + y3).

Let HỸ denote the hyperelliptic line bundle of Ỹ . Since the line bundles of degree 3 on

Ỹ with h0 = 2 are exactly the line bundles HỸ (y) for some point y ∈ Ỹ and y is a base

point of the corresponding linear system, we have for M ∈ Pic3(Ỹ ),

h0(M) = 2 ⇔ M ≃ HỸ (y) for some y ∈ Ỹ ,

h0(M) = 1 ⇔ M ≃ OỸ (y1 + y2 + y3) with M(−yi) 6≃ HỸ for i = 1, 2, 3.

The following proposition is easy to prove, but since it is a special case of 2 more general
lemmas of [C], we refer to this paper instead.

Proposition 8.1. For any M ∈ Pic3(Ỹ ) exactly one of the following cases occurs,

(1) If M ≃ HỸ (y) for some y ∈ Ỹ , y 6= ỹ1, ỹ2, then

Θ(M) = F (M) and there is a unique LM ∈ Θ(M) with LM ∈ Im(α3
Y ).

Moreover, h0(LM ) = 2 and h0(L) = 1 for all L ∈ Θ(M), L 6≃ LM .
(2) If M ≃ HỸ (ỹi) for i = 1 or 2, then

Θ(M) = F (M) = F (M) \ Im(α3
Y ).

Moreover, h0(L) = 1 for all L ∈ Θ(M).
(3) If M ≃ OỸ (y1 +y2 +y3) with M(−yi) 6≃ HỸ , then Θ(M) contains exactly one line

bundle denoted LM and

Θ(M) = LM ∈ Im(α3
Y ).

Moreover, h0(LM ) = 1.
(4) If M ≃ O(y1 + y2 + ỹi) for i = 1 or 2 with M(−ỹi) 6≃ HỸ and yj 6= ỹ2−j for j = 1

and 2, then

Θ(M) = ∅.

Proof. We have h0(M) ≥ 1, since Ỹ is of genus 3, and h0(M) ≤ 2 by Clifford’s theorem.
Hence exactly one of the 4 cases occurs. Assertion (1) is a special case of [C, Lemma
2.2.4(2)], (2) is a special case of [C, Lemma 2.2.4(3)], (3) a special cases of [C, Lemma
2.2.3(2a)] and finally (4) a special case of [C, Lemma 2.2.3(1)]. �

Remark 8.2. If M = OỸ (y1 + y2 + y3) is as in (1) or (3) in the proposition, then we can
choose y1, y2, y3 in such a way that they correspond to points of Y 0, which we denote by
the same letters. Then the uniquely determined line bundle LM of Proposition 8.1 is just
OY (y1 + y2 + y3). We have for any OỸ (y1 + y2 + y3),OỸ (y′1 + y′2 + y′3) of type (1) or (3),

(8.2) OY (y1 + y2 + y3) ≃ OY (y′1 + y′2 + y′3) ⇔ y1 + y2 + y3 ∼Ỹ y
′

1 + y′2 + y′3,

where ∼Ỹ denotes linear equivalence on Ỹ .
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For the rest of this section we fix the following notation. Let q1, . . . , q8 denote the
Weierstrass points of Ỹ and p1, . . . , p4 the ramification points of hX̃ . From the commuta-
tivity of the square in the diagram (8.1) we conclude that f(qi) is one of the points pj for

each i = 1, . . . , 8 and there are 2 points pj such that f̃−1(pj) consists of 3 of the points qi
and for the remaining 2, f̃−1(pj) contains of 1 of the points qj . Without loss of generality,
we may assume that

f̃(q1) = f̃(q2) = f̃(q3) = p1, f̃(q4) = f̃(q5) = f̃(q6) = p2

and
f̃(q7) = p3, f̃(q8) = p4.

If HY and HX denote the hyperelliptic line bundles of Y and X, i.e. the line bundles
defining the hyperelliptic covers hY and hX , we have

f ∗(HX) ≃ H3
Y .

In order to describe the restriction of the theta divisor of JY to the Prym variety P
we will work in Pic2(Y ). For this we consider the following translate of Θ:

Θq1 := Θ − q1 ⊂ Pic2(Y ).

A priori Pic2(X),Pic2(Y ),Pic2(X̃), and Pic2(Ỹ ) are not algebraic groups, but they have
a canonical point, namely the hyperelliptic line bundle. Using this, we may consider them
as semiabelian varieties and have the following commutative diagram with exact rows,

(8.3) 0 // Z/3Z //

��

P //

��

P̃ //

��

0

1 // C∗
iY //

NmC∗

��

Pic2(Y )
n∗

Y //

Nmf

��

Pic2(Ỹ ) //

Nmf̃

��

0

1 // C∗
iX // Pic2(X)

n∗

X // Pic2(X̃) // 0

where NmC∗ is the third power map. The maps iY and iX are defined as follows: Recall
that HY is defined in terms of HỸ by gluing the fibres at ỹ1 and ỹ2. The constant c ∈ C∗

corresponding to HY depends on the gluing. We glue the fibres of HỸ in such a way that
the constant corresponding to HY is 1. In other words we have HY = iY (1) and similarly

for HX . So P = Nm−1
f (HX) and P̃ = Nm−1

f̃
(HX̃).

For the other fibres we proceed similarly: Given M ∈ Pic2(Ỹ ), we choose a line bun-
dle LM ∈ n∗

Y (M) and glue the fibres Mỹ1 and Mỹ2 in such a way that the constant
corresponding to LM is 1. Then we have

n∗

Y
−1(M) = {LM ⊗ iY (c) ⊗H−1

Y | c ∈ C
∗}.

If M is of type (1) or (3) of Proposition 8.1, we choose LM as described there.

Proposition 8.3. A line bundle L ∈ Pic2(Y ) is in the intersection P ∩Θq1 if and only if
(a) L ≃ OY (y1 + y2 + qi − q1)) with f(ιY y2) = f(y2) for i = 1, 2, 3 or
(b) L ≃ OY (qi − q1) ⊗ iY (ζj) where ζ is a primitive third root of the unity and i = 1, 2

or 3, j = 0, 1 or 2.
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Proof. The elements in ΘY have been described in Proposition 8.1. Let L ∈ Θq1 and set
M = n∗

Y (L(q1)). Suppose M is of type (1) of Proposition 8.1, i.e. M ≃ HỸ (y) for some

y ∈ Ỹ \ {ỹ1, ỹ2}. Then

L = OY (y − q1) ⊗ iY (c) for some c ∈ C
∗.

So Nmf(L) = OX(f(y)− p1) ⊗ iX(c3) and this is equal to HX if and only if iX(c3) = HX

and f(y) = p1, that is, c3 = 1 and y ∈ f−1(p1) = {q1, q2, q3} . This gives the line bundles
in (b).

Suppose M ≃ HỸ (ỹi) for i = 1 or 2. If Nmf(L) = HX , by the commutativity of diagram
(8.3), Nmf̃ (M(−q1)) = HX̃(x̃i − p1) = HX̃ , which implies x̃i = p1, a contradiction.

Suppose now that M is of type (3), i.e. M ≃ OỸ (y1 + y2 + y3) with M(−yi) 6≃ HỸ for
all i. Then Θ(M) consists only of the line bundle LM ∈ Im(α3

Y ). So

Nmf(LM (−q1)) = Nmf (O(y1 + y2 + y3 − q1)) = OX(f(y1) + f(y2) + f(y3) − p1).

and Nmf(LM (−q1)) = HX if and only if

OX(f(y1) + f(y2) + f(y3)) ≃ HX ⊗OY (p1).

Since p1 is a base point of the linear system |HX⊗OY (p1)| we conclude that, after possibly
renumerating, we get y3 ∈ f−1(p1) and f(y1) + f(y2) ∼ HX . This gives the line bundles
in (a). �

For i = 1, 2, 3, we consider the following sets

Ξ̃i := {OY (y + z + qi − q1) ∈ Pic2(Y ) | y, z 6= ỹ1, ỹ2, f(ιY z) = f(y)}

∪ {OY (qi − q1) ⊗ iY (ζj) | j = 0, 1, 2},

As a consequence of Proposition 8.3 we obtain,

P ∩ Θq1 = Ξ̃1 ∪ Ξ̃2 ∪ Ξ̃3.

For i = 1, 2, 3, define the scheme Ξi as the closure of Ξ̃i\{OY (qi−q1)⊗iY (ζj) | j = 0, 1, 2}
with reduced subscheme structure.

Lemma 8.4. The scheme Ξi is a complete curve for i = 1, 2, 3 and we have the following
equality of sets

P ∩ Θq1 = Ξ1 ∪ Ξ2 ∪ Ξ3.

Proof. Note first that Ξi = Ξ1 + qi − q1 for i = 1 and 2. So for the proof we have only
to show the assertion for i = 1 and for this it suffices to show that P 6∈ Θq1, since then
P ∩ Θq1 is a divisor in a surface. The proof of this is very similar to the smooth case as
given in [LO, Lemma 4.11] and we omit it.

For the last assertion, certainly the right hand side is contained in the left hand side
and the difference consists of at most the finitely many points {OY (qi− q1)⊗ iY (ζj) | j =
0, 1, 2}. But P ∩Θq1 is a divisor in P , so does not contain isolated points. So these points
are contained in the right hand side. Together with the first assertion this completes the
proof of the lemma. �

Proposition 8.5. The principal polarization Ξ of the Prym variety P is given by each of
the algebraically equivalent divisors Ξ1 ≡ Ξ2 ≡ Ξ3.
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Proof. The proof is the same as for [LO, Theorem 4.13] and will be omitted. �

Now we are in a position to prove the main result of this section, which completes the
proof of Theorem 7.4.

Proposition 8.6. The Prym variety of any element of R2 is the Jacobian of a smooth
curve of genus 2.

Proof. Let f : Y → X be the cover associated to an element of R2 and let Ξ := Ξ1

denote the curve which, according to Proposition 8.5, defines a principal polarization of
the corresponding Prym variety P . Then Ξ is either a smooth genus 2 curve or the union
of two elliptic curves intersecting transversally in one point.

Suppose Ξ is reducible. Then also the (non-complete) curve

Ξ0 := Ξ \ {iY (ζj) | j = 0, 1, 2}

is reducible. The curve Ξ0 is isomorphic to its image in Pic2(Ỹ ), denoted also by Ξ0.
Since HỸ /∈ Ξ0, we can and will consider Ξ0 as a subset in the symmetric product Ỹ (2).

Away from the points ỹ1 and ỹ2 the map f̃ : Ỹ → X̃ is étale. So for every point
y ∈ Ỹ , y 6= ỹ1, ỹ2 the fibre f̃−1f̃(y) consists of exactly 3 points. Let us denote these

points by f̃−1f̃(y) = {y, y′, y′′}; we denote Ỹ 0 := Ỹ \ {ỹ1, ỹ2} and define the curve

D := {(y, ιỸ y
′), (y, ιỸ y

′′) ∈ Ỹ × Ỹ | y ∈ Ỹ \ {ỹ1, ỹ2}}

with reduced scheme structure and denote by D̄ its completion. The restriction of the
canonical map Ỹ × Ỹ → Ỹ (2) to D defines a 2 : 1 map D → Ξ0, which extends to the
closure D̄ → Ξ̄0 = Ξ.

On the other hand, the projection to the first component gives a 2 : 1 map D̄ → Ỹ ,
which is ramified exactly at the points (ỹ1, ιỸ ỹ1) = (ỹ1, ỹ2) and (ỹ2, ιỸ ỹ2) = (ỹ2, ỹ1). By the
Hurwitz formula we obtain g(D̄) = 6. Now, since we are assuming Ξ0 reducible, it follows
that D, and then D̄, is also reducible, so D̄ = D1 ∪D2 with D1 ∩D2 = {(ỹ1, ỹ2), (ỹ2, ỹ1)}
and each component is birational to Ỹ . Thus Di has genus ≥ g(Ỹ ) = 3 for i = 1, 2,
which implies that the arithmetic genus of D̄ is at least 7. This gives a contradiction.
Consequently, Ξ is an irreducible genus 2 curve. �

Remark 8.7. It is not difficult to see that, for a given map ϕ2(w1+w2+w3), the correspond-
ing f̄ : P1 → P1 is ramified in the image of the points ỹ1 and ỹ2. This shows directly that
Pr(R2) ⊂ J r

2 which we saw already in the proof of Theorem 7.4.

Remark 8.8. In [LO, Proposition 4.18] we saw how to find the curve Σ with P ≃ JΣ
explicitely in term of the Weierstrass points of the curve Y . The same construction also
works for covers of R2 and R1. Let f : Y → X be a cover associated to an element of
R2 and let f̃ : Ỹ → X̃ be its normalization. Moreover, let the notation be as in this
section above. In particular f̃(q1) = f̃(q2) = f̃(q3) = p1 and f̃(q4) = f̃(q5) = f̃(q6) = p2.

Considering the canonical map π : Ỹ (2) → Pic2(Ỹ ), we can identify Pic2(Ỹ ) \ HỸ with

Ỹ (2) \π−1(HỸ ). Using this, the Weierstrass points of Σ are given by [q1 +q2], [q1 +q3], [q2 +
q3], [q4 + q5], [q4 + q6] and [q5 + q6]. An analogous construction works for the elements of
R1.
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9. The Prym map is finite

We saw in [LO, Theorem 5.1] that the Prym map Pr : S3
M2 → A2 is finite of degree

10 onto its image. Since S3
M2 is open dense in S3

M̃2, the (extended) Prym map Pr :

S3
M̃2 → A2 is also of degree 10. In this section we show that it does not have positive

dimensional fibres in the boundary. We keep the notations of the previous section.

Theorem 9.1. The Prym map Pr : S3
M̃2 → A2 is finite.

Proof. According to Theorem 7.4, the Prym map is compatible with the coverings as

given there. Hence, since Pr : S3
M̃2 → A2 is proper according to Theorem 6.1, it suffices

to consider the 3 pieces separately and show that they have finite fibres. As mentioned
above, this has been proved for Pr : S3

M2 → J u
2 already in [LO][Theorem 5.1].

The proof for Pr : R → J r
2 is similar, but for sake of completeness we sketch it here.

Consider first the restriction of the Prym map to R2. Let f : Y → X be a cover given
by an element of R2 and Pr(f) = JΣ its image in J r

2 . Let Ỹ (of genus 3) and X̃

(elliptic curve) denote the normalizations. The corresponding map f̃ : Ỹ → X̃ fits into a
commutative diagram

(9.1) Ỹ //

f̃
��

P1

f̄

��

Σ
ϕ

oo

ψ����
��

��
��

X̃
hX̃ //

P
1

where δ is the unique 2:1 map compatible with the hyperelliptic map of Ỹ . The map
f̄ is doubly ramified at one point and simply ramified at 2 others. If w1, . . . , w6 denote
the Weierstrass points of the curve Σ, the 6:1 map ψ = ϕ ◦ f̄ (where ϕ the hyperelliptic
cover) is given by a pencil g1

6 ⊂ |3KΣ|, the ramification divisor of which consists of the 6
Weierstrass points of Σ, the 4 preimages of 2 ramification points over hX̃(p3) and hX̃(p4)
and the 2 preimages of the doubly ramified point over hX̃(x̃1) = hX̃(x̃2). So one of the
fibres of ψ is 2wi + 2wj + 2wk for some 1 ≤ i < j < k ≤ 6 and we denote the map ψ by
ψ2(wi+wj+wk). Note that ψ2(wi+wj+wk) = ψ2(wl+wm+wn) if {i, j, k, l,m, n} = {1, . . . , 6}. In
particular, ψ has 5 distinct points in his branch locus.

Conversely, the choice of 3 Weierstrass points wi, wj, wk such that f̄ is doubly ramified
at one point gives 5 marked points on P1. One can recover an element of Pr−1(JΣ) as
follows. Let ȳ ∈ P1 the doubly ramified point of f̄ . Consider the uniquely determined
elliptic curve X̃ given as a double cover hX̃ : X̃ → P1, branched over 4 of the marked

points, all but x̄ := f̄(ȳ). Define f̃ : Ỹ → X̃ as the normalization of the pullback of f̄
by hX̃ . One verifies that Ỹ is a hyperelliptic curve (of genus 3) and f̄ is non-cyclic and
doubly ramified at the 2 points ỹ1, ỹ2 over ȳ = f̄−1(x̄). Let

Y = Ỹ /ỹ1 ∼ ỹ2 and X = X̃/x̃1 ∼ x̃2,

where h−1

X̃
(x̄) = {x̃1, x̃2}. Then the corresponding cover f : Y → X defines an element of

R2 which maps to JΣ under the Prym map. Since this construction depends only on the
choice of the 3 Weierstrass points wi, wj, wk, this implies that the map Pr|R2

: R2 → J r
2

has finite fibres.
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For the restriction of Pr to R1 the argument is similar and will be omitted (here the
map f̄ : P1 → P1 has 2 doubly ramified points which lead to 2 singular points of Y ). Note
that R1 is connected of dimension 1, so it suffices to show that that Pr|R1

is not constant.
This completes the proof of the fact that the map Pr : R → J r

2 has finite fibres.
It remains to show that the map Pr : S → E2 is finite. First let f : Y → X be a cover

associated to an element of S2. Then Y = Y 1 ∪ Y 2 (respectively X = X1 ∪ X2) with
smooth curves Y i of genus 2 (respectively X i of genus 1) intersecting transversally in 1
point and f = f1 ∪ f2 with fi : Y i → X i doubly ramified at one point yi for i = 1 and 2.
According to Proposition 5.3 we have

P (f) = P1 × P2,

where Pi = Ker(Nmfi
: JYi → JXi) for i = 1, 2.

It is enough to show that the Prym variety Pi associated to the non-cyclic 3:1 cover
Y i → X i defines a 1-dimensional family, when X i varies. Let Z i denote the Galois closure
of Y i/X i. The Galois group of Z i/X i certainly is S3. Denoting by ”∼” isogeny and by
P (·) the corresponding Prym varieties, we have

JZ i ∼ P (Z i/Y i) × P (Y i/X i) × JX i.

On the other hand, according to [RR],

JZ i ∼ P (Y i/X i)2 × JX i.

This implies that it is enough to show that P (Z i/Y i) defines a 1-dimensional family when
X i varies.

Now Z i → Y i is an étale double cover of a hyperelliptic curve and for such a double
cover it is very well known that the Prym variety is a product of 2 Jacobians, one of which
may be 0 (see [Mu]). In our case, P (Z i/Y i) is isomorphic to an elliptic curve Di which
is an étale double cover of Xi. This proves the theorem for the elements in the image of
S2. The same argument works for the Prym varieties in the image of S1, since they are of
the form P = JỸ 1 × P2, where P2 = P (Y 2/X2) (see Proposition 5.4). We complete the
proof by observing that S0 is 0-dimensional. �
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