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Abstract. — We survey several Talagrand type inequalities and their
application to influences with the tool of hypercontractivity for both
discrete and continuous, and product and non-product models. The
approach covers similarly by a simple interpolation the framework of
geometric influences recently developed by N. Keller, E. Mossel and
A. Sen. Geometric Brascamp-Lieb decompositions are also considered
i this context.

1. Introduction

In the famous paper [T]|, M. Talagrand showed that for every function f on the
discrete cube X = {—1,+1} equipped with the uniform probability measure s,
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for some numerical constant C' > 1, where || - ||, denote the norms in L?(p), 1 < p < oo,
and for every i = 1,...,n and every z = (z1,...,2n) € {—1,+1}¥,

Dif(z) = f(rix) — f(z) (2)
with x = (21,...,%i-1,—%;, Tiy1,...,2n). Up to the numerical constant, this

inequality improves upon the classical spectral gap inequality (see below)
|
2
Var,(f) < ZZIIDifllz- (3)
i=1

The proof of (1) is based on an hypercontractivity estimate known as the Bonami-
Beckner inequality [Bo], [Be] (see below). Inequality (1) was actually deviced to recover
(and extend) a famous result of J. Kahn, G. Kalai and N. Linial [K-K-L] about influences
on the cube. Namely, applying (1) to the Boolean function f = 14 for some set
A C {-1,+1}" it follows that
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where, for each i =1,..., N,
I;(A) = p({z € A,mix ¢ A})

is the so-called influence of the i-th coordinate on the set A (noticing that [|D;14[|) =
21;(A) for every p > 1). In particular, for a set A with u(A) = a, there is a coordinate
7, 1 <1 < N, such that

a(l —a) N a(l —a)log N

I;,(A) > 1 > 5

A=z —5en Og<a(1—a))_ SCN (5)
which is the main result of [K-K-L|. (To deduce (5) from (4), assume for example that
I;(A) < (%)1/2 for every ¢ = 1,..., N, since if not the result holds. Then, from (4),
there exists i, 1 < i < N, such that

a(l —a) < 2I;(A) < 8I;(A)
CN = 1+4log(1/y/2L;(A)) ~ 4+log(N/4a(l - a))

which yields (5)). Note that (5) remarkably improves by a (optimal) factor log N what

would follow from the spectral gap inequality (3) applied to f = 14. The numerical
constants like C' throughout this text are not sharp.

The aim of this note is to amplify the hypercontractive proof of Talagrand’s original
inequality (1) to various settings, including non-product spaces and continuous variables,
and in particular to address versions suitable to geometric influences. It is part of
the folklore indeed (cf. e.g. [B-H]) that an inequality similar to (1), with the same
hypercontractive proof, holds for the standard Gaussian measure y on RN (viewed as a
product measure of one-dimensional factors), that is, for every smooth enough function
f on RY and some constant C' > 0,
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(A proof will be given in Section 2 below.) However, the significance of the latter for
influences is not clear, since its application to characteristic functions is not immediate
(and requires notions of capacities). Recently, N. Keller, E. Mossel and A. Sen [K-
M-S] introduced a notion of geometric influence of a Borel set A in R with respect
to a measure p (such as the Gaussian measure) simply as |0, f]|; for some smooth
approximation f of 14, and proved for it the analogue of (5) (with y/log N instead of
log N) for the standard Gaussian measure on RY. It is therefore of interest to seek for
suitable versions of Talagrand’s inequality involving only L'-norms ||0; f||, of the partial
derivatives. While the authors of [K-M-S] use isoperimetric properties, we show here
how the common hypercontractive tool together with a simple interpolation argument
may be developed similarly to reach the same conclusion. In particular, for the standard
Gaussian measure p on R” | we will see that for every smooth enough function f on RY
such that |f] <1,

o~ 0af 1l (L4 19: 1)
i=1 [1 + log™ (1/||azf||1)}
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Applied to f = 14, this inequality indeed ensures the existence of a coordinate ¢,
1 <4 < N, such that the geometric influence of A along 7 is at least of the order

of \/log N

~— > that is one of the main conclusions of [K-M-S] (where it is shown moreover
that the bound is sharp). In this continuous setting, the hypercontractive approach

yields more general examples of measures with such an influence property in the range
between exponential and Gaussian for which only a logarithmic Sobolev type inequality
is needed while [K-M-S] required an isoperimetric inequality for the individual measures
Hi-

This note is divided into two main parts. In the first one, we present Talagrand
type inequalities for various models, from the discrete cube to Gaussian and more
general product measures, by the general principle of hypercontractivity of Markov
semigroups. The method of proof, originating in Talagrand’s work, has been used
recently by R. O’Donnell and K. Wimmer [OD-W1], [OD-W2] to investigate non-product
models such as random walks on some graphs which enter the general presentation below.
Actually, most of the Talagrand inequalities we present in the discrete setting are already
contained in the work by R. O’Donnell and K. Wimmer. It is worth mentioning that
an approach to the Talagrand inequality (1) rather based on the logarithmic Sobolev
inequality was deviced in [Ros] and [F-S] a few years ago. The abstract semigroup
approach applies in the same way on the sphere along the decomposition of the Laplacian.
Geometric Brascamp-Lieb decompositions within this setting are also discussed. In the
second part, we address our new version (7) of Talagrand’s inequality towards geometric
influences and the recent results of [K-M-S| by a further interpolation step on the
hypercontractive proof.

In the last part of this introduction, we describe a convenient framework in order to
develop hypercontractive proofs of Talagrand type inequalities. While of some abstract
flavor, the setting easily covers two main concrete instances, probability measures on
finite state spaces (as invariant measures of some Markov kernels) and continuous
probability measures of the form du(z) = e~V ®dx on the Borel sets of R™ where V
is some (smooth) potential (as invariant measures of the associated diffusion operators
A —VV -V). We refer for the material below to the general references [Bal, [D-SC],
[Roy], [Aal], [B-G-L]...

Let p be a probability measure on a measurable space (X,.A). For a function
f: X — Rin L?(u), define its variance with respect to p by

Var, (1) = [ fau- ( / fdu)Q-

Similarly, whenever f > 0, define its entropy by

bu, ()= [ flowsdu~ [ santon( [ san)

provided it is well-defined. The L”(x)-norms, 1 < p < oo, will be denoted by | - || ..

Let then (P;),-, be a Markov semigroup with generator L acting on a suitable class
of functions on (X, A). Assume that (P;),., and L have an invariant, reversible and
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ergodic probability measure p. This ensures that the operators P, are contractions in
all LP(u)-spaces, 1 < p < oo. The Dirichlet form associated to the couple (L, p) is then
defined, on functions f, g of the Dirichlet domain, as

E(f,9) = /X f(=Lg)dp.

Within this framework, the first example of interest is the case of a Markov kernel
K on a finite state space X with invariant (3 .y K(z,y)u(z) = pu(y), + € X) and
reversible (K (z,y)u(z) = K(y,z)pu(y), z,y € X) probability measure p. The Markov
operator L = K — Id generates the semigroup of operators P, = e**, ¢t > 0, and defines
the Dirichlet form

&0 = [ 1Loydn =5 3 (@) = 1) [o(e) 9] K @ p)nto)

r,yeX

on functions f, g : X — R. The second class of examples is the case of X = R" equipped
with its Borel o-field. Letting V : R” — R be such that fR” e V@ dr = 1, under
mild smoothness and growth conditions on the potential V', the second order operator
L =A—VV -V admits du(z) = e”V®dz as symmetric and invariant probability
measure. The operator L generates the Markov semigroup of operators (P;),., and
defines by integration by parts the Dirichlet form -

E(f,9)= [ f(=Lgdp= [ Vf-Vgdpu
R™ R™
for smooth functions f, g on R".

Given such a couple (L, p1), it is said to satisfy a spectral gap, of Poincaré, inequality
if there is a constant A > 0 such that for all functions f of the Dirichlet domain,

AVar, (f) < E(f, f)- (8)

Similarly, it satisfies a logarithmic Sobolev inequality if there is a constant p > 0 such
that for all functions f of the Dirichlet domain,

pEnt, (f2) < 2E(. f). (9)

One speaks of the spectral gap constant (of (L, pt)) as the best A > 0 for which (8) holds,
and of the logarithmic Sobolev constant (of (L, 1)) as the best p > 0 for which (9) holds.
We still use A and p for these constants. It is classical that p < .

Both the spectral gap and logarithmic Sobolev inequalities translate equivalently on
the associated semigroup (P;),,. Namely, the spectral gap inequality (8) is equivalent
to saying that -

1Pflly < e 111l

for every t > 0 and every mean zero function f in L?(u). Equivalently for the further
purposes, for every f € L?(u) and every t > 0,

1

Var, (f) < 7= (1713~ 1PA13). (10)
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On the other hand, the logarithmic Sobolev inequality gives rise to hypercontractivity
which is a smoothing property of the semigroup. Precisely, the logarithmic Sobolev
inequality (9) is equivalent to saying that, whenever p > 1+ e~2f for all functions f in
L2 (),

1P flly < L1 (11)

For simplicity, we say below that a probability measure p in this context is hypercon-
tractive with constant p.

A standard operation on Markov operators is the product operation. Let (Lq, 1)
and (Lg, pu2) be Markov operators on respective spaces X; and X5. Then

L=L;®Id+1d® Ly

is a Markov operator on the product space X; x X5 equipped with the product probability
measure (1 ® po. The product semigroup (Pt)t>0 is similarly obtained as the tensor
product P; = P! ® P? of the semigroups on each factor. For the product Dirichlet form,
the spectral gap and logarithmic Sobolev constants are stable in the sense that, with the
obvious notation, A = min(Ay, A2) and p = min(p1, p2). This basic stability by products
will allow for constants independent of the dimension in the Talagrand type inequalities
under investigation. For the clarity of the exposition, we will not mix below products of
continuous and discrete spaces, although this may easily be considered.

Let us illustrate the preceding definitions and properties on two basic examples.
Consider first the two-point space X = {—1,+1} with the measure yu = pdy11 + go_1,
p € [0,1], p+ g = 1, and the Markov kernel K(x,y) = u(y), z,y € X. Then, for every
function f: X — R,

= [ L= Var, (1
so that the spectral gap A = 1. The logarithmic Sobolev constant is known to be

_ 2(p—4q

=1 if p=gq). 12
oo jees (ELifp=0) (12

The product chain on the discrete cube X = {—1,+1}" with the product probability
measure p = (pdi1 + qd_1)®Y and generator L = Y"1 | L; is associated to the Dirichlet

form N N
— _T1. — £12
E(f,f) = /X > FLafdn=ra /X > 1D

where D, f is defined in (2). By the previous product property, it admits 1 as spectral gap
and p given by (12) as logarithmic Sobolev constant. In its hypercontractive formulation,
the case p = ¢ is the content of the Bonami-Beckner inequality [Bo], [Be].

As mentioned before, M. Talagrand [T] used thus hypercontractivity on the discrete
cube {—1,+1}" equipped with the product measure p = (pd,1 +¢qd_1)®" to prove that
for any function f: {—1,+1}" — R,

Cpg(logp —log q) — IDifl13
< 13
D= LT oy

Var,,
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for some numerical constant C' > 0 (this statement will be covered in Section 2 below).
This in turn yields a version of the influence result of [K-K-L] on the biased cube.

In the continuous setting X = R", the case of a quadratic potential V' amounts
to the Hermite or Ornstein-Uhlenbeck operator L = A — x - V with invariant measure
the standard Gaussian measure du(z) = (27)""/2e1#I"/2dz. Tt is known here that
A = p = 1 independently of the dimension. (More generally, if V(x) — ¢ % is convex
for some ¢ > 0, then A > p > ¢.) Actually, L may also be viewed as the sum Y ., L;
of one-dimensional Ornstein-Uhlenbeck operators along each coordinate, and p as the
product measure of standard normal distributions. Within this product structure, the

analogue (6) of (13) has been known for some time, and will be recalled below.

2. Hypercontractivity and Talagrand’s inequality

This section presents the general hypercontractive approach to Talagrand type
inequalities including the discrete cube, the Gaussian product measure and more general
non-product models. The method of proof, directly inspired from [T], has been developed
recently by R. O’Donnell and K. Wimmer [OD-W1], [OD-W2] towards non-product
extensions on suitable graphs. Besides hypercontractivity, a key feature necessary to
develop the argument is a suitable decomposition of the Dirichlet form along “directions”
commuting with the Markov operator or its semigroup. These directions are immediate
in a product space, but do require additional structure in more general contexts.

In the previous abstract setting of a Markov semigroup (F;),-, with generator L,
assume thus that the associated Dirichlet form £ may be decomposed along directions
I'; acting on functions on X as

&= [ Tz (1)

in such a way that, for each ¢ = 1,..., N, I'; commutes to (P;),~ in the sense that, for
some constant k € R, every ¢t > 0 and every f in a suitable family of functions,

L (P f) < e P(Li(f)). (15)

These properties will be clearly illustrated on the main examples of interest below, with
in particular explicit descriptions of the classes of functions for which (14) and (15) may
hold.

We first present the Talagrand inequality in this context. The proof is the prototype
of the hypercontractive argument used throughout this note and applied to various
examples.

Theorem 1. In the preceding setting, assume that (L, ) is hypercontractive with
constant p > 0 and that (14) and (15) hold. Then, for any function f in L?(u),

Vo) < 1 %>i T 12
u(f) < Clp, 2= 1+1log(|[Tfllo/IT f1l,)
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where C(p, ) = 4=/ /)

Proof. The starting point is the variance representation along the semigroup (F;),~,
of a function f in the L?(u)-domain of the semigroup as

Varu(f):—/ooo (CZ/ (Ptf)zdu)dt:—Z/Ooo (/XPthPtfdu)dt.

The time integral has to be handled both for the large and small values. For the large
values of ¢, we make use of the exponential decay provided by the spectral gap in the
form of (10) to get that, with 7' = 1/2p for example since p < A,

Var, (f) < 2 [|I 13— || PrfIl3]-

We are thus left with the variance representation of

T T
V12 = [ Pofl2 = -2 / ( / PthPtfdu)dtﬂ / E(P.f. Pof)dt

Now by the decomposition (14),

1712 - ||PTf||2—2Z / ([ (ren)an)ae

Under the commutation assumption (15),

/X (Da(Pef) dp < ! / (P(Ti( 1)) dpe

X

Since (P;),> is hypercontractive with constant p > 0, for every i =1,..., N and t > 0,

1B (T, < [T,

where p = p(t) = 1 +e2Pt < 2. After the change of variables p(t) = v, we thus reached
at this point the inequality

e<1+< K/ p))F

Var,(f) < ——— Z/ IT:(1)|| do. (16)

This inequality actually basically amounts to Theorem 1. Indeed, by Holder’s inequality,
Irah), < HFAf)Hf el

where 6 = 0(v) € [0,1] is defined by L =2 + 126, Hence

2 2 2 ? 20(v)
[Irla < rol: / 0
1 1
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where b = [|T(f)|l,/IIT:(f)ll; < 1. It remains to evaluate the latter integral with

20(v) =
/ i b2 gy < / bds < <2
1 —Jo ~ 1+ 1log(1/b)

from which the conclusion follows. O

Inequality (16) of the preceding proof may also be used towards a version of
Theorem 1 with Orlicz norms as emphasized in [T]. As in [T], let ¢ : Ry — Ry be
convex such that p(z) = 22/log(e + 2) for > 1, and ¢(0) = 0, and denote

lol, =int {e > 0: [ olal/c)a <1}

the associated Orlicz norm of a measurable function g : X — R. Then, for some
numerical constant C' > 0,

2
/1 l9ll2 dv < Cllgll2. (17)

so that (16) yields

90 o(1+(r/p)*
Var, (f) < — Z T (18)

Since as pointed out in Lemma 2.5 of [T],

2
Cligll

lglly < 1+ log(llgllo/llgll)

we see that (18) improves upon Theorem 1. To briefly check (17), assume by homogeneity
that [ g?/log(e + g)du < 1 for some non-negative function g. Then, setting g, =

91{2k71<g§2k}7 k> 1, and go =49 1{g§1}7

Zk+1/ gidu < Cy (19)

for some numerical constant C; > 0. Hence, since g, < 2 for every k,

[roza= [ (kZ/ )
§4/1 (22 (2=v)k /ngdu)z/vdv

keN

2
Voy— —v v 1
S@Z(/l (k +1)%/v2=2@-vk/ dv)k+1/gidu

keN

where we used (19) as convexity weights in the last step. Now, it is easy to check that
2
/ (k?—f— 1)2/0272(270)k/vdv < C4
1
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uniformly in k so that ff I gHi dv < C1C5C5 concluding thus the claim.
We next illustrate the general Theorem 1 on various examples of interest.

On a probability space (X, A, ), consider first the Markov operator Lf = [ fdu—f
acting on integrable functions (in other words Kf = [, fdu). This operator is
symmetric with respect to g with Dirichlet form

= [ L= Var(1),

In particular, it has spectral gap 1. Let now X = X; x --- x Xy be a product
space with product probability measure p = p; ® -+ ® puy. Consider the product
operator L = Zf\il L; where L; is acting on the i-th coordinate of a function f as
Lif=] X, fdu; — f. The product operator L has still spectral gap 1. Its Dirichlet form

is given by
N N
_ T _ 2
e =3 [ s =3 [ @irra

We are therefore in the setting of a decomposition of the type (14). Moreover, it is
immediately checked that L; L = L L; for every ¢ = 1,..., N, and thus the commutation
property (15) also holds (with x = 0). Hence Theorem 1 applies for this model with
hypercontractive constant p = minj<;<ny p; > 0. In particular, Theorem 1 includes
Talagrand’s inequality (13) for the hypercube X = {—1,+1}¥" with the product measure
p = (pdi1 + q6_1)®Y with hypercontractive constant given by (12), for which it is
immediately checked that, for every » > 1 and every ¢ =1,..., N,

/ Laf " = (pa” + p9) / Duf|"dp.
X X

Non-product examples may be considered similarly as has been thus emphasized
recently in [OD-W1] and [OD-W2] with similar arguments. Let for example G be a finite
group, and let S be a symmetric set of generators of G. The Cayley graph associated to
S is the graph with vertices the element of G and edges the couples (g, gs) where g € G
and s € S. The transition kernel associated to this graph is

K(z,y) = g 1s(yz™), 2,y €G,

5]
where |S| is the cardinal of S. The uniform probability measure p on G is an invariant
and reversible measure for K. This framework includes the example of G = §,, the
symmetric group on n elements with the set of transpositions as generating set and the
uniform measure as invariant and symmetric measure.

Given such a finite Cayley graph G with generator set S, kernel K and uniform
measure p as invariant measure, the associated Dirichlet form may be expressed on
functions f : G — R in the form (14)

= 5 3 3 [s0) — 0] ) = 5 S 101

seSxeG seS



where for s € S, D, f(z) = f(sz)— f(z), € G. In order that the operators Dy commute
to K in the sense of (15) (with again k = 0), it is necessary to assume that S is stable
by conjugacy in the sense that

forallue S, uSu'=S5

as it is the case for the set of transpositions on the symmetric group S™. The following
statement from [OD-W1] is thus an immediate consequence of the general Theorem 1.

Corollary 2. Under the preceding notation and assumptions, denote by p the
logarithmic Sobolev constant of the chain (K, ). Then for every function f on G,

D2
s 2 T Tog (1D 1/ TDA T

Var,, ( M

One may wonder for the significance of this Talagrand type inequality for influences.
For A C G and s € S, define the influence I5(A) of the direction s on the set A by

I(A)=p({z e Gz e A, sz ¢ A}).

As on the discrete cube, given A C G with pu(A) = a, Corollary 2 yields the existence of
s € S such that

1

ok a(l —a)p 10g< ;) é (1—a)p10g< +C’Lp> (20)

Is(4) = Cpa(l —a)

(where C' > 1 is numerical). However, with respect to the spectral gap inequality of the
chain (K, p)

)\V&rﬂ 2‘8‘ Z ||D fH27

seS

we see that (20) is only of interest provided that plog(1+ (1/p)) >> A. This is the case
on the symmetric discrete cube {—1,+1}¥ for which, in the Cayley graph normalization
of Dirichlet forms, A = p = 1/N. On the symmetric group, it is known that the spectral
gap A is —2; whereas its logarithmic Sobolev constant p is of the order of 1/nlogn ([D-
SC], [L-Y]) so that plog(1+ (1/p)) and X are actually of the same order for large n, and
hence yield the existence of a transposition 7 with influence at least only of the order
of 1/n. It is pointed out in [OD-W2] that this result is however optimal. The paper
[OD-W1] presents examples in the more general context of Schreier graphs for which
(20) yields influences strictly better than the ones from the spectral gap inequality.

Theorem 1 may also be illustrated on continuous models such as Gaussian measures.
While the next corollary is stated in some generality, it is already of interest for products
of one-dimensional factors and covers in particular the example (6) of the standard
Gaussian product measure.
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Corollary 3. Let du;(z) = e Vi®dz, i =1,...,N, on X; = R™ be hypercontrac-
tive with constant p; > 0. Let p = 1 ® --- @ uy on X = X7 X --- X Xy. Assume in
addition that V" > —k, k € R, i =1,..., N. Then, for any smooth function f on X,

IV f1I3
—~ 1 +log (|[Vifll2/IVifll)

1

WE

Var,(f) < C(p, k)

where p = mini<;<n p;, and where V; f denotes the gradient of f in the direction X;,
i=1,...,N.

Corollary 3 again follows from Theorem 1. Indeed, the product structure immedi-
ately allows for the decomposition (14) of the Dirichlet form

N
&= [ VA=Y [ 1VirPd
=1

along smooth functions with thus I';(f) = |V;f|. On the other hand, the basic
commutation (15) between the semigroup and the gradients V, is described here as
a curvature condition. Namely, whenever the Hessian V"' of a smooth potential V' on
R™ is (uniformly) bounded below by —k, x € R, the semigroup (F%),, generated by the
operator L = A — VV - V commutes to the gradient is the sense that, for every smooth
function f and every t > 0,

VP f| < e™ P(|Vf]). (21)

In the product setting of Corollary 3, the semigroup (F;),~ is the tensor product of the
semigroups along every coordinate so that (21) ensures that

VP f] < e P(|Vif]) (22)
along the partial gradients V;, i = 1,..., N and hence (15) holds on smooth functions.
This commutation property (with x = —1) is for example explicit on the integral
representation

Pif(z) = / fleT'z+ (1 —e)2y)du(y), =R, t>0, (23)

of the Ornstein-Uhlenbeck semigroup with generator L = A — x - V and invariant and
symmetric measure the standard Gaussian distribution. The assumption V"’ > —k
describes a curvature property of the generator L and is linked to Ricci curvature on
Riemannian manifolds. Since only x € R is required here, it appears as a mild property,
shared by numerous potentials such as for example double-well potentials on the line of
the form V (x) = az*—bxz?, a,b > 0. Recall that the assumption V" > ¢ > 0 (for example
the quadratic potential with the Gaussian measure as invariant measure) actually implies
that p satisfies a logarithmic Sobolev inequality, and thus hypercontractivity (with
constant ¢). We refer for example to [Bal], [L1], [B-G-L]... for an account on (21)
and the preceding discussion.
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Corollary 3 admits generalizations in broader settings. Weighted measures on
Riemannian manifolds with a lower bound on the Ricci curvature may be considered
similarly with the same conclusions. In another direction, the hypercontractive approach
may be developed in presence of suitable geometric decompositions. The next statements
deal with the example of the sphere and with geometric decompositions of the identity
in Euclidean space which are familiar in the context of Brascamp-Lieb inequalities (see
[B-CE-L-M] for further illustrations in a Markovian framework).

A non-product example in the continuous setting is the one of the standard sphere
S"t ¢ R™ (n > 2) equipped with its uniform normalized measure ;. Consider, for
every 1,5 = 1,...,n, D;; = x;0; — x;0;. These will be the directions along which the
Talagrand inequality may be considered since

.= [ reandi=5 3 [ (Dypn

-1
Sm i,j=1

The operators D;; namely commute in an essential way to the spherical Laplacian
A = 330 _y D} so that (15) holds with x = 0. Finally, the logarithmic Sobolev
constant is known to be n — 1 [Ba], [L1], [B-G-L].... Corollary 4 thus again follows from
the general Theorem 1.

Corollary 4. For every smooth enough function f : S"" ' — R,

o 1Dy f12
A < — '
aru(f) = n '32:21 1+ log (HDiijz/HDiijl)

2,

Up to the numerical constant, this inequality improves upon the Poincaré inequality
for p (with constant A =n — 1).

We turn to geometric Brascamp-Lieb decompositions. Consider thus FE;, i =

1,...,m, subspaces in R", and ¢; > 0,7 =1,...,m, such that
Ian = Z C; QEz (24)
i=1

where Qp, is the projection onto E;. In particular, for every z € R", |z]*> =
S ¢i|lQE, (x)|* and thus, for every smooth function f on R”,

&) = [ 15Pdu = fj( | len(vrpf )

i=1
Furthermore, Qp, (VP f) = e 'P,(QE,(Vf)) which may be examplified on the repre-
sentation (23) of the Ornstein-Uhlenbeck semigroup with hypercontractive constant 1.
Theorem 1 thus yields the following conclusion.

Corollary 5. Under the decomposition (24), for p the standard Gaussian measure
on R", and for every smooth function f on R",

) . @5Vl
Varulf) S42 e o (10 (Y Db/ 10m (VT
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3. Hypercontractivity and geometric influences

In the continuous context of the preceding section, and as discussed in the intro-
duction, the L2-norms of gradients in Corollary 3 are not well-suited to the (geometric)
influences of [K-M-S] which require L*-norms. In order to reach L!-norms through the
hypercontractive argument, a further simple interpolation trick will be necessary.

To this task, we use an additional feature of the curvature condition V" > —k,
x > 0, namely that the action of the semigroup (FP;),-, with generator L = A -=VV -V
on bounded functions yields functions with bounded gradients. More precisely (cf. [L1],
[B-G-L]...), for every smooth function f with |f| <1, and every 0 < t < 1/2k,

1
VP f| < —. 25
VP f| < N (25)
This property may again be illustrated in case of the Ornstein-Uhlenbeck semigroup
(22) for which, by integration by parts,

e—t

VP f(x)= m /Rn yf(e—ta: +(1- e_Zt)l/zy)du(y).

With this additional tool, the following statement then presents the expected result.
The setting is similar to the one of Corollary 3. Dependence on p and x for the constant
C'(p, k) below may be drawn from the proof. It will of course be independent of N.

Theorem 6. Let du;(z) = e Vi®dz, i =1,...,N, on X; = R™ be hypercontrac-
tive with constant p; > 0. Let p = 1 ® --- @ uy on X = X7 X --- X Xy, and set as
before p = miny<;<n p;. Assume in addition that V" > —k, kK > 0,i=1,...,N. Then,
for some constant C'(p, k) > 1 and for any smooth function f on X such that |f] <1,

NIVl (L Vi)

Var,(f) < C'(p, k) )
' = [1+log (1/Vifl)]?

Proof. We follow the same line of reasoning as in the proof of Theorem 1, starting
on the basis of (10) from

N T N .7
U113~ P13 =23 / ( / rviptfﬁdu)dt@i_zl / ( /. rvipgtfﬁdu)dt

for some 7' > 0. By (21) along each coordinate, for each ¢ > 0,
Vi Parf| < e Pt(|viPtf|>~

Hence, by the hypercontractivity property as in Theorem 1,
IViPauflly < ™ ViR £,

13



where p = p(t) = 1 +e72¢* < 2. We then proceed to the interpolation trick. Namely, by
(25) and the tensor product form of the semigroup, |V;P;f| < t=1/2 for 0 < t < 1/2k,
so that in this range,

IViPor fl, < eXOH/PE=(=1/0)/2 |7, £||1/7

(where we used again (22)). As a consequence, provided T' < 1/2k,
N T
— 1P flly < de i e i “Lat.
I£13 = 1PrfI < 4T S0Vt [ 6 OO v g 201
i=1 0

We are then left with the estimate of the latter integral that only requires elementary

calculus. Set b= ||V, f]|; and 6(¢) = % —1< 1. Assuming 7' < 1,

T T
/ §=(=1/p(0) 00) gy < / 12 4000 gt
0 0
Distinguish between two cases. When b > 1,
T T
/ =200 gt < b/ Y24t < 20V'T.
0 0
When b < 1, use that 6(t) > pt/2 for every 0 <t < 1/2p. Hence, provided T' < 1/2p,

T T C 1
0 0 VP 1 —Hog(l/b)}l/2

where C' > 1 is numerical. Summarizing, in all cases, provided T is chosen smaller than
min (1, zlp), we have

T
/ = -1/p@O)0 gy <« 2 1+b .
0 VP 14 log"(1/0)]"
Choosing for example 7' = min (1, 2—1p7 %) and using (10), Theorem 6 follows with
C'(p,k) = C'"/p3/?T for some further numerical constant C’. If k < cp, then this

constant is of order p~1/2, O

The preceding proof may actually be adapted to interpolate between Corollary 3
and Theorem 6 as

NNV (L IV ATV f 1)
= [+ log (IVafl4/1V:f12)]

Var,(f) <C

for any smooth function f on X such that |f| < 1, and any 1 < g < 2 (where C depends
on p, k and q).
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As announced in the introduction, the conclusion of Theorem 6 may be interpreted in
terms of influences. Namely, for f = 14 (or some smooth approximation), define ||V, f||,
as the geometric influence I;(A) of the i-th coordinate on the set A. In other words,
I;(A) is the surface measure of the section of A along the fiber of z € X = X7 x---x Xy
in the i-th direction, 1 < i < N, averaged over the remaining coordinates (see [K-M-S]).
Then Theorem 6 yields that

Proceeding as in the introduction for influences on the cube, the following consequence
holds.

Corollary 7. In the setting of Theorem 6, for any Borel set A in X with u(A) = a,
there is a coordinate i, 1 <1 < N, such that

a(l— a) N \Y?_ a(l-a)(logN)L/2
Iid) = =75— (log M) = CN

where C only depends on p and k.

It is worthwhile mentioning that when N = 1, I;(A) corresponds to the surface
measure (Minkowski content)

i (4) = Timinf © [u(A.) — p(A)]

e—0 ¢
of A € R"™, so that Corollary 7 contains the quantitative form of the isoperimetric
inequality for Gaussian measures

] 1 1/2
pt(A) > Ea(l —a) (10g m) :

Recall indeed (cf. e.g. [L1-2]) that the Gaussian isoperimetric inequality indicates
that ut(A) > @ o ®a) (a = u(A) where p(z) = (2m)" Y2722 ¢ e R,
o(t) = fjoo ¢(z)dz, t € R, and that ¢ o @7 1(u) ~ u(2log)1/? as u — 0. This
conclusion, for hypercontractive log-concave measures, was established previously in [B-
L]. See [Mil-2] for recent improvements in this regard.

Theorem 6 admits also generalizations in broader settings such as weighted measures
on Riemannian manifolds with a lower bound on the Ricci curvature (this ensures that
both (21) and (25) hold).

Besides the Gaussian measure, N. Keller, E. Mossel and A. Sen [K-M-S] also
investigate with isoperimetric tools products of one-dimensional distributions of the
type cae”1®"dz, 1 < a < oo, for which they produce influences at least of the order of
% where 3 = 2(1 — 1) (a = 2 corresponding to the Gaussian case). The proof

of Theorem 6 may be adapted to cover this result but only seemingly for 1 < a < 2.
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Convexity of the potentials |z|* ensures (21) and (25). When 1 < « < 2, measures
cae 1?1 dz are not hypercontractive. Nevertheless, the hypercontractive theorems in
Orlicz norms of [B-C-R] still indicate that the semigroup (F;),., generated by the
potential |x|% is such that, for every bounded function g with |[g|]|,, = 1 and every
0<t<l,

IPgll} < Cllglly exp (= ctlog? (14 (1/llgll)) ) (26)

for > 0 and some constants C,c > 0, and similarly for the product semigroup with
constants independent of N. The hypercontractive step in the proof of Theorem 6 is
then modified into

1
2 _
[1V: P2t scnvifnl/ ™ 2exp (= ctlog” (14 (1/[Vif ) )dt.
0
As a consequence, for any smooth f with |f] <1,

N
IVifll (1 +1Vif 1)

B/2 "
i=1 [1 + log™ (1/||sz‘|1)} /
We thus conclude to the influence result of [K-M-S] in this range. When a > 2
(B € (1,2)), the potentials are hypercontractive in the usual sense so that the preceding

proofs yield (27) but only for § = 1. We do not know how to reach the exponent §/2 in
this case by the hypercontractive argument.

Var,(f) <C (27)

We conclude this note by the L' versions of Corollaries 4 and 5. In the case of
the sphere, the proof is identical to the one of Theorem 6 provided one uses that
|D;;f| < |Vf| which ensures that |D;;P,f| < 1/+/t. The behavior of the constant is
drawn from the proof of Theorem 6.

Theorem 8. For every smooth enough function f : S"~' — R such that |f| <1,

C <~ D fll,(L+ IDi; fll,)
V — .
ar,(f) < \/ﬁm:l 1+ log" (1/HDiij1)]1/2

Application to geometric influences I;;(A) as the limit of || D;;f||, as f approaches
the characteristic function of the set A may be drawn as in the previous corresponding
statements. From a geometric perspective, I;;(A) can be viewed as the average over x
of the boundary of the section of A in the 2-plane x + span(e;, e;). We do not know if

the order n—1/2 of the constant in Theorem 8 is optimal.

As announced, the last statement is the L!-version of the geometric decompositions
of Corollary 5 which seems again of interest for influences. Under the corresponding
commutation properties, the proof is developed similarly.

Proposition 9. Under the decomposition (24), for u the standard Gaussian measure
on R" and for every smooth function f on R"™ such that |f| <1,

Var,(f) < Ci@ 1Qe, (VA (1 +11Qe, (V1)

S +logt (1/1Qm (VH),)]
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where C > 0 is numerical.

Let us illustrate the last statement on a simple decomposition. As in the Loomis-
Whitney inequality, consider the decomposition

n

ldg» = Z ﬁ QE;

i=1

with B; = e;~, i = 1,...,n, (e1,...,e,) orthonormal basis. Proposition 9 applied to
f = 14 for a Borel set A in R" with x(A) = a then shows that there is a coordinate 1,
1 < i < n, such that

. 1 1/2
Qe VA, > Fall - a>(1°gm)

for some constant C' > 0. Now, [|Qg,(Vf)|l; may be interpreted as the boundary
measure of the hyperplane section

A‘”'ei:{(:1:-el,...,x-ei_l,x-eiﬂ,...,x-en); (x-el,...,a:-ei,...,x-en)EA}

along the coordinate x-e; € R averaged over the standard Gaussian measure. By Fubini’s
theorem, there is z - ¢; € R (or even a set with measure as close to 1 as possible) such
that

. 1 1 1/2
uH(A >25a<1—a>(logm) . (28)

The interesting point here is that a is the full measure of A. Indeed, recall that the
isoperimetric inequality for p indicates that pu+(A4) > ¢ o ®71(a), hence a quantitative
lower bound for u*(A) of the same form as (28). When A is a half-space in R", thus
extremal set for the isoperimetric problem and satisfying u7(A) = ¢ o ®~1(a), it is easy
to see that there is indeed a coordinate x - e; such that A*¢ is again a half-space in the
lower-dimensional space. The preceding (28) therefore extends this property to all sets.

Acknowledgement. We thank F. Barthe and P. Cattiauz for their help with the bound
(26) and R. Rossignol for pointing out to us the references [OD-W1] and [OD-W2].
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