COUPLED EQUATIONS FOR KAHLER METRICS
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ABSTRACT. We study equations on a principal bundle over a compact complex manifold
coupling a connection on the bundle with a Kéhler structure on the base. These equations
generalize the conditions of constant scalar curvature for a Kéhler metric and Hermite—
Yang—Mills for a connection. We provide a moment map interpretation of the equations
and study obstructions for the existence of solutions, generalizing the Futaki invariant, the
Mabuchi K-energy and geodesic stability. We finish by giving some examples of solutions.
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INTRODUCTION

In this paper we consider a system of partial differential equations coupling a Kahler
metric on a compact complex manifold and a connection on a principal bundle over it.
These equations, inspired by the Hitchin—Kobayashi correspondence for bundles and the
Yau-Tian-Donaldson conjecture for constant scalar curvature Kahler (cscK) metrics, in-
tertwine the curvature of a Hermitian—Yang—Mills (HYM) connection on the bundle and
the scalar curvature of a Kéahler metric on the manifold.

To write our equations explicitly, let X be a smooth compact manifold and let G be a
compact real Lie group with Lie algebra g. Let E be a principal G-bundle over X. We
fix a positive definite inner product (-,-) on g invariant under the adjoint representation.
Let QF be the space of smooth k-forms on X. Considering the space QF(ad F) of smooth
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k-forms on X with values in the adjoint bundle ad E, the inner product of g induces a
pairing

OP(ad E) x Q¥(ad E) — QP4 (0.1)

that we write simply as a, A a, for any a; € Q(ad E), j = p,q. The unknown variables
of the equations are a Kahler structure (g,w,J) on the base X and a connection A on
E, where g, w and J are respectively the metric, the symplectic form and the complex
structure. We will say that a Ké&hler structure (¢g,w,J) on X and a connection A on F
satisfy the coupled equations with coupling constants ag, a; € R if

AFA:Z
aOSg + a1A2<FA/\FA) =C } <O2)

Here S, is the scalar curvature of g, F4 is the curvature of A, z is an element of g which
is invariant under the adjoint G-action and c is a real number. The precise values of z
and ¢ are determined by the topology of E, the cohomology class of w and the coupling
constants ap, o (see Remark [1.2] and (2.12)). The map A: QP9(ad E) — QP11 (ad E)
is the contraction operator acting on (p, q)-type valued forms determined by the Kéahler
structure.

A link with holomorphic geometry is provided by the additional integrability condition
Fy? =0, (0.3)

between the complex structure .J on the base and the connection A. Here F3* denotes
the (0,2) part of the curvature, regarded as an (ad E)-valued smooth form on X. Let
G° be the complexification of the group G. When holds, the pair (J; A) endows the
associated principal G°bundle £ = E xg G° with a structure of holomorphic principal
bundle over the complex manifold (X, J).

The moment map interpretations of the constant scalar curvature equation for a Kahler
metric (cscK) and the HYM equation provide a guiding principle, leading to . Indeed,
equations ((0.2) have an interpretation in terms of a moment map. This is the subject
of §1] and §2| As observed by Fujiki [2I] and Donaldson [17], the cscK equation has
a moment map interpretation in terms of a symplectic form w on the smooth compact
manifold X. The group of symmetries of the theory for cscK metrics is the group H of
Hamiltonian symplectomorphisms. This group acts on the space J° of integrable almost
complex structures on X which are compatible with w, and this action is Hamiltonian
for a natural symplectic form w; on J¢ The moment map interpretation of the HYM
equation was pointed out first by Atiyah and Bott [4] for the case of Riemann surfaces and
generalized by Donaldson [I5] to higher dimensions. Here one considers the symplectic
action of the gauge group G of the bundle E on the space of connections A endowed with
a natural symplectic form w4. Relying on these two previous cases, the phase space for
our theory is provided by the subspace of the product

PCcJ xA (0.4)

defined by the condition (0.3]). Our choice of symplectic structure is the restriction to P
of the symplectic form

Wo = 0wy + daqwy, (0.5)

for a pair of non-zero coupling constants a = (g, 1) € R
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Consider now the eztended gauge group G defined as the group of automorphisms of the
bundle E covering Hamiltonian symplectomorphisms of X. This is a non trivial extension

1 -G —G—H—1, (0.6)

where G is the group of automorphisms of £ covering the identity on X, and H, as above,
is the group of Hamiltonian symplectomorphisms of X. The group G acts on P and
in Proposition [2.1| we show that this action is Hamiltonian for any value of the coupling
constants, we compute a moment map ., and show that its zero locus corresponds to
solutions of . The coupling between the metric and the connection occurs as a direct
consequence of the structure of G. So, away from its singularities, the moduli space of
solutions is given by the symplectic quotient

M = p13'(0)/G. (0.7)

Furthermore, w,, is a Kéhler form on P when a4 /g > 0, for a natural G-invariant complex
structure on P. Hence under this condition on the coupling constants, the smooth locus
of the moduli space of solutions ((0.7)) inherits a K&hler structure.

We see that our problem merges the well-studied theories of Hermitian—Yang—Mills con-
nections (obtained for a;/ag > 0) and constant scalar curvature Kéhler metrics (which
correspond to oy /ag = 0) into a unique theory. We thus expect the Kéahler moduli spaces
obtained in our symplectic reduction process to have a rich geometry and topology. In
we prove that arise also as absolute minima of a purely Riemannian functional for
G-invariant Riemannian metrics on the total space of E, providing a link to the classical
Kaluza—Klein theory.

In which is in some sense the heart of the paper, we undertake the study of obstruc-
tions for the existence of solutions to , generalizing the Futaki invariant, the Mabuchi
K-energy and geodesic stability that appear in the cscK theory [22) 38| [12]. We do this
geometrically, by considering the following framework. We first fix a cohomology class
Q) € H*(X,R) and a smooth principal G¢-bundle E¢ — X. Let T" be the Lie group given
by those G°-equivariant diffeomorphisms of E¢ which cover an element in the connected
component of the identity of the diffeomorphism group of X. In §3.1, we associate an
infinite dimensional canonical I'-equivariant double fibration

C
RN (0.5)
B Z
to the data (X, 2, E¢). Here B is the space of pairs (w, H), where w € 2 is a symplectic
form on X and H is a reduction of E° to the maximal compact subgroup G C G¢, and Z
is a space parameterizing holomorphic structures I on E° inducing a complex structure J
on X. The space of compatible pairs C C B x Z is defined as those elements of the product

which induce a Kahler structure on X. Using the results of §2] in we prove that the
fibres of mg are (formally) K&hler manifolds endowed with Hamiltonian group actions.

As a preliminary step for the study of obstructions in §3.3] we prove in that the
fibres of 7z are infinite dimensional symmetric spaces (that is, each fibre has a canonical
torsion-free affine connection V with covariantly constant curvature), with holonomy group
contained in the extended gauge group. Note that the fibre B; of 7z over I € Z is

B]:ICJXR, (Og)
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where K, is the space of Kahler forms on (X, .J) in the class 2 and R is the space of
G-reductions of E°. When specialized to the case of trivial G, we recover the symmetric
space structure constructed by Mabuchi [39] and rediscovered by Semmes [48] and Don-
aldson [I8]. Our construction follows closely Donaldson’s in [I8] §2]. A special feature of
the symmetric space structure on Bj is that in general it does not carry any canonical
compatible Riemannian structure (see Remark {4.4). A technical assumption in our con-
struction is that the G-invariant metric in g used to define (0.1)) extends to a G-invariant
symmetric bilinear pairing
g°®e —C,
where g¢ is the complexification of g.
In §§3.3 and [3.4) we construct an a-Futaki character

Fr: LieAut(E°, 1) — C,

which is a complex character of the Lie algebra of the automorphism group of the holomor-
phic principal bundle (E€, I') and which vanishes when ((0.2)) is satisfied, and an a-K-energy

M[I B[ —>]R,

which is convex along geodesics on B; and bounded from below when is satisfied,
provided that the symmetric space Bj is geodesically convex. Furthermore, we motivate a
definition of geodesic stability of the orbit I'- I and conjecture a link with when I'; is
finite. We give explicit formulae for the character F;, the functional M and the geodesic
equation on B;. When specialized to the case in which G° is trivial, we recover the Futaki
character [22], the Mabuchi K-energy [38] and the notion of geodesic stability [12], 18] used
in the study of the cscK equation for Kahler metrics. The contents of will be used in
Example to provide an explicit situation in which there cannot exist solutions to the
coupled equations.

We would like to point out that the framework developed in is rather general and
may be applied to other situations, in particular, to equations with a further coupling with
Higgs fields.

In §4 we establish sufficient conditions for the existence of solutions to the coupled
equations near a given solution, when the coupling constants and the Kahler cohomology
class are deformed while the complex structure of the base manifold remains fixed. Our
approach is based on a generalization of techniques developed by LeBrun & Simanca [35] [36]
for the corresponding problem in the cscK theory. We fix a complex structure on X and a
structure I of a holomorphic principal G°-bundle on E¢, and consider the space of solutions
(w, H) of with w in a fixed cohomology class €2 and fixed ag, ;. Then we study the
behaviour of this space with respect to deformations of the coupling constants and the
Kahler class in a parameter space:

(g, a1,2) € R* x HYY(X | R). (0.10)

Before doing this, in §4.1| we introduce the notion of extremal pairs (w, H). They are
analogues in our theory of Calabi’s extremal metrics in Kahler geometry. In particular, an
extremal pair (w, H), with w € €, is a solution of (0.2)) if and only if the a-Futaki character
associated to I and () vanishes (Proposition. In §4.3|we study the linearization of

and in we prove that when «ay /g > 0, any solution of the coupled equations (0.2 can
be deformed into an extremal pair, for small deformations in the parameter space (0.10))
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(Theorem 4.10)). In we obtain a criterion for the existence of solutions of (0.2)) in the
weak coupling limit a; — 0, i.e. for 0 < |ay/ap| < 1 (Theorem |4.18|).

In §5| we discuss some examples of solutions of and explain how the existence of
solutions to the limit case ag = 0 can be applied, using results of Y. J. Hong in [29], to
obtain cscK metrics on ruled manifolds. As for the examples, in we deal with the case
of vector bundles over Riemann surfaces and projectively flat bundles over Kahler manifolds
satisfying a topological constraint. In both situations, the coupled system ((0.2)) reduces
to the limit case a; = 0 (cscK equation and HYM equation). When dim¢ X > 1, we use
Theorem to deform the Kahler class and provide non-trivial examples of solutions.
In we consider homogeneous Hermitian holomorphic vector bundles over homogeneous
Kéhler manifolds. In §5.3| we discuss some (well known) examples of stable bundles over
Kéhler-Einstein manifolds where Theorem [4.18| applies. Section provides examples of
solutions in which the Kahler metric is not cscK and also examples where the invariant F;
obstructs the existence of solutions for small ratio of the coupling constants.

Coupled equations for metrics and connections have of course been studied for a long time
in the context of unified field theories in physics and more recently in string theory (see e.g.
[50, 37, 13]). They have also been considered in the context of Riemannian geometry, like
the Eintein—-Maxwell equations on 4-manifolds studied in [34]. Our motivation, however,
for this work has been to find a Kéahler analogue of these situations. Another important
motivation for us comes from the relation with algebraic geometry, in particular with the
moduli problem for pairs consisting of a polarised manifold and a holomorphic bundle
over it. Despite its intrinsic mathematical interest and its relevance in theoretical physics,
the latter problem has been little explored, probably due to the hard technical difficulties
which arise in the algebro-geometric approach as soon as the complex dimension of the
base is greater than 1 (see [20] 10, 44] for the case of curves, and [47] for some work in
higher dimensions). Throughout this paper we hope to show that the study of our coupled
equations provides a reasonable differential-geometric approach to the moduli problem for
bundles and varieties, giving compelling evidence of the existence of a Hitchin—Kobayashi
correspondence for the coupled equations as has been conjectured in [25].

Acknowledgements. We want to thank Olivier Biquard, David Calderbank, Simon Don-
aldson, Nigel Hitchin, Julien Keller, Alastair King, Ignasi Mundet i Riera, Vicente Munoz,
Julius Ross, Ignacio Sols, Jacopo Stoppa and Richard Thomas for helpful discussions and
suggestions. We also wish to thank the Max Planck Institute for Mathematics (Bonn), and
the Isaac Newton Institute for Mathematical Sciences for their hospitality and support.
MGF thanks Instituto de Ciencias Matematicas (Madrid), Imperial College (London),
University of Paris 6 and Humboldt University (Berlin) for their hospitality.

1. HAMILTONIAN ACTION OF THE EXTENDED GAUGE GROUP

In this section we define the extended gauge group G of a bundle over a compact symplec-
tic manifold, an extension of the infinite dimensional Lie groups involved in the moment
map problems for the HYM and the cscK equation. We show that the action of G on the
space of connections of the bundle is Hamiltonian and compute an equivariant moment
map. Symplectic reductions by Lie group extensions have been studied in the literature
in various degrees of generality (see [40] and references therein). Previous work includes
split group extensions and more general ones, although it seems that the moment map
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calculations of , based on Proposition , have not been previously made (cf. [40]
§3.2]).

1.1. The Hermitian—Yang—Mills equation. First we set out some notation in order
to review the moment map interpretations of the HYM equation. Let X be a compact
symplectic manifold of dimension 2n, with symplectic form w, G a real compact Lie group
with Lie algebra g, and E a smooth principal G-bundle over X, with the G-action on the
right. In the sequel w!® will denote “’k—lf The spaces of smooth k-forms on X and smooth
k-forms with values in any given vector bundle F' on X are denoted by Q* and QF(F),
respectively. Fix a positive definite inner product on g, invariant under the adjoint action,
denoted
('7') gy — R.

This product induces a metric on the adjoint bundle ad £ = F X g, which extends to a
bilinear map on (ad F)-valued differential forms (we use the same notation as in [4], §3])

OP(ad F) x Qi(ad E) — QP*: (a,, ay) — a, A ay. (1.1)
We consider the operator
A=A, :QF — QF 2 ¢ — Wh o, (1.2)

where { is the operator acting on k-forms induced by the symplectic duality §: T*X — T'X
and _ denotes the contraction operator. Its linear extension to QF(ad E) is also denoted
A QF(ad E) — Q% 2(ad F) (we use the same notation as, e.g., in [15]).

Let A be the set of connections on E. This is an affine space modelled on Q!(ad E), with
a left action of the gauge group G of E, i.e. the group of G-equivariant diffeomorphisms
of F covering the identity map on X. The 2-form on A defined by

wA(a,b):/ aAbA w1 (1.3)
X

fora,b € TaA = Q'(ad E), A € A, is a G-invariant symplectic form. As observed by Atiyah
and Bott [4] when X is a Riemann surface and by Donaldson [15] [16] in higher dimensions,
the G-action on A is Hamiltonian, with equivariant moment map pg: A — (Lie G)* given

by
(ng(A),¢) = /X (A (AFy — 2w, (1.4)

for A€ A, ¢ € LieG = Q%ad E), where Fy € Q*(ad E) is the curvature of A € A and z is
an element of the space

3=g¢" (1.5)
of elements of g which are invariant under the adjoint G-action, that we identify with
sections of ad F/. Recall that the moment map satisfies

d(pg,C) = Yeawa

for all ¢ € LieG, where Y¢ is the vector field on A generated by the infinitesimal action of
¢, and equivariance means that, for all g € G and A € A,

1g(g - A) = Ad(g™")" g (A).
Suppose now that X is a Kéahler manifold, with Kéhler form w and complex structure
J. Consider the complexification G¢ of G and the associated principal G°-bundle E¢ =
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E xq G° where G acts on G¢ by left multiplication. There is a distinguished G-invariant
subspace

A c A (1.6)
consisting of connections A with Fy € Q}]’l(ad E), or equivalently satisfying Fg,z =0,
where 2%(ad E) denotes the space of (ad £)-valued smooth (p, ¢)-forms with respect to J
and F2’2 is the projection of F4 into Qg’z(ad E). This space is in bijection with the space
of holomorphic structures on the principal G°-bundle E€ over the complex manifold (X, J)
(see [49]).

Definition 1.1. A connection A € A},’l is called Hermitian—Yang—Mills if it satisfies the
Hermatian—Yang—Mills equation
AFA = Z. (17)

Remark 1.2. The element z € 3 in the right-hand side of is determined by the
cohomology class Q := [w] € H*(X) and the topology of the principal bundle E. This
follows after applying (z;,-) to (1.7), for an orthonormal basis {z;} of 3 C g, and then
integrating over X, we obtain

Ly BBV ) (19)

Volg “-

j
Here, QM := QF/kl, Volg := [, wl" = (QI" [X]) and zj(E) := [2; A Fa] € H*(X) is the
Chern-WEeil class associated to the G-invariant linear form (z;, -) on g, which only depends
on the topology of the bundle E (see [33 Ch XII, §1]).

The moduli space of Hermitian—Yang—Mills connections is defined as the set of classes
of gauge equivalent solutions to ([1.7). This coincides with the quotient

pg'(0)/G, (1.9)

where pg is now the restriction of the moment map to Ab’l. Away from its singularities,
A},’l inherits a complex structure compatible with w4 and hence a Kahler structure. Thus
the smooth locus of A},’l is a Kahler manifold endowed with a Hamiltonian G-action and
hence, away from singularities, the moduli space of Hermitian—Yang—Mills connections can
be constructed as a Kéhler reduction, which, if non-empty, is a finite-dimensional Kéahler
manifold.

1.2. Hamiltonian actions of extended Lie groups. Consider a general extension of
Lie groups

1 -G -5¢ -2 H-1. (1.10)
We will describe now, under certain assumptions, the Hamiltonian action of G on a sym-
plectic manifold, in terms of G and H. In the next section we will apply this general set
up to the case in which the symplectic manifold is the space of connections of a bundle

and G is the extended gauge group mentioned in the introduction — this may explain the
notation.

The extension ((1.10) determines an extension of Lie algebras
0 — LieG — LieG -2 Lie H — 0, (1.11)

where the use of the same symbols ¢ and p should lead to no confusion. Note that the short
exact sequence ([1.11)) does not generally split as a sequence of Lie algebras, but it always
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does as a short exact sequence of vector spaces. Let W C Hom(Lie (j ,Lie G) be the affine
space of vector space splittings. Since G C G is a normal subgroup, there is a well-defined
G-action on W, given by

g-0:=Ad(g)ofoAd(g "), forge G, 0 € W.

Let A be a manifold with an action of the ‘extended’ Lie group G. Suppose that there exists
a g—equivariant smooth map #: A — W. Let w4 be a symplectic form on A preserved
by the g—action. Using 0, we will characterise the existence of a g—equivariant moment
map for this action in terms of G and H. The case considered in this paper (see §1.3))
is an example where such a 6 exists. Observe that if A is a point, then 6 determines an
isomorphism LieG = LieG x Lie ‘H, which shows that in this case the existence of 6 is a
very strong condition.

Suppose that the G-action is Hamiltonian, with g—equivariant moment map fugz: A —

(Lie é)* We can use 6 to decompose this map into two pieces corresponding to Lie G and
Lie H. Consider 6+ uniquely defined by Id —¢ 0 § = 6+ o p, where ¢« and p given in (1.10)).
Then the map

W — Hom(Lie M, Lie G): 6 — 0*
is é—equivariant, where the G-action on Hom(Lie H, Lie é) given by
g-0" =Ad(g) 00" o Ad(p(g7"))
for g € G. Moreover, the map
6. A — Hom(Lie H, Lic G)
is g—equivariant and we can decompose the moment map as

(g, C) = (ug, 10C) + (ug, 0-p(C)), (1.12)

for all ( € Lie G , where the summands in the right hand side define a pair of g-equivariant
maps ug: A — (LieG)*, 0g: A — (Lie H)*, given by

(g, C) == (ug, (), for all ¢ € Lieg,

(00,m) = (ug, 0-n), for all n € Lie H.
Note that since G is a normal subgroup of G , we can require the map pug to be g—equivariant.
It is now straightforward from the moment map condition for pgz to check that g is a
moment map for the G-action on A, i.e. d{ug,() = Yruw,4 for all ¢ € LieG. In order to see
that oy satisfies a similar infinitesimal condition, giving our characterization of Hamiltonian

g action, we first introduce some notation. Given a smooth map (: A — Lie g Y. denotes
the vector field on A given by

Via = g, OX0(1Ca) - A, (1.13)

for all A € A. In particular, 8: A — W induces a map
Ypo: LieH — QYT A): n— Yy,

Note also that, by definition, df is a G-invariant Hom(Lie H, Lie G)-valued 1-form on A.
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Proposition 1.3. The f]v—aftion on A is Hamiltonian if and only if the action of G C G on
A is Hamiltonian, with a G-equivariant moment map pg: A — (Lie G)*, and there exists
a smooth G-equivariant map oq: A — (Lie H)* satisfying

)/GJ-’r]JwA = <:uga <d07 T]>> + d<097 77)7 (114)
for allm € LieH. In this case, a G-equivariant moment map pg: A — (Lie é)* is given by
(g ) = (g, 0C) + (00, p(C)), for all ¢ € LieG. (1.15)

Proof. To prove the “only if” part it remains to check (1.14). This follows by definition,
differentiating in (1.12)) and using that

d<luga 9C> = <dluga 9C> + <,Ug, <d97 77>> and
Yeow = Yyeow + Ypu,w, with n:= p((),

where the first equation is obtained applying the chain rule, and the second one holds
because ¢ = 0¢ + 0+n and Y. is linear in . The “if” part is straightforward from the
statement and is left to the reader. Il

Note that condition (1.14) for oy generalizes the usual infinitesimal condition Y, w4 =
d{uz,n) (n € H) for moment maps py for the induced H-action on A when the Lie group
extension ([1.10]) splits.

1.3. The extended gauge group action on the space of connections. We apply
now the general theory developed in to compute the moment map for the action of
the extended gauge group of a bundle over a compact symplectic manifold, on the space of
connections.

Let X be a compact symplectic manifold of dimension 2n, with symplectic form w.
Let G be a Lie group and F be a smooth principal G-bundle on X, with projection
map 7: E — X. Let H be the group of Hamiltonian symplectomorphisms of (X, w) and
Aut E be the group of automorphisms of the bundle E. Recall that an automorphism
of F is a G-equivariant diffeomorphism ¢g: £ — FE. Any such automorphism covers a
unique diffeomorphism g: X — X, i.e. a unique ¢ such that mog = gomw. We define
the Hamiltonian extended gauge group (to which we will simply refer as extended gauge
group) of E,

G C Aut B,

as the group of automorphisms which cover elements of H. Then the gauge group of £,
already defined in , is the normal subgroup G C G of automorphisms covering the
identity.

The map G- H assigning to each automorphism g the Hamiltonian symplectomor-
phism ¢ that it covers is surjective. To show this, let h € H. By definition there exists a
Hamiltonian isotopy [0,1] x X — X: (¢,2) — hi(x) from hg = Id to hy = h, which is the
flow of a smooth family of vector fields 7, € Lie’H, i.e. with dh;/dt = n; o hy (see e.g. [42]
§3.2]). Choose a connection A on E. Let (; € LieG be the horizontal lift to E of 7, given
by A. The vector fields (; are G-invariant so their time-dependent flow g; exists for all
t € [0,1] and the ¢;: E — E are G-equivariant. Since (; is a lift of n, to E, its flow g,
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covers h; (i.e. hy = g;), so in particular g, € G for all ¢ and g1 € G covers h = hy. Thus P
is surjective. We thus have an exact sequence of Lie groups

156G -2 H—1, (1.16)
where ¢ is the inclusion map.
Remark 1.4. Note that the sequence is exact even when the structure group G and

the base manifold X are non-compact. The crucial fact is that H lies in the identity
component of the diffeomorphism group Diff X of X (see [I] for further details).

There is an action of Aut E, and hence of the extended gauge group, on the space A
of connections on E. To define this action, we view the elements of A as G-equivariant
splittings A: TE — V E of the short exact sequence

0—-VE—TE —71'TX — 0, (1.17)

where V' E = ker dr is the vertical bundle. Using the action of ¢ € Aut E on T'F, its action
on A is given by g- A := go Ao g~!'. Any such splitting A induces a vector space splitting
of the Atiyah short exact sequence

0 — LieG - Lie(Aut E) - Lie(Diff X) — 0 (1.18)

(cf. [, equation (3.4)]), where Lie(Diff X) is the Lie algebra of vector fields on X and
Lie(Aut F) is the Lie algebra of G-invariant vector fields on E. This splitting is given by
maps

04: Lie(Aut E) — LieG, 67: Lie(Diff X) — Lie(Aut E) (1.19)
such that 1 o84 + 04 o p = Id, where 64 is the vertical projection given by A and 05 the
horizontal lift of vector fields on X to vector fields on E given by A.

Lemma 1.5. Let A € A, ¢ € Lie(Aut E) and ¢ := p(¢) € Lie(Diff X). Then the infinites-
imal action Ye 4 € TaA = QY ad E) of ¢ on A is given by
Yeja = —da(8aC) — CoFa, (1.20)

where da: QF(ad E) — QFl(ad E) is the covariant derivative associated to A.

Proof. By the Leibninz rule, for all v € QY(TE),

%H:O (etC ocAo e*tC(U)) = QA[C,U] — [C,@Av] = QA[C,U — QA'U],

where in the second equality we have used the fact that ¢ covers a vector field ¢ on X, so
that the vector field [(, 64v] is vertical. It is easy to see that this expression is tensorial in v,
so at each point of ' it only depends on its projection m,v. Hence the vector Y4 € T4A,
regarded as an element of Q!(ad E), is given by

Yealy) = 0, 04y) = [0.4¢, 05y] + 04104C, 03]
= (=da(04C) = C2Fa)(y),
for any y € Q°(TX), where we have used the formulae
yodaC = [0y, Faly,y) = —0al04y,01y] (1.21)

(see the equation before (4.2) and the equation after (3.4) in [4] and note that we are using
a different sign convention for the curvature). g
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The splitting ([1.19) restricts to a splitting of the exact sequence

0 — LieG — LieG - LieH — 0 (1.22)
induced by (L.16). Following the notation of §1.2] it is easy to see that the map
0: A— W:Ar— 0,4 (1.23)

is a é—equivariant smooth map. It is also clear that the G-action on A is symplectic, for
the symplectic form (|1.3]). The methods of apply here to provide a moment map. To
see this, we use the isomorphism of Lie algebras

LieH = C°(X), (1.24)

where Lie’H is the Lie algebra of Hamiltonian vector fields on X and C§°(X) is the Lie
algebra of smooth real functions on X with zero integral over X with respect to w™, with
the Poisson bracket. This isomorphism is induced by the map C*(X) — LieH: ¢ — 1y,
which to each function ¢ assigns its Hamiltonian vector field ny4, defined by

de = ngw. (1.25)

Proposition 1.6. The G-action on A is Hamiltonian, with equivariant moment map
pg: A — (LieG)* given by

(g C) = (g, 0¢) + (0.p(C)), for all ¢ € LieG, (1.26)
where pug : A — (LieG)* and o: A — (LieH)* are given by

(116, 0C) (A) = /X 6. A (AFs — 2wl

h (1.27)
(o) () = —3 [ 68 (Fa =) (Fa = 2,
X
where 2 = =5 if n > 1, and by
(1:06)(A) = [ 04 A (AFs = 2)al,
X (1.28)

o,m A) = oF
< ’ ¢>>( ) / ANz,
ifn=1, for all A € .A, ¢ E C’O"O(X).

Proof. The result follows, by Proposition , from the facts that g and o are g—equivariant,
which is immediate from (1.27)) by the change of variable theorem, and the map o defined

by (1.27)) satisfies (1.14). To show this, let ¢ € Lie(Aut £), A € A and note that (1.20))
also applies to maps (: A — Lie(Aut &) (with Y4 defined by (1.13))). In particular,

YGjn(A) = —naFy, for n € LieH.
The Hom(Lie H, Lie G)-valued 1-form df on A is given by

df(a): LieH — LieG: n+—— (df(a),n) = a(n),
for A€ Aand a € TyA = Q'(ad E). For the last term of the right hand side of (1.14)),
suppose first that n > 1. Note that given A € A, we have

N ((Fa—2) N (Fa—2))wl" = 2(Fa = 2) A (Fa — 2) A",
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Let a € Ty A, n =14 € LieH, where ¢ € C5°(X). Using the path A; = A + ta, we obtain

1d . . n—
dlomia) = =55 [ 0(Fa =2 AFs = 2w
= —/ pdaa A (Fy—2) Awh2 (1.29)
X

= / (naw) Aa A (Fq— 2) Awl=2,
X

Here we have used the identity dFa,/dt = daa for t = 0 in the second equality and we
have integrated by parts using d¢ = nuw and the Bianchi identity d4F4 = 0 in the last
equality. To compute the integral in the last equality, note that dim X = 2n implies
(a A Fq) ANw™ 1 =0, so contracting with 7 we obtain

aFaN(niw)A win=2 — a(n) A AFAw[”] —a A (naFa) A w[n—l}’
using the identity Fiy A w1 = AF,w™. The same argument shows that

a il A (naw) Aw=2 = a(n) A 2wl
n J—
Combined with (1.29)), we thus obtain (1.14]):

d{o,n)(a) = /X a A (naFp) A" = / a(n) A (AFa — z)wl"

X
= (}/Bjn—'wfl) (a) - <,Mg, <d9(a)7 77>>
The calculation when n = 1 is similar, using the equality

az(nw)=a(n) A zw. O

2. THE COUPLED EQUATIONS

In this section we give a moment map interpretation of the coupled equations
for the action of the extended gauge group, introduced in We also define a purely
Riemannian functional, the Calabi—Yang—Mills functional, whose absolute minima over
the phase space are precisely the solutions of the coupled equations, that we interpret in
terms of the Kaluza—Klein theory for G-invariant metrics on the total space of the bundle.
With this purpose we first recall the moment map interpretation of the cscK equation
given by Fujiki and Donaldson.

2.1. The Hermitian scalar curvature. The moment map interpretation of the scalar
curvature was first given by Fujiki [21] for the Riemannian scalar curvature of Kahler man-
ifolds and generalized independently by Donaldson [I7] for the Hermitian scalar curvature
of almost Kahler manifolds. Here we follow closely Donaldson’s approach.

First we recall the notion of Hermitian scalar curvature of an almost Kahler manifold.
Fix a compact symplectic manifold X of dimension 2n, with symplectic form w. An almost
complex structure J on X is called compatible with w if the bilinear form g,(-,-) := w(+, J+)
is a Riemannian metric on X. Any almost complex structure J on X which is compatible
with w defines a Hermitian metric on 7*X and there is a unique unitary connection on
T*X whose (0,1) component is the operator 9;: Q5% — Q) induced by J. The real 2-form
py is defined as —1i times the curvature of the induced connection on the canonical line
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bundle Kx = AT X, where i is the imaginary unit v/—1. The Hermitian scalar curvature
Sy is the real function on X defined by

Syl =2p; A w1, (2.1)

The normalization is chosen so that S; coincides with the Riemannian scalar curvature
when J is integrable. The space J of almost complex structures J on X which are

compatible with w is an infinite dimensional Kahler manifold, with complex structure
J: T;J — T;J and Kéhler form w; given by

JO = J® and wy (U, d) == %/ tr(JUP)w, (2.2)
X

for &, W € T;7, respectively. Here we identify T;7 with the space of endomorphisms
¢: TX — TX such that ® is symmetric with respect to the induced metric w(-, J-) and
satisfies ®J = —J .

The group H of Hamiltonian symplectomorphisms hA: X — X acts on J by push-
forward, i.e. h-J := h,oJoh,!, preserving the Kihler form. As proved by Donaldson [17,
Proposition 9], the H-action on J is Hamiltonian with equivariant moment map py: J —
(Lie H)* given by

(r(J),mg) = —/chSJw["], (2.3)

for ¢ € C§°(X), identified with an element 7y in Lie H by and (L.25). The H-
invariant subspace J¢ C J of integrable almost complex structures is a complex subman-
ifold (away from its singularities), and therefore inherits a Kahler structure. Over J*, the
Hermitian scalar curvature S; is the Riemannian scalar curvature of the Kéahler metric
determined by J and w. Hence the quotient

e (0)/H, (2.4)

where 119, is now the restriction of the moment map to J?, is the moduli space of Kihler
metrics with fixed Kéhler form w and constant scalar curvature. Away from singularities,
this moduli space can thus be constructed as a Kéhler reduction (see [21] and references
therein for details).

2.2. The coupled equations as a moment map condition. Fix a compact symplectic
manifold X of dimension 2n with symplectic form w, a compact Lie group G and a smooth
principal G-bundle E on X. Let J be the space of almost complex structures compatible
with w and A the space of connections on E. Using the symplectic forms on A and J
induced by w (see (1.3)) and (2.2))), we define a symplectic form on the product J x A, for
each pair of non-zero real constants o« = (g, ), as the weighted sum

Wa = Qw7 + dajwy (2.5)

(we omit pullbacks to J x A). The extended gauge group G has a canonical action on
J x A and this action is symplectic for any w,. Following the notation of this action
is given by

g-(J,A) = (p(g)-J,9-A),

for g € G and (J;A) € J x A, with p as in (1.16). Using the moment maps jiy and pg
given by ([2.3) and Proposition , we obtain the following.
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Proposition 2.1. The G-action on J x A is Hamiltonian with respect to we, with equi-

variant moment map o J X A — (LieG)* given by

(1(1:4).) = 4o [ 04C A (AFy = 2)ol”

(2.6)
— / ¢ (apSy + arA*((Fa — 2) A (Fa — 2))) 0,
X
where 2 := == if n > 1, and by
(Ua(J,A),C) = 4a1/ 0aC N (AFy — 2)w — / O (pSy — 4o AFy N 2)w, (2.7)
X X

ifn=1, for all (J,A) € J x A, ¢ € LieG, and p(¢) = n, with ¢ € CZ(X).

The G-action also preserves the almost complex structure I on J x A given by
for all (J, a) € T;J x TaA. Using the complex structure J on J given by (2.2), the

canonical projection J x A — J becomes now a holomorphic submersion. It is easy
to see that, for ag, aq positive, the complex structure I is compatible with the family of
symplectic structures . The formal integrability of the almost complex structure I is
not obvious a priori, so we now provide a proof of this fact. By “formal integrability” here,
we mean, as in [I§], that the associated Nijenhuis tensor vanishes.

Proposition 2.2. The almost complex structure I is formally integrable.

Proof. Since the complex structure J on the base 7 and the one on each fibre are integrable,
the integrability condition for I reduces to the vanishing condition for the value of the
Nijenhuis tensor Ny on each pair of vectors J € T;.7, a € Ty A, for (J,A) € J x A. Now,
a and J extend to vector fields on A and 7, respectively, and hence to J x A (a extends

to a constant vector field on the affine space A and J extends to a vector field on J given
by Jiy = (1/2)(JJJ" — J'JJ)). Furthermore,

Ni(J,a) = [IJ,1a] — I[LJ,a] — I[J,1a] — [J,a] = [LJ,1a] — I[J, 1a],

where the brackets denote the Lie brackets between vector fields on J x A and we have
used the fact that [IJ,a] = [J,a] = 0 because the flow of a covers the identity on 7. To
compute the remaining terms, we denote by Jt(j) the flow of any vector field J on 7,
viewed as a vector field on J x A. Then J;(J) induces the identity on A, and hence

. d d
Ni(Ja) =g _Jan — gy _ Lo
d

. d :
= _a\tzoa(Jt(IJ).) + I|J%|t:0a(<]t(‘])')

= —a(JJ)—a(JJ)=—a(JJ+JJ) =0,
where a is now viewed as an element of Q! (ad E).

Note that the vanishing of Nl(j ,a) does not require any compatibility condition between
J and w. U
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Remark 2.3. There is another g-invariant almost complex structure on J x A which is
given by I'(J,a) = (JJ,a(J-)). This is compatible with w, for ag > 0 > a, and the
projection J x A — J is pseudoholomorphic for this I', but one can modify the proof of
Proposition to show that I’ is not formally integrable.

Suppose now that X has Kéhler structures with Kéhler form w. In the notation of
this means that the subspace J* C J of integrable almost complex structures compatible
with w is not empty. Define

PcJxA (2.9)
as the space of pairs (J, A) with J € J" and A € Aljl, where Aljl C A is the space of

connections defined in ([1.6). Then P C J x A is a G-invariant complex and hence Kéhler
subspace by construction (see also Lemma [3.1)).

We say that a pair (J;, A) € P satisfies the coupled equations if

AFA:Z
Sy + OélAQ(FAAFA) =c }7 (2.10)

where S is the scalar curvature of the metric g; = w(-,J:) on X and ¢ € R. These
equations are the central subject of this paper. The set of solutions to the coupled equations
is invariant under the action of G and we define the moduli space of solutions as the set of
all solutions modulo the action of 5 . We have the following.

Proposition 2.4. The subset p;'(0) C P coincides with the set of pairs (J,A) € P
satisfying equations (12.10)).

Proof. Suppose that (J, A) € u;'(0) and n > 1, so that 2 = 22 First, evaluating . (J, A)

n—1"
on elements of the form 647 with 7 € Lie H, we see that there exists a ¢’ € R such that

¢ 2005 _ p2 (B = 2) A (Fa - 2))

) (2.11)
—2|Fy — 22+ 8|FY?)?,

aq

:2’AFA— =n
n_

where the last equality follows from a pointwise computation (cf. [43] proof of Lemma 7.9]).
Here, the pointwise norms are defined using the metric g; = w(-, J-) and the inner product
(-,-) on g and F7* denotes the (0, 2) part of F4 with respect to .J. Second, as (i, (J, A), ) =
0 for all ¢ € LieG, we have AF4 = z and hence it is straightforward to see from that

—2
oSy + N2 (FANFy) = + 2041\2\22 — cR.
The converse follows also from ([2.11]). This proof adapts easily to the case n = 1. O

Note that we have not used the fact that (J, A) € P. Observe also that ¢ is a ‘topological
constant’; i.e. it only depends on the cohomology class 2 := [w] € H?(X), the topology
of the bundle E and the coupling constants «g,; (cf. Remark . This follows by
integrating the second equation in ([2.10) over X, obtaining

¢ = apS + 20 ¢, (2.12)
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where S is the average of the Hermitian scalar curvature,
oo DSt {a)uain )

= 2.13
[l Vol ’ (2.13)
which only depends on the cohomology class Q € H?(X), and
Fy A FaAwln=2 E)yu Q-2 (X
oo Ix FaANFa N {c(E) X)) (2.14)

iy wi?! B Volg ’

where ¢(E) := [F4 A Fa] € H*(X) is the Chern—Weil class associated to the G-invariant
symmetric bilinear form (-,-) on g, and so ¢ only depends on €2 and the topology of E
(see [33, Ch XII, §1]).

From Proposition [2.4] we can identify the moduli space of solutions to the coupled
equations with the quotient

1a'(0)/G, (2.15)
where pi,, denotes now the restriction of the moment map to P. Away from singularities,

this is a Kéhler quotient for the action of G on the smooth part of P C J x A equiped
with the Kahler form obtained by the restriction of w,.

Remark 2.5. The coupled equations ([2.10) can also be written as
AFA =2z }

Sy — 201 |[Fal} = ¢ — 2042 (2.16)

Here S, is the scalar curvature of the metric g = w(-,.J-), |Fal? is the pointwise norm of
F4 defined using g and the inner product (-,-) on g, and z € 3, ¢ € R are as in (2.10)). The
purely Riemannian nature of the second (scalar) equation in (2.16)) will be used in §2.3]

The equivalence of ([2.10) and (2.16)) follows from (2.11]) using that A € A" (i.e. F}* = 0).

2.3. The Calabi—Yang—Mills functional. Kahler metrics of constant scalar curvature
arise as the absolute minima of the Calabi functional [9], which is defined as the L*-norm
of the scalar curvature for Kahler metrics running over a fixed Kahler class on a compact
complex manifold. Alternatively, we can see the cscK metrics as the absolute minima of the
L?-norm of the scalar curvature defined over the space J* of complex structures compatible
with a fixed symplectic form w (see e.g. [24]). As a further step in Calabi’s programme, in
this section we define the Calabi-Yang-Mills (CYM) functional CYM,. This is a purely
Riemannian functional that intertwines the Yang-Mills functional for connections with
the L2-norm of the scalar curvature of invariant metrics in the total space of the principal
bundle E. Interpreting the elements of J X A as invariant Riemannian metrics g, on
E, we prove that the absolute minima of CYM, over J* x A are precisely the solutions
(J,A) € P of . We will also see that the coupled equations can be formulated
in terms of the Ricci tensor and the scalar curvature of g,, when it is defined by an element
of a suitable subspace P* C P.

We start with a principal G-bundle E over a compact manifold X and a fixed G-invariant
inner product (-,-) on g. Consider the G-invariant metric gy on the vertical bundle VE C
TFE induced by (-,-) via the identification of V' E with the trivial bundle £ x g. Using a
connection A on F and a scaling constant o > 0, each Riemannian metric g on X lifts to
a G-invariant Riemannian metric g, on F, given by

Jo =g+ agy(0a-,04), (2.17)
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where m: ' — X is the canonical projection and 6,: TE' — V E is the vertical projection
determined by A. Given positive constants o, @y € R, we denote respectively by S, , vol,
and Vol,(F) the scalar curvature and the volume form of the metric g, and the volume
of E with respect to g,, where a = 2ay/cap. We also denote by vol, and Vol,(X) the
volume form of the metric g and the corresponding volume of X, respectively. We define
the Calabi-Yang-Mills functional by the formula

1 aq
YM,(g, A) = ——— [ S2 volo+———— [ [Fa|?vol 2.1
CYM, (9. 4) = oy L Sh ol 1Pl (218)

for pairs (g, A), where g is a Riemannian metric on X, A is a connection on £ and |Fj|?
is as in (2.16)). Note that ([2.18)) is a weighted sum of the Calabi functional [9] for metrics
on E and the Yang-Mills functional for F (see e.g. [20] §2.1.4]).

Fix now a symplectic form w on X so that vol,, = w™ for all J € J, where g; = w(-, J*)
and dim X = 2n. Although the functional is well defined for arbitrary Riemannian
metrics on X and connections on E, the solutions of the coupled equations are the
absolute minima of CYM, only when this functional is restricted to metrics of the form
g = gy, where J is in the space J* of integrable almost complex structures on X which
are compatible with w. In other words, we consider the functional

T x A—R: (J,A) — CYMy(gs, A). (2.19)

Proposition 2.6. If (J, A) € P satisfies the coupled equations (2.10)), then the pair (J, A)
is an absolute minimum of the functional (2.19)), provided that ag and oy are positive and

o1 > 208 + a?(é — |2)?) + 2s, (2.20)

where o = 2aq /oy, s is the (constant) scalar curvature of the biinvariant metric induced

by (-,-) on G, z is giwen by (L.8) and S, ¢ are as in [2.12), with Q = [w].

Proof. Note first that for any metric as in (2.17), 7: (E,9,) — (X, g) is a Riemannian
submersion with totally geodesic fibres (see [6l, Theorem 9.59], where the G-Riemannian
manifold playing the role of the typical fibre is G itself with its biinvariant metric). Then
ga has scalar curvature Sy, = S, o m, where

Sa =8y —a|Fal2+s/a € C*(X), (2.21)

S, being the scalar curvature of g (see [6, Proposition 9.70]). Here, the group is identified
with the fibre F, over x € X. Since the volume of E, is independent of x, we have

1 1
[ 5?2 vol, = —— [ S2vol,.
Vol (E) /E 9 YO = Yol (X) /X o VOl
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In particular, for g = g, with J € J%, and ¢’ = apS + 2a1(¢ — |2[?), we obtain

CYM,(g,A) =

—2
o7 2 e Qay 2
Vol |0 Sy — 20| Fal} = || . + WIQHFAHLQ

2(Cll/a0 + S/a> 1
Vol /X (Sg — | Fal2 — " ag) vol,

+ (" Jag + s/a)?

—2
oY
=y oSy = 200l Falf - [
a1 — 208 — a2(é — |2[?) — 2s AL
VOIQ Allz?

+ (g—l— alé— |z]?) + s/a> (5’ —afé—|z)* + s/a) ,

where the L?-norms are defined using ¢, w" and the inner product on g. Note that the last
summand in the right-hand side of the last equation only depends on «, s, the cohomology
class  := [w] and the topology of the bundle E. The inequality implies that the
factor multiplying the Yang—Mills functional is positive, and the result follows from the
alternative formulation of the coupled equations combined with , which gives

|Fall22 = [[AF4||% + 4]|FS?||2, — ¢ Volg
= ||AF, — 2|2, + 4]|F? |2,
+2(z(E) U Q" [X]) — (|2 + ¢) Volg .

Here, 2(E) := [z A Fa] € H?(X) is the Chern-Weil class associated to the G-invariant
linear form (z,-) on g, with z given by ((1.8)), so the last line in the previous equation only
depends on Q € H?*(X) and the topology of the bundle F (see [33, Ch XII, §1]). d

Remark 2.7. The inequality ([2.20]) imposes no restrictions on the solutions (J, A) of (2.10)),

because any solution (J, A) of (2.10)) for some (avy, @) is also a solution for the constants
(tag, tay), for all t € R. The claim follows from the fact the RHS on ([2.20)) is invariant by
this scaling procedure.

Remark 2.8. Fixing a complex structure on X, we can view CYM, as a functional on the
pairs (w, A), with w as in the second part of Remark . Exactly as in Proposition in
this case a solution of the coupled equations is always an absolute minima of this functional.

The coupled equations can also be interpreted in purely Riemannian terms, con-
sidering the G-invariant metrics g, on E defined by . To explain this, note that
given such a metric its Ricci tensor R, decomposes as R, = (Ry, )nn + (Rg, )vw + (Rgo ) hos
where the indices “h” and “v” denote the horizontal and vertical directions in T'E defined
by the connection A, respectively. Let P* C P be the open subset of pairs (J, A) with
A € A*— the open subset of A consisting of irreducible connections. By irreducible con-
nection A € A we mean, as in [20, §4.2.2], that its isotropy group G, inside the gauge
group of E is minimal— the centre of G. Then a pair (J, A) € P* satisfies if and
only if the associated metric g, satisfies the following equations.

(Rgo )nw =0
Sy, = const. (2.22)
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We thus have an interpretation of the Kahler quotient (with p, restricted to the
open subset P* C P) as a moduli space of G-invariant metrics on the total space of F
satisfying . An interesting fact here is that the condition oy /ag > 0 is needed both
to have a Kahler form w, on P given by (see the explanation before ) and

G-invariant Riemannian metrics g, on F, as given in (2.17)).

To prove the equivalence of (2.10) and (2.22)) for a pair (J, A) € P*, note that .J defines a
structure of Kéhler manifold on (X,w). The Hermitian—Yang-Mills equation AF, = 0 for
an irreducible A € A?,’l is equivalent to the a priori weaker Yang-Mills equation d% F'y = 0
(see [I5, Proposition 3]). This follows because if A € A" is an irreducible Yang Mills
connection then, by the Kahler identities,

dsAFy =0 = AF, €LieQA:3.

Therefore the first equations in (2.16) and (2.22)) are equivalent because the Yang—Mills
equation is equivalent to the equation (R, )n, = 0 (see [6, Proposition 9.61]). Finally, the
second equations in (2.16)) and (2.22)) are equivalent by (2.21)).

Note that the system ([2.22)) is half way between the Einstein equation and the constant
scalar curvature equation, in the sense that

go is an Einstein metric = g, satisfies (2.22) = S, = const., (2.23)

for all (J, A) € P*, as any metric g, satisfying the Einstein equation Ry, = Ag, (with
A € R) has constant scalar curvature.

3. THE a-FUTAKI CHARACTER AND THE «o-K-ENERGY

In §3| we construct obstructions to the existence of solution of the coupled equations,
generalizing the Futaki character [22], the Mabuchi K-energy [38, 39] and the notion of
geodesic stability [12], 18] used in the cscK Theory. For this, in § we develop
an abstract framework that we apply in to the study of the coupled equations.

Throughout , we fix a compact real manifold X, a cohomology class Q € H?(X,R),
a reductive complex Lie group G¢ with Lie algebra g°, a maximal compact Lie subgroup
G C G° with Lie algebra g and a smooth principal G°-bundle 7: EF¢ — X. We also fix
z € 3asin . We assume that the space of Kahler forms in 2 is non-empty.

3.1. Invariant Hamiltonian Ké&hler fibrations. In §3.I) we will associate to the data
(X,9Q, E°) a canonical infinite-dimensional double fibration B <2 C =% Z. equivariant
for the action of an infinite-dimensional Lie group I', and show that the fibres of 7z are
(formally) Kéhler manifolds with Hamiltonian group actions. The fibres of wz will be
studied in §3.2]

Let Diffq X be the identity component of the diffeomorphism group of X and Aut E° the
group of automorphisms of £¢, that is, the G°equivariant diffeomorphisms ¢g: F¢ — E*.
Any such g determines a unique diffeomorphism ¢: X — X such that mog = gom. Define
the real Lie group

I' .= {g € Aut £°| g € Diff, X }.

Note that the Lie bracket in the Lie algebra LieI" of T is

v, v'Ir = —[y,v] (3.1)
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for y,y’ € Liel' C Q°(TE®), where [-,] is the Lie bracket of vector fields on E¢ (cf. [42]
Remark 3.3]).

Let Z be the space of holomorphic structures on the principal G°-bundle E€, i.e. the
integrable G°-equivariant almost complex structures I on the total space of E¢ which
preserve the vertical bundle V E¢ and whose restriction to V E¢ equals multiplication by
v/—1, via its identification with E¢ x g°. By G®-equivariance, any such I determines a
unique integrable almost complex structure I on X such that Jodr = droI. The group T’
has a left action on Z by push-forward, preserving the canonical almost complex structure
I on Z given by

I[=1II foralle 2, [ €T Z (3.2)
(cf. (2.2)), where I is viewed as a G°-equivariant endomorphism of T E*.

Recall that the space R = Q°(E¢/G) of smooth sections H of the bundle £¢/G — X is
in bijection with the set of reductions of E¢ to principal G-bundles Fy C E€, via the map
H — Ey := pg'(H(X)), where pg is the projection E¢ — E°/G. Let B be the space of
pairs (w, H), where w € € is a symplectic form and H € R. The group I" has a left action
on B given by

g- (W,H) = (g*wag ’ H)a
where (g H)(z) := g(z) - H(g"*(z)) for x € X and g,w € Q by the homotopy invariance
of the de Rham cohomology, as g € Diffy X.

We define the space of compatible pairs as
C:={((w,H),I)| (X, I,w) is a Kihler manifold} C B x Z.

Note that this space is invariant under the diagonal I'-action on B x Z. The canonical

maps
C
77 \Z (3.3)
B Z
will be viewed as two fibrations with total space C, whose fibres are

Zy=mg'(b) and By :=n;'(I) forallbe B, I € Z.

Since C C B x Z is I'-invariant, the fibres By and Z, are invariant under the actions of the
isotropy groups I'y C I and I'y, C T, respectively.

In more concrete terms, for any I € Z, the isotropy group I'; is the group of auto-
morphisms ¢ of the holomorphic principal G*-bundle (E¢, I) such that g € Diffy X is an
automorphism of the complex manifold (X, ). Similarly, for any b = (w, H) € B, the
isotropy group I'; is the group of automorphisms g of the principal G-bundle Ey such that
g € Diffy X is a symplectomorphism of (X,w). Hence the extended gauge group G, of
Ey on (X,w) (defined in is a subgroup of I'y, which is normal because the group of
Hamiltonian symplectomorphisms is a normal subgroup of the symplectomorphism group
(see e.g. |42 Proposition 10.2]). Note also that the fibre By is a contractible space, as it is

BI - ]Cf X R? (34)

where K; is the space of Kihler forms in  on the complex manifold (X, ). The fibre Z,
has a gauge-theoretic description. Let 7, be the space of almost complex structures on X
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compatible with w and Apg the space of connections on Ey. Given b = (w, H) € B, define
Py C Jo x Ag (3.5)

as in , i.e. as the space of pairs (J, A) such that J is integrable and F)4 € Q},’l(ad Ey).
This subspace is clearly I'y-invariant and has an almost complex structure I given by ,
which is formally integrable by Proposition 2.2l Note also that for all H € R, each
connection A € Ay induces canonically a connection on E¢, given by G°-equivariant maps

04: TE® - VE, 0%:7m"TX — TE", (3.6)
where m: E¢ — X is the canonical projection (cf. (1.17))), via the canonical isomorphism
A= Ey Xa G° (37)

of principal G°-bundles (with G acting on G° by left multiplication).

Lemma 3.1. The map ng: C — B is a T-invariant almost-complex fibration’, that is, its
fibres Zy, C Z are preserved by I and their induced almost complex structures are exchanged
by the I'-action. Furthermore, the map

I: Py — Z: (J,A) —i04 + 05 on*Jodr (3.8)

1s a well-defined T'y-equivariant holomorphic embedding whose image is Zy,, for all b =
(w,H) € B.

Proof. The first assertion follows immediately from . For the second, note that
is well defined by direct computation of the Nijenhuis tensor of I(.J; A). Using the classical
construction [49] of the Chern connection 0y 1 of I € Z, on Ey, we see that the map
is injective with image Z;, as

I=1(1,0u;) (3.9)
for all I € Z,. Furthermore, is clearly I'y-equivariant. Another direct computation
shows now that is a holomorphic embedding, i.e. its differential is also injective and
exchanges the almost complex structures on P, and Z. O

As an immediate consequence, Z, = P, equipped with the restriction of I is a formally
integrable complex manifold, by Proposition Using Lemma (3.1} we can now transfer
the constructions of to the fibres

Zy = 1(Py), (3.10)
obtaining the following theorem, where the Lie groups I', C I'" and their normal subgroups
G, C I'y, parameterized by b € B, are viewed as the fibres of two Lie group subbundles

GsClgCBxT (3.11)
over B. Their associated Lie algebra bundles are denoted Lie QVB C Liel's C B x LieT".

Theorem 3.2. Each pair of positive real numbers oy, aq determines a structure of T-
invariant Hamiltonian Kahler fibration’ on mg: C — B, that is, a smooth family we of
Kdhler forms wy on the fibres Zy,, parameterized by b € B, which are exchanged by the
I'-action, and a morphism

of fibrations over B, whose fibre py: Z, — (Lie va)* is @ moment map for the Gy-action on
Zy, and such that

(1g(g - 1),¢) = (u(I),Ad(g~")C) (3.13)
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for all (b,1) €C, g€ T, ( € LieG,..

Proof. As in we fix a G-invariant positive definite inner product on g. Suppose that
it extends to a G%invariant symmetric bilinear form (-,-): g° ® g¢ — C (e.g., we can
use (-,-) = —tr(p(:) o p(-)) for a faithful representation p: G° — GL(r,C) such that
p(G) € U(r)). This form induces another one on the adjoint bundle ad E¢ = E° Xge g°,
which extends to a C-bilinear map

QP (ad E) x Qi(ad E°) — Q"M @ C: (ay,a,) — a, A ay (3.14)

(cf. (L.1))), which clearly is equivariant under the action of Aut E¢ given by pull-back.
Fix ap, oy > 0. By the results of §2] for each b = (w, H) € B we have a Kahler manifold
(Zb,I,wb), (315)
where I is the restriction of (3.2)) and wj, corresponds to (2.5 via the isomorphism Z, = P,
of Lemma Furthermore, the G,-action on (Z,,wy) is Hamiltonian, with moment map
p: Zy — (Lie G,)* (3.16)

which corresponds to the moment map in Proposition [2.1] via the isomorphism Z, = P, of
Lemma Using now the (Aut E°)-equivariance of (3.14)), it is easy to see that w, and

Wy are the fibres of a family we defining a I'-invariant Kahler fibration and a morphism of

bundles as in (3.12]), respectively.

To prove (3.13), note that the actions of Aut £ on the Chern connection 0 of H € R
and I € Z,, regarded as a connection on E°, and on its curvature Fiy; € Q%(ad E°), satisfy

901 ="05m141, 9-Fuir=Fyngr, (3.17)
forallg e AwtE°, H € R, I € Z (cf. [I5, §1.1]). Given (b, I) € C, we define
Sa(b, 1) == =S, ; — A2 ((Fup — 2) A (Fp — 2)) € C®(X), (3.18)
where 2 = 24 if n > 1, and
Sa(b,I) = —aS,, ; +4a1 A, Fy 1 Nz € C(X), (3.19)

if n =1, where b = (w, H) and S, ; is the scalar curvature of (X, I,w). By the equivariance

of (3.14)) and the second identity in (3.17)),

Salgb, gI) = Sa(b,I) 0 g, (3.20)
for all ¢ € Aut £°. Combining now (3.9), (3.17) and (3.20), and making a change of
variable in (2.6) and (2.7]), we obtain (3.13)), as required. O

Remark 3.3. The two fibrations (3.3|) can be compared with those in [27, §2.C], used to see
that the spaces of tamed and compatible complex structures on a symplectic vector space
are contractible (cf. [42 Proposition 2.51]).

3.2. Invariant fibration by symmetric spaces. Throughout §3.2 we will use the
framework introduced in §3.1] and in particular the first part of Lemma (however,
the isomorphism P, = Z, of Lemma [3.1] and the families we and pe of Theorem will
not be used until . Our task now is to construct a canonical structure of ‘I'-invariant
symmetric space fibration’ on 7z : C — Z, that is, symmetric space structures on the fibres
B which are exchanged by the T-action. As in §1.2] the Lie groups and manifolds consid-
ered here are infinite dimensional, so one has to be careful with many standard results in
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finite dimensions. In particular, the Newlander—Nirenberg theorem fails in general, so we
use the notion of formally integrable complex structure, as in Proposition [2.2]

Let W be the space of complex structures on the real vector space underlying the Lie al-
gebra Lie D" (i.e. linear maps whose square is — Id). Consider the tautological I'-equivariant
map

Z-—W (3.21)

which assigns to each I the endomorphism Liel" — LieI': y +— Iy. Then, since any I € Z
is integrable, (3.21]) satisfies the conditions

Yir =Wy, [y, y/Ie + 1y, 1yl + 11y, e — [Ty, 1yIr = 0, (3.22)
for all y,y’ € LieT" (with [-,-]r as in (3.1))), where
Yyr €12 (3.23)

is the infinitesimal action of y € LieI’ on I € Z, given by the Lie derivative —L, .

To construct the symmetric space fibration, we first prove that Z parameterizes right-
invariant formally integrable complex structures on the group I'. Given g € I', define

Ly:I' —T:h+——gh, Ry;:I'—T:h+~— hg, (3.24)

as the left and right multiplication by g, respectively. To each I € Z, we associate a
right-invariant almost complex structure I on I', defined for v € T,I', g € I by

Iv = (R,).I(R,), 'v. (3.25)

Proposition 3.4. The almost complex structure I is formally integrable, for all I € Z.

Proof. The statement follows from the second equation in (3.22)), evaluating the Nijenhuis
tensor Ny of I on right invariant vector fields. ]

The next step in the construction of our symmetric space fibration relies on the follow-
ing condition for all I € Z such that B; is non-empty (this property will be proved in

Proposition :
(x) There exists a well-defined isomorphism of vector bundles
Lie Gpi, — TBy: (b,C) — Yigp (3.26)
provided by the infinitesimal action of I Lie (jb C Liel' on Bj.
In the sequel, the inverse of is denoted
(r: TB; — Lie G, (3.27)
Given a compatible pair (b, ) € C, we define a space
Y=YVor:={9€l'|g-be By}, (3.28)

amap T = m,r: Y — B given by 7(g) = g - b and a right I';-action on Y given by right
multiplication in I'.

Proposition 3.5. For any (b, I) € C, the following properties hold:
(1) Y is principal T'y-bundle over By.
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(2) There exists a canonical connection A on Y, with horizontal lift

0h: 7 TB; — TY: (g,v) — (Ry).I(1(v) (3.29)
and curvature given by
Fy(vo,v1) = (Ry)«[C1(v0), Cr(v1)]r, (3.30)

forall g € Y and vy, vy € Ty By.

Proof. The T'y-action on ) is clearly free, so leaving aside global topological questions, to
prove part (1), it suffices to show that 7 is surjective and induces Y/I', = By, that is, for
all o’ € By, there exists g € I such that ' = ¢g-b. Since By is contractible (see (3.4])), there
exists a smooth curve b; on By with by = b, by = b'. Let

ye = 1(1(by) € LieT, (3.31)
with (; given by (3.27). Let g, € I" be the flow of y;, defined by
ge- 95t =, (3.32)

with initial condition gy = 1. Note that the flow g; exists for all ¢ because y; is G°-invariant,
so it covers a vector field ¢, on X, whose flow §; € Diffq X exists for all ¢ because X is
compact (cf. (1.16) and Remark [1.4). Now, by the Leibniz rule,

d _ _ .
g (o0 = o (Y +) =0

because (; inverts the infinitesimal action of I LieG, C Liel on By (cf. [I8, p. 17]). Thus
g7t - by is independent of ¢, so b/ = g; - b, as required.

For (2), note that the horizontal lift of curves on By to ) determined by the flow of
defines a canonical connection A on ). To obtain , let b; be a curve on By
with by = v and g € T such that g-b = by. By definition, the horizontal lift g, of b, through
g is the flow of with go = ¢ (recall that it exists because y; is G-invariant). Hence

d _
0h(9:0) = — 9979 = (Ry)(IG1(v)).
dt [t=0
To check (3.30)), given y € Liel" we denote by &, the associated left-invariant vector field
on I', given by
Xylg = (Lg)+y. (3.33)
Since I is right invariant, [X,, I-] = I[X,,-] for any y € LieI', which implies that
[I‘Xym I‘Xyl]ll = _[y(b yl]F
for any yo, 41 € Liel', by Proposition [3.4, Note also that
04 (9.v) = I(Ly)(Ad(g7")Cr(v) = TXaag-1)¢s)lg = (Bg)s (LX)
for any g € YV and v € T, Br. Hence given vy, v1 € Ty, By,
FA(”O: Ul) = _QA(RQ)*[I‘XQ(UO)’ IXCI(U1)]|1
= 0a(Rg)«[Cr(vo), Cr(v1)lr = (Ry)«[Cr(vo), Cr(v1)]r,
where the first equality follows from ([1.21]) and the third because
(Ry)<[Cr(v0), Cr(v)]r = (Lg)« Ad(g™")[Cr(v0), Cr(vi)]r

is a vertical vector field on Y. O



COUPLED EQUATIONS FOR KAHLER METRICS AND CONNECTIONS 25

Given b,b" € By, / = g- b for any g in the fibre of ), ; over I/, by Proposition . Then
we have an isomorphism of principal bundles

W1 = Vi g —g'gh, (3.34)

with corresponding isomorphism Iy — Ty: ¢/ — Ad(g)g" between their structure
groups. It follows from the definition of the canonical connection in terms of (3.31)), or
from (3.29)), that this isomorphism exchanges the canonical connections on these principal
bundles.

We are now in a position to construct the promised canonical structure of ‘I’-invariant
symmetric space fibration’ on 7z: C — Z. Observe first that the connection ([3.29) induces
a canonical affine connection

V: Q%(TB) — Q(TB) (3.35)
on By, obtained using the canonical isomorphism
TB; =Y xr, LieG, C ad Y, (3.36)

which follows from the canonical isomorphism T'B; = 7*T'B; /T, and the I'y-equivariant
isomorphism of vector bundles

y x Lie gb i W*TB[Z (g, C) [ — (g, }/IAd(g)dg-b) . (337)

Note also that the parallel transport 7;(v) of a tangent vector v € Ty, B; along a curve b,
on By, and hence the affine connection V, do not depend on the choice of the base point
b € By used implicitly in the right-hand side of . In fact, it is given by the curve on
T B; defined as

74(v) = Yi¢ o, Where ¢ 1= Ad(g:)(r(v). (3.38)

Here, g; is the flow of (3.31]) with go = 1. This follows from (3.36)), (3.37) and standard
properties about horizontal lifts [32], p. 114].

Note that the canonical connections and are constructed exactly as for any
finite-dimensional symmetric space (cf. e.g. [33, Ch XI, §3]) and that they are exchanged
by the I-actions. In fact, our next result shows that (B, V) is a symmetric space, in a
similar sense to [18, §4, Proposition 2].

Theorem 3.6. Let I € Z be such that By is non-empty. Then By is a symmetric space,
i.e. it has a torsion-free affine connection V, with holonomy group contained in G, and
covariantly constant curvature Ry, given by

C1(Ry (vo, v1)v2) = [[C1(vo), Cr(v1)]r, Cr(v2)]r, (3.39)
for any b € By and vy, vy,v9 € T, By.

Proof. To prove this, we relate the torsion Ty of V with the Nijenhuis tensor Ny of (I', I')
and its curvature Ry with the curvature F)y of A.

Let V; and V5 be two vector fields on B;. Then
Ty (Vi, Vo) i= Vy, Vo = Vi, Vo — [V1, V3.
Consider the principal I'y-bundle 7: Y — Bj associated to a fixed b € B;. By (3.36)), T By

is a subbundle of ad ), so V; induces a I'j-invariant vertical vector fields V; on ), given by

Vi(g) = (Ry)«C1(Vi(gb),
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for g €Y, 7 =0,1. We claim that
To(V1, Vo) = —dn(N1(V1,12)), (3.40)
and so Ty = 0 by Proposition [3.4] To see this, note first that
I‘z:gli—V] and FA(%)‘/Z) :_[‘717‘72]’

by (3.29) and ([3.30)). Moreover, by the construction of V and the definition of the covariant
derivative d, induced by A on ad ) (see (1.21])),

TV, = duVy = [05(). Vi = 1), V5]
It follows then that
N1(Vi, Vo) o= [TV, IV3) — I[TVA, Vo] — I[V4, IVy] — VA, V)
= 04V, 04Va] — IV Vo + IV, Vi + Fu(VA, Vo)
= 03([V1, Vo] = Vi, Va + Vi, Vi)
= —0;Tv (1, Va),
and so holds.

Since the curvature Ry is induced by Fj via the adjoint representation, it follows
from ([3.30)), (3.36]) and the fact that LieG, C Liel is a Lie subalgebra, that

RV(UO’ Ul)v? = }/]HCI('UO)»CI('Ul)]DCI(U?)]Flb’ (3'41)

for vg, v1,vs € T,B;, which implies (3.39), by condition (). Hence, since the group G, is
normal in I'y and By is contractible, it follows from that the holonomy group of V is
contained in G, (see [32, Theorem 8.1]). Using and the formula for the parallel
transport 7; of a curve on By, it is now straighforward that 7Ry = Ry, so VRy =0. U

Remark 3.7. When H'(X,R) = 0, so LieG, = LieT,, it follows from Proposition (1)
that the bundle ), endowed with the restriction of the formally integrable almost complex
structure of Proposition [3.4] is an infinitesimal complexification of I', in the sense of Don-
aldson [I8], §4]. If in addition I'; is trivial, then there is an alternative proof of Theorem
which does not use Proposition In this case, the almost complex structure on ), ; can
be defined as the pull-back of the formally integrable almost complex structure on Z;, by
the holomorphic map

Vo1 — Zy: g— g 'L (3.42)

3.3. The uniqueness and existence problem for the coupled equations. We apply
now the framework of §§3.1] to construct obstructions to the existence of solutions to
the coupled equations ([2.10)).

Fix coupling constants ag, ; > 0. It follows from Proposition [2.4] Lemma [3.1] and the
construction of y;, in Theorem [3.2| for each b = (w, H) € B, that the existence of a solution
(J,A) € Py of the coupled equations (for the symplectic manifold (X,w) and the
principal G-bundle Ep) is equivalent to the condition p,(1) = 0 for some I € Z,. By the
equivariance of ue, this is equivalent to the condition

72 (0 1) Mg (0) £ 0, (3.43)

where I' - I C Z is the orbit of I. Given such an orbit, in §3.3| we construct a complex
character F; of the complex Lie algebra Lie 'y, which vanishes when ((3.43)) is satisfied, and
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an ‘integral of the moment map” M;: By — R, which is bounded from below when
is satisfied, provided that the symmetric space B; is geodesically convex. Furthermore,
we motivate a definition of ‘geodesic stability’ of the orbit I' - I and conjecture a link
with when I'; is finite. To do this, we first reformulate condition in terms of
a [-invariant family o of 1-forms o; on the fibres B; of mz: C — Z, defined by the formula

o1(v) == —(u(I), Cr(v)), (3.44)
for all (b, 1) € C, v € T, By, with (; defined as in (3.27)). Here, the I'-invariance of 0 means
og.1(gv) = o7(v) (3.45)

for all (b,1) € C, v € T,By, g € I". Note that (3.45) follows from (3.13]) and the fact that

Ad(g)Cr(v) = Cgr(v)
for all g € I'; which is immediate from the definition of (;. Observe also that
2 (T - 1) Npg'(0) #0 <= o5 € QY(B;) has a zero. (3.46)

Now, since By is contractible (see (3.4])), it suffices to study o; along curves on Bj. Let
Vi be a vector field on B; along a curve b, on By, i.e. a curve on 1'By with V; € T}, By for
all £. We use the standard notation V; V; for the covariant derivative of V; in the direction

of b, on the symmetric space (Br, V) (see (3.35)) and Theorem |3.6)).
Proposition 3.8.

(1) £o1(Vi) = wn, (Yoo, W, o) + 01(V3, Vi)
(2) oy is closed.

Proof. To prove (1), let g; the horizontal lift of b, to ), ; prescribed by the connec-
tion (3.29)), with go = 1. Then b, = g; - b (see Proposition , so (3.13]) implies
o1(Vi) = — (1), G, (3.47)
where I, := g; ' - I and ¢, := Ad(g,)~'¢;(V;). Using (3.22)), we obtain
L= —g; 99 T = ~9, Yie o1 = —90 Wopia

so using formula (3.38)) for the parallel transport 7, s: Ty, By — T3, By and the definition of
covariant derivative (see e.g. [32, p. 114]),

. d

Vi, Vii=— 8 (Vo) = %|s:t}/}Ad(gsg;1)_1Cl(‘/t)|bt

:Y}Ad(gt)éﬂbt - gtY}tCHb'
Formula (1) follows now from this equation and the I'-invariance of oy, as they imply
or,(Yi,e5) = 01(V;, Vi), that combined with (3.47) imply
d . )

EUI(V;) = — (dus(1y), Ce)) — (o), Cr)

:Wb(gt_lyqf(vmhgt_lIYgI(i)t)u) + oY)

=wh, (Yo, (vi)|1 IY(,(i;t)u) + af(Vtit),
since up is a moment map and we is I'-invariant.

To prove (2), let V; and V5 be two vector fields on B;. Then
do(V1,V2) = Vi(o1(V2)) = Va(o1 (V1)) — a1([V2, Va)), (3.48)
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so, using (1) and the fact that wp(-,I-) is a family of symmetric bilinear forms, we see that
do;(V1,V2) = 01(Tw(V1, V2)),
which vanishes because V is torsion-free, by Theorem [3.6] O

To define our first obstruction to ([3.43]), note that LieI'; is a complex Lie algebra for all

I € Z, by (3.22) and the equivariance of (3.21)). Given I € Z and b € By, combining the
1-form oy and (3.21)), we obtain a C-linear map

Fr: Liel'; — C: ( — (F, () = iU[(Yqb) + U[(Y[qb). (3.49)
By the I'-invariance of o (see (3.45))), this map is also I'-invariant, i.e.
<~7:g-17 Ad(g)c> = <"TI7 C>’ (350)

for all ( € Liel'y, g € T'.
Theorem 3.9. The map (3.49) is independent of b € By. It defines a character
Fr: Liel'; — C
of LieI'; that vanishes if o; has a zero.
Proof. The proof essentially follows a previous one by Bourguignon [8]. For the first part,

it is enough to prove that o;(Y;) is a constant function on By, for all ( € Liel';. Now,
or € QY(By) is closed (by Proposition (3.8))) and I'j-invariant (since ¢ is [-invariant), so

d(O'[(}/C)) = —}/C_Ido'[ + LY(U[ = 0,
and hence o;(Y;) is constant, because By is contractible. The second part follows because

Fi is C-linear and I'j-invariant, by (3.50)). O

To obtain the second obstruction, note that, by Proposition |3.8] and the contractibility
of By, oy is exact and so there exists a functional

M]Z B[XB[—>R (351)
such that dM(-,b) = o; and M;(b,b) =0 for all b € B;. Along a curve b; on By,

t
M (b, b) = My (bo,b) + / o1 (bs)ds. (3.52)
0
Moreover, the I'-invariance of ¢ implies that
Mi(gb',b) = My-1,(b',b) + M(V',b), (3.53)
for all g € I such that gb' € By (i.e. g € Yy 1).

Proposition 3.10. The functional M;(-,b): B; — R is convez along geodesics on (B, V).
If By is geodesically convex and oy has a zero, then My(-,b) is bounded from below, for all
b e By.

Proof. The first part follows because (3.52)) and Proposition [3.8(1) imply

d> d . 2
S5 Ml b) = Zarlhe) = [V 20, (3.54)
for any geodesic b; on (B, V), where || - || is the L?-norm with respect to the metric on

Zy

P
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For the second part, suppose b’ € By is a zero of o;. We can suppose b’ = b, because
using (3.52) along a curve joining b and ', we see that
MI(', b/) = M[(b, b/) + M[(‘, b)

Now, given b” € By, by hypothesis there exists a geodesic b; with by = b and b; = 0”.
Hence

M[ b” b )|I
and so M;(-,b) is bounded from below by 0eR. d

Corollary 3.11. If By is geodesically convex, then o; has at most one zero on Br modulo
the action of I';.

Proof. Given zeros b, b/ € By of oy, let b; a geodesic joining them. Then

ool =
for all ¢, because (3.54]) implies that

R — R: t — o(by) (3.55)

is an increasing function which vanishes for ¢t = 0 and ¢t = 1. Hence the flow g; of I I(i)t)
lies in I'; for all ¢t and ¢g;b = b;. In particular, g1b = ¥'. ]

Remark 3.12. Proposition and Theorem hold even when ag,a; are not positive
(their proofs depend only on the condition that wy, is of type (1,1) with respect to I). In §4]
we will use these facts about o; and F; for arbitrary «g, a;. However, Proposition @,
Corollary and the remainder of depend on the assumption that g, o are positive,
although Proposition [3.14] also holds in the degenerate case aga; = 0.

If Z, and I'y are finite-dimensional manifolds and §b = I, is compact, there is a
well-known numerical condition, called the Hilbert—Mumford criterion, which character-
izes (see the example at the end of . In this case, the principal bundle Y
of Proposition is the complexification of I', (by the observations about infinitesimal
complexifications at the end of §3.2] as formally integrable almost complex structures are
integrable in finite dimensions), and the criterion is formulated in terms of 1-parameter
subgroups of ). In the generality of §3] the Lie group I', may have no complexification,
but the geodesics of the symmetric space (By,V) are a substitute for the l-parameter
subgroups, and we have the following generalization of this condition (cf. [12], [I8] §8]).

Definition 3.13. A point I € Z is geodesically semistable if
lim o1(b) >0 (3.56)

for any infinite geodesic ray b;, t € [0,00], in (B, V). It is geodesically stable if the
inequality (3.56) is strict whenever b; is non-constant.

Observe that the limit always exists, because is an increasing function for
geodesic rays, by . Note also that the geodesic stability and semistability conditions
only depend on the I'-orbit of I € Z, because ¢ is [-invariant and the connections on the
fibres of mz are exchanged by the I'-action and hence so are their geodesic rays.

In the finite-dimensional case, by the Kempf-Ness Theorem [30], an orbit I' - [ € Z is
geodesically stable if and only if (3.43)) holds and I'; is finite (see the example at the end
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of §3.3). The following result provides some evidence that a sensible question is whether
this equivalence also holds in the generality of §3] at least when By is geodesically convex.

Proposition 3.14. Let (b,I) € C. Then

(1) If Ty r =Ty NIy is not finite, then I" - I is not geodesically stable.
(2) Suppose that By is geodesically convex. If (3.43|) is satisfied, then T'-I is geodesically

semistable.

Proof. For part (1), let ¢ € LieI'; be non-zero. Let g, the flow of I¢. Then b, = g;b is an
infinite geodesic ray starting at b, because

515 = gtY1<|b = YAd(gt)IC|bt = YIAd(gt)th = Ttbo-
Furthermore, if ¢ € LieI', s, then by = Yiep # 0, by (3.26)), so b, is non-constant. Then

Ul(bt) = Ul(gtb()) = 09;1(60) = ‘71@0)
and so . '
lim or1(be) = o1(bo) = o1(Yiep) = (F1, ).

There are three possibilities. If (F;,() < 0, then part (1) is obvious. The case (Fj, () >
0 reduces to the previous one by taking the non-trivial geodesic corresponding to —I¢.
Finally, if (F7, ) = 0, since b, is non-trivial, then by definition I is not geodesically stable.

For part (2), suppose that B; is geodesically convex and I' - I is not geodesically
semistable. Then there exists an infinite geodesic ray b; such that

C = tlim O’](i)t) <0,

where o7(6;) < C for all £, as (3.55)) is an increasing function, so M (b, by) < Ct, by (3.52)).
Therefore M(+, bg) is not bounded from below, so (3.43)) cannot be satisfied, by Proposi-
tion [3. 10} U

We would like to point out that the framework developed in §§3.2] [3.3]is rather general,
as it relies only on formal properties of the double fibration (3.3]), and may be applied
to other situations (in particular, to equations with a further coupling with Higgs fields).
The basic ingredients are a real Lie group I', a I'-equivariant double fibration (3.3)), where
(Z,1) is an almost complex manifold, and a [-equivariant map satisfying .
It is crucial that 7z satisfies condition (x) of , all its fibres are contractible and 7
satisfies the properties of Theorem for a fibration of normal subgroups as in (3.11))
(note that the formal integrability of the almost complex structures on the fibres of 7z was
never used).

To see how this general framework works, we conclude by explaining how it applies
to the standard theory of finite-dimensional Kéhler quotients (as presented e.g. in [43]
§5]) and its relation with Geomeric Invariant Theory (GIT). Suppose that Z is a finite-
dimensional Kéhler manifold with a left action of a complex reductive Lie group G¢ pre-
serving its complex structure. Suppose also that this action restricts to a Hamiltonian
action of a maximal compact subgroup G C G°¢, with G-equivariant moment map

p:Z—4g,
where g is the Lie algebra of G. To compare with §§3.2] we define:
e [ is the real Lie group underlying G¢,
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e B =G¢/G is the orbit space for the action by right multiplication of G on G¢,

e the map Z — W of is the constant map given by the complex structure on
the Lie algebra g of G,

oC:BXZanng:FB.

Then the isotropy group of any G-orbit b = [g] :== ¢G € B is
gb =1y = Ad(9)G
and the fibre of the morphism ([3.26]) over a point b = [g] is

Ad(g)g — T,G°/T,(9G): ¢ — [(Ry).(i()]. (3.57)

Therefore (3.26)) is an isomorphism and condition (%) of is satisfied, and hence so are
the conclusions of Proposition and Theorem [3.3] In this finite-dimensional case, the
construction of the connections (3.29)) and (3.35) reduce to the classical constructions of
the canonical connections on finite-dimensional symmetric spaces (see e.g. [33, Ch XI, §3]).
Hence, by [33, Ch XI, Theorem 3.2(3)], the infinite geodesic rays on G°/G starting at [g]
are the curves

[0, 00— G°/G: t — [e'¢g], (3.58)
with ¢ € Ad(g)g. Note that the canonical projection

s G°/G x 2 — G°/G

is a ‘trivial” G-invariant complex fibration. However, since G° does not necessarily preserve
wz, to view mg as a G°invariant Hamiltonian fibration, we endow this map with the non-
trivial family we of symplectic 2-forms wy, := g.wz on the fibres Z, = Z, for b = [¢] € G°/G.
Indeed, the isotropy group Ad(g)G preserves w, and has moment map given by

(u(I),¢) == (g™ 1), Ad(g7")Q), (3.59)
for b = [g] € G°/G, and (3.59) defines the morphism ([3.12)) of fibrations over G¢/G. Using

the isomorphism ([3.57]), we obtain the formula

<f17 C) = _<H(I)7C0> - i<u<[)7C1>’
forall I € Z, ( = (o +1( € g, where (p, (1 € g°. Hence Theorem reduces to [56]
Proposition 6 and Corollary 8§].

Suppose now that Z is a Glinearised projective manifold, i.e. there is a G-equivariant
closed embedding Z C CPY and wz is the restriction of the Fubini-Study Kéhler form.
Then geodesic stability /semistability coincide with GIT stability /semistability, by the
Hilbert—-Mumford criterion. This essentially follows because any 1-parameter subgroup

A Cr— G©

restricts to a group homomorphism A: S — Ad(g)G for some g € G¢, which induces an
infinite geodesic ray starting at [¢g] and because the Hilbert—Mumford weight for \ at
a point I € Z is precisely the left-hand side of . Furthermore, the functional
is the Kempf-Ness functional [30], which provides the key tool to prove the Kempf-Ness
theorem relating the symplectic and GIT quotients:

P (0)/G=2z)G"

Finally, we should remark that this theorem has been extended to non-projective manifolds
(see e.g. [43], §5], [51]). In this case, the functional (3.51) is the integral of the moment map
in [43] §5] and geodesic stability coincides with analytic stability (by [43, Corollary 5.3]).
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3.4. The a-Futaki character, the a-K-energy and the geodesic equation. We now
prove that condition (x) of is satisfied and give explicit formulae for the character F7,
the functional M; and the geodesic equation on By introduced in §3.3

Fix a complex structure on X for which Q € H?(X,R) is a Kahler class (i.e. it contains
a Kahler form) and a holomorphic structure on the principal G°-bundle 7: E¢ — X. These

data determine a point I € Z. As explained in condition for the orbit I - I
is equivalent to the existence of a pair b = (w, H) € By such that the point (J, A) € P,
corresponding to I via Lemma satisfies the coupled equations . In other words,
condition for the orbit I'-1 is equivalent to the existence of a solution b = (w, H) € By
to the following coupled equations, where S, is the scalar curvature of the Riemannian

metric g; = w(-, I-) and Fy is the curvature of the Chern connection of H and I:

AwFH =z
@S, + aA2(Fy A Fy) =c } : (3.60)

By ([3.46)), these equations are satisfied if and only if the 1-form o; on B has a zero. Now,
the definition of o7 in (3.44), and in fact the whole of §§3.2] [3.3] depend on condition (x)
of . To prove this condition, note first that by (3.4)), there is a canonical isomorphism

TyB; = dd°C™(X) ®iQ°(ad Ey), (3.61)

for all b = (w, H) € By, obtained from the dd°-lemma and from the pointwise isomorphism
iLie G = G°/@G induced by the exponential. Define now Lie G¢ = Q°(ad E¢) and Lie Gy =
0%(ad Ey) as the Lie algebras of the gauge group G¢ of E¢ and the gauge group Gy of Eg,
respectively. Consider the projection maps onto the real and imaginary parts associated
to H € R,

Rey,Impy: LieG° — Lie Gy, (3.62)

defined by vy = Regy + ilmgy for all y € LieG¢, where we are using the canonical
isomorphism

LieG¢ = LieGy ©1LieGy
induced by (3.7) and g° =g ®ig.
Lemma 3.15. The infinitesimal action of y € Lie(Aut E°) on H € R is

Y;J‘H = iImH(OAy),

where 0. TE® — V E° is the vertical projection induced by any connection A on Ey.

Proof. Using the maps 04,05 in (3.6)), any y € Lie(Aut E¢) can be decomposed as
y = ilmp(0ay) + Reu(0ay) + 047,
where 7 is the vector field on X covered by y. Hence the flow ¢g_; of —y can be written as

gt = f-t05

where f; € Aut Eyy is the flow of Rey(04y) + 649 and s, is the flow of the time-dependent
vector field — fi.(1Img(04y)). Therefore, using the isomorphism TpR = iQ%(ad Eg) (also
used in (3.61])) and the fact that f; ! preserves H, we see that the flow g, of y satisfies

d . .
Yyu = %n—ogt -H s;tH= Jee(AImp (0ay))jt=0 = iImp (04y). O

~ dtj=o
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Proposition 3.16. Condition (x) is satisfied. The inverse of is given by
Ci(v) = —iH — 04n, € Lie Gy, (3.63)
where v € T,B; corresponds to (dd°¢, H) € dd°C>(X) ®iQ°(ad Ey) via (3-61).

Proof. Fix b= (w, H) € B;. Given ¢ € Liel covering a vector field ¢ on X, we have
Yiew = (—d(I¢w),iRex (01¢)) (3.64)

by Lemma [3.15 as I¢ covers I¢ and 0y o I = i6y, where 0y : TEC — V E€ is the vertical
prOJeCtIOH in (3.6) induced by the Chern connection of I on Ey. In particular, when

¢ € Lie G, ( = 1, is the Hamiltonian vector field of some ¢ € C*(X) and (3.64 (3-64) becomes
Yiep = (—dd°¢,i0x(). (3.65)

Hence, by (3.61)) the infinitesimal action (3.65) is in 7}, B; and so the morphism (3.26)) is well
defined. Furthermore, (3.65) easily implies that (3.26)) has an inverse given by (3.63)). O

Using the formula (3.63)), the 1-form o; on By is given by
or(v) = 4041/ iH A (A Fy — 2)w™ +/ $Sq (b, N (3.66)
X X

for all v = (dd°¢, H) € T,B;, where ¢wl™ has zero integral on X and S,(b,I) is given

by (3.18)) if n > 1 and by (3.19)) if n = 1.

The complex character F;: Liel'; — C defined by ([3.49) provides our first obstruction
to the existence of solutions to (3.60). To give an explicit expression for F;, note first that
Liel'; = Lie Aut(E°, I)

is the Lie algebra of the automorphism group of the holomorphic bundle (E€, I), so each
¢ € LieI'; covers a real holomorphic vector field ¢ on (X, I). Now, we can write

52%1 +j?7¢2 —’_67

for any given a Kahler form w € Kj, where 7y, is the Hamiltonian vector field of ¢; €
CP(X) on (X,w), for j = 1,2, and 3 is the dual of a 1-form which is harmonic with
respect to the Kéhler metric w(-, I+) (see e.g. [36]). Using this decomposition in (3.64)), we
see that the infinitesimal action of ¢ € Lie Aut(E° I) on b = (w,H) € By is

Yvdb = (—ddc¢2, 1 ImH HHC)
Hence defining the complex-valued function ¢ := ¢1 + i ¢o,

(F1,¢) = —4041/ OuC A (AFy — 2)w /qu (b, Nw!™, (3.67)

which must vanish if - has a solution, by Theorem -

It is now clear from formula that for trivial G¢, Fr is the Futaki invariant [22]
of the Kihler class Q on (X, ), up to a multiplicative factor. For non-trivial G¢ and
ap = 0, the character Fj, restricted to the Lie subalgebra of Liel'; consisting of vector
fields covering holomorphic complex Hamiltonian vector fields (i.e. vector fields that vanish
somewhere on X), was already constructed by Futaki (see [23] Theorem 1.1]).
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Using now (3.52), the a-K-energy can be written explicitly along a curve b; = (w;, Hy)
on By, with w, = wy + dd°¢; and gbtwt[n} with zero integral on X, as

¢
M (b, b) =M(bo,b) +4a1/ / iH, A (Ao, Fy, — z)wgn} A ds
0o Jx

t
+/ / éssa(bsal>w[n]/\d5‘ (368)
0 X

By Proposition [3.10, M;(-,b) is convex along geodesics on the symmetric space (By, V).
The explicit expression of the affine connection V and its geodesic equation in the co-
ordinates provided by the canonical isomorphism (3.61) are the content of the following
proposition.

For the next result, given b = (w,H) € By, we denote by (-,), the metric on T*X

associated to w(-, I-) and by dy the covariant derivative associated to the Chern connection
of H and I.

Proposition 3.17. (1) The Christoffel symbol T': T,B; x T,B; — TyBy is
F(i)l, bg) = (—ddc(dqb], d¢2)w, —j77¢1JdHH2 — jn¢2JdHH1 + iFH(n¢1,j77¢2)> s

or all b; = (dd°¢;, H;) € T,B;, with j = 1,2.
] js 415
(2) A curve by = (wy, Hy) on By, with w; = w + dd°¢y, is a geodesic if and only if

dd(¢r — (dy, ddr)o) =0 } (3.69)
Ht_ZInd)tJdHth+iFHt(n¢5t7Ind>t) =0 ]’

where ng, is the Hamiltonian vector field of by over (X, w).

Proof. The proof of part (1) is a computation of the covariant derivative of a vector field
vy = (ddy,1&;) along a curve by = (wy, Hy) on By, i.e. a curve vy, on T'B; with v, € T), By
for all t. Recall that the covariant derivative of v; along b; is (see e.g. [32, p. 114))

d

ds|s=t

Vi, ve - Tis (Vs) = 0 + T (by, vy), (3.70)

where U, = (dd%/.)t,ift) and 7 4: Ty, By — Ty, By is the parallel transport along b,. To
calculate (3.70)) we compute the parallel transport 79(v) of any v = (dd°¢, H) € T,B;
along b; using (3.38)). Let ¢; = Ad(g:)(r(v), where g; is the horizontal lift of b; to Yy, 1 (i.e.

the flow of I{;(b;)) with go = 1 (see (3.28]) and Proposition . By (3.63),
G = (9)e(—1H — 057 y15) = —i(9)-H — 071, 1,((90)n6) = —i(92)-H — b5, 1,10
where 7, is the Hamiltonian vector field of ¢ o g;* over (X, w;), so by and ,
707,5(1')) =Y, = (dd“(¢ o Qt_l%iRth Om,.1(— i(gt)*H - %Jtm))
= (dd“(¢ 0 g; "), Tmp, ((90) - H) + 10380, 1, — Om, 1)).
Hence we obtain
Ty (Us) = (dd°(1hs © §s), I, (1(9e,s)*Es) + Nes2i(Om,. 1, — On,p)),

where v, = (dd®s,1€s) € Ty, Br, g1s is the flow of ]Cj(bs) with g, = 1, 1,5 is the Hamil-
tonian vector field of 50 g, , over (X, w;) and I, = g, - I. Thus denoting V; v; = (w;, w?),
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we conclude that
wy :ddc(i/.)t - dlbt(j%t,wt)) = ddyy, — dd*(dy, dﬂgt)w“
wi =Ty, (16 + [1¢r(0), 16]) — 10m,1[1Cr(Br) O3, r100]
=& + T, [1¢ (), 16] +10m,1 (G (be), O3, 1 (T,)]
=07 + T, [Hy, &) — [0, ,(Ing,), 1&] = 05, (Ing,), Hi]
—10p,,1[05, M4, 011, 1(Iny,)]
=i& — Ing,odm, (1&) — Ing,odm, Hy +1Fy, (n,,, Ing, ).

This proves (1). Note that Fy and w are of type (1,1), so the torsion is Ty = 0 (cf.
Theorem and the geodesic equation is (3.69)). This proves (2). O

Remark 3.18. When G° is the trivial group, so £° = X, Theorem and Proposition (3.1
reduce to the corresponding results for the space of Kahler metrics K; already studied by
Mabuchi [38,39] and Donaldson [I§]. More precisely, we recover the Levi-Civita connection
of the Mabuchi metric on the Riemannian symmetric space Kj, the functional M;(-,b) is
the Mabuchi K-energy [38,[39] on the space of Kihler metrics, by formula (3.68)), and (3.69))
reduces to the geodesic equation on the space of Kéhler metrics [39)]

&y — (dy, deby), = 0. (3.71)
It seems plausible that the methods used by Chen & Tian [I1) I3] in their study of (3.71])
could be adapted to equation (3.69) and to the existence and uniqueness problem for the
coupled equations. As in the case of (3.71]), this would require a reformulation of (3.69)

as a complex Monge-Ampere equation.

Note that the explicit formula for the Christoffel symbols in Proposition [3.17| provides a
direct proof of the vanishing of the torsion 7% (cf. Theorem[3.€]). Observe also that the two
factors of By = Kj x R are Riemannian symmetric spaces with holonomy groups contained
in H, (see [39] and [18, §4]) and Gp, and that the holonomy group of By is contained in
their group extension G, (see ) Here, the structure of Riemannian symmetric space
on R depends on the choice of an element w € K;. However, Proposition implies that
the symmetric space structure of B; is not the product structure. In fact, it is an open
question whether Bj carries a Riemannian metric compatible with V (see Remark for
details).

4. EXTREMAL PAIRS AND DEFORMATION OF SOLUTIONS

Following the approach of LeBrun & Simanca [35, [36], in this section we define two
different extremality conditions for pairs (w, H) (see ({.1)) and (4.52)), establish existence
results for extremal pairs (w, H ) near solutions to the coupled equations under deformations
of the coupling constants and the Kihler class (Theorems[4.10]and [4.17) and find sufficient
conditions for the existence of solutions to the coupled equations (Theorems4.11jand |4.18)).

In §4 we fix a complex reductive Lie group G, an n-dimensional compact complex man-
ifold (X, J), with underlying real manifold X and complex structure J, and a holomorphic
principal G°-bundle (E€, I) over (X, J) with underlying real principal G°-bundle E¢ and

complex structure I (so I = J in the notation of §3.1). We also fix a maximal compact
Lie subgroup G C G°. The Lie algebras of G C G¢ are denoted g C g°, respectively. As in
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Theorem we fix a Ginvariant symmetric bilinear form (-,-): g° ® g — C which re-
strics to a G-invariant positive definite inner product on g. Finally, 3 = g© and 3¢ = (g°)%°

denote the subsets of elements of g and g¢ which are invariant under the adjoint actions of
G and G°, respectively (cf. (1.5).

For simplicity, we assume n > 1 throughout §4} so that the moment map for the G-action

on J x A is given by (2.6 ' Although the constructlons of §4| can be easily adapted to the
case n = 1 (replacing (2.6 by (2.7))), this simplifying assumption is Justlﬁed by the fact
that the system of equatlons 1-) decouples when n =1 (see Example

4.1. Extremal pairs. We start studying an extremality condition which will be useful to
prove Theorem [4.11] Throughout , we fix @ = (ap,a1) € R? such that a; # 0, and a
Kéhler class © on (X, .J). Note that we will not assume ag, a; > 0, but that we can still
apply Proposition and Theorem (see Remark [3.12). We define
BQ = ICQ X R,

where Kq is the space of Kahler forms in {2 compatible with the complex structure J and
R = QU(E°/G) (cf. (B4)).

The following definition is closely related to the vanishing condition for the linearisation
at a solution of the coupled equations (see Proposition and Lemma .

Definition 4.1. A pair b = (w, H) € Bqg is extremal if it satisfies the equations

4a1dHAwFH + 7]a<b)JFH =0 <4 1)
Ly =0 ’ '
where 7,(b) is the Hamiltonian vector field on (X, w) of the function
Sa(b) = —apS, — A2 ((Fir — 2.) A (Fir — 2,)) € C°(X), (4.2)

(cf. (3.18)). Here S,, is the scalar curvature of the metric w(-, J-) and 2, = 2.

Extremal Kéhler metrics in 2, introduced by Calabi in [9, §1], can be characterized as
those w € Kq such that the Hamiltonian vector field of S,, over (X,w) is in Lie H; [9] §2].
In particular, all cscK metrics are extremal. Similarly, extremal pairs admit a description
in terms of real-holomorphic vector fields on the total space of E. To see this, recall that
each H € R induces a reduction of E° to a principal G-bundle Ey C E° (see §3.1) and
each b = (w, H) € Bg determines a short exact sequence of Lie groups (see §1.2))

156G —G-2H—1, (4.3)

given from left to right by the gauge group of Ey, the extended gauge group of Ey over
(X,w) and the group of Hamiltonian symplectomorphisms of (X, w). This exact sequence
induces another one _

1— G — G — Hy, (4.4)
where G; = G N Aut(E%, 1), G; = G N Aut(E<, I) and ‘Hy = H N Aut(X,.J) are finite
dimensional complex Lie groups (see e.g. [0, §2.120]). Note that the Lie algebra Lie G is
given by G°-invariant real-holomorphic vector fields on the total space of (E¢, I) covering
Hamiltonian (real-holomorphic) vector fields on (X, J,w).

Using the horizontal lift Qﬁ: Lie’H — Lie 5,,, of the Chern connection associated to H
and I (cf. (3.6])), we define

Calb) i= —day (Ao Fy — 20) — 0na(b) € Lie Gy, (4.5)
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for each b = (H,w) € Bg. Then it follows from (1.20) and (3.10]) that
b € Bq is extremal <= (,(b) € Lie G. (4.6)

The following link between extremal pairs and the coupled equations is a generalization
of the corresponding link for Kéhler metrics (see e.g. [30, Lemma 1]). To establish this,
note that each w € Kq induces L?-inner products on C*°(X) and Q°(ad Ey), given by

(G0, p1)w = [ Poprw™, (4.7a)

X
(0,61)0 = /X (60 A 1)l (4.7h)

for ¢; € C*(X), & € Q°(ad Ey) (j = 0,1). Their associated L*norms are denoted || - ||,

Proposition 4.2. A pair b € Bg is a solution to the coupled equations (3.60) if and only
if it s an extremal pair and F, o = 0.

Proof. 1f there exists a solution b = (w, H) € Bg to the coupled equations (3.60)), then
Fao =0, by (3.46) (or (3.67)) and Theorem [3.9] and futhermore, b is obviously an extremal
pair, since dgA,Fy = 0 and 7,(b) = 0. Conversely, if b = (w, H) is extremal, i.e. (,(b) €
Lie Gy, then

Fa,0(Ca(b) = [|Sa(b) — Sa”i + 160‘%||AwFH - Z”i > 0,

by ([3.67), where S, = Ix Sa(b)w™ / Volg and z = zq is given by (L.8), so F,.q = 0 implies
that b satisfies (3.60)). O

Extremal pairs enjoy good regularity properties, similar to those of extremal Kahler
metrics [35, Proposition 4]:

Lemma 4.3. Let (w, H) be an extremal pair such that w is a Kdhler form of class C* on
(X,J) and H is a section of E¢/G of class C*. Then both w and H are smooth.

Proof. We will show by induction on [ € N that w and H are Holder of class C*~14 and
C?+L0 respectively, for all 8 € (0,1) and [ € N. By assumption, w and H are of class
CY# and C37, respectively. Suppose now that w and H are of class C?~1# and C?+15,
respectively. As 1,(b) is a real holomorphic vector field by (4.6), it is real analytic, so
dS,(b) is of class C%~18 ie. S,(b) € C*P and hence it follows from that the scalar
curvature S,, is of class C%*~1# because

Ai ((FH—2w> A (FH _'gw))

is of class C#~1, Arguing as in [35, Proposition 4], it follows from the regularity theory
for the Laplacian and for the Monge-Ampere equation that w is of class C#*+% (recall
that the scalar curvature can be written in holomorphic coordinates as A, logdet(w)).
Since (,(b), defined by , is a real-holomorphic vector field on (E€, I) by assumption
(see (4.6)), it is real analytic and so A Fy is of class C?#, because oy # 0. Identifying
H locally with a function on the base with values in exp(ig) C G¢ and using holomorphic
coordinates for the bundle E°, we can write

AyH = H(A,Fy — A, (O(H™') AN OH)), (4.8)

where the right-hand side is of class C?"# and Aj is elliptic with C?*18 coefficients. By the
regularity theory of linear elliptic differential operators, H is of class C**%P (see e.g. [3,
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Theorem 3.55]). Applying this argument again to (4.5]), we see that the right-hand side of
([4.8) is of class C?*+18 and so H is of class C#**+37  as required. U

Remark 4.4. Note that B = Ko X R has a Riemannian metric gq, given by

ga(vo, v1) :/X¢o¢1w[n]+/x(fo/\§1)w[n] (4.9)

for b= (w, H), v; = (¢;,&) € TyBa = C(X) x Q%(ad Ey) (cf. (110)), with H = i¢ in the
notation of Although this metric is rather canonical, it does not endow the symmetric
space (Bg, V) of Theorem with a structure of Riemannian symmetric space, since gq
is not preserved in general by the canonical affine connection V on Bg constructed in
In fact, by a straightforward calculation using formula for the parallel transport,

(Tuge)on) = = [ (51 A (Ba1[Gi(v0), 05T

- (0[Ci(vo), 05 T, ]) A g;) ol

However, if the group G° is trivial, so B = Kq, then gq is precisely the Mabuchi metric
and Vgq = 0, by the previous formula, so we recover the known fact [I8, 39] that Kq, is a
Riemannian symmetric space with Levi-Civita connection V, by Theorem [3.6]

4.2. Holomorphic vector fields on the principal bundle. Given b = (w, H) € Bq,
we now relate the Lie algebra Lie G (see (4.4))) to the space of solutions to a fourth-order
elliptic differential equation which is closely related to the linearization of our coupled
equations. We will use the inner product on C*(X) x Q°(ad Ey) induced by (L.7), ie.
given by

(vo, v1)w = (D0, P1)w + (€0, &1)ws (4.10)
for V; = (¢j7£j) S COO<X) X Qo(adEH) (] = 0, 1)

We define an operator

P=P,: C*(X) — Q(EndTX): ¢ — —L,,J. (4.11)

In other words, P is induced by the infinitesimal action of Lie H on 7. Let P* be the formal
adjoint of P with respect to the L%-inner products on C*(X) and Q°(End 7'X) induced by
w(:, J+), with the L?*inner product on Q°(End 7'X) multiplied by a factor of 1/2, so that
its restriction to 7,7 coincides with wz(-,J-) (defined by (2.2)). Then P*P is, up to a
multiplicative constant factor, the Lichnerowicz operator of the compact Kahler manifold
(X, J,w). This is an elliptic self-adjoint semipositive differential operator of order 4, whose
kernel is the set of functions ¢ such that 7, € Lie H;, and which may be interpreted as
the linearization of the cscK equation at w (see e.g. [35]).

We define now an operator which is closely related to the linearization of the coupled
equations (see Proposition [4.7]) and which will play the role of the Lichnerowicz operator
in our study of the coupled equations. The operator is

Loy = (L2, LL,): OF(X) x Q%(ad Ey) — O®(X) x Q%(ad Eg), (4.12)

a,b?
where LY , and L, are defined by
Loy(0,6) = ag P P d — 201 AZ((Fur — 20) A dJ (du€ + 19 0F ),

: (4.13)
L., (¢,€) = daiAudy J(dué + ngaFry) = dondjy (dué + ngaFa).
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Here, J is the endomorphism of Q'(ad Ey) induced by the complex structure J (see [6]
(2.8)]), dg: Q°(ad Eg) — Q'(ad Fg) is the covariant derivative of the Chern connection
of H and I and, by the Kahler identities, dj; = A,dgJ is its formal adjoint.

Recall that the Chern connection associated to any H € R and [ induces a vector space
isomorphism (see §1.3))

C®(X)/R x Q°(ad Ey) — Lie Gy: ([¢],€) — € + 04m,. (4.14)
Let (Zy, I, wy) be the Kéhler manifold constructed in Lemma and Theorem
Lemma 4.5. Let v; = (¢;,&;) € C°(X) x Q%ad Ey), for j =0,1. Then
(00, Lapv1)w = wo(Yeo 1, IV, 1) + dai (Ingo o(da&s + Mg 2 F ), A Frr — 20)w, (4.15)
where Y¢, is the infinitesimal action of (; = & + HH%] € LieG, on Ly, for j =0,1.
Proof. By the moment map interpretation of scalar curvature of the Kéhler metric w(-, J-),
its derivative 055, : T;J, — C*°(X) with respect to J € J, satisfies
0;S,0JoP =—P*P (4.16)

(see and [19, equation (26)]). By (3.22) and Lemma 3.1 IY; |, is identified with the
infinitesimal action of ¢y on (J, A) € Py, where A is the Chern connection of H and I, so

IYVCIH = _L1C1] = (—JL%l J, J(dH§1 + 77¢1JFH))7 (417)
by Lemma Hence (4.15)) follows from formulae ([2.6)) for the moment map . O

Given a pair b = (w,H) € BQ, an element ( € Lie Qb is in Lie gl if and only if Y ; = 0.
Using (4.17)), we see that Lie G; C Lie G, is the subset of elements ¢ = &+ 04, such that
Hence if (¢,&) € C*(X) x Q°(ad EH) satisfies € + 0ns € LieGr, then it is in ker Ly,
(see (4.13)). We provide now sufficient conditions to obtain the converse implication.

Given a pair b = (w, H) € Bq, H is a Hermitian—Yang—Mills reduction (HYM) on
(B¢, I) with respect to w if it satisfies

AoFy = 2o, (4.19)
where zg is the element of 3 C g given by (1.8). Note that if H is HYM on (E°, I) with
respect to w, then (4.15) becomes simply

(vo, La,bU1>w = c")b<YC0|T7 IYC1|I)' (4.20)

Proposition 4.6. The operator Ly, is elliptic. If H is HYM with respect to w, then Ly,
is also self-adjoint. If furthermore aga; > 0, then

ker Loy = {(¢,€) € C®(X) x Q°(ad Ey) | € + 0414 € Lie G} (4.21)

Proof. The operator L, is elliptic because so are P* P and dj,;dy. If H is HYM, then we
can apply , where wy(+, 1) is symmetric, so L, is self-adjoint. We have already seen
that the right-hand side of is contained in ker L, ;. If in addition aga; > 0, then
wp is compatible with either I or —I (see §2.2)), so if v = (¢, &) satisfies ¢ := £ + 05y ¢
LieG;, then (0, Lapv)w = wp(Yeyr, IVr) # 0 by (4.20), and hence v ¢ kerL,,. This
implies . ]
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Observe that, although L, is an analogue in our context of the Lichnerowicz operator,
there is an important difference between these two operarors, since by Proposition
we can ensure that L, is self-adjoint and its kernel corresponds to Lie Gy via only
when b = (w, H) satisfies the Hermitian—Yang—Mills equation and opo; > 0.

4.3. The linearized coupled equations. Throughout §4.3] we fix a coupling constant
a € R? a holomorphic structure I on E° over (X, J), a Kihler class Q on (X,.J) and
b= (w,H) € Bg. Let HY(X,R) C H?(X,R) be the vector subspace of those de Rham
classes which are representable by real closed (1, 1)-forms on (X, J). Recall that H"(X,R)
is identified by Hodge theory with the space H''(X) of real harmonic (1,1)-forms on
(X, J,w).

In we will compute the first-order deformations of the moment map pu; constructed
in Theorem under deformations given by a new Kéhler form w and a new holomorphic
structure I on the principal bundle E¢ over (X, J), given by

w:i=w+y+ddo, (4.22a)
[:=¢é. T, (4.22b)
parametrised by a triple
(v,6,8) € HM(X) x C®(X) x Q°(ad Ey).

We will also consider the deformed pair

b= (&, H) € By, with H:=e . HeR, (4.23)
where () is the cohomology class of w. Note that (3.17)) implies
FH,T = et FE[,I? (4.24)

where Fy 1 is the curvature of the Chern connection 0y = 0y 1 associated to H and 1.

In fact, to prove Theorems and [4.18 we will need to apply the implicit function
theorem, so we will work in Sobolev spaces. Let LZ(X) and L2(ad Ey) be the Sobolev
spaces of real-valued functions on X and sections of the bundle ad Fy, respectively, whose
distributional derivatives up to order k are square integrable. These are real Hilbert
spaces which, by the Sobolev embedding theorem, have natural bounded inclusion maps
LZ(X) Cc CY(X) and Li(ad Ef) C C'(ad Ey) into the Banach spaces of [-times continously
differentiable functions and sections of ad Ey, respectively, provided k& > n + [. Moreover,
if k> n, then L?(X) is a Banach algebra. Fix k > n. Let

U=Ux L}, ,(ad Ey) € H"(X) x L2, ,(X) x L2, ,(ad Eg), (4.25)

where U € HY(X) x L7 4(X) is the open neighbourhood of (0,0) consisting of pairs (v, ¢)
such that &(-, J-) is a Kahler metric of class C?, with & defined by (4.22a]). Define the

moment map operator

T, = (T%,TY): U ——— Li(X) x L}, ,(ad Ey)

_ (4.26)
(98, ) > (Sa(b, D) 401 (AaFyy 7 — 73))

where @, I and b are defined by (4.22) and (4.23), while S, (E, I) and zg are given by the
formulae (4.2)) and (4.19)), using the Kéhler class

Q=[] € HY(X,R).
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Observe that T, is a variant for Sobolev spaces of the families of moment maps .

The following proposition can be compared with [36, Proposition 5].

Proposition 4.7. For k > n, T, is a well-defined C' map whose Fréchet derivative § T,
at the origin (0,0,0) is given by

0 Ta(4:6,€) = Lanl(: ) + ((d(Sa(b, 1)), db)u, 4Ty sdu o )
+ 65 Tq,
for all (%,0,€) € HY'(X) x L3, ,(X) x L}(ad Ey), where
Lop: Liy(X) x L ,(ad Ef) — Li(X) x L ,(ad Eg)
is given by ([4.13), (-,+). is the inner product on T*X induced by w(-, J-), n, s the Hamil-

tonian vector field of ¢ on (X,w) and 6, T, is the directional derivative of T, at the origin
in the direction (%,0,0).

(4.27)

Proof. The operator T,, is well-defined because L?(X) is a Banach algebra for k > n, T
is a non-linear differential operator of order 4 in ¢ and order 2 in v and &, while T is a
non-linear differential operator of order 2 in ¢ and £ and order 0 in .

To prove that T, is C!, we will calculate its directional derivatives 6( 3.6) To(7y, ¢, &) and

65 Ta(y,8,€) at (7,¢,€) in the directions (0, $,€) and (¥,0,0), respectively, for (v, $,€) €
U, (5,6,€) € HY1(X) x L2, (X) x L} (ad Eg).

To compute ¢, To(7, #,€), we define a curve (on an appropriate Sobolev completion
of Bg and for |t| small), given by
b = (@, Hy) := (& + tddd, e €O . 1),
Let n; be the Hamiltonian vector field of & over (X,w;) and g; the flow of
ye = 1¢1(b) = —1(€ + O, me), (4.28)
i.e. the curve of G*-equivariant automorphisms of E° satisfying ¢, - g; ' = v, with initial

condition go = Id. Since the Kahler class Q of w; is constant along the curve b;, we can
apply the constructions in the proof of Proposition (1), so the flow g; exists and satisfies

bi=9:-b (4.29)
(as by = b). Note that the identity holds in a strong sense, as k > n, so the Kéhler
metrics @; are of class C? and the G-reductions H, are of class C*. Define another curve
Lii=g ' 1
in (an appropriate Sobolev completion of) the space Z; of holomorphic structures on the

principal G°-bundle E¢ which are compabible with b (see m' Using the dependence of
Sa(by, I) on the holomorphic structure I on E°, we obtain

TP = Ta(7, ¢ + 16, €+ t€) = Salbe, 1) = Sa(b, 1) 0 g,
by (3.20) and (4.29)). Since %| —olt = Ly, I, this implies

d .
0p) Tal(7:,8) = & T} = (615) .1y (Lyo ) + Tn32d(Sa(b, 1))

= (015a) 1) (Lyo ) + (d(Sa(b, 1)), dd)s,

(4.30)
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where 675, : T1Z5 — C*(X) is the derivative of S, with respect to I. Now, by (4.17)
Ly I = (=J Ly, J, J(dg€ + nyaFy))
and from this formula, (4.16)) and (4.13]), we obtain

(0150, (IVG,) =00 P* P& — 2042 ((Fy = 25) A dig J (dé + o Fy)
:Lgyg(éa 5)7

where Z; is defined as in (4.2)) using the Kéhler form w and its Kéhler class Q, so the right

hand side of (4.30)) is
0v06) To(0,6,€) = L2 5(6,€) + (d(Sa(b, 1)), do)z- (4.31)
By , we also have

T} = TL(v, ¢+ 61, & +£6)
:4041< i(E+t) ) (AGtFHIt Q)>

and a straightforward calculation shows that

5(¢ é Tl (v,0,6) = dt| T = 4a1AL~udﬁJ(dﬁ§: + T]é)_ng) + darJn,dgAs By

=L}, (6, &) + darJnyad g AsF. (4.32)

To compute d; T (7, ¢, &), for (v,¢,€) € U and ¥ € HY(X), we define a curve

be = (wi, H) = @+ t4, H)
(for t € R small). Let

T} :=To(y + 9, 6,€) = Salbs, 1),
= — O[()Swt - OélAit ((Fﬁ - ?:’wt) N (Fg - ?:’wt)) s
T% :T})z(fy _'_ t77 ¢7 5) = 4a1<AthHj_ ZQt>7

where Q; = [w;] € H"(X,R). As shown by LeBrun & Simanca (see [36, Proposition 5]
and [35, Proposition 6]), the derivative of the first term of T is given by

d
045z == —  Su = As(@0, %)z — 2(pz, V),
5 0o (@, )z = 2(pz,7)
where Az and pg are the Laplacian and the Ricci curvature of w(-, J-), respectively. To
calculate the derivatives of T} and of the second term of TY, we use the equality

d Wl

a — A = (Al
Tyl =N (Azy)w
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and the following computations:

i [n]
E\t:o (Awt(FHj — 2q,W )Wy )
d -
:%u:o <(FHJ_ 20,wt) A wt[ ]>

:(FH,T - ng@) DA oln=2 (Zfﬂ + (%zﬁﬁ) A @[n—u7

d 2 5 [n]
%\tzo (Aif((Fﬁ - Z“’t) A (Fﬁ - Zwt))wt )
a Z - n—2
= ((Fa = 2) A (Fp = 20) Aol
:<Fg - 5@) A (Fﬁ — 5&) AF A 5m=3]

257 + 0525w A ln-2],

—2(Fs — Z5) A
( H 2 ) n — 1
Here, (4.19) implies
d
5&25 = E\tzozgt = zj:ﬁij (433)
for an orthonormal basis {z;} of 3, with
gl EHEU o, X))
T dt =0 Volg,
_EER) VU X)) (z(E) v okl XD (5] v ol [X])
Volg Vol
From these equalities, we obtain the directional derivatives
d . ~ .
85 To (7, ¢,€) = 1o T = a0 (2(pz, %)a — Aa(@,9)z) (4.34a)
« ) . ) . Zy + 2w
— AL ((Fpp = 20) A (Fyy g — 2) A ) + 200A2 ((FHJ—Z@)A . )
+201A2 ((Fpup = %) A (Fyg — 22) ) (Aa),
d .
5 Ta(,0.6) = g Th=don (B i) = 952 (4:34D)

It now follows from (4.30)), (4.32), (4.34) and the formula (4.33) for ¢; 2 that the directional
derivatives are continuous. Therefore, T, is C! and its Fréchet derivative given by (4.27)

(by (E30) and (E32)). O

Note that an explicit formula for the directional derivative 65 T, has been calculated
in (4.34)), although it has not been recorded in (4.27)), as it is not needed in this paper.

4.4. Deformation of solutions. As in §4.3] we now fix a holomorphic structure I on E*
over (X, J), a Kéhler class Q on (X, J) and b = (w, H) € Bg. Note that H, acts trivally
on the space H(X) C Q2(X) of real harmonic (1, 1)-forms for the metric w(-, J-). Let

L2(X)" c [2(X) and IL2(ad )9 C L2(ad Ey) (4.35)
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be the closed subspaces of H j-invariant functions and G -invariant sections, respectively.

Let V=UnN (K" (X) x L}(X)"7) and
V=V x L2ad Ey)% =Un (HM(X) x L2 ,(X)" x L2, ,(ad EH)§I> . (4.36)

Given coupling constants o € R?, by restriction of the maps of Proposition for k > n,
we obtain well-defined maps

To: V — L2(X)™ x L2, ,(ad Eg)", (4.37a)
Loy Lo (X)™ x L2, y(ad Eg)% — LA(X)™ x L2, (ad Eg)% (4.37b)
(cf. |35, (5.1)]), where T, is C! with Fréchet derivative given by (4.27)), and Ila,b is a linear

elliptic operator.

Let d* and G be the formal adjoint of the de Rham differential and the Green operator
of the Laplacian for the fixed metric w(-, J-), respectively. Then for any symplectic form
w and any 77 in the Lie algebra Lie Hz of Hamiltonian vector fields over (X, @) we have

A(Gd* (7.5)) = 7. (4.38)

As the image of the Green operator is perpendicular to the constants, the Hamiltonian
function f = Gd*(7.®) is ‘normalized’ for the volume form w[, that is, [ X fwl = 0.

For each (v, ¢,&) € V, we define a linear map
Pl = (Pl PU: R x (LieGr) —— LX) x L, y(ad E)

(4.39)
(t,0)1 s (Gd*(p(v)JuNJ) +t, eHj@) ,

where N o
3(Lie Gy) == (Lie G;)9r
is the centre of Lie G; (cf. (1.5)) and p: G, — M, is the map in (4.4)), while @ and H are

defined by (4.22a)) and (4.23)). The map P, ,¢) attaches to a vector field v € 3(Lie Gr) its
vertical part 6y, jv, calculates the normalized Hamiltonian function of the vector field p(v)

over (X,w), and adds an extra parameter ¢ which accounts for the fact that Hamiltonian
functions are only determined up to a constant (cf. (4.14)), [35], §5], [36, Proposition 2]).

Here is the key link between extremal pairs and the linarization of the coupled equations.
Lemma 4.8. Let (v,¢,&) € V.

1) P 1S injective.
(7:6:6) J _ _
(2) If To(y, &, é)AE ImP ¢, then b= (w0, H) is an extremal pair.
(3) Im Py C ker L, 5, with equality if apon > 0 and H is HYM with respect to w.

Proof. We first prove that, given (t,v) € R x 3(LieG;) and (f, x) := P4 (t,v), we have

t= / fwl™ / Volg, v=x+ Hé Af5 (4.40)
X )

where 7; is the Hamiltonian vector field associated to f € C*°(X) and w. To see this, note
that, since p(v) is holomorphic and preserves w, it can be written as

p(U) = ﬁdl +ﬁ7
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where 7, is the real-holomorphic Hamiltonian vector field associated to ¢ € C*°(X) and
w and (3 is a parallel vector field with respect to w (see [36, §2]). Then, since p(v) and 7y
vanish somewhere on X, we have that § = 0 and therefore

dy = p(v)w = df.

Formula (4.40) follows from the decomposition of v into its vertical and horizontal parts
with respect to 6y ;.

Now, (1) follows from ([.40). To prove (2), suppose Ta(7,¢,£) € Im P o), ie.

f=5a(b), x=0,70=40(AsFy7— 25) (4.41)
From (|4.40)), it follows that
4a1dﬁA@Fg = —ﬁfJFﬁ, Pg f = —LﬁfJ = 0, (442)

where we have used (3.17) to obtain the first equation, while the other identity follows
because 7, = 7y is real-holomorphic. Therefore b = (w, H) is an extremal pair.

To prove (3), note first that the inclusion Im Py C ker IA,a,b is an straightforward con-
sequence of (4.40)). Suppose now that aga; > 0 and H is HYM with respect to w. Let
(f,x) € ker L, ;. By Proposition , v = X +0g my is in LieG;. In fact, v € 3(LieGr), as
f is H-invariant and  is G;-invariant by assumption (see (4.37b))). Therefore Py(v,t) =
(f,x), where ¢ := [, fwl"/Volg. O

Let (-, ), be the L*-inner product on Li(X)™ x L?.,(ad EH)@ given by (4.10). We
claim that the orthogonal projectors onto Im P, 4 ¢), denoted
Mo LEX)™ x L3, (ad Bg)% — LE(X)™ x L2, (ad By
vary smoothly with (v, ¢,&) € V. To prove this, note that the map
P:V xR x 3(LieGr) — LX) x L2,,(ad Ex)¥": (7, ,&,1,0) — Pryge(t, v)

is C', as P, (t,v) is linear in (v, ¢, ¢, v) and P¢(v) depends linearly on v and smoothly on
§. Moreover, P, 4 ¢) is an isomorphism onto its image for all (v, ¢,&) € V, by Lemma

Let {w;} be a basis of the vector space R @ 3(Lie G;) and {¢ (7, ¢,€)} be the orthonormal
basis of Im P, 4¢) extracted from {P(, 4¢w;} by the Gram-Schmidt orthogonalization
process. Then the claim follows by the above observations and the fact that

H(%@ﬁ) = Z(CJ (Py’ ¢7 6)7 '>ij- (443)

J

Furthermore, since ((;, (k). are continuous functions on V, the origin has an open neigh-

bourhood Vy C V such that for all (v, ¢, &) € Vo, the following holds (cf. [36, (5.3)]):
Ker(ld —Tl(y.59) = er(1d —TTo) o (1d ~Tl¢, ). (1.44)

For any pair of non-negative integers (I, m), let I, C L(X)"7 x L2 (ad Ey)9" be the
orthogonal complement of Im Py. Define

W= VO N (Hl’l(X> X Ik+4,k+4)'
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Note that, under the assumptions in the last part of Lemma [£.8] the subspace W is per-
pendicular to ker L, ;. We will use this fact to obtain existence results about deformations
of extremal pairs. Define a LeBrun—Simanca map [35] §5]

Ty: W > T kg2

. 4.45
(7? ¢7 5) — (Id _HO) o (Id _H(%¢:§)) © Ta('yu (b: f) ( )

Then T, is C*, because it is the composition of C'' maps.

Given ((b, 5) € Ij44,+4, to calculate the directional derivative (5( a’ﬁ,é)Ta of T, at the origin
in the direction (0, &, 5), we define the curve b, = (0, t, t€). Using (#.27)), we obtain

d o
068 Ta = 7 Talb)i=o = (Id ~1lp)Lay (9, €)

+ (1 —Tp) ((A(Sa(b)). dd), derr Ty s (A Fir) )

— (1d —Ho)% (1L, Ta(0))1—p -

Now, if b = (w, H) is a solution to the coupled equations (3.60]), then the second summand
of the right-hand side vanishes and II,, T,(0) = T,(0) for all ¢, so the third summand of
the right-hand side vanishes too and hence, under this assumption, we conclude that

06y Ta = (1d=Tlp) 0 Ly (6, ). (4.46)

Remark 4.9. 1t is at this point that one runs into technical difficulties if one attempts to
apply the approach of LeBrun & Simanca [35] to obtain deformations of an extremal pair
which is not a solution of the coupled equations. The problem is that for an arbitrary
extremal pair b = (w, H), if one proceeds as in [35, Lemma 1], then one obtains

5/ Toc = (14 =T0g) (L, €) + (0, = Tna(b, I)s(dn + 1oF)) )

and to construct deformations of b which are also extremal pairs using the approach of [35],
we need know that is satisfied. A natural condition which implies that holds
is that S,(w, H) is constant. Furthermore, in the approach of [35], we need to know that
f;a,b is self-adjoint, with kernel Im Py, so another natural condition is that the Hermitian—
Yang—Mills equation is satisfied, by Proposition and Lemma [4.§]2). In other words, to
get a direct generalization of the method of [35], it is natural to impose the condition that

b is a solution of the coupled equations, as we will do below.

We can now prove the two main results of For this, given o € R?, we call b € Bq
an extremal pair with coupling constants v if it satisfies (4.1]).

Theorem 4.10. Suppose (w, H) is a solution to the coupled equations (3.60)) with coupling
constant o and [w] = Q, where a = (g, 1) € R? satisfies agay > 0. Then (o, Q) has
an open neighbourhood U C R? x HY(X,R) such that for all (&,Q) € U there exists an
extremal pair (w, ]:l) with coupling constants & and such that [©] = Q.

Proof. Note that n,(b) = 0, as b = (w, H) is a solution of the coupled equations (3.60).
Since the map T, depends linearly on o = (ag, 1), it can be viewed as a C! map T: R? x
W — I k42, whose the Fréchet derivative at the origin with respect to ¢ and £ is 6 T, =

(Id —=II) © Lgy, by ([@.46). Since H is HYM with respect to w and aga; > 0, Lemma
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applies and (Id —I1y) oIAJaﬁb is an isomorphism. Therefore, by the implicit function theorem,
there exists an open neighbourhood U € R? x HY(X) of (a, ) such that for all (&, ) € U
there exists a pair (¢, ) € Ijy45+4 such that

T&'(’% ¢7 5) € ker ((Id _HO)(Id _H’77¢7§)) ’

so Ta(v,0,§) € ImPy, 46 by (4.44). Hence the pair (w, H) determined by (v, ¢,&) is
extremal with coupling constant &, by Lemma (1), and smooth by Lemma . U

Let HM(X,R)" ¢ HM (X, R) denote the ‘Kéhler cone’ of (X, J), i.e. the open subset of
elements Q € HY'(X,R) such that Kq is non-empty. Given (o, Q) € R?, x HYH(X,R)™,
consider the a-Futaki character F, o: LieI's — C defined in (3.49) (or (3.67))). Denote

V(F) = {(a, Q) | Fap =0} C Ry x HY (X, R)T,
Theorem 4.11. Let S be the set of pairs (o, Q) € R2,x HYY(X,R)*" for which there exists
a solution (w, H) € Bq to the coupled equations (3.60)).
(1) Then SNV (F) is open in V (F).
(2) If Aut(E<, 1) is finite, then S C R* x HYY(X,R) is open.

Proof. Immediate from Theorem [4.10, together with Proposition [4.2| for part (1) and (4.6
for part (2). O

4.5. Deformations of solutions in the weak coupling limit. We will obtain now
solutions to the coupled equations in ‘weak coupling limit’ 0 < |ag/ap| < 1 by
deforming solutions (w, H) € Bg with coupling constants ag # 0,; = 0. Since we will
study these equations for coupling constants in a small open neighbourhood of a pair
(ap, 1) € R? satisfying ag # 0,1 = 0, we can divide the second equation in by «p.
Hence in the sequel we will normalize to g = 1 and a := a4 will be called the coupling
constant.

Note that for & = 0, the coupled equations (3.60) are the condition that w is a cscK
metric on (X, J) and H is a Hermitian—Yang—Mills reduction of (E°, I') with respect to w,
so in particular the pair (w, H) satisfies the following equations:

dy Fy =0

LyeJ =0 } (4.47)
Here, dj; Fr = 0 is the Yang-Mills equation, which is equivalent to

dgA,Fy =0 (4.48)

by the Kéhler identities (see e.g. [15, Proposition 3]), and 7g, is the Hamiltonian vector
field of the scalar curvature S, over (X,w), so Ly, J = 0 is the condition that w is an
extremal metric on (X, J).

If one attempts to generalize Theorem to the weak coupling limit, one observes
that Proposition cannot be used for a = 0, but the system of equations can be
viewed as an adiabatic limit of equation . In fact, a pair by := (A\w, H) satisfies
with coupling constant «, for a real number A > 0, if and only if

dadgh,Fy + X "'qaFg =0, L, J=0, (4.49)

where 7, is the Hamiltonian vector field of S,/ (w, H) over (X, w), and (4.47) is the formal
limit of (4.49) when A — oo. Hence a strategy to obtain a solution to the coupled



48 L. ALVAREZ-CONSUL, M. GARCIA-FERNANDEZ, AND O. GARCIA-PRADA

equations (3.60) for 0 < |ay/ap| < 1 (equivalently, for A > 0) could be to deform a
360

solution to (3.60) for &« = 0 (which is therefore a solution to (4.47))) to obtain a solution
of - The problem is that the kernel of the operator L, ;, determined by a solution
by to the coupled equations (3.60)) has a discontinuity in the limit A — oco. More precisely,

this kernel for finite A > 0 can be identified with Lie G; (see Proposition , Whereas the
kernel of L, ; in the limit A — oo is
{(,€) € C®(X) x Q%ad Ey) |ny € LieHy, di(dué +nyaFg) =0} (4.50)

(this follows directly from (4.13)). This discontinuity causes serious technical problems
when one attempts to use this this strategy within the approach of LeBrun & Simanca.

The source of this difficulty is related to the vanishing of the factor 4a; multiplying
the HYM term in the moment maps p, when a; = 0 (see ) One way to get around
this problem is to apply the approach of LeBrun & Simanca to the operator obtained by
dropping this factor in the moment map operator T,. Fix an integer £ > n and keep the
notation of §§4.3] [£.4. Then the resulting modified moment map operator is

B.: U—— Li(X) x L ,(ad Ey)
(77 ¢7 5) — <Sa<g)7 AQFHJ - Zﬁ) )
where U is the open set in ([#.25) and &, I and b are given by (4.22) and (4.23)).

As we will see below, this modification on the moment map operator within the approach
of LeBrun & Simanca produces the following modified extremality condition (cf. (4.1))).

(4.51)

Definition 4.12. A pair b = (w, H) € Bq, is called extremal with coupling constant « in
the weak coupling limat if it satisfies the equations

45 Fr =0
4.52
o | (45

where 7,(b) is the Hamiltonian vector field of S, (b) over (X, w).

Note that the system of equations (4.52)) becomes (4.47) when o« = 0, while for arbitrary
« any solution to the coupled equations (3.60)) is an extremal pair in the weak coupling
limit (see (4.48)). To obtain a partial converse, define the characters

Foa, Feon: : LieAut(E I) — C, (4.53)

as the a-Futaki characters of the Kéhler class Q for (ag,aq) equal to (1,0) and (0,1)
in (3.67), respectively. By (3.67), up to a multiplicative factor, (Foq,() is the Futaki
character [22] of the Kéahler class © on (X, J) evaluated at p(¢), where p is the map in (4.4]).
It is also clear from that the existence of a solution to the coupled equations (3.60))
does not necessarily imply the vanishing of Fy o or F q.

Proposition 4.13. A solution b € Bg of (4.52)) is a solution to the coupled equations (3.60))
if Foo = Fooo = 0 and the vector field n,(b) over X can be lifted to a holomorphic vector
field over the total space of (E°,I).

Proof. By (4.48), A, Fy is a vertical holomorphic vector field on the total space of (E°, I),
ie. A,Fy € LieG;. Now, if 7o =0, then H is HYM with respect to w, because in this

case, by (3.67) we obtain
||AwFH — ZQHE} = _<foo,QaAwFH — ZQ> = O
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Moreover, if Foq = Foo o = 0 and n,(b) = p(¢) for a holomorphic vector field ¢ on (E£¢, I),
then by a straightforward computation using (3.67]), we obtain
||So¢(b) - Sa”i = <JTO,Qa na(b» + a<Fm,Qa C> + a<9HC7AwFH - ZQ> = 07

where S, = Ix S, (b)w™ / Volg, so b is a solution to the coupled equations ([3.60). O

Extremal pairs in the weak coupling limit enjoy the same good regularity properties:

Lemma 4.14. Let (w, H) be a solution of ([£.52)) such that w is a Kdhler form of class C?
on (X,J) and H is a section of E¢/G of class C*. Then both w and H are smooth.

Proof. This follows exactly as Lemma [4.3] O

We define now a linear differential operator which is closely related to the linearization
of B, (see (1.51))) when a = 0 and which will play the role in the weak coupling limit of
the Lichnerowicz operator in the study of the cscK equation or the operator L,
defined in §4.4] away from the weak coupling limit. This linear differential operator is

C: Lz+4(X) X Lz+4(adEH) — L3(X) x Lz+2(adEH)
(¢, 6) > (P*P o, dj (dué + npaFu)) ,

where P is defined as in (4.11]). It is easy to see (cf. Proposition that the operator C
is elliptic and self-adjoint with respect to the L*inner product (-, ), given by (4.10).

It can be shown as in the proof of Proposition that B, is well-defined and C"! and
that its Fréchet derivative at the origin (0,0,0) when o = 0 is given by
5B0(77 Q‘b7 5) = C(¢7 f) + ((dswﬂ dgz'ﬁ)w, 0) + 5’7 B07 (455)

where d; By is the directional derivative of By at the origin in the direction (%,0,0)

(ef. (T29).

To proceed as in following the approach of LeBrun & Simanca, we need to consider
the restriction of B, and C to suitable subspaces of the Sobolev spaces. Let

Li(X)" c Li(X) and L}(ad Eg)Y C Li(ad Ey)

(4.54)

be the closed subspaces consisting of H j-invariant functions and Gj-invariant sections,

respectively (cf. (4.35))) and
V =Un(H"(X) x Lj ,(X)" x L, ,(ad E)9")
(cf. (4.36))). By restriction of (4.51)) and (4.54]), we obtain well-defined maps
Bo: V' — LX) x L2, ,(ad Ex)Y", (4.56a)
C: L2, (X)) x L}, (ad Eg)9" — LE(X)™ x L2, ,(ad Ex)Y", (4.56b)

where B, is ' and C is a linear elliptic operator (cf. ([{.37)).

Note that in the construtions (#.56) we have used the subspace L3 (ad Ey)9" C Li(ad Ep)

rather than the possibly smaller subspace L?(ad Ep)9" which appeared in (4.37). In prac-
tice, we could say that the exact sequence (4.4) in degenerates to the trivial extension

1—>g1—>HJXg]—>HJ—>1 (457)
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in the weak coupling limit a — 0. In particular, the centre 3(LieG;) of LieG; (see (#.39))
is now replaced by the centre 3(Lie H ;) ®3(Lie G;) of the Lie algebra of H; x G; and P, 4.¢)

(see (4.39)) is replaced by
Qo6 Rxj(LieH,) ®3(LieG)) ———— L7, 4(X)™ x L2, ,(ad E)9
(t,w,v) > (Gd* (waw) + t,v),

with (v,¢,£) € V'.

Lemma 4.15. Let (v, ¢,&) € V'. If Bo(7, ¢,€) € Im Q(r.0.6) then b = (@,ITI) is a solution
of E52).

Proof. This follows exactly as part (2) of Lemma [4.8] O

(4.58)

Since C has kernel by elliptic regularity, part (3) of Lemma has no direct
analogue in the weak coupling limit. Lemma [4.16| will provide a suitable replacement of
this part of the lemma. Let (-,-), be the L2-inner product on L?(X)"’ x L?,,(ad Ey)9"
given by . One can prove as in that the orthogonal projector

I, g6 Li(X)™ x Li,y(ad BEg)9t — LX) x Li (ad Eg)¥"

onto Im Q,,¢¢) varies smoothly with (v, ¢,&) € V' and, by continuity, there exists an open
neighbourhood V| C V' of the origin such that

ker(Id 1T, , ¢)) = ker(Id —IIy) o (Id —II[,, , ()
for any (v, ¢,&) € V| (cf. (4.44)).

For any pair of non-negative integers (I,m), let Ij, C L}(X)"’ x L2 (ad Ey)9" be the
orthogonal complement of Im Qq. Define

W' =V (HN(X) X Ty )
Lemma 4.16. The induced map C: B ypva — Ly pyo 18 an isomorphism.
Proof. This map is well-defined because Im Qo C ker (P @dy). If C(¢,&) = 0 for some
(6,€) € I 414> then P*P ¢ =0, so P ¢ = 0, which implies ¢ = 0, and C(¢, &) = 0 means

dydpé =0, so dgé = 0, which implies £ = 0. Thus Cis injective. Finally, Cis surjective
because so is P* P &d},dy. O

Define now a LeBrun—Simanca map [35, §5]

B,: W > T io
(’77 Cb, g) I ” (Id _Hé)) © (Id _H,(,y7¢7§)) © Ba(ry? ¢7 5)

As B, is the composition of C*-maps, it is C'. Using Lemma and [35, Lemma 1], we
can see that its directional derivative at the origin in the direction (0, ¢,&) for a = 0 is

for all (¢,€) € g4
We can now prove the two main results of §4.5]

(4.59)




COUPLED EQUATIONS FOR KAHLER METRICS AND CONNECTIONS 51

Theorem 4.17. Suppose that w is an extremal Kdhler metric on (X,J) with Q = [w]
and H is a Yang-Mills reduction of (E°,I) with respect to w. Then (0,8) has an open

neighbourhood U C R x HY(X,R) such that for all (a,Q) € U there erists an_extremal
pair (w, H) with coupling constant & in the weak coupling limit such that [w] = Q.

Proof. This follows as Theorem 4.10 combining (4.60) with Lemma and the implicit
function theorem, and then using Lemmas and 4.14] ]

In the following theorem, we say that a reduction H € R is irreducible if its Chern
connection is irreducible, that is, if its isotropy group inside the gauge group Gy of Ey is
minimal— the centre of G (see and also [20], §4.2.2]).

Theorem 4.18. Assume that there is a cscK metric w on (X, J) with cohomology class €

and there are no non-zero holomorphic vector fields on (X, J) which vanish somewhere on
X. Then

(1) If (E°,I) admits an irreducible HYM reduction H with respect to w, then (0,$2)
has an open neighbourhood U C R x HY(X,R) such that for all (a1,9) € U,
there ezists a solution (@, H ) to the coupled equations with coupling constant
a=(1,0) and & € Q.

(2) If (E<, 1) admits a HYM reduction H with respect to w, then there exists € > 0 such

that for all a; € R with —e < ay < €, there exists a solution (w, H) to the coupled
equations (3.60) with coupling constants (1,a1) and w € Q.

Proof. Since HYM reductions are Yang—Mills, Theorem implies that for all (&,) in

a neighbourhood U C R x H"!(X,R) of (0,), there exists an extremal pair (w, H) with
coupling constant & in the weak coupling limit with [©] = Q and H irreducible.

Part (1) follows now since the function S, (w, H) defined by (4.2)) is constant on X for
any extremal pair (w, H), as LieH; = 0 and, furthermore, the vertical real-holomorphic
vector field on (E¢, I) defined by AgzF5 is in 3, as H is irreducible.

Part (2) follows from Theorem and Proposition [4.13] because Fpo = Feoo = 0
by (3.67)), as LieH; = 0 and (E°, I) admits a HYM reduction H with respect to w. d

5. EXAMPLES AND CSCK METRICS ON RULED MANIFOLDS

This section contains some examples of solutions to the coupled equations (0.2)). In
we also discuss how the existence of solutions in the limit case oy = 0 can be applied, using
results of Y. J. Hong in [29], to obtain cscK metrics on ruled manifolds.

5.1. Projectively flat bundles. Let (E¢ I) be a holomorphic principal G°-bundle over
a compact complex manifold X. We fix a maximal compact subgroup G C G¢ and a G-
invariant metric (-, ) on g. Suppose that there exists a G-reduction H on E° and a Kahler

metric w on X satisfying
P = 2w } (5.1)

So =295
where Fjy is the curvature of the Chern connection of H, z is the element of 3 (see (|1.5]))
given by (1.8) and S € R. It is then straightforward that the pair (w, H) provides a
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solution of the coupled equations . Note that the first equation in implies that
the G-bundle Fp corresponding to H is projectively flat, i.e. it is given by a representation
m1(X) — G/Z(G), where Z(G) denotes the centre of G. Moreover, it implies the following
topological constraint

2 A Fu] = |#21] € HY(X, R), (5.2)
where [Fiy A 2] is the Chern—Weil class associated to the G-invariant linear form (-, z) on g.
We discuss now some examples of solutions of . We apply Theorem M(l) to perturb
the Kahler class of the given solution in order to obtain new solutions that do not satisfy

the topological constraint ([5.1)).

Example 5.1. Let X be a compact Riemann surface. Then the coupled equations ,
for a G-reduction H on E° and a Kéahler metric w on X, split into the system in separated
variables (5.1)), since dim¢ X = 1 and the term (Fy A Fjy) vanishes. Then the solutions of
the coupled equations are given by pairs (w, H), where w is a cscK metric and H is
a G-reduction such that its Chern connection is Hermitian—Yang—Mills . Due to the
Narasimhan and Seshadri Theorem [I4], and Ramanathan’s generalization [45], examples
of solutions of the coupled equations are given by polystable G°-bundles over X.

Remark 5.2. In [44], Pandharipande used Geometric Invariant Theory to compactify the
moduli space of pairs (X, F') consisting of a smooth algebraic curve X of genus g > 1,
polarised by a multiple of its canonical bundle, and a semistable vector bundle F over the
curve. By [44, Proposition 8.2.1], such a pair is GIT stable if and only if E is Mumford
stable. An interesting issue is that this decoupling phenomenon for the stability con-
dition of a pair (X, F') is reflected in the decoupling of the equations , as already
observed in Example In fact, combining the Narasimhan—Seshadri Theorem with the
uniformization Theorem on Riemann surfaces, it follows that any GIT stable pair (X, F')
in Pandharipande’s construction, with X smooth, admits one and only one (irreducible)
solution of with Kahler class equal to the class of the polarisation. This gives some
evidence to the claim that a Hitchin—Kobayashi correspondence for equations exists
in arbitrary dimensions, as conjectured by the authors [25]. An important difference with
the curve case is that of course in higher dimensions one expects that the stability condi-
tion equivalent to the existence of solutions will involve conditions on the base manifold
as well. In [25], a new notion of stability for degree zero bundles and polarised varieties
has been defined. We conjecture that this stability condition is implied by the existence
of solutions of . This topic will be treated in future work.

Let (X, L) be a compact polarised manifold of complex dimension n. Suppose that there
exists a cscK metric

i
w o H € Cl( ),

where Fy is the curvature of a Hermitian metric H on L. Then (w, H) is a solution of
(5.1]), and hence a solution of . Since H is trivially an irreducible HYM metric with
respect to w, if there are no non-zero Hamiltonian holomorphic vector fields on X, we can
apply Theorem m (1) obtaining solutions of with non-zero ratio of the coupling
constants and Kahler class close to [w] in AV (X, R).

Example 5.3. Let X be a degree four hypersurface of P? and set L = Ox(1). Then X
is a K3 surface and, by Yau’s solution [57] of the Calabi conjecture (see e.g. [6]), there
exists a unique Kéhler Ricci flat metric w € ¢ (L). Since (X,w) is Kéhler Ricci flat,
any holomorphic vector field on X is w-parallel and so Lie(Aut X) contains no non-zero
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Hamiltonian holomorphic vector fields. Therefore, applying Theorem M(l), we obtain
solutions of (0.2]) with non-zero ratio of the coupling constants «;/cg and Kéhler class €
close to Q = [w] in H"'(X,R). As the dimension of H"'(X,R) is 20, we can assume that

() is not contained in the real line spanned by €2, and so it is not obvious a priori that such
a Kéhler class contains a solution of ((0.2)) for our choice of manifold X and bundle L.

Let now (X,w) be a compact Kédhler manifold of arbitrary dimension. Suppose that
FE is a smooth projectively flat complex vector bundle over X satisfying the topological
constraint

o (B) =~ [, (53

where A € R is determined by the first Chern class of the bundle and the Kéahler class [w].
Then doing a conformal change if necessary, there exists a Hermitian metric H on E which
is a solution to (see [31, Corollary 2.7])

Fy = 2w, (5.4)

where z = iA\Id € 3. Therefore, as can be readily checked from the equations, the pair
(w, H) is a solution to (0.2) if and only if w is a cscK metric. We conclude that, when E' is
projectively flat and (5.3) is satisfied, there exists a solution to (0.2)) if [w] admits a cscK
metric.

Remark 5.4. In [47], Schumacher & Toma constructed a moduli space of (non-uniruled)
polarised Kahler manifolds equipped with stable vector bundles, using versal deformations.
This moduli space is endowed with a Kahler metric, provided that the cohomological
constraint is satisfied, the base manifold X is Kahler—-Einstein and the bundle is
projectively flat. The gauge-theoretic equations corresponding to this moduli construction
are therefore equivalent to , whose solutions are in particular solutions to the coupled
equations . Note here that the cscK equation and the Kahler—Einstein equation are
equivalent, by Hodge theory, if the class of the polarisation is a multiple of ¢1(X).

Example 5.5. Let X = C"/Ax be a complex torus given by a lattice A x in Z?". Examples
of holomorphic vector bundles F over X admitting a projectively flat Hermitian metric
H are given by representations of a central extension of Ay into U(r) C GL(r,C). It
follows from [31, Theorem 7.54] that +¢;(F) is a Kéhler class, so E satisfies the constraint
. Suppose that F is given by an irreducible representation of Ax and take a Hermitian
metric H on E which satisfies (5.4]) with respect to a Ricci flat metric w € +¢;(E). Then
(w, H) is a solution to the coupled equations with coupling constants ag = 1 and
a1 = 0. Since w is Ricci flat, any holomorphic vector field on X is w-parallel and so either
it is zero or never vanishes. Hence, by Theorem [£.18, there exists an open neighbourhood
U of (0, [w]) in R x HM (X, R) such that for any (@, ) € U, there exists a solution (&, H)
of with ratio of the coupling constants a;/ay = @ and [@] = Q. Note that, since
dimp H“*(X,R) = n, we can choose ) not lying on the line spanned by ¢;(E).

In the examples of , the coupled equations (0.2) admit decoupled solutions arising
from the system in separated variables (5.1)). There is a geometric interpretation for this

in terms of the extended gauge group G in (1.10)) associated to a solution (w, H) to (5.4)
and the moment map interpretation of (0.2)) in §2l Namely, the Chern connection A of H
determines a Lie algebra splitting of the short exact sequence

0 — LieG — Lie§—> LieH — 0
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(see (1.22)). The splitting is given by the Lie algebra homomorphism
®: LieH = CP(X) — LieG: ¢ — 05n, — ¢z, (5.5)

(see (1.24)), where nyw = d¢ and 67 is the horizontal lift with respect to the connection
A. To see this, note that

[®(¢1), B(¢2)] = [0amg, — D12, 04709, — D27]
= «9j[17¢1,77¢2] - {¢17 ¢2}Z + (FA - Zw)(n¢17n¢2)
= O({p1,02}) + (Fa — w2)(Npys Mss)

where {¢1, ¢2} is the Poisson bracket in C§°(X) given by w. Note that this homomor-
phism does not extend in general to the Lie algebra of the group of diffeomorphisms of X.
Therefore, when dim¢ X = 1 or F is projectively flat, the coupled system ((0.2) may have

‘decoupled’ solutions due to the fact that Lie G is a semidirect product of Lie G and Lie H.

5.2. Homogeneous bundles over homogeneous Kihler manifolds. For the basic
material on this topic we refer to [6] and [31]. Let X be a compact homogeneous Kéahlerian
manifold (i.e. admitting a Kéhler metric) of a compact group G. In other words, X =
G/G,, for a closed subgroup G, C G, equipped with the canonical G-invariant complex
structure (see [0, Remark 8.99]). Then homogeneous holomorphic vector bundles F of rank
r over X are in one-to-one correspondence with representations of G, in GL(r, C). For any
invariant Kahler metric w on X, there exists a unique G-invariant Hermitian—Yang—Mills
unitary connection A, provided that the representation inducing E is irreducible (see [31]
Proposition 6.1]). Moreover, for any such choice of invariant metric and connection, the
scalar curvature S, and the function A2 tr(F4 A F4) on X are G-invariant and hence
constant. It hence turns out that A satisfies the system of equations

A,Fa=1i)ld }

Ait]ﬁ'(FA/\FA) = —ﬁ

(5.6)

where ¢ € R is as in (2.14) and A € R is determined by the first Chern class of E and [w].
Equations (5.6|) corresponds to the limit

Oéo—>0

in (0.2). Fix a pair of arbitrary coupling constants ag,@; > 0 and a homogeneous holo-
morphic vector bundle E over X associated to an irreducible representation. Then any
Kahler class on X determines a unique G-invariant solution (w, A) to the coupled equations
with coupling constants «p and a;. To see this, note that each de Rham class on X (in
particular, each Kéhler class) contains a unique G-invariant representative, obtained from
an arbitrary representative by averaging. Trivially, the scalar curvature of any G-invariant
Kahler metric is constant. Therefore, the unique G-invariant solution of arises as
a simultaneous solution of the cscK equation and , corresponding to the limit cases
ag =0, and a1 = 0.

Example 5.6. Let (X,w) be a compact homogeneous Kéhler—Einstein surface G/Go.
By [0, Corollary 8.98], this means that X is a complex torus or it is simply connected. Let
E be a homogeneous vector bundle on X induced by an irreducible representation of G, in
SU(r), with induced G-invariant Hermitian metric H and G-invariant unitary connection
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A. Then the pair (w, A) satisfies the system of equations

FX =0 (5.7)
ap(pw — dw) = 1 (2(AFA) N Fa — Ay (FANFy) — w) |7 '

for real numbers ¢, ¢, where p,, is the Ricci form of w and F'{ = 0 is the Anti-Self-Duality
equation for the connection A. To prove this, note that A is HYM and

2ALFA) NFa— A,(FaNFa) = =N, (FaN Fa)
= Ao (|Faf’w?)
= |FA|2wa

(see (2.11))), where |- | is the pointwise norm with respect to w. Hence (w, A) satisfies ({5.7))
because the function |F4|? is constant over X by invariance. Observe that the system
is stronger than (0.2). Indeed, it can be readily checked from [0, Proposition 9.61] that if
(w, A) satisfies then the associated invariant Riemannian metric on the total space of
the frame U(r)-bundle of (E, H) over X, constructed as in §2.3] is Einstein, and therefore

(«, A) satisfies (0:2), by [@:23).

5.3. Stable bundles and Kahler—Einstein manifolds. We supply now some cases
where Theorem can be applied, obtaining examples of solutions with non-zero ratio of
the coupling constants and fixed Kéhler class. Starting with a cscK metric, we check that
the new Kéhler metrics that we obtain are not cscK. Using the contents of §3.4] we also
give an explicit Example [5.9|in which there cannot exist solutions to the coupled equations.

Example 5.7. Let X be a high degree hypersurface of P3. By theorems of Aubin and
Yau (see e.g. [0, Theorem 11.7]), there exists a unique Ké&hler—Einstein metric w € ¢;(X)
with negative (constant) scalar curvature. Moreover, ¢1(X) < 0 implies that the group of
automorphisms of the complex manifold X is discrete (see [0, Proposition 2.138]). Let E
be a smooth SU(2)-principal bundle over X with second Chern number

k= # XtI“(FA/\FA) € 7,
where A is a connection on E. When k is sufficiently large, the moduli space M}, of Anti-
Self-Dual (ASD) connections A on E with respect to w is non-empty (see [20, Sec. 10.1.14]).
Moreover, if k is large enough, M}, is non-compact but admits a compactification. Let A
be a connection that determines a point in My. Then A is irreducible and so we can apply
Theorem [£.1§|1), obtaining solutions (wa, Aa) of with [w,] = [w], nonzero values of
the coupling constants g, a; and small ratio

Qq
a=—.
Qo
We claim that if the pointwise norm
|FaglZ,: X — R (5.8)

of the initial HYM connection Ag = A with respect to the Kahler—Einstein metric wy = w
is not constant, then w, is not cscK for 0 < a <« 1. To see this, note that (wa, As)
approaches uniformly to (wg, Ag) as & — 0 (see Theorem [4.17)) and so

=0.

: 2 2
ili% ||FAa|wa - ’FAO|0.)0|LOO
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Hence if ([5.8) is not constant, then |Fy

from

|2,. is not constant for small &, so the claim follows

Swa = £ _ OéAia(FAa A\ FAa) = < + Oé|FAa

Qo Qo
where ¢ € R. This last equation is satisfied because (wq, A,) is a solution to (0.2)). To
choose an ASD connection for which is not a constant, we consider a sequence of
ASD connections { A}, defining points of M} and approaching a point on the boundary
of the compactification. When [ > 0, the connections A; start bubbling. This bubbling is
reflected in the fact that the function becomes more and more concentrated in a finite
number of points of the manifold. Therefore, eventually, we obtain an ASD irreducible
connection for which is not a constant.

To be more precise, recall that any point on the boundary of the compactification of
Mj, is given by an ideal connection (see |20, Definition 4.4.1]), i.e. an unordered d-tuple
(p1,...,pa) of points on X and a connection A, on My _4, the moduli space of ASD
connections on a suitable smooth SU(2)-bundle Ej_; with second Chern number k — d. If
[A)] — [Ax] as | — oo, then for any continuous function f on X (see [20, Theorem 4.4.4]),

|2
Wa?

d
lim / Ftr(Fa, A Fy) = / For(Fa, AFa)+87 3 Flpm). (5.9)

l—o00

Take A in My_gq with d > 0. If |F,|2 is constant for all [, using ((5.9) and the equality
|FA1|¢2¢"‘)2 = tr(FAz A FAz)?

we obtain that d = 0 and hence a contradiction (e.g., in (5.9)), take a sequence {f;}32, of
test functions approaching the delta function of a point p; on X).

The hypothesis of Theorem hold in much more generality. By the Donaldson—
Uhlenbeck—Yau Theorem [16], 55], which admits a generalization to principal bundles (see
e.g. [2]), a family of examples generalizing Example |5.7]is provided by polystable holomor-
phic principal bundles over Kéahler—Einstein manifolds. Recall that this theorem states
that if a holomorphic principal G®-bundle (E°, I) is (Mumford—Takemoto) polystable with
respect to a Kahler class €2 on a compact complex manifold X, then for any Kahler form
w € Q there exists a reduction H of (E°, I) to G which is HYM with respect to w.

Let (X, L) be a compact polarised manifold whose first Chern class ¢;(X) satisfies
C1 (X) = )\Cl (L)

for some A € Z. When A < 0 (e.g. if X is a high degree hypersurface of P™), X has
finite group of automorphisms and by the above result of Aubin and Yau, there exists a
unique Kéhler-Einstein metric w € ¢(L). If A = 0, then by Yau’s a solution to Calabi’s
Conjecture (see e.g. [0, Theorem 11.7]), there exists a unique Ricci flat metric on ¢1(L). As
the dimension of the group of automorphisms of such manifolds is equal to its first Betti
number (see [0, Remark 11.22]), the simply connected ones (e.g. K3 surfaces) are complex
Ricci flat manifolds with finite group of automorphisms. If A > 0, it is unknown in general
whether X carries or not a Kahler—Einstein metric. Let us restrict to the case

X =P?4 mF2,
the complex surface obtained by blowing up P? at m generic points (see [53]). If we take

m such that 3 < m < 8 then ¢;(X) > 0, X has finite automorphism group (see [52]
Remark 3.12]) and it was proved in [53] that X admits a Kahler-Einstein metric.
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On the other hand, given a polarised projective manifold (X, L) (without any assumption
on ¢1(X)), an asymptotic result of Maruyama [41] states that there exist ¢; (L)-stable vector
bundles E over X of rank r, provided that » > dim X > 2 and

co(E) - (L)"2 > 0. (5.10)

If X has finite group of automorphisms and it is endowed with a Kahler—Einstein metric
w € ¢1(L) as before, then we can apply Theorem

Example 5.8. Let (X,w) be a Kéhler-Einstein manifold. Then w is a cscK metric, which
determines a Hermitian—Yang—Mills metric H on the tangent bundle £¢ = T'X. The pair
(w, H) is a solution to with a3 = 0, but it is not a solution with a; # 0 unless
the Chern connection of H is flat. If ¢;(X) < 0, then there are no non-zero Hamiltonian
holomorphic vector fields over X, so Foo = Fsxo = 0 and as in Theorem (0,9)

has an open neighbourhood U C R x HM (X ,R) such that for all (&,Q) € U, there
exists a solution (0, H) to the coupled equations ([3.60]) with coupling constants satisfying

ay /o = @ and [w] = Q.

We will now construct an example where the a-Futaki character F; obstructs the exis-
tence of solutions to the coupled equations for small ratio of the coupling constants.

Example 5.9. Let (X,w) be a Kéhler manifold such that w is not a cscK metric but it
is extremal (e.g. CP? blown up at one point [9]). Recall from that the extremality
condition is equivalent to the condition that S, is the Hamiltonian function of a real
holomorphic Killing vector field 7. Since w is not a cscK metric, it follows from
and that the classical Futaki character of the Kéhler class 2 = [w] evaluated at 7 is

(Foo,n) = / (S, — 5)2wl > 0.
X

Note that 7 lifts to a holomorphic vector field ¢ € Lie Aut(7'X) on the holomorphic tangent
bundle £¢ =T X of X. It follows from that the a-Futaki character F; evaluated at
( is positive for sufficiently small values of a;/ag > 0. Hence the pair (X,7X) does not
admit a solution (w, H) to with w €  and these values of the coupling constants.

Given an arbitrary holomorphic principal G°-bundle E° over X, the obstruction to lift

a holomorphic vector field on X to a G“invariant holomorphic vector field on E€ lies in
HY(X,ad E°) (cf. (1.20)). Note that when G¢ = C*, the previous argument always applies.

5.4. CscK metrics on ruled manifolds. We now briefly discuss the relation between
equation , given by the limit

ag — 0
in , and the existence of solutions to the cscK equation on ruled manifolds. We will
use existence results of Y. J. Hong [28], 29].

Let (X, J,w) be a compact Kahler manifold with constant scalar curvature and E a
holomorphic stable vector bundle of degree zero over X (examples of this type were already
provided in . Let H be a Hermitian metric on £ whose Chern connection A is HYM
(it exists by the Donaldson—Uhlenbeck—Yau Theorem [16], 55]). Let L be the tautological
bundle over the projectivised bundle P(E) of E and Fj,, the curvature of the connection
induced by A on L*. Then the 2-form

i
%FAL*
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is non-degenerate on the fibres and in fact it induces the Fubini-Study metric, so
?
2

is a Kéahler metric on P(E) for k large enough. When the automorphism group of (X, J)
is finite, Y.J. Hong [28] used a deformation argument to prove that the cohomology class

[0k] contains a cscK metric for £ > 0. Let G be the extended gauge group of the frame

PU(r)-bundle of the Hermitian vector bundle (F,H) and G; C G the stabilizer of the
connection A. The assumption on Aut X was removed in [29] (see [29, Definition [.A]),
under the additional conditions that the subgroup

G, C AutP(E)

O = —Fa,. + kr'w

is finite and
Ai(trFA/\tl"FA—l—trFA/\pw—{—FA/\FA):COHSt.. (5.11)
Since ¢;(F) = 0, this second condition reduces to

4¢
AZtr(FaNFp) = —— € R.
o H(Fa A Fa) (n—1)!
The condition (5.11)) appears when one splits the linearization of the cscK equation on
P(F) into vertical and horizontal parts with respect to the connection A.

Hence we conclude that when ¢;(F) = 0 and Gy is finite, the existence of a solution
to is a sufficient condition for the existence of a cscK metric in the cohomology class
(] for k> 0 (see [29, Theorem III.A]). We would like to study further this relation,
trying to prove that the existence of solutions to the coupled equations for small Z—; >0

implies the existence of constant scalar curvature Kahler metrics on P(E) with Kéhler class
kcy (L) for large k. This would provide a generalization of Hong’s results in [29].
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