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Abstract

In this paper we present an alternative method for the spectral analysis of a strictly
stationary time series {Y; }rez. We define a “new” spectrum as the Fourier transform of the
differences between copulas of the pairs (Y3, Y;—x) and the independence copula. This object
is called copula spectral density kernel and allows to separate marginal and serial aspects of a
time series. We show that it is intrinsically related to the concept of quantile regression. Like
in quantile regression, which provides more information about the conditional distribution
than the classical location-scale model, the copula spectral density kernel is more informative
than the spectral density obtained from the autocovariances. In particular the approach
provides a complete description of the distributions of all pairs (Y;,Y;—r). Moreover, it
inherits the robustness properties of classical quantile regression, because it does not require
any distributional assumptions such as the existence of finite moments. In order to estimate
the copula spectral density kernel we introduce rank-based Laplace periodograms which
are calculated as bilinear forms of weighted Li-projections of the ranks of the observed
time series onto a harmonic regression model. We establish the asymptotic distribution of
those periodograms, and the consistency of adequately smoothed versions. The finite-sample
properties of the new methodology, and its potential for applications are briefly investigated
by simulations and a short empirical example.

AMS 1980 subject classification : 62M15, 62G35.
Key words and phrases : Time series, Spectral analysis, Periodogram, Quantile regression,
Copulas, Ranks, Time reversibility .

1 Introduction.

1.1 The location-scale paradigm.

Whether linear or not, most traditional time series models are of the conditional location/scale
type: conditional on past values Y;_1,Y; o, ..., the random variable Y; satisfies an equation of
the form

Yi=9¢(Yi-1,Yi—0,... )+ 0(Yie1,Yiea, ... )ey teZ, (1.1)
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where {e;}ez is white noise, and ¢; is independent of Y;_1,Y;_9,... . The (Y;—1,Yi—2,... )-
measurable functions ¥ and o are (conditional) location and scale functions, possibly para-
metrized by some 9. Equation (1.1) may characterize a data-generating process — in which
case “=" is to be considered as “almost sure equality” — or, more generally, it simply describes
Y:’s conditional (on Y;_1,Y;_9,... ) distribution — and “=" is to be interpreted as “equality in
(conditional) distribution”. Such distinction is, however, irrelevant from a statistical point of
view, as it has no impact on likelihoods.

In model (1.1), the distribution of Y; conditional on Y;_1,Y;_2,... is nothing but the dis-
tribution of &, rescaled by the conditional scale parameter o(Y;—1,Y;—2,... ) and shifted by the
conditional location parameter ¥ (Y;_1,Y;—2,... ). Sophisticated as they may be, the mappings

(}/;—17}/2—27 s ) = (QZJ(YZ_I’Y%_Qj B )7 O—(Y;f—lvyvt—27 s ))

only can account for a very limited type of the dynamics of the process {Y; };cz. The dynamics of
volatility provided by this model are quite poor, being of a pure rescaling nature. In particular no
impact of past values on skewness, kurtosis, tails, can be reflected. All standardized conditional
distributions strictly coincide with that of €, and all conditional 7-quantiles, hence all values at
risk, follow, irrespective of 7, from those of € via one single linear transformation.

Note that the interpretation of ¢ and o depends on the identification constraints on e: if €
is assumed to have mean zero and variance one, then ¢ and o are a conditional mean and a
conditional standard error, respectively. In this case models of the form (1.1) clearly belong to
the Lo-Gaussian legacy. If € is assumed to have median zero and expected absolute deviation
or median absolute deviation one, 1) and ¢ are a conditional median and a conditional expected
or median absolute deviation.

On the basis of these “remarks”, the following questions naturally arise: Can we do better?
Can we go beyond that (conditional) “location-scale paradigm”? Can we model richer dynamics
under which the conditional quantiles of Y are not just a shifted and rescaled version of those
of ¢ and under which the whole conditional distribution of Y;, not just its location and scale,
can be affected by the past? And, can we achieve this in a statistically tractable way?

1.2 Marginal and serial features.

Another drawback of models of the form (1.1) is their sensitivity to nonlinear marginal trans-
formations. If two statisticians observe the same time series, but measure it on different scales,
Y; and Y;? or e¥*, for instance, and both adjust a model of the form (1.1) to their measurements,
they will end up with drastically different analyses and predictions. The only way to avoid
this problem consists in disentangling the marginal (viz., related to the scale of measurement)
aspects of the series under study from its serial aspects, that is, basing the description of serial
dependence features on quantities such as the Fy(Y;)’s, where Fy is Y;’s marginal distribution
function. Those quantities do not depend on the measurement scale since they are invariant
under continuous monotone increasing transformations.

This point of view is closely related to the concept of copulas (see Nelsen [2006] or Genest
and Favre [2007]). Consider, for instance, a strictly stationary Markovian process {Y;}icz of
order one. This process is fully characterized by the joint distribution of (Y;,Y;_1) or, equiva-
lently, by the marginal distribution function Fy (or the quantile function FYy b of v;, along with
the joint distribution of (Ui, Ui—1) := (Fy(Y:), Fy(Yi—1)), a “serial copula of order one”. In
such a description, the marginal features of the process {Y;}cz are entirely described by Fy,



independently of the serial features, that are accounted for by the serial copula. Two statisti-
cians observing the same phenomenon but recording Y; and e*, respectively, would use distinct
quantile functions, but they would agree on serial features.

In more general cases, serial copulas of order one are not sufficient, and higher-order or
multiple copulas may be needed. Note that the description of the model in this context is
clearly “in distribution”: Uy is not related to U;—; through any direct interpretable “almost sure
relation” reflecting some “physical” data-generating mechanism.

1.3 A new nonparametric approach.

The objective of this paper is to show how to overcome the limitations of conditional location-
scale modelling described in Sections 1.1 and 1.2, and to provide statistical tools for a new
approach to time series modelling. Not surprisingly, those tools are essentially related to copulas,
quantiles and ranks. The traditional nonparametric techniques, such as spectral analysis (in its
usual Lo-form), which only account for second-order serial features, cannot handle such objects,
and we therefore propose and develop an original, flexible and fully nonparametric L;-spectral
analysis method.

While classical spectral densities are obtained as Fourier transforms of classical covariance
functions, we rather define spectral density kernels, associated with covariance kernels of the
form

Yi(x1, 22) == Cov(I{Y; < x1}, I{Yi—i < x2}) (1.2)

(Laplace cross-covariance kernels) or
Y (r1,72) 1= Cov(I{U; < 11}, I{Uy—k < 72}) (1.3)

(copula cross-covariance kernels), where U; := Fy(Y;) and Fy denotes the marginal distribu-
tion of the strictly stationary process {Y;};cz. Contrary to covariance functions, the kernels
{vk(z1,22)|71, 22 € R} and {7¥ (11, 72)|71, 72 € [0,1]} allow for a complete description of arbi-
trary bivariate distributions for the couples (Y7, Y;_) and arbitrary bivariate copulas of the pairs
(Ut, U, respectively, and thus escape the conditional location-scale paradigm discussed in Sec-
tion 1.1. They are able to account for sophisticated dependence features that covariance-based
methods are unable to detect, such as time-irreversibility, tail dependence, varying conditional
skewness or kurtosis, etc. And, in view of the desired separation between marginal and serial
features expressed in Section 1.2, special virtues, such as invariance/equivariance (with respect
to continuous order-preserving marginal transformations), can be expected from the copula co-
variance kernels defined in (1.3).

Classical nonparametric spectral-based inference methods have proven quite effective [Granger,
1964, Bloomfield, 1976], essentially in a Gaussian context, where dependencies are fully char-
acterized by autocovariance functions. Therefore, it can be anticipated that similar methods,
based on estimated versions of Laplace or copula spectral kernels (associated with Laplace and
copula covariance kernels, respectively) would be quite useful in the study of series exhibiting
those features that classical covariance-related spectra cannot account for.

Estimation of Laplace and copula spectral kernels, however, requires a substitute for the ordi-
nary periodogram concept considered in the classical approach. We therefore introduce Laplace
and copula periodogram kernels. While ordinary periodograms are defined via least squares
regression of the observations on the sines and cosines of the harmonic basis, our periodogram
kernels are obtained via quantile regression in the Koenker and Bassett [1978] sense. A study



of their asymptotic properties shows that, just as ordinary periodograms, they produce asymp-
totically unbiased estimates (more precisely, the mean of their asymptotic distribution is 27
times the corresponding spectrum), and we therefore also consider smoothed versions that yield
consistency. Asymptotic results show that copula periodograms, as anticipated, are preferable
to the Laplace ones, as their asymptotic behavior only depends on the bivariate copulas of the
pairs (U, Us—g), not on the (in general unknown) marginal distribution Fy of the Y}’s.

Unfortunately, copula periodogram kernels are not statistics, since their definition involves
the transformation of Y; into Uy, hence the knowledge of the marginal distribution function Fy .
We therefore introduce a third periodogram kernel, based on the empirical version of Fy, that
is, on the ranks of the random variables Y7,...,Y,, and establish, under mild assumptions, the
asymptotic equivalence of that rank-based Laplace periodogram with the copula one. Smoothed
rank-based Laplace periodogram kernels, accordingly, seem to be the adequate tools in this con-
text. We conclude with a brief numerical illustration — simulations and an empirical application
— of their potential use in practical problems.

1.4 Review of related literature

Quantities of the form (1.2) and (1.3) arise naturally when the clipped series (I{Y; < z})iez
and (I{U; < 7})iez are investigated. Processes of this type have been considered earlier in the
literature (see, for instance, Kedem [1980]). In the field of signal processing the idea to replace
the quadratic by other loss functions has been discussed by Katkovnik [1998] who proposed to
use L,-distances and analyzed the properties of these M-periodograms. Hong [2000] used the
Laplace covariances corresponding to positive lags to construct a test for serial dependence.
Linton and Whang [2007] considered sequences of Laplace cross-correlations (7, 7)/~o(7,T)
(called quantilogram by these authors) in order to test for directional predictability. Li [2008]
suggested least absolute deviation estimators in a harmonic regression model assuming that the
median of the random variables Y; vanishes. The focus of this author was on the quantity

foolw) = % Z (0, 0) exp(ikw),
keZ

which he called Laplace spectrum. He constructed an asymptotically unbiased estimator for
a quantity which differs from fyo(w;) by a factor involving 1/(F{,(0))? (here w; denotes the
jth Fourier frequency) and extended these results to arbitrary quantiles (see Li [2011]). An
important drawback of this method consists in the fact that it requires estimates of the quantity
F{-(0) in order to obtain an estimate of the Laplace spectrum. Moreover, Li [2008, 2011] does
not prove consistency of a smoothed version of his estimates. Very recently, Hagemann [2011]
proposed an alternative method to estimate the Laplace spectrum (called quantile spectrum
by this author), which is based on an estimate of a linearization of Li [2008]’s statistic. This
approach does not suffer from the drawbacks of Li [2008]’s method and yields consistent estimates
avoiding estimation of the marginal density. On the other hand this method does not allow a
direct interpretation in terms of (weighted) absolute deviation estimates.

In order to obtain a complete description of the two-dimensional distributions at lag k, Hong
[1999] introduced the generalized spectrum defined as the covariance Cov(e*1t ei#2Yi++) and this
approach was used by Chung and Hong [2007] to test for directional pedictability. Recently, Lee
and Rao [2011] considered a Fourier transform of the differences between the joint density of the
pairs (Y, Y;_x) and the product of the two marginal densities to investigate serial dependence.



Unlike ours, these methods are not invariant with respect to transformations of the marginal
distributions.

Finally, there exist some recent proposals to use pair-copula constructions to describe de-
pendencies in the time-domain. Domma et al. [2009] assumed a first-order Markov process, such
that only distributions of pairs (Y7, Y;+1) at lag k = 1 need to be considered. Smith et al. [2010)]
decomposed the distribution at a point in time, conditional upon the past, into the product of
a sequence of bivariate copula densities and the marginal density, known as D-vine by Bedford
and Cooke [2002].

The approach presented in this paper differs from these references in many important aspects.
Essentially, it combines their attractive features while avoiding some of their drawbacks. It
shares the quantile-based flavor of Kedem [1980], Linton and Whang [2007], Li [2008, 2011] and
Hagemann [2011]. In contrast to the latter, however, we do not focus on a particular quantile,
and consider copula cross-covariances 7,? (11, 72) for all (not necessarily equal) values of 71, 79,
while Li [2008, 2011] and Hagemann [2011] restrict to the case 71 = T2. As a consequence, we
obtain, as in the characteristic function approach of Hong [1999], a complete characterization of
the dependencies among the pairs (Y7, Y;_). This allows to address such important features as
time reversibility [see Proposition 2.1] or tail dependence in general. By replacing the original
observations with their ranks, we furthermore achieve an attractive invariance property with
respect to modifications of marginal distributions, which is not satisfied in the case of Hong
[1999)’s method. Moreover, we also avoid the scaling problem of Li’s estimates and establish the
consistency of a smoothed version of periodograms. Finally, because our method is related to
the concept of copulas it allows to separate marginal and serial aspects of a time series, which
makes it attractive for practitioners.

1.5 Outline of the paper.

The paper is organized as follows. In Section 2.1, we introduce the concepts of Laplace and
copula cross-covariance kernels which, in this quantile-based approach, are to replace the ordi-
nary autocovariance function. The corresponding spectra and periodograms are introduced in
Sections 2.2 and 2.3, respectively. Section 3 deals with the asymptotic properties of the Laplace,
copula, and rank-based Laplace periodograms. In Section 4, smoothed periodograms are con-
sidered, and the smoothed rank-based Laplace periodogram kernel is shown to be a consistent
estimator of the copula spectral density. Some numerical illustration is provided in Section 5,
and most of the technical details are concentrated in an appendix.

2 An Li-approach to spectral analysis.

2.1 The Laplace and copula cross-covariance kernels.

Covariances clearly are not sufficient for describing a serial copula. We therefore introduce the
following concept, which will be convenient for that purpose. Let {Y;}:cz be a strictly stationary
process and define the copula cross-covariance kernel of lag k € Z. of {Yi}iez as

W= {l (rm) | (ry72) € (0.1))



where 7Y (71, 72) is defined in (1.3). Similarly, define the Laplace cross-covariance kernel of lag
k € Z of {Yi}iez as

Vi = {%(-Tl,wz) | (z1,22) € RQ},

where (21, z2) is defined in (1.2). Contrary to traditional cross-covariances, copula and Laplace
cross-covariance kernels exist for all £ (no finite variance assumption needed). The words “co-
variance” and “cross-covariance” are used out of time series classical terminology; but we only
consider covariances of indicators, which provide a canonical description of their joint distri-
butions. The copula cross-covariance kernel of order k£ indeed entirely characterizes the joint
distribution of (Uy, U;_y), and conversely, without requiring any information on the distribution
function Fy of Y;. Along with Fy, the copula cross-covariance kernel of order k entirely char-
acterizes the Laplace cross-covariance kernel of order k and the joint distribution of (Y3, Y;_x),
and conversely. If [ 22dFy < o0, the distribution function Fy of ¥; and the collection of copula
cross-covariance kernels of all orders jointly characterize the autocovariance function of {Y; }1ez.

2.2 The Laplace and copula spectral density kernels.

Assume that the Laplace cross-covariance kernels v (equivalently, the copula cross-covariance
kernels 7Y), k € Z are absolutely summable, that is, they satisfy Y oo |yk(21,72)| < oo for
all (z1,22) € R%. Then, v, admits the representation

vy
’Yk(frl,:tz) :/ elkwle,mz(w)dwv (1191’362) € R?

—T

with
o

1

=5 Ye(w1, 32)e 9 (21, 29) € R%. (2.1)

=—00

fr 20 (W)

The collection {w + fz, o, (w)|(x1, 72) € R?}, called the Laplace spectral density kernel, is such
that each mapping w € (—m, 7] > fuy 2o (W), (z1,72) € R?, is continuous and satisfies (writing z
for the complex conjugate of z € C)

fxl,xg(_w) = fao,21 (w) = fa1,22 (w) (2'2)
Similarly define the copula spectral density kernel as
1 = —ikw
Farysgry (W) = o W (1, m)e (11, 7) € (0,1). (2.3)
k=—oc0

where ¢, := Fy''(m;) (i = 1,2). Note that fgr,.q-, 18 the Fourier transform of the differences
between copulas of the pairs (Y7, Y;_x) and the independence copula. Clearly, the same identity
(2.2) holds for fy, 4., (w) as for fz, 4, (w).

Throughout this paper we denote by 4 equality in distribution and define $z and Rz as the
imaginary and real part of z € C, respectively. Obviously we have Sz, 4,(w) = 0 for all w if
and only if vk (x1,x2) = v_k (21, z2) for all £ and we obtain the following result.



Proposition 2.1 The following statements are equivalent:
(1) (Y, Yiir) 4 (Y, Yi_g) for all k (time-reversibility).
(2) Sfzy20(w) =0 for all w and x1, z3 .

(3) SHr, g (w) =0 for all w and 79,72 .

2.3 The Laplace, copula, and rank-based Laplace periodogram kernels.

The Laplace (resp., the copula) cross-covariance kernels describe the behaviour of Y; (resp.,
of Uy = Fy(Y;)) via a characterization of their conditional quantiles.

If a quantile-based approach is to be considered, it seems intuitively reasonable that the tradi-
tional Lo-tools, which are closely related with the concepts of mean and variance, be abandoned
in favor of quantile-specific ones. In particular, traditional Le-projections should be replaced
with (weighted) Li-ones. Recall that, in traditional spectral analysis, estimation is usually based

on the ordinary periodogram
2

lIm o it
In(wj,n) = E‘ Zy'teltwjyn
t=1

where w;, = 2mj/n € F, = {2mj/n| j = 5,...,[%52], 2]} denote the positive Fourier
frequencies. A straightforward calculation shows that this can be expressed as

~

n, -~ 7~ 1 —i
In(wjn) = Zan,OLs(C‘U,n)H2 = Zb%,OLs(wj,n) ( i1 > by ovs(Win),

1

where
n

(an,ous (Wjin)s Bl ops(Wsin) == Argmingg pyegs Y (Y — (a,b)er(wsn))’ (2.4)
t=1
is the ordinary least squares estimator in the linear model with regression constants c;(wj,) =
(1, cos(twjn), sin(twjn))’, corresponding to an Lo-projection of the observed series onto the har-
monic basis.
If, instead of a representation of Y; itself, we are interested in a representation, in terms of
the harmonic basis, of Y;’s quantile of order 7, it may seem natural to replace that ordinary
periodogram I, (wj,) with

A n ~

. n 1 —i
Ln,‘r(wj,n) = 1 ||bn,7'(wj,n)||2 = Zb;’L,T(wj,n) < i1 ) bn,T(Wj,n)a

where

(dn,r (@jin), B (W)n)) = Argming pegs Y or (Ye = (a,b)er(win)) (2.5)
t=1

and
pr(z) i =2(r — {z <0}) = (1 — 7)|z|I{zx <0} + 7|z|I[{x > 0}, T €(0,1),

is the so-called check function (see Koenker [2005]). In definition (2.5), the Lo-loss function,
which yields the classical definition (2.4), is thus replaced by Koenker and Bassett’s weighted
L;-loss which produces quantile regression estimates [Koenker and Bassett, 1978]. That this
indeed is a sensible definition will follow from the asymptotic results of Section 3.



This Li-approach has been taken by Li [2008] for the particular case 7 = 1/2, leading to a
least absolute deviations (LAD) regression coefficient Bn70.5 and later by Li [2011] for arbitrary
7€ (0,1).

More generally, for a given series Yi,...,Y,, define the Laplace periodogram kernel as the
collection

A ne 1 —i\ -
Ly ry (W) i= Zb;z 1 (Wjn) < i1 ) bn,Tz(wj,n)v (11, 72) € (0, 1)2; Wjn € Fn. (2.6)

For any (71, 72,w; ), computation of Jinmn (wjn) is immediate via the simplex algorithm (as
in classical Koenker-Bassett quantile regression, see Koenker [2005]).
Similarly, define the copula periodogram kernel as the Laplace periodogram kernel Lg S (Wjn)

associated with the series Uy, ..., U,. This means that LU (wjn) is obtained from (2.6) by

n,71,72
replacing the estimate by, » by the second and third component of the vector

(a, (BU)’) 1= Argmin, p)cps Z or (Ut — (a, b')ct(wjm)) .
t=1

Finally, because the marginal distribution function Fy required for the calculation of the data

U, = Fy(Y;) is not known, we introduce the empirical or rank-based Laplace periodogram kernel
as the Laplace periodogram kernel én,n o (wjn) associated with the series n_len), e n_lR;n),
where RE") denotes the rank of Y; among Y1,...,Y,. In other words, !:an’m (wjn) is obtained

from (2.6) by replacing the estimate f)nﬁ by the second and third component of the vector

(a, El/ ) := Argmin g, prycps ZpT (nilen) — (a, b')ct(wj,n)> .
t=1

Before we continue, a few remarks regarding the philosophy of the notations used in this paper
might be appropriate. With T we usually denote a statistic obtained from the original time

series Yi,...,Y, such as in,n,w The notation 7V means the T has been calculated from the
“data” Uy,...,U, — a typical example is LY | _ (note that U; = Fy(Y;)). Finally, the notation
Tj reflects the fact that 7" has been calculated from the normalized ranks nilen), e ,n*IR,(ln)

such as the rank-based Laplace periodogram kernel én,n o

3 Asymptotic properties.

3.1 Asymptotics of Laplace and copula periodogram kernels.

We now proceed to deriving the asymptotic distributions of the Laplace and rank-based Laplace
periodogram kernels, which, as we shall see, establishes their relation to the spectral density
kernels defined in (2.1) and (2.3). Throughout the rest of the paper we make the following basic
assumptions.

AsSUMPTION (A1) The process {Y;}ez is strictly stationary and m,-decomposable [Chanda
et al., 1990], i.e. it admits a representation

Y = X+ Din, teZ, neN, (3.1)



where { X}, } and {D; ,,} are strictly stationary and { X} is m,-dependent with m,, = O(n1/4*“)
for some a > 0 and, for some nonnegative sequences (7, ) and (k,) converging to 0 as n — oo,

P(|Dyn| > 1) < Fin. (3.2)

AssuMPTION (A2) The distribution function F, x of X;, and, for any t;, t2, the joint
distribution functions of (Xy, 5, Xt, n) are twice continuously differentiable, with uniformly (with
respect to n and all their arguments) bounded derivatives. Moreover we assume that there
exist d > 0 and ng < oo such that

inf inf z) >0,
n>ng |m_Qn,T|§d fn7X( )
where f, x and g, , := F, }((7') denote the density and 7-quantile corresponding to the distri-
bution Fj, x.
AssuMPTION (A3) For any 7 € (0,1),

sup Z |COV(I{X1,n < Qn,T}aj{Xk,n < Qnﬂ'}” < oo.

" k=—n

ASSUMPTION (A4)  |fu x(gnr) — fy(gr)| = o((logn)™1).

Let ¢, := Fy'(7) denote the T-quantile of Fy and consider a v-tuple Q := {w1,...,w,} C
(0,7) of distinct frequencies. Denote by En,n,m and f)f{ oTe
copula periodogram kernels associated with a realization of length n. For each (r1,72) € (0, 1)

and w € (0, ), write

respectively, the Laplace and
2

Frims (@) = o g @)/ (Fy (6r) fy (am2) (3.3)

for the scaled version of the spectral density kernel f,. 4., (w) defined in (2.3). In the following

two statements —= denotes convergence in distribution, and x% denotes a chi-square distribution
with k& degrees of freedom. We also introduce the piecewise constant function (defined on the
interval (0, 7))

In(W) = Wjn, (3.4)
where w; 5, is the Fourier frequency closest to w such that w € (wj,— 27“, Wjn+ %’r] The following
result is the key for understanding the asymptotic properties of the Laplace periodogram kernel.

Theorem 3.1 Let Q := {w;,...,w,} C (0,7) denote distinct frequencies and 7" := {7y, ..., 7,} C
(0,1) distinct quantile orders. Let Assumptions (A1)—(A4) be satisfied with (A2) and (A3) hold-
ing for every 7 € T. Also assume &, + 1, = o(n~1). Then

ﬁ(ﬁn,T(gn(w))> L) <NT(W))T€T,LU€Q’

TeT,wel Nn—o0

where (N7 (w))rer,weq denotes a vector of centered normal distributed random variables with

( o o
§Rf‘l‘177'1 (w) _%le,Tz (w)

S (@) Ry, @)

0 0
if w wo.
(O 0> 17 w2

2 ifwlzwgzzw

M(TklaTkz) = COV(NTl (wl)va(wQ)) =

(3.5)



Proof. The proof consists of two basic steps which will be sketched in this section. The technical
details for the arguments presented here can be found in Appendix A.

Step 1: The first step consists of a linearization of the estimate by, ;(w; ) defined in (2.5).
To be precise we define for any 7 € (0,1), w € (0,7) and § € R? the functions

n

Zn,T,w(é) = Z (pT(Yt —qr — nil/zcg(w)é) - pT(Y;f - QT))7 (36)
t=1
23 0@) = Y (pr (X = nr — 07 2e)(@)8) = pr (X — Gnr)), (3.7)
t=1
where c(w) := (1, cos(wt),sin(wt))’, and ¢, and g, denote the T-quantiles of Fy and F), x,

respectively. Further define

ZT{T,UJ(E) = _6/65(,7',0.) + %5/in67

where
CT)I(:TM = n_1/2 Z ct(w)(T - I{Xt,n S Qn,T}) (38)
t=1
nrw = Iax(@)nTt Y e(w)ey(w). (3.9)
t=1

We first show that the minimizers

8nmw = arg Ir%in anw(é) and 57)1(;@ = arg m&in Z,ffﬂw(d) = (Qinw)*ldfmw (3.10)
are close in probability (uniformly with respect to w € F,). Note that from the definition
in (2.5) it follows that the random variable \/nby, -(w;,) coincides with the second and third

component of the vector d, ;.. Moreover, for w;, = 27j/n we have

N i = fnx (o) diag(1,1/2,1/2), (3.11)

where diag(aq, ..., ax) denotes the diagonal matrix with diagonal elements a4, ..., ag.
More precisely, we establish the following estimate

SUp B rs = 825, = o (075 v (0 Omf3)) (log n)*/2). (3.12)
wEFn
This result is obtained from the following arguments, for which the details are provided in
Section 6.1. Roughly speaking, estimates of the type (3.12) can be obtained by showing that the
corresponding functions anw and Z,ifT’w are uniformly close in probability. A precise statement
is given in Lemma 6.1 (see Section 6.1.1), where we show that (3.12) follows if the estimate

sup SUp | Znrw(0) — ZX ()] = op (07 (n73m2/3)) (logn)?)  (3.13)
WEFn [|6—8X _||I<e o

n,T,w

can be proved for some € > 0. In order to prove this estimate we show in Section 6.1.2 that

sup  sup [ Zurw(®) = 2 ,(8) = op (VY (0 Bmd ) (logn)?),  (3.14)
WEFn [|6—6X, |I<e o

n,T,w

10



where the function Z;LXT . is defined in (3.7). It remains to prove that the functions ZX_ and

n,T,w

foT » are uniformly close in probability, which is done in two steps. First we apply Lemma 6.2

(see Section 6.1.1), which yields that there exists a finite constant A such that, with probability
tending to one,

sup  sup  [Zp, (80— Zy, ()] < sup  osup  [Zy (8) = Z, ().
WEFn |58, < WEFn ||6]|<e+Av/IogT

Secondly, we show in Section 6.1.3 that this result entails

sup  sup | Zn 0, (8) = Z ()] = op((n MMV (n T Pmi/?)) (log n)?). (3.15)
WEFn |6—6X . ||I<e

n,r,w'

Combining the estimates (3.14) and (3.15) yields (3.13) and as a consequence (by an application
of Lemma 6.1) we obtain the estimate (3.12).

Step 2: As we have discussed at the beginning of the first step, the asymptotic properties
of \/n b, +(wjn) can be obtained from those of the random variables d:X ., for which an explicit

n,T,w
expression is available. More precisely, for given sets Q = {w,.. wl,} C (0,7) of Fourier
frequencies and T := {m,...,7} C (0,1) consider the linear combination with coefficients

Air€R%,i=1,....,v,k=1,...,p

p

3OS X ib s, (g (i) =

k=11i=1 k

ZA k Z Vi) e H{Xun < un}) + op(1)

1f”’ q"’7k> =1  t=1

M@

v

ZAkat” D (e H{Xim < qun}) + op(1),
(3.16)

|
NE
E

B
Il
—

where vy, (w) := (cos(gn(w)t),sin(gn(w)t))’. The first equality is a consequence of (3.10), (3.11)
and (3.12). For the second one, observe that the sum with respect to t, that is

Vin (wz)

S(i, k) =
{ Vn

t

n

(Tk - I{Xt,n S Qn,‘rk}) (317)
converges in distribution for every k € {1,...,p},i € {1, ..., v} as we will show below. This implies
that each of those sums is stochastically bounded, and together with assumption (A4) this yields
the second equality. To prove the convergence in distribution, note that the summands in the
sum with index ¢ in the last line are uniformly bounded and form a triangular array of centered,
myp-dependent random vectors. For the covariance we obtain

Cov (32 V@) (T~ o < g ), > fvw, (@) (Ths = H{ Xt < dnyn))

tll to=1

1
= n Z Z th,n(wil )vi/fz,n(wiQ) COV(I{th,n < qﬂclm}v I{Xtmn < quQ,n})
t1=1t2=1

1 n n
= = 3 Vi @iV lwia) Cov (Y < a1 1Y, < 0, 1) + (1),
t1=1tx=1



where the last equality is due to the fact that

Hf 5 Vorn i ¥y ) ( COVI Xty < i} T Kt < i, 1)
t1=1ta=1

— Cov(I{Yy, < Gy, 5 I{Y:, < qﬂ“2})) Hoo

IN

1

g Z Z (E‘I{th n < qn Thy }I{th,n = dn Tk2} I{}/tl n < Ary, }I{th n < qn TkQ}‘
+ E’I{Y;fl n < 4y, }I{th, < n TkQ} I{Yt1 Ay, }I{Ytz QTICQ}‘)

Z Z ( |Xt1 n Qn,Tkl‘ < ‘Dtl,n| + ‘Qn,ml - qul ‘)

+ P(‘Xtmn - qﬂkaQ‘ < [Diynl + ‘qﬂm@ — Ay, ’)) =nO(kn + 1)

IN

and the assumption that x, + 7, = o(n~!). Along the same lines as in the Proof of Theorem 2
of Li [2008], we then obtain

Cov(I{Ys, < qn, }, 1{Ys, < 4, })

4 n n < >
lim = vi,. ((,U‘ )VI (W‘ ) 1 2 = M(Tk , Tk )
s tlZ::l tQZ::l 1,n\*11 ) Vig n\*i2 fy (th )fY ((:ITk2) 1 2

where M (7y,, Tk, ) is defined in (3.5). By a Central Limit Theorem for triangular arrays of m,,-
dependent random variables (Lemma 6.6), this proves the weak convergence of the sum S(k,1)
defined in (3.17). Next, apply Lemma 6.6 to the first term in the last line of (3.16) to obtain

Z lkz th z — ]{th <qn ‘rk}) —)N(O Var ZZ'\ZkNTk Wz)))

Y(qﬁ“ i=1 =1i=1

where (N-(w))rer,wen denotes a vector of centered normal distributed random variables with
Cov(Nr, (w1), Nry(w2)) = M(7k, , Tk, ) defined in (3.5). Because of (3.16), the quantity

\/>Z Z)\Zkak gn wj )

k=11=1

converges to the same limit distribution. Thus it follows by an application of the traditional
Cramér-Wold device that

L

(o) 75 (V)

7T, WE) N—00

|

As an immediate consequence of the above result the Continuous Mapping Theorem yields
the asymptotic distribution of a collection of Laplace periodogram kernels.

Theorem 3.2 Under the assumptions of Theorem 3.1

~ A

(Ln,TLTQ (gn(wl))a s ?Ln,7'1772 (gn(wu))) i> (LT1,7'2 (wl)v R LTl,Tz (wl/))7 (3'18)
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where the random variables L, -, associated with distinct frequencies are mutually independent.
Moreover,

t~

(W) ~ T (WX i =T, (3.19)

a1 1 —i VA )
Ly 7(w) = 4(Z11,Z12)< — > ( Zz; ) if T # T2,

where (Z11, Z12, Zo1, Z22)' ~ N(0,34(w)) with covariance matriz

and

%7171 (w) 0 %%7172 (w) _S;TlTQ (w)
24(&)) — o . 0 fz)'m'z (w) g\jf’rl’rg (w) §Rf7’17’2 (w) (320)
Rirm @) Ofnmy @) fam@ 0
_%fﬁm (w) §Rf’rlfrz (w) 0 fnrz ((“))

It follows from Theorem 3.2 that, for all (11, 72) € (0,1)? and w € (0, 7),

o

E[LTLTZ ((d)] =27 le,T2 (Ld),

which indicates that an estimator of the scaled spectral density 27 %Tl,TQ (w) defined in (3.3)

could be based on an average of quantities of the form f)nmm (w). Moreover, the following
result is an immediate consequence of Theorem 3.2 and yields the asymptotic distribution of the
copula periodogram kernel.

Corollary 3.1 Let Q := {w1,...,w,} C (0,7) denote distinct frequencies and (11, 72) € (0,1)2.
If Assumptions (A1)-(A4) hold for every T € {71, T2}, with Kk, +np = o(n™1), then

s s c
(LY 901 B (@) 55 (LY (@0), oo LY @), (3:20)

U ., in (3.24) associated with distinct

71,72

where gn(w) is defined in (3.4). The random variables L
frequencies are mutually independent,

L"l']177'2 (w) ~ Tfqry ary (W)X% if T = T, (3.22)
a1 1 -1 Z21 .
L7[']177'2(w) = Z(le?ZlQ) ( i 1 > < 222 > lf T1 7é T2,
and (Z11, Z12, Z21, Z22)' ~ N(0,24(w)) with covariance matriz

fQTl qrq (w) 0 §Rf‘]7'1 qro
O fq7'1 qro (CL)) %qul qro
%fqu Gy (w) %qu Gry (
(

_C\\‘qu Gry (w) %qu qry

(w) _%qu qry (w)
(@) Rfg, g0, (@)
w) qul qry (w) 0

w) 0 qu Gry (w)

Yy(w) =27 (3.23)

In particular,
E[LY _,(w)] = 274, 4., ().

71,72

This means that copula periodogram kernels i}f{m > Tather than the Laplace ones I:nm@, thus

seem to be the appropriate tools for statistical analysis regarding fg,, q,,- Unfortunately, they
are not statistics, since they involve the unknown marginal distribution Fy which in practice is
unspecified. This problem will be solved in the following section.

13



3.2 Asymptotics of rank-based Laplace periodogram kernels.

The final result of this section establishes the asymptotic equivalence of the copula and rank-
based Laplace periodogram kernels Ln W) and Ly -7, (w), where the latter do not involve Fy

and can be computed from the data. In particular the following results show that l:) n, 7 ;nﬂ (W)
are asymptotically distribution-free in the sense that their asymptotic distributions only depend
on the process {U; }ez.

Theorem 3.3 Let Q := {wy,...,w,} C (0, 7) denote distinct frequencies and T' := {ry,...,7,} C
(0,1) distinct quantile orders. Let Assumptions (Al) (A3) be satisfied with (A2) and (A3) hold-
ing for every 7 € T. Also assume &, + 1, = o(n~!). Then

. c U )
i —— 5 (N
( bn, (gn(w>))T€T7w€Q n—o00 ( T TET, weN

where (Ngw)TeT,weQ denotes a vector of centered normal distributed random variables with

e
ffqﬁ’q” (W) —=SFar, 47, (@) if w1 = we =: w, and
Cov(NY , ,NY Sy, @) Ry 0, (@)

ov

T1,w1? Tg,wz) = 0 0
if w wo.
<0 0) 1 # w2

Together with the above result, the Continuous Mapping Theorem yields

Theorem 3.4 Under the assumptions of Theorem 3.2

N N

(L, (9(@0)s s Ly (90(@0))) = (LY ywn) o, LY 2 (w0), (3.24)

where g, (w) and the distribution of the random variables LY _ are defined in (3.4) and Corollary

3.1, respectively.

T1,72

Proof of Theorem 3.3. Let Fny denote the empirical distribution function of Yi,...,Y,,
e; := (1,0,0), 6 = (01, 02,03)", and Uy, := F, x (Xt ). We introduce the functions

n

Znir(8) = ;(m<ﬁn,y<m—¢—n—1” ci(w)8) = pr(Fny (Vi) = 7))

75 (0) = é(m(m(xt,n)—T—n—”%z(w)é)—m(Fn,y(Xt,n)—T))

2,.0) = é(mmm—f—n1/2c;<w>6>—pf<vt,n— ) = S/ x (B (r) = 7)
Z8) 1= 8 (st P (B () = 1) + 50/QUL6

where

= th ) and Cnﬂu = n_l/Qth(w)(T—I{Um < T})
t=1

14



If we can show that the difference anw(é) ZY_ (6) is uniformly small in probability, a slight

n,7,w
modification of the arguments presented in the proof Theorem 3.2 yield a uniform linearization

of §n,7,w := arg ming anw(‘s)' More precisely, we show

1/4
n

sup Hénmw — 67[{777(4]] = op (n_l/Sm log n) (3.25)

UJE]:'IL

where
6grw‘_ argmanrlLJTw( ):(er{, ) (Cnrw—i_el\f( nX( nY( ))_T))

The asymptotic normality of the linearization én . then follows by similar arguments as given
in Step (2) of the proof of Theorem 3.2 and the details are omitted for the sake of brevity.

In order to prove (3.25) we note that Lemma 6.1 in the Appendix also holds with Z, ;.. (8),
Z:X. ,(8), 8., and 8y, 1, replaced by Z, 7. (6), ZY ., (8), 6Y

o w norw and Oy, -, respectively. There-

fore, it suffices to establish that, for some ¢ > 0,

sup Sup |Zn,'r,w(5) ZgTw( )| =op (n71/4m111/2(10g n)2) (3.26)
wEFn ||6_67[7,J,7',w”§6

Note that 6V

n.rw decomposes into a term containing Cg rw»> to which Lemma 6.2 applies, and

a term involving /n(F, X(an +(7)) — 7), which, for every 7, converges in distribution, so that

P(\/E(an(ﬁ’gil,(ﬂ) — 1) > Aylogn) — 0 for any A > 0. Therefore, there exists a finite
constant A such that

lim P( sup |6Y rwlloe > Ay/logn) = 0.

n—oo

It follows that, in order to establish (3.26), we may restrict to a supremum with respect to the
set ||0]] < 2Ay/logn. Knight’s identity (Knight [1998]; see p. 121 of Koenker [2005]) yields

23 20(0) = 231 001(8) + 23 1, 2(6),

_n,T,w

where

ZnXTw 1(6> = —5’%71/2 Z ct(w) (T - I{Ut,n < Fn,X(Fn_,ll/(T))})’

. RO . .
giT,w,Z(é) = Z/ (I{Ut,n < Fn,X(F,,;}l/(S +7))} - I{Ut,n < Fn,X(Fnj%/(T))})dS
0

A similar representation holds for Z, (). Now the proof of (3.26) is a consequence of the

following three auxiliary results, which are proved in Sections 6.2.1-6.2.3:

N

sup sup ‘gnmw(é) me, )‘ = Op((/ﬁn + N + T (200, My ) )/ log n) (3.27)
wEFn [|8]|<Aviogn

where 7, (21,, my)) = o((nlogn)~1/2) (for a precise definition see equation 6.8 in Appendix B),

sup sup
weFn ||§||<AyIogn

n W, 1 —d'n 12 Z Ct T - I{Ut,n < 7_}) (328)
— Si/n(Fux (Bb (7)) — 7 ) — Op(n~*m}/*(logn)*’?).
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n—1/2¢ /

n7w2 Z/ I{Ut,ngs+T}fI{Ut,n§T})ds‘

sup sup
WEFn ||8]|<AVIogn

=Op(n~ VAmL2(logn)3/? + nlogn(kn + nn + o (n,my))). (3.29)

Note that the combination of (3.28) and (3.29) implies that ZX_ and ZV

Lo 17w are uniformly close

in probability. Finally, we obtain from (3.15)

sup sup |2, (8) = 21, (8) = op((n” M/t v T Ami/®) (log n)?), (3.30)
wEFn |18]1<AvIogn

(8) and ZX

n,r,w

(8) with ZY

n,T,w

where we may replace ZX, (&) with ZU

n,T,w n,T,w

(6), since Uy ..., Upn
are my-dependent as required and the additional term 51\/ﬁ(Fn7X(FnY(T)) — 7) appears in
both ZnUTw(é) and ZY_ (8). Combining (3.27)-(3.30) yields (3.26), thus completing the proof

n,r,w

of Theorem 3.3. |

4 Smoothed periodograms.
We have seen in Section 3.1 that the Laplace periodogram kernel converges in distribution and
that the expectation of the limit is the scaled spectral density kernel (at (71,72))

o

> @ gr)e R,

k=—o00

far, ary (w) _ 1
fY(qu)fY(qT2) B fY(qu)fY(QTz)

27 frymy (W) =27

In practice, however, this is not enough, and consistent estimation is a minimal requirement.
For this purpose, we consider, as in traditional spectral estimation, smoothed versions of peri-
odograms, of the form

fn 1,72 (Wjn) z Wi (k) Ly, 7y 70 (Witken) (4.1)
|k|<Nn

at the Fourier frequencies wj,, = 27j/n, where N,, — 0o as n — oo is a sequence of positive
integers, and W, = {W,,(j) : |j| < Nn} a sequence of positive weights satisfying

Wo(k) = Wa(=k) forall kand > Wy(k) =
[k|< N

Extending the definition of §, ;, -, to the interval (0, 7) we introduce

{w = %n,ﬁﬁz(w) ‘ (11,72) € [0, 1]2, w € (O,W)}

as smoothed Laplace periodogram kernel, where

fn,ﬁﬂ'z (W) 1= F,m,ms (Gn (W), (4.2)

and the function g,(w) is defined in (3.4). In order to show that f, ., (w) is a consistent
estimator of the scaled spectral density f,, ., (w) we make the following additional assumptions.
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ASSUMPTION (A5) N,/n — 0,and 5. W2(k) = O(1/n) as n — oc;
|k|<Nn
AssuMPTION (AG6) For any 71,7, 73,74 € (0,1), Y02 | (71,72)| < 00, and

[e 9]

Z ‘Cum(l{}/t S QTl}aI{}/;H—kQ S qu}vl{Y;H-kQ S QT3}7I{Y;H-]€4 S qT4})| < 007

ko,k3,k4=—00

AsSUMPTION (A7) The function fy, 4., defined in (2.3) is continuously differentiable for all
(11,72) € (0,1)2;

Theorem 4.1 Let (A1)-(A7) hold, with n, = O(1/n) and k, = O(1/n). Then the smoothed
Laplace periodogram defined in (4.1) and (4.2) is a consistent estimator for the scaled Laplace
spectral density; more precisely,

fn,ﬁﬂ'z (w) =27 le,TQ (w) +Op (Rn + n1/? + Nn/n) =27 le,TQ (w) + op(1), (4.3)
where Ry, = |fy(¢r) — fax(qrn)|logn + (n= Y8 v nfl/Gm,I/S)(log n)2.

Proof. The proof proceeds in several steps which are sketched here. The technical details can
be found in the Appendix B. We first show (Section 7.1) that

f’n,ﬁ,‘rz (w]}n) = Ln,TLTQ (wjﬂ)/(fY(Q‘n)fY(QTQ)) + OP(Rn)v (4'4)
uniformly in the Fourier frequencies w;, := 27j/n, where
L (Wjn) = n_ldn(ﬁa Wj.n)dn (T2, —Wijn),

dn(T,wjn) = 2oy @it (r — I{Yy < gr}) = (1,)n'*by ;27" fr(gr) and

S () i <y

sin(wjnt

1/2 .
by = fy ar)
;

As an immediate consequence we obtain

fn 1,72 an = Z W n7'1,7'2(Wj+k,n)/(fY(Qn)fY(QTz)) + Op(Ry).
|k|<Nn

In Section 7.2, we show that, for any w;, = 27j/n,

L Lnn,’rz(w]—l-kn) _ ° s _ p
K= X W) (Srnmta) f ) —oeape. 6

Now, let wj,, be a sequence of Fourier frequencies that converges to a frequency w € (0,m) with

rate |wj,n —w| = O(N,/n): both for f =R %7'177'2 and f = %TNQ, we have

|k|<Nnpn \k\<Nn
<G, Z Wi (k) 12nk/n + wj,n —w| < Cp Z k) |2nk/n| + C, Z Wi (k) |wjm —w
|k|< Ny, k|< Ny, |k|<Ny,
< Cn (27 Ny /n + |wjun — Z Wi ( (Nn/n),
|[k|<Np
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where [, 110 — w| < |w — wj, 1k,n| and Cy, 1= supgcz, |f'(€)] is the supremum over

En = [W — Jw — Wipn| = WN,ms W+ w — an,n’ + WNn,nH'

Note that, since |w — wj, »| — 0 and wy,, , = 20N, /n — 0, C;, — f'(w), so that (Cy,) is a
bounded sequence. This yields

> Walk) (v, @ 0)= Ty (@) ] = OV /),

|k|<Nn

and completes the proof of Theorem 4.1. O

For a consistent estimation of the (unscaled) Laplace spectral density f-, -, (w), we propose
a smoothed version

inmfz (w) = in,nm (gn(w)), in 1, (Win) = Z Wi( 7171772 (WJJrk n);
|k|<Np

of the rank-based Laplace periodogram ;71,7'177'2 (w). We then have the following result

Theorem 4.2 Let Assumptions (A1)-(A3) and (A5)-(A7) hold with 0, = O(1/n) and Ky, =
O(1/n). Then the smoothed rank-based Laplace periodogram L7}™ is a consistent estimator of

the (unscaled) Laplace spectral density fgr, ,an, - More precisely,
Frma (@) = 27F, (@) + O (o(n™#my/4(log m)*?) + Nu/n) = 27fy,, 4., (@) + 0p (1),

Proof. The proof is very similar to the proof of Theorem 4.1. The main difference lies in the

asymptotic representation for the quantity n'/ ng rw denoting the second and third coordinate

of the quantity 6V n (3.25). Here we have to estimate the difference

n,T,w

— 1/21,U -1/2 cos{w _ < H
: 5;1]1:) H b, ., —2n Z(Sm ) T—IH{Fy(Yy) <71})|.

Direct computation shows that

On 123 Iy () < 7} = I{Fux (1) < 7}

A, <

t=1
n

< On7 Y HIFx (Xi) = 7l < [Fy (Y) = Fax(Xen))
t=1
n ~

< Cn7'V2Y NP x(Xen) = 7 S [Py = Fuxllose + C|Denl}
t=1
n ~

< On Y H{|Fux(Xew) = 7| < I1Fy = Fuxllso + Cd + I{|Dral > ma}.
t=1

Since

[{Y: < a} = {Xin < 2}| < H{[Xin — 2] < [Dinl} < I{|Xin

18



|Fy — F x|loo = O(kn + ). Thus, E|A,| = O(v/n(kn + 1)), hence A, = Op(v/n(kn + 1n))-
The rest of the proof follows by the same arguments as in the proof of Theorem 4.1, yielding
the estimate

Frirra (@) = frima (@) + O (VTogn(sn + 1) + (™ oml/ log n)/logn +n =12 + Ny /n)

Finally the assumptions imply v/nlogn(kn +1,) +n /2 = o(nfl/gm,l/ﬁ‘(log n)3/?), which com-
pletes the proof of Theorem 4.2. O

Note that Theorem 4.1 solves an open and important problem raised in Li [2008, 2011],
who considered the Laplace periodogram lA}n,ThTz for m; = 7. This author showed asymptotic
unbiasedness, but did not prove consistency of a smoothed version of the Laplace periodogram.
Moreover, as pointed out in Theorem 3.1 the smoothed version of En,n 7 is not consistent for
the copula spectral density kernel, which is the object of interest in our paper. Theorem 4.2
shows that the smoothed rank-based Laplace periodogram yields a consistent estimate of this
quantity.

5 Finite sample properties.

5.1 Simulation results.

In order to illustrate the finite sample properties of the new estimates we present a small sim-
ulation study. We consider AR(1) processes Y; = 9Y;_1 + & with A(0,1)- and ¢;-distributed
innovations &;, where ¢ := —0.3. All results presented in this section are based on 5000 simula-
tion runs.

We generate pseudo-random time series of lengths n = 100, n = 500 and n = 1000, of the
AR(1) processes and calculate the Laplace and rank-based Laplace periodogram, for 7,70 €
{0.05,0.25,0.5,0.75,0.95}. We also determine the smoothed estimates using Daniell kernels (as
in Brockwell and Davis [2006], Example 10.4.3), where the parameters are (2,1) for n = 100,
(10,4) for n = 500 and (10, 25) for n = 1000. From all calculated periodograms we determine the
mean to estimate the expectation of the various estimates. Each of the following figures contains
9 subfigures. For any combination of 71 and 79, the imaginary parts of periodograms and spectra
are represented above the diagonal, whereas the real parts are represented below, or, for 71 = 7o,
on the diagonal (note that in the case 71 = 7o all quantities under consideration are real). The
curves are plotted against w/(2x). In all figures, the dashed line represents the “true” spectrum
(scaled for Figures 1 and 2; unscaled for Figure 3 and 4) and the solid line the (pointwise)
mean of the simulated smoothed Laplace periodograms. In order to illustrate the variability
the figures contain some additional information. The dotted lines represent the 0.1 and 0.9
(pointwise) sample quantiles of the unsmoothed periodograms from the 5000 simulation runs,
while the border of the gray area represents the 0.1 and 0.9 sample quantiles of the smoothed
estimates.

For the sake of brevity only results for sample size n = 500 are presented here, but fur-
ther results, which show a similar behavior, are available from the authors. In Figure 1 we
present the results of the Laplace and smoothed Laplace periodogram in the case of Gaussian
innovations, while the case of ti-distributed innovations is shown in Figure 2. Inspection of
these figures reveals that the imaginary component of the spectrum is vanishing in the case of
Gaussian innovations (see Figure 1). This observation reflects the fact that AR processes with
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Gaussian innovations are time-reversible. On the other hand for ¢;-distributed innovations this
phenomenon only takes place for the extreme quantiles (71 = 0.05, 79 = 0.95), meaning that
P(X¢ < qo.05, Xek < go.95) is approximately equal to P(X; < go.95, Xi+ < go.05). This, how-
ever, does not hold for 7 = 0.5 and 75 = 0.05 or 0.95 and frequencies above 0.3, which indicates
a time-irreversible impact of extreme values on the central ones. Another finding is that in most
cases the bias is usually larger for the estimation of the Laplace spectrum with 7, = 7o, see, for
instance the panels in the diagonals of Figures 1 and 2.

The corresponding rank-based Laplace periodograms are shown in Figure 3 and 4 corre-
sponding to standard normal and t;-distributed innovations, respectively. The results show a
similar type of time reversibility as observed for the Laplace periodogram. It is interesting to
note that for the rank-based Laplace periodogram the bias appears to be much smaller, and
smoothing seems to be more effective (see Figures 3 and 4)

Finally, we investigate the quality of the estimates by their mean squared properties. In
Table 1 we present the square roots of the integrated mean squared errors (MSE). We consider
two innovation distributions (#; and standard normal) and the smoothed rank-based Laplace
periodogram for sample sizes n = 100, 500, and 1000. Note that because of symmetry we do not
display all combinations. For example the spectra corresponding to the quantiles (.05,.05) and
(.95,.95) coincide in the scenario under consideration. We observe a reasonable behavior of the
rank-based Laplace periodogram with respect to MSE in all cases. It is interesting to note that
in both cases the integrated MSE becomes larger if quantiles from a neighbourhood of 7 = 0.5
are involved. For example the integrated MSE is increasing for (0.05,0.05), (0.05,0.25) and
(0.05,0.50) and then again decreasing for (0.05,0.75), (0.05,0.95). This phenomenon is closely
related to the fact that the empirical copula has variance zero at the boundaries of the unit
cube, see Genest and Segers [2010] for more details on this subject.

(11, 72)
£ n (.05,.05) (.05,.25) (.05,.5) (.05, .715) ?.05, 95) (.25,.25) (.25,.5) (.5,.5)

100 0.0206 0.0411 0.0465 0.0406 0.0221 0.0646 0.0842 0.0872

N(0,1) 500 0.0086 0.0191 0.0223 0.0195 0.0102 0.0355 0.0444 0.0487
1000  0.0055 0.0122 0.0143 0.0126 0.0066 0.0231 0.0287 0.0320

100 0.0217 0.0422 0.0472 0.0412 0.0236 0.0666 0.0863 0.0939
131 500 0.0093 0.0196 0.0224 0.0196 0.0112 0.0366 0.0464 0.0531
1000  0.0060 0.0126 0.0144 0.0126 0.0074 0.0236 0.0298 0.0347

Table 1: Root Integrated Mean Square Errors of smoothed, rank-based Laplace periodograms, for
the two AR(1) examples above, and various series lengths.

5.2 An empirical application: S&P 500 returns.

The smoothed rank-based Laplace periodogram was computed from the series of daily return
values of the S&P 500 index (Jan/2/1963-Dec/31/2009, n = 11844), for the same quantile orders
as in the previous section; the weighting function is given by a Daniell kernel with parameters
(200,100). Results for the smoothed traditional periodogram are shown in Figure 5, while
the results for the rank-based Laplace periodogram are presented in Figure 6, with the same
convention as described in Section 5.1.
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Figure 1: Smoothed Laplace periodograms and (scaled) spectral densities defined in (3.3). The
process is an AR(1) process with N (0, 1)-distributed innovations and the sample size is 500.
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The non-linear features of that series have been stressed by many authors (see, e.g. Ab-
hyankar et al. [1997], Berg et al. [2010], Brock et al. [1992], Hinich and Patterson [1990, 1985],
Hsieh [1989], Vaidyanathan and Krehbiel [1992]). Those non-linear features cannot be detected
by classical correlogram-based spectral methods, and hence do not appear in Figure 5, where
the traditional smoothed periodogram is depicted. They do appear, however, in the plots of
Figure 6. Whereas the picture for the central quantiles 74 = 70 = 0.5 looks quite similar to
that in Figure 5, the remaining ones, which involve at least one extreme quantile, are drastically
different, indicating a marked discrepancy between tail and central dependence structures. All
plots involving at least one extremal quantile yield a peak at the origin, which possibly corre-
sponds to a long-range memory for extremal events. Imaginary parts are not zero, suggesting
again time-irreversibility. Such features entirely escape a traditional spectral analysis.

6 Appendix A: Technical details for the proofs in Section 3

In this section we give the technical details for the proofs of Theorem 3.1 and 3.3. The proofs of
the results in this section rely on several lemmas. Five of them (Lemma 6.7, 6.8, 6.9, 6.10 and
6.6) are general results, the statement of which we postpone to Section 6.3. Two further ones
(Lemmas 6.4 and 6.5) are specific to the proof of (3.25) and presented in Section 6.2.4. Finally,
Lemmas 6.1, and 6.2 are auxiliary results used in the proofs of both (3.12) and (3.25); they
are regrouped in Section 6.1.1, while Lemma 6.3 (also in Section 6.1.1) is specific to the proof
of (3.12).

6.1 Details for the proof of (3.12)

Recall that the estimate (3.12) was obtained by a combination of Lemma 6.1, Lemma 6.2 and
(3.14) - (3.15). The Lemmata will be proved in Section 6.1.1 and are also used in a slightly
modified form in the proof of (3.25), which is the essential step in the proof of Theorem 3.3.
Throughout this section, the notation from the proof of Theorem 3.1 is used.

6.1.1 Three auxiliary Lemmas

The following Lemma generalizes ideas from Pollard [1991].

Lemma 6.1 Let B,, (x) denote the closed ball (in R?) with center x and radius a, > 0. Assume
that, for some sequence of real numbers a, = o(1),

An ‘= Ssup sup ’Zn,ﬂw((s) - Z7)L<,T,w<6)‘ - OP(G’Q)'
wEFn §€Ba,, (6;X

n,T W
Then, SuPyer, ‘Sn,ﬂw - 67)57'#1‘ = op (a’n)

Proof. Let 7w (8) = Zpnru(8) — ZX, (). Simple algebra and the explicit form (3.10) of
87 yield

. 1 1

Z'flﬂ',w(é) - 5(6 - 67§T,W)IQ7)1{,T,UJ<6 - 67‘257',(.0) - 5(57§T,w)/Q§,T,w67§T,w + Tnﬂ?w((s)' (61)
Any 8 € R?\ By, (6; ) with distance I, := [|6 — &;, || > an to &; ., can be represented
as § = 67)1{mw +lprwdn rw, where dy, 7, := l;lﬂw(d — 67)1,(,7',w)' The point &y, ; , = 67)7,(,7',w +andp rw
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is on the boundary of the ball Ban(éX ). The convexity of Z, ., (8) therefore implies

n,T,w
nlrZnrw(®) + (L= anloro) Znrw(Oinw) = Znrw(8nrw) = ZiirwOnr) + Tnrw(8 1)
> % Qi wlnrway — 1( Ornro) QurOnr — An
> Q)+ Zanu(8,) 20,
Rearranging and taking the infimum over w and §, we obtain
i 5:\5—aigw|>an (Zriro(0) = Znrisliir.))
> inf 6:|6—Sg,17f,w\>an Inrw a71(2 norw Qi rwan — 28,). (6.2)

By assumption, the smallest eigenvalue of QX __ is bounded away from zero uniformly in w € F,,,

n,T,w

for n sufficiently large. Hence, 2A,, < ld’ Qn rwdn w@2 with probability tending to one, the

n,T,w
right-hand side in (6 2) is strictly positive, and the minimum of Z, ,,(8) cannot be attained at
any & with |6 — &;X_ | > an. O

n,T,w

Lemma 6.2 For any 7 € (0,1), there exists a finite constant A such that
hm P( sup 16X rwlloo > Ay/logn) = 0.

Proof. For any A > 0,

P( sup ||6; rwlloe = Ay/logn) < nosup P(||Snwllee > Av/nlogn), (6.3)

wEFn wEFn

where S, ., = nl/QéfTw S Hew with Hy o = (Q) ) te(w)(7 — H{Xen < gnyr})- In
order to bound the probabilities on the right-hand side of (6.3), we apply Lemma 6.8, with
Tn = 24/logn and ¢, = nt/%m 2/3 _1 to each component of S, .. Let S, ; and H;, j,
j =1,2,3 denote the jth components Of Smw and H;,, respectively. The quantities H;, ; form
a triangular array of centered, m,,-dependent, real-valued random variables, and each of them is
bounded by a finite constant that does not depend on w. Therefore, Condition 2 of Lemma 6.8
holds. Next, observe that, for w € F,, we have E[S, S}, ,] = n diag(1,4,4)W,,, where

n

;ZZCS B Xon < @ H{Xin < gur}] = 72).

s=1 t=1

Each entry of cs(w)cj(w) is uniformly bounded by 1. Together with Assumption (A3), this
implies that the diagonal entries of W,, are bounded uniformly in w and n. Because all terms
are centered, we have B2 . :=ES? .= O(n). Note that t,(n~"?m223)'/3 = 1. Therefore,

n,w,J n,w,j

the left-hand side in Condition 1 of Lemma 6.8 is of the order x,m, = O(n'/*) and, since
V2 (nmiz )2/ 3 = n, that condition holds. Condition 3 follows from the fact that v, — oo and
n~2m2¢323 = 1, and Condition 4 from the assumption that m, = O(n'/*~%). Lemma 6.8

therefore applies, yielding

P(ISnwlloc = Av/nlogn) < P([Snwllec > 2\/6$n,un) < 4exp(—4logn) = 4n~4,
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where @iy = Tn(B2 4 Y2 (nm2a3)??)/? = 2,(B2 + n)'/? = O(v/nlogn). Consequently, the
constant A can always be chosen in such a way that, for n sufficiently large,

Av/nlogn > 2V6a, (B2 + 2 (nm2a3)?3) V2 = 2v/62 i,
The claim follows. O

Lemma 6.3 For the Fourier frequencies wj, € Fy, let I'y(8;7,wjyn) == >0 Hi(d; T,wjn),

where
n=2c)(wjn)d

Hy(8;7,wjn) = / (I{Xin < 5+ qur} — I{Xen < gur})ds
0

Then, B[Ln(8;7,wjn)] = fo.x(anr)(20) 7" 20 (¢1(w)n)8)? + 11(7,wjn), where [r1(wjn, 7)] <
Cy4||8|1Pn=1/2 for some finite constant Cy. Moreover, if ||8| < Alogn, there exists a positive
constant C1 such that, for sufficiently large n, any 7 and w;y,

Var(Tp(8; 7, wjn)) < n~Y2C1)16]°.

Proof. Assumption (A2) guarantees that all calculations that follow still hold when distributions
depend on n. Due to m,,-dependence,

Var (T, (6; 7, w)) ZVar Hy(0;m,w)) + Z Z Cov(Hy, (0;7,w), Hy, (6; T,w)).

= t1=1 1<to#t1<n
[ta—t1|<mn
Note that

E [Ht(é; T, wj,n)Q]

—1/2 /(w )5 1/2 /(w7 n)6
- E|:/ / (I{Xt’" Su+ qn,‘f'} - I{Xt,n < Qn,f})
0 0

X (H{Xtn €0+ Gur} = H{Xen < gar}) dudo]

(w 'n)‘S 71/2 /(Wg n)é
/ (I{X1n < (WAV) + dnrt = T{Xom < (uAO) + g}
0

~I{ X1 < (0A0) + o s} + H{ Xy < g })dudv]
n=1/2¢) (wj,,)8 —1/2¢} (wj.n)d
= / / (uAv—=uAN0—vA0) frx(gnr)+r2(u,v, 7)dudv  (6.4)
0 0

= 3702 L x(gn.r) |eh(wjn)d]” + ra(wjm, 7), (6.5)

where |ro(u,v,7)| < C1(u? + v?), hence |r3(wjn, 7)| < Ca||8]|*n~2 Equality (6.4) follows via
a Taylor expansion, (6.5) from the fact that [ [" (u Av —u A0 —v A0)dudv = 1|z[3. Similarly,

7171/202((«1]'7")5
(H{ Xt < Ut st = H Xt < o)) |du (6.6)

E[Ht((s;T,ijn)} = E[/O

—1/2 /(wj n)5
= /0 (frx(gnrs)u+ra(u, 7)) du = fn’X;gn’T)(C;;(wj,n)(s)2 +ri(7,wjn)
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where |ry(u, 7)| < C3u?, hence 71 (Wi, T)| < C4||5||3n*3/2. Thus,

BIHL(8: 7, )] = 17 (5 foox () (€4(5)8)7) 4 730010, 7).

where |r5(wjn, 7)| < C5(||8]|° + ||8]|%)n~>/2. For the covariances, we have

E[Htl (65, wj,n) Hy, (657, wj»”)]

= E[/On

1/27 (w] n)(; 71/2 / (o.)] n)5
= / / th—t1,n,X (U + dn,t,V + Qn,T> - FtQ—t1,n,X (Qn,'ry v+ Qn,T)
0 0

_th—tl,n,X (u + qn,T Qnﬂ') + th—tl,n,X<Qn,7'7 Qn,T>dUdU

n_l/chl(wj,n)ts n=1/2¢} | Wj,n)d
- / / re(u, v, 7)dudv (6.7)
0 0

= T7(wj7n7 7—)7

—1/2a7 —1/2.7 .
/ct1 n /ctQ(me)é

("JJ n)6
/ (Xt < 0+ s} — H{Xo 0 < dnr})
0

X (I{th,n <v+ Qn,r} - I{th,n < qn,T}) dudv

where |rg(u,v,7)| < Cg(u? + v?), hence |r7(u,v,7)| < C7||6]|*n~2; equality (6.7) follows via a
Taylor expansion and some straightforward algebra. From (6.4), (6.5) and (6.7), we obtain

n

1 3
Var(I'y (8; 7,wjn)) = 3/2an 4n,r Z’C;(Wj,n)‘s’ + Ry,

with |R,| < C3||8|*m,n~! for sufficiently large n, and

n n
> lei(smaf < 3 el V3 361" <323 161° = 52 na|
t=1 t=1

t=1

This completes the proof. O

6.1.2 Proof of (3.14)

Applying Knight’s identity (Knight [1998]; see p. 121 of Koenker [2005]) to (3.6) and (3.7),
we obtain

Znrw(8) = Znrwi(8) + Znrw2(8) and fow(a) 7X

n,T,w,l

(6) ZﬁXﬂ'w 2(6)
where

Znrwr(8) = —dm /2 Z (1 — I{Y; < q:}),

. 71/2 / UJ)(;

Znrina(6) = Z / (1Y < 4r + s} — I{¥; < g,})ds

ZAiTaW,l((S) = _5,n_1/2 Z Ct(w)(T - I{Xt,n < QH,T}),

1/2¢1(w)éd
Z7)L<Tw 2(6) = Z/) (I{Xt,n < Adn,r + 3} - I{Xt,n < Qn,ﬂ-})ds
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Let us show that Zn rw,i and Zn rwis ©=1,2, are uniformly close in probability. For ¢ = 1, note

that, with probability tending to one, for any sequence of positive real numbers 7n,,, uniformly

over ||6]| < Ay/logn,

‘ZATL,T,WJ((;) n W, 1( ’ = 7’L_1/2

J’th J(I{Xin < @7 = Den} = H{Xen < ur))

< A\/ nlOgn EZ (I{|Dt,n| > nn} + I{|Xt,n - Qn,‘r| < Mn + ’CJT - Qn,‘r|}>a
t=1

in turn, implies | X¢p — @nr| < Mn + |¢r — @n,7| O | D¢ | > np. Taking expectations, part (3.2) of
Assumption (Al), the strict stationarity of (Dy,,) and (X ), and a Taylor expansion yield

E|ZATL7T,UJ,1(6) - Z?L{T,w,l((s)’ < A\/@O(K’n + 1+ |QT - Qn,TD-

Using similar arguments and the same reasoning as in Section 6.2.1, we obtain

sup |Zn,7,w,2(6) - ZﬁT,w,Q((SN = Op ((”n + NMn + (O (Kp + 1n), mn))y/nlog n),
16]|<AvIogn

since I{Xt,n S qr — Dt,n} - I{Xt,n < Qn,T} 7& 0 implies |Xt,n - Qn,‘r| S |Dt,n| + IQT - Qn,‘r| WhiCh7

where the function r,, is defined by
Tn(Any myp,) = Con /2 (mnan + (% Vv an)z/Bmi/?’n_l/3(log n)3)1/2(log n)1/2. (6.8)
In order to complete the proof, let us show that |¢- — ¢n | = O(n, + Ky). Observe that
[P(X1n + D1 <t) = P(Xy 0 <) SE[{|X10 — 1] < 0} + I{|D1n| > 1} = O + £in).

Thus, ||Fy — Fp x|loc = O(ny + k). Let g be strictly increasing, and h increasing, on [a, b],
with |g(z) — g(y)| > ¢z — y| for some ¢ > 0 and sup,¢(, ) [9(t) — A(t)| < L. Denote by h~1 the
generalized inverse of h on [a,b] (namely, h=!(p) := inf{t|h(t) > p}). Then,

- i) — gl (0)] < 20/
telg(a)+2L/c,g(b)—2L/c]

Letting g = F,, x,h = Fy, and taking into account the fact that f,, x > 0, hence F}, x strictly
increasing, on [F), (1) — d, F, () + d], we thus obtain

|qn,7' - QT| = O(nn + ’in)p (69)

which completes the proof. O

6.1.3 Proof of (3.15)

Due to Knight’s identity, we have
KQN((S;T?('U) Zi(‘rw((s) nTw Zth
with

V2] (w) -
Wt,n(wa 5) = / (I{Xt,n <s+ Qn,r} - I{Xt,n < Qn,T})dS - ﬁl’);g(f’)(élct(w))%
0
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Direct calculations yield, for some finite constants C, Co, C3 and n large enough,

sup sup [E[W;,,(w,d)]] < C1||6][>n /2, sup sup |[W . (w, )| < Co||8]n"? as.,  (6.10)
wEFy t wEF, t
sup sup E[|W;.,(w, 8)[P] < Cs|8||1HPn~0+P)/2 (6.11)
weF, t

and, for n > ng with ng € IN independent of ¢ and w,

sup |Kaop(a;7,w) — Kop(b; 7,w)| < 3v/nlla — b|.
(.Ue]:n

It is obviously possible to construct N = o(n°) points di, ...,dy (the dependence of the points
on n is not reflected in the notation) such that for every § € {4 : ||0]|cc < Ay/logn} there exists
an index j(6) for which [|6 — djs)|| < n~3/2. The computations above then show that

sup sup |Ko2n(8;7,w)| < sup  sup  |Kan(dj; T,w)| + Op(n™1).
WEFn ||6lco<AvIogn WEFn j=1,...N

Since #F, < n,

P( sup sup |Kopn(dj;7,w)| > an) < Nn sup sup P(\Kgn(dj;T,w)] > an). (6.12)
w€Fn j=1,...,.N WEFn j=1,....N

Let us show that, for a sequence a, with a, = o((n=1/* v n_l/gmﬁ/g)(log n)3), we can make
the probabilities in (6.12) tend to zero as fast as n~ ", for any D € IN, which is fast enough to
compensate for the factor nN = o(n%) and hence will complete the proof.

For this purpose, we apply Lemma 6.8 again. Fix w and d;, and observe that the collection of
random variables

Vin(w,d;) == n2(logn) V2(Wy n(w,dj) — EWyn(w,d;)), t=1,..,n
are centered and my-dependent. Note that, for ||§|| < Ay/logn, we have

sup sup | Vi (w,8)| < ACo(1 4 0(1)),  sup sup E[|[Vin(w,8)]’] < AC3n~Y2(logn)/2, (6.13)
weF, t wEF, t

and, as a consequence of (6.10), (6.11) and Lemma 6.3 in Section 6.1.1,

sup supB[ (32 Vin(e,)) ] < 4°Cun' 2 (0gn) /(1 +0(1)
weF, t :

Let x, = D+/log(n) and v, = (n_l/?’m,l/3 V sup;(E|Vin(w, 8)?)/3) logn. Since n3mL? s
O(n=14=a/3) and sup,(E|Vin(w, 8)[*)'/3 is O(n=Y%(ogn)'/5), 1, is O(n=1/6(logn)7/°), hence
o(1). In view of (6.13), the sufficient condition in part (ii) of Lemma 6.8 is satisfied, so that
Conditions 1 and 3 of Lemma 6.8 hold. Obviously, Condition 2 also follows from (6.13). Because
of the definition of x, and the assumption that m, = O(nl/ 4=a) Condition 4 holds as well. It
thus follows from Lemma 6.8 that there exists a finite constant Cp such that, for sufficiently
large n,

P(‘ Z Vin(w, dj)’ > CD((nlog n)1/2 vV (nl/gmi/g(logn)10/3))1/2) < 4n_D(1 +0(1)).
t
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Setting
an = n~ 2 (logn) 2O (nlog ) v (' *mif*logn) /%) /2,

we have a, = o((n=/* Vv n_l/?’m%/?’)(log n)3); it thus follows that

P (|Kzn(dy; 7,w)| = an) < P(| Z (Wen(w, dj) = EWin(w,d;)| = an — nsup [EW,p(w, d;) )
t
< P(‘ Z Vin w,dj)’ > n'/2(logn)~2a, — O(logn)) <4n~P 1+ o(1)).
t
This completes the proof. O

6.2 Details for the proof of (3.25)

Subsections 6.2.1-6.2.3 contain the proofs of (3.27) - (3.29) that were basic in establishing (3.25).
Some auxiliary results used in the proofs are collected in Section 6.2.4. Denote by Fn,y and Fn, X
the empirical distribution functions of Yi,...,Y, and X1 ,,..., X, », respectively. Throughout
this section, the notation from the proof of Theorem 3.3 is used.

6.2.1 Proof of (3.27)
From Knight’s identity, we have

A~ N

gn,mu(‘s) = Zn,f,w,l (0) + Zn,T,wQ((s) and Zanw(6) ZfTw 1(6) + an,T,w,Q((S)a

where
Inzwi(8) = —8n /2 Zc (1= I{Y < E,3(1)}),
R 71/2 / . A
Znrwa(8) = Z / I{Yt < FrLl(s+ 7)) — I < EL(r)})ds,
Z) w1 (8) = n 2 th (7 = I{Xyn < F, 3 (7)})
1/2 /
75, 0(8) = Z / I{Xt,n < B L(s+ 1)} — H{Xon < B L(7)})ds.

The assertion in (3.27) follows if we can show that Zn rw,i and 7X are uniformly close for

Zn,T,w,i

1 =1,2. For i = 1, note that, with probability tending to one, we have, for any € > 0,

Znr01(8) = Z3 1,1 (6)]

- m > @) (H{Xun < F 3 (7) = Diy = X < Fy (7))
t=1

<AV Tlogn (Y HIDil >m}+ s DX sl <na})  (614)
t=1

|s—Fy & (M)l <e =1

for any sequence of real numbers (7,), where the inequality is due to the fact that
Yy, < FT;%/(T)} —H{Xi, < FT:%/(T)} # 0 implies |Dy | > 1y or | X, — FnY( 7)| < np, along
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with the fact that, by Lemma 6.4, F}, x (Fn_)l/(T)) —7 =op(1). By (3.2) in Assumption (Al) and
the strict stationarity of the process (D), the first sum in (6.14) is of order Op(kpv/nlogn).
The absolute value of the second sum in (6.14) is bounded by

n

Ay/nlogn sup lz (I{Xt,n <s+npt—I{Xin < s—nn})

— n
s—F7 A (Dl<e T 1T

< Ay/nlogn sup sup

|s—F % (1) <e z:lz|<2mn

Fox(s+) = Fyx(y) — Fux(s+2) + Fux(y)|  (6.15)

+ v/nlogn sup Fo.x(s+2n,) — F, x(s — 2ny,)|. (6.16)

|s—F, % (7)|<e

Therefore, it follows from Lemma 6.9 that (6.15) is of the order /nlogn r,(2n,, m,). For
the second term, a Taylor expansion yields the order O(n,\/nlogn). For i = 2, note that

|Zn,’r,w,2(6) nTw 2 | = } ngg'w An%z',w((s)l < ‘A%{)r,w((s)‘ + ‘Ag},w(dﬂ
where
n_ pnmt2e(w)é R R
Anl,z',w((s) = Z/ (I{Y;f < Fnj}lf(s + 7—)} - I{Xt,n < F,;}l/(s + T)})ds
t=10
2|18 n R .
= / n 23" (Y < B (072 4+ 7)) = H{Xon < By (071254 7)) )
=24 7 '
x (I{0 < s < cj(w)d} — I{0 > 5 > cj(w)d})ds
6 & L
AR (8) (1Y < (1)} = H{Xym < Fpy(7)}).
t=1

For any € > 0 we have, with probability tending to one,

24| n .
AL L (8)] < / n V2N (H{|Denl >} + H{| Xem — E 3 (7 + sn72)| < })ds

o I
< 4/8l|(n 1/221{]Dtn|>nn}+n sup ZI{|XM w| <} )
j0—F, & (r)|<e 11
and
5
A0 = LS 100 < P ) D) = HXe < F o)

< 181(2 S Dl > ) 407V s ST Xew — 0] < 10)).
t=1

w—Fy & (7)) <e 1=1

Since the supremum in (3.27) is over [|§|| < Ay/logn, the upper bound for |A7(11)Tw(5)| and |A$L2)Tw(6)]
is of the same order as for |Z,, r,,1() — g§77w71(6)| above. This completes the proof. O
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6.2.2 Proof of (3.28)
Plugging into (3.28) the definition of ZX__ | (d), it remains to show that [recall that ¢;1(w) = 1]

“n,mw,1

s sup ‘n—l/z S eon(w) (I{Unn < Fox (B b (7)) = HUpn < T})]
—40wetn t=1

= Op(n *m?(logn)®?)  (6.17)

and

(023 (U < Fux (B (1)} = HUsn < 71) = V(B x (B (7)) = 7)|
t=1

= Op(n~Y*m}/%(logn)3/?). (6.18)
First consider (6.17). Since, by Lemma 6.4, |an(ﬁ,r:§1/(7')) — 7| = Op(n~"2\/logn), we obtain
sup \n*ﬂ S (@) IH{Usn < Fux (B0 (1)} = H{Upa < T})]
weESn t=1

< sup n~ /2 sup th,k(w)([{Um <z} —IH{Uny<7}—(x— T))‘

WwEFn |z—7|<n=1/2logn ' t—1

n
+ sup n~'log n‘ thyk(w)’ (6.19)
weFn =1

for k = 2,3, with probability tending to one. The second term in (6.19) vanishes, because,
for all w € Fp,, Y 1o cos(wt) = > 7 sin(wt) = 0. In order to bound the first term, cover the
set Z:={u:|u—7| <n Y?logn} with N < n balls of radius 1/n and centers uy, ...,uy € Z,
and define Gy, (u) == n" Y231 ¢ 1 (W) (I{Upn < u} —u). Then,

sup sup  sup
J wEFn Ju—uj|<n—1

Gn,w,k (u) - Gn,w,k (uj)

< supn~1/? Z (I{Utvn <u+2n Yy —H{Up, <u—2n"'1 + 4n*1> +0(n~?)
ueZ =1

<+Vn sup

j=1,.,N

Fpu(uj+2n7") = Fyp(uy —2n7") - 4”_1‘ +0(n1?),

where the latter bound, in view of Lemma 6.9, is op(n~/*) since /nr,(4n~",m,) is of order
o(mpn~"?(logn)?). Thus,

Gn,w,k(u) - Gn,w,k(uj) = op (n_1/4)7 k= 2,3,

sup sup  sup
J w€Fn |u—u;|<n-1

and therefore

s sup ‘n71/2 S (@) (IH{Uin < Fox(Fyb (1)} = Uy < 7)
—4PweFn t—1

< max sup sup ‘Gnvka(uj) — G (1) + op(n~Y4). (6.20)
k=23 j=1,.. N weF,
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Now, by construction, max; |u; — 7| < n~1/21ogn. Moreover,

Gn,w,k(“j) - Gn,w,k(T) = n_1/2 Z Vn,t,w,k(ujv T),
t=1

where Vi 1o k(uj, 7) = (W) (I{Usm, < uj} — IH{Upn < 7} — (uj — 7)) are centered, my,-
dependent random variables. Direct calculations show that, for some finite constant C' indepen-
dent of n,w, T and j,

’Vn,t,wk Uj, T ’ < 2 a. S, E’Vn,t,w,k(ujaT)’?’ < C’uj - T‘ < Cn_l/2 10gn7
and

E {( i Vit e (5, T))z} < Cn'?m,, logn.
t=1

An application of Lemma 6.8 with z,, = Ay/logn and ¢, = C1/3n=Y610gn thus yields, for
k = 1,2, some finite constant C and n sufficiently large,

su}ra slupNP 1/2’ va,wk uj,7)| > Cn=Y2\/log n(n*/?my logn)l/Q) < fe—3logn,
we n.] IR t=1

Hence, in view of the fact that N < n and #F, <n,

max sup  Sup |Gnui (1) = Groi(7)| = Op(n™/m}/*(log m)*/?).
k=23 j=1,.. N weF,

Together with (6.20) this yields (6.17). Turning to (6.18), Lemma 6.9 yields

023 (H{Uun < Fax (B ()} = HUn < 7} = (Fux (B (1) = 7)|

t=1
< sup 22 I{Ut,n§u}—I{Utm§7’}—(u—7‘))‘
lu—7|<n—1/2 logn t—
=nl/? sup ,U(u) U (T) — (u— 7')’ = Op(n_1/4m71/2(10g n)3/2). O

lu—7|<n=1/2logn

6.2.3 Proof of (3.29)

Observe the decomposition

n 1/2 a7 w)é
giT,w,Q((s) - Z/ t (I{Ut,n <s+ T} — I{Ut,n < T})ds

n—1/2 /

- Z e O (U < Pux(Bb 5+ 7)) = U < B (B (7)) = U < 5+ 7)
+ I{Ut,, < 7})ds

2(|8 | .
-/ » WS (U < Fax (B (n™ 2 1 7))} — H{Upn < Fax (b ()}
-2 t=1
—H{Ui, < n~12s 4+ T+ I{Up < 7'}) (I{O <s<ciw)d}—-T{0>s> c;(w)é})ds
=AM Ag) — Agl?’) + AW say,

n
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where

|5H )
= H6|| nX(F y( 1/2s+7')) n~ Y25 + 1 s) — Sgaz,é(Fn,X(F,:;(T)),T;s))ds
-2

2[|8

~

‘WZ[FX W25 7)) - (025 4 ) = (B (B () - 7]

)

—2/8]l
x I{0 < s < cj(w)d}ds

/2||¢jSII s (Fn x( n_,il/(n—l/Qs + T)),n—l/Qs +7;8) — Sgljg’é(Fn,X(ﬁ‘;}l,(T)),T; s))ds
2

2||4]| R A
/ 2151 n2Y [(Fn,X(F;;(n—l/% £ = (s 1) — (Fax (Frb () — T)}

X I{O > s> cy(w)d}ds

and
S0 s(wvis) = V2N (H{Usn < u} — H{Upn < 0} — (u—0))I{0 < 5 < ¢j(w)d},
t=1
Sim)”;(u,v; s) = n_l/ZZ (I{Um <u}—I{Uy <v}—(u— U))I{O > s> cp(w)d}.
t=1

First note that, in view of Lemma 6.4,

~

AP < 4H¢5||\/ﬁ| \Suﬁsn/\f |Fox (B 3 (1) = u— (Fux (E 3 (7)) = 7)| = 0p(Ba/nlogn),
u—r|<2 n

with 5, := kp + np + 7 (9n, my) + 0(71_3/477171/2 logn). A similar bound can be obtained for
A,(;L). Next, for sufficiently large n, still in view of Lemma 6.4,

2(|8|
[ I b2 7)) 25 75
2[|8|
2|8l .
S / sup |$(T)75(Fn,X( n_gl/(v))?l];s)‘ds
—2[|8] vijo—T[<2[18]|/v/n
2|8l
S/ sup sup |Snw5 (u, v;s)!ds
—2[I8 v:lv—r|<2[|8]|/vn wilu—v|<n—1/2logn
< A4||é]| sup sup sup |Snw6 u v;s)|.
5:]s[<2[18]| v:lo—7]<2[|8]| /v ui:lu—v|<n=1/2logn
Similar inequalities hold for [~ 2!%” ‘Sm s(L }1/(7')), T s)‘ds. Let us show that
sup sup sup sup |S£:2 5w, v; s)| = Op(n*1/4m}/2 logn). (6.21)

weFn §:|8||<AVIogn s:[s|<2]10] (w,v):lv—7]<2||8]|/v/n

lu—v|<n=1/21ogn

For any C' > 0 we have I{0 < s < ¢;0} = I{0 < Cs < Cc;d}. Thus, it is sufficient to consider
vectors & satisfying ||&]|2 = 1. Since by definition ||c;(w)||2 = Vv/2, it also is sufficient to consider
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values of s in the interval [0,v/2]. Finally, note that if {0 < s; < c}d1} = I{0 < s2 < c}do} for

all t =1,...,n, then also S;ch,él(u’ v;81) = ‘553152 (u,v; s2). We thus can rewrite (6.21) as
G, = sup sup 1SCH) (w, v;T)| = Op(n~*m}/?logn) (6.22)

TeMn (u,v):lv—7|<2|8]|/v/n
lu—v|<n~=1/2logn

where
My, ={T={te{l,.,n}:0<s<cd}w e Fn,s€[0,V2],[|6]| =1} (6.23)
and
S%—F)(U,U;T) = /2 Z (I{Ut,n <u}—u— I{Up, <v}— v)) —. /2 Z Vin(u,v).

teT teT

In order to prove (6.21) (or (6.22)), define the set
Z:={(u,v) eR*: [u—1| < n~Y2logn, v — 7| < 2An*1/2\/logn}

and cover it with N < n? balls of radius 1/n with centers 21, ...,zy € Z. For any (u,v) € Z
there exists an index j such that ||(u,v) — (215, 22j)||cc < 1/n and, letting z; := (215, 225),

p(u,U, Zj) :|S£L+)(’U,,’U,T) - Sgl—i_)('zlja 2253 T)|

n
<n V2N (H{|Un — 210 < 07+ I{|Un — 220 < 071+ Ju— 215] + [ — 255])
t=1

n
<2 24 n 7Y (U — 2l < 07+ H{Uin — 225 <n71Y)
t=1
n
<20 24TV (Ui < 215+ 07} = H{Up < 21 —n 7'}
t=1
+ I{Upy < 295+ 071} = H{Upy < 205 — 17 '})

<n'2(Fyu(ziy+2n7") = (215 4+ 207") = (Fu(zr — 207") = (215 — 2071))
+ FmU(ZQj + 2”71) —_ (252] + 2”71) — (F"%U(ZQJ — 2’)171) — (Z2j _ anl))) + O(n*]./Q)

where ﬁ'mU denotes the empirical distribution function of Uy 5, ..., Uy . From Lemma 6.9,
, 1/2 ; , -1 ; , -1 -1
sup sup p(u,v,25)] < n'/? sup |Fhu(zij+2n7 ") — Fyu(zy —2n7 ") —4n™|
1y "N (u,v)e[[),l]z ZjEZ

ll2j—(w,0) [loo<n™1

+n/% sup ‘FMU(ZQ]‘ +2n7Y) = FLpy(ze; —2n7 1Y) — An~t + O(n=/?)
z;€Z

—-1/2

=0 (mnn log n) .

With this, we have, for G,, defined in (6.22),

G, < sup sup ]Sff)(zlj,sz;T)\ +Op(mnn_1/2 logn).
TeMy 21,--,2N

Because |M,| < (n+ 1)* by Lemma 6.5 and N < n? by construction, it follows that
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P( sup  sup |$$L+)(zlj,22j;T)| > n~V4ml/2 logn)
TeMy 21,..2N
< (n+1)*n? sup  sup P(|S£L+)(zlj,22j;T)\ > n~Vipl/2 logn).
TEMn Z1,--92ZN

It therefore suffices to show that for some D > 6 and finite constant C' independent of T" and z;,
P(|S,g+)(zlj, 295 T)| > Cn~V4ml/ 2 log n) < e Dlogn (6.24)

for every T' € M,, and z; € Z. To this end, note that nl/QSSF) (215, 225;T) is a sum of centered

mp-dependent random variables V; ,, (215, 225). Simple computations yield (recall that z; € Z)

sup sup |Vin(z1j, 225)] < 2, (6.25)
weF, t
sup SupB[Vin (215, 220)°] < 8la1; — 22yl = O™ logm), (6.26)
wESn
2
sup B[( Y Vinlzi22)) | = O(#T)malerj — 255]) = O(man*/?logm).  (6.27)
weESn t

We now apply Lemma 6.8 with x,, = D+/logn. Because of (6.25) and (6.26), part (ii) of
Lemma 6.8 implies that Conditions 1-3 hold if we choose

y, 1= (n_l/gm,l/?’ V (sup E|Vin(u,v)[?) 1/3) (logn)?/3 = O(n_1/6 logn).
t

Condition 4 follows because m,, = O(n'/4=%). Therefore (6.24) follows from Lemma 6.8, since
2V6ADR Y2\ /logn(B2 4+ ¢2n2/Pmi/322)1/? = O(n_1/4m71/2 logn).

(=)

A similar result can be derived for S, s

This completes the proof. O

6.2.4 Two auxiliary Lemmas
Lemma 6.4 (i) If kp+ 10 +70 (200, mn) = o(n~'/?) and, for any § > 0 such that [a—d, 5—0] C
(07 1)7 infue[a—fs,ﬁ-i-&] fn,X(Fn_}{ (u)) > 0, then

st ] | P x (B, 3 () — ul = Op(n~"/%y/logn).
u€la,

(ii) If, moreover, Ky + Ny + 70 (200, M) + Tn(an, my) = o(ay,), then

sup |FnX(Fn_11, (w)—Fp x (Fn_xl, (0)—(u=v)| = Op (Fn+1n+7r0 (200, M) +75 (205, My ).

u,v€ [, B, |lu—v|<an
Proof. (i) Elementary analytic considerations show that, for any non-decreasing function g,
SUPywe[u,v] |g(w) - ’LU| < ap implies SUPwe [u+2an,v—2ax] |g_1(w) - w| < ap. This, for g(w) =
Fny(Fn_ﬁ((w)), u=a—20, v=L+4J, in combination with Lemmas 6.9 and 6.10, yields the
desired result.

(ii) By Lemmas 6.9 and 6.10, for any bounded Y C R,

sup sup |Fny(y+2) — Foy (y) = Fax(z+y) + Fux(y)|
yed |z|<an
= OP(H'n + nn + Tn(277na mn) + Tn(ana mn))
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Since, for any A C [0, 1], sup,, ,c 4 |F % (w)— F % (v)| < Calu—v| for some positive constant C4,
sup [Fy (B x(w) = By (B, 5 (v) = (u =)
u,v€[a—6,8+6],|lu—v|<an
= OP(I{?’L + n + rn(277n7 mn) + Tn(an7 mn))

We now apply Lemma 3.5 from Wendler [2011], with F(w) = F,y(F, x(w)), | = ay,

¢ = D(kn + M + 70200, Mp) + Tn(an, my)), C1 = Fn,Y(Fn_,;((O‘ —0)),Co = Fn,Y(Fn_,)l((/B +6)).
By assumption,

I+ 2¢=ap~+2D(kp + Mp + 10 (200, my) + rr(an, my)) < 2a,

for sufficiently large n. By Lemma 6.9 and 6.10, we have C; = a+d+op(1),Co = -5+ o0p(1)
and, for any strictly increasing continuous function G, (F o G™1)™! = G o F~! (see Exercise 3
in Chapter 1 of Shorack and Wellner [1986]); moreover, by part (i) of the present lemma,
FnX(Fn_)l/(u)) is uniformly close to u for large n. Hence,

sup ‘Fn,X(Fn_,)l/ (u))—Fn,X(ﬁ;;(v))—(u—vﬂ > D(6n 41004730200, Ma)+70(2a0, My )
u,v€[a,f],|lu—v|<2an

implies A A

sup | By (B () = Py (Fy 3 (0) = (u=0)| > Dttt (200, 1) 70 (an, mn));
u,E€[a—8,0+0],|lu—v|<an
part (ii) of the Lemma follows on letting D tend to infinity. O
Lemma 6.5 The cardinality of the set M,, defined in (6.23) is at most (n + 1)*.

Proof. Fix a Fourier frequency w;, = 2mj/n € F, and note that

ct(wjm)’& =01 + 09 cos(wj,nt) + 03 sin(wjmt) =0 + A/ (S% + (5?2) COS(Wj,nt + ¢(5Q, 53))

where ¢(d2,03) € [0,27] denotes a phase shift. Moreover, for any v € [0, 1], noting that = —
cos(wjnx + ¢) is n/j-periodic,

{te{1,...,n}|0 <v <8 +1/63 + 62 cos(wjnt + @) }
nk
= {7 + w‘w S [017(2571,,5 — C(),(W,,(s, 01,(]5,1),5 + 007(1571)75}, k=0, ,n} N{l,..,n}

where C 4, 6 and C 4, 5 denote two real-valued constants (depending on ¢, v, d) with Cp 4, 5 €
[0,n/25] and C1 4.5 € [0,n/j]. Now, we have

{T;k —i—v‘v € [a1,b1],k =0,1, ,n} N{l,...,n} = {T;k +v‘v € [ag,bo],k =0,1, ,n} N{1,...,n}

provided that [jai| = [jaz], [jb1] = [jb2] where [a] denotes the smallest integer larger or equal
than a. The argument above holds for any Fourier frequency. In particular, it implies that

M, C {T:{te{l,...,n}ﬁ{k;%—v‘vé[a]_-b»a;r ]}H

b=0,..,[n/2], ak =0,...n, j = 1n}

Since the set (of sets) on the right-hand side of the above equality contains less than (n + 1)*
elements, the proof is complete. O
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6.3 Five basic lemmas

Lemma 6.6 Let (Xj,)j=1,..n be a triangular array of uniformly bounded p-variate random
variables, p € IN, such that the sequences (X;p)j=1,..n are my-dependent for every n € IN.
Let ¥, be the covariance matrixz of Sy, := Z?:l Xin and assume that the limit 2o := lim,, o0 %En,
possibly singular, exists. If my, = O(n®), for some § € [0,0.25), then n=/%(S,,—E(S,)) is asymp-
totically Np(0, Xo).

Proof. For the proof of the assertion consider \'S,, and apply the Cramér-Wold device. The
degenerate case is proved by applying Chebyshev’s inequality to establish \'S,, = op(1). For the
nondegenerate case we apply a modification of the Central Limit Theorem 7.3.1 for uniformly
bounded m-dependent random variables in Chung [1968] that holds also if m varies with n, such
that m,, = O(n?), for some § € [0,0.25), and n=21+20)/3 Var(S,) — oco. For a proof use the
blocking factor k, := |n?1=9)/3| as suggested by Li [2007]. O

Lemma 6.7 Let X1 ,,X25,,....,Xnn be a triangular array of centered, m,-dependent, real-
valued random variables. Define S, := Y 1y X¢n and B2 := E[S2], denote by z,, > 1 a sequence
of real numbers and assume that

My sup | Xen| < Bp/zp,  a.s., supE| X, > < oo foralln, and (6.28)
t t

nm2a? mtaxE|Xt,n|3B;3 =o(l) asn— oo. (6.29)
Then, denoting by ® the standard normal distribution function,

Proof. The assertion directly follows from Lemma 2 of Heinrich [1985]. Define the new
variables Yy := X 1ymum + - + Xiem,—1,0 for k= 1,..., [n/my], and Y|/, | n as the sum
of the remaining X, ,’s. Direct calculations show that the conditions stated above imply the
conditions of Lemma 2 of Heinrich [1985]. O

Lemma 6.7 cannot be applied when condition (6.29) does not hold, i.e. when E|X,|? is too
large compared to B2. A slight modification of the result above allows to handle those situations
by replacing B2 with a larger quantity.

Lemma 6.8 (i) Let X1, Xon, ..., Xnn be a triangular array of centered, m,-dependent, real-
valued random variables. Define Sn = Y1) Xjn and B2 := E[S?], denote by z, > 1 and
Un > 0 sequences of real numbers, and assume that

_ 2
(1) xpmy (sup; | X .| + V3 (n UQm%x%)l/?’) < pin = (B2 + w%(nm%x%)w?’)l/ a.s.,
(2) sup; E|X;n|? < 0o for every fized n,
(3) sup; B[ X0 /4% = 0 and n= ' Pmp gzl = O(1),

(4) m2x3n=1% = o(1) as n tends to infinity.
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Then,
P(|Sn| > 2\/61;71#71) < 4eXp( )(1 + O(nm SupE’X] n’ /Mn))

In particular, the O(...) quantity does not depend on any property of the distribution of the

random variables X1 pn, Xon, ..., Xnn other thcm nm2z3 maX] E\X]n| Jud.  Moreover, the as-

sumptions of the Lemma imply that O(nm2x3 max; E|X;,[2/ud) = o(1).

(i) It is sufficient, for Conditions (1) and (3) to hold for n large enough, with 1, = ((n*1/3m711/3)\/
(sup; E]ijn\?’)l/?’)an for any an, — 0o such that 1, = o(1), that sup,, sup; | X;,| < oo a.s. and

sup; B| X, > = o(1) as n — oo,

Proof. Define Wi ,,, Wa ,, ..., Wy, , as a collection of i.i.d. random variables (for every n) that are
independent of X1 ., X2, ..., Xnn and have distribution v, (n="/2m223)'/3U[—/3, /3] where

the constant /3 is chosen in such a way that Var(U[—+/3,v/3]) = 1. Define X](?L) = Xjn+

Win,jg=1,...,n and S => X(A The quantities Xf’i), Xé n), . X}{ﬁl) form a triangular

array of 7%1 dependenﬁ4 random variables with the following properties:
(a) (Bi")? = B[(S5V)?] = BE + v (nmZad)/%;

(b) Sup; ’X(A)‘ < sup; | Xjnl + %\/g(n*l/?m%x%)l/?’;

A _
(c) sup; E[X V[P < 7(sup; E[X;al® + 3320301 >m2a3).
Let us show that the results of Lemma 6.7 apply to X§ n),Xz('i), vy X,({j%). From (a), (b) and (1)

which we obtain the first condition of (6.28) of Lemma 6.7. Condition (2) together with (c)
yields the second condition of (6.28) of Lemma 6.7. Finally, note that

nm? Supj E]X )’3 Tnm?2x? <maxj E|X;n]®+ 33/24p3 n=1/2m?2 $3)

B < ] =o(1)

where the first inequality follows from (c) and the last identity from Conditions 3 and 4. Thus
Lemma 6.7 yields

P(SW > BWx,) = (1 — ®(2,)) (1 + O(nm2zd max E|X;,[3(BWY)73)).
J

Next, observe that S,, = S > 4y Win. Thus

P(Sy > BVz,) < P{SM >BMx, /2 U{ =D Wip > BN, /2})

< P(S{ = BM2,/2) + P(= ) Win > BMz,/2).
k=1

For the second probability, Hoeffding’s inequality [see e.g. Pollard (1984), Appendix B] yields

n An =1 f2,=2,,72/3 74372
_ ;Wk,n > An) < exp ( - 6n¢%(n_1/2m%x%)2/3) =exp(—6"" A1, B4/ z72).

Setting A,, = V612, nt/ / , the right-hand side becomes exp(—z2). Finally, repeat all the
arguments so far with X; , and W] n replaced by — X, and —W; ,,, respectively. Straightforward
calculations yield

P(|S,| > 2v6BMx,,) < dexp(—22)(1+ O(nm?a? max E|X; 3 (BY)73))
J
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and thus the proof of the first part of Lemma 6.8 is complete.

For a proof of the second part, in order to see that Condition 1 holds, it suffices to ver-
ify that m,xz, < wnnl/?’mi/?’xn since by assumption wn(n*1/2m%xi)1/3 = o(1). Now mpz, <

Ypnt/ 3m$/ 393n holds iff 1, > n=1/ 3m711/ ® does. Condition 3 holds by construction. O

In the next two Lemmas, we denote by me and f?’n x the empirical distribution functions
of the random variables Yi,...,Y;, and X1 ,,..., X, », respectively.

Lemma 6.9 Let Assumptions (A1) and (A2) hold.

(i) For any bounded set ) C R, there exist finite constants C1,Cy such that, for any sequence
an = o((logn)™Y) and sufficiently large n,

S S _p2
P(Sugliup | B x (ya) = F x ()= Fo x (24) +F x ()] = DPrp(an, my)) < Crn?e” D7 108"
yey |z|<an

where the function ry, is defined in (6.8). It follows that

sup sup | Fpx(y+ @) — Fnx(y) = Fox (@ +y) + Fox (y)| = Op(ra(an, mn)).
Y€V |z|<an

(ii) For any bounded Y C R, sup,¢y |F x () — Fx(z)] = Op(n~Y2\/logn).
Proof. Observe that

n

1
Fn,X(y +$) - Fn,X(y) - Fn,X(m +y) + Fn,X(y) = EZWn,t(xvy)
t=1

with centered, m,-dependent random variables W), ;(x,y) that satisfy (with probability one)
Supn,t,x,y |Wn,t($7y)| S 27 Supn,t,yE|Wn,t(xv y)|3 S C|SC‘7 and

n

sup B ( Z W (, y))Q] < nmyClz|
Yy t=1

for some finite constant C' independent of m,,. Set 1, := ((n"'m,) Vv an)l/?’ logn and z, =
D+/logn. Part Lemma 6.8 implies that, for sufficiently large n,

n
sup sup P(’ ZWn,t(v,y)’ > nDQ'rn(an,mn)) < 6exp(—D?logn). (6.30)
yeR |v|<an =1

Next, cover the bounded set Z := {(z,y) € R?|ly € V,|z| < a,} with N = O(n?) spheres of
radius %n_l with centers (215, 225) € Z,j =1,..., N. A Taylor expansion yields

sup (Wit (w,y) — Whi(215, 225)
1(z,y)— (215,225 |0 <1/2n

S I{| Xt — 225] S0+ I{|Xem — (215 + 225)| <071+ Csn™h =1V

The random variables Vi ; are m,-dependent, uniformly bounded, and have an expectation of
order O(n™1). Define V;; := Vi; — E[Vi;]. It is easy to see that E|V; ;[P < Cpn~! for finite
constants C'p, p =23, and B2 := E[(Z?Zl f/}’j)Q] = O(my,). Setting 1, = n_l/?’mi/3 logn
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and z, = Dv/logn, we thus see that (B2 + 12 (nm2x3)?/3)1/2 < Cym,,(logn)3/? for sufficiently
large n. Lemma 6.8 thus yields, for sufficiently large n,

sup P< ’ sup Z Whi(z,y) — Wa(21, sz)) > D*C5(log ”)an)

j=1,..,N z,y)— (215,225 loo<n=1 ' 4
< 6exp(—D?logn).

Now (6.30) yields P(supj:1 N ’ Yoty Wat(214, Zgj)‘ > nDQTH(an,mn)> < 6N exp(—D?logn).
In particular, choosing D large enough, the right-hand side of the expression above is o(1).
Combining these results with the fact that, by after enlarging Cy if necessary, nD?ry,(a,, my) >
D?(log n)?m,, for sufficiently large n, we obtain the first part of the Lemma. The second part
follows along the same lines. O

Lemma 6.10 Let Assumptions (A1) and (A2) hold. Then, for any bounded Y C R,

Sug ‘Fn,Y(S) - Fn,X(5)| = Op(kn + NMn + 70 (210, My))
se

with 1y (N, my) defined in (6.8).
Proof. Observe that [I{Y; < s} — I{X;,, < s} < I{|D¢n| > nn} + I{|Y: — s| < np}. Thus,

sup |Ey(s) — E, x(s)] ZI{|Dt nl =) + sup Fpx(s+2n,) — Fpx(s—2n,)[. (6.31)
se t 1

The first term on the right-hand side of (6.31) is a.s. non negative; its expected value is bounded
by n, and thus the term is of order Op(ky,). As for the second term, we have (recall that, by
assumption, F, x has uniformly bounded derivative)

sup ‘Fn,x(s +2n,) — Fn,X(S - 277n)‘

s€)y
< sup ‘Fn,X(S +2m) — Fn,X(S = 2n,) — (Fn,X(S +21mn) — Fox (s — 277n))’ + O(nn)
s€y
= Op(rn (20, mn)) + O(1n),
where the last identity follows from Lemma 6.9. This completes the proof. O

7 Appendix B: Technical details for the proof of Theorem 4.1

7.1 Proof of (4.4)

As a first step, let us show that the vectors n'/ zb;)fﬂd appearing in the linearity result in

(3.12) can be approximated by a similar vector with X, replaced by Y; and ¢y, . replaced by g;.
More precisely we show that

sup by 7, — brrw | = Op(V10g 0l f(4r) = fax (@nr)l + Vilkn +10)). (7.1)

WjﬂnGQn

nl/2
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To see this, note that

fY(QT) _fn,X(Qn,T) 1/21.X

1/2 b - bn T,Wj =2 .
( n,T,Wjmn k) ],n) fy(qT) n,T,Wj,n
—1/2 cos(wjnt B
f 2 Z (sm w]n > (I{YZ < qT} I{Xt,n < QH,T}) (72)

Since n1/2b7)fTw , by Lemma 6.2, is Op(y/log n), uniformly in wj ., the norm of the first term
in (7.2) is Op(\/log n|fy (¢r) — fn,x(gn,)|). For the norm of the second term, the argument used
in the proof of (3.14) together with (6.9) yields an order Op(\/n(ky, + n,)); (7.1) follows.

Next, note that by (3.12) we have

nl/2 sup |,Bn77’wj,n _ biwm | = OP((n—l/S v n—1/6m711/3)(10g n)3/2)‘
wj,nGQn o
Putting
1% ~ (1 =i (1 =1\ -
4n An = (banij,n - banij,n) 1 1 banij,n + (banywj,n) 1 1 (bn77-7wj,n - banij,n)

1 —i\ -~
+(bn,77wj,n - bnﬂ—’w]',n)/ <1 1 > (bnﬂ—’wj,n - bn,vaj,n)’

we obtain, from the definition of the Laplace periodogram,

n,» 1 =i\ =
Ly 7 (ij) = Z(bnmw]‘,n)/ (i 1 ) bnmwg',n = —(bn T Win ( ) nTWin T JAW
1 ( 1
= 7~z \n dn T1,Wjn d T2, —Wjn )
@ (g V' i) dn(m2, ~sn)

Note that, for 7 € {m, 72},

' sup bn iy, — borw,|
Wj,ne]:n
1/2 - X 1/2
n / sup ||bn77',wj,n o bTL,’T,wj7n || +n / sup ”bn TWin bn,‘f',wj,n ”
wj,nefn Wj,ne}—n

=op ((n~V8 v n=V8ml/3) (1ogn)3?) + Op(Viog n|f(gr) — fux(anr)| + Vi(kn + 1))

Lemma 62 a'nd (71) lmply n1/2 Supw].mE]_‘n anﬂ',w]',nH - n1/2 Supwj'ﬂné]:n Hbg,‘l',wj'm” + OP(l) -
Op(vlogn), so that [|An[| = Op(nl[bn,rw;, = brrwinll - [Parw;.ll) = Op(Ra). o

7.2 Proof of (4.5)

Note that Ly 7, ,(wjn) is the cross-periodogram of the bivariate time series

(TI_I{Y% SQT1}7T2_I{Y2‘§(]T2})' (73)

Let wjn,wkn € (0,7) be two Fourier frequencies. From Corollary 7.2.2 in Brillinger [1975], we
know that

2
Var (L ry r (Wjn)) = F1,1(Wjn)f2,2(Wjn) + ;f1,2,172(wj7m —Wjn, ~Wkn) + O(1/n) (7.4)
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and, for wj, # Win,

2w
Cov (Lin,rymy (Win)s Ly o (Wkyn)) = o 2.1,2(Wjn, —Wjin, —wkn) + O(1/n?), (7.5)

where f1 1, f2.2 and f1 2.1 2 are the spectra and cumulant spectra of the bivariate time series (7.3),
which exist by Assumption (A6). Note that the orders O(1/n) and O(1/n?) of the remainders
in (7.4) and (7.5) hold uniformly with respect to the frequencies. The aforementioned spectra
coincide with the Laplace spectra fr, -, and §, r, and the cumulant spectra are also bounded
(see Brillinger [1975], p. 26). Therefore,

wj Wjn) + Ry wjn = wy
Cov (Lnﬂ'l,TQ (wj,n)y Ln,Tl,TQ (wk7n)) _ fl’l ,T1 ( ]7n)f7'277'2 ( ]7") n J,n 5T
Rn Wjn 7é Wkn,

where R, = O(1/n) does not depend on the frequencies. The assertion follows by the fact that
the variance and the bias of the random variable K, in (4.5) both are of the order O(1/n). For
the variance, note that

Var(K,) = 55— W2(k) Var (L, 7, 7 (Wjtkn))
fy(QT1>fy(QT2 [k;V b
+ Z Wi (k1) Z Wi (k) Cov Ly, 7'2(wj+k1, ), Ln,n,TQ(WjJrkz,n)) = 0(1/n),
|k1|SNn ‘k‘2|§Nn
ko#k1

due to the second part of Assumption (A5) and (7.5). As for the bias, E[K,] = O(1/n) due to
the fact that ELp r, 7, (Witkn) = Dope— oo Tk (@r > Gry)e “i+5n% 4 O(1/n) uniformly with respect
to the frequencies (see Theorem 4.3.2 in Brillinger [1975]). O
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